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Abstract

A classical problem in fluid mechanics concerns the stability and instability of
different hydrodynamic patterns in various physical settings, particularly in the high
Reynolds number limit of laminar flows with boundary layers. Despite extensive
studieswhen the fluid is governed by incompressibleNavier-Stokes equations, there
are very few mathematical results on the compressible fluid. This paper aims to
introduce a new approach to studying the compressible Navier–Stokes equations in
the subsonic and high Reynolds number regime, where a subtle quasi-compressible
and Stokes iteration is developed. As a byproduct, we show the spectral instability
of subsonic boundary layers.
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1. Introduction

One of the most fundamental problems in fluid mechanics is understanding
the physical mechanisms that lead to the stability or instability of hydrodynamic
patterns. Most laminar flows are unstable at the high Reynolds number, and small
perturbations will eventually cascade into turbulence. Under many circumstances,
the early stage of such transition is the instability induced by viscous disturbance
wave, now called Tollmien–Schlichting or T–S wave. For incompressible flow, the
physical description of T–S waves can be found, for instance, in the pioneering
work by Heisenberg, C.C. Lin, Tollmien and Schlichting, cf. [5,15,21,33], and
Wasow [38] established a formal construction of them. Until recently, the most
rigorous mathematical justification was given by Grenier–Guo–Nguyen [7].

From the physical point of view, it is important to study the compressible flow
with boundary layers that arises from, for instance, the flow near the airfoil. The
theoretical investigation can be traced back to Lees–Lin [19], in which Rayleigh’s
criterion for inviscid flow was extended to the compressible subsonic flow. Later
on, the asymptotic expansion used in [19] near the critical layer was rigorously
justified by Morawitz [29]. For more investigation from the physical perspective,
we refer readers to [5,20,21,33] and the references therein. It is worth noting that
the instability mechanisms studied in the literature are inviscid in nature, while the
viscous transition mechanisms still need to be investigated. This paper aims to fill
this gap by rigorously justifying the presence of T–S waves in the compressible
boundary layer.

1.1. Problem and Main Result

Consider the 2D compressible Navier–Stokes equations for isentropic flow in
half-space {(x, y) | x ∈ T, y ∈ R+}

⎧
⎪⎪⎨

⎪⎪⎩

∂tρ + ∇ · (ρ �U ) = 0,

ρ∂t �U + ρ �U · ∇ �U + ∇ P(ρ) = με� �U + λε∇(∇ · �U ) + ρ �F,

�U |y=0 = �0.
(1.1)

In the above equations ρ, �U = (u, v) and P(ρ) stand for the density, velocity field
and pressure of the fluid. The vector field �F is a given external force. The constants
μ > 0, λ � 0 are rescaled shear and bulk viscosity, respectively, while 0 < ε � 1
is a small parameter which is proportional to the reciprocal of the Reynolds number.
For simplicity and without loss of generality, the constant μ is set to 1 throughout
paper.

A laminar boundary layer flow is defined by

(ρs, �Us)
def= (1, Us(Y ), 0), Y := y√

ε
, with Us(0) = 0, lim

Y→+∞ Us(Y ) = 1.

It is a steady solution to (1.1) with external force �F = (−∂2Y Us, 0).
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In this work, to understand the (in)stability properties of the above boundary
layer profile, we study the compressible Navier–Stokes system linearized around
(ρs, �Us). Denote the Mach number by m := 1√

P ′(1) . The linearization gives

⎧
⎪⎨

⎪⎩

∂tρ + Us∂xρ + ∇ · �u = 0, t > 0, (x, y) ∈ T × R+,

∂t �u + Us∂x �u + m−2∇ρ + v∂yUs �e1 − ε��u − λε∇(∇ · �u) − ρ �F = 0,

�u|y=0 = �0.
(1.2)

To study (1.2), we use the rescaled variable

τ = t√
ε
, X = x√

ε
, Y = y√

ε
,

and then look for solution to the linearized compressible Navier–Stokes system in
the following form:

(ρ̃, ũ, ṽ)(Y )eiα(X−cτ).

Plugging this ansatz into (1.2) yields to the system (we replace (ρ̃, ũ, ṽ) by (ρ, u, v)

for simplicity of notation)
⎧
⎪⎪⎨

⎪⎪⎩

iα(Us − c)ρ + divα(u, v) = 0,
√

ε�αu + λiα
√

εdivα(u, v) − iα(Us − c)u − (iαm−2 + √
ε∂2Y Us)ρ − v∂Y Us = 0,

√
ε�αv + λ

√
ε∂Y divα(u, v) − iα(Us − c)v −m−2∂Y ρ = 0,

(1.3)

with no-slip boundary conditions

u|Y=0 = v|Y=0 = 0. (1.4)

In (1.3), �α = (∂2Y − α2) and divα(u, v) = iαu + ∂Y v denote the Fourier modes
of Laplacian and divergence operators respectively. For convenience, we denote by
L(ρ, u, v) the linear operator (1.3). If for some c ∈ C with positive imaginary part
Imc > 0 and wave number α ∈ R, the boundary value problem (1.3) with (1.4) has
a non-trivial solution, then the boundary layer profile (ρs, �Us) is spectral unstable.
Otherwise, thus is spectral stable.

In the analysis, we focus on a class of laminar boundary layer flows that satisfy
the following assumptions:

• Us ∈ C3(R+) and satisfies

Us(0) = 0, Us(Y ) > 0, lim
Y→+∞ Us(Y ) = 1, and U ′

s(0) = 1. (1.5)

• There exist positive constants s0, s1 and s2, such that

s1e−s0Y � ∂Y Us(Y ) � s2e−s0Y , ∀Y � 0. (1.6)
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• The boundary layer flow is assumed to be uniformly subsonic, that ism ∈ (0, 1).
Moreover, there exists a constant σ1 = σ1(m) > 0 such that for all Y � 0, it
holds

H(Y )
def= −∂2Y Us(1 − m2U 2

s ) − 2m2Us |∂Y Us |2
|∂2Y Us | + |∂Y Us |2

� σ1. (1.7)

• There exists a constant σ2 > 0 such that for any Y � 0, it holds

∣
∣
∣
∣
∣

∂3Y Us

∂2Y Us

∣
∣
∣
∣
∣
+ |∂2Y Us |

∂Y Us
+ 1 − Us

∂Y Us
� σ2. (1.8)

Note that this class of profiles include the exponential profile Us(Y ) = 1 − e−Y

with σ1(m) = 1−m2

2 and s0 = s1 = s2 = σ2 = 1. Moreover, from (1.7), we have

−∂2Y Us(Y ) � σ1

1 − m2 |∂Y Us(Y )|2, ∀Y � 0. (1.9)

Hence, the profiles in this class are strictly concave.
The main result in the paper can be stated as follows:

Theorem 1.1. Let the Mach number m ∈ (0, 1√
3
). There are positive constants

K0 > 1 and ε0 ∈ (0, 1), such that for any ε ∈ (0, ε0) and any wave number

α = K ε
1
8 with K � K0, there exists cε ∈ C with αImcε ≈ ε

1
4 , such that the

linearized compressible Navier–Stokes system (1.2) admits a solution (ρ, u, v) in
the form of

(ρ, u, v)(t, x, y) = e
iα√

ε
(x−cε t)

(ρ̃, ũ, ṽ)(Y ), Y := y√
ε
. (1.10)

Here the profile (ρ̃, ũ, ṽ) ∈ H1(R+) × (H2(R+) ∩ H1
0 (R+)

)2
and satisfies the

eigenvalue problem (1.3).

Remark 1.2. In what follows, we present several remarks on Theorem 1.1.

(a) As shown in the proof, the bounds on the solution depend on some negative
power of 1 − m that are uniform when m is in a compact set of [0, 1√

3
).

Therefore, by taking the vanishing Mach number limit, we have the Tollmien–
Schlichting wave solution for the incompressible flow that was analyzed in [7]
by Grenier–Guo–Nguyen.

(b) The restriction of Mach numberm ∈ (0, 1√
3
) should be technical and it is only

used in obtaining a positive lower bound ofw0 −Usw1 in the proof of Lemma
3.4. However, the main purpose of this paper is to introduce a new approach to
the stability and instability analysis on compressible fluid with strong boundary
layers. Therefore, we will not pursue how the Mach number can be close to one
in this work.
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(c) The growing modes are supported in the frequency regime n = α√
ε

= K ε− 3
8

and grow like exp(K − 2
3 n

2
3 t)with K 
 1. These parameters indicate a spectral

instability in Gevrey space with index equal to 3
2 . How to justify the stability

in Gevrey 3
2 class for the linear problem (1.2) that shares the same index as in

the incompressible case studied in [12] will be discussed in our future work.
(d) By constructing a suitable approximate growing mode, we can also obtain the

same results as in Theorem 1.1 for the wave number α = Cεβ , with C > 0
and β ∈ (1/12, 1/8). Here we will not give the detailed analysis in this regime
because we focus on the most unstable mode when β = 1/8. We refer to [22]
on the incompressible MHD system for the related discussions and analysis.

1.2. Relevant Literature

Since this paper is motivated by the study of inviscid limit and Prandtl boundary
layer expansion for incompressible Navier–Stokes equations, we briefly summarize
some related works in this direction. Indeed, there are twomain destabilizingmech-
anisms in the boundary layer that makes inviscid limit problem very challenging.
The first one is induced by the inflexion points inside the boundary layer profile. In
this case, the linearized Navier–Stokes system exhibits a strong ill-posedness below
the analyticity regularity, cf. [6,8]. Therefore, the results of inviscid limit can be ob-
tainedonlywhen the data is analytic at least near the boundary, cf. [18,25,30,32,34].
The second one is induced by the small disturbance around a monotone and con-
cave boundary layer profile, called Tollmien–Schlichting instability that has been
extensively studied in physical literatures and was justified rigorously in Grenier–
Guo–Nguyen [7] by constructing a growingmode in Gevrey 3/2 space to linearized
incompressible Navier–Stokes equations. The main idea in [7] is to use the stream
function and vorticity, that is, the Orr–Sommerfeld (OS) formulation, and then to
solve it via an iteration based on Rayleigh and Airy equation that can be viewed as
the inviscid and viscous approximation to the original OS equation.We also refer to
Grenier-Nguyen [9] for a result of nonlinear instability for small data that depend on
viscosity coefficient. On the other hand, this instability result was complemented by
the work of Gérard-Varet-Maekawa-Masmoudi [12,13] that establishes the Gevrey
stability of Euler plus Prandtl expansion with critical Gevrey index 3/2; see also [2]
for a result in L∞-setting. Most recently, the formation of boundary layer is studied
by Maekawa [26] using the Rayleigh profile. For the Sobolev data, the boundary
layer expansion is only valid under certain symmetry assumptions or for steady
flows, cf. [11,14,16,24,28] and the references therein. Finally, we refer to [3,4,10]
for the instability analysis of boundary layer profile in different settings.

For compressible flow, even though there are many interesting results on the
Navier–Stokes equations at highReynolds number in different settings, cf. [1,23,31,
35–37,39,40] and the references therein, to our knowledge, the stability/instability
properties of strong boundary layer for compressible Navier–Stokes equations have
not yet been investigated. Compared to the incompressible Navier–Stokes equa-
tions, themajor difficulty comes from the fact that theOrr–Sommerfeld formulation
is no longer available for the compressible case. As a result, Rayleigh–Airy itera-
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tion approach used in [7] can not be applied, either the approaches used in [12,13].
Therefore, the novelty of this paper is to introduce a new iteration approach to study
compressible flow in the subsonic and high Reynolds number regime. We believe
that the analytic techniques developed in this work can be used in other related
problems for subsonic flows.

In the next subsection, we present the strategy of the proof for better under-
standing of the detailed analysis in the follow sections.

1.3. Strategy of Proof

The instability analysis is based on several steps.
Step 1. Construction of the approximate growing mode. Similar as in the incom-
pressible case [7], the T–S instability is driven by the interaction of inviscid and
viscous perturbations. Set the approximate growing mode (its precise definition
will be given in (2.32)) ��app = (ρapp, uapp, vapp) as

(ρapp, uapp, vapp) = (ρs
app, us

app, v
s
app) − vs

app(0; c)

v
f
app(0; c)

(ρ f
app, u f

app, v
f
app). (1.11)

Here the slow mode (ρs
app, us

app, v
s
app) is an approximate solution to the inviscid

system, the fast mode (ρ
f
app, u f

app, v
f
app) is an approximate solution to the full system

(1.3) which exhibits viscous boundary layer structure near Y = 0; see (2.19) and
(2.30) for the precise definition of slow and fast modes respectively. Note that the
approximate solutions defined in (1.11) have zero normal velocity at the boundary,
that is vapp(0; c) ≡ 0. Then, to recover the no-slip boundary condition, inspired

by [3,4], we analyze the zero point of Fapp(c)
def= us

app(0; c) − vs
app(0;c)

v
f
app(0;c)

u f
app(0; c)

by applying Rouché’s Theorem. Precisely, we study the equation Fapp(c) = 0 in
a family of ε-dependent domains D0 (see (2.34)). Then, by Rouché’s Theorem,
we can show that Fapp(c) has the same number of zero points as a linear function
Fref(c) defined by (2.41). In addition, we prove that |Fapp(c)| has a strictly positive
lower bound on ∂ D0.
Step 2. Stability of the approximate growing mode. Since the approximate solu-

tion ��app exhibits the instability already, this step is to show the existence of an
exact solution near ��app. This is the most difficult and key step. For this, we study
the resolvent problem
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iα(Us − c)ρ + divα(u, v) = 0,
√

ε�αu + λiα
√

εdivα(u, v) − iα(Us − c)u − v∂Y Us − (iαm−2 + √
ε∂2Y Us)ρ = fu,

√
ε�αv + λ

√
ε∂Y divα(u, v) − iα(Us − c)v −m−2∂Y ρ = fv,

v|Y=0 = 0,

(1.12)

with a given inhomogeneous source term ( fu, fv). Here, we emphasize that in
(1.12) only normal velocity field v is prescribed on the boundary. Even though we
relax the boundary constraint on u in (1.12), it is still difficult for existence because
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the presence of stretching term v∂Y Us . This difficulty is overcome by the following
three ingredients:

• Quasi-compressible approximation.When the inhomogeneous source ( fu, fv) ∈
H1(R+)2, we introduce the following quasi-compressible system

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iα(Us − c)� + iαu + ∂Y v = 0,√
ε�α

[
u + (Us − c)�

]− iα(Us − c)u − v∂Y Us − iαm−2� = fu,√
ε�αv − iα(Us − c)v − m−2∂Y � = fv,

v|Y=0 = 0,

(1.13)

which will be denoted by L Q(�, u, v) = (0, fu, fv). Note that the inviscid part
of the original linear operator L is kept in L Q , while the diffusion terms are
modified to be divergence free. It turns out that for Mach number m ∈ (0, 1),
the system (1.13) exhibits a similar stream function-vorticity structure as the
incompressible Navier–Stokes equations. In fact, if we introduce the “effective
stream function” 
 associated to the modified velocity variable (u + (Us −
c)�, v) which satisfies

∂Y 
 = u + (Us − c)�, − iα
 = v, 
|Y=0 = 0,

then (1.13) can be reformulated in terms of 
 as

OSCNS(
) := i

n
�(�α
) + (Us − c)�(
) − ∂Y (A−1∂Y Us)


= fv − 1

iα
∂Y (A−1 fu),

(1.14)

where n = α/
√

ε, A(Y ) = 1−m2(Us −c)2 and�(
) = ∂Y (A−1∂Y 
)−α2
.
Note that A(Y ) is invertible at least form ∈ (0, 1) and c near the origin. When
the Mach number m = 0, we have � = �α and A(Y ) ≡ 1. Thus OSCNS in
this case reduces to the classical Orr–Sommerfeld operator for incompressible
Navier–Stokes system. Therefore, OSCNS can be viewed as the compressible
counterpart of the Orr–Sommerfeld equation, which to our best knowledge is
for the first time derived in the literatures. This formulationmotivates the notion
“quasi-compressible” approximation.

We solve (1.14)with artificial boundary conditions
|Y=0 = �(
)|Y=0 = 0
that allows us to obtain the weighted estimates on �(
). One can see that
when m = 0, these boundary conditions are simply the perfect-slip boundary
conditions used in [2,11,13] for the study of incompressible Navier–Stokes
equations. However, for the problem considered in this paper, the multiplier
w(Y ) = −∂Y (A−1∂Y Us) is not real. Therefore both its leading and first order
terms w0, w1 (see Lemma 3.3 for the precise definitions) play a role in the
energy estimates. For the bound estimations, we essentially use m ∈ (0, 1√

3
)

and the new structural condition (1.7) of the profile in order to show that the
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function w0 − Usw1 has a positive lower bound, cf. (3.29) in the proof of
Lemma 3.4.

After we obtain
 which solves (1.14), the solution (�, u, v) to (1.13) can be
recovered in terms of 
, cf. (3.11) and (3.12). Here we would like to mention
that (1.13) has a regularizing effect on density. That is, formally by applying
divα to the momentum equation in (1.13) and by noting that the diffusion term
lies in the kernel of divα , we have �α� ∈ L2(R+). This reveals an elliptic
structure for the linearized compressible Navier–Stokes equations in the sub-
sonic regime.

• Stokes approximation. Note that (�, u, v) is not an exact solution to (1.12) and
its error is

EQ(�, u, v)
def= L(�, u, v) − L Q(�, u, v)

= (0,−√
ε�α

[
(Us − c)�

]+ λ
√

εiαdivα(u, v),√
ε∂Y divα(u, v)

)
. (1.15)

This error term involves a small factor of
√

ε but lies only in L2(R+). This
fact prevents us from using the standard fixed point argument to solve (1.12).
To recover the regularity, we introduce another operator L S that we call Stokes
approximation. It is obtained fromL by removing the stretching term, that is,

L S(ξ, φ, ψ)
def= L(ξ, φ, ψ) + (0, ψ∂Y Us, 0).

To eliminate the error EQ(�, u, v), we then take (ξ, φ, ψ) as the solution to

L S(ξ, φ, ψ) = −EQ(�, u, v), ∂Y φ|Y=0 = ψ |Y=0 = 0.

By using the energy approach in the same spirit as Matsumura-Nishida [27]
and Kawashima [17], we are able to show (ξ, φ, ψ) is in H1(R+)× H2(R+)2.
Thus, the error term ES(ξ, φ, ψ) := (0, ψ∂Y Us, 0) is in the weighted space
H2

w(R+) so that we can treat it as source term of L Q . Therefore, we can iterate
the above two approximations.

• Quasi-compressible-Stokes iteration. Recall that we have the following two
decompositions of the linear operator L :

L = L Q + EQ = L S + ES .

The solvability to (1.12) can be justified via an iteration scheme that is illustrated
as follows. Assume that at the N -th step we have an approximate solution in
the form of

∑N
j=0

�� j which satisfies

L

⎛

⎝
N∑

j=0

�� j

⎞

⎠ = (0, fu, fv) + �EN .

Here �EN is an error term at this step. Provided that �EN is smooth enough and
has zero value at its first component, we can introduce a corrector

��N+1 = −L−1
Q ( �EN ) + L−1

S ◦ EQ ◦ L−1
Q ( �EN ),
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where L−1
Q and L−1

S denote respectively the solutionoperators to quasi-compressible
and Stokes approximate systems. The approximate solution at the N + 1-step
is therefore defined by

∑N+1
j=0

�� j . Then we have

L

⎛

⎝
N+1∑

j=1

�� j

⎞

⎠ = (0, fu, fv) + �EN+1

:= (0, fu, fv) + ES ◦ L−1
S ◦ EQ ◦ L−1

Q ( �EN ).

A combination of the smallness of EQ , the regularizing effect of L−1
S and the

strong decay property of ES yields the contraction in H1
w(R+) of truncated

error operator ES ◦ L−1
S ◦ EQ ◦ L−1

Q so that the convergence of series
∑∞

j=1
�� j

in H1(R+) × H2(R+)2 follows, cf. the proof of Proposition 3.1.

Step. 3. Recovery of the no-slip boundary condition. We look for solutions to the
original system (1.3) with v|Y=0 = 0 in the form of (ρ, u, v) = (ρapp, uapp, vapp)−
(ρR, u R, vR).Here the remainder (ρR, u R, vR) solvesL(ρR, u R, vR)= E, vR |Y=0=
0, where E is the error due to the approximation (ρapp, uapp, vapp). In this step, we
need to decompose the error into regular and smallness parts as in (2.44). The
remainder is divided accordingly into ��R = ��re + ��sm. The reason for such
decomposition is that the regular part Ere coming from the rough approximation
to Rayleigh equation has a worse bound than the smallness part so that we can
compensate some extra order of ε by the favorable bounds of ��re due to strong
decay and H1-regularity of Ere, cf. Proposition 3.1. Eventually, we can prove that

|u R(0; c)| � Cε
1
16 on ∂ D0, which is smaller than |uapp(0; c)|. Then we conclude

Theorem 1.1 by Rouché’s Theorem.
The rest of the paper is organized as follows: in the next section, we will con-

struct the approximate growing mode. In Sect. 3, we will show the solvability of the
linearized system (1.3) with zero normal velocity condition in order to resolve the
remainder due to the approximation. The proof is divided into several steps. Firstly,
two approximate systems, that is, Quasi-compressible and Stokes approximations
will be introduced in Sects. 3.1 and 3.2 respectively. Based on these two systems,
the iteration scheme will be analyzed in Sect. 3.3. The proof of Theorem 1.1 will be
given in the final section. In the Appendix, we will give the proof of the invertibility
of operator � that is used in the construction of solution to the equation (3.16).

In the paper, for any z ∈ C \ R−, we take the principle analytic branch of log z
and zk, k ∈ (0, 1), that is

log z � Log|z| + iArgz, zk � |z|keikArgz, Argz ∈ (−π, π ].
Notations: Throughout the paper, C denotes a generic positive constant and Ca

means that the generic constant depending on a. These constants may vary from
line to line. A � B and A = O(1)B mean that there exists a generic constant C
such that A � C B. And A �a B implies that the constant C depends on a. Similar
definitions hold for A � B and A �a B. Moreover, we use notation A ≈ B if
A � B and A � B. ‖ · ‖L2 and ‖ · ‖L∞ denote the standard L2(R+) and L∞(R+)
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norms respectively. For any η > 0, L∞
η (R+) denotes the weighted Lebesgue space

with the norm ‖ f ‖L∞
η

� supY∈R+
∣
∣eηY f (Y )

∣
∣. And the weighted Sobolev space

W k,∞
η (R+) (k ∈ N) has the norm ‖ f ‖W k,∞

η
=∑ j�k ‖∂ j

Y f ‖L∞
η
.

2. Approximate Growing Mode

In the following three subsections, we will construct the approximate growing
mode that satisfies the no-slip boundary condition. Similar to the incompressible
Navier–Stokes equations, this is based on the superposition of the slow mode and
the fast mode that represent the interaction of the inviscid and viscous effects near
the boundary.

2.1. Slow Mode

In this subsection, we will construct the slow mode to capture the inviscid
behavior. For this, we consider the following system denoted by I(ρ, u, v) = �0:

⎧
⎪⎨

⎪⎩

iα(Us − c)ρ + divα(u, v) = 0,

iα(Us − c)u + m−2iαρ + v∂Y Us = 0,

iα(Us − c)v + m−2∂Y ρ = 0.

(2.1)

By introducing a new function � = i
α
v, from (2.1)1, we have

u = ∂Y � − (Us − c)ρ. (2.2)

Substituting this into (2.1)2 yields

−m−2A(Y )ρ = (Us − c)∂Y � − �∂Y Us,

where

A(Y )
def= 1 − m2(Us − c)2. (2.3)

Note that for the uniformly subsonic boundary layer, that is m ∈ (0, 1), when
|c| � 1, A(Y ) is invertible so that we can represent ρ in terms of � by

ρ = −m2A−1(Y ) [(Us − c)∂Y � − �∂Y Us] . (2.4)

Plugging (2.4) into (2.1)3, we derive the following equation for �, which can be
viewed as an analogy of the classical Rayleigh equation in the compressible setting:

RayCNS
def= ∂Y

{
A−1 [(Us − c)∂Y � − �∂Y Us]

}
− α2(Us − c)� = 0. (2.5)

We remark that the equation (2.5) was firstly derived by Lees-Lin in [19] for the
study of stability of shear flow in inviscid fluid. Thus (2.5) is sometimes referred
to as Lees-Lin equation.



Arch. Rational Mech. Anal. (2023) 247:83 Page 11 of 53 83

The slow mode will be constructed based on an approximate solution to (2.5).
Since (2.5) has similar structure of theRayleigh equation, the construction is similar
as [7,22] for incompressible flow. In what follows we sketch the key steps to make
the paper to be self-contained.

Starting from α = 0, the equation (2.5) admits following two independent
solutions

ϕ+(Y ) = (Us − c),

ϕ−(Y ) = (Us − c)
∫ Y

1

1

(Us(X) − c)2
dX − m2(Us − c)Y, for Imc > 0.

For α > 0, to capture the decay property of the solution, we set

β
def= αA

1
2∞, where A∞ = lim

Y→+∞ A(Y ) = 1 − m2(1 − c)2

= 1 − m2 + O(1)|c|, for |c| � 1.
(2.6)

Then we define

ϕ+,α(Y ) = e−βY ϕ+(Y ), ϕ−,α(Y ) = e−βY ϕ−(Y ). (2.7)

Direct computation yields the following error terms:

RayCNS
(
ϕ+,α

) = −2β A−2∂Y Usϕ+,α + A−1(Us − c)(β2 − α2A)ϕ+,α, (2.8)

RayCNS
(
ϕ−,α

) = −2β A−2∂Y Usϕ−,α + A−1(Us − c)(β2 − α2A)ϕ−,α − 2βe−βY .

(2.9)

To have a better approximate solution for (2.5) up to O(α2), the following approx-
imate Green’s function is needed:

Gα(X, Y )
def= −(Us(X) − c)−1

{
e−β(Y−X)ϕ+(Y )ϕ−(X), X < Y,

e−β(Y−X)ϕ+(X)ϕ−(Y ), X > Y.

Then we define a corrector

ϕ1,α(Y )
def= 2

∫ ∞

0
G(X, Y )A−2(X)∂Y Us(X)ϕ+,α(X)dX, (2.10)

and set

�s
app(Y ; c)

def= ϕ+,α + βϕ1,α. (2.11)

Hence, by (2.8) and (2.9), we have

RayCNS
(
�s

app

)
= − 2β2A−2U ′

sϕ1,α + 4β2e−βY
∫ ∞

Y
A−2(X)U ′

s(X)ϕ+(X)dX

+ A−1(Us − c)(β2 − α2A)�s
app

=O(1)α2|∂Y Us |. (2.12)

In summary, �s
app is the slow mode with properties given in the following lemma:
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Lemma 2.1. Let the Mach number m ∈ (0, 1). Then for each Y � 0, �s
app(Y ; c)

is holomophic in the upper-half complex plane {c ∈ C | Imc > 0}. Moreover, there
exists γ1 ∈ (0, 1), such that if Imc > 0 and |c| < γ1, the boundary values of �s

app
have the following expansions:

�s
app(0; c) = −c + α

(1 − m2)
1
2

+ O(1)α|c log Imc|, (2.13)

∂Y �s
app(0; c) = 1 + O(1)α| log Imc|. (2.14)

Proof. Since Imc > 0, Us(Y ) − c �= 0, ∀Y � 0. The analyticity of �s
app follows

from the explicit formula (2.7), (2.10) and (2.11). Now we derive the boundary
values �s

app(0; c) and ∂Y �s
app(0; c).

Firstly, note that

ϕ1,α(Y ; c) = − 2e−βY ϕ+(Y )

∫ Y

0
ϕ−(X)A−2(X)∂Y Us(X)dX

− 2e−βY ϕ−(Y )

∫ ∞

Y
ϕ+(X)A−2(X)∂Y Us(X)dX. (2.15)

Then it holds that

ϕ1,α(0; c) = −2ϕ−(0)
∫ ∞

0
A−2(X)(Us − c)∂Y Us(X)dX

= −ϕ−(0)

m2

∫ ∞

0

d

dX
(A−1)dX

= −ϕ−(0)

m2

(
A−1(+∞) − A−1(0)

)
= −ϕ−(0)(1 − 2c)

[1 − m2(1 − c)2][1 − m2c2]
= −ϕ−(0)

(
1

1 − m2 + O(1)|c|
)

, for |c| � 1. (2.16)

Then by using (2.11) and the fact that β = α[(1 − m2)
1
2 + O(1)|c|], one has

�s
app(0; c) = ϕ+,α(0, c) + βϕ1,α(0, c) = −c − αϕ−(0)

(
1

(1 − m2)
1
2

+ O(1)|c|
)

.

(2.17)

To estimate the boundary value ∂Y �s
app(0; c), differentiating (2.15) yields that

∂Y ϕ1,α(Y ; c) = − βϕ1,α(Y ; c) + U ′
s(Y )(Us − c)−1ϕ1,α(Y ; c)

− 2e−βY A(Y )(Us − c)−1
∫ ∞

Y
ϕ+(X)A−2(X)∂Y Us(X)dX.
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Similar to (2.16), by using U ′
s(0) = 1, we obtain

∂Y ϕ1,α(0; c) = −βϕ1,α(0; c) − c−1ϕ1,α(0; c)

+ 2c−1A(0)
∫ ∞

0
ϕ+(X)A−2(X)∂Y Us(X)dX

= −βϕ1,α(0; c) − c−1ϕ1,α(0; c) + c−1A(0)

(
1

1 − m2 + O(1)|c|
)

= 1

c(1 − m2)
(1 + ϕ−(0)) + O(1)(1 + |ϕ−(0)|).

Here we have used (2.16) in the last identity. Consequently, it holds that

∂Y �s
app(0; c) = ∂Y ϕ+,α(0; c) + β∂Y ϕ1,α(0; c)

= 1 + α

c(1 − m2)
1
2

(1 + ϕ−(0)) + O(1)|α|(1 + |ϕ−(0)|). (2.18)

Finally, we have ϕ−(0) = −1 + O(1)|c log Imc|, cf. Lemma 3.1 in [22]. Then by
substituting this into (2.17) and (2.18), we obtain (2.13) and (2.14). The proof of
Lemma 2.1 is completed. ��

With�s
app, we can define the slowmode of fluid quantities ��s

app
def= (ρs

app, us
app,

vs
app) by using (2.2) and (2.4) as follows:

vs
app = −iα�s

app, ρs
app = −m2A−1

[
(Us − c)∂Y �s

app − �s
app∂Y Us

]
,

us
app = ∂Y �s

app − (Us − c)ρs
app. (2.19)

One can directly check that ��s
app satisfies

I( ��s
app) = (0, 0,RayCNS(�

s
app)), (2.20)

where the error RayCNS(�
s
app) is given in (2.12). Therefore, ��s

app is an approximate

solution to the inviscid equation (2.1) up to O(α2).

2.2. Fast Mode

To capture the viscous effect of (1.3) in the boundary layer, we need to construct
a boundary sublayer corresponding to the fast mode in the approximate solution.
Let z

def= δ−1Y . Here 0 < δ � 1 is the scale of boundary sublayer which will be
determined later. Now we scale the density and velocity fields in the sublayer by
setting

p(z) = ρ(Y ), U(z) = u(Y ), V(z) = (iαδ)−1v(Y ). (2.21)
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This leads to the following rescaled system associated to (1.3):

(Us − c)p + U + ∂zV = 0, (2.22)

∂2z U − inδ2(Us − c)U − inδ3U ′
sV − (m−2inδ2 + δ2∂2Y Us)p

− α2δ2
[
(1 + λ)U + λ∂zV

] = 0, (2.23)

∂2z V − inδ2(Us − c)V − α2δ2V + λ∂z(U + ∂zV) + im−2ε− 1
2 α−1∂zp = 0.

(2.24)

Here the constant is n
def= α√

ε
, which is the rescaled frequency. RecallingU ′

s(0) = 1,

we can rewrite Us(Y ) − c as

Us(Y ) − c = U ′
s(0)Y − c + [Us(Y ) − U ′

s(0)Y ] = δ(z + z0) + O(1)|δ|2|z|2,
(2.25)

where z0
def= −δ−1c, and

U ′
s(Y ) = U ′

s(0) + U ′
s(Y ) − U ′

s(0) = 1 + O(1)|δ||z|. (2.26)

In view of (2.22)–(2.26), it is natural to set

δ = e− 1
6π i n− 1

3 ,

so that inδ3 = 1. Formally, we have the expansion

p = p0 + δp1 + · · · , U = U0 + δU1 · · · , V = V0 + δV1 · · · .

Inserting this expansion into (2.22)–(2.24) and taking the leading order, we can
derive the following system for (p0,U0,V0)

p0(z) = U0(z) + ∂zV0(z) = 0, (2.27)

∂2z U0(z) − (z + z0)U0(z) − V0(z) = 0, (2.28)

where the variable z lies in the segment e
1
6π i

R+. From (2.27), we observe that the
leading order terms of the density and divergence of velocity field vanish in the
sublayer. We also require (U0,V0) to concentrate near the boundary, that is,

lim
z→∞,z∈e

1
6 π i

R+
(U0,V0) = �0.

Differentiating (2.28), by (2.27), we obtain

∂4z V0 − (z + z0)∂
2
z V0 = 0. (2.29)

Therefore, from (2.27) and (2.29) we have

U0(z) = −Ai(1, z + z0)

Ai(2, z0)
, V0(z) = Ai(2, z + z0)

Ai(2, z0)
.
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Here Ai(1, z) and Ai(2, z) are respectively the first and second order primitives of
the classical Airy function Ai(z) which is the solution to Airy equation

∂2z Ai − zAi = 0.

Ai(2, z), Ai(1, z) and Ai(z) all vanish at infinity along e
1
6π i

R+. They satisfy the
relations ∂zAi(k, z) = Ai(k − 1, z), k = 1, 2, where Ai(0, z) ≡ Ai(z). For the
detailed construction of these profiles, we refer to [12].

Finally, by rescaling the leading order profile (p0,U0,V0) via (2.21), we define
the fast mode as

�� f
app = (ρ f

app, u f
app, v

f
app)(Y )

def= (0,U0, iαδV0)(δ
−1Y ). (2.30)

Obviously,

u f
app(0; c) = −Ai(1, z0)

Ai(2, z0)
, v f

app(0; c) = iαδ. (2.31)

2.3. Approximate Growing Mode

Based on slow and fast modes constructed in the above two subsections, we
are now ready to construct an approximate growing mode to (1.3) with boundary
condition (1.4). Set

��app(Y ; c) = (ρapp, uapp, vapp)(Y ; c)
def= ��s

app(Y ; c) − vs
app(0; c)

v
f
app(0; c)

�� f
app(Y ; c)

= ��s
app(Y ; c) + δ−1�s

app(0; c) �� f
app(Y ; c), (2.32)

where ��s
app, �� f

app are defined in (2.19), (2.30) respectively, and the function�s
app(Y ; c)

is defined in (2.11) with boundary data satisfying (2.13) and (2.14). Thanks to
(2.31), the normal velocity vapp satisfies the zero boundary condition, that is,
vapp(0; c) ≡ 0. Therefore, the approximate solution (2.32) satisfies the full no-
slip boundary condition (1.4) if and only if the following function vanishes at some
point c:

Fapp(c)
def= uapp(0; c) = ∂Y �s

app(0; c) + cρs
app(0; c) − δ−1�s

app(0; c)
Ai(1, z0(c))

Ai(2, z0(c))
.

To find the zero point ofFapp(c), we consider the Mach numberm ∈ (0, 1) and

the wave number α = K ε
1
8 with K � 1 being a large but fixed real number. Set

c0
def=
(

K

(1 − m2)
1
2

+ K −1(1 − m2)
1
4 e

1
4π i

)

ε
1
8 (2.33)

and define a disk centered at c0 by

D0
def=
{

c ∈ C | |c − c0| � K −1−θ (1 − m2)
1
4 ε

1
8

}
, (2.34)
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with some constant θ ∈ (0, 1). Clearly, for any m ∈ (0, 1), there exists a positive
constant τ0 > 0 (τ0 → 0 as m → 1), such that for sufficiently large K , the
following estimates hold for any c ∈ D0:

Imc �τ0K −1ε
1
8 , 0 < argc < τ0K −2,

and
K (1 − τ0K −2)

(1 − m2)
1
2

ε
1
8 � |c| � K (1 + τ0K −2)

(1 − m2)
1
2

ε
1
8 . (2.35)

With the above preparation, we will prove the following proposition about the
existence of approximate growing mode:

Proposition 2.2. Let m ∈ (0, 1). There exists a positive constant K0 > 1, such

that if K � K0, then there exists ε1 ∈ (0, 1), such that for α = K ε
1
8 and c ∈ D0

with ε ∈ (0, ε1), the function Fapp(c) has a unique zero point in D0. Moreover, on
the circle ∂ D0, it holds that

|Fapp(c)| � 1

2
K −θ . (2.36)

Proof. The proof follows the approach used in Proposition 3.2 in the authors’ paper
[22] with Liu on the incompressible MHD system. For completeness, we sketch
the main steps as follows. Firstly, we take K0 sufficiently large so that (2.35) holds

in the disk D0. Then for α = K ε
1
8 and any c ∈ D0, by (2.13), (2.14) and (2.35),

we have

�s
app(0; c) = −c + α

(1 − m2)
1
2

+ O(1)ε
1
4 | log ε|,

∂Y �s
app(0; c) = 1 + O(1)ε

1
8 | log ε|. (2.37)

Thus from (2.4) the expression for ρs
app, one obtains

ρs
app(0; c) = m2A−1(0)

(
c∂Y �s

app(0; c) + U ′
s(0)�

s
app(0; c)

)

= m2

1 − m2c2

(
α

(1 − m2)
1
2

+ O(1)ε
1
4 | log ε|

)

= O(1)ε
1
8 . (2.38)

Next, we consider the ratio Ai(1,z0)
Ai(2,z0)

. Recall z0(c) = −δ−1c = −e
1
6π i K

1
3 ε− 1

8 c.
(2.35) implies that

|z0| = K
4
3

(1−m2)
1
2

(1+τ0K −2), and − 5

6
π <argz0 < −5

6
π+τ0K −2, ∀c∈ D0.

(2.39)
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Then using the asymptotic behavior of Airy profile (for example cf. [12]) and by
(2.39), we obtain

Ai(1, z0)

Ai(2, z0)
= −z

1
2
0 + O(1)|z0|−1 = − K

2
3

(1 − m2)
1
4

e− 5
12π i + O(1)K − 4

3 , K 
 1.

(2.40)

Now we set

Fref(c)
def= 1 + e− 1

4π i K (1 − m2)−
1
4 ε− 1

8

(

−c + α

(1 − m2)
1
2

)

. (2.41)

On one hand, there exists a unique zero point c0 in (2.33) to the mapping Fref(c).
On the boundary ∂ D0, it holds that

|Fref(c)| = K −θ . (2.42)

On the other hand, we can show thatFref(c) is the leading order ofFapp(c). In fact,
by (2.37), (2.38) and (2.40), we have the following estimate on the difference:

∣
∣Fapp(c) − Fref(c)

∣
∣ �

∣
∣
∣
∣
∣
1 + e

1
6π i K

1
3 ε− 1

8

(

c − α

(1 − m2)
1
2

)
Ai(1, z0)

Ai(2, z0)
− Fref(c)

∣
∣
∣
∣
∣

+ CK ,mε
1
8 | log ε|

�
∣
∣
∣
∣
∣
1 + e

1
6π i K

1
3 ε− 1

8

(

c − α

(1 − m2)
1
2

)

z
1
2
0 − Fref(c)

∣
∣
∣
∣
∣

+ CmK −2 + CK ,mε
1
8 | log ε|

� CmK −2 + CK ,mε
1
8 | log ε|.

Here the positive constants Cm are independent of K and ε and CK ,m depends on
K and Mach number m, but not on ε. Now we take K0 larger if needed and then
take ε1 ∈ (0, 1) suitably small such that for ε ∈ (0, ε1) and K � K0, it holds that

CmK −2 + CK ,mε
1
8 | log ε| <

1

2
K −θ .

Consequently, one obtains

|Fapp(c) − Fref(c)| � 1

2
|Fref(c)|, ∀c ∈ ∂ D0.

Combining this with (2.42) yields (2.36). Moreover, since Ai(1, z) and Ai(2, z)
are analytic functions and Ai(2, z0) �= 0 due to (2.40), both Fapp(c) and Fref(c)
are analytic in D0. Therefore, by Rouché’s Theorem, Fapp(c) and Fref(c) have the
same number of zeros in D0. The proof of Proposition 2.2 is then completed. ��
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We now conclude this subsection by summarizing the relations between the
parameters n (rescaled frequency), δ (scale of sublayer), α (wave number) and ε

(viscosity) that will be used frequently later:

n = α√
ε
; and δ = e− 1

6π i n− 1
3 .

If, in particular, α = K ε
1
8 and c ∈ D0, then

α ≈ |c| ≈ Imc ≈ |δ| ≈ n− 1
3 ≈ ε

1
8 , (2.43)

where the relations may depend on K but not on ε.

2.4. Estimates on Error Terms

In this subsection, we will give the detailed estimate on the error of the approx-
imate solution (2.32) by using a decomposition that takes the decay and regularity
in Y into consideration.

“Regular + Smallness′′decomposi tion :Precisely, the approximate solution
��app to (1.3) has the following error representation:

L( ��app) = (0, 0, Ev,re) + (0, Eu,sm, Ev,sm). (2.44)

Here the regular part

Ev,re = RayCNS(�
s
app) (2.45)

with RayCNS(�
s
app) defined in (2.12). Observe that Ev,re has strong decay in Y due

to the background boundary layer profile, and the smallness part reads

Eu,sm = √
ε�αus

app + λiα
√

εdivα(us
app, v

s
app) − √

ε∂2Y Usρ
s
app + η

√
εα2u f

app

−iαη(Us(Y ) − U ′
s(0)Y )u f

app − ηv f
app(∂Y Us(Y ) − ∂Y Us(0)),

Ev,sm = √
ε�αvs

app + λ
√

ε∂Y divα(us
app, v

s
app) + η

√
ε�αv f

app − iαη(Us − c)v f
app,

(2.46)

where η
def= δ−1�s

app(0; c). As we will see, the error terms Eu,sm and Ev,sm are of
higher order in ε than Ev,re.

The estimates on these error terms are summarized in the next proposition. Let
us first define some weighted Sobolev spaces for later use:

L2
w(R+)

def=
{

f ∈ L2(R+)

∣
∣
∣
∣ ‖ f ‖L2

w

def= ‖|∂2Y Us |− 1
2 f ‖L2 < ∞

}

,

H N
w (R+)

def=
⎧
⎨

⎩
f ∈ H N (R+)

∣
∣
∣
∣ ‖ f ‖H N

w

def=
N∑

j=0

‖∂ j
Y f ‖L2

w
< ∞, N is a positive integer

⎫
⎬

⎭
.

(2.47)

Recall K0 � 1 and ε1 ∈ (0, 1) are constants given in Proposition 2.2. For
K � K0 and ε ∈ (0, ε1), the disk D0 is defined in (2.34). The following proposition
gives the precise error bound estimates:
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Proposition 2.3. Let the Mach number m ∈ (0, 1). There exists ε2 ∈ (0, ε1), such

that for ε ∈ (0, ε2), α = K ε
1
8 and c ∈ D0, the error terms Ev,re, Eu,sm and Ev,sm

satisfy the estimates

‖Ev,re(· ; c)‖H1
w

�K ε
3
16 , (2.48)

‖Eu,sm(· ; c)‖L2 + ‖Ev,sm(· ; c)‖L2 �K ε
7
16 , (2.49)

Here the constant K is uniform in ε.

The proof of Proposition 2.3 follows from a series of estimations on approx-
imate solutions. First of all, we show some properties of corrector ϕ1,α and the
approximate solution �s

app to Rayleigh operator that are defined in (2.10) and

(2.11) respectively. Fixm ∈ (0, 1) and set β1
def= 1

2 (1 − m2)
1
2 α.

Lemma 2.4. Let γ1 be the constant given in Lemma 2.1. There exists γ2 ∈ (0, γ1),
such that for any c lies in the half disk {c ∈ C | Imc > 0, |c| < γ2} and α ∈ (0, 1),
the corrector ϕ1,α satisfies

‖ϕ1,α‖L∞
β1

+ α
1
2 ‖ϕ1,α‖L2 � 1, (2.50)

‖∂Y ϕ1,α‖L∞
β1

� 1 + | log Imc|, ‖∂Y ϕ1,α‖L2 � 1, (2.51)

‖∂2Y ϕ1,α‖L∞
β1

+ (Imc)−
1
2 ‖∂2Y ϕ1,α‖L2 � (Imc)−1, (2.52)

‖∂3Y ϕ1,α‖L∞
β1

+ (Imc)−
1
2 ‖∂3Y ϕ1,α‖L2 � (Imc)−2. (2.53)

Moreover, if, in addition, α = K ε
1
8 and c ∈ D0, we have the following uniform

bounds:

α
1
2 ‖�s

app‖L2 + ‖∂Y �s
app‖H1 + ‖�s

app‖W 2,∞
β1

+ (Imc)
1
2 ‖∂3Y �s

app‖L2

+ Imc‖∂3Y �s
app‖L∞

β1
� 1. (2.54)

Proof. Recall that β = α
[
(1 − m2)

1
2 + O(1)|c|

]
from (2.6) and A(Y ) = 1 −

m2U 2
s +O(1)|c| from (2.3). Taking γ2 ∈ (0, γ1) suitably small, we have Reβ > β1

and |A−1| � 1
2(1−m2)

� 1 for |c| < γ2. Then the proof of (2.50)–(2.53) follows
from an argument exactly as in Lemma 3.6 in [22] by using the explicit expression
(2.15). Hence, we omit it for brevity.

For (2.54), we recall (2.11) and observe that

α
1
2 ‖ϕ+,α‖L2 + ‖∂Y ϕ+,α‖H2 + ‖ϕ+,α‖W 3,∞

β1
� 1. (2.55)

By (2.43), we have α/Imc � 1. Thus putting (2.50)–(2.53) and (2.55) together
yields the desired estimate (2.54). The proof of the lemma is then completed. ��

By Lemma 2.4, we can immediately obtain the following estimates on the slow
mode ��s

app given in (2.19):
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Corollary 2.5. If α = K ε
1
8 and c ∈ D0 ∩ {c ∈ C | |c| < γ2}, the slow mode ��s

app
satisfies the following estimates:

m−2‖ρs
app‖H1 + ‖us

app‖H1 + ‖vs
app‖H2 � 1, (2.56)

m−2‖∂2Y ρs
app‖L2 + ‖∂2Y us

app‖L2 � (Imc)−
1
2 . (2.57)

Proof. The estimate on vs
app follows from (2.54) directly. For ρs

app, using (2.54)
gives

m−2‖ρs
app‖L2 � ‖∂Y �s

app‖L2 + ‖∂Y Us‖L2‖�s
app‖L∞ � 1.

Differentiating (2.4) with respect to Y yields the formulas

m−2∂Y ρs
app = −m−2ρs

appA−1A′

−A−1(Us − c)∂2Y �s
app + �s

appA−1∂2Y Us,

and

m−2∂2Y ρs
app = −2m−2A−1∂Y A∂Y ρs

app − m−2A−1∂2Y Aρs
app

−A−1∂Y

[
(Us − c)∂2Y �s

app − �s
app∂

2
Y Us

]
.

Taking L2-norm and by (2.54), we obtain

m−2‖∂Y ρs
app‖L2 � m−2‖ρs

app‖L2 + ‖∂2Y �s
app‖L2 + ‖�s

app‖L∞‖∂2Y Us‖L2 � 1,

and

m−2‖∂2Y ρs
app‖L2 � m−2‖(ρs

app, ∂Y ρs
app)‖L2 + ‖∂Y �s

app‖H2 + ‖∂3Y Us‖L2‖�s
app‖L∞

� (Imc)−
1
2 .

The velocity field us
app can be estimated in the same way so that we omit the details.

And this completes the proof of the corollary. ��
The next lemma gives some pointwise estimates on the fast mode (u f

app, v
f
app)

defined in (2.30). The proof follows from Lemma 3.9 in [22] by using the pointwise
estimate of Airy profiles. Thus, we omit the details, for brevity.

Lemma 2.6. The fast mode (u f
app, v

f
app) has the pointwise estimates

∣
∣
∣∂

k
Y u f

app(Y ; c)
∣
∣
∣ � n

k
3 e−τ1n

1
3 Y , k = 0, 1, 2 (2.58)

∣
∣
∣∂

k
Y v f

app(Y ; c)
∣
∣
∣ � n

k−2
3 e−τ1n

1
3 Y , k = 0, 1, 2, (2.59)

for some constant τ1 > 0 which does not depend on n.

With the above estimates, we are now ready to prove Proposition 2.3 as follows:
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Proof of Proposition 2.3. We start with proving (2.48) for Ev,re. Recall the defini-
tion (2.45) and explicit formula (2.12). By taking ε2 > 0 suitably small, such that
D0 ⊂ {Imc > 0, |c| � γ2}, we have Reβ > β1 and |A| � 1. Then thanks to (1.8),
(2.6), the bounds (2.50)–(2.54) and the fact that

|β2 − α2A| � α2|A(+∞) − A(Y )| � α2|1 − Us(Y )|,

we have

|Ev,re(Y )| � α2∂Y Us(Y )e−β1Y ‖ϕ1,α‖L∞
β1

+ α2e−β1Y (1 − Us(Y ))

+ |β2 − α2A|e−β1Y ‖�s
app‖L∞

β1

� α2∂Y Us(Y )e−β1Y ‖ϕ1,α‖L∞
β1

+ α2e−β1Y (1 − Us(Y ))(1 + ‖�s
app‖L∞

β1
)

� α2e−β1Y ∂Y Us(Y ).

This, combined with the concavity (1.9), gives the following weighted estimate:

‖Ev,re‖L2
w

� α2‖|∂2Y Us |− 1
2 ∂Y Us‖L∞‖e−β1Y ‖L2 � α

3
2 � ε

3
16 . (2.60)

Moreover, differentiating (2.12) yields

|∂Y Ev,re| � α2
(
|∂Y Us |2 + |∂2Y Us |

)
|ϕ1,α| + α2|∂Y Us |

(
e−β1Y + |∂Y ϕ1,α|

+|�s
app| + |∂Y �s

app|
)

.

With this, by the bounds (2.50)–(2.54) and the concavity (1.9), we obtain

‖∂Y Ev,re‖L2
w

� α2‖e−β1Y ‖L2

(
1 + ‖|∂2Y Us |− 1

2 ∂Y Us‖L∞
)

×
(

1 + ‖ϕ1,α‖W 1,∞
β1

+ ‖�s
app‖W 1,∞

β1

)

� α
3
2 � ε

3
16 . (2.61)

Putting (2.60) and (2.61) together yields the estimate (2.48) on part of the error
with decay.

Now we turn to estimate the part of error with smallness (Eu,sm, Ev,sm) which
is defined in (2.46). Keeping in mind the bounds of parameters (2.43) and

|η| = |δ|−1|�s
app(0; c)| �K 1, ∀c ∈ D0,

because of (2.13). Note that also |Us(Y )−U ′
s(0)Y | � Y 2, |∂Y Us(Y )−∂Y Us(0)| �

Y and

‖divα(us
app, v

s
app)‖H1 � C‖us

app‖H1 + C‖vs
app‖H2 .
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By the bounds on (us
app, v

s
app) and (u f

app, v
f
app) given in Corollary 2.5 and Lemma

2.6, we have

‖Eu,sm‖L2 �
√

ε(‖us
app‖H2 + ‖vs

app‖H2 + ‖ρs
app‖L2) + √

εα2‖u f
app‖L2

+ α‖Y 2u f
app‖L2 + ‖Yv f

app‖L2

�
√

ε(1 + |Imc|− 1
2 ) + √

εα2‖e−τ1n
1
3 Y ‖L2 + α‖Y 2e−τ1n

1
3 Y ‖L2

+ n− 2
3 ‖Y e−τ1n

1
3 Y ‖L2

�
√

ε(1 + |Imc|− 1
2 ) + √

εα2n− 1
6 + αn− 5

6 + n− 7
6 �K ε

7
16 , (2.62)

and

‖Ev,sm‖L2 �
√

ε(‖vs
app‖H2 + ‖us

app‖H1) + √
ε‖v f

app‖H2

+ α
(
|c|‖v f

app‖L2 + ‖Yv f
app‖L2‖Y −1Us‖L∞

)

�
√

ε + √
ε‖e−τ1n

1
3 Y ‖L2 + αn− 2

3

(

|c|‖e−τ1n
1
3 Y ‖L2 + ‖Y e−τ1n

1
3 Y ‖L2

)

�
√

ε(1 + n− 1
6 ) + α|c|n− 5

6 + αn− 7
6 �K ε

1
2 . (2.63)

Estimates (2.62) and (2.63) give the bound (2.49) for (Eu,sm, Ev,sm). Then the
proof of the proposition is completed. ��

3. Solvability of Remainder System

In this section, we will construct a solution to the resolvent problem

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iα(Us − c)ρ + divα(u, v) = 0,
√

ε�αu + λiα
√

εdivα(u, v) − iα(Us − c)u − v∂Y Us − (m−2iα + √
ε∂2Y Us)ρ = fu,

√
ε�αv + λ

√
ε∂Y divα(u, v) − iα(Us − c)v −m−2∂Y ρ = fv,

v|Y=0 = 0,

(3.1)

where ( fu, fv) is a given inhomogeneous source term. If ( fu, fv) ∈ H1(R+)2, we
define the operator

�( fu, fv)
def= fv − 1

iα
∂Y (A−1 fu). (3.2)

Recall (2.47) theweighted function space L2
w(R+). The following is themain result

in this section:

Proposition 3.1. (Solvability of resolvent problem) Let the Mach number m ∈
(0, 1√

3
). There exists ε3 ∈ (0, 1), such that for any ε ∈ (0, ε3), α = K ε

1
8 and

c ∈ D0, the following two statements hold.
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(1) If ( fu, fv) ∈ L2(R+)2, then there exists a solution �� = (ρ, u, v) ∈
H1(R+) × H2(R+)2 to (3.1) which satisfies the following estimates:

‖(m−1ρ, u, v)‖L2 � 1

α(Imc)2
‖( fu, fv)‖L2 , (3.3)

‖m−2∂Y ρ‖L2 + ‖divα(u, v)‖H1 � 1

α(Imc)2
‖( fu, fv)‖L2 , (3.4)

‖(∂Y u, ∂Y v)‖L2 � n
1
2

α(Imc)
1
2

‖( fu, fv)‖L2 , (3.5)

‖(∂2Y u, ∂2Y v)‖L2 � n

αImc
‖( fu, fv)‖L2 . (3.6)

(2) If in addition we have ( fu, fv) ∈ H1(R+)2 with ‖�( fu, fv)‖L2
w

< ∞,

then there exists a solution �� = (ρ, u, v) ∈ H1(R+) × H2(R+)2 to (3.1) which
satisfies the following improved estimates

‖(m−1ρ, u, v)‖H1 � 1

Imc
‖�( fu, fv)‖L2

w
+ 1

α
‖ fu‖+‖ fv‖L2 +‖divα( fu, fv)‖L2 ,

(3.7)

‖(∂2Y u, ∂2Y v)‖L2 � n
1
2

(Imc)
1
2

‖�( fu, fv)‖L2
w

+ 1

Imc

(
1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2

)

. (3.8)

Moreover, if ( fu, fv)(· ; c) is analytic in c with values in L2, then the solution
��(· ; c) is analytic with values in H1(R+) × H2(R+)2.

Remark 3.2. (a) BySobolev embedding H1(R+) ↪→ L∞(R+), themappingu(0; c) :
D0 �→ C is analytic.

(b) The solutions to (3.1) are in general not unique because we do not prescribe the
boundary data at Y = 0 for u.

(c) The constants in estimates (3.3)–(3.8) are uniform for m ∈ (0,m0] with any
m0 ∈ (0, 1√

3
).

(d) As one can see from the proof, the argument also works for a wider regime of
parameters:

|α| � 1, |c| � 1,
|c|2
Imc

� 1,
1

n(Imc)2
� 1. (3.9)

In fact, the boundedness of wave number α is essentially used in the proof. In
addition, we require c to satisfy (3.103) so that c ∈ �Q ∩�S where�Q and�S

are resolvent sets of L Q and L S respectively. Moreover, in view of (3.114), we
require smallness of 1

n(Imc)2
in order to establish the convergence of iteration.

These requirements can be fulfilled by the smallness in (3.9).

As mentioned in the Introduction, the proof of Proposition 3.1 is based on
the following two newly introduced decompositions, that is, quasi-compressibile
approximation and the Stokes approximation.
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3.1. Quasi-Compressible Approximation

Following the strategy described in the Introduction, we first consider the ap-
proximate problem

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iα(Us − c)� + divα(u, v) = 0,√
ε�α (u + (Us − c)�) − iα(Us − c)u − v∂Y Us − iαm−2� = s1,√
ε�αv − iα(Us − c)v − m−2∂Y � = s2,

v|Y=0 = 0,

(3.10)

with a given inhomogeneous source term (s1, s2).
By the continuity equation (3.10)1, we can define an “effective stream function”


 satisfying that

∂Y 
 = u + (Us − c)�, − iα
 = v, 
|Y=0 = 0. (3.11)

Then, by (3.10)2, we can express the density ρ in terms of 
 as

m−2�(Y ) = −A−1(Y )

[
i

n
�α∂Y 
 + (Us − c)∂Y 
 − 
∂Y Us + (iα)−1s1

]

.

(3.12)

Substituting (3.12) into (3.10)3, we derive the following equation for 
 which can
be viewed as the Orr–Sommerfeld equation in the compressible setting:

OSCNS(
)
def= i

n
�(�α
)+(Us−c)�(
)−∂Y (A−1∂Y Us)
=�(s1, s2), Y > 0.

(3.13)

Here the modified vorticity operator � is given by

� : H2(R+) ∩ H1
0 (R+) → L2(R+),

�(
)
def= ∂Y (A−1∂Y 
) − α2
,

(3.14)

and � is given in (3.2).
In order to solve (3.13), we consider the following boundary condition:


|Y=0 = �(
)|Y=0 = 0. (3.15)

If 
 solves problem (3.13) with boundary conditions (3.15), it is straightforward
to check that (ρ, u, v) defined by (3.11) and (3.12) is a solution to (3.10).

Thus, in what follows, we consider the boundary value problem

OSCNS(
) = h, Y > 0, 
|Y=0 = �(
)|Y=0 = 0, (3.16)

with a given inhomogeneous source h ∈ L2
w(R+). Let us first introduce the multi-

plier

w(Y )
def= −

(
∂Y

(
A−1∂Y Us

))−1
. (3.17)

A straightforward computation yields the properties of w stated in the following
lemma:
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Lemma 3.3. Let m ∈ (0, 1) and Us satisfy (1.5)–(1.8). There exists γ3 > 0, such
that if |c| < γ3, w(Y ) has the expansion

w = w0 + cw1 + O(1)|c|2|∂2Y Us |−1. (3.18)

Here w0 and w1 are given by

w0 = (1 − m2U 2
s )2

H
(|∂Y Us |2 + |∂2Y Us |

) , w1 = 4m2Us(1 − m2U 2
s )

H
(|∂Y Us |2 + |∂2Y Us |

)

− 2m2(1 − m2U 2
s )2
(|∂Y Us |2 − Us∂

2
Y Us

)

H2
(|∂Y Us |2 + |∂2Y Us |

)2 , (3.19)

where the function H(Y ) is defined in (1.7). Moreover, it holds that

w0(Y ) ≈ |w(Y )| ≈ |∂2Y Us(Y )|−1. (3.20)

Set the function space

X
def=
{

 ∈ H3(R+) ∩ H1

0 (R+), �(
)|Y=0 = 0
∣
∣
∣
∣ ‖∂Y 
,α
‖L2 + ‖�(
)‖L2

w
+ ‖∂Y �(
)‖L2

w
< ∞

}

.

For the problem (3.16), we have

Lemma 3.4. (A priori estimates) Let m ∈ (0, 1√
3
) and 
 ∈ X be a solution to

(3.16). There exists γ4 ∈ (0, γ3), such that for α ∈ (0, 1) and c lies in

�Q
def= {c ∈ C | I mc > max{γ −1

4 |c|2, γ −1
4 n−1}, |c| < γ4}, (3.21)

then 
 satisfies the following estimates

‖(∂Y 
,α
)‖L2 + ‖�(
)‖L2
w

� C

Imc
‖h‖L2

w
, (3.22)

‖ (∂Y �(
), α�(
)) ‖L2
w

� Cn
1
2

(Imc)
1
2

‖h‖L2
w
. (3.23)

Proof. Taking inner product of (3.16) with the multiplier −w�(
) leads to

− i

n

∫ ∞

0
w�(�α
)�(
)dY

︸ ︷︷ ︸
J1

+
∫ ∞

0
−(Us − c)w|�(
)|2dY

︸ ︷︷ ︸
J2

+
∫ ∞

0
−
�(
)dY

︸ ︷︷ ︸
J3

+
∫ ∞

0
hw�(
)dY

︸ ︷︷ ︸
J4

= 0. (3.24)
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Now we estimate J1 − J4 separately. Let us consider J3 first. By integrating by
parts and using the boundary condition 
|Y=0 = 0, we obtain

J3 =
∫ ∞

0
Ā−1|∂Y 
|2 + α2|
|2dY. (3.25)

Recalling (2.3) about the definition of A(Y ), we have

Ā−1 = (1 − m2U 2
s )−1 − 2m2Us(1 − m2U 2

s )−2c̄ + O(1)|c|2.
With this identity, the assumptionm ∈ (0, 1), and (1.5) for the positivity of Us ,

we can deduce from (3.25) that

ReJ3 � α2‖
‖2L2 + (1 − O(1)|c|)‖∂Y 
‖2L2 , (3.26)

and

ImJ3 � Imc‖m|Us | 12 ∂Y 
‖2L2 − O(1)|c|2‖∂Y 
‖2L2 , (3.27)

where the constants may depend on m but not on either ε or c.
For J2, we obtain from the expansion (3.18) and bound (3.20) that

−(Us − c)w = −Usw0 + (w0 − Usw1) c + O(1)|c|2|∂2Y Us |−1. (3.28)

Using the explicit formula (3.19) ofw0 and w1 gives

w0 − Usw1 = (1 −m2U2
s )

H2
(|∂Y Us |2 + |∂2Y Us |

)
{
(1 − 5m2U2

s )H

+2m2(1 −m2U2
s )(Us |∂Y Us |2 − U2

s ∂2Y Us)

|∂Y Us |2 + |∂2Y Us |

}

= (1 −m2U2
s )

H2
(|∂Y Us |2 + |∂2Y Us |

)2

{

(1 − 5m2U2
s )
[
(1 −m2U2

s )|∂2Y Us |

−2m2Us |∂Y Us |2
]

+ 2m2(1 −m2U2
s )(Us |∂Y Us |2 + U2

s |∂2Y Us |)
}

= (1 −m2U2
s )

H2
(|∂Y Us |2 + |∂2Y Us |

)2

{

(1 − 3m2U2
s )(1 −m2U2

s )|∂2Y Us |

+8m4U3
s |∂Y Us |2

}

. (3.29)

Since m ∈ (0, 1√
3
), we have (1 − 3m2U 2

s ) � (1 − 3m2) > 0. Thus, by (1.9)
and (3.29), it holds that

C1|∂2Y Us |−1 � w0 − Usw1 � C2|∂2Y Us |−1, (3.30)

where the positive constants C1 and C2 are uniform in ε and c. Therefore, taking
real and imaginary part of J2 respectively and using the bounds (3.20), (3.28) and
(3.30) yield

|ReJ2| � C‖�(
)‖2L2
w
, (3.31)
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and

ImJ2 �
(
Imc − O(1)|c|2

)
‖�(
)‖2L2

w
. (3.32)

For J1, we rewrite

J1 = −i

n

∫ ∞

0
w�α�(
)�(
)dY + i

n

∫ ∞

0
w[�α,�](
)�(
)dY := J11 + J12,

(3.33)

where [�α,�](
) is the commutator �α [�(
)]−� [�α(
)]. By integrating by
parts and using the boundary condition �(
)|Y=0 = 0, we obtain

J11 = i

n

∫ ∞

0
w
(
|∂Y �(
)|2 + α2|�(
)|2

)
dY + i

n

∫ ∞

0
∂Yw∂Y �(
)�(
)dY.

(3.34)

Then by (1.8) and (3.20), we have
∥
∥
∥∂Yw∂2Y Us

∥
∥
∥

L∞ = ‖w2∂2Y (A−1∂Y Us)∂
2
Y Us‖L∞

� ‖w∂2Y Us‖2L∞
(
‖∂Y Us‖L∞ + ‖|∂2Y Us |−1|∂Y Us |2‖L∞

+‖|∂2Y Us |−1|∂3Y Us‖L∞
)

� C.

Thus the last integral on the right hand side of (3.34) is bounded by
∣
∣
∣
∣

i

n

∫ ∞

0
∂Yw∂Y �(
)�(
)dY

∣
∣
∣
∣ �

1

n
‖∂Yw∂2Y Us‖L∞‖∂Y �(
)‖L2

w
‖�(
)‖L2

w

� 1

n
‖∂Y �(
)‖L2

w
‖�(
)‖L2

w
. (3.35)

By taking real and imaginary parts of J11 respectively and using (3.35), we deduce
that

|ReJ11| � 1

n

∫ ∞

0
|Imw|

(
|∂Y �(
)|2 + α2|�(
)|2

)
dY

+ 1

n
‖∂Y �(
)‖L2

w
‖�(
)‖L2

w
,

� |c|
n

‖(∂Y �(
), α�(
))‖2L2
w

+ 1

n
‖∂Y �(
)‖L2

w
‖�(
)‖L2

w
, (3.36)

and

ImJ11 � 1

n

∫ ∞

0
Rew

(
|∂Y �(
)|2 + α2|�(
)|2

)
dY − 1

n
‖∂Y �(
)‖L2

w
‖�(
)‖L2

w

� 1

n
‖(∂Y �(
), α�(
))‖2L2

w
− 1

n
‖∂Y �(
)‖L2

w
‖�(
)‖L2

w
, (3.37)

where we have used the fact that

|Imw| � |Imc|w1 + O(1)|c|2|∂2Y Us |−1 � |c||∂2Y Us |−1
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and

Rew � w0 − |c||w1| − O(1)|c|2||∂2Y Us |−1 � |∂2Y Us |−1

by the expansion (3.18).
Next we estimate J12. Recall (3.14) the definition of �. We have

[�α,�](
) = �α[�(
)] − �[�α(
)] = ∂3Y (A−1∂Y 
) − ∂Y (A−1∂3Y 
)

= 2∂Y (A−1)∂3Y 
 + 3∂2Y (A−1)∂2Y 
 + ∂3Y (A−1)∂Y 
. (3.38)

We rewrite ∂2Y 
 and ∂3Y 
 as

∂2Y 
 = A�(
) + A−1∂Y A∂Y 
 + α2A
,

∂3Y 
 = A∂Y �(
) + 2�(
)∂Y A + ∂Y 

(

A−1∂2Y A + α2A
)

+ 2α2
∂Y A.

By α ∈ (0, 1), it holds that

|∂2Y 
| � |�(
)| + |∂Y 
| + α|
|, |∂3Y 
| � |∂Y �(
)|+|�(
)|+|∂Y 
|+α|
|.
(3.39)

By (1.8), we have
∣
∣
∣∂Y (A−1)

∣
∣
∣ � C |∂Y Us |,

∣
∣
∣∂

2
Y (A−1)

∣
∣
∣ � C |∂2Y Us | + C |∂Y Us |2 � C |∂Y Us |,

∣
∣
∣∂

3
Y (A−1)

∣
∣
∣ � C |∂3Y Us | + C |∂2Y Us∂Y Us | + C |∂Y Us |3 � C |∂Y Us |. (3.40)

Then applying the bounds (3.39) and (3.40) to (3.38) gives

|[�α,�](
)| � |∂Y Us | (|∂Y �(
)| + |�(
)| + |∂Y 
| + α|
|) ,

which by (1.9) implies

‖[�α,�](
)‖L2
w

� ‖|∂2Y Us |− 1
2 ∂Y Us‖L∞

(

‖∂Y �(
)‖L2 + ‖�(
)‖L2 + ‖∂Y 
‖L2 + α‖
‖L2

)

� ‖∂Y �(
)‖L2 + ‖�(
)‖L2 + ‖∂Y 
‖L2 + α‖
‖L2 . (3.41)

Substituting (3.41) into J12 and using Cauchy-Schwarz inequality yield

|J12| � 1

n
‖w∂2Y Us‖L∞‖�(
)‖L2

w
‖[�α,�](
)‖L2

w

� 1

n
‖�(
)‖L2

w

(

‖∂Y �(
)‖L2
w

+ ‖�(
)‖L2
w

+ ‖(∂Y 
,α
)‖L2

)

, (3.42)

where we have used (3.20). By (3.36), (3.37) and (3.42), we can deduce from real
and imaginary parts of (3.33) that

|ReJ1| � |c|
n

‖(∂Y �(
), α�(
))‖2L2
w

+ 1

n
‖�(
)‖L2

w

(

‖∂Y �(
)‖L2
w

+ ‖�(
)‖L2
w

+ ‖(∂Y 
,α
)‖L2

)

,

(3.43)
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and

ImJ1 �1

n
‖(∂Y �(
), α�(
))‖2L2

w

− 1

n
‖�(
)‖L2

w

(

‖∂Y �(
)‖L2
w

+ ‖�(
)‖L2
w

+ ‖(∂Y 
,α
)‖L2

)

.

(3.44)

Finally, for J4, we have by Cauchy-Schwarz inequality that

J4 � ‖w∂2Y Us‖L∞‖h‖L2
w
‖�(
)‖L2

w
� ‖h‖L2

w
‖�(
)‖L2

w
. (3.45)

Thus, we have completed the estimation on J1 − J4.
By taking imaginary part of (3.24) and using previous bounds (3.27), (3.32),

(3.44) and (3.45) for J1 − J4, we have

1

n
‖(∂Y �(
), α�(
))‖2L2

w
+ Imc

(
‖�(
)‖2L2

w
+ ‖m|Us | 12 ∂Y 
‖2L2

)

� 1

n
‖�(
)‖L2

w

(
‖∂Y �(
)‖L2

w
+ ‖�(
)‖L2

w
+ ‖(∂Y 
,α
)‖L2

)

+ |c|2
(
‖�(
)‖2L2

w
+ ‖(∂Y 
,α
)‖2L2

)
+ ‖h‖L2

w
‖�(
)‖L2

w
. (3.46)

Similarly, taking real part of (3.24) and using (3.26), (3.31), (3.43) and (3.45) give

‖(∂Y 
,α
)‖2L2 �1

n
‖�(
)‖L2

w

(
‖∂Y �(
)‖L2

w
+ ‖�(
)‖L2

w
+ ‖(∂Y 
,α
)‖L2

)

+ ‖�(
)‖2L2
w

+ |c|
n

‖(∂Y �(
), α�(
))‖2L2
w

+ ‖h‖L2
w
‖�(
)‖L2

w
.

(3.47)

Multiplying estimate (3.47) by Imc, suitably combining it with (3.46) and using
Young’s inequality, we can obtain that

1

n
‖(∂Y �(
), α�(
))‖2L2

w
+ Imc

(
‖�(
)‖2L2

w
+ ‖(∂Y 
,α
)‖2L2

)

� 1

n
‖�(
)‖L2

w

(
‖∂Y �(
)‖L2

w
+ ‖�(
)‖L2

w
+ ‖(∂Y 
,α
)‖L2

)

+ |c|2
(
‖�(
)‖2L2

w
+ ‖(∂Y 
,α
)‖2L2

)
+ |c|

n
‖(∂Y �(
), α�(
))‖2L2

w

+ ‖h‖L2
w
‖�(
)‖L2

w

�
(

1

2n
+ C |c|

n

)

‖(∂Y �(
), α�(
)‖2L2
w

+ Imc

(
1

2
+ C

nImc
+ C |c|2

Imc

)

×
(
‖�(
)‖2L2

w
+ ‖(∂Y 
,α
)‖2L2

)
+ C

Imc
‖h‖2L2

w
. (3.48)

By taking γ4 ∈ (0, γ3) suitably small such that

C |c| � Cγ4 � 1

4
, and

C

nImc
+ C |c|2

Imc
� 2Cγ4 � 1

4
, ∀c ∈ �Q,
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we can absorb the first and second terms on the right hand side of (3.48) by the left
hand side. Thus,

‖�(
)‖L2
w

+ ‖(∂Y 
,α
)‖L2 � C

Imc
‖h‖L2

w
, and ‖(∂Y �(
), α�(
))‖L2

w

� Cn
1
2

(Imc)
1
2

‖h‖L2
w
.

The above two inequalities immediately imply the estimates (3.22) and (3.23). The
proof of the lemma is completed. ��

With the a priori estimates inLemma3.4,we canprove the existence, uniqueness
and analytic dependence on c of the solution to the compressible Orr–Sommerfeld
equation (3.16) in the following lemma:

Lemma 3.5. (Construction of the solution) Let m ∈ (0, 1√
3
), α ∈ (0, 1) and c ∈

�Q. If ‖h‖L2
w

< ∞, there exists a unique solution 
 ∈ X to (3.16) which satisfies

estimates (3.22) and (3.23). Moreover, if h(· ; c) is analytic in c in L2
w(R+), then


(· ; c) is analytic in X.

Remark 3.6. By elliptic regularity, the solution 
 is in H4(R+) ∩ H1
0 (R+).

Proof. The proof is based on a cascade of approximate process and a continuity
argument. First of all, we set W

def= �(
) and reformulate (3.16) as
⎧
⎨

⎩

i

n
�(�α�−1W ) + (Us − c)W + w−1�−1W = h, Y > 0,

W |Y=0 = 0.
(3.49)

Here the inverse operator �−1 : L2(R+) → H2(R+) ∩ H1
0 (R+) is constructed in

Lemma 5.1. If one can show the solvability of (3.49) in H1
w(R+), then by Lemma

5.1, 

def= �−1(W ) ∈ X and it solves the equation (3.16). Now we elaborate the

construction of solution to (3.49) in the following three steps.
Step 1. Fix any parameter l > 0. We start from an auxiliary problem

Tl(W )
def= i

n
�αW + (Us − c − il)W + w−1�−1W = h, W |Y=0 = 0. (3.50)

We claim that there exists l0 > 0, such that if c ∈ �Q and ‖h‖L2
w

< ∞, then

(3.50) admits a unique solution W ∈ H2
w(R+)∩ H1

0 (R+) and the solution operator
T −1

l0
: L2

w(R+) → H2
w(R+) is analytic in c. To prove this claim, we define a

sequence of approximate solutions {Wk}∞k=0 by the following equations
[
Airy − (c + il)

]
(Wk+1) = h − w−1�−1Wk, Wk+1

∣
∣
Y=0 = 0, W0 ≡ 0,

(3.51)

where Airy
def= i

n �α + Us : H2
w(R+) ∩ H1

0 (R+) → L2
w(R+) is the Airy operator.

For any c ∈ �Q and l > 0, by direct energy method, it is straightforward to check
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that c + il lies in the resolvent set of Airy operator. Thus by an inductive argument,
we can solve Wk and establish its analytic dependence on c from (3.51). In order to
take the limit k → ∞, we need some uniform estimates. Applying the multiplier
(∂2Y Us)

−1W̄k+1 to (3.51), we have

i

n

∫ ∞

0
(∂2Y Us)

−1W̄k+1�αWk+1dY +
∫ ∞

0
(∂2Y Us)

−1(Us − c − il)|Wk+1|2dY

= −
∫ ∞

0
(∂2Y Us)

−1w−1�−1(Wk)W̄k+1dY +
∫ ∞

0
(∂2Y Us)

−1hW̄k+1dY.

(3.52)

By Cauchy-Schwarz inequality, we deduce that
∣
∣
∣
∣

∫ ∞

0
(∂2Y Us)

−1hW̄k+1dY

∣
∣
∣
∣ � C‖h‖L2

w
‖Wk+1‖L2

w
. (3.53)

By using (3.20) and the bound in (5.1) for �−1, we have
∣
∣
∣
∣

∫ ∞

0
(∂2Y Us)

−1w−1�−1(Wk)W̄k+1dY

∣
∣
∣
∣ � C‖|w|−1|∂2Y Us |− 1

2 ‖L∞‖Wk+1‖L2
w
‖�−1(Wk)‖L2

� C‖Wk+1‖L2
w
‖(1 + Y )Wk‖L2

� C‖Wk+1‖L2
w
‖Wk‖L2

w
. (3.54)

Integration by parts yields

i

n

∫ ∞

0
(∂2Y Us)

−1W̄k+1�αWk+1dY = i

n

(
‖∂Y Wk+1‖2L2

w
+ α2‖Wk+1‖2L2

w

)

+ i

n

∫ ∞

0

∂3Y Us

(∂2Y Us)2
∂Y Wk+1W̄k+1dY.

(3.55)

By (1.8), the last integral in the above equality is bounded by
∣
∣
∣
∣
∣

i

n

∫ ∞

0

∂3Y Us

(∂2Y Us)2
∂Y Wk+1W̄k+1dY

∣
∣
∣
∣
∣
� 1

n

∥
∥
∥
∥
∥

∂3Y Us

∂2Y Us

∥
∥
∥
∥
∥

L∞
‖∂Y Wk+1‖L2

w
‖Wk+1‖L2

w

� C

n
‖∂Y Wk+1‖L2

w
‖Wk+1‖L2

w
. (3.56)

By taking the imaginary part of (3.52), and using the bounds obtained in (3.53)–
(3.56) with Young’s inequality, we have

1

n

(
‖∂Y Wk+1‖2L2

w
+ α2‖Wk+1‖2L2

w

)
+ (Imc + l)‖Wk+1‖2L2

w

� C‖Wk+1‖L2
w

(

‖h‖L2
w

+ ‖Wk‖L2
w

+ 1

n
‖∂Y Wk+1‖L2

w

)

� 1

2n
‖∂Y Wk+1‖2L2

w
+ Imc + l

2

(

1 + C

n(Imc + l)

)

‖Wk+1‖2L2
w

+ C

Imc + l

(
‖h‖2L2

w
+ ‖Wk‖2L2

w

)
. (3.57)
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We choose γ4 > 0 smaller if needed so that C
nImc < 1

2 , for any c ∈ �Q . Then (3.57)
gives

‖Wk+1‖L2
w

� C

Imc + l

(
‖Wk‖L2

w
+ ‖h‖L2

w

)
,

‖(∂Y Wk+1, αWk+1)‖L2
w

� Cn
1
2

(Imc + l)
1
2

(
‖Wk‖L2

w
+ ‖h‖L2

w

)
.

Now we take the difference Wk+1 − Wk . A Similar argument gives

‖Wk+1 − Wk‖L2
w

� C

Imc + l
‖Wk − Wk−1‖L2

w
,

‖∂Y Wk+1 − ∂Y Wk‖L2
w

� Cn
1
2

(Imc + l)
1
2

‖Wk − Wk−1‖L2
w
.

By taking l suitably large, such that C
Imc+l � C

l � 1
2 , {Wk}∞k=1 is a Cauchy sequence

in H1
w(R+). This implies the existence of a limit function W = limk→∞ Wk in

H1
w(R+) that is the solution to (3.50). By the elliptic regularity, Wk converges to W

in H2
w(R+). Moreover, by induction, each Wk is analytic in c, so is W by uniform

convergence. This justifies the claim and step 1 is completed.
Step 2. (Bootstrap from T −1

l0
to T −1

0 ). Consider the equation (3.50) for any fix

l ∈ [0, l0] with W l as its solution. Applying the multiplier −wW̄ l and using the
same argument as in Lemma 3.4, we can show that W l satisfies

‖W l‖L2
w

� C

Imc
‖h‖L2

w
, ‖(∂Y W l , αW l)‖L2

w
� Cn

1
2

(Imc)
1
2

‖h‖L2
w
, ∀c ∈ �Q,

(3.58)

where the constant C is uniform in l ∈ [0, l0]. Now we take l1 = l0 − λ for some
fixed constant 0 < λ < 2C−1γ −1

4 n−1 and construct the solution W l1 = T −1
l1

(h)

through the following iteration

W l1
k+1 = T −1

l0

(
−iλW l1

k + h
)

, W l1
0 ≡ 0.

Applying the a priori estimate (3.58) to W l1
k+1 − W l1

k yields that

‖W l1
k+1 − W l1

k ‖L2
w

� Cλ

Imc
‖W l1

k − W l1
k−1‖L2

w

� 1

2γ4nImc
‖W l1

k − W l1
k−1‖L2

w
� 1

2
‖W l1

k − W l1
k−1‖L2

w
,

‖∂Y W l1
k+1 − ∂Y W l1

k ‖L2
w

� Cλn
1
2

(Imc)
1
2

‖W l1
k − W l1

k−1‖L2
w

� C‖W l1
k − W l1

k−1‖L2
w
, ∀c ∈ �Q .
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Hence, {W l1
k }∞k=0 is a Cauchy sequence in H1

w and it has a limit W l1 = limk→∞ W l1
k .

It is straightforward to check that W l1 is in H2
w(R+)∩ H1

0 (R+) and satisfies (3.50)
with l = l1. Moreover, from the previous step we have already shown that each
W l1

k is analytic in c. Thus analyticity of W l1 follows from the uniform convergence.
Thus we have completed the construction solution operator T −1

l1
. Noting that W l1

satisfies the a priori estimate (3.58), we can take l2 = l1 − λ and construct the
solution operator T −1

l2
in the same way. Repeating the same procedure, we can

eventually establish the existence and analytic dependence on c of the solution
operator T −1

0 .
Step 3.Wenow solve the original system (3.49) by using the following iteration:

T0(Wk+1) = h + i

n
[�α,�] (�−1(Wk)), Y > 0, Wk+1|Y=0 = 0, W0(Y ) ≡ 0.

By using the bounds in (3.41) and (5.1) on the commutator [�α,�] and �−1

respectively, we have

∥
∥[�α, �] (�−1(Wk))

∥
∥

L2
w

� C
(‖∂Y Wk‖L2 + ‖Wk‖L2 + ‖(∂Y �−1Wk , α�−1Wk)‖L2

)

� C
(‖∂Y Wk‖L2 + ‖Wk(1 + Y )‖L2

)
� C‖Wk‖H1

w
.

Then applying the a priori bound (3.58) to Wk+1 − Wk , gives

‖Wk+1 − Wk‖L2
w

� C

nImc
‖Wk − Wk−1‖H1

w
,

‖∂Y Wk+1 − ∂Y Wk‖L2
w

� C

n
1
2 (Imc)

1
2

‖Wk − Wk−1‖H1
w
.

By taking γ4 > 0 smaller if needed such that C
nImc + C

n
1
2 Imc

1
2

� Cγ
1
2
4 (1+γ

1
2
4 ) < 1

2

for c ∈ �Q, we show that {Wk}∞k=0 is a Cauchy sequence in H1
w(R+). Let W :=

limk→∞ Wk . By the elliptic regularity and H1
w-convergence, it is straightforward

to check that Wk converges to W in H2
w(R+) and W is a solution to (3.49). More-

over, since each Wk is analytic in c and the convergence is uniform in c ∈ �Q ,
we conclude that W is analytic in c. The uniqueness of solution follows from
the a priori estimates obtained in Lemma 3.4. Then the proof of the lemma is
completed. ��

Now let 
 be the solution to (3.16) with h = �(s1, s2) and � defined in (3.2).
In terms of the fluid variables (�, u, v) given in (3.11) and (3.12), we have the
following proposition for the solvability of the quasi-compressible approximation
system (3.10):

Proposition 3.7. (Solvability of quasi-compressible system) Under the same as-
sumption on parameters m, α and c as in Lemma 3.5, if �s = (s1, s2) ∈ H1(R+)2
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and ‖�(s1, s2)‖L2
w

< ∞, there exists a solution (�, u, v) ∈ H2(R+)3 to the quasi-
compressible approximation system (3.10). Moreover, (�, u, v) satisfies the esti-
mates

‖u‖H1 + ‖(m−2�, v)‖H2 + α−1‖divα(u, v)‖H1

� 1

Imc
‖�(s1, s2)‖L2

w
+ 1

α
‖s1‖L2 + ‖s2‖L2 + ‖divα(s1, s2)‖L2 , (3.59)

and

‖∂2Y u‖L2 � n
1
2

(Imc)
1
2

‖�(s1, s2)‖L2
w

+ 1

α
‖s1‖L2 + ‖s2‖L2 + ‖divα(s1, s2)‖L2 .

(3.60)

Furthermore, if both �s(· ; c) and �(· ; c) are analytic in c in H1(R+) and L2
w(R+)

respectively, then (�, u, v)(· ; c) is analytic in c in H2(R+).

Remark 3.8. If divα(s1, s2) = 0, then by (3.11), (3.67) and regularity of
 it is easy
to deduce that (�, u, v) ∈ H3(R+)3. This reveals the elliptic structure for linearized
compressible Navier–Stokes equations around the subsonic boundary layer profile.

Proof. It is straightforward to check that (�, u, v) satisfies (3.10). The analyticity
directly follows fromLemma3.4. It remains to show the estimates (3.59) and (3.60).
Firstly, by using bounds given in (3.22), (3.23) with h = �(s1, s2) and (3.39), we
obtain that

‖∂2Y 
‖L2+‖(∂Y 
,α
)‖L2 � ‖�(
)‖L2+‖(∂Y 
,α
)‖L2 � 1

Imc
‖�(s1, s2)‖L2

w
,

(3.61)

and

‖∂3Y 
‖L2 � ‖∂Y �(
)‖L2 + ‖�(
)‖L2 + ‖(∂Y 
,α
)‖L2

� n
1
2

(Imc)
1
2

(

1 + 1

n
1
2 (Imc)

1
2

)

‖�(s1, s2)‖L2 � n
1
2

(Imc)
1
2

‖�(s1, s2)‖L2
w
,

(3.62)

where we have used nImc � 1 for c ∈ �Q . Then by v = −iα
, (3.61) and
α ∈ (0, 1), it holds that

‖v‖H2 � ‖∂2Y 
‖L2 + ‖(∂Y 
,α
)‖L2 � 1

Imc
‖�(s1, s2)‖L2

w
. (3.63)

Next we estimate �. Recall (3.12) for its representation. Since 
|Y=0 = 0, we
can use Hardy inequality ‖Y −1
‖L2 � 2‖∂Y 
‖L2 , and the bounds given in (3.61),
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(3.62) to obtain

m−2‖�‖L2 � 1

n
‖∂3Y 
‖L2 + (1 + α2

n
)‖∂Y 
‖L2 + ‖Y −1
‖L2‖Y ∂Y Us‖L∞

+ 1

α
‖s1‖L2

� 1

n
‖∂3Y 
‖L2 + ‖∂Y 
‖L2 + 1

α
‖s1‖L2

�
(

1

n
1
2 (Imc)

1
2

+ 1

Imc

)

‖�(s1, s2)‖L2
w

+ 1

α
‖s1‖L2

� 1

Imc
‖�(s1, s2)‖L2

w
+ 1

α
‖s1‖L2 . (3.64)

For ∂Y �, differentiating (3.12) yields that

−m−2∂Y � = OSCNS(
) + α2
(

i

n
�α
 + (Us − c)


)

− i

α
∂Y (A−1s1)

= �(s1, s2) + α2
(

i

n
�α
 + (Us − c)


)

− i

α
∂Y (A−1s1)

= s2 + α2
(

i

n
�α
 + (Us − c)


)

, (3.65)

where we have used the equation (3.13) in second identity. Taking L2-norm in
(3.65) and using bound (3.61), we can further deduce that

m−2‖∂Y �‖L2 � ‖s2‖L2 + α2

n
‖∂2Y 
‖L2 + α(1 + α2

n
)‖α
‖L2

� ‖s2‖L2 + ‖∂2Y 
‖L2 + α‖
‖L2

� 1

Imc
‖�(s1, s2)‖L2

w
+ ‖s2‖L2 . (3.66)

Now we estimate ∂2Y �. By using (3.12) and (3.65), we have

−m−2�α� = divα(s1, s2) + α2(Us − c)2� + 2α2
∂Y Us . (3.67)

Then taking L2 norm leads to

m−2‖∂2Y �‖L2 � ‖divα(s1, s2)‖L2 + α2(1 + m−2)‖�‖L2 + α2‖
‖L2

� ‖divα(s1, s2)‖L2 + m−2‖�‖L2 + α‖
‖L2

� 1

Imc
‖�(s1, s2)‖L2

w
+ 1

α
‖s1‖L2 + ‖divα(s1, s2)‖L2 . (3.68)

Here we have used (3.61) and (3.64) in the last inequality. Therefore, H2-estimate
of � follows from (3.64), (3.66) and (3.68). Since divα(u, v) = −iα(Us − c)�, by
using (3.64) and (3.66) we have

α−1‖divα(u, v)‖H1 � ‖�‖H1 � 1

Imc
‖�(s1, s2)‖L2

w
+ 1

α
‖s1‖L2 + ‖s2‖L2 .

(3.69)
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Finally, for u, by using (3.11), (3.61), (3.62), (3.64), (3.66) and (3.68), we obtain
that

‖u‖H1 � ‖∂Y 
‖H1 + ‖�‖H1 � 1

Imc
‖�(s1, s2)‖L2

w
+ 1

α
‖s1‖L2 + ‖s2‖L2 ,

(3.70)

‖∂2Y u‖L2 � ‖∂3Y 
‖L2 + ‖�‖H2 � n
1
2

(Imc)
1
2

‖�(s1, s2)‖L2
w

+ 1

α
‖s1‖L2

+ ‖s2‖L2 + ‖divα(s1, s2)‖L2 . (3.71)

Putting the estimates in (3.63), (3.64), (3.66), (3.68)–(3.70) together yields the
estimate (3.59). Note that (3.60) directly follows from (3.71). Then the proof of
proposition is completed. ��

3.2. Stokes Approximation

In this section, we study the Stokes system with advection

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iα(Us − c)ξ + divα(φ,ψ) = q0,√
ε�αφ + λiα

√
εdivα(φ,ψ) − iα(Us − c)φ − (iαm−2 + √

ε∂2Y Us)ξ = q1,√
ε�αψ + λ

√
ε∂Y divα(φ,ψ) − iα(Us − c)ψ − m−2∂Y ξ = q2,

∂Y φ|Y=0 = ψ |Y=0 = 0,

(3.72)

with a given inhomogeneous source term �q = (q0, q1, q2) ∈ H1(R+) × L2(R+)2.
Compared with original system (3.1), in (3.72) we remove the stretching term
−ψ∂Y Us in the momentum equation.We impose the Neumann boundary condition
∂Y φ|Y=0 = 0 on the tangential velocity for obtaining estimates on the higher order
derivatives. The following proposition gives the solvability of (3.72):

Proposition 3.9. Let m ∈ (0, 1). Assume that α ∈ (0, 1) and 1
n =

√
ε

α
� 1. There

exists γ5 ∈ (0, 1), such that for any c lies in

�S
def= {c ∈ C | Imc > γ −1

5 n−1, |c| < γ5}, (3.73)
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the system (3.72) admits a unique solution (ξ, φ, ψ) ∈ H1(R+) × H2(R+)2.
Moreover, (ξ, φ, ψ) satisfies the following estimates:

‖(m−1ξ, φ,ψ)‖L2 � C

αImc
‖(m−1q0, q1, q2)‖L2 , (3.74)

‖(∂Y φ, αφ)‖L2 + ‖∂Y ψ, αψ‖L2 � Cn
1
2

α(Imc)
1
2

‖(m−1q0, q1, q2)‖L2 , (3.75)

‖divα(φ,ψ)‖H1 + m−2‖∂Y ξ‖L2 � C

Imc
‖(m−1q0, q1, q2)‖L2 + C‖q0‖H1 ,

(3.76)

‖�αφ,�αψ)‖L2 � Cn

αImc
‖(m−1q0, q1, q2)‖L2 + C‖q0‖H1 .

(3.77)

Here the positive constant C does not depend on either α or ε. Furthermore, if
�q(· ; c) is analytic in c in H1(R+) × L2(R+)2, then (ξ, φ, ψ)(· ; c) is analytic in
c in H1(R+) × H2(R+)2.

Remark 3.10. We will use the bounds given in (3.74)–(3.77) only when q0 = 0 in
the proof of convergence of iteration.

Remark 3.11. In view of (3.75)–(3.77) with q0 = 0, the divergence part divα(φ,ψ)

and the density ξ of the solution have better estimates than other components
because there is no strong sublayer related to these two fluid components. This
stronger estimate is crucial in the proof of convergence of the iteration later.

Proof. Wefirst focus on the a priori estimates (3.74)–(3.77).By taking inner product
of (3.72)2 and (3.72)3 with −φ̄ and −ψ̄ respectively then integrating by parts, we
obtain

√
ε
(
‖(∂Y φ, αφ)‖2L2 + ‖(∂Y ψ, αψ)‖2L2

)
+ λ

√
ε‖divα(φ,ψ)‖2L2

+ iα
∫ ∞

0
(Us − c)

(
|φ|2 + |ψ |2

)
dY

− m−2
∫ ∞

0
ξdivα(φ,ψ)dY =

∫ ∞

0
−(q1 + √

ε∂2Y Usξ)φ̄ − q2ψ̄dY.

(3.78)

By Cauchy-Schwarz and Young’s inequalities, it holds that

∣
∣
∣
∣

∫ ∞

0
(q1 + √

ε∂2Y Usξ)φ̄ + q2ψ̄dY

∣
∣
∣
∣ � ‖(q1, q2)‖L2‖(φ, ψ)‖L2 + √

ε‖ξ‖L2‖φ‖L2

� ‖(q1, q2)‖L2‖(φ, ψ)‖L2 + C
√

ε(‖ξ‖2L2 + ‖φ‖2L2 ).

(3.79)
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By using the continuity equation, divα(φ,ψ) = iα(Us − c̄)ξ̄ + q̄0, and the
Cauchy-Schwarz inequality, we get

Re

(

−m−2
∫ ∞

0
ξdivα(φ,ψ)dY

)

= Re

(

−iαm−2
∫ ∞

0
(Us − c̄)|ξ |2dY

)

− m−2Re

(∫ ∞

0
ξ q̄0dY

)

� αImc‖m−1ξ‖2L2 − m−2‖ξ‖L2‖q0‖L2 .

(3.80)

By (3.79) and (3.80), the real part of (3.78) gives that

√
ε
(
‖(∂Y φ, αφ)‖2L2 + ‖(∂Y ψ, αψ)‖2L2

)
+ λ

√
ε‖divα(φ,ψ)‖2L2

+ αImc‖(m−1ξ, φ,ψ)‖2L2

� C
√

ε(‖ξ‖2L2 + ‖φ‖2L2) + C‖(m−1ξ, φ,ψ)‖L2‖(m−1q0, q1, q2)‖L2 .

(3.81)

By taking γ5 ∈ (0, 1) sufficiently small so that C
√

ε

aImc � C
nImc � Cγ5 � 1

4 , ∀c ∈ �S ,
we can absorb the first term on the right hand side of (3.81) by the left hand side.
Thus we get

‖(m−1ξ, φ,ψ)‖L2 � C

αImc
‖(m−1q0, q1, q2)‖L2 ,

and

‖(∂Y φ, αφ)‖L2 + ‖(∂Y ψ, αψ)‖L2 � Cε− 1
4 ‖(m−1ξ, φ,ψ)‖

1
2
L2‖(m−1q0, q1, q2)‖

1
2
L2

� C

ε
1
4 α

1
2 (Imc)

1
2

‖(m−1q0, q1, q2)‖L2

� Cn
1
2

α(Imc)
1
2

|(m−1q0, q1, q2)‖L2 . (3.82)

This completes the proof of (3.74) and (3.75).
Next we estimate ‖∂Y ξ‖L2 and ‖divα(φ,ψ)‖H1 . Define ω

def= ∂Y φ − iαψ and
denote D := divα(φ,ψ). Then

�αφ = ∂Y ω + iαD, �αψ = −iαω + ∂YD, (3.83)

and ω|Y=0 = 0 because of the boundary conditions in (3.72). Thus, we can rewrite
(3.72)2 and (3.72)3 as

iαm−2ξ = √
ε∂Y ω + √

ε(1 + λ)iαD − iα(Us − c)φ − q1 − √
ε∂2Y Usξ,

(3.84)

m−2∂Y ξ = −√
εiαω + √

ε(1 + λ)∂YD − iα(Us − c)ψ − q2. (3.85)
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By taking inner product of (3.84) and (3.85) with −iαξ̄ and ∂Y ξ̄ respectively, we
deduce that

m−2‖∂Y ξ, αξ‖2L2 =√
ε

∫ ∞

0
−∂Y ωiαξ̄ − iαω∂Y ξ̄dY

︸ ︷︷ ︸
J5

+√
ε(1 + λ)

∫ ∞

0
α2Dξ̄ + ∂YD∂Y ξ̄dY

︸ ︷︷ ︸
J6

+
∫ ∞

0
(q1 + √

ε∂2Y Usξ)iαξ̄ − q2∂Y ξ̄dY
︸ ︷︷ ︸

J7

+
∫ ∞

0
iα(Us − c)(iαξ̄φ − ψ∂Y ξ̄ )dY

︸ ︷︷ ︸
J8

.

(3.86)

Integrating by parts and using boundary condition ω|Y=0 = 0 yield that

J5 = iα
√

εξ̄ω|Y=0 = 0. (3.87)

For J6, by using the continuity equation (3.72)1, we have

D = −iα(Us − c)ξ + q0, ∂YD = −iα(Us − c)∂Y ξ − iα∂Y Usξ + ∂Y q0,
(3.88)

which implies that

J6 = − √
ε(1 + λ)

∫ ∞

0
iα(Us − c)(|∂Y ξ |2 + α2|ξ |2)dY

− iα
√

ε(1 + λ)

∫ ∞

0
∂Y Usξ∂Y ξ̄dY

+ √
ε(1 + λ)

∫ ∞

0
∂Y q0∂Y ξ̄ + α2q0ξ̄dY.

For last two terms on the right hand side,we obtain byCauchy-Schwarz andYoung’s
inequalities that

∣
∣
∣
∣iα

√
ε(1 + λ)

∫ ∞

0
∂Y Usξ∂Y ξ̄dY

∣
∣
∣
∣ � C

√
ε‖∂Y ξ‖L2‖αξ‖L2

� C
√

ε(‖∂Y ξ‖2L2 + α2‖ξ‖2L2),

and

√
ε(1 + λ)

∣
∣
∣
∣

∫ ∞

0
∂Y q0∂Y ξ̄ + α2q0ξ̄dY

∣
∣
∣
∣ � C

√
ε‖(∂Y ξ, αξ)‖L2‖(∂Y q0, αq0)‖L2

� m−2

8
‖(∂Y ξ, αξ)‖2L2 + Cm2ε‖(∂Y q0, αq0)‖2L2 .

Thus, taking real part of J6 gives

ReJ6 � − αImc
√

ε(1 + λ)‖(∂Y ξ, αξ)‖2L2 +
(

C
√

ε + m−2

8

)

‖(∂Y ξ, αξ)‖2L2

+ Cm2ε‖(∂Y q0, αq0)‖2L2

�m−2

4
‖(∂Y ξ, αξ)‖2L2 + Cm2ε‖(∂Y q0, αq0)‖2L2 , (3.89)
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for 0 < ε � 1 being sufficiently small. Again, by Young’s inequality, we get

|J7| + |J8| � C
(‖(q1, q2)‖L2 + α‖(φ,ψ)‖L2

) ‖(∂Y ξ, αξ)‖L2 + C
√

ε

α
‖αξ‖2L2

� m−2

4
‖(∂Y ξ, αξ)‖2L2 + Cm2(‖(q1, q2)‖2L2 + α2‖(φ,ψ)‖2L2),

(3.90)

where we have used 1
n =

√
ε

α
� 1. By (3.87), (3.89) and (3.90), the real part of

(3.86) yields

m−2‖(∂Y ξ, αξ)‖L2 � C‖(q1, q2)‖L2 + C
√

ε‖(∂Y q0, αq0)‖L2 + Cα‖(φ,ψ)‖L2 .

(3.91)

Moreover, by (3.88) and (3.91), we obtain

‖divα(φ,ψ)‖H1 � C‖(∂Y ξ, αξ)‖L2 + C‖q0‖H1

� C‖(q1, q2)‖L2 + C‖q0‖H1 + Cα‖(φ,ψ)‖L2 . (3.92)

Putting the bound (3.74) on ‖(φ,ψ)‖L2 into (3.91) and (3.92) yields the estimate

‖divα(φ,ψ)‖H1 + m−2‖(∂Y ξ, αξ)‖L2 � C(1 + 1

Imc
)‖(m−1q0, q1, q2)‖L2

+ C(1 + √
ε)‖q0‖H1

� C

Imc
‖(m−1q0, q1, q2)‖L2 + ‖q0‖H1 .

Hence, (3.76) holds.
Finally, we derive the estimate on ‖(∂Y ω, αω)‖L2 . By taking inner products of

(3.84) and (3.85) with ∂Y ω̄ and iαω̄ respectively then using the fact that
∫ ∞

0
(iαD∂Y ω̄ + iαω̄∂YD)dY =

∫ ∞

0
(iαξ∂Y ω̄ + ∂Y ξ iαω̄)dY = 0,

we obtain

√
ε‖(∂Y ω, αω)‖2L2 =

∫ ∞

0
(q1 + √

ε∂2Y Usξ)∂Y ω̄ + q2iαω̄dY

+
∫ ∞

0
iα(Us − c) (φ∂Y ω + ψiαω̄) dY

� C
(‖(q1, q2)‖L2 + √

ε‖ξ‖L2 + α‖(φ,ψ)‖L2
) ‖(∂Y ω, αω)‖L2 ,

which implies

‖(∂Y ω, αω)‖L2 � C√
ε
‖(q1, q2)‖L2 + Cn‖(ξ, φ, ψ)‖L2

� Cn

αImc
(1 + Imc)‖(m−1q0, q1, q2)‖L2

� Cn

αImc
‖(m−1q0, q1, q2)‖L2 . (3.93)
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By combining this with the bound (3.76) on ‖divα(φ,ψ)‖H1 and recalling (3.83),
we have

‖(�αφ,�αψ)‖ � C‖(∂Y ω, αω)‖L2 + C‖divα(φ,ψ)‖H1

� Cn

αImc

(
1 + √

ε
) ‖(m−1q0, q1, q2)‖L2 + C‖q0‖H1

� Cn

αImc
‖(m−1q0, q1, q2)‖L2 + C‖q0‖H1 ,

which is (3.77). The uniqueness of solution follows from the a priori bounds (3.74)–
(3.77).

As for the construction of solution, we introduce a parameter η ∈ [0, 1] and
study a sequence of auxiliary problems L S,η(ξ

η, φη, ψη) = (q0, q1, q2) as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

iαη(Us − c)ξη + divα(φη, ψη) = q0,√
ε�αφη + ηλiα

√
εdivα(φη, ψη) − iαη(Us − c)φη − (iαm−2 + η

√
ε∂2Y Us)ξ

η = q1,√
ε�αψη + ηλ

√
ε∂Y divα(φη, ψη) − iαη(Us − c)ψη −m−2∂Y ξη = q2,

∂Y φη|Y=0 = ψη|Y=0 = 0.

(3.94)

When η = 0, (3.94) reduces to the classical Stokes system for incompressible
flow:

divα(φ0, ψ0) = q0,
√

ε�αφ0 − iαm−2ξ0 = q1,
√

ε�αψ0 − m−2∂Y ξ0 = q2,

∂Y φ0|Y=0 = ψ0|Y=0 = 0.

It is standard to show the existence and uniqueness of solution (ξ0, φ0, ψ0) ∈
H1(R+) × H2(R+)2 for any (q0, q1, q2) ∈ H1(R+) × L2(R+)2. Moreover, by
repeating previous energy estimates to (3.94) and slightly modifying the proof of
bounds (3.82), (3.91), (3.92) and (3.93), one can deduce the following estimates
on (ξη, φη, ψη)

‖(∂Y φη, αφη)‖L2 + ‖(∂Y ψη, αψη)‖L2 � Cε− 1
4 ‖(m−1ξη, φη, ψη)‖

1
2
L2

‖(m−1q0, q1, q2)‖
1
2
L2 ,

m−2‖(∂Y ξη, αξη)‖L2 + ‖divα(φη, ψη)‖H1 � C‖(q1, q2)‖L2

+ C‖q0‖H1 + Cα‖(φη, ψη)‖L2 ,

‖(∂Y ωη, αωη)‖L2 � C√
ε
‖(q1, q2)‖L2

+ Cn‖(m−1ξη, φη, ψη)‖L2 ,

where ωη = ∂Y φη − iαψη and the constant C > 0 does not depend on η. Putting
above inequalities together yields the following uniform-in-η estimate

‖ξη‖H1 + ‖(φη, ψη)‖H2 � C(ε, α)‖(m−1q0, q1, q2)‖L2 + C(ε, α)‖q0‖H1 ,
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where the constant C(ε, α) may depend on ε and α, but not on η ∈ [0, 1]. Thus
the existence of solution to (3.72) as well as its analytic dependence on c can be
established by the same bootstrap argument as in Lemma 3.5. By uniqueness, the
solution obtained satisfies the bounds (3.74)–(3.77). And this completes the proof
of the proposition. ��

3.3. Quasi-Compressible-Stokes Iteration

In this subsection, we will construct a solution �� = (�, u, v) to the linearized
system (3.1) via an iteration scheme based on the solutions to quasi-compressible
and Stokes approximations given in Propositions 3.7 and 3.9.

We first consider the case when source term ( fu, fv) ∈ L2(R+)2. At zeroth
step, we define ��0 = (ξ0, φ0, ψ0) as the solution to Stokes approximate system

L S(ξ0, φ0, ψ0) = (0, fu, fv), (3.95)

which yields an error

�E0 def= L(ξ0, φ0, ψ0) − L Q(ξ0, φ0, ψ0) = (0,−ψ0∂Y Us, 0) .

Because of the regularizing effect of solution operator to Stokes approximation
L S , this error has higher regularity and fast decay so that �E0 ∈ H2

w(R+). We can
then eliminate it by considering (�1, u1, v1) as the solution to quasi-compressible
approximation

L Q(�1, u1, v1) = −�E0. (3.96)

Then we have

L(�1, u1, v1) − L Q(�1, u1, v1) = EQ(�1, u1, v1), (3.97)

where the error operator EQ is defined in (1.15). According to Proposition 3.7,
the solution (�1, u1, v1) is in H2(R+)3. Thus the error term EQ(�1, u1, v1) is in
L2(R+). This allows us to correct this error by using the solution (ξ1, φ1, ψ1) to
the Stokes approximate system again:

L S(ξ1, φ1, ψ1) = −EQ(�1, u1, v1) (3.98)

Now we set ��1 = (�1, u1, v1) + (ξ1, φ1, ψ1) as the approximate solution as the
first step, which together with ��0 generates an error term

�E1 def= L( ��0 + ��1) − (0, fu, fv) = (0,−ψ1∂Y Us, 0) .

Now we can iterate the above process. Given the approximate solution �� j as well
as the error

�E j = (0,−ψ j∂Y Us, 0
)

in the j-th ( j � 1) step, we define the j + 1-order approximate solution �� j+1 as

�� j+1 = (� j+1, u j+1, v j+1) + (ξ j+1, φ j+1, ψ j+1),
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where (� j+1, u j+1, v j+1) is the solution to quasi-compressible system

L Q(� j+1, u j+1, v j+1) = −�E j , (3.99)

and (ξ j+1, φ j+1, ψ j+1) solves the Stokes approximate system

L S(ξ j+1, φ j+1, ψ j+1) = −EQ(� j+1, u j+1, v j+1). (3.100)

Observe that for each positive integer N � 0, it holds that

L

⎛

⎝
N∑

j=0

�� j

⎞

⎠ = (0, fu, fv) + �EN ,

where the error term in N -th step is �EN = (0,−ψN ∂Y Us, 0). Therefore, at this
point, formally the series �� = ∑∞

j=0
�� j gives a solution to the original system

(3.1).
If in addition fu, fv ∈ H1(R+) and ‖�( fu, fv)‖L2

w
< ∞ where operator � is

defined in (3.2), then we introduce (�0, u0, v0) ∈ H2(R+)3 as the solution to the
quasi-compressible system

L Q(�0, u0, v0) = (0, fu, fv), (3.101)

which yields an error term

�E−1
def= L(�0, u0, v0) − L Q(�0, u0, v0)

=
(

0,−√
ε�α

[
(Us − c)�0

]+ λiα
√

εdivα(u0, v0)

− √
ε∂2Y Us�0, λ

√
ε∂Y divα(u0, v0)

)

= EQ(�0, u0, v0). (3.102)

The new error term E−1 is in L2(R+)3. So we can take �ϒ = (ρ̃, ũ, ṽ) as the
solution to original linear system (3.1) with inhomogeneous source term −E−1,
that isL( �ϒ) = −�E−1. Then it is clear that �� def= (�0, u0, v0)+ �ϒ defines a solution
to (3.1).

The above iteration can be rigorously justified by proving the convergence of
iteration that is given in Proposition 3.1.

Proof of Proposition 3.1. Recall the bounds on the parameters |c| and n in (2.43).
We can take 0 < ε � 1 suitably small such that the following bounds hold for any
c ∈ D0 :
|c| < min{γ4, γ5}, nImc � ε− 1

4 � max{2γ −1
4 , 2γ −1

5 }, |c|−2Imc � ε− 1
8 � 2γ −1

4 .

(3.103)

Here the constants γ4 and γ5 are given in Proposition 3.7 and 3.9 respectively.
Thus, we have D0 � �Q ∩ �S , where �Q and �S are resolvent sets of L Q and
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L S , which are defined in (3.21) and (3.73) respectively. From (3.99), we know that
(� j+1, u j+1, v j+1) is the solution to quasi-compressible approximation (3.10) with
inhomogeneous source term s1, j+1 = ψ j∂Y Us , s2, j+1 = 0. Then we have

�(s1, j+1, s2, j+1) = i

α
∂Y

(
A−1ψ j∂Y Us

)
= − i

α
w−1ψ j + i

α
A−1∂Y Us∂Y ψ j .

To eliminate the singular factor α−1, we use the fact that ∂Y ψ j = divα(φ j , ψ j ) −
iαφ j , the two bounds given in (1.9), (3.20) and Hardy inequality to obtain

‖�(s1, j+1, s2, j+1)‖L2
w

� 1

α
‖|∂2Y Us |− 1

2 |w|−1Y‖L∞‖Y −1ψ j‖L2

+ 1

α
‖|∂2Y Us |− 1

2 ∂Y Us‖L∞‖∂Y ψ j‖L2

� 1

α
‖∂Y ψ j‖L2 � 1

α
‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2 .

(3.104)

Similarly, we get

‖s1, j+1‖L2 � ‖Y ∂Y Us‖L∞‖Y −1ψ j‖L2 � ‖∂Y ψ j‖L2

� ‖divα(φ j , ψ j )‖L2 + α‖φ j‖L2 . (3.105)

‖divα(s1, j+1, s2, j+1)‖L2 � α‖s1, j+1‖L2 � α‖divα(φ j , ψ j )‖L2 + α2‖φ j‖L2 .

(3.106)

Thus, by applying bounds given in (3.59) and (3.60) in Proposition 3.7 to (� j+1,

u j+1, v j+1) and using (3.104)–(3.106), we obtain

‖u j+1‖H1 + ‖(m−2� j+1, v j+1)‖H2 + α−1‖divα(u j+1, v j+1)‖H1

� 1

Imc
‖�(s1, j+1, s2, j+1)‖L2

w
+ α−1(‖s1, j+1‖L2 + α‖s2, j+1‖L2)

+ ‖divα(s1, j+1, s2, j+1)‖L2

�
(

1 + α2 + 1

Imc

)(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)

� 1

Imc

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
, (3.107)

and

‖∂2Y u j+1‖L2 � n
1
2

(Imc)
1
2

‖�(s1, j+1, s2, j+1)‖L2
w

+ α−1(‖s1, j+1‖L2 + α‖s2, j+1‖L2)

+ ‖divα(s1, j+1, s2, j+1)‖L2

�
(

1 + α2 + n
1
2

(Imc)
1
2

)
(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)

� n
1
2

(Imc)
1
2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
. (3.108)
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Here we have also used α ∈ (0, 1).
Next according to (3.100), we solve (ξ j+1, φ j+1, ψ j+1) from the Stokes ap-

proximation (3.72) with inhomogeneous source term q0, j+1 = 0,

q1, j+1 = √
ε�α

[
(Us − c)� j+1

]− λ
√

εiαdivα(u j+1, v j+1) + √
ε∂2Y Us� j+1,

q2, j+1 = −λ
√

ε∂Y divα(u j+1, v j+1).

By (3.107), we have

‖q1, j+1, q2, j+1‖L2 �
√

ε
(‖� j+1‖H2 + ‖divα(u j+1, v j+1)‖H1

)

�
√

ε
(
‖m−2� j+1‖H2 + α−1‖divα(u j+1, v j+1)‖H1

)

�
√

ε

Imc

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
. (3.109)

Then by applying (3.74)–(3.77) in Proposition 3.9 to (ξ j+1, φ j+1, ψ j+1), using
(3.109) and α = n

√
ε, we can deduce that

‖(m−1ξ j+1, φ j+1, ψ j+1)‖L2

� 1

n(Imc)2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
, (3.110)

α−1‖divα(φ j+1, ψ j+1)‖H1 + α−1‖m−2∂Y ξ j+1‖L2

� 1

n(Imc)2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
, (3.111)

‖(∂Y φ j+1, ∂Y ψ j+1)‖L2

� 1

n
1
2 (Imc)

3
2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
, (3.112)

‖(∂2Y φ j+1, ∂
2
Y ψ j+1)‖L2

� 1

(Imc)2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)
. (3.113)

Set

E j
def= ‖(m−1ξ j , φ j , ψ j )‖L2 + α−1‖divα(φ j , ψ j )‖H1 + α−1‖m−2∂Y ξ j‖L2 ,

j = 0, 1, 2, · · · .

By the estimates (3.110) and (3.111), we have

E j+1 � C

n(Imc)2

(
α−1‖divα(φ j , ψ j )‖L2 + ‖φ j‖L2

)

� C

n(Imc)2
E j , j = 0, 1, 2, · · · . (3.114)
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Recall (2.43) for the bounds on c and n when α = K ε
1
8 and c ∈ D0. By taking

ε3 ∈ (0, 1) suitably small so that C
n(Imc)2

� Cε
1
8 < 1

2 for any ε ∈ (0, ε3), we can
deduce from (3.114) that

∞∑

j=0

E j �
∞∑

j=0

(
1

2

) j

E0 � C E0. (3.115)

Furthermore, by using the bounds obtained in (3.107), (3.108), (3.112)–(3.115) and
1

n
1
2 (Imc)

3
2

� 1 for any c ∈ D0, we get

∞∑

j=1

‖(∂Y φ j , ∂Y ψ j )‖L2 � 1

n
1
2 (Imc)

3
2

⎛

⎝
∞∑

j=0

E j

⎞

⎠ � E0, (3.116)

∞∑

j=1

‖(∂2Y φ j , ∂
2
Y ψ j )‖L2 � 1

(Imc)2

⎛

⎝
∞∑

j=0

E j

⎞

⎠ � 1

(Imc)2
E0, (3.117)

∞∑

j=1

‖u j‖H1 +
∞∑

j=1

‖(m−2� j , v j )‖H2 + α−1‖divα(u j , v j )‖H1

� 1

Imc

⎛

⎝
∞∑

j=0

E j

⎞

⎠ � 1

Imc
E0, (3.118)

∞∑

j=1

‖∂2Y u j‖L2 � n
1
2

(Imc)
1
2

⎛

⎝
∞∑

j=0

E j

⎞

⎠ � n
1
2

(Imc)
1
2

E0. (3.119)

In view of (3.115)–(3.119), we have justified the convergence of �� = (ρ, u, v) =∑∞
j=0

�� j in H1(R+) × H2(R+)2. This gives the existence of solution. Moreover,

Recall (3.95). By applying (3.74)–(3.77) to ��0 with q0 = 0, q1 = fu and q2 = fv ,
we derive the following estimates:

E0 � 1

αImc
‖( fu, fv)‖L2 , (3.120)

‖(∂Y φ0, ∂Y ψ0)‖L2 � n
1
2

α(Imc)
1
2

‖( fu, fv)‖L2 , (3.121)

‖(∂2Y φ0, ∂
2
Y ψ0)‖L2 � n

αImc
‖( fu, fv)‖L2 . (3.122)
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By summarizing the estimates (3.115)–(3.122), we have

‖(m−1ρ, u, v)‖L2 �
∞∑

j=0

‖(m−1ξ j , φ j , ψ j )‖L2 +
∞∑

j=1

‖(m−1� j , u j , v j )‖L2

�
(

1 + 1

Imc

)

E0 � 1

α(Imc)2
‖( fu, fv)‖L2 , (3.123)

‖m−2∂Y ρ‖L2 + ‖divα(u, v)‖H1 � α

∞∑

j=0

E j +
∞∑

j=1

‖m−2∂Y � j‖L2

+
∞∑

j=1

‖divα(u j , v j )‖H1

�
(

α + 1

Imc
+ α

Imc

)

E0 � 1

α(Imc)2
‖( fu, fv)‖L2 , (3.124)

‖(∂Y u, ∂Y v)‖L2 � ‖∂Y φ0, ∂Y ψ0‖L2 +
∞∑

j=1

‖∂Y φ j , ∂Y ψ j‖L2 +
∞∑

j=1

‖(∂Y u j , ∂Y v j )‖L2

� n
1
2

α(Imc)
1
2

‖( fu, fv)‖L2 +
(

1 + 1

Imc

)

E0

� n
1
2

α(Imc)
1
2

(

1 + 1

n
1
2 (Imc)

3
2

)

‖( fu, fv)‖L2 � n
1
2

α(Imc)
1
2

‖( fu, fv)‖L2 ,

(3.125)

and

‖(∂2Y u, ∂2Y v)‖L2 � ‖(∂2Y φ0, ∂
2
Y ψ0)‖L2 +

∞∑

j=1

‖(∂2Y φ j , ∂
2
Y ψ j )‖L2

+
∞∑

j=1

‖(∂2Y u j , ∂
2
Y v j )‖L2

� n

αImc
‖( fu, fv)‖L2 +

(
1

(Imc)2
+ n

1
2

(Imc)
1
2

)

E0

� n

αImc

(

1 + 1

n(Imc)2
+ 1

n
1
2 (Imc)

1
2

)

‖( fu, fv)‖L2

� n

αImc
‖( fu, fv)‖L2 . (3.126)

Putting (3.123)–(3.126) together yields the estimates (3.3)–(3.6). The analytic de-
pendence on c of the solution (ρ, u, v) follows from the uniformly convergence.
Therefore, the proof of the first part of Proposition 3.1 is completed.

Now we assume that fu, fv ∈ H1(R+) and ‖�( fu, fv)‖L2
w

< ∞. As dis-
cussed in the formal presentation of the iteration scheme, we can decompose the
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solution (ρ, u, v) into (ρ, u, v) = (�0, u0, v0) + �ϒ = (�0, u0, v0) + (ρ̃, ũ, ṽ),
where (�0, u0, v0) is the solution to (3.101) that generates an error �E−1 defined in
(3.102), and �ϒ solvesL( �ϒ) = −�E−1. By (3.59) and (3.60) in Proposition 3.7, we
have

‖u0‖H1 + ‖(m−2�0, v0)‖H2 + α−1‖divα(u0, v0)‖H1

� 1

Imc
‖�( fu, fv)‖L2

w
+ 1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2 ,

(3.127)

and

‖∂2Y u0‖L2 � n
1
2

(Imc)
1
2

‖�( fu, fv)‖L2
w

+ 1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2 .

(3.128)

Then we can estimate the L2-bound of the error �E−1 by

‖ �E−1‖L2 �
√

ε
(‖�0‖H2 + ‖divα(u0, v0)‖H1

)
. (3.129)

By (3.129), applying (3.3)–(3.6) to �ϒ = (ρ̃, ũ, ṽ) leads to

‖(m−1ρ̃, ũ, ṽ)‖L2 � 1

α(Imc)2
‖ �E−1‖L2

� 1

n(Imc)2
(‖�0‖H2 + ‖divα(u0, v0)‖H1

)
,

(3.130)

‖m−2∂Y ρ̃‖L2 + ‖divα(ũ, ṽ)‖L2 � 1

α(Imc)2
‖ �E−1‖L2

� 1

n(Imc)2
(‖�0‖H2 + ‖divα(u0, v0)‖H1

)
,

(3.131)

‖(∂Y ũ, ∂Y ṽ)‖L2 � n
1
2

α(Imc)
1
2

‖ �E−1‖L2

� 1

n
1
2 (Imc)

1
2

(‖�0‖H2 + ‖divα(u0, v0)‖H1
)
,

(3.132)

‖(∂2Y ũ, ∂2Y ṽ)‖L2 � n

αImc
‖ �E−1‖L2

� 1

Imc

(‖�0‖H2 + ‖divα(u0, v0)‖H1
)
. (3.133)
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By summarizing the estimates (3.127), (3.128), (3.130)–(3.133) and using the fact

that n(Imc)2 � 1 and n
1
2 (Imc)

3
2 � 1 for c ∈ D0, we derive the following estimates:

‖(m−1ρ, u, v)‖H1 � 1

Imc
‖�( fu, fv)‖L2

w
+ 1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2 ,

‖∂2Y u, ∂2Y v)‖L2 � n
1
2

(Imc)
1
2

(

1 + 1

n
1
2 (Imc)

3
2

)

‖�( fu, fv)‖L2
w

+ 1

Imc

(
1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2

)

� n
1
2

(Imc)
1
2

‖�( fu, fv)‖L2
w

+ 1

Imc

(
1

α
‖ fu‖ + ‖ fv‖L2 + ‖divα( fu, fv)‖L2

)

.

Thus, the improved estimates (3.7) and (3.8) are proved. And this completes the
proof of the proposition. ��

4. Proof of Theorem 1.1

Finally, in this section, we prove Theorem 1.1. We construct the solution to
linearized system (1.3) with no-slip boundary condition (1.4) in the following form

��(Y ; c) = ��app(Y ; c) − ��sm(Y ; c) − ��re(Y ; c), (4.1)

Here ��app is the approximate solution obtained in (2.32) which satisfies (2.44),
��sm = (ρsm, usm, vsm) and ��re = (ρre, ure, vre) solve the remainder system

L( ��sm) = (0, Eu,sm, Ev,sm), vsm|Y=0 = 0,

and

L( ��re) = (0, 0, Ev,re), vre|Y=0 = 0,

respectively. By Proposition 2.3 and 3.1, both ��sm and ��re are well-defined. More-
over, it is straightforward to check that �� = (ρ, u, v) satisfies

L( ��) = �0, v|Y=0 = 0.

To recover the no-slip boundary condition on the tangential component, we
introduce the mapping

F : D0 → C, F(c)
def= u(0; c) = Fapp(c) − usm(0; c) − ure(0; c).

On one hand, from Proposition 2.2, Fapp(c) is analytic and has a unique zero
point in D0. On the other hand, according to Remark 3.2 (a), both usm(0; c) and
ude(0; c) are analytic in D0. Then by applying estimates (3.3), (3.5) to ��sm with
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( fu, fv) = (Eu,sm, Ev,sm), using the bound in (2.49) and the Sobolev inequality,
we deduce that

|usm(0; c)| � ‖usm(· ; c)‖
1
2
L2‖∂Y usm(· ; c)‖

1
2
L2

� Cn
1
4

α(Imc)
5
4

‖(Eu,sm, Ev,sm)‖L2 � Cn
1
4 ε

7
16

α(Imc)
5
4

� Cε
1
16 , ∀c ∈ D0.

(4.2)

Here we have used (2.43) in the last inequality. For ure(0; c), we use the bounds
given in (3.7) for ‖ure‖H1 with ( fu, fv) = (0, Ev,re) and (2.48) to get that

|ure(0; c)| � C‖ure(· ; c)‖H1 � C

Imc
‖Ev,re‖L2

w
+ ‖Ev,re‖H1

� C

(

1 + 1

Imc

)

ε
3
16 � Cε

1
16 . (4.3)

Thus, by recalling the lower bound of |Fapp(c)| on the circle ∂ D0 in (2.36), and by
using the bounds in (4.2) and (4.3), it holds that

|F(c) − Fapp(c)| � |ure(0; c)| + |usm(0; c)| � Cε
1
16 � 1

4
K −θ

� 1

2
|Fapp(c)|, ∀c ∈ D0,

by taking ε ∈ (0, 1) suitably small. Therefore, by Rouché’s Theorem, F(c) and
Fapp(c) have the same number of zero points in D0. This justifies the existence of
a unique c ∈ D0 such that ��(Y ; c) defined in (4.1) solves the linear equation (1.3)
with the no-slip boundary condition (1.4). The proof of Theorem 1.1 is completed.
��
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5. Appendix

Recall (3.14) the definition of operator �.

Lemma 5.1. (The operator�−1) Letm ∈ (0, 1) and α ∈ (0, 1). For small |c| � 1,
if ‖h‖L2 < ∞, there exists a unique solution ψ ∈ H2(R+)∩ H1

0 (R+) to �(ψ) = h
in R+, ψ |Y=0 = 0 which satisfies the following estimates

‖∂2Y ψ‖L2 + ‖(∂Y ψ, αψ)‖L2 � min{α−1‖h‖L2 , ‖(1 + Y )h‖L2}. (5.1)

Moreover, the solution mapping �−1(· ; c) : L2(R+) → H2(R+) ∩ H1
0 (R+) is

analytic in c.

Proof. We first establish the a priori estimate (5.1). Denote 〈·, ·〉 the standard inner
product in L2(R+). Taking inner product with−ψ̄ in the equation�(ψ) = h gives
that

∫ ∞

0
A−1|∂Y ψ |2 + α2|ψ |2dY = 〈h,−ψ̄〉. (5.2)

Note that

A−1 = (1 − m2U 2
s )−1 + O(1)|c|. (5.3)

Then for suitably small |c|, the real part of (5.2) yields
‖∂Y ψ‖2L2 + α2‖ψ‖2L2 � C |Re〈h, ψ̄〉| � C‖h‖L2‖ψ‖L2 � Cα−2‖h‖2L2 ,

which gives H1-estimate of ψ . The estimate of ∂2Y ψ can be obtained by using the
equation to have

‖∂2Y ψ‖L2 � ‖A−1∂Y A‖L∞‖∂Y ψ‖L2 + α2‖Aψ‖L2 + ‖Ah‖L2

� ‖(∂Y ψ, αψ)‖L2 + ‖h‖L2 � α−1‖h‖L2 . (5.4)

If in addition, (1+Y )h ∈ L2(R+), we can obtain |〈h, ψ̄〉| � ‖Y −1ψ‖L2‖Y h‖L2 �
C‖∂Y ψ‖L2‖Y h‖L2 by using theHardy inequality for the term Y −1ψ . Thus real part
of (5.2) yields the H1-estimate

‖(∂Y ψ, αψ)‖L2 � C‖Y h‖L2 . (5.5)

The estimate on ∂2Y ψ then follows from the equation and H1-estimate (5.5) similar
to the estimation in (5.4). Hence the estimate (5.1) holds. The uniqueness of solution
follows from the a priori estimate (5.1).
Set

�0 : H2(R+) ∩ H1
0 (R+) → L2(R+), �0(ψ) = ∂Y

[
(1 − m2U 2

s )−1∂Y ψ
]

− α2ψ.

For m ∈ (0, 1), the operator �0 is clearly uniformly elliptic and invertible in
L2(R+). Then by (5.3), the existence and analytic dependence on c of �−1 follow
from the standard perturbative argument. Hence, we omit the details for brevity.
The proof of the lemma is completed. ��
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