Arch. Rational Mech. Anal. (2024) 248:2
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-023-01945-x

l‘)

Check for
updates

Relaxation Approximation and Asymptotic
Stability of Stratified Solutions to the IPM
Equation

ROBERTA BIANCHINI®, TIMOTHEE CRIN-BARAT & MARIUS PAalcU

Communicated by P. CONSTANTIN

Abstract

We prove the nonlinear asymptotic stability of stably stratified solutions to the
Incompressible Porous Media equation (IPM) for initial perturbations in H'~7 (R%)N
H*(R?) with s > 3 and for any 0 < 7 < 1. Such a result improves upon the ex-
isting literature, where the asymptotic stability is proved for initial perturbations
belonging at least to H2Y(R?). More precisely, the aim of the article is threefold.
First, we provide a simplified and improved proof of global-in-time well-posedness
of the Boussinesq equations with strongly damped vorticity in '~ (R?)N H* (R?)
with s > 3 and 0 < 7 < 1. Next, we prove the strong convergence of the Boussi-
nesq system with damped vorticity towards (IPM) under a suitable scaling. Lastly,
the asymptotic stability of stratified solutions to (IPM) follows as a byproduct. A
symmetrization of the approximating system and a careful study of the anisotropic
properties of the equations via anisotropic Littlewood-Paley decomposition play
key roles to obtain uniform energy estimates. Finally, one of the main new and
crucial points is the integrable time decay of the vertical velocity [[u2 ()| 00 (r2)

for initial data only in H'""(R?) N H*(R?) with s > 3.

1. Introduction

The Incompressible Porous Media (IPM) system in two space dimensions is an
active scalar equation

In+u-Vn=0,
u=—«VP +gn, g=(0,-97, (Darcy law) (1)
V-u=0,

modeling the dynamics of a fluid of density n = n(t,x,y) : Rt x R? - R
through a porous medium according to the Darcy law, where x > O and g > 0
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are the permeability coefficient and the gravity acceleration respectively, which
hereafter are assumed to be k = g = 1. We refer to [6] and references therein for
further explanations on the physics and the applications of the model. The active
scalar velocity u = (u1, up) of system (1) can be reformulated in terms of a singular
integral operator of degree 0

u=(-R2, R)Rip, 2
where (R, R») is the two-dimensional Riesz transform, i.e.
Ri=(=AN)""20, Ra=(-8)""%,. 3)

We are interested in the stability properties of the stratified steady state pq(y) =
oo — y, where pg > 0 is a constant averaged density. Introducing the perturbed
unknown p = p(t, x, y) suchthatn(t, x, y) = ﬁeq(y)—i—,o(t, X, y), the perturbation
p satisfies

dp—R3ip=(RyRip, —R3p) - Vp. (IPM-diss)

The nonlinear asymptotic stability of the stratified steady state peq(y) = po—y
in the whole space R? has been first established by Elgindi [16], for initial data at
leastin H2°(R?). The analogous result but in the periodic finite channel T x [—7, 7]
is due to Castro et al. [6] under slightly less restrictive regularity assumptions. We
remark that the linear operator

Y —R%p =0

in frequency space & = (&1, &) € R? is dissipative everywhere but the hyperplane
&1 = 0 thanks to the monotonicity ﬁéq(y) < 0 (stable stratification, see [15,19]).
Therefore, it appears natural to approximate (IPM-diss) by a system with a (par-
tially) dissipative linear part. In this regard, it turns out that the two-dimensional
Boussinesq equations in vorticity form with strongly damped vorticity is a good
approximation to (IPM-diss) under a suitable scaling of time and unknowns. To the
best of our knowledge, the approximation of (IPM-diss) via the Boussinesq system
with damped vorticity is new and establishing its rigorous validity in the sense of
strong convergence of solutions is in the scope of the present work.

The two-dimensional Boussinesq equations with damped velocity with gravity ac-
celeration ¢ = 1 and background density profile p.q(y) = po — y read as follows:

0:b —up = —(u10yb + u28yb),

u
duy + 0, P = —;1 — (18wt + updyuy),

Uy “4)
diup + 0y P = —b — o (u10xu2 + uz0yu3),

Oxuty + dyuz = 0.

Here u = (u;,us) € R? is the velocity field, b is the buoyancy term and P
is the incompressible pressure. This system is obtained by a linearization of the
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density-dependent incompressible Euler equations with damped velocity around
the hydrostatic stratified steady state

(Beq)- (0.0), Peg()) with Pl (y) = —Beq(y)- 5)

Several mathematical works in the existing literature have been devoted to this
system. Besides explaining the applications of (4) to electrocapillarity, Castro et
al. [7] (see also references therein) establish the global-in-time well-posedness of
system (4) in the bounded domain T x [0, 1]. In the whole space, global smooth
solutions have been first provided by Wan [35] by means of Green function analysis
and energy methods.

We refer to [3,7] for a (formal) derivation of (4) by a linearization of the density-
dependent incompressible Euler equations around the hydrostatic stratified steady
state under the strong Boussinesq approximation p ~ pg [15].

For our scopes, it is convenient to rewrite the system in vorticity » and stream
function ¢ formulation where u = V-+¢ with the sign convention (as in [16])
vi = (dy, —dx), which gives

b — (—A) " '9,w = —u- Vb,

9w+ @ _ 0,b = —u- Vo, (2D-Bouss)
&

A = w.

Our first goal is to establish a systematic and improved proof of the global-in-
time existence of smooth solutions for small data to (2D-Bouss) (in Theorem 2.1),
exploiting the anisotropic nature of the system by means of anisotropic Littlewood-
Paley decomposition of the Fourier space (§1, &) € R? as introduced in [8,21,
33]. Since the linear and undamped approximation of the system supports the
propagation of anisotropic waves of dispersion relation +£/|&| = :Fi7/2\1 (see
[2,15]), it is not surprising that the horizontal anisotropic decomposition of the
phase space plays a key role in our refined analysis. In our case, the linear part
of system (2D-Bouss) is dissipative provided that & # 0, therefore it is natural
to build an energy functional with an anisotropic Fourier multiplier as a weight
(multiplier method). This idea allows us to prove that [[u2(#) || g2 is integrable in
time without assuming any additional L' (R?) integrability of the initial data. More
precisely, the control of [luz ||, | Loo(R?) without L' -integrability and high regularity
assumptions is new and this is a striking point to provide a substantially improved
global-in-time well-posedness of (2D-Bouss) for small data only in H'~7(R?) N
HS(R?) withO <7 < lands >3 + 1.

For convenience of the reader, we point out that our small-data global-in-time
existence in Theorem 2.1 could be reformulated as a result of nonlinear asymptotic
stability of the hydrostatic steady state (5) with peq(y) = po—y, under the evolution
of the Boussinesq system

on+u-Vnp=0,

3,u—|—u~Vll+VP =ng, g= (O! _g)v (E)
V.-u=0.
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This reformulation holds for system (E) with initial density i, (x, y) such that
[Min — Peqllx < 1 for a suitable functional space X, in the same spirit of [7].

Our second and main goal is to rigorously justify the relaxation limit of the
two-dimensional Boussinesq equations with damped vorticity (2D-Bouss) towards
(IPM-diss) under a suitable scaling that we introduce later on. To the best of our
knowledge, this relaxation approximation is new.

Finally, as a byproduct of the relaxation limit and the global well-posedness of
(2D-Bouss), we provide a new proof of existence of global smooth solutions in R? to
the equation (IPM-diss) for the perturbation p, with small initial data p (0, x, y) =
pin(x,y) € H'"T(RHNH*(R?) with0 <7 < lands = 3+7. Again, this result
can be reformulated in terms of the solution 1 to (1), for an initial datum ni, (x, y) =
Peq(¥) + pin(x, y) such that [|nin(x, y) = DeqgWIx = lloin(x, Ml g1-—rqgs K 1.
Such reformulation yields the nonlinear asymptotic stability of equation (1) around
the stratified steady state peq(y), namely the setting of Elgindi [16] that proves
the result in H2°(R?), while in our Theorem 2.3 we only need that the initial
perturbation pi,(x, y) € H'="(R?) N H® with s > 3.

1.1. A New Formulation

A first key element of our approach is the use of the symmetrized variables
introduced in [3]. With the notation

A= (=M= /g2 +8,

where £ = (&1, &) € R? denotes the frequency coordinate in Fourier space, we
introduce the new unknown

Q:=A o, (6)
so that system (2D-Bouss) can be as rewitten

b —R1Q2 = (R2Q2, —R12) - (VD),

Q ' (2D-B)
0,2 + P Rib=A"[(R22, —R12) - (VAQ)],

where R, j € {1, 2} are the components of the Riesz transform as in (3). Now, we
introduce the auxiliary variable

7:=Q —¢eR1b. @)
The system in (b, z) then reads as follows:
db — eRIb = Riz + (R2Q, —R Q) - Vb,

8
it = —eRIQ—eRI[(Ra2, —R1Q) - Vb + A [(R2Q, —R1Q) - (VAQ)]. ®)
&

Such formulation partially diagonalizes the linear part of the system, except two
linear terms in the right-hand side of (8) that in the energy estimates are absorbed
by the left-hand side. This allows us to avoid hypocoercivity techniques [1,12],
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obtaining a priori estimates simply based on the energy method. We point out that
these a priori estimates are uniform in the vanishing parameter ¢, which is a key
point to justify the relaxation towards (IPM-diss).

The use of the good unknown z = Q2 —¢&R b is inspired both by the work of Hoff
and Haspot in [22,23], where the authors introduce the effective velocity for the
compressible Navier—Stokes equations and the results of Crin-Barat and Danchin
in [10,11,13] on partially dissipative hyperbolic systems. In the aforementioned
works, this reformulation is only possible in some specific frequency regime (high
frequencies for Navier—Stokes and low frequencies for partially dissipative systems)
where the eigenvalues of the linear operator are real. In the present paper, the
particular form of the Riesz transform (an operator of degree 0) allows us to use
such diagonalization in all frequencies as the eigenvalues A4 of the linear part of

system (2D-B )
1 1 4g282
Ar=—4— [1— ‘i
2 2¢ BE

are real in the whole frequency space for any ¢ < 1/2, so that the variable z in (7)
is a good unknown in all frequency regimes.

1.2. Formal Justification of the Relaxation Limit as ¢ — 0

Taking inspiration from the theory of partially dissipative systems (see for in-
stance [4,9,24,25,28,31,32,36] and references therein), one can expect to rigor-
ously justify the relaxation limit from (2D-B ) towards (IPM-diss) as ¢ — 0, by
applying the following scaling:

b°, Q) (t, %) 2 (b, %)(r,x) with 7 = er. )

The system (2D-B ) in the scaled unknowns (EE, Qe ) reads as follows:
9b° — R1QE = (Ra2)a,b* — (R1925)dyb°,

20 5 O 2,1 5 5 S (10)
20,8 — R1D° + QF = 2A T [(RaS¥, —R1 ) - (VAQ)].

e Our first result is a systematic and improved proof of the global-in-time
well-posedness, with uniform estimates in the relaxation parameter ¢ < %, of the
above system with initial data (i, Qi) € H'=" N H* for any 0 < 7 < 1 and
s 2 3 + 1. The approach is based on the use of the anisotropic Littlewood-Paley
decomposition that allows to capture the (anisotropic) nature of the equation in a
nearly optimal way. For references on the use of anisotropic Besov spaces in the
analysis of incompressible flows we refer to [21] and we mention [17] for a study
of the effect of anisotropy (the Riesz transform) in low regularity.

Sending ¢ — Oinsystem (10), one formally obtains that Qf — Qand bt — 0,
where p satisfies the Incompressible Porous Media equation (IPM-diss) and the
Darcy law

Q—Rip=0. (11)
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We improperly call diffusive scaling the change of coordinates (9). Of course it
is not the usual diffusive scaling (¢/¢2, x /e, y/€) under which the heat equation is
invariant, but inserting (11) into the linear part of the equation for »* in (10) yields

orp — R%p =0,

where R% = (—A)" 19, is a partially dissipative operator.

e Our next result is a mathematical proof of the relaxation limit of (10) towards
(IPM-diss) as ¢ — 0. To the best of our knowledge, the relaxation approximation
of (IPM-diss) provided by (2D-B ) is new as well as its rigorous justification.

On the limit system (IPM-diss), the existence of global-in-time smooth solutions
to (IPM-diss) with small data (or, equivalently, the asymptotic stability of (1) around
the stratified steady state) has been first proved by Elgindi in [16], both in the
full space R? and in T2. In particular, Elgindi shows that the stratified steady
state peq(y) = po — y is asymptotically stable in H S(R?), for s = 20, with the
additional integrability assumption that initial perturbations pj, (x, y) belong to the
L'-based Sobolev space W*! (this is also a key hypothesis to use dispersion effects
in [18]). Although groundbreaking, the result in [16] requires very high regularity
of solutions.

e As a byproduct of the relaxation limit, in this article we provide a new proof
of existence of global-in-time smooth solutions to (IPM-diss), only assuming that
the initial datum pip(x, y) € H'"" N H* forany 0 < v < 1 and s > 7 + 3.

RB thanks Angel Castro for several useful discussions on the (IPM) equa-
tion, Klaus Widmayer for pointing out the use of anisotropic Besov spaces in
fluid-dynamics problems. She also expresses her gratitude to Tarek M. Elgindi for
insightful conversations and valuable suggestions.

2. Main Results

Recalling the notation A = (—A)%, we introduce the homogeneous Sobolev
space for s € R

1
N 2
1 s = IA fll g2y = ( /]R i |5|2‘|f<s>|2ds) : (12)
We also use the notation, for any s, s” € R,

W W gsmms = W Tgs + 1F 1 s 13)

Our main results hold in Sobolev spaces, however we will rely on the properties
of anisotropic Besov spaces to obtain some estimates that play a crucial role in our
proof. Such anisotropic spaces allow to perfectly capture the anisotropic nature
of the 2D Boussinesq system. Similar approaches have been applied to the MHD
system by Lin and Zhang in [29,30] and to the incompressible Navier—Stokes equa-
tions by Chemin and Zhang [8] and Paicu [33]. More recently, an approach based
on anisotropic Besov spaces has been developed for 3D rotating incompressible
fluids by Guo, Pausader and Widmayer [21].
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Our firstresult concerns the uniform global well-posedness of system (2D-Bouss).
For any r > 0, we define the following functional

MA(T) = 115, 2, D)z iy + VENRIDI 2 ir,

1
+ =123 iry + (14)

1
\/_ ﬁ”Z”L%(H’)'
We obtain the following.
Theorem 2.1. (Global existence for (2D-B )) For any 0 < ¢ § 1/2 and any 0 <
v < 1,lets = 3+t. Forany couple of initial data (bin, Qin) € H' =" (R®)NH* (R?),
there exists a constant value 0 < 8o < 1 such that, under the following assumption
that

M) = [[(bin, Qin)ll g1-+n s = o, 5)

there exists a unique global-in-time smooth solution (b, 2) to system (2D-B ) sat-
isfying the following inequality for all times T > 0

X(T) = M(T) + | Vuall oy + AUzl 1 gy S MO, (16)
where
ur = (—A)V%,.Q =RQ, 17
and
M(T) := Mi—o(T) + M(T). (18)

Remark 2.1. (On the expression of M (¢)) The functional M (¢) in (18) is the sum
of two terms, i.e. M_;(t) and M (t), defined in (14), which are both crucial for
the embedding into anisotropic Besov spaces H* N H'~7 ¢ B2 in Lemma 3.2.
This is a key point: in fact, although the core of our analysis will be developed in
anisotropic Besov spaces B*!>*2 (introduced in Section 3.1), however the final result
is stated in Sobolev regularity precisely thanks to the embedding H* N H'~" C
B2,

Remark 2.2. (Our setting and comparison with the result of Wan [35]) The global
well-posedness of the 2D Boussinesq system with damping (4) in R? was first
established by Wan in [35]. Besides providing a more systematic and shorter proof
(of Theorem 2.1) that exploits the anisotropic nature of the system, the present work
improves several points.

e The regularity assumptions are lowered: [35] requires b € H~' N HY, » €
H~2n H*~! with 5o = 6, while here we only need b € H'"" N H*, w €
H"NH'forany0 <7 < lands >3+ .

e While [35] only bounds ||u2||L %Lm relying on spectral analysis and sophisti-

T
cated estimates, here we provide a control of [|u3]| L Lo thanks to the anisotropic

Littlewood-Paley approach; notice that the LIT control of |lua ||z With uy =
R1£2 is natural as || R12||L~ is expected to decay at integrable rate like Vuy
(see Proposition 3.4 in [16], [3], and Remark 4.2 in [35]).
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e In stark contrast with [35] where b € H! (see Remark 4.1 in [35]), we stress
that here we do not need any unnatural assumption on b, which simply belongs
toH'""NH, s >3+17, 0<1 < 1.

o Finally, it is interesting to point out that in our framework b € H'~* N H* (ho-
mogeneous spaces with positive indexes) is not required to be square integrable,
which is natural as both the Boussinesq equations (2D-Bouss) and the incom-
pressible porous media equation (IPM-diss) are invariant by the transformation
b — b+ C, for any constant C € R.

Remark 2.3. (On the H'!~7 estimate) As just remarked before, we only take (bjy,
Qin) € H'™7 N H* without involving any negative Sobolev space (in [35] b;, €
H~!' N H% and Win € H~2 N H%~! with so = 6). However, we point out that
there is no need of @ € H™7 (i.e. 2 € H'~7) in the first part, namely the proof
of Proposition 4.1. The assumption Qi, € H'!~7 is only used in the anisotropic
Besov part (more precisely in the control of the Y (¢) functional in (35)) to bound
”Q”L”(B%’%) by means of the embedding (Lemma 3.2) H'NH'"T C B%’%, and
therefgre to control M_;.

The result below concerns the justification of the relaxation limit.

Theorem 2.2. (Relaxation limit) Let the hypotheses of Theorem 2.1 be fulfilled and
let (58, QF ) be the unique solution, scaled with (9), associated to the initial data
(bin, Qi) as in Theorem 2.1.

Then, forany0 < s’ < sand 0 <t < t’ < 1, one has the limit as ¢ — 0,

[N o strongly in C([0, T], -7 n I-'IS*S/),

loc loc

where p is the unique solution of (IPM-diss) associated to the initial data b;y,.
Moreover, it holds that

loC Ol gr-cngs = CllGin, Qin)ll g1

where the constant C is independent of ¢.
Finally, we recover the Darcy law in the following sense:

195 — R1B°|| 11 < eM(0). (19)

3
Llr(Bf'fﬂBTf)

Remark 2.4. (On the Darcy law) Note that applying the operator V- to the velocity
uin (1) with « = g = 1 (and replacing the notation 1 by p) yields

0=Vt .u= 0x P,
which in terms of the variables (€2, p) reads exactly Q2 = R p.

Our analysis also provides a new proof of existence of global-in-time smooth
solutions to the incompressible porous media equation (IPM-diss) for small data.
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Theorem 2.3. (Existence for (IPM-diss)) Forany0 < v < 1, let s > 3+1. Forany
initial datum pi, € H' =" (R%) N H* (R?), there exists a constant value 0 < 8y < 1
such that, under the assumption

Ipinll fr1-cnfzs = S0,
HI-TnH

there exists a unique global-in-time smooth solution p to system (IPM-diss) satis-
Jfying the following inequality for all times t > 0

X(1) = ||P||L;C(1-’117rm1-'1.r) + ||Rlp||L2T(H1—meS)
+ (VR AR 11 1oy S oinll yi-egis-

Remark 2.5. (Comparison with the result of Elgindi [16]) The global well-posedness
of (IPM-diss) for small data, namely the asymptotic stability of (1) around the
stratified steady state peq(y) = po — y, was first proved by Elgindi in [16] taking
be Wl nH%, 55> 20.

Our Theorem 2.3 provides a new proof of Elgindi’s result, which allows to
substantially lower the regularity assumption of [16], taking only b € H'!~* N H®
with0 < t < l and s = 3 + 7. Once again, we take advantage of the anisotropic
Littlewood-Paley decomposition and anisotropic Besov spaces that capture the
time-integrability of the solution without relying on Green function estimates of
the linearized problem. We also mention the asymptotic stability result by Castro-
Cérdoba-Lear [6] of (1) around the stratified steady state Peq = PO — Y in the
domain T x [—m, 7].

Remark 2.6. (Asymptotic stability on the torus T? and near more general density
profiles) Besides the whole space R?, Elgindi [16] provides asymptotic stability
of (IPM-diss) on the 2D torus T? and near more general density profiles. We will
discuss the adaptations of our proof to these cases in Section7.

Remark 2.7. (Instability results from Kiselev-Yao) A consequence of the recent
result [26, Theorem 1.5] by Kiselev and Yao is that there exists an initial perturbation
Pin(x, y) satisfying ||pin||Hz_y(TX[,n,n]) & 1 forany y > 0, such that the solution
o(t, x, y) to (IPM-diss) (provided it remains smooth for all times) displays the time
growth

lim sup 772 ||P(t)||ﬁ.r+l(1rx[,n‘n]) = +00
—0o0

for all s > 0. In [26, Remark 1.6], the authors ask whether pi,(x, ¥) can be made
small in higher Sobolev spaces, while p(z, x, y) still displays time growth. Even
though in the present work we study the case of the full space R? rather than
the bounded periodic channel, we underline that our Theorem 2.3 states that all
perturbations pj, that are small in H* (R?) with s > 3 generate solutions p(t, x, y)
that remain small for all times. Thus, if a blow-up in finite time or a time-growth
happens for solutions in the whole space R?, the initial perturbation must have less
regularity than H*(R?), s > 3.
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Remark 2.8. (On the regularity assumption) As mentioned previously, our regu-
larity setting is b € H' "N H*, w € H" N H* ! forany 0 < 7 < 1 and
s = 3 4 t. While our results are significantly sharper than the previous ones,
an interesting problem that remains open is the proof of asymptotic stability of
stratified solutions to the IPM equation for s > 2 (i.e. H 2(R?) is a critical space
for the IPM equation). The primary obstacle preventing us from reaching critical
regularity lies in controlling the nonlinearity within anisotropic Besov spaces. For
instance, the first term of the right-hand side of the estimate (51) requires a control
of 19ybl 3 4 < I8ybll g2cnzee S 1Bl 3—cn s - To overcome this difficulty,
the use of product rules in the proof of Proposition 4.2 should be replaced by suit-
able commutator estimates. However, as far as our knowledge extends, commutator
estimates within anisotropic Besov spaces have yet to be presented in existing lit-
erature. Providing such estimates would entail a considerable amount of technical
effort and would stand as an independent achievement.

3. Anisotropic Besov Spaces

3.1. Anisotropic Littlewood—Paley Decomposition

We introduce the following anisotropic Littlewood-Paley decompositions: for
J,q,k € Z, we denote that

° A ; are the blocks associated to the Littlewood-Paley decomposition in [£];

° Ag are the blocks associated to the Littlewood-Paley decomposition in the
direction &1,

° AZ are the blocks associated to the Littlewood-Paley decomposition in the
direction &,

such that, denoting by F the Fourier transform,
Aju=F eV ENDAJu = F (97600 and Afu = F~ (92 &),
where ¢(§) = ¢(§/2) — ¢(§) and ¢ € CZ° is such that ¢ = 1 for |§] < 1/2

and ¢ (&) = 0 for |£] = 1. We define the following homogeneous and anisotropic
Besov semi-norms:

R
1Ay, = 12708 e @y o ez
1f g2 2 271292045 AG £l oy

U (jel,kel)"

Hereafter we will omit the dot (standing for homogeneous spaces) and the
second and third Besov indexes will be dropped as well for lightening the notation

A
Il 2 0 f 1 g
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3.2. Technical Results in Anisotropic Besov Spaces

We now state an anisotropic version of Bernstein’s lemma, the proof of which
can be found in [30,33].

Lemma 3.1. (Bernstein-type inequalities) For x = (x1, x3) € R2, let B; be a ball
of Ry, By be a ball of R,,, C1 be an annulus of Ry, and C, an annulus of Ry,. Let
1S p1 S ppSoandl £ g1 £ gy £ 00. Then, we have that

o If the support of @ is included in 29 B}, then

‘ q(lsl+(-—-L))
||3;Ia||Lf]2(Lg)§2 P12 ”a”Lf]l(Lg)'

o If the support of @ is included in 2¥ By, then

S < q1 92
”8)52“”[511([;1%) N2 ”a”[fll([zé)-

o [f the support of @ is included in 29C, then
—qlsl) g%
lallpzr oy S 270k all g -
o If the support of @ is included in 2¥C5, then

< n—kls|) g
lallzrwgy 527 100l 0y

Embeddings of Sobolev spaces into anisotropic Besov spaces are provided by
the result below.

Lemma 3.2. (Embedding in Sobolev space, [29,.Lemma 3.2}) Letsy, s, 11,72 € R
suchthatt) < si+sy < tpandsy > 0.Ifa € H" (RN H™(R?) anda € B2,
then

lallpsis2 < llallgsitss S llall go + lall g

We will rely on the embeddings B>1 < Lip, B3 Lip(R;-) and
B_%' — Lip(R%), where for n = 1, 2, the notation Lip(R7-) denotes the space
of functions whose Riesz transform of order n is Lipschitz, cf. the left-hand sides
of (20) for the associated norms.

e

31 1

Lemma 3.3. (Embeddings in Lip) Let a € B>> N B>'> N B
following inequalities hold:

S

=
W
=

N B~ The

lallizee S llall 11, IIVallze Sllall 31 and |[Aalie S llall

3 I .
B2'2 B2'2

31
B2'2
When the Riesz operator in the direction x is involved, one has

IVRiallze S llall 13, IARallLe < llall 1

2
and ||[VRia < |la
R aid IVRiallLe S llall i

15
B °2
(

2
20)
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Proof. Using the anisotropic Bernstein Lemma 3.1, one obtains

- o
IValle $ Y 27A; ALl < Y 2/1A Al AYall e
j.qez? J4€T2,j 2k
:q K . .h.
< Z 272722 ||AjAlAYal
Jia.keZ?,j 2k
3j g . “h
S Y 2727 |AjALal e
Jj.q€Z?
< llall

B2.l

When replacing the operator V by A, the proof follows exactly the same lines.
The estimates involving the Riesz operator R can be obtained in a similar manner
noticing that, for s € {1, 2}

, o imsa
IVRSa| e < Z 2127525 AjAall L.
J.qez?

4. Proof of Theorem 2.1

The proof of Theorem 2.1 is divided in two main steps. We first provide the es-
timates in Sobolev spaces, namely we control the functional M (¢) in (18). The out-
come of those estimates in Proposition 4.1 involves the quantities || Vu; || LL(r)s [I

Auz|l, L (L) whose control is not provided by the energy functional M(¢). Thus,

in a second step in Section4.2, we rely on anisotropic Besov spaces to estimate the
aforementioned quantities and to conclude the proof.

4.1. I. Control of M(t)

The estimates in homogeneous Sobolev spaces are provided by the result below.

Proposition 4.1. Let (b, 2) be a smooth solution to system (2D-B ). Then the fol-
lowing holds

M(T) < X(0) + X3(T).

Proof. The estimate of M(¢) is divided in two parts.

i) Control of M;(¢), with s = 3 + 7. We consider the equations for the
unknowns (b, z) in system (8),

applying the operator A% = (—A)? to each term with the notation (b, z, ) =
(ASh, A5z, A°Q).
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Noticing that AR; = A’~19,, the quasi-linearized system reads as

b — eRIb = Rz + (RaQ, —RiQ) - Vb + [A°, RaQIab — [A°, R1Q1dyb
=Riz+7Z1 +Ci1 —Ci2,

Ui+ S = —eREQ — e(RaQ, —R1) - VR1) + (RaQ., —R1Q) - V2 o
&

+ AT RaQ1,AQ — [ATT, R1Q19,AQ
— e[A"T18,, RoQ10,b + e[AS T8y, R1Q10,b
= —eRIQ—Tr+T3+Coy —Can — Ca1 +Ca.

Similarly, the quasi-linearized equation for €2 (from (2D-B )) reads as

3,0+ == Rib+ (R2€2, =R1€) - (VL))
+[A RaQI0AQ — [AT, RIQ19,AQ. 22)

Let us provide the desired estimate.
The linear evolution
We first look at the linear terms, neglecting the nonlinearity. Using the skew-
symmetry of the Riesz transform (Rz, E)Lz = —(z, Rllﬁ)Lz and (R%Q, )2 =
—(R1Q, R12) .2,
%di(nbn% +1Q11%, + 11zI%,) + el R1b117, e, + Siez,
t e €
= —(R1b,2)12 + e(R1Q, R12) 2.

Using the Cauchy-Schwarz inequality

. £ 2 1 5
|(R1b, 2) 12| = E”Rlb”Hﬁ + Z”Z”H“

2
. . e 1
el(R12, R12)12| = 7||731l7||2-s + §||R1Z”2's

and the continuity of the Riesz transform |R ;all;2 < |la||;2 for any a € L2, the
y JalL L y

last two terms are absorbed by the linear dissipation, yielding the inequality
1d e 1 1
——(Ib|3 Q% 2 SIRiBIE, + —Nzl%, + —1I2201%, 0.
5 3 DI IR + 12l + IR + -l + 1205, <

Now we deal with the nonlinearity of system (21).
Estimates of the nonlinear term Consider the quasi-linearized terms Z; for j €
{1, 2, 3}. The divergence-free condition and integration by parts yield

(Z1,b) 2 = (Ra2, —R1Q) - Vb, b) ;2 = 0.
Furthermore, it is easy to see that

I +13 = (R2Q2, —R1) - Vg,
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readily implying, using again the divergence free condition, that (—Z> +Z3, z) = 0.
Next, let us focus on the commutators.

Commutator estimates We begin with the terms of type (C2, ;, 2);2, (C3,;, 2) 2 for
Jj € {1, 2}, which are easier being quadratic in (some norm of) the dissipative
variable z. Notice indeed that as the products (Cy,;, b) 12 are quadratic in b, they
require a more careful treatment since the L2T control of the (spatial norm of the)
variable b is not provided by the energy functional (one only controls R b, see the
definition of M (T) in (14)).

Let us first look at Cy;1 = [AS~, RyQ10, AQ. By applying the commutator esti-
mates in Lemma B.3 (in the “Appendix”) with s = 3 + 7 > % + 2, one has

IC21ll2 S IVR2QI L IR1Q2 s + 10 AR L0 [R2L2]] s -

Now, applying first Lemma 3.3 and after Lemma3.2with1—7t =11 <2 < s = 12,
we have

IVR2QllLe S IR2Q20 31 S IR2R2 g1 s

31
B2'2

I'Similarly, using again Lemma 3.3 and Lemma 3.2

1: AR~ S IARARL= S IAQI g 3 S IARl ga-rpgase

S ”Q”[.{S*TQI-'IS’ (S z 3 + ‘E)?

where now, using the interpolation Lemma B.4

-3
) < 9. 1._9 . . s+7T
12« <195 IR, with 6= ———.

Finally, the Young inequality ab < % + Z—q with p = 0%, q= ﬁ gives

1201 g3+ < 1920 g1 + 120l gs-

V

In the same way, using that |Riall ;s < llallgs forany s 2 O and a € HS, by
interpolation

6 6
IR2Q a1 S N gs—1 S N2 1 192115,

1

S g1-e + 1920 s, with § = ———.
S LI €21l ;7 p—

' Note that the controls 121l gr2—<, 11l g2—r would be enough and there is no need of
1221l fy1—c. 161l 1< at this stage.
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Altogether, this it yields that

T T
/0 (Cos )2l dt < /0 1Cout 2 2 o dt

T
5/ 120 g1-e gs 120 gr1-e s Nzl s
0
< (”Q”L%O(Hlﬂ) + ||Q||Lc%0([:1.r))(||9”L%(H"T)
H 192 sy 1zl 2 i)
< MA(D).

The commutator C; 2 is completely analogous, we omit it. Let us consider
C3.1 = e[A*718,, R2Q]3,b, which gives

G311l 2 S e(IVR2QI L2 IR 11 s + 10Dl Lo IR1R2€2 g6)-
Now note that, applying the same reasoning as before (Lemmas 3.3, 3.2),

19:bllzoe SHARIDN 11 S ARG 1=t S RN ey

where, again,

. o 1-0 . . s+t -2
IR1bll e S ARG 1 IRADI " S IRBH ie + IRADN o 0= ———-

This way,

T T
/0 [(C3,1, Q) p2]dr S 8/0 (IVR2QIl Lo R1bll s + 102Dl Lo RS2 ) 1211 s dt

T
2 2
< s/o 19021y 160 e+ IR 1B f1cey e 1201, d

2
NS2M172 e s

2 L2(H'=TNH>)

S 8706 oo (s1-e sy X ————

< MID).

&

The commutator C3 > is bounded similarly.

Now we deal with the more delicate estimates involving the commutators
Cy,j for j € {1, 2} in the equation of b. Let us start Witl} the term with C;; =
[A®, R2$2]0, b, where it is easy to reconstruct the term R1b, which is controlled in
LzT by the energy functional M (7"). We have, applying the above reasoning, that

IC11llz2 S IVR2S Lo 10xDl gs—1 + R282l fys 105 b1l Lo
S IQI g1-—rags IR1bl s + IR g1 gs 1821 s
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so that
T ) T
/ €11, by 21 §/ IC1 il 2 1101 s dt
0 0
T
g\/o %”QHHI_IQHY||R1b||Hl_rﬁHVﬁ||b||Hv dr

1
< ﬁ||sz||LzT(HHmHs)||b||L;C(m)\/EIIRlbIIL;(Hl—rnHw
< M3(T).

The next commutator C1 » = [A*, R12]0,b requires a more careful treatment. We
rely on the fractional Leibniz rule, which is an extension, due to Li [27] (see also
D’ Ancona [14]) of the Kenig-Ponce—Vega inequality to the case s = 1.

We introduce the notation ¢ = (a1, ) € N2 B = (B1,p2) € N2) and
Ve = (37", 3;‘ %), while the operator A% is defined via Fourier transform as

ASOF(E) = AEE FE),  ANE) =i g (g, (23)

where || = a1 +a» (resp. | 8] = B1+ B2). Notice that A*“ is a pseudo-differential
operator of order s — |«|. Now, we apply Lemma B.6, with s = 1,50 =5 — 1,
which gives

1 1
Cla= ) —VERIQAY a0 — 3 Vo bAYRIQ

la=1 " BISs—2 " 12
S AR QMO 10y gs—1- (24)

Then we write the scalar product adding and subtracting the above right-hand
side as

. 1 1 .
(C12,b) ;2 = (cl,z - — VIRIQA™ Db - > 'VﬂaybAs’ﬁRIQ,b)
laj=1 " g2
IBI< 2

1 : 1 .
+ZE(V"‘R1§2AS'“8yb,b)Lz+ Y. S (VPabAYPRIQ, b,
CIE IBlSs—2 "

yielding, thanks to (24),
€12, b)12] S IARIQUBMO 10y b Il o1 161 g5 + 1711 + 172, (25)

where we denote that
1 .
Jii=Y, ;(V“RIQAwayb, b);2 and
le|=1 """

1 ,
= ) (VAR by,
BISs—2 "
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Now note that 7] can be rewritten as
Z VERIQAM Db = —s(VRIQ)(A*2Vdyb) = —s(VR1Q)(A "' VR,b),
|lal=1

so that using the continuity of R in L,

J11 S IVRIQI L= [ A Rabll 2161 s S IVR1QU o0 1B, (26)

and integrating in time, recalling that up = —R 2,
T
/0 T11dt S IVRIQ L oo Do 0y S IV L 100y M (T) S X (T,

Now let us deal with 7>. AsR1 = A~'d,, we integrate by parts in the horizontal
direction

Jr= Y (VPo,b)AN o Q. by =— Y (VPR LA TFQ, b
IB1Ss—2 1BI<s—2

— > ((VPaun) A THPQ B.b) .
IBISs—2

(27)

Now, we deal with the last term in (27). Using that 9 xb = A(3:A*~'b) and the
symmetry of A, it can be written as

D (VPN T Q0 b) = Y (AP BATPQ), 0, A b)
|BISs—2 BISs—2
= Y (A(VPabATIPQ) Rib) .
IBI=s—2

Now, we deal with the last term in (27). Using that 9,b = A0, A°~'b) and the
symmetry of A, it can be written as

D (PN T PQ k) = Y (AP BATPQ), 0, A b)
IB1Ss—2 1B1<s—2

= Y (A(VPabATIPQ) Rib) .
BISs—2

We use the following decomposition:

> (AP BATQ), Rib)

IBI<s—2
= (A(BybA T'Q), R1b) 2 + Z AV, AP Q), Rib) 2
|Bl=1and f=(1.1)
+ > (AVPa,b NP Q) R1D)

25|BISs—2and B#(1, 1)
= T8+ TP+ J5.
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By virtue of the product Lemma B.2, one obtains
T3 S IR s (1Al L= A Q12 + 18ybll= | A’ R 2) (B = (0,0))
T3 SR s (IAVOyb| 2| ATV L
+ [IVoybllL= A T2VQ2) (1Bl = landB = (1, 1))

J5 SIRiblgs Y. (IAVPabI 2| AT PQ
251BISs—2

+ VP02 AP Q) (18] 2 2).
Concerning the first term of 7> in (27), one has

Y VPR DATEQ ) S Y IV AT Qb e
IBISs—2 1B1<s—2
For g = (0, 0), we have
||(8)%yb)AS_IQ||L2 S 10xy bl 1R gs—1 S NIRADI ga—cyggae 12 fys—1-
The remaining terms yield

> (VPR )N TP Q. D)2 |
|Bl=1and B=(1,1)

S ) VPR bl AT Qb s
|Bl=1and B=(1,1)

2
S 1S ga-enpaee 111,
and

> VPR AT by o
2518152

SO VPR bl AT QY e 1] s
251B1Ss -2

Altogether, appealing to the embeddings of Lemma 3.3 and Lemma 3.2 (s =
3 + 1), one obtains

T2 S UIR1bl i+ + IR1DI ) BN i + 181 ) N2 g1 + 1211 s,

so that

T
/(; | 2| dt ,S (”Rlb”LZT(]-‘]lfr) + ”Rlb”LzT(HS))(”b”L?_O(Hl—T) + ||b||L<;°(HS))

X (19212 -y + 19201 .2 4s))
< M(T)3.
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Inserting the latter in (25) together with (26) and using the embedding L*° —
BMO yields

T
/O €12, D)2l dt S (IARIR 1 ey + IVRIQU 1 oo ) MAT) + MA(T).

To control the terms ||VR1§2||L1T(LOQ), |IAR1£2||L1T(LOO), we shall rely on
anisotropic Besov spaces in Step II (Section4.2).
ii) Control of M;_,(t),0 < t < 1. We apply A'~7 to system (8), yielding

b — R =Rz + A TT(Ra2, —R1Q) - Vb),
32+ g — ¢RI — AR (RaQ2, —R1Q) - Vb) (28)
FATT(RaQ, —R1Q) - (VAQ)).

Moreover, the equation for €2 reads as

.Q
HQL+ — = AT (R2Q, —R1Q) - (VAQ)).
&

The linear terms work exactly the same way as before, thus we focus on the non-
linearities. We begin with

(A"T(R2Q, —RIQ) - Vb), b) 2 = Ty +T».

Let us start with Z;. Appealing to the product estimate (Lemma B.2) with p; =
r1 = oo yields

T1 = (AT (R2Q0cb), b) ;2
S (MR Lo l3:bll 1= + 1A RaQl1 210Dl L) 1Bl 1

where interpolation (Lemma B.4) and Young inequality give

_s+r—2

bl e S IR1Bl e < IR1DN% NRiBI?, 6 =" =,
10xDll j1—c = IR1D]l ga—= S IIRAD| IR1b] pa—

Hl-t Hs

This yields

T
1
< . . . . .
/0 T dt S VE(RBl 3 ooy + IR1B 2 i) W irory = 12013 iy

+ 1102 15y
< M3(T).

We cannot use the same trick for the next term, which gives

T
/0 Irdt 5 ||b||L%O(]-'117r)(||b||14;0(1-'1x) + ||b||LC;C(1-'117r))||RIQ||L1T(W1,OO)

N |qu||L1T(W1,m)M2(T) < X3(D).



2 Page 20 of 35 Arch. Rational Mech. Anal. (2024) 248:2

Next, it is easy to see that e R (R22, —R1R2) - Vb is very similar to the terms
treated before, then it is omitted.

It remains to deal with the last term in the equation of z (which, in the energy
estimate, is multiplied both by z and by €2, but the computations are identical,
so that we only detail one case). Using the symmetry of the multiplier A™F, one
obtains

I3 := (AT (R22, —R1) - (VAQ)), 2) ;2
= (R2Q, =R 1) - (VAQ), A'7%72) 2.

Now, we integrate by parts in x the first addend and in y the second one. As the
term R0, 2 — R19y2 = 0 (by definition of the Riesz Transform), it remains

T3 = —(RaQAQ, A5 8,2) 2 + (RIQAQ, AT 0y2) 2
= —(RaQAQ, A’V R12) 2 + (RIQAQ, A’ "D Ry2) 2
= —(A"T(RQAQ), ATTRIZ) 2+ (ATT(RIQAQ), ATTRY2) 2
=75 +I§’.

This way

17§ < AT (R AQ) I 2120 1
and using the product Lemma B.2, Lemma 3.3 and Lemma 3.2,
IATT(RIQAQ) 2 S IR 1 AR Lo + IR2Q Lo | AR 1

<Rl g- + 120 50

The estimate of Z7 is identical. Finally,

T
1
< corrl-t corgsy) —= T1—1
/O I3dtN8(||Q||LT(H1 )+”Q”LT(H))\/E(”Q”L%'(Hl )

1
+ ”QHLZT(HS))ﬁ”Z”L%(I-'II*T)

< eM3(T).

The proof of Proposition 4.1 is concluded. O

4.2. II. L*° and Lipschitz bounds for up = R1Q

The purpose of this section is to prove the following proposition:

Proposition 4.2. For ¢ > 0, let (b, ) be a smooth solution of (2D-B ). One has

IOVRIR, ARID 1 1) + IRILU L1 1) S XO) + X ().
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4.3. Linear a Priori Estimates in Anisotropic Spaces
Applying A ; Al to the linear part of (8), we obtain

0ibjg —eRibjg =Rizjg+hjg,
z;, (29
02j.q + % = —eRIQj g + &g

where h = (R, —R12)-Vband g = —eR1(R2£2, —R1Q)-Vb+ A" (R,
—R22) - (VARQ)). Performing standard energy estimates, one obtains
1d 2 2
§E||b-”q||L2 +ellR1bjgll72 = I1R1zjg 2110 gl 2 + Ihj gl 211Bjgll 2.
(30)

Using Fourier-Plancherel theorem and the anisotropic Bernstein inequality in Lemma
3.1 yields

1d 2 —2jn2 2
Mbjglly2 +2 12%%elbjglli> = IR1zjgl21bjgli2 + lhjgllz2lbjgll 2.

2dr
(1)
Now, applying Lemma B. 1, multiplying by 27512952 and summing on j, k € Z give,
that
161 5o Bsrs2) 4 NI L1 (312242 S ol stz + Nzl gsy—1spt1 + I LL o1z
(32)

Following a similar procedure for z, one infers that

1
2l ooy + ZH2ll S llzoll + el psi-2542 + 118N Ly (govsyy-

(33)

LIT (B'v/l sé) BSG ,:é

Notice that the linear term ||z || gs;-1.5,+1 in (32) can be absorbed by the left-hand
side of (33) if s; = sy and 55 < s, via Lemma B.5 with s = 1. The linear term
|2]| gs;—2.5,+2 Will be absorbed in a similar fashion once the estimates for €2 are
obtained.

Since 2 = z + &R b, this linear analysis together with Lemma 3.3 suggests us
to choose that

! o
s1=S5 = > and sy = s, = =, to ensure that one controls||VR1£2||L1T(Loo),

S1

| =N =

s;j== and sp =s) =

> , to ensure that one controls ||R1§2||L1T(LOO).

Remark 4.1. The term | R2| Lh(L) is not needed to close the a priori esti-
mates in Sobolev spaces (proof of Proposition 4.1), but it is actually crucial to
deal with some nonlinear terms appearing in this anisotropic analysis. The control
of [Ri1€2, L(wiee) requires a priori estimates in two different regularity settings
(as just remarked above).
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With these regularity indexes, one obtains

IIbII RS +8||b||L,T(B_%_g +\/_||b|| PRI S llboll gid IIhIIL Lshy
b IIL%O(B%,%)JrSIIbIILlT(B,%% + Vellb ”L2(B ”)<IlbollB +||hI|L Lhdy
and
1 1
IIZIIL%O(B%%) + Z”Z”L;w%% + 7”Z”L2(3%=%) S lzoll 3.4 + ”g”L;(B%-%)’
1
||Z||L%O(B%,%) + E”Z”L;(B%%) + 7” IIL2 RIS S IlzollB%,% + IIgIILlT(B%‘%),

where we used interpolation inequalities to recover the L2T terms. Since Q =
7 — &€R1b, one derives the following bounds

12 oo g3, HIS2N, 1g IS, s
®(B2°2) LL(BT'2) L3(BZ2)
<
S0 b0l 3y + 1By 3y
(R I U e o (107 P W +|| [FPo
LP(B2°2) LL(B72°2) LZ(B BT 2)
<
120, b0l 1.1 + 1 Wy 1t

As expected, via Lemma 3.3, one has that

IVRIRILy u) S 19, 13, 30 IRl 0oy S IR0, 43 69
Accordingly, we define the functional
Y () = |l(b, z, Q) OO(B%%nB% 5 +8||b||L1T(B 33ns-bd
+x/_||b||L2(B Vgt
1 1
+ g”Z”LlT(B%%mB% %) + ﬁ'lZ”LZT(B%%mB%'%)
o = AR [« RN (35)
L (B 2'2NB2'2) LT(BZ’ZQBZ’Z)

which will be useful to close the estimates.

5. Estimates of the Nonlinearities

The term || (%, g)”LlT(B%'%mB%‘%) is bounded by the following lemma:

Lemma 5.1. Let (b, 2) be a smooth solution of (2D-B ), then one has the following
estimate:

h <Y +Y@)X X ()2
1091, 34534, S YO +HYOXO+X0)

The proof of Lemma 5.1 is postponed to Section A and it is based on product laws
in anisotropic Besov spaces (again, postponed to Section A).

Proof of Proposition 4.2. It is a direct consequence of Lemma 5.1. O
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5.1. Conclusion of the Proof of Theorem 2.1
Gathering the estimates from Proposition 4.1 and 4.2, we obtain
XO<SXO)+XOP+XOP+YOX(@) +Y(0) (36)
Then, by Lemma 3.2, one has
Y1) S X(0),
which yields
X(1) < X0) + X0+ X(0) . (37)

From there, a standard bootstrap argument leads to the existence of global-in-time
solutions of (2D-B ). Then the uniqueness follows from stability estimate below
and Theorem 2.1 is proven.

5.2. Uniqueness: Stability Estimate

Let (p1, p2) be two solutions of (IPM-diss) associated to the same initial data.
We Defining that w = p; — p2, thus satisfies that

dhw — Riw = (RaR1p1)dcp1 — (R1p1Iyp1 — (RaR1p2)dxp2 + (RTp2)dyp2.
(38)

The right-hand side terms may be rewritten as follows:
dhw — Riw = (RyRaw, —=Rjw) - Vi + (RaRip2, —Rip2) - Vw.  (39)
Applying A® = (=A)? to (39) and using the notation w = A®w, one infers that

b — Rib = A (RaRiw, —Rjw) - V1) + A*(RaR1p2. —Rip2) - V).
(40)

Combining the use of commutator estimates for the nonlinear terms (as in the
previous section) with the bounds on (p1, p2) from Theorem 2.1 and the Gronwall
inequality easily gives w = 0, from which the uniqueness of smooth solutions
for (IPM-diss) follows. Analogous arguments lead to the uniqueness of smooth
solutions to system (2D-B ).
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6. Proof of the Relaxation Limit Theorem 2.2
Recall the scaled variables
~ A Q .
b, Q) (t,x) = (b, —)(t,x) with T = et.
g

The system reads as

9b° — R1QE = (Ra2)a,b* — (R1925)dyb°, “h
29,8 — Rib° + QF = 2 AT (R, =R 1) - (VASS)].

Let (58, Qe ) be the unique solution of (41) from Theorem 2.1. Under such
scaling, that satisfies the following estimate:

”be ”LTO‘O([-.Il*fﬁHS) + 8”98”]4%0([-'[17101-'].?) + ”Rlb‘s”L%(['{lfrmI.'p)
18 2 ey + 19 = RaBE 2 rioepiy € Mo (42)

there Mo = IIB§ll71-cnps + ISl 71 jgs- Owing to (42), €3 and & (and
therefore R | Q and R, 2)are uniformly bounded in the spaces L (R*; H I=tnH%)
and L>(R*; H'=7 N H*), respectively. This implies that

AT [(RyQF, —R1QF) - (VAGH)] > 0 in L2 RY; H*).

Therefore £20, Q¢ goes to 0 in the sense of distributions. Putting this information
into the second equation of (41), one infers that

QfF —R1b* — 0 in D'(RT x RY). (43)

Concerning the other unknown, b is uniformly bounded in L (R™; H I-7n H )
and 9,b¢ is bounded in L2T H*~!. Therefore, there exists o€ L¥RT; H'"™nN HY)
such that, up to subsequence,

B X o in L°(RT; H"n B N H Ry B, (44)

Then, as the bounds from (42) easily ensure bounds for the time-derivative of the
solution (9;b°, 9,2%), a standard procedure involving compactness argument and
Aubin-Lions lemma leads to b* — p strongly? in C([0, T, Hllazr/ n I-'Ilsozs/) for
0<1 <1 <1landO0 < s < 5. For more details, we refer to Coulombel and
Lin in [28] or Xu and Wang in [36] for the relaxation limit of the compressible
Euler system with damping in the inhomogeneous Sobolev and Besov settings

respectively. Now, defining

78 = Qf — Rib° (45)

2 At first, the convergence takes place only for a subsequence, then it is deduced for the
whole sequence because the limit system has a unique solution so all the sequences will
converge to the same limit.
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the first equation of (41) may be rewritten as
3b° — R3b° =S¢ with §F = R1Z° 4+ (RyQ°, =Ry := Q) - Vb°. (46)
Hence, combining (42), (43), (44) and (45), one can deduce that p satisfies
dhp —Rip=—(RaRip, —Rip)- Vp. (47)

The convergence rate of Z¢ stated in (19) comes directly from the control of Y (¢)
(35), which is ensured by Theorem 2.1.

7. Extensions

In this section, we discuss the adaptations of our proof to the case of the periodic
domain T? and slightly more general density profiles.

7.1. Asymptotic Stability on the Torus T?

from the whole space R?, Elgindi [16] provides asymptotic stability of (IP-
M-diss) on the 2D torus T2. His proof is completely different from the analogous
result in the whole space. In particular, in the periodic domain T? the density p
does not decay in L?(T?) and proving decay requires a loss of derivatives. It is
natural to inquire whether our approach is also applicable to the torus T2. We
observe that the anisotropic Littlewood-Paley decomposition (anisotropic Besov
spaces) and anisotropic Bernstein inequalities indeed extend to the torus T2. Our
approach of exploiting the anisotropic dissipation through a suitable (anisotropic)
functional space works on T? as well. The only additional difficulty lies in the
control of the horizontal average of the density 4(y) = f p(x, y)dx. To over-
come this problem, we can rely on Elgindi’s idea (see also [34]) of decomposing
p(x,y) = p(x,y) + p(y) and writing the two equations

ap—RIp(1 = 03,p) = —u-Vp, (48)
0p+0yuap) =0 & 3p+03,(pRIp) =0. (49)

As showed by Elgindi in the proof of [16, Proposition 4.1], the horizontal average
o is preserved by the linear evolution, i.e. neglecting the nonlinear terms yields

T T
ap=0 [ puxnar= [ Rioa-a,pa

—TT —7T

s
= [ aems T - 0,5 dx =0,

—7T

as well as any vertical derivative %8;,6 =0, ie. 8;,50) = 8;,50 for alli € N.
On the other hand, the linear evolution of p displays anisotropic dissipation and
decay. Towards a proof of our result on T2, taking horizontal average at the initial

time || 00|l gr1-c gy < §p with 8y small enough (and s > 3) we should achieve the
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control of our functional X (¢) in (16) (adjusted for p) with very similar computa-
tions. More precisely, the Sobolev estimates for controlling M (¢) would resemble
the computations in Section4.1, further capitalizing on the smallness of p. The pri-
mary challenge lies in the (linear part of the) Besov estimate in Section4.2. More
precisely, using the same ideas requires controlling the term || A j AZ (9y ,572% o)z
Being 9, 6 a function of y only, it commutes with AZ and therefore that term can be

written as || A j(9y ﬁR%AZ 0)llz2. In turn, the latter can be bounded using the usual
(isotropic) product laws in Besov spaces, yielding

31
2°2

3:.9, 2 ~ ‘= ~ —
12272214 0y FRIAG A 2yl S 18y llL= IRTAN
+19yAll 3 4 IRTA I L

2°2
S 0yAlp ol -y 5 + 118561 3 1Al

15 5.
B 22

._35
B 22

Integrating in time,

! 3ind A 2 A h =
A 122722 ]| A j @y pRTAG P 2R2) Il di

9

<Dyl s 115 5 5
S 10yplpepilloll | ooy s + ||3yp|IL%OB% ol

B 2

[N
S

1 1 p
LL LLB

where || p|| L;B’%*% and ||p ”Lle'r 33 would be controlled by (the adaptation to p of)

the functional Y (¢) in (35). Of course some extra work would be needed to manage

.. .. -3

(and ensure the smallness of) the additional term 9,0 in B'NB2.In summary,
we believe that our results for RZ can be extended to the torus T2 under the same
regularity setting.

7.2. Nearly Linear Density Profiles

Besides the linear density profile peq = po — y, we believe that our proof
could be extended to the slightly more general case of nearly linear density profile
Peq = Po + G(¥), with G'(y) < 0 and [|[1 + G'(y)||lgr = 8o with 8y sufficiently
small and r big enough. Linearizing the IPM equation around it gives

dp+G (MRip=NL & dp—Rip+(1+G (y)Rip=NL,

where NL stands for the nonlinear term. While the Sobolev estimates in Sec-
tion4.1 should work similarly exploiting the smallness of |1 + G'(y)| g, the
delicate point would be the (linear part of the) Besov estimate in Section4.2.
Similarly to the previous case, this point requires controlling ||2%12% ||Aj((1 +
G’(y))R%AZ,o)HLz(Rz) |1, where, once again AZ and 1 + G’(y) commute.

This leads to

t
3. q . , :
/O 12272314 (1 + GYRIA D)2yl df S L+ Gl -
T

15
2°2

)

1 53
LLB ™2

S

/
T+ G s lel
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where ”'OHL‘TB‘%'% and ”'OHL‘TB 5 are controlled by the functional Y (¢) in (35)

_3
3,

and 1 + G’ is small enough in a sufficiently regular Sobolev space.
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Appendix A

Lemma A.1. (Anisotropic product laws) Let —% <s = % and —% <5 < %
Let 81, 87, 83,84 = 0 and f, g be two smooth functions, one has

I fgllgsis2 S UF e liglpsis + ILf stz llglzoe

+ ”f”BsH»%#»El,fﬁz ||g||B*511X2+%+52 + ”f||3753,x2+%+54 ||g||BS1+%+83,764 .

Moreover,

1fgll -4 S NS llzeeligh —y 1 +ILFN

A_l
1 1 A" gl

341

+ ||f||361,752 llgll g—s1.1+5 + ||f||3*53»1+54 llgll gss.—s4 -

A.1 Proof of Lemma A.1

Proof of Lemma A.1. Recalling the definitions of the Littlewood-Paley blocks A;
and AZ in Section 3.1, we introduce the isotropic and anisotropic paradifferential

decomposition due to Bony in [5]. Let f, g € S'(R%),
f8=T(f.9) +R(f.g) and fg=T"(f )+ R"(f.g)
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where

T(f,e) =y S;1fAjg and R(f, &)=Y A;fSjiag,

JEZ J€Z
and in the horizontal direction

T"(f.) =) S, 1fAhg and R*(f.g) =) AlfS,ia8.

qe qe
Applying the double paraproduct decomposition to fg, one has
fe=TT"(f,9) + TR"(f,9) + RT"(f. ) + RR"(f. 8). (50)

Let us estimate each of these terms separately. For the first one, we have

IA;ARTT(f. )12 S > 1181 f Ajr Agrdygl 2
1j'=j1Z4,1g'—q1 <4
< > 1S -1Sg—1 | Ay Agidygll

1j'=J1S41q'~q1=4

S g2 27T fllellgllpsisn.

Concerning the fourth term, one has

IA;ALRR (£, )2 S > 1A j Ay fSj2Sy+aglle
1j'=il1<4,1g'—q1=4
< > 1A Ay £1l201Sjr 425y 28l

[j/=j1S41q'—q|<4

Scjg2727 T2 fllsis [l gl Loe.

The following computations in the special case s; = —% and s = % will be needed
in the proof of Lemma A.1:

1A;ARRR'(f, )12 < > 1A Ay fS2Sy+agll
lj'=j1S4.19'—q| <4

S > 1A Ag fl211Sj42Sg 428 L
1j'=i1Z4,1g'—q1<4

< Do YNA Ay F1227 S 28y 282
1J'=jl1S4,1g'—q1<4

a4 1
< a2 27 HIFI 1A gl
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For the third term, using the anisotropic Bernstein inequality, one has
T . .
18;54TR (f.9)ll, 2 > NA 118,42 FSjr 0B 8l 2
i —j|S4.1q’ —qIS4
S > 18)1Sqr 127112 10018112 8q 8l 0 2
i =j1S41q" g IS4 : :

< > 2TNA Sy p fl 22 7 ISy bl 2
1/ =j1S4.lq" —q1S4
i 1 ’ 1
—js1H—qs J 15 A . q (s2+7) ;
S27 12T > 2 2704 1 Syr 4 fllp22 27080 Agrgly 2
1j'=il=4.lq"—q| =4
/ 1 ’ 1
—JS1»—qs J(s1+5+81) 5 —g89 A q (s2+5+82),—j's A
$27 /812742 > 2 2 2 qz\\A_//Sq/+2f\\L22 2 274 1\\3_//+2Aq/g\lL2
1j/=j1=4.lg"—q|=4
LA 1 1 if81,8 >0
B

S|+ +81.=82 ”gHBfﬁl,SﬁjMz

—JjS1r—qs ..
SZ 512 qzl'], 1 ifdy,dp =0,

q ) Ifl 1 lgll
g'1t2 B;2+§

where B; refers to the Besov spaces with horizontal localisation A,. Since
11 gt 181 it ST l81 ot
h

we obtain the desired estimate. Similar computations lead to

A AR 1 —js1n—qs
1A, ALRT (£ )12 S 2772792, g1y diag 181 b oy

Multiplying the above estimates by 27512952 and summing on j, ¢ € Z, the desired
result follows. 0O

A.2 Proof of Lemma 5.1

Proof of Lemma 5.1. I) Estimates for 1 = (R,Q2, —R Q) - Vb. i) Applying
Lemma A.l with f = RiQ, g = dyb,s1 = 3.5 = 5,8 = & = 3 and
83 = 84 = 0, one has

1
2)

Q 3 8b 00 ([ 00
+ IR ||L1T(B 1)|| yDOllLge (o)

) 5 ”RIQHLIT(LOO) ”ayb”

31 3
2°2 2

R1R20,b 2
IRAQADI, o
31
22

dyb
10315 4.,

+ IRy o) 1355l oo (20, (51)

s 1| 3
B2 72) 2

Q
IR,

Now, using Lemma 3.2 and B.5 we have

. 2
° ”RIQHLIT(LOC)Hayan%o(B%.%) 5 X(l)”b”LOO(H:mHSfe) § X ()7,
o0 o0 < oo £ <
o IIRlﬂllLlT(B%,%)IlaybllLT =) S YONbl poo(prrey S Y ()X (1),
< < 2
o IR, 5ot 10015 g3 SR 2y 101, 1y SYOR,
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° ||RIQ||L1 BM)”a b”LOO(BZvO) S ||Q||L1T(Bfl,2)||b||L‘;O(B3~0) S ||Q|| -1 %)
161l L0 B30y S < X(0)%
Gathering the above estimates, one obtains
A AR < 2
||AquR1S28yb||L1T(B%,%) S X()”.
ii) Applying Lemma A.1 with f = R1Q, g = dyb, 51 = 5,50 = 3,81 =6 = 3
and §3 = 84 = 0, we get
< o0 o0
||R193yb||L1T(B%,%) S ”RIQ”L’}'(LOO)”ayb”L‘;C(B%’%) + IIRIQIILl B} 2)||ayb”L (L)
+ ||7219||L%‘(B%4,%)||3yb||L2 PRI
+ ”RlQ”L;.(BO’I)”3,\’1)”[,?9(31'0)'
Using Lemma 3.2 and B.5, we have
o [R1%2,1 Loy lldy bll RIS S YOUPN Lo grsnm2-) S X2,
J |IR19||L 5 )||8yb”L°°(L°°) S YOIl poogrey S YO X (1),
T
< <Yy 2
O IR, g 100, oy SIR I8, gy S Y@
L4 ||RIQ||L1 (BO,I)Hayb”L“’(B'vO) S/ ”Q”LT(B 1,2)||b||L‘;°(32v0) 5 ”Q”L'T(B_%‘%)

151l oo (g20y S X ().

iii) For the second addend of &, applying Lemma A.1 with f = R2Q, g = 9,b,
s] = %, sy = %, 51 =6 = % and 83 = 84 = 0, one obtains

<
IRQDI, 34 S IR w101 5 434
IR 3.4 1115 0
FIRD g 10D, ot

+ ”RZQHLZT(BOJ)Haxb”L%(BZ»O)'

Let us deal with each r.h.s. term:

o IRz 1181 14 S IR 4 L IR s S YO
X(),
. IR, g )||axb||Lz o) SYOX ),
T
R2Q2 b S R292 b
. IRz ||L;O(B 10D, b3 S IR, sy 101,

Y (1),
L4 ||RZQ||L§(BO,1)||axb||L%(32»0) 5 ”R2Q”L% ||3xb||L2 (B20) ~ SY ()X (@).

)SX(t)

,,3 _li
2°2 2°2

)
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iv) Applying Lemma A.1 with f = R,Q, g = db, s1 = %, sy = %, 861 =6=0
and 83 = 64 = 0,

<
h= “RzQHL%(LOO)”axb”LzT(B%‘%)

+ [IR2£2]|

IR2QAD,,

11 N0xbllp2 poe
st 0Pl
+ ||RZQ||L2T(31,O)||3xb||L%(30,1)
+ ”RZQHLZT(BOJ)”8xb”L%(BIvO)-

Again, we deal with each term separately:

< < 2
o IRl oy I0cbl 1y S IR 1 0, 1y S VO
< < 2
@ IR 4y Wbl uo S RN 4y D s S VP,

° ||R2Q||L2T(31,0)||axb||L2T(30,l) S_, ”Q”LZT(B”’)”RleLZT(Bz-O) 5 X(l)z,
L4 ||RZQ||L2T(30,1)||axb||L%(Bl,0) 5 ”Q”LZT(BLO)”RleLzT(BZ-O) 5 X(t)z'

Gathering the above estimates yields

o = 2
1878510y, 14 S XO.

[S]

Adding the estimates from i) — iv) and using that ¥ (r) < X (¢) thanks to Lemma
3.2, one obtains

< X(n)%. (52)

h
121l )

1
'2NB

I
Bl—
=

LL(B

II) Estimates for g = e R (R2Q2, —R1Q) - Vb + A~ (R, —R1Q) - (VAQ)).
The estimates of the first term e R (R22, —R1£2) - Vb can be obtained in the same
way as the previous terms. Indeed, notice that by Lemma B.5 and thanks to the
boundedness of the Riesz transform R : B0 — BLY one has

IRIRQIDI, 1) S IRIRROD Ly oy S IRQDILy o

which is exactly the same term as the one we treated in I'). A similar argument can

be applied for the bound in B>°7. We then turn to the second addend of g.
i) First, observing that

AT (R2Q, —R1Q) - (VAQ)| 31 S (R, —RiQ) - (VAQ)| 1 s

B2°2

[S]

3
B2

and since €2 has better decay properties than b and we control €2 in LZT(H ) for
s > 3, we can directly deduce from our previous computations that

AN (R, —R1Q) - (VAQ)| 31 < X (1)

31
B2'2

ii) For the second regularity setting it is a bit trickier as one has

B 22

1A (R2Q, =RiQ) - (VA 1 1 S I(RaQ, —R1Q) - (VA 1 1.

B22 ™
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Applying the second inequality of Lemma A.l1 with f = RyQ, g = 9,ALQ,
s1=—%,5=1%,8 =18 =0and 83 = & = 0, we obtain

R2€20 AQ|I S IR L ey 19: AL
T

B 1Y) L(B72°2)

F IR 1y 187 AR g 1)
T

+ “RZQHL%(BLO) ||3XAQ||L%(371.1)
+ ”RQQHL%(BO,I) ||3XAQ||L%(BO,0).
i

Remark A.1. Alternatively, one could think to exploit the first inequality of Lemma
A.1, which would require a control of ||7€282||L2 (B" 1 ||8 AQ||L2 (L) However,
T

such bounds hold under additional low-regularity assumpt10ns on the initial data,

for instance B%9, that we want to avoid here.

We estimate the above terms as follows.
RoQ zoo(100v]0x AR Q Q

o IR Qs AR, 11 S ||mm N

o IR o 14710 (AQ, b S 1201 , PNES
Y (1),

d ”RZQHLZ(BIO)”a AQ”L%(B—I,I) ,S ”Q”L%(BLO)“Q”LZT(BO-Z) S, ”Q”LZT(BI-O)
120172 (p20) S S X@)?,

4 ”RZQ”LZT(BO,I)||8XAQ”L%(BO,O) ,S ||Q”L2T(Bl~0)”Q”L%(Blvl) S, ”Q”LZT(BI-U)
2l , 31 S XOY@).

L3(B2°2)

) SY (@),
S X()

3
2

The estimates for the last term R0, A2 follow the exact same lines, then we
omit them. We have therefore

I 5X(l‘)2. (53)

el | 31 11
LL(B2'2nB2°2)

Adding (52) and (53) concludes the proof of Lemma 5.1. O

Appendix B. Toolbox

We collect some technical lemmas that are used in the course of the proof the
results of this article. In some case, we provide (short) proofs, while in other cases,
appealing to the existing literature to which we refer explicitly, we omit the proofs.
When no explicit reference is provided being the results classical, the reader can
look for instance at [20].

Lemma B.1. Letr X : [0,T] — Ry be a continuous function such that X 2 s
differentiable. Assume that there exists a constant B 2 0 and a measurable function
A : [0, T] - Ry such that

1d

57 —X?>+ BX*< AX ae on [0,T].
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Then, for allt € [0, T], we have

t t
X(t)+B/ X§X0+/ A.
0 0
Lemma B.2. (Product estimates, [35, Lemma 2.1]) Lets > 0,1 < p,r < oo,

then
||As(fg)||Lp(R2) S len (RZ)”ASg”LPz(RZ) +llgllzn (RZ)”ASf”Uz(]RZ),

< < 1_ 1,1 _ 1,41
where 1 < p1,r1 < 00 such that » o + > = + e

Lemma B.3. (Commutator estimates, [35, Lemma 2.1]) Lets > 0, 1 < py,r; <

1 _ 1+, 1 _ 1,1
ocoand 1 < p, py1,1r1 < lsuchthat;_ o +p2 = —{—rz.Then

LAY, F1gle S UV Fleo 1A glirm + 1A Flln lIglLm).
Lemma B.4. (Interpolation) Ler s9 < s < s1. Then, for 6 € (0, 1), such that
s =60so + (1 — 6)sy, it holds
L s S UFN s 117
Lemma B.5. (Embedding in Besov spaces) Fors > 0, s1, 52 € R, one has
BS1Ts:s2—s C BS1%2 54)

Proof. Let f € BS1+5:5275 0 B51-52, By definition of the localisation Aj and AZ,
when applying A jAZ to a function, one can use that there exists Ny such that
J 2 g — Nop. This implies that
Yo 2 AAL fllpe S Y 2002220 AGAY £l
J-q€Z Jq€Z
< 2: 2/912050745242 | A AL £l 12
J:4€Z,j2q—No
< Z 9] (5148)9q(s2=5) ”Aj Azf”U‘
J.q€Z
O
The next lemma provides a generalized version of the Kenig—Ponce—Vega inequality
(the fractional version of the Leibniz rule) for all s > 0, see [27] and [14].
Recall the notation o, B € N? (multi-index) and V¥ = (3y"', 3)%), while the oper-
ator A** is defined via Fourier transform as
AOf(E) =A@ FE),  AWE) =i ™ag(E").
Lemma B.6. (Generalized Kenig—Ponce—Vega inequality [27, Theorem 5.1]) Let

s >0and 1 < p < oo. Then, for any sy, s, = 0 such that s; + sy = s, and any
f8 € SRY,

1 1
N = D (VI HA = 3 S (V)

CET IBISso—1"

S IAT fllsmoll AR gl e

L?
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