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Abstract

We study the reaction-fractional-diffusion equation u; + (—A)*u = f(u) with
ignition and monostable reactions f, and s € (0, 1). We obtain the first optimal
bounds on the propagation of front-like solutions in the cases where no traveling
fronts exist. Our results cover most of these cases, and also apply to propagation
from localized initial data.

1. Introduction

In this paper we consider the Cauchy problem for the reaction-fractional-
diffusion equation

ur + (=A)u = f(u), (1.1)

with (7, x) € [0,00) x R? and f a Lipschitz reaction function. One frequently
assumes that f(0) = f(1) = 0, and considers solutions 0 < u < 1 that model
transitions between two equilibrium states (i.e., u = 0 and u = 1), driven by the
interplay of the two physical processes involved: reaction and diffusion. Our goal
is to obtain optimal estimates on the speed of invasion of one equilibrium (z = 0)
by the other (1 = 1), so we will study the speeds of propagation of solutions with
front-like (see (1.10) below) and localized initial data. Note that the comparison
principle shows that in the case of front-like initial data, it suffices to consider (1.1)
in one spatial dimension d = 1, that is,

ur + (—0xx)'u = f(u) (1.2)

on [0, 00) x R. We will do that here when we discuss such initial data, while for
localized data we will consider (1.1) with d > 1. The distinction between these
two cases is marginal when s = 1, but this is not anymore the case when s € (0, 1)
and diffusion has long range kernels.
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The classical diffusion case s = 1 goes back to pioneering works by Kol-
mogorov, Petrovskii, and Piskunov [28], and Fisher [19], and it is now well-known
that solutions with both types of initial data propagate ballistically for all reaction
functions of interest — monostable, ignition, as well as (unbalanced) bistable [4].

We will therefore concentrate here on the fractional diffusion case s € (0, 1),
with the fractional Laplacian given by

(=AY u(x) = cs.q p.v. fRd %d% (1.3)

where c¢s g = s (fRd—l(l ~|—h2)_%_sdh) : and ¢y, = ¢5;1 > 0 is an appro-
priate constant. Then (1.1) models reactive processes subject to non-local dif-
fusion, mediated by Lévy stochastic processes with jumps (see, e.g., [33] and
references therein), and the question of propagation of solutions turns out to be
much more complicated. Its study was initiated by Cabré and Roquejoffre in [10],
who considered (1.1) with Fisher-KPP reactions (specifically, concave ones with
f(0) > f(0) =0= f(1) > f/(1)), which are a special case of 1-monostable
reactions from Definition 1.1 below. They proved that solutions to (1.2) with front-
like initial data propagate exponentially, in the sense that u(z, -) — 1 uniformly on

f (0)

{x < e} foreacho < , while u(¢, -) — 0 uniformly on {x > e’} for each

o > & . They also con51dered localized (non-zero non-negative fast-decaying)
initial data for (1.1) and showed that in that case one has u(z, -) — 1 uniformly on

{|x] < €'} for each 0 < L_(g)s’
eacho > —L{J/r(gz . We note that prior to [10], exponential propagation for Fisher-KPP

reactions and continuous diffusion kernels with algebraically decreasing tails (from
compactly supported initial data in one dimension) was established by Garnier [20].
While there are many other papers studying such questions for various diffusion
operators (see, e.g., [2,8] and references therein), we will restrict our presentation
here to (1.1).

The exponential propagation rates for Fisher-KPP reactions and s < 1 are due
to interaction between the long range kernels of the fractional diffusion and a strong
hair-trigger effect of the reaction. These contrast with the case s = 1, when level
sets of solutions are located in an o(¢) neighborhood of the point x = ct (for front-
like data) resp. the sphere d B;(0) (for localized data), with the spreading speed
¢ depending only on f (for all the above types of reactions [4]). It turns out that
they are in fact a special feature of 1-monostable reactions, and the situation is very
different for all the other reaction types. Let us now define these.

while u(z, -) — 0 uniformly on {|x| > €'} for

Definition 1.1. Let f : [0, 1] — R be a Lipschitz continuous function with f(0) =

f(1) =0.

(i) If there is 6y € (0, 1) such that f(u) = 0 for all u € (0, 6p] and f(u) > O for
allu € (6y, 1), then f is an ignition reaction and 6y is the ignition temperature.

(i) If f(u) > Oforall u € (0, 1), then f is a monostable reaction. If we also have
that

yu® < f(u) <y'u®  forallu € (0, 6] (1.4)
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and some @ > 1,0y € (0, 1), and y, ¥’ > 0, we say that f is an a-monostable
reaction.

(iii) If there is 6y € (0, 1) such that f(u) < O forall u € (0, 6y) and f(u) > O for
all u € (6p, 1), as well as fol f(u)du > 0, then f is an (unbalanced) bistable
reaction.

Ignition reactions are used to model combustive processes, while monostable
reactions model phenomena such as chemical kinetics and population dynamics [6,
18,22,34]. Bistable reactions are used in models of phase transitions and nerve pulse
propagation [3,5,31], and the unbalanced condition fol f(u)du > 0 guarantees at
least ballistic propagation for all non-negative solutions that are initially larger than
6 (for any 6 > 6p) on some large-enough ball (of 6-dependent radius). This is also
the case for all ignition and monostable reactions (with 8 > 0 in the latter case).

In particular, the following holds for all the reactions from Definition 1.1: if
0 <u < lisasolution to (1.2) with either lim inf,_, _, u(0, x) > 6y for ignition
and bistable f, or liminf,_,_, u(0, x) > O for monostable f, then for any A €
(0, 1), we have

X, (t; u)

lim inf > 0, (1.5)
t—00 t
where, for t > 0, we let
x, (t;u) :=inf {x € R|u(t, x) <A} (1.6)

be the left end of the A-level set of u (¢, -). If we instead let
x, (t; u) == inf {|x| | u(t, x) < A}, (1.7)

this claim also extends to solutions to (1.1) in any dimension and with
inf|y<g, (0, x) > 6, where 0 must satisfy either 6 > 6, for ignition and bistable
f,or 6 > 0 for monostable f (and Ry also depends on s, f, d). Both of these
claims easily follow from the proof of the last claim in Lemma 2.6 below. (We note
that when f is sufficiently small near # = 0, solutions with small enough initial
data may be quenched in the sense that lim,_,  |u(?, -)||lcc = 0.)

Ballistic propagation for u is therefore equivalent to

. X;.(t5 u)
lim sup
=00 t

< X

for all A € (0, 1), where for front-like data and (1.2) we let
N(tu) =sup{x e R|u(t,x) =1} (= x,(t;u) (1.8)
be the right end of the A-level set of u(¢, -), and for localized data and (1.1) we let
Xu(t;uw) = sup {|x||u(t, x) =1} (= x; @ u). (1.9)

The comparison principle shows that this holds whenever we have either (0, -) <
OX(—oo,r) Or u(0,-) < Oxpr() for some & < 1 and R € R, provided (1.2) has
a traveling front. The latter is a solution of the form u(z, x) = U(x — ct), with
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limy ooUx) = 1 and limyU(x) = 0 (i.e., U must satisfy
—cUy + (=0xx)*U = f(U)). In fact, it suffices to have u(0, -) < x(—oo,r) OF
u(0,-) < xBg() as long as a traveling front exists for (1.2) with some f > fin
place of f, such that f(l +6) = 0 and f > 0on[1l, 1+ 8) for some § > O (then
of course lim,_, o, U(x) = 1 + &, and one only needs u« (0, -) to be dominated by
some shift of U). Hence, in the rest of this discussion, we will assume that

OX(=00,00 = (0, ) = X(~00,R) (1.10)

for front-like data and

OXBg©) < u(0,) < XBg() (1.11)

for localized data, with some 8, R, R’ > 0 (and & > 6y when f is ignition or
bistable).

Proving the existence of traveling fronts for (1.2), and hence ballistic propa-
gation of solutions, requires one to solve only a (non-local) ODE, and this was
indeed achieved in a number of cases. These include all the above reactions with
s = 1 [4,5], where diffusion is local, as well as all C? bistable reactions with
any s € (0, 1) [1,14,24], where the negative values of f near u = 0 suppress
the effects of long range dispersal. The cases of ignition and monostable reac-
tions with s € (0, 1) are more delicate, and depend intimately on the interplay of
the long range diffusion and the strength of f near u = 0. Nevertheless, Mellet,
Roquejoffre, and Sire proved that traveling fronts still exist for ignition reactions
with f/(1) < O when s > % [30], while Gui and Huan later showed that they do
not exist when s < % as well as that they exist for «-monostable reactions (and
s € (0, 1)) precisely when s > #71) [23] (f was assumed to satisfy additional

hypotheses in [23] when s > %). We note that since the comparison principle can be
used to estimate propagation of solutions for monostable reactions that lie between
multiples of two distinct powers of u near u = 0, it makes sense to concentrate
only on «-monostable reactions among the monostable ones; we will do so here.

This leaves one with an expectation of super-ballistic (i.e., accelerating) prop-
agation in the cases of ignition reactions with s < % and «-monostable reactions
with s < min{ﬁ, 1}. For front-like initial data and (1.2), this has indeed been
confirmed in all these cases except for ignition reactions with s = % The result for
concave Fisher-KPP reactions in [10] immediately yields exponential propagation
for all 1-monostable reactions and s € (0, 1), albeit with the lower and upper expo-
nential rates being 2}'—3 and g—; respectively. More recently, Coville, Gui, znd Zhao
[15] proved for e-monostable reactions with « > 1 and s < min{ﬁ, 1} that

maxf{a—1,1} o
0 < liminf¢  2@-D X, (t;u) and limsups 2Z@=D X, (t; u) < 00
—>00 [—>00

for all A € (0, 1) (assuming in addition that f is C Iand f'(1) < 0), which then
also yields, for ignition reactions with s € (0, %], that

lim sup =% ¢ T, (¢ ) < 00 (1.12)
11— 00
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for all ¢ > 0 and A € (0, 1). We note that while [15, Theorem 1.3] may appear to
also imply liminf;_, o t_% X, (¢; u) > 0 for ignition reactions and all A € (0, 1),
Proposition 3.1 in its proof in fact assumes f to be monostable. Nevertheless, we
still have (1.5) in this case.

While these results cover all the cases of interest in which traveling fronts do
not exist, in all of them there is a gap between the powers of time resp. exponential
rates in the best available lower and upper bounds on the dynamic: an infinitesimal
one for concave Fisher-KPP reactions and for ignition reactions with s = % and a
positive one in all the other cases.

In the first main result of the present paper, we fully close this gap in all the
latter cases, proving that x, (¢; u) and X, (¢; u) both have the exact power behavior

O(Iﬁ*”) in time for all @-monostable reactions with o« > 1, and O(Z%) for all
ignition reactions (so we improve both the lower and upper bounds in the ignition
case). We do so for all the values of s for which traveling fronts do not exist,
except for ignition reactions with s = %, where almost-ballistic propagation (which
follows from (1.5) and (1.12)), remains the best result.

Theorem 1.2. Let 0 < u < 1 be a solution to (1.2) such that (1.10) holds for some
0,R > 0, and let x, (t; u) and X, (t; u) be from (1.6) and (1.8). Then,

(1) If f is an ignition reaction with ignition temperature 6y € (0, 0) and s € (0, %),
for each )\ € (0, 1) we have

0< liminft_Tlx X, (t; u) < lim supt_% X (t; u) < oo;
{—>00 1—>00
@1i) If f is an a-monostable reaction for some oo > 1 and s € (0, min{z(aL_l), 1},
then for each A € (0, 1) we have

0 < liminf ¢~ @D X, (t; u) <lim suptiﬁ X (t;u) < oo.
—>00 t—00

Remark. 1. The leading orders of the propagation rates in both (i) and (ii) only
depend on s and the qualitative behavior of f near 0, and in (ii) they are
independent of y, y’ from (1.4). In contrast, for Fisher-KPP reactions they also
depend on f'(0) [10], and so their dependence on f for general 1-monostable
reactions will be much more sensitive.

2. As Theorem 3.4 below shows, (i) extends to the case when u(0, -) < X(—oo,Rr)
is replaced by lim sup, _, o, x~2u(0, x) < 0o. The supersolutions constructed

in [15] show that in (ii) we can instead allow lim sup,_, . x*%u(o, X) < oo.
3. One-sided bounds in (1.4) obviously yield one-sided bounds in (ii).
4. For any s € (0, %), (i) can be regarded as the « — oo limit of (ii).

To the best of our knowledge, these are the first qualitatively optimal propagation
results for front-like solutions in situations where no traveling fronts exist.

When it comes to localized initial data and (1.1), the corresponding Fisher-KPP
result from [10] was improved by Coulon and Yangari in [16]. They proved for each
A € (0, 1) that

R (UP . _LO,
0 < liminf e d¥25" x, (t; u) < limsupe™ d+25" X, (t; u) < 00
=00 1—>00
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for solutions with fast-decaying initial data when s € (0, 1) and f is any C!
1-monostable reaction with f (1) — f'(0)u = O (u'*?) (for some § > 0). This also
implies exponential propagation for general 1-monostable reactions, albeit with the
lower and upper exponential rates being 75~ and dl_/Zs’ respectively.

An interesting feature of the results in [10, 16] is that, for Fisher-KPP reactions
and s < 1, the exponential propagation rates for localized initial data differ from
those for front-like data, and they also depend on the dimension. These phenomena
happen neither when s = 1 (for any reaction), because the diffusion kernel is short
range, nor for bistable reactions and s € (0, 1), when ballistic propagation from
localized data at the same speed as from front-like data follows from existence of
traveling fronts.

Itis therefore not obvious which propagation rates one should expect for ignition
and a-monostable reactions with « > 1 when s € (0, 1) and initial data are
localized. One obviously has the ballistic lower bound (1.5), and the same upper
bounds as for front-like data (which follow immediately by comparison). However,
we are not aware of other relevant prior results for (1.1) in this setting. Our second
main theorem therefore appears to provide the first non-trivial such result, and is
again also qualitatively optimal. It shows that in all the cases from Theorem 1.2,
propagation rates for localized data do coincide with those for front-like data. In
particular, unlike for 1-monostable reactions, they do not depend on the dimension.

Theorem 1.3. Let 0 < u < 1 be a solution to (1.1) such that (1.11) holds for some
0, R > 0and large enough R’ (depending on f, s, 0), and let X, (t; u) and X, (t; u)
be from (1.7) and (1.9). Then both parts of Theorem 1.2 hold.

Remark. We can obviously againreplace u(0, -) < xpg(0) by im sup|,|_, o |x| =25

u(0, x) < oo in (i), and by lim SUP| x| o0 |x|_%u(0, Xx) < oo in (ii).

The proofs of Theorems 1.2 and 1.3 rest on finding appropriate sub- and su-
persolutions @ satisfying x, (t; ®) = OtP) =x,(t; ), with g = 2_1s for ignition
reactions and 8 = % for «-monostable reactions. Since these will accelerate
in time, one cannot use the traveling front ansatz ® (¢, x) ~ ¢(x — ct) in their con-
struction, because then their transition regions (where they decrease from values
close to 1 to those close to 0) would only travel with constant speed c¢. One might
instead hope to have ® (¢, x) ~ ¢(x — ctP), which does travel with the right speed
O(tP~1). However, it turns out that the acceleration of propagation also forces sub-
and supersolutions to have transition regions that stretch in time (see also [21]).

We will therefore construct localized subsolutions of the form & (¢, x) ~
q)(ct—%x) in the proof of Theorems 1.2(i) and 1.3(i). Such functions propagate
with speeds O (¢ b ) but also “flatten” in space, having transition regions of widths

O(IZIT) (so the latter stretch with roughly the same speeds O (¢ %_1)). This will be
sufficient for subsolutions, but we will have to employ a much more complicated
construction for front-like supersolutions. Their propagation speeds will again be
o(t 5 1, but we will need their stretching speeds to also depend on the value of ®,
and they will in fact grow from O (¢ %’2) where ® > 6 to O (t%’l) where & ~ 0.
Of course, this stretching will then accumulate over time to transition regions be-
tween different values of & having lengths from O(t%_l) to O(t%), meaning
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that these supersolutions will be flattened in a spatially non-uniform manner. This
approach, which seems to be necessary in the hunt for qualitatively optimal super-
solutions in the ignition case (and hence optimal upper bounds in Theorems 1.2(i)
and 1.3(i)), makes this effort significantly more challenging and explains the com-
plexity in our construction in Sect.3 below.

This type of construction appears to be new, as all previous ones that we are
aware of involve spatially uniform stretching rates. In particular, the supersolu-
tions for a-monostable reactions with & > 1 constructed in [15], which propagate
with optimal speeds O (¢ B! ), have transition regions that stretch with speeds
o(t T@-1 _2). The subsolutions we construct below in this case will have the same
propagation and stretching speeds. However, unlike for ignition reactions, we are
only able to achieve these optimal speeds with localized but not compactly sup-
ported subsolutions. This, and the fact that we need to find them in all dimensions
d > 1, further complicate this part of our work.

Finally, we note that smoothing properties of the fractional parabolic dynamic of
(1.1) mean that the sense in which our functions solve the PDE is not consequential
here. While we consider below mild solutions with uniformly continuous initial
data, Theorem 2.5 shows that these immediately become classical. This is also true
for bounded weak solutions, via an argument as in the proof of Theorem 2.5 (based
on the regularity resultsin [17,27]), so these three notions of solutions coincide here.
This means that our propagation results hold as well for not necessarily uniformly
continuous initial data, due to the comparison principle. Since we were not able to
locate a suitable version of the latter in the literature, we prove it in Theorem 2.4
below (which is hence of independent interest). We in fact state it for distributional
sub- and supersolutions (see Definition 2.3) because the supersolutions we construct
here will only be Lipschitz continuous.

We also highlight here Lemma 2.6, below, which constructs compactly sup-
ported stationary subsolutions to (1.1). These then provide initially compactly sup-
ported time-increasing solutions, which can be very convenient in the analysis of
long-time dynamics of solutions (and specifically, construction of subsolutions in
Sect.4). We are not aware of such a result for (1.1) with s € (0, 1) prior to our
work, although its s = 1 version is well known, and in [9] it was also obtained for
diffusion operators with integrable kernels.

Remark. Shortly before we finished writing this paper in May 2021, we informed
E. Bouin, J. Coville, and G. Legendre about it. They posted the preprints [7,
8] on arXiv immediately afterwards, just days before we posted ours. The main
results claimed in [7,8] correspond to the first inequalities in Theorem 1.2(i,ii),
respectively, which are our optimal lower bounds for front-like initial data (both
[7,8] consider more general diffusion kernels in one dimension, with x 172 decay
at +00). Unlike our constructions in Sects. 4 and 5 below, the subsolution candidate
functions presented in [7,8] are front-like, so they would not yield localized initial
data results such as Theorem 1.3 (even when d = 1 because the diffusion kernels
are long range for all s € (0, 1)). However, the 23-page May 2021 version of [8] is
incomplete, and was replaced in July 2022 by a 45-page version with a much longer
proof containing many changes and additions. Moreover, the May 2021 version of
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[7] is clearly very preliminary and no other version seemed to be available at the
time the present paper went into press in August 2023. Neither preprint appears to
have been peer reviewed by that time either.

Organization of the Paper In Sect.2 we collect various preliminary results,
including a comparison principle for (1.1). We then prove parts (i) of Theorems 1.2
and 1.3 in Sects. 3 and 4, and parts (ii) in Sect. 5 (these three sections are completely
independent and can be read in any order).

2. Well-posedness and a Comparison Principle

In this section we collect some basic well-posedness and regularity results for
(1.1). We also prove two important (and to the best of our knowledge new) results
here. The first is a comparison principle, Theorem 2.4, which removes certain re-
strictive hypotheses from previous results (see the paragraph before Definition 2.3).
The second is Lemma 2.6, which constructs initially compactly supported time-
increasing solutions to (1.1) for ignition (and therefore also for «-monostable)
reactions and all s € (0, 1).

We start with the notion of mild solutions, defined via Duhamel’s formula (see
[10,32]). We use Cp ,(X) to denote the space of bounded uniformly continuous
functions on X (with the supremum norm), and S; to denote the semigroup generated
by (—A)* on R4,

Definition 2.1. We say that u € C([0, T); Cb,u(Rd)) is a mild solution to (1.1)
(and that it is global if T = o0) if for each t € [0, T') we have

1
u(t, ) = S;[u(,-)] +f0 Si—[f (u(t, ))ldz.

Remark. Notice that if u € C([Ty, T1]; Cb,u(Rd)) for some Ty < Tj, then it
is also uniformly continuous in time on [7p, 771] and it follows that in fact u €
C.u([To. T1] x RY).

We now have the following global well-posedness result:

Theorem 2.2. If s € (0,1) and f is Lipschitz continuous, then for any uy €
Cb,u(Rd), there is a unique global mild solution u to (1.1) with u(0, -) = uo.

Remark. Theorem 2.2 can be proved via a standard fixed point argument using that
t
MUl = S0+ [ Sl (e e
0

defines a contraction mapping N on the subspace of u € C([0, T]; Ch,u(Rd))
with u(0, -) = ug when T is sufficiently small, see for instance [10,29] (both these
papers concern more general diffusion operators than (—A)*). We note that although
S € Cp,(R) is assumed in [10, Sections 2.3 and 2.4], this can easily be relaxed to
f being Lipschitz (we prefer to consider here this case instead of f € C Lo, 1).
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We also mention that a viscosity-solutions-based approach to well-posedness, via
maximum principles for general non-local nonlinear PDEs and Perron’s method,
was used in [11,13,25].

We next turn to a comparison principle for (1.1), and the related definition of
sub- and supersolutions. We were not able to use in this work comparison prin-
ciples that we found in the literature, as these do not quite apply to the Lipschitz
continuous sub- and supersolutions we construct below (mild solutions have bet-
ter regularity, see Theorem 2.5). For instance [10, Proposition 2.8] only applies to
classical sub- and supersolutions that satisfy an extra hypothesis on their order as
|x] — oo at all times ¢+ > 0, while [10, Proposition 2.11] only applies to mild
solutions to u; + (—A)*u = h(t, x) with uniformly continuous .. We therefore
prove here a comparison principle without extra hypotheses and in the more gen-
eral distributional sense, which then also applies to mild solutions due to Remark
2 below.

Definition 2.3. We say that u € C((Top, T); Cb,u(Rd)) is a subsolution (superso-
lution) to (1.1) if for each 0 < ¢ € C((Ty, T1) x R?) we have

T

/T /R a0 ) + ult. (=AY (. x) = fult. ), x)] dxdr
0
<0 (=0).

Remark. 1. Notethatwhens € (0, %),any bounded Lipschitz continuous function
u has bounded (—A)*u; and if it satisfies u; + (—A)’u — f(u) < 0 (> 0) for
a.e. (¢, x), then it is clearly a subsolution (supersolution) to (1.1).

2. It is easy to show that a mild solution « to (1.1) on time interval [0, T') is both
a sub- and a supersolution on time interval (0, 7). Indeed, let u, := ¢¢ * u,
with ¢, a smooth space-time mollifier as in the following proof. Then u, is a
classical solution to u; + (—A)*u = f.(t, x) on time interval (Tp + ¢, T| — ¢),
where f. := ¢ * (f ou). Since ug — u, and fo — f o u uniformly on
[to, 11] x R for any [fg, 1] € (To, T1) (see the remark after Definition 2.1),
this yields the claim.

Theorem 2.4. Let s € (0, 1) and f be Lipschitz. If u,v € C([0, T); Cb’u(Rd))
are, respectively, a subsolution and a supersolution to (1.1) on time interval (0, T')
and satisfy u(0,-) < v(0,-) on RY, thenu < von [0, T) x R

Proof. Tt suffices to prove that u < v on [0, T’] x R? for any T’ < T, so we can

assume that T < oo and u, v € C([0, T]; Cp,(R?)). Let K := max{|| oo,
llulloo l[v]loo}, and then let

i(t, x) = eXu@, x), o(r,x) =X, x), gt,u) = Ku+eX fe Xu).

Then u and v are, respectively, a subsolution and a supersolution to (1.1) with
f(u) replaced by g(¢, u), on time interval (0, T7'). Moreover, max{||i| oo, [|V]lco} <
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KeXT andif welet S := [0, T] x [-KeXT, KeXT], then for all (z,u) € S we
have
0<gt,u) <2K and  [g(t.w)| < Ke*T|| fli_k.k)loo + K* =: K.
2.1

Finally, we have u(0, -) < v(0, -), and proving u < v is equivalent to proving
u < v. We will therefore slightly abuse notation, and write below u, v instead of

l

<

9

For any small ¢ € (0, 1), fix a smooth mollifier ¢, > 0 with supp ¢, < B.(0) <

ROt and [pa41 ¢e(t, x)d(t, x) = 1. Then for (t,x) € [0, T — 2¢] x RY let
ug(t, x) = (¢ xu)(t + €, x) and v, (z,x) == (¢ xV)(t + &, x)

(the e-shifts in time allow us to define u,, v, at t = 0). The remark after Defini-
tion 2.1 shows that there is w, > 0 such that lim,_, g+ w, = 0 and

sup max{lu(t, x) —u(z, y)|, [v(t, x) —v(r, Y|} < we. (2.2)
(t,x),(t,y)€[0,T1xR?,

max{|t—z|,[x—y[}<2e
Then on [0, T — 2¢] x R? we have

max{lus — ul, |ve — v|} < we. (2.3)

Now consider any (¢, x) € [0, T — 2¢] x R?. If there is (', x') € Bo(f + €, x)
such that u(t’, x") < v(¢’, x’), then it follows from (2.1) and (2.2) that

(¢€ * [g(1 M(‘, )) - g(’ U('v ))]) (l + &, x)
< g, u(t',x") — g, (', x") +4dellgiIslloc + 20¢ llgulsllo
<4eK' + 4K w,.

If, instead, u > v on B.(t + ¢, x), then g, < 2K yields

(e * [gC,u(-, ) — gC, v, NN +&,x) <2K(Pe * (u —v))(f + &, x)
< 2K (ug(t,x) — vg(t, x)).

From these estimates, and from u and v being, respectively, a sub- and a super-
solution, we get for w, := u, — ve and w, := 46K’ + 4Kw, (— 0 as e — 0)
that

he i= (We)r + (—A) ' we < (e x[gC,ul, ) —gC,vC, N (- +e,0)
< max{2K wg, w,}.
Duhamel’s principle for smooth solutions to the linear PDE
w; + (—=AYw = h(t, x)
(see [10,29,32]) now yields

t

we (1, x) < Si[we (0, -)](x) +/ Si—c[max{2K w, (z, ), w }1(x) dt
0
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for all (r,x) € [0, T — 2¢] x R4, Since S; preserves order and S;[1] = 1, we
have S;[w.(0,-)] < 2w, on R? (by u(0,-) < v(0,-) and (2.3)), and if we let
&(t) := max{sup, cps We(t, x), 0}, then

t
£(1) < 2w, + Tw, +/ 2K&(T)dt
0

for each t € [0, T — 2¢]. Gronwall’s inequality now yields
E(1) < Qg + Tay) KT
fort € [0, T — 2¢], hence

lim sup sup we(t, x) = 0.
=0 (1,x)€[0,7—2¢]xR?

This shows that u < von [0, T] x R4, finishing the proof. O

Similarly to parabolic PDE with classical diffusion, the dynamics of (1.1) pro-
vides certain smoothing, which is the basis of relevant regularity results. The follow-
ing theorem, in which we suppress dependence of all constants on d in the notation,
is consequence of results from [17,27] (we also refer the reader to [12,13,26] for
the viscosity solutions setting):

Theorem 2.5. Let s € (0, 1) and f be Lipschitz, and letu € C([0, T); Cb,u(Rd))
be a bounded mild solution to (1.1). There is 0 = o(s) > 0 such that for any
1€ (0,T) thereis C = C(s, f, |ulloo, T) > O such that

”M ||Cl+a/2s,2s+a([T’T) XRd) S C
In particular, u is a classical solution to (1.1).

Proof. For any ¢ € (0, 7), let ¢, be the space-time mollifier from the proof of
Theorem 2.4. If f := ¢ * (f ou), then u, := ¢, *u satisfies in the classical sense
the linear PDE

(Ue) + (=A)'ue = fe(t, x) (2.4
on (7, T —e)x R?. Since ||uloo < 00, we have
max{|lue [loos | felloo} < C1:=[fO) + A+ [If lloo) (X + l]l00)-

The interior Holder estimate [27, Theorem 1.1] now yieldso = o (s) € (0, min{1, 2s})
and C, = Cy(s, Cy, t) > 0 such that

|17 ||C0/2316([t/27T—g))<Rd) < Cs.

Since u; — u uniformly on [5, T — §] x RY for any § > 0 by the remark after
Definition 2.1, taking ¢ — 0 shows that

”M ||CU/2S,G ([z/2.T)xR4) < C2.
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This and Lipschitz continuity of f yield C3 = C3(Cq, C2) > 0 such that

I fellcors.o iz /2, 7—e)xrdy < C3

for all & € (0, 7). It now follows from (2.4) and [17, Theorem 1.1] that

||u8||C1+‘7/23’23+‘7([T,T—S)XRd) < C4
for these ¢, with C4 = Cy(s, C1, Ca, T) > 0. Taking ¢ — O finishes the proof. O

Finally, to obtain the lower bounds in Theorems 1.2 and 1.3, we will need to
use certain non-trivial initial data ug : RY — [0, 1] satisfying

— (=A)’uo + f(ug) = 0 (2.5)

(note that the comparison principle then shows that solutions to (1.1) with such
initial data are time-increasing). The following lemma, whose proof we postpone
to the appendix, provides such functions for ignition reactions (see the remark
below for monostable reactions):

Lemma 2.6. Let f be an ignition reaction with ignition temperature 6y € (0, 1),
and let s € (0, 1). For 6 € (6y, 1), there are Ry > 1 and a non-increasing smooth
function ug on R (both depending also on s, f, d) such that

O X(~00,0] < U6 < 0 X(—c0,Rel> (2.6)
;IelﬂfQ [—(=0x) ug(x) + f(ug(x))] = 0, 2.7
Jdnf [—(=0x) uo (x) + f(ug(x))] > 0, (2.8)

and the function ug(x) := ug(|x|) on R4 satisfies

iﬁﬂ@ [—(=A)*itg(x) + f(@a(x)] = 0, (2.9)
|xi\r<1§?9 [—(=A)’ig(x) + f(@p(x)] > 0. (2.10)

Moreover, if 0 < u < 1is a global mild solution to (1.1) and u(0, -) > ug(- — x0)
for some xo € RY, then u(t, -) — 1 locally uniformly on R as t — oo.

Remark. Since for each monostable reaction f and each 6 € (0, 1), there is an
ignitionreaction g < f withignition temperature smaller than 0, the lemma extends
to such f, 6.
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3. Supersolutions for Ignition Reactions

In this section we prove the upper bound in Theorem 1.2(i), which then auto-
matically provides the same bound in Theorem 1.3(i) via the comparison principle.
The main step is construction of a family of supersolutions ® to (1.2) that satisfy
Tt @) = 0(%).

We start with a simple fractional Laplacian estimate. For A} < A and 6 €
0, 1), let

1 ifx <Ay,

W (x) - (12
X) .= —_ —_ —_—
A1,A2,0 Ar — A,

0 ifx > A»p.

if x € (Ar, Az],

Note that s < % and Lipschitz continuity of ¥4, 4, show that (—0xx)*¥4,,4,.6
is bounded.

Lemma 3.1. Let s € (0, %), Cy = max{ﬁ, 1}, A1 < Ay, and 0 € (0, 1). If
© < VA, A0 and 9(x) = YA, a,.0(x) for some x € R, then

(—dx0) 0(x) = —Cy(1 — 0) (A2 — A 2.
Proof. By (1.3), it suffices to assume that ¢ = ¥4, a,,9. Then
o(x) —@(x +h) = p(A2) — (A2 + h)

for each i € R, so it suffices to assume that x = A,. Now a direct computation
yields

es(1—0) [°

|h| "> dh
Ay — Ay Ja—a,

Al—Ar
(=) 9(A2) = —c5(1 — 9)/ |h|—1—2sdh _
—00

= —¢(1=0) (@)™ + (1 =297 ) (A2 = AN,
finishing the proof. O

We will now construct an infinite family of supersolutions to (1.2) indexed by
k € N (see (3.6) below), each defined on a finite time interval of length ¢’ and
obtained by gluing together k + 3 separate pieces (all but one of them linear in
space); see the introduction for a discussion of the reasons for such a complicated
construction.

Let us take any k € N, and for any n € Ny := {0, 1, ..., k} let

af =" (k—n+)H2s)""  and  gli=27%,

where Z(}zl aj = 0(soa(]§ = Oandﬂ{j = 1).Wethenhavea,’f < Z;’O:l j(2s)i71

(1—25)72° 50

1
Bt =2 127, (3.1)
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(In fact, a’,g_n is increasing in k for each fixed n > 0 and converges to —(17125)2 +
255 Also, from of > k —n + 1 we have
=k BE <1, (3.2)
and a simple computation yields
By =278 (3.3)

We also have the simple lemma
Lemma 3.2. If1 > 275, then for any n € Ny \ {0},
Br1—@9" > ppk  pa—Ce'! (3.4)
Proof. A direct computation shows that (3.4) is equivalent to

(@@ 5 k9" =Ei 207

This is equivalent to

12 > 2k—((2s)1*”—1)/(1—2s)7
which clearly holds, by the hypothesis. O

In the rest of this section, and in the next section, we will assume the following:

(I Let f be an ignition reaction with ignition temperature 6y € (0, 1), and let
s € (0, 3).

Let us now define 0, := 970. For n € N; we let

ok .= (1 —27%"hyg, and 0%, =1,

n

and then for ¢t > 1

@) =515~ and  1():=0
as well as
x =15 (0

L@, x) =0 — (0%, —ohH—=1—
n( ) n—1 (n—l )llyf(t) _llrf_](t)

n

Therefore, the function

I:k(t, X) = Lﬁ (t, x) when x € (lk 1), l,]i(t)] for some n € Ny

n—1

is continuous on its domain {(#, x) € R?|# > 1 and x € (0, If ()]}, and piecewise
linear in x for each fixed ¢ > 1.
Finally, with C; from Lemma 3.1, let

o 1 2542
¢y = max | Cs + 2| flloos (Csvo)s, (Csyoyi )¢ (3.5)
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where

1 1
Yo 1= (49*_1)% and y; =2 +(1*2A‘)2,

and define the Lipschitz continuous function

1
1 X <yt 25,

Ok x) = | L et %) X € (Cul T, cut T + 1K1,
] _1 1 1 X —2s 1 k
[(9,()*% e TE (v e - lk(t))] x> et + 1),
(3.6)

We now show that ®F is a supersolution to (1.2) on some (long for large k) time
interval.

Theorem 3.3. Let f and s satisfy (I), and let & be from (3.6) for each k € N. Then

k _
®F isa supersolution to (1.2) on the time interval (217-2 2(2s) k).

Proof. We write ® = ®F for simplicity. Let Ty := 297" and fix any t €

[Zﬁ, Ti]. At any x < c*tz% we clearly have &, = 0 < (—0d,)*®, and so
Dy + (—0xx)* P — f(P) > 0because f(1) = 0. By Remark 1 after Definition 2.3,
1

it suffices to extend this claim to a.e. x > c4f2s.

Next we claim that ®(z, -) is convex on [c*ti, o0). The slope of L’f, (¢, -) for
n € Ni\{0} is

9’/1(’_1 _ 9}11( 2—k+n—29*

RO - (1) prhCo

1 k
while for n = 0 itis —(1 — 6%)t'~%. Since r > 27 and t!72% > 1 > ﬁ

Lemma 3.2 shows that ® (¢, -) is convex on [c*t%, c*t% + l,’(‘ (t)]. Tt is clearly also
convex on [c*t% + l’,; (t), 00), so we only need to check one-sided derivatives at
yi= c*t% + l,’f(t). We have

_1 _1
Jim @, (1.x) = 25O ey 2w = —252700) ey 2 E, (3)

as well as (using also (3.2))

ok —6F 0 0
llm D, (t,x) = k-1 k _Z*(ﬁ]/cc)—l t—217+(25)k < _Z*t_%’

x—>y— Koy — 15 (1)

which is no more than (3.7) because s < % andsoc, > 1> 16 s2(2_19*)%. The
claim follows. 1 1

Next consider any x € (c,f2s, c4t2s + 115 (1)). It follows from the definition of
@ that

(1, 0) = (1= 0)(cs + (1 = 25)(25)"'xt™ %) = ey (1 - 6)).
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Lemma 3.1 with A; = c*t%s, Ay = c*t% + lg(t), 0 = 9(’)‘, together with
cx = Cs + 2| f loo, show that at such x we have

D+ (—00)° @ — F(P) > ci(1 —05) — Cs(1 — 65 — || flloo = 0

Convexity of ®(z, -) on [c*t%, oo) shows that for any n € N \ {0} and any
X € (cat® +15_ (1), et 75 +1X(1)) we have

cD(t’ ) = WC*tl/zx,x,lb(t,x)
on R, and thus Lemma 3.1 and the definition of l,’j_l (1) yield
(=80x) D1, 1) = —Co(1 — ) (x — et ) = —Cy(BE_ )2 17173,
(3.8)

Since l’];_l(t) is increasing in £ > 1 and /3,’1‘ < 1 by (3.2), we obtain

d . N
(1, x) = EL”(I’ X — Cyl25)
> 2720, (gl [ O g (—cur )
—(x = cut® — l’;,l(r))a,(f%ﬂlf)")]

Z 2—k+n—20* (ﬂr/:)—lc*(zs)—lt—l-F(ZS‘)n .

From this, (3.8), (3.3), and ¢, > 4YCT (due to ¢y > (Csyo)s and C, > 1), we

obtain CD, + (=0, )*® > 0 at the x 1r1 question (notice that f(® (¢, x)) = 0 for all
x> cut5 + 1K)

Finally we need to consider any x > c,t % +1 ,’; (1), and this is the region where we
will use thatt < T. Since l,’(‘ (t)isincreasingint > 1, with y, » 1= x —cyt % —l,’f (1)

we have

1

=k T3,k R g 31
D, (t,x) > (9]() 5+ cy T8 B Yy Cy 1 25 yt,x +cit .

Thus if ¢, 2 t % yex <1, then (91‘) % +1=< 2( )T % and so by s < 5 we have

+2s) +2s

1 1
Os = it >y te2e (3.9)

D, (t,x) =27
_1
And if ¢, zt*%y,,x > 1, we obtain

X 1 —1-2s _1 1 —1-2s _1 L
D (t,x) > [(9/{)_275 + 1:| Cx 2l‘_zyt,x Cy BT Vi, x

>y Ay (3.10)
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Since ®(, -) is convex on [c*tle, 00), Lemma 3.1 shows that
(—0xx)* @ (2, x) > —Cy(x — c*t%)_zs. (3.11)
Therefore, at all x > c*t% + l,’f(t) such that c;%f%y,,x > 1 we have
D + (=00)'® = (3 'l = €y = 0

_1
by (3.10) and (3.5). If instead c, 2t_zlfsy,,x < 1, we note that t < T} implies
t(zs)k < 2,80

PO S R 1
() = pE o=@ > 27 0202w =yt

by (3.1). Hence (3.11) yields
(—0:) @1, %) = —Cilf ()7 = =Cyp 1™,

and then (3.9) and (3.5) again show that ®; + (—0dy,)*® > 0 at such x. Therefore,
k
® is indeed a supersolution to (1.2) on the time interval (272, 7). O

We can now use the supersolutions from Theorem 3.3 to obtain an upper bound
for general solutions to (1.2).

Theorem 3.4. Let f and s satisfy (I), and let 0 < u < 1 solve (1.2). If
u(0,x) < Ax™%

for some A > 1 and all x > 0, then for each » € (0,1) there is C) 4 > 0
(depending also on s, f) such that for all t > 0 we have

To(tiu) < Coa(l+10)%.

1
Remark. Itis easy to see from this that one also has X (#; u) < Cyt2 fort > 1) 4,
with some 7y 4 = 1;,4(s, f) but C, = C, (s, f) independent of A.

Proof. Let ko be the smallest positive integer such that (25) % > % + 1 for all
k > ko. Then we have

U [2% 27t _ 21—"*&] — 7%, 00). (3.12)
k>ko

Next let k; > ko be such that
ky IR N AN
212 (22x9* Bel o 2) > A.

k
It follows from (3.12) that for any 7 > 21771% , there is k > kj such that

2TE < T <27 oty
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k
Fix this 7 and k, and let ® be from (3.6). Then ®* (Zﬁ ,) = lon(—00, ¢, 202925 ],
k
while ®F being non-increasing and 6’,’: = %* show that for x > ¢,20-22s we have

kom ok kom ko koomk I T J o
2T, x) > PFQRTE, x + [ (2T-%)) > | 220, ¥ + ¢, 29T =202

> Ax ™%,

Thus we have ®¢ (2%, ) > u(0, -) on R. So if we let ¢ (7, ) := D (1 4277, ),
then ¢ is a supersolution to (1.2) on the time interval [0, 7] with ¢(0, -) > u(0, -).
It now follows from the comparison principle (Theorem 2.4; see also Remark 2
after Definition 2.3) thatu < ¢ on [0, T'] x R.

Since lllg (1) < Zt% by (3.2), from (3.6) we obtain for any A € (0, %"),
_ k 1 1 oA b1 _1\ L
%015 0F) < et +1£0) + (A7F = 057 ) 21 < (o0 + 24 Ve H ) 1%
forallz > 1. Thisand T > Zﬁ show that for all # € [0, T'] we have

Fu(T5u) S To(T +27%; 0 < (oo +2+ Va5 ) 25T,

k
Since T > 2T was arbitrary, the result now clearly follows for any A € (0, 1),
with C; 4 depending also on s, K, 6 (since ¢, and ko depend on them). O

4. Subsolutions for Ignition Reactions

In this section we prove the lower bound in Theorem 1.3(i), which then automat-
ically provides the same bound in Theorem 1.2(i) via the comparison principle. We
do so by constructing appropriate subsolutions to (1.1) in the following counterpart
to Theorem 3.4:

Theorem 4.1. Let f and s satisfy (I), and let 0 < u < 1 solve (1.1). If
u(0, ) = 0 xBg, ©)

for some 0 > 6y and Ry from Lemma 2.6, then for each . € (0, 1) there are
Ci, Ti,0 > 0 (depending also on s, f,d) such that for all t > 7, ¢ we have

1
x; (tu) =2 Gt

Proof. The comparison principle and Lemma 2.6 show that it suffices to prove the
result with C, also depending on 6, which we will do.

Let ug, itg be from Lemma 2.6, and let L := [luyllcc < 00 and suppug =
(—o00,a] (soa € (0, Ry]). By (2.10), there is ¢ > 0 such that for all x < a we have

(=A)ig(x) — f(ig(x)) < —e. 4.1
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Next let
b= (2se) 'La)¥ and Wt x) := itg (bt~ x).
Since W(¢, -) > 0 vanishes on Bj-1,,1/2(0) for each r > 0, we have
Wi, ) + (=AW, ) — f(W(E, ) =0

there. From (4.1) and f > 0 we obtain for any ¢ > b%$ and x| < b’lat%,
Wi (t, x) + (=AY W(, x) — f(P(t, X))

< @97 b E T gl + 671 [ (=AY o (bt E ) = f (i (bt~ ) )]

< ((2s)*‘La _ bzse) =

which is < 0 by the definition of ». Hence W is a subsolution to (1.1) on time
interval (b%, 00).

Since clearly u(0,-) > up = W(b%s, ), the comparison principle (Theo-
rem 2.4) yields

u(t,) = Wt +b>,)
for all # > 0. Hence for each A € (0, #) and r > 0 we have
X (65 u) = 3, (5 W+ D>, )) = Crob™ (1 + 5™, (4.2)

where Cj o € (0, Rp) is such that ug(C)_¢) = A. The claim now follows for each
A€ (0,0).
Moreover, it follows from (4.2) that there are t/, C’ > 0 such that forall > t’
we have
0 4+ 6o

inf  wu(t,x) >
|X|§C/[]/2S

Then the last claim in Lemma 2.6 shows that for any A € [0, 1) there is T > 0 such
that

inf  u(+7t,x)>A

\xlgC’tl/zs
for all + > 7’. It follows that for all + > 7 + 7’ we have
x,(u) = Cl(t =)

(with C’, 7/, t depending on s, f,d, A, 0), which proves the claim for A €
0,1). O
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5. Subsolutions for Monostable Reactions

In this section we prove Theorems 1.2(ii) and 1.3(ii), so we will assume the
following:

(M) Let f be an ¢-monostable reaction for some « > 1, and let s € (0, ﬁ).

The relevant upper bound on X A(t u) for front-like data was already obtained
in [15] (for -monostable reactions f that are also C! and have f (1) < 0, but there
always exists such f = f, so the same bound for f follows by the comparison
principle). This immediately provides the bounds in Theorems 1.2(ii) and 1.3(ii)
via the comparison principle.

Hence it remains to show that for any A € (0, 1) and all large ¢ we have

X, (tiu) > Ct56D, (5.1)

It suffices to do this in the setting of Theorem 1.3(ii), because then the same bound
in Theorem 1.2(ii) follows via the comparison principle. We will do this by con-
structing appropriate subsolutions to (1.1).
Let «, 6y, y be from Definition 1.1(ii) for f, and let
Ba

B:=(d+2s)(@—1) and Kizm (> B)

(with the inequality due to (M)). Fix any 6 € (0, 1), let

0 146
6 = i O, , = d Oy i= ——.
1 mln{ o 2} an H 5
Then let
—a—1 and .= mi s 5.2
Vi=o — an 7 = min ‘L’o,m s ()

where 10, ¢4, C are from Lemma 5.1 below with g, v, 81 as above (so 7g, ¢x, Csx
are independent from a, b in the lemma). Next let

§:= inf f(u) > 0,

ueltéy,0
define
a3 ‘= min {1, (ZK__I)IV, (a4;9;8 } , (5.3)
and then
(o — ey & 4
a = <21+(d+25)/f3(2,< — 1)) as and ap :=ajaj. 54

Now let ¢ : [0, 1] — [0, 8] be smooth and such that

$o(y) =y on[0,01] and  ¢y(y) =6 on[6;, 1], (5.5
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as well as for some Cyp > 0 we have

0<¢y<1 and —Cp<¢y <0. (5.6)
Finally, define
o -1, 1—« /B K —%
Yo(t,r) == (a; (" —apt")) ol (5.7)

1
fort > 0 and r > (axt*)#, and then let

o ot [xD) 1x] = @3 %ayr =" + a7,

Wy (t, x) :=
otherwise.

For any u € (0, 6»], we also let

1
X, () = ' a7 + art*)

(hence g (t, X;(#)) = u). This construction shows that Wy is a smooth function.
We will now show that it is also a subsolution to (1.1) at all large times. We note
that since we may have s > % here, this would be difficult if graphs of Wy(?, -) (as
functions of x) had “concave” corners, which is the reason for the introduction of
the function ¢ above.

We start with a technical lemma, whose proofis easy when d = 1, but somewhat
more involved when d > 1. We postpone the proof to the appendix.

Lemma 5.1. Let 01 € (0, 1]and B > v > 0 be such that% >d—2Let0) <a <
1
1 <b,let X(u) := (ail(uf" +b))# foru > 0, and let ¢ : R4 — [0, 1] be smooth
and such that
p(x) = (alx|f — b)_% when |x| > X (61)

as well as ¢(x) > 01 when |x| < X(61). Then for any s € (0, 1), there are
Ccy, Cy > 0 and 19 € (0, }1] (depending only on s, B, v, 01, d) such that for all
|x| > X (1961) we have

(=AY p(x) < —cx X (O x] 772 + Culx| o (x).

‘We are now ready to construct a localized subsolution for (1.1) with monostable

f.

Theorem 5.2. Let [ and s satisfy (M). Then for any 0 € (0, 1), there is Ty > 1
such that Vg above is a subsolution to (1.1) on the time interval [Ty, o).

Proof. We drop 6 from ¢y, ¥, Vg, Ty, Cp in the proof. The desired T we obtain
here will depend on the various constants in the above setup, and we will always
assume thatr > 7 > 1.

Let us start with estimating |, | from above. Since ¥, > 0 > ¥, we see that
for all » > X,(6,) we have

(1)) =~ (1, X, (62) = —L a1 08X, (07!

o
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When 8 < 1, from 6, < 1 and a; > a> we obtain

=
|
=
T
=

_I/Ir

1
p ay 't T @) <
-1 a—1

When B > 1, we again use 6, < 1 to get

o p—1 Oﬁ;ﬁﬁ Kk—1 a—1 K 1L Kk—1 K 1L
05 X:(62) =0, (alt +60; Cax") P < (art + ayt™) B

< @ NT 4 (@)

sothenay < ajandt > 1 yield

1o« Bl gk 28 -1 B
(al’gtﬂ —i—allazﬁtﬁ)f azﬂtﬁ.

Ut X)) < 2
a—1

It follows that if 7 is such that ﬁaz ’3 T ﬂ < 1 (recall that k > pB)
and XT(92) > 1, then (5.6) and v, > 0 yield for any e € ST and p, =

28 ﬁ
a1 T <,

2
De Wt x) = (x| |2) & (W (e, D) e, ey P+ )

P2
—(x-¢)?
(0 D) ¥, |x|)% > —Cpt—pi = —(C+ p,

O (W, 1xD) v (1, |x1)

where we also used that ¢’ (¥ (¢, |x|)) = 0 when |x| < 1 (due to X,;(6,) > 1). From
this, # < 1, and s € (0, 1) we obtain (with w, be the surface area of SY~1)

sup (—A)’W(t, x) <

xeR4

Cs.d 2W(t,x) =V, x+h)—V(t,x —h)
: 5 dh
lhi<p /2 |h|d+ S

W(t, x) — W(t, h
+cs,d/ t.x) - ¥t x+h
hi>p; '

|h|d+2s

Cs,d (C+ Dp / 0
<& = Pkt egy —dh
2 /|;z<p 12 |h|d —242s > |h]>p; -2 |h|d+2Y

_ cs,awq(C + 1)pf
2s(1 —s)

= C'p}. (5.8)

We will need another estimate for (z, x) such that W(z, x) is small. When
W(t,x) < 161 (then W(¢,x) = ¥(¢,x) because Tt < 19 < 1), we can apply
Lemma 5.1 with ¢(-) = W(¢, -) and B, v, 01 as above, provided T is large enough
so that a := al_ltl_’( < land b := azal_lt > 1. So when V¥ (¢, x) < 76y, then we
have

(=AY W(t, x) < —cilx| B X (00 + Culx |75y (2, x). (5.9)
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Finally, we also note that W;(z, x) = 0 when |x| < X,(02), while for |x| >
X;(6>) we have

LGSR
o

. — Dt x| + ay)

Wi (t, x) = ¢' (Y (1, x))

o, —1
< VO (e~ Dt~ (6.)'~ 4 xcan)
a—1
k= 1 ¢¥(t, x) ark o
=—— PETIRAGRL (5.10)

We are now ready to show that ¥, +(—A)*W— f (V) < Oatall (¢, x) witht > T
(if T is large enough). When |x| < X;(6»), then (5.8) and f (¥ (z,x)) = f(0) > §
show that this follows from C’p; < 8, which holds if T is large. Since (5.4) and
(5.3) also yield

—16 8
a—11t al(oz—l) 3

if T is large, and since for |x| € (X;(62), X;(t01)] we still have f(W(¢, x)) > §, it
follows from (5.8) and (5.10) that for these x we again have

Wi, %)+ (=AW x) — fU( ) < 2 A g s

ot—17+a1(ot—1)
<0.

It therefore remains to consider |x| > X;(t0;) (when W (¢, x) = (¢, x) be-
cause T < 1). If also rW (s, x)*~ 1 < %, it follows from (5.9), (5.10), |x| =

1 1
W (t, ) " ayt“V +at) " F and X, (61) > (apt*)? that (we drop (¢, x) from the
notation for simplicity)

Kk —1 ark A
Wi (CA)W — f(0) < ¥ Yo — culx| T X, 01!
—11 ai(ex —1)
+c*|x|—2w
2 —1 _d+2s d
« 1%— o2y ay Y ()
+C (,(pl—ot K—l _%v
* ait ) I//
1y d+25 4 s
—a_17‘c*(2‘”) ay =

25 (k—1)2s 14 fe=D2s
14 o

+ Cia, Py 5

Using again %! < . we obtain
_e=D2s g (@=1)2s 25 (@=D2s o L Lw
t N/} B =tFy F t "‘*llﬁf(aldz YAt a1 —

Therefore W; 4+ (—A)’W — f(¥) < 0 by (5.4) if T is large enough.
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When instead |x| > X;(t6;) and tW (7, x)*~ ! > %, then
1 1 1
(@) < x| = (Y6, ) art* ™ +ay*)F < Qayt*)7,

so (5.9), X;(61) > (azt")%, Y(t,x) <t (dueto |x| > X;(70y)), and (5.2) show
that

_di2s d s
(=A)'W < —cx2ast*)” 7 (aat*)F + Culant®) P

_2 2sK

_d+42s _ 25k
(Cottr =27 )y " <0

IA

This, (5.10), 242 < 2y (z, x)?, and (M) show that

ar(2k — 1)
ap(e —1)

which is again < 0 due to (5.3). This finishes the proof. 0O

U+ (=AW — f(V) < v =y

We can now use the constructed subsolutions to prove (5.1).
Theorem 5.3. Let f and s satisfy (M), and let 0 < u < 1 solve (1.1). If

u(0, ) = OxBg, )

for some 6 > 0 and Ry from Lemma 2.6, then for each A € (0, 1) there are
Ci, Ti,0 > 0 (depending also on s, f,d) such that for all t > 7, ¢ we have

o
X, (t;u) = Cpt @D,

Proof. The comparison principle and Lemma 2.6 show that it suffices to prove the
result with C, also depending on 6, which we will do.

Let itp be from Lemma 2.6 (see the remark after that lemma), let u be the
solution to (1.1) with initial data i1, and let #o be such that u(zy, -) > 6 x, (0). Since
uo > ug, wehaveu(ty, -) > u(ty, -) by the comparison principle (Theorem 2.4), and
then comparison principle shows that it suffices to consider ug = u(zp, -) without
loss. The proof of Lemma 2.6 now shows that « is time increasing.

Similarly to [15, Theorem 3.1], since # dominates the solution to v;+(—dy,)*v =
0 with initial data 6 x g, (), there is C > 0 (depending only on s, ) such that if

t > 1and |x| zt%s + 1, then

u(t,x) > C@/ t_%(l + |,—2%y|d+2s)—1dy
Bi(x)

Ow,
- d

t(x| 4+ D7 > crlx| 77,

where “ is the volume of B (0) and ¢ := 2-4-2s=1g-1CQq,.
1

1 k=
Now let Wy, Ty be from Theorem 5.2 and let T := 1 + ¢~ la; "' T, If |x|
is large enough, we then have u(T, x) > Wy(Ty, x), which then yields u(t, x) >
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Wy (Ty, x) for all these x and all + > T because 1 increases in time. But we also have
u(t, x) > Wy(Ty, x) for all the other x and some ¢ by the last claim in Lemma 2.6.
Hence there is T’ > T such that u(T’, -) > Wy (Ty, -). Comparison principle now
yields

u(t+T',-) = Wo(t + Tp, )
for all > 0, so for any A € (0,6) and r > T’ we have
2, (60) = 2, (1 = T+ Tp; Wg) = gt = T' + Tp) 5D

for some time-independent C, ¢ > 0. This proves the claim for each A € (0, 9),
and for A € [, 1) it now follows as at the end of the proof of Theorem 4.1. 0O
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Appendix A. Proof of Lemma 2.6

We will first show that it suffices to obtain existence of Ry, uy satisfying (2.6)
and (2.8) (note that (2.7) then follows from ug = 0 on (Ry, 00)). Let us assume this
isthe case, and forany R > Oandallx € Rletvg(x) := ug(Jx|—2R). Thenvg =0
on Brr4 g, (0), so on this set we have —(—A)*vg > 0. Since vg = ug(] - | —2R)
on Br(x) when |x| € [R, 2R + Ryp] (so as R — oo, uniformly in these x we have
local uniform (in y) convergence of vg(y + x) to ug(y - \;_I + |x| — 2R) in C?),
and vg = 6 on Bgr(x) when |x| < R, the strict inequality in (2.8) and f(0) > 0
guarantee that for any large enough R we have

[ A) R () + fRG)] > 0.

(Recall also that ¢ 4 = cs,l(fRd,l a1+ hz)_%_sdh)’l.) By symmetry this also
holds with |x| < Ry + R under the inf, so (2.9) and (2.10) hold for iy := v when
R is large enough (and we then replace Ry, ug by 2R + Ry, ug(- — 2R)).
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Hence to prove the first claim, it remains to find Ry, ug satisfying (2.6) and (2.8).
Let us now assume that there is Lipschitz continuous, piecewise smooth (and linear
on both sides of each point where it is not smooth), non-increasing ¢ : R — [0, 0]
and R’ > 0 such that

(1) ¢ =0 on(—o0,0]and ¢ = 0 on [R/, c0);
(2) —(=8xx)*¢ > Oontheset {x € R|p(x) < )}, where 6] := 3%t (e (6, 0));
(3) C :=sup,cg (—0xx)’@(x) < oo.

Here —(—0d,,)%¢p is allowed to be oo at the (finitely many) points where ¢ is not
smooth (when s > %). If Ry :=rR  and up(x) := go()r—‘) for some r > 0, then for
any x such that ug (x) < 6 we have

—(=xx) ug (x) + flug(x)) > —(=8xx) ug(x) = —r > (=) 0(xr~") > 0.

If weleté := infue[%ﬁ] f(u) >0andr := (ZC/S)% (with C from (3)), then for
any x such that ug(x) > 96 we have

— (=) up(x) + fup(x)) = —Ccr % +45>0.

Continuity of the left-hand side in x (as a function with values in R U {oo}) now
yields (2.8), and (2.6) is obvious. Finally a mollification of ug provides the desired
smooth function thanks to the sharp inequality in (2.8).

This it remains to construct ¢. Consider a smooth non-decreasing ¢ : R — R
such that

6 + 6,
2

Y(y) =y on <—oo, i| and Y (y) =06 on [0, c0) (A.1)

(This will play the same role as ¢y in Sect.5, preventing concave corners on the
graph of ¢). Let N > 1 be the smallest integer such that 6 — 6 > 27Ng, and let
us first assume that N = 1. Set

_0-6 . _0+6

lo(x) ;=6 — (6 — 6)x, ki : 5 1=

li(x) :=b1 — k1x,
and define ¢; : R — [0, 1] via

max{y (lo(x)), 1 (x), 0} forx > 0,
p1(x) =
0 forx < 0.

Then ¢ is clearly Lipschitz continuous and non-increasing, and from /1 < ¥ o [y

on (—1, 1) (note that [ < & = v olgon (—1, 0], while I, < min{ly, “50} < v olq

on (0, 1)) we have

by
g1 =volyp on[-1,1]1, @ (1)=6;, @ =1 on [1, k_:|’

1
by
— ) =0.
§01<k1)
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Since ¢ is convex on [%, 00), and ¥ is smooth and satisfies (A.1), we have
SuUp, cr (¢1)xx(x) > —oo. Hence a computation similar to (5.8) proves (3) for
@1.

From N = 1 we see that 9(’) < %, andso /(1) < g and Z—} < 3. Hence for any

x €[1, %] we have 2x + 1 > 2—: and [;(x) < %, which together with ¢ > [ on

(=1,1)and [} > 60 on (—oo, —1] yields

X o1(x+h)+e1(x —h) —2¢1(x)
_(_axx)s(pl (x) = csv/(; Y (/21+25 d dh
Tha A +hc—m =2
= Cs 0 h1+2s
© 9 —2[1(x)
+c / ————dh > 0.
s et h1+2s

For x > Z—}, we obviously have —(—0,,)*¢1(x) > 0 because ¢((x) = 0 < ¢.

Therefore —(—0dyx)*¢; > 0 on [1, 00), hence (1)—(3) follows with ¢ := ¢ and
R =0
=
Next assume that N > 2, and let ¥, k1, by, ly, [ be as above. Since now we

0—(26,—6
have 6] — (26 — 6) < =22
applies to the function

(in fact, equality holds here), the above argument

- max{y (lp(x)), [1(x), 26 — 6} for x > 0,
P1(x) =
0 forx <0,
which is equal to ¢1 above on (—o00, 3] and to 29(/) — 6 on [3, 00) (because [1(3) =
26‘6 — 6 > 0). Hence —(—0yx)*®; > 0 on [, 00). We will now change ¢; to
Ir(x) := by — kpx on [x3, %]’ where

Xp =3, by ;= koxy + 29(/) -0,

and ky € (0, k) is to be determined (notice that /> (x) = 266 — 60 = I1(xp), and
hence ky < ki shows that b, = [,(0) < [1(0) < 0). So we let

max{y (lo(x)), l1(x), 2(x),0}  forx >0,

w2(x) =1 for x < 0.

Since ¢y — @1 locally uniformly on R as k» — 0, there is ky € (0, k1) such that
—(—0xx)*¢2 > 0on[l, x;]. Fix one such k> and the corresponding ¢, (which again
satisfies (3) as above).

If now N = 2, consider any x € [x2, %]. From lz(bzk_e) =60 and [r(xp) =

2
br—0 by 6—bs
o X2),and 2 < 2x 4 === Hence for

20) — 6 < %Weseethatlz < @ on (
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any x € [xp, 2] we have 2x + &= hz > b2 and [ (x) < 3, and so

[e )
02(x + ) + ¢2(x — h) — 2¢(x)
e =c [ 2 o
X+9;2 Lx+h)+1L(x—h)— ZZz(x)
=G 0 h1+2s

© g7
+c5/ 0 =209 1 < .
X

0—by h 142s
+T2

(Note that this is the same argument as for N = 1, but with —1 and 1 replaced by
bzk and x,.) For x > k—, we again have —(—0d,,)*@2(x) > 0 because ¢ (x) =
0 < ¢. Therefore —(— Bm)s ¢ > 0on[1, co0), which yields (1)-(3) with ¢ := ¢;
and R' := l,:z

IftN > 3, the above argument instead applies to

_ max{y (lo(x)). [ (x). o (x), 465 — 30} forx > 0,
Pa(x) =
0 forx <0,

which is equal to ¢ on (—o0, 2x7 + ‘9;2[’2] and to 496 — 36 on [2x3 + , 00)

(because now lr(2xy + &= bz) = 2(20) — 0) — 0 = 46, — 30 > 0). Hence again
—(—0xx)*@2 > 0 on [, oo) Similarly to the case N > 2, we let

0—by
ko

0—>b
X3 1= 2xp + 3 2 s b3y = k3x3 +496 — 30, I3(x) := b3 — k3x,

with k3 € (0, kp) small enough so that

max{y (lo(x)), [1(x), l2(x), [3(x), 0}~ forx =0,

¢3(x) = {9 forx <O.

satisfies —(—0dyx)*¢3 > O on [1, x3]. If N = 3, we can use [3(x3) —49’ —30 < %

and k3 < kp to again show as above that (1)-(3) hold with ¢ := ¢3 and R := k;
If N > 4, this argument can be repeated finitely many times until we obtam a
function gy and by, ky > 0 such that (1)—(3) hold with ¢ := ¢y and R’ :—
Finally, let us prove the last claim. Without loss of generality, we can assume
that x9g = 0; the comparison principle (Theorem 2.4) then shows that it suffices
to consider u(0, ) = ug. We now have u(t,) > g = u(0,-) forallt > 0
by (2.5) and the comparison principle, so applying the comparison principle to u
and its time shifts now shows that u is non-decreasing in time. If we let v(x) :=
lim;_, o0 u(f, x) < 1, Theorem 2.5 implies that v € C?**7 (R¥) for some o > 0,
and —(—A)*v + f(v) = 0 holds in the classical sense. Since v > i1y, (2.10) shows
that v > ug on Bg,(0). But then u(z, ) > SUp|y <, ug(- — y) for some z,r > 0.
By iterating this argument we obtain u(nt, -) > supjy <, ug(- — y) foralln € N,
sov > 6. Since f > Oon [0, 1), itis easy to show that the only stationary classical
solution to (1.1) taking values in [6, 1] is v = 1 (note that Theorem 2.5 shows that
all such solutions are uniformly bounded in CE+o(R4)Y), and the claim follows.
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Appendix B. Proof of Lemma 5.1

Let us fix any x € R4 such that |x] > X(t90y), with 79 € (0, le] to be deter-
mined. Then

cra(=A) () < / ) —ee+h)

hi<ixl-x@) R4
—G(x+h
+/ @(x) ;ag )dh
lx|—X 01) <] <|x| [h|EF=s
—271p
p(x) Lin

+/
hl<lx| & lx+hl<X @) 1RITTS

@(x) ,
+ ~/|‘h|>x| Wdh =L+ DL+ I+ 14,

where /] is a principal value integral and
()5() = go() - 27191)(3)((91)(0)(') = 27191)(3}((91)(0)(')'

Since ¢(x) < o0 < }191 and |x| > X (61), there is ;g > 0 (only depending on d)
such that

U d —d—2s
h= —f dh < —pgX 6101 1x| 7%,
h<Ix] & [x+h| <X (0y) 4R|IH2S

We now let ¢, := c¢5.4/tq01, which means that it remains to show that
L+ DL+ Iy < ¢ yCulx| P p(x),

with C, to be determined.
1
If now g(/) := (al? — b)~v for [ > (a='b)? (then g(|y|) := @(y) for |y| >
1
X (01) > (a~'b)#), then using g(I)™" < al® yields

d—1
g//(l) + Tg/(l) — U_2(1 + v)g(l)l+2va2/3212’5_2

— vl ap(p +d — 2P
> v 22 BIP2(B — v(d — 2)).

Thisis > O due to % > d —2, 50 ¢ is subharmonic on (Bx(gl)(O))C 2 Biy—x @) (x).
Hence for any r € (0, |x| — X (61)) we have JCaB,(x) o(y)do(y) > ¢(x), and so
I; < 0. We also have

It = o(x) W92 dh < wlx| "> p(x)

[h]=]x]

for some u/, > 0 only depending on d. It therefore remains to estimate 1.
When d = 1, we get I < 0 because ¢(x) — @(x + h) is no more than
8 — 8 = —% for h € [0, X(61)] and no more than & for & € [2x — X (6)). 2x]
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(this is when x > 0; when x < 0, these two intervals must be reflected across 0).
This finishes the proof whend = 1.
We will need to work a little harder when d > 2. Let ¢ := |x|~! X (6;) (which

is < 1 because |x] > X(79601)) and T := M < 19. Let us first consider the case

when g > g, sothat p; :=1—¢] < 3 (and then |x| — X (61) = p1]x]). There is
cq > 0 such that for all » € [2p1]x], |x|] we have,

HE (| 1hl = r &b+ x| = XOD)) = caH ({n| 11l = r})

with 14~ the (d — 1)-dimensional measure. If 79 < ':d , then this, ¢ > 7‘ on
Bx6,)(0), and (x) < 196 < %1 yield (with @y the surface area of S?~1)

/ [o(x) — GGx+h)ldo(h) < / rofdo () — 2716,do (h)
|h|=r |h|=r |h|l=r|h+x|<X (01)

< —4_lcdwd91rd_l.

From this we obtain

x)—@kx+nh
12 S/ w( ) ;p—fZS )dh
pilx|<lh|<3p1|x] |h|
< [ cawabrr ! o)
== Tgpdin At S
2p1 x| pilx|<Ihl<2p1|x]
cqwqbh  _ _ _ Towabth _ _
< - QT =TT+ = (1 =27 (kDT
S
which is < 0, provided that tp < %.

Finally, we are left with the case &1 < % (and so p; > %). Let
A= {h|lx] = X;(61) < |h| < x| & |x + k| = X (61},
and let

1 1, —1\%
=|x|"'x and & :=|x|" (a” "b)E.

Then 8/13 — 82 x|~ ﬂa”@ Y > 0. By again using that ¢ > %‘ @(x) on
Bx 6,)(0) and then changing varlables via h = |x|z, we obtain

px) — @ +h)
16 S/A |h|d+2s
1
— / (alx|f —b)"v — (ale +z|P|x|P —b) >
p1=lzI=1 & |e+z]ze) |Z|d+25
B

e+zlf —efyv — (1 —€fys

|x| 2Y(p(x)/ (| | 2) ( 2)
plkizi&letzizer (e + z|f — ef)v|z|dts
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This it remains to show that

1 1
1 :=/ (|e+zlﬂ_8§)”_(1_85)vd
pi<lzl<l &letzlzer  (|e + z|P —azﬂ)%lzl‘”zx

2

is uniformly bounded above for p; € [%, 11,0 <e <¢ < s and e € Sd_l, by
a constant depending on s, 8, v, d. But when |e + z| > 1, the integrand is clearly
bounded above by such a constant; and when |e + z| < 1, then it is negative. This
therefore concludes the proof.

10.

11.

12.

13.

14.

15.

16.

17.

18.
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