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Abstract

We introduce the notion of entropy solutions (e.s.) to a conservation law with
an arbitrary jump continuous flux vector and prove the existence of the largest and
the smallest e.s. to the Cauchy problem. The monotonicity and stability properties
of these solutions are also established. In the case of a periodic initial function, we
derive the uniqueness of e.s. Generally, the uniqueness property can be violated,
which s confirmed by an example. Finally, we prove that in the case of a single space
variable a weak limit of a sequence of e.s. is an e.s. as well (under the requirement
of the spatial periodicity of the limit Young measure).

1. Introduction

In the half-space I1 = R4 x R”, where Ry = (0, 400), we consider the
conservation law

uy +divy o(u) =0 (1.1)

with a jump continuous (frequently called regulated) flux vector ¢(u) = (¢1(u),
.., ¢n(u)). This means that at each point u, € R there exist one-sided limits

limiqz(u) = ¢(u,=£). For example, if the components ¢; (1), i = 1,...,n, are
U—>Usx

BV-functions then the vector ¢(«) is jump continuous. Equations of such a type
arise in numerous physical applications, for example in phase transitions [5], in
elasticity [23], in models of material flow on conveyor belts [8] and in many others.
In the one-dimensional case n = 1 Cauchy problem for Eq. (1.1) was first studied
in [7] by the wave front tracking method. In this paper the author constructed a
semigroup of weak solutions, however no entropy conditions were formulated.
In the present study we will follow another approach, first developed by Carrillo
[4] for an initial boundary value problem in a bounded domain; it is based on
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a relevant continuous parametrization of the curve (u, ¢(u)), which allows us to
reduce Eq. (1.1) to the well established case of conservation laws with continuous
flux vector. The same approach was also exploited in papers [2,3,9] for the Cauchy
problem. In these papers the authors supposed that u(, -) € L (R")N L' (R") and
that the flux vector is Holder continuous at zero with the exponent o = (n — 1)/n.
In the present paper we study the general case when u € L°°(IT) and when ¢ (u) is
an arbitrary jump continuous flux vector. Moreover, we also take into account the
values ¢ (u,) at discontinuity points, which may be different from ¢ (u,=%). In this
general situation the uniqueness of e.s. may fail and it is useful to select e.s. with
additional properties. We will prove the existence of the largest and the smallest
e.s. This allows us to prove the uniqueness in the case of periodic initial data. In
the one-dimensional situation we also establish that, despite of nonlinearity, a weak
limit of e.s. is an e.s. as well. This extends results [19] to the case of discontinuous
flux.
It is known that the set

D ={us e R||pust) — o) + l@us) —@us—)| >0}

of discontinuity points of the vector ¢(u) is at most countable (and may be an
arbitrary at most countable set in R). We use above and will use in the sequel the
notation | - | for Euclidean finite-dimensional norms (including the absolute value
in one-dimensional case). We will treat ¢ (1) as a multi-valued vector function with
values ¢(u) = [p(u—), p(®)] U [p(u), ¢(u+)] being a union of two segments in
R”. This set is different from a singleton only at discontinuity points u, € D. Let
us demonstrate that the graph of ¢(u) admits a continuous parametrization

u=>bw),beCR), ¢ >gk),gecCR,R", (1.2)

such that the function b(v) is non-strictly increasing and coercive, i.e., b(v) — oo
as v — oo, and that on each segment b~ Yuy), us € D, g(v) is the concate-
nation of (possibly non-strictly) monotone parametrizations of the linear paths
[o(us—), p(uy)] and [@(uy), (u+)] (this means that the distance from a point
of such path to its starting point increases). We call parametrizations (1.2) with
the indicated properties admissible. The existence of an admissible parametriza-
tion (1.2) was shown in paper [2], but only in the case when the set D admits
monotone numeration D = {ui}, k € N, up4+1 > ux Vk € N, i.e.,, when D is a
completely ordered subset of R. In the following lemma we construct the required
parametrization for the general case:

Lemma 1. There exists an admissible parametrization (1.2) of the graph of ¢.

Proof. We consider the more complicated case when D is infinite (in the case
of finite D we only need to replace the set N in the proof below by its finite

subset). We numerate set D: D = {uy}ren and choose positive numbers £y such
o0

that Z hi = ¢ < oo (in particular, we can take i = 27%). We define the finite
k=1

o0
discrete measure w(u) = thS(u — uy), where by 8§(u — uy) we denote the
k=1
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Dirac mass at the point u;. Then we introduce the strictly increasing function
o(u) = u + u((—oo, u)) with jumps at points in D. Notice that

u<aw)Su+c, awy)—oa)2uy—uyVuj,up € R,up > uy. (1.3)

The function b(v) is defined as the inverse to the function « (u) considered as maxi-
mal monotone graph, that is, the value b(v) issuchu € Rthatv € [a(u—), a(u+)].
It follows from (1.3) that v — ¢ < b(v) < v. If v; < vy then denoting u; = b(v;),
i = 1,2, we have v; < a(uij+) < a(up—) < vy whenever u; < up. This re-
lation implies that v, — v; 2 a(up—) — a(u1+) = uy — u; = b(vz) — b(vy).
Hence, b(v2) — b(v1) < vy — vy. In the case u1 = up we see that b(v2) = b(vy)
and the inequality b(vy) — b(v;) < vy — vy is evident. The obtained inequality
can be written in the form |b(vy) — b(vy)| £ |va — vi]. We find that b(v) is Lip-
schitz continuous. Notice also that b(v) takes values uy € D on the segments
[ak, br] = [a(ur—), a(ug+)] of length g > 0. To define the vector g(v), we have
to set g(v) = ¢(b(v)) whenever b(v) ¢ D. If b(v) = ux < v € [ag, br] we
introduce the constants

IE = lput) — oi)l, o = @ ax +17b) /A +17) € [ak, bi]

and set

(ck —V)ur—) + (v — ar)p(ug)

IN

ap S v = ek, x> ay,

g8W) =1 p, — Ck — (1.4)
(b —v)p(ur) + (v — cr)e(ug+) e Y

br — ck

so that g(v) is a piecewise linear function on [ay, bx]. Let us show that the vector
g(v) is continuous on R. We verify that g(v) is continuous at each point vy € R.
It is clear if vy € (ag, by) for some k € N, in view of (1.4). Further, suppose that
vo ¢ [ak, bi] for all k € N. This means thatug = b(vg) ¢ D and ¢(u) is continuous
at ug. Therefore, for every ¢ > 0, there exists such a§ > 0 that |¢(u) — ¢ (ug)| < ¢
in the interval |u — ug| < 2§. This implies that

max(|g(u) — @uo)l, lpu—) — ¢ o)l, le+) — ¢(uo)l)
<e VueR, |u—ugl <6. (1.5)

If [v — vg| < & then |b(v) — ug| < |v — vo| < § and taking into account (1.4) and
(1.5) we conclude

lg(w) — g(vo)| = max(lp(b(v)) — @uo)l, lp(b(v)—)
—po)l, lp(b)+) — pwo)l) = &.

Since ¢ > 0 is arbitrary, this means continuity of g(v) at point vg. By the similar
reasons we prove that

lim g() =@ui—) =glax), lim g) = @ui+) = g(by) Yk e N.
V—>ag— v—=>br+
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Since, in view of (1.4),
lim g(v) =g(a), lim g(v) = g(by),
v—>ap+ v—>br—

we find that the vector g (v) is continuous at the remaining points v = ay, by, k € N.
The proof is complete. O

Remark 1. Notice that the parametrization described in Lemma 1, which will be re-
ferred as standard, is minimal in the sense that for any other admissible parametriza-
tion u = by (w), (u) > g1(w) there exists a continuous nondecreasing surjection
V (w) such that b1 (w) = b(V(w)), g1 (w) = g(V(w)). In fact, V (w) is the unique
value of the standard parameter v corresponding to the point (b1 (w), g1 (w)) of the
graph of ¢ whenever this parameter is uniquely determined. Otherwise, necessarily
b1(w) = up € D, both segments I = [@p(ur—), o(ug)l, I+ = [@ur+), ¢(ui)]
are nontrivial, and one of them contains the other. We choose the segment [«, 8] =
bl_1 (ux) and a parameter w = y such that g;(y) = ¢(uy). Since, as follows from
the continuity of g1, g1(«) = ¢(ur—), g1(B) = @(ur+),then o < y < B. We set
V(w) = v— < ¢, the smaller value of standard parameter v corresponding to the
point (b (w), g1(w)) if w € [, y], V(w) = vy = ¢, the larger value of standard
parameter v corresponding to the point (b;(w), g1(w)) if w € [y, B]. Notice that
v_ = vy = ¢y at the point y, which readily implies that V (w) is continuous on
[«, B] as required. Since g1 (w) forms increasing parametrizations of the segments
I_, It when w € [«, y], respectively when w € [y, B], we conclude that V(w) is
a nonstrictly increasing function. Evidently, the function V (w) takes all values of
the standard parameter v € R, i.e., it is a surjection.

At least formally, after the change u = b(v), Eq. (1.1) reduces to the equation
b(v); +divy g(v) =0 (1.6)

with already continuous flux (b(v), g(v)) € R+
Recall that an entropy solution (e.s.) of Eq. (1.6) is a function v = v(¢, x) €
L (T1) satisfying the Kruzhkov entropy condition: Vk € R

|b(v) — b(k)|; + divy[sign(v — k)(g(v) — g(k))] = 0 (1.7)
in the sense of distributions on IT (in D’ (I1)). This means that for each test function
f=fa,x)eCo(), f20

/H[Ib(v) —b(k)| fi +sign(v — k) (g(v) — g(k)) - Vi f1dtdx 2 0. (1.8)

Taking k = =+||v|| 00, We derive from (1.7) that b(v); +div, g(v) = 0in D'(IT) and
e.s. v = v(t, x) of (1.6) is a weak solution of this equation. We study the Cauchy
problem for Egs. (1.1), (1.6) with initial condition

u(0,x) = b()(0, x) = ug(x) € L°(R"). (1.9)
This condition is understood in the sense of the relation

ess limu(z, -) = ug in L}, (R"). (1.10)
t—0
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It is well known (cf. [18, Proposition 2]) that conditions (1.7), (1.10) can be written
in the form of single integral inequality similar to (1.8): for all k € R and each
non-negative test function f = f(t,x) € Cé(lzl), where IT = [0, +00) x R” is
the closure of I1,

/H [1b() — b()| f, + sign(v — b (g(v) — g(k)) - Vi f1drdx
+/ luo(x) — bk £(0, x)dx = 0. (L11)
Rn

Notice that any jump continuous function is Borel and locally bounded. Therefore,
@(u) € L°(I1) for all u = u(z, x) € L°°(I1), and we can define the notion of e.s.
of original problem (1.1), (1.9) by the standard Kruzhkov relation like (1.11)

fn [ — kL, + sign(u — K (@) — (k) - Ty fldrdx
+/ lug(x) — k| £(0, x)dx z 0 (1.12)

forallk e R, f = f(t,x) € Cé(lzl), f = 0. But such e.s. may not exist, see
Example 2 below. For the correct definition we need multivalued extension of the
flux at discontinuity points and the described above reduction to the well established
case of continuous flux.

In the sequel, we need the more general class of measure-valued solutions.
Recall (see [6,24,25]) that a measure-valued function (a Young measure) on IT is
a weakly measurable map (¢, x) — v; x of Il into the space Proby(R) of proba-
bility Borel measures with compact support in R. The weak measurability of vy
means that for each continuous function p(v), the function (¢, x) — (v; x, p(v)) =
f p)dv; x(v) is Lebesgue-measurable on I1. We say that a measure-valued func-
tion v; , is bounded if there exists such R > 0 that supp v; x C [—R, R] for almost
all (¢,x) e II. We shall denote by ||v; x|oo the smallest of such R. Finally, we
say that measure-valued functions of the kind v; x(v) = 8(v — v(¢, x)), where
v(t, x) € L°(I1) and § (v — vy) is the Dirac measure at a point v, € R, are reg-
ular. We identify these measure-valued functions and the corresponding functions
v(t, x), so that there is a natural embedding L°°(IT) € MV (IT), where by MV (IT)
we denote the set of bounded measure-valued functions on I1. Measure-valued
functions naturally arise as weak limits of bounded sequences in L°°(IT) in the
sense of the following theorem by L. Tartar [25].

Theorem 1. Let vi(t,x) € L), k € N, be a bounded sequence. Then there
exist a subsequence (we keep the notation vi(t, x) for this subsequence) and a
bounded measure valued function v; x € MV(I1) such that

Vp(w) e CR) p(vr) k: (v .x, p(v)) weakly-x in L= (I1). (1.13)

o0
Besides, v; y is regular, i.e., v x(v) = §(v—v(¢, x)) ifand only if v (¢, x) k—) v(t, x)
—> 00

in Lllac (IT) (strongly).
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More generally, the following weak precompactness property holds for bounded
sequences of measure valued function, see for instance [16, Theorem 2]:

Theorem 2. Let v;ﬁ « € MV(I), k € N, be a bounded sequence (this means that
the scalar sequence || v,k, oo is bounded). Then there exists a subsequence v,k,  (not
relabeled) weakly convergent to a bounded measure valued function v, , € MV (II)
in the sense of relation

Vp) € CR) (v, p(v)) k:QQ(”t,Xa p(v)) weakly-x in L*(IT). (1.14)

Obviously, in the case when the sequence v,k . consists of regular functions vy,

relation (1.14) reduces to (1.13). Remark that in Theorems 1, 2 the half-space I1
may be replaced by arbitrary finite-dimensional domain 2.

Recall (see [6,17,24]) that a measure valued e.s. of (1.6), (1.9) is a bounded
measure valued function v; , € MV(II), which satisfies the following averaged
variant of entropy relation (1.11): forallk € R, f = f(t,x) € CA(IT), f 20

/l; [/ |b(v) — b(k)|dv;x(v) f;

+ / sign(v — k)(g(v) — g(k))dvs x (v) - fo} drdx

+f luo(x) — b(k)| £(0, x)dx = 0. (1.15)
Rn

Now we are ready to define the notion of e.s. of original problem (1.1), (1.9).

Definition 1. (cf. [2]) A function u = u(¢, x) € L°°(I1) is called an e.s. of problem
(1.1), (1.9) if there exists a measure valued e.s. v; » (v) of (1.6), (1.9) such that the
push-forward measure b*v; , (1) coincides with the Dirac mass § (u — u(z, x)) for
ae. (t,x) € I1.

In view of the requirement b*v; , (u) = §(u — u(z, x)) entropy relation (1.15)
can be written as

/n [IM — b1 fi + / sign(v — k)(g(v) — g(k))dvr x (v) - fo} drdx

—l—/ luo(x) — b(k)| f(0, x)dx = 0. (1.16)
Rn
Remark 2. If u(z, x) is an e.s. of (1.1), (1.9), then u = —u(z, x) is an e.s. of the
problem

u; — divy o(—u) =0, u(0,x) = —up(x) (1.17)
regarding the continuous parametrization u = —b(—v), —¢(—u) > —g(—v) of the

flux. In fact, let v, , be a measure valued e.s. of (1.6), (1.9) such that b*v; , (u) =
8(u — u(t, x)). Then the measure valued function v; , = [*v, , € MV(I1), where
l(v) = —v, is a measure valued e.s. of the problem (1.17). In fact, for each k € R,

/ | = b(=v) = (=b(=k)|dD; x(v) = / [b(v) — b(=k)|dvr x (v) = |u — b(=k)],
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/Sign(v — k) (=g(—v) — (=g (—=k)))dVy x(v) = /Sigﬂ(v + 1) (g (W) — g(=k))dvr x (v),
| —ug(x) — (=b(=k))| = |uo(x) — b(—=k)],

and these equalities imply that, for every f = f(t,x) € Cé(l:I), fz0,

/H [/ | = b(=v) = (=b(=k)|dV x (v) fy
+ / sign(v — k) (—g(—v) — (—g(=k)))dVr x (v) - Vx f] drdx
+ /R" | —uo(x) = (=b(=k)[ (0, x)dx
= [ [ 10 = bborn s+ [ sient + 6w = 010 Vs | arax
+ [ o) = b-0170.ax 20,
by the entropy relation (1.15) with k replaced by —k. Further more,
(=b(=)) "V x (U) = (=D)"vy x (u) = I"8(u — u(t, x)) = §(u — (—u(t, x))).

We conclude that —u(t, x) satisfies all the requirement of Definition 1 for the
problem (1.6).

Remark 3. Thenotion of e.s. does not depend on the choice of admissible parametriza-
tion (1.2). In fact, let

u=>bi(w), @) >g(w) (1.18)

be an admissible parametrization of ¢(u), and u(¢, x) be an e.s. of (1.1), (1.9)
corresponding to this parametrization. According to Definition 1, there exists a
measure valued e.s. Uy, (w) of the problem

by(w); +dive g1(w) =0, b1(w(0,x)) = uo(x) (1.19)

such that (b} 9; x)(u) = 8(u — u(t, x)). In view of entropy relation (1.16) for each
k€ Randandall f = f(t,x) € CJ(I), f = 0

/H [Iu —bi(O]fi + / sign(w — k) (g1(w) — g1(k))dv; x (w) - fo] drdx

+ / () — b1 ()£ (0, x)dx = 0. (1.20)
RV!

Further more, by Remark 1 there exists a continuous nondecreasing surjection
v = V(w) such that

bi(w) = b(V(w)), gi(w)=g(V(w)),

where u = b(v), ¢(u) > g(v) is the standard parametrization of the graph of ¢
given in Lemma 1. Notice that by monotonicity of V

sign(w — k) (g1(w) — g1(k)) = sign(V(w) — V (k) (g(V(w)) — g(V(k)))
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and therefore relation (1.20) turns into
/n [Iu —bDIfi + / sign(v —1)(g(v) — g())dv; x(v) - fo} drdx

+ f o) — b £(0, x)dx > 0, (1.21)
]R)l

where vy, (v) = (V*¥; ) (v) is the push-forward measure and [ = V (k). Observe
that

(B vi ) () = (B(V)* Dy ) () = (b1 ) () = 8(u — u(t, x)).

Since [ = V (k) takes all real values, it follows from (1.21) that v;  (v) is a measure
valued e.s. of (1.6), (1.9). According to Definition 1, u(¢, x) is an e.s. of (1.1), (1.9)
corresponding to the standard parametrization.

Conversely, any such e.s. u(z, x) satisfies (b*v; ) () = 8(u — u(t, x)), where
Vvt x (v) isameasure valued e.s. of (1.6), (1.9). Since the function V is a surjection, we
can find a Young measure v; ,(w) on IT such that v; , (v) = (V*¥; ) (v). In view of
equivalence of relations (1.20) and (1.21), we find that (1.20) holds, that is, vy , (w)
is ameasure valued e.s. of (1.19). Since (b1 V; ) (u) = (b*v; ) (1) = S(u—u(t, x)),
we find that u (¢, x) is an e.s. corresponding to the admissible parametrization (1.18).

In [2] (also see [3,9]) the existence and uniqueness of e.s. were established
only in the case of integrable initial function ug € LY(R") and under assumption of
Holder continuity of the flux vector ¢ () at zero with the exponenta = (n —1)/n.
Using methods of [11,12], one can prove the uniqueness under a weaker anisotropic
conditions on the continuity moduli of the flux functions at a point ¢ when ug €
c+ LY RMHNL®MR").Ina general situation the uniqueness may fail and our main
result on existence of the largest and the smallest e.s. of (1.1), (1.9) seems to be
useful.

The uniqueness of e.s. follows from our result in the particular case when initial
function u is periodic. This extends results of [18]. In the case n = 1 we also prove
the weak completeness of the set of spatially periodic e.s., generalizing results of
[19] to the case of discontinuous flux.

In the next section we establish some important properties of e.s. including
maximum/minimum and comparison principles.

2. Some Properties of e.s.

We denote z+ = max(%z, 0), sign™ z = (signz)™, sign” z = —sign*(—z)
(so that signdE z= j—zzi).

Proposition 1. Ifu = u(t, x) isane.s. of (1.1), (1.9), ¢ € R, then fora.e.t > 0

/ (u(t, x) — c)tdx §f (uo(x) — c)Fdx
Rll Rl‘l

(these integrals are allowed to be infinite).
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Proof. Without loss of generality we will suppose that fR" (uo(x) — c)Fdx < oo,
otherwise the required estimate is evident. It follows from (1.16) with k = £M,
M Z ||v; x|lco, that, for each f = f(z,x) € Cé(l’l),

/ [uf, + / g()dv; x(v) - foi| drdx —I—/ up(x) f(0,x)dx =0. (2.1)
T R7
Taking into account that, for every constant k € R,
/ [b(k) fi + g(k) - Vy fldtdx + / b(k) f(0,x)dx =0,
T R~

we can rewrite the previous identity in the form
/ [(M — b)) fi + /(g(v) — g(k)dvy x (v) - fo} drdx+
mn

A‘Qn (uo(x) — b(k)) £(0, x)dx = 0.

Putting this equality together with entropy inequality (1.16) and taking into account
that |z] +z = 2z T, signz + 1 = 2sign™ z, we arrive at the relation

/ [(u — bkt fi + f sign™ (v — k) (g(v) — g(k))dvy x(v) - vxf] drdx
I1
+/ (uo(x) — b(k)™ £(0, x)dx = 0. (2.2)
Rn

By coercivity condition there is such d € R that ¢ = b(d). Let m = n, § >
0, B(s) = min((s/8)T, 1)™. Integrating the inequality (2.2) over the measure
B'(b(k) — c)db(k), we arrive at the relation

/ [n(u —oft+ / q)dv; x(v) - fo} dedx +/ n(uo(x) —¢) f(0,x)dx 20, (2.3)
n R"
where

n(b(v) — ¢) = /d (b(v) — b B (B(K) — )db(k) = /d Bk — )db(k) =

(b(v) — )™ /((m + 1)é™) , b(v) — ¢ < 6,
b() —c —m8/(m + 1) ,b(v) —c =8,

q() = /d sign™ (v — k) (g(v) — g(k))B'(b(k) — c)db(k).

In particular, if suppv, , C [-M, M]ae.onIl,and C =2 max |[g(v)| then
WwISM+d

forallv e [-M, M]

lg()| = C/d B'(b(k) — e)db(k) = CB(b(v) — o),
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which implies that

‘/ q)dv x(v)| = C / Bb(v) — c)dvr x(v) = CB(u —¢). (2.4)
. B . LB
Now we fix ¢ > 0. Since B(s) = 1 for s > §, the function y(s) = ————
n(s) +e
decreases on [, +00). This implies that
(s/8)"
= <
max y (s) Sren[gfﬂy(s) = max 5G /8y Jm 1) e
m+1
= max .
0=s5/6>0 80 + (m + 1)eo ™"
By direct computations we find that
1
8 1 1 m+T
min(o + (n + Deo ") = (m+1) <m(m+ )s) .
>0 m 8
Therefore,
5\
m n i
< (— T
y(s) = 5 (m(m n 1)> €
This, together with estimate (2.4), implies that
'/ q)dve x (V)| = N(n(u — ¢) +¢), (2.5)
where
1
C 1) m+T
N=N@E) =—(— )" e (2.6)
1) m(m + 1)
Since (i fidtdx + [, £(0, x)dx = 0 we can write (2.3) in the form
/ [(n(u —o)+e)fi + / q()dv; x(v) - fo] drdx
n
+ / (n(uo(x) —c) +¢) f(0, x)dx = 0. 2.7)
Rn

Let E beasetofr > Osuchthat (¢, x) is aLebesgue pointof u(z, x) for almostall x €
R”".Itis well-known (see for example [21, Lemma 1.2]) that E is a set of full measure
and ¢t € E is a common Lebesgue point of the functions r — fRn u(t, x)h(x)dx
for all h(x) € L'(R"). Since every Lebesgue point of a bounded function u is also
a Lebesgue point of p(u) for an arbitrary function p € C(R), we may replace u
in the above property by p(u), and in particular by n(u — ¢) + . We choose a
function w(s) € C§°(R) such that w(s) = 0, suppw C [0, 1], fa)(s)ds =1,and
define the sequences w,(s) = rw(rs), 0:(s) = [* _wy(0)do = [7_ w(o)do,
r € N. Obviously, the sequence w, (s) converges as r — o0 to the Dirac §-measure
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weakly in D’ (R) while the sequence 6, (s) converges to the Heaviside function 6 (s)

pointwise and in L lloc (R). Now we take the test function in the form

f=rx)=h0(o—1), h=p(NE—1)+I[x]—R),
where p (o) € C*°(R) is a decreasing function such that p(c) = 1 for o < 0 and
p(c0) =0foro = 1 (wecantake p(0) = 1—0;(0)), R > 0,and fy € E. Observe

that f = 6, (19 — 1) in a vicinity |x| < R of the singular point x = 0 and therefore
f € C®(0), f = 0. Applying (2.7) to the test function f, we arrive at the relation

/ (1o (x) — ¢) + &)h(0, x)dx — f ((u — ¢) + &)ho(tg — t)dtdx
R7 I

+ / [N(n(u(X)—C)+8)+ / q(v)dv,,x(v)i}
I

x|
x p (N(t —19) + |x| — RO, (to — t)dtdx =0 2.8)

for sufficient large » € N such that r#p > 1. In view of (2.5) and the condition
p' (o) £ 0, the last integral in (2.8) is non-positive and it follows that

/ (n(u — ¢) + &)haw, (to — t)drdx = / (o (x) —c) +&)h(0, x)dx.
I R~
Dropping ¢ in the left integral, we obtain the inequality
f (/ n(u(t, x) —c)h(t, x)dx) w,(tg — H)dt < / (n(uop(x) —c) + &)h(0, x)dx.
0 RH RIX

Since #y € E is a Lebesgue point of the function t — fR" n(u(t, x) —c)h(t, x)dx,
we can pass to the limit as » — oo in the above inequality, resulting in

/ n(u(to, x) — ¢)h(to, x)dx = / (n(uo(x) —¢) +€)h(0, x)dx.
R R"

Revealing this relation, we get
/Rn n(u(to, x) — c)p(lx| — R)dx = fRn (n(uo(x) —¢) + &)p(Ix] — Nto — R)dx
< /I‘R" n(up(x) —c)dx + ¢ /R" o(|x] — Nty — R)dx. (2.9)
With the help of (2.6), we obtain that for some constants c1, ¢ = ¢c2(R, §)
& /R p(x| = N(e)tg — R)ydx < cie(N(&)to + R+ 1)" < cpe(1 + zos‘ﬁ)" - 0

e—>0+

(recall that m + 1 > n). Therefore, passing to the limit in (2.9) as ¢ — 0+, we
obtain that for all tp € E

/n n(u(to, x) — c)p(lx| — R)dx = /Rn n(uo(x) — c)dx. (2.10)
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Now observe that 0 < n(s) < sT and n(s) — s as § — 0. By Lebesgue
dominated convergence theorem it follows from (2.10) in the limit as § — O that
forae.r =1 >0

/ u(t, x) —c) T p(x| — Rydx < / (uo(x) — ¢)Tdx < 4o00.
n Rn

By Fatou’s lemma this implies, in the limit as R — oo, that

/ (u(t,x) —c)Tdx / (uo(x) — ¢)Fdx, (2.11)
Rn Rn

as required. In view of Remark 2 the function —u(¢, x) is an e.s. of the problem
ur—divy (—u)y—0,u(0, x) = —up(x). Applying (2.11) to this e.s. with c replaced
by —c, we obtain the inequality

/ (u(t,x) —c)~dx < / (up(x) —c)"dx Vt € E. (2.12)
Rr R"
m}

Corollary 1. Any e.s. u = u(t, x) of (1.1), (1.9) satisfies the maximum/minimum
principle

a = ess infug(x) S u(t,x) < b = ess supug(x) fora.e. (t,x) € Il.

Proof. The maximum/minimum principles directly follows from (2.11) and (2.12)
with k = b and k = a, respectively. O

Putting inequalities (2.11), (2.12) together and using the known relation |z| =
7T + z~, we obtain the following:

Corollary 2. If u(t, x) is an e.s. of (1.1), (1.9) then for a.e. t > 0

/ lu(t, x) — c|dx §/ lug(x) — c|dx.
n Rn

. . n @ :
If uy, up is a pair of e.s. and v,( x) , v,( x) are the corresponding measure valued

e.s. of (1.6) then by a measure-valued analogue of the doubling variable method,
developed in [24] (also see [17]), we have the relation

d
2 / f (bw) — b)) a2 w)

+ div, // sign (v — w)(g(v) — g(w))dvt(’l,?(v)dv,(’zx)(w) < 0in D'(I1).

Since b(v) = u1(t, x), b(w) = uy(t, x) on supp v,(’lx), supp u,g), respectively, then

the above relation can be written as
9 + : P
E(M —u)" +div, sign™ (v — w)(g(v)

—g))dv ) ()dvZ (w) £ 0in D' (). (2.13)
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Proposition 2. Let uy, uy be e.s. of (1.1), (1.9) with initial functions w19, uso,
respectively. Assume that, for every T > 0,

meas{ (r,x) € (0, T) x R" | uy(t,x) = ur(t, x) } < +oo.

Then, for a.e. t > 0,
/ (u1(t, x) — ua(t, x))"dx < /R (u10(x) — uno(x)) Tdx.

In particular, uy(t, x) < uy(t, x) a.e. in T whenever ujo(x) < uzy(x) a.e. in R"
(the comparison principle).

Proof. Let, as above, vt(,lx), vt(zx) be measure valued e.s. of (1.6) corresponding to u1,
uz.Let E C Ry be a set of full measure similar to one in the proof of Proposition 1
consisting of values ¢+ > 0 such that (¢, x) is a Lebesgue point of (u1(f, x) —
us(t, x))T fora.e.x € R".Thent € E is acommon Lebesgue point of the functions
t — f(u](t,x) —us(t, x)Th(x)dx, h(x) € LYR"). Let 19,11 € E, 19 < 1,
xr(t) = 6,(t —tg) — 6,(t — t1), where the sequence 6,(¢), r € N, was defined
in the proof of Proposition 1. Applying (2.13) to the nonnegative test function
f(t,x) = X ()q(x/R), where ¢ = q(y) € Cj(R"),0 < ¢ < 1,4(0) = 1,and
R > 0, we get

/H(ul (t,x) —uz(t, X)) T (w, (t — to) — w,(t — 11))q(x/R)dtdx
+ % / / / signt (v — w) (g (V) — gw))dv Y W)V (W) - Vyq(x/R)x, (H)dedx > 0.
I

Since #;, i = 1,2, are Lebesgue points of the functions [, (u1(z, x) — uz(t, x))*
q(x/R)dx while the sequence y, (¢) is uniformly bounded and converges pointwise
to the indicator function of the interval (¢, #], we can pass to the limit as » — oo
in the above relation and get

/Rn (1 (11, %) = ua (11, ) Tq(x/Rydx < /R” (u1(to, x) — ua(t0, ¥))"q(x/R)dx

+ 1 / / sign® (v — w)(g(V) — g(w))dv ) V)V (w) - Vyg(x/R)drdx.

R Jg,n)xre (2.14)

It follows from the inequality

|(u1 (o, x) — uz(to, X)) T — (u10(x) — u20(x)) ™|
< uy(to, x) — u1o(x)| 4 luz(to, x) — uz0(x)|
and initial relation (1.10) that

ess lim(uy (10, x) — ua(to, 1)) = (u10(x) = u20(¥) ™ in Lo (R").
10—

This allows us to pass to the limit as #p — 0 in (2.14), resulting in the relation:
forae. T =1t >0

- (T, x) = uz(T, x)) q(x/R)ydx < An (u10(x) — u20(x)) g (x/R)dx
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1 .4 ¢0) 2
+ — / // sign™ (v — w)(g(v) — g(w))dv, ; (v)dv,; (w) - Vyq(x/R)drdx
R Jo,1)xRre ’ ' ’

< / (u10(x) — w2 (x))Tdx + l G(t,x) - Vyq(x/R)dtdx, (2.15)
R" R Jo,1)xRre :

where
G=G(t,x) = // sign® (v — w) (g(v) — g(w))dv ) V)V (w).

By Definition 1 b(v) = uj(z, x) on supp vt(,lx), b(w) = uy(t, x) on supp v,(zx) and

if uy(f,x) < ua(t, x) then v < w whenever v € supp v,(}x), w € supp v,(’zx), and it
follows that G (¢, x) = 0. Therefore, the vector-function G can be different from
zero vector only on the set {u; (¢, x) = u(t, x)}, which has finite measure in any
layer TT7 = (0, T) x R". Thus, denoting D7 = { (t,x) € Ty | u1(t,x) =
us(t, x) }, we find

‘/ G(t,x) - Vyg(x/R)dtdx
(0,T)xR"

= [GlloolVyqlloo meas Dy < o0

/ G(t,x) - Vyq(x/R)drdx
Dr

(notice that [|Glloc < 2 max |g(v)], where M = max (v o 102 100)). We
<M ’ ’

see that the last term in (2.15) disappears in the limit as R — oo due to the factor
1/R. Hence, passing to the limit as R — oo and using Fatou’s lemma (observe that
q(x/R) R—> q(0) = 1), we arrive at the desired relation: for all T € E,

— 00

/R (@1(T, x) = ua(T, x))"dx < /R (u10(x) — u20(x)) " dx.
O

The nest result asserts the strong completeness of the set of e.s. of the problem
(1.1), (1.9). More precisely, we consider the approximate problem

ur +divy g(v) =0, u = b (v); u(0,x) = urox), (2.16)

where b, (u) € C(R), r € N, is a sequence of non-strictly increasing functions
approximating b(u) (in the sense indicated in the next proposition).

Proposition 3. Let u,g = u,o(x), r € N, be a bounded sequence in L*°(R"),
and u, = u,(t, x) be a sequence of e.s. of (2.16). Assume that b,(u) — b(u) as
r — oo uniformly on any segment, and that the sequences u,o — ug = ug(x),
u, — u = u(t,x) in L}OC(R”), L}OC(H), respectively. Then u is an e.s. of (1.1),
(1.9) with initial data u.
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Proof. Let M = sup |lur0llco. By Corollary 1 we see that ||u,|lco < M for all

reN
r € N. By Definition 1 there exists a sequence vy , € MV(IT) such that
biv () = 8(u — u,(t, x)), (2.17)

and that, for all k € R forevery f = f(¢,x) € Cé(lzl), f =0,

/H [Iur —br(O1fi + / sign(v — k) (g(v) — g(k)dvy  (v) - fo] drdx
+/ luro(x) — by (k)| £ (0, x)dx = 0. (2.18)
Rl’l

By the coercivity assumption, there exist such a constant R > Othatb(—R) < —M,
b(R) > M. Since b,(£xR) — b(£R) as r — oo, we find that b,(—R) < —M,
b, (R) > M for sufficiently large ». Without loss of generality we can suppose that
these inequalities hold for all » € N. Then, in view of (2.17), supp v/ , C [—R, R].
Therefore, the sequence of measure valued functions vy , is bounded and by The-
orem 2 some subsequence of vy , converges weakly to a bounded measure valued
function v; , (in the sense of relation (1.14)). We replace the original sequences
ur0, Ur, vy . by the corresponding subsequences (keeping the notations), and pass
to the limit as r — oo in (2.18). As a result, we get

/n [IM —b®)| fr + / sign(v — k)(g(v) — g(k))dvy x (v) - fo} drdx
+/ luo(x) — b(K)| £(0, x)dx =0 (2.19)
RVL

forall k € R and each f = f(t,x) € Cé(l:I), f 2 0. Moreover, passing to the
limit as r — oo in the relation (following from (2.17))

/ 4(by W)AV]  (v) = qur (1, X)) Vg () € CR),

with the help of the relation g (b, (v)) — ¢(b(v)) = 0 uniformly on [—R, R], we
obtain that for a.e. (¢, x) € Il

/Q(b(v))dw,x(v) =q(u(t, x)). (2.20)

A set of full measure E of points (¢, x), for which relation (2.20) holds can be
chosen common for all ¢ from a countable dense subset of C (R). By the density, this
relation remains valid for all ¢ € C(R), which evidently means that b*v; , (1) =
8(u — u(t,x)) for all (t,x) € E. In particular, it follows from (2.19) that the
entropy relation (1.15) is fulfilled, and v; , is a measure valued e.s. of (1.6), (1.9).
In correspondence with Definition 1, we conclude that u is an e.s. of (1.1), (1.9),
asrequired. 0O
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3. Existence of e.s.: The Case of Integrable Initial Data

In this section we assume that the initial function is integrable, ug € LY'(R" N
L (R™). The general case will be treated in the next section, where we will establish
existence of the largest and the smallest e.s. for arbitrary ug € L>(R").

We introduce the approximations b, (u) = b(u)+u/r,r € N, of b(u) by strictly
increasing functions. Then the equation in (2.16) can be written in the standard form

ur + divy ¢ (u) =0, (3.1

where ¢, (1) = g((br)_1 (u)) € C(R, R"). As was established in [1], there exists
the unique largeste.s. u, = u, (¢, x) of the Cauchy problem for Eq. (3.1) with initial
data ug(x). Moreover, after possible correction on a set of null measure, u, (¢, -) €
C ([0, +00), L' (R)), and for each fixed r € N the maps ug —> u,(t,-), r = 0, are
nonexpansive in L!(R™). It is clear that for every Ax € R” the shifted functions
u,(t,x + Ax) are the largest e.s. of (3.1) with the initial functions ug(x + Ax).
This implies the uniform estimate

/ lu, (tg, x + Ax) — u, (19, x)|dx < / lug(x + Ax) — ug(x)|dx Vit > 0.
R® R7

It follows from this estimate that

/ lur(to, x + Ax) — u,(to, x)|dx = @ (|Ax]), (3.2)

Rn

where w*(h) = sup fR,, lug(x + Ax) — up(x)|dx is the continuity modulus of
|Ax|<h

up in L! (R™). We then proceed as in [10] to get a similar estimate for shifts of
the time variable. For the sake of completeness we provide the details. We choose
an averaging kernel B(y) € Cé (R™) with the properties: B(y) = 0, supp B(y) C
B1(0) ={y e R" | |y| £ 1}, fR" B(y)dy = 1. For a function g(x) € L*(R") we
consider the corresponding averaged functions

") = b / dB(Gx — y)/Mydy, h >0,

which are the convolutions g * ﬂh(x), where ,Bh (x) =h™"B(x/h). Itis clear that
q"(x) € CYR") foreach i > 0, |¢" [loo < ||¢lloo, and g — g as h — 0 a.e. in

R”™. Moreover, since Vg" = g % V" (x), we have

IN

c
IVg" oo < lglleoVB" 11 = plalleo, c= IVyBlli- (3.3)
Applying (3.1) with u = u, to the test function

f=0,—10) —0,(t —t9g — AD)) p(x),

where 7y, At > 0, p = p(x) € C(l) (R™), v € N, and passing to the limit as v — oo,
we get

/ (U (fo + A1) — 10, (t9, 1)) p(x)dx = / 0r () - Vpdx. (3.4)
n (to,to+Ar)xR”
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By Corollary 1 ||urllec £ M = |luglleo for every r € N. It follows from the
coercivity assumption that there is such R > 0 that b(—R) < —M,b(R) > M. All
the more, b-(—R) < b(R) < —M, b,(R) > b(R) > M forallr € N. This implies
that (b,)~'([—M, M]) C (—R, R) and therefore for a.e. (t, x) € I1

lor (ur)] = g((br) ™ (uy)) £ N = max [g(v)].
ISR

It now follows from (3.4) that

(ur(to + At) — ur(to, x)) p(x)dx| = N[|Vpll; At. 3.5)

Rn

Further more, we make use of the following variant of Kruzhkov’s lemma [10,
Lemma 1] (for the sake of completeness, we provide it with the proof):

Lemma 2. Let w(x) € L' (R"). Then, for each h > 0,
f lw(x)| — w(x)(sign w)" (x)]dx < 2wy (h),
Rn

where wy,(h) = sup fR,, lwx + Ax) — w(x)|dx is the continuity modulus of w
|Ax|<h

in LY(R™).

Proof. First, notice that, for each x, y € R”,

Hw)| — wx) signw(y)| = [[wx)] — (wx) —w)) signw(y) —w(y)signw(y)|
= [lw@)| — [w)| — (wx) — w(y)) signw(y)|
= lw)| = [wW)I + [wEx) —w()| = 2lwEx) —w)l.

With the help of above inequality we obtain

f )] = w(o) (sign w)” (x)]dx
(Iw@)] = w() signw(x — y)Br(»)dy| dx

_/" R

< / /R [lw(x)| — w(x)signw(x — y)|Bn(y)dydx

= / / 2lw(x) — wx — y)|Bp(y)dydx

= 2/ (/ [w(x) —w(x — y)|dx) Br(Mdy < 2w, (h),
lyI<h n

as was to be proven. O
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As it readily follows from Lemma 2, for any p = p(x) € Cé (R™)

‘/ [w(x)|p(x)dx —/ w(x),o(x)(signw)h(x)dx
b . (3.6)
= /Rn Jw(x)| — w(x)(signw)" (x)]p (x)dx < 2[|ploww (h).

We apply this relation to the function w(x) = u,(fo + At, x) — u,(to, x) for fixed
to, At > 0, r € N. In view of estimate (3.2), for every Ax € R", |Ax| < h,

[ e a0 weidx < [ gt + 80 = o, ks
R7 R7
/ lu,(tg + At, x + Ax) — u,(to + At, x)|dx < 2w, (h),
R}'I
so that wy, (h) < 2w* (h). It follows from (3.6), (3.5), and (3.3) that

+ 4llpllocw® (h)

/ lw@)|p(x)dx = V w(x)p (x) (sign w)" (x)dx
Rﬂ Rn

+ 4llpllocw® (h)

- ‘ f (ur (1o + AL, x) — 4y (f9, x))p(x) (sign w)” (x)dx
Rf’l

< NIV (o) (signw) (0)) 11 A1 + 4] pllece™ (h) < ¢, (AL/ 7 + " (h)),
3.7

where 0 < 7 < 1, and ¢, is a constant depending only on p. Since the left hand
side of this estimate does not depend on &, we arrive at the estimate

/ lur (10 + AL, x) — u, (10, X)|p(x)dx = cp0 (A1), (3.8)

where o' (A1) = Oirhlf 1(At/h + " (h)). Taking h = (Ar)'/2, we find o' (Ar) <

(A2 + * ((AHY?) for all At € (0, 1). Thus, ' (At) — 0 as At — 0. Both
estimates (3.2), (3.8) are uniform with respect to #p > 0 and r € N. By the known
compactness criterium they imply pre-compactness of the sequence u, in Llloc(l'[).
Therefore, passing to a subsequence, we can assume that u, — u as r — 00 in
L 110 - (IT). We conclude that all the requirements of Proposition 3 are satisfied (with
the constant sequence u,0 = ug), and by this proposition u = u(t, x) is an e.s. of

(1.1), (1.9).

For more general initial functions ug(x) € (c + L'(R")) N L®(R"), where
¢ € R, one can make the change i = u — c. As is easy to verify, u is an e.s. of
(1.1), (1.9) if and only if & is an e.s. to the problem

uy +divy o(c+u) =0, u(0,x) =upx) —c,

corresponding to the parametrization u = b(v) —c, ¢(c+u) > g(v). The existence
of such an e.s. has been just shown. This yields the existence of e.s. to the original
problem. Thus, we have the following result:



Arch. Rational Mech. Anal. (2023) 247:78 Page 19 of 40 78

' u=bw) g

Fig. 1. Parametrization of H (i)

Theorem 3. For every initial function ug € (¢ + L' (R")) N L®(R"), where ¢ € R,
there exists an e.s. of problem (1.1), (1.9).

Concerning the uniqueness, it may fail evenifn = 1 andug € L' (R)NL>®(R).

Example 1. We will study the problem

1
H =0, 0,x) = = —F, 3.9
ur + Hu)x u(0, x) = uo(x) T o (3.9
where H(u) = signt u is the Heaviside function. The natural solution of this
problem is the stationary solution u(¢, x) = ug(x). To construct other e.s., we
choose the appropriate continuous parametrization of the flux (it corresponds (1.4)
if we set H(0) = 1/2)

v, v <0, . 0, v <0,
u=>bkv)=10, 0Svsl, Huwgw)y={v,05v=1, (3.10)
v—1,v>1, I,v>1,

where H(u) = H(u), u # 0, H(O) = [0, 1], see Fig. 1.
We are going to find an e.s. of (3.9) in the form

a4+ x%), x> x(@),
ut, x) = {0, x < x(t),
where x(1) € C'((o, ), 0 £ a < B < 4o00; x'(1) > 0, tlim+x(t) = —00,

111;51 x(t) = +oo if B < +o00. The corresponding measure valued e.s. v; x is
t—p—

assumed being regular, i.e., it is an e.s. v = v(¢,x) € L°(IT) of the conser-
vation law b(v); + g(v), = 0 such that u = b(v). In particular, v(z,x) =
14+ 1/(1 + x3) if x > x(@7) and v(z,x) € [0,1]if x < x(¢). Since in the lat-
ter case vy = b(v); + g(v)y = 0 in the sense of distributions, we claim that
v does not depend on x, i.e., v = v(¢) in the domain x < x(¢). As is easy to
realize, both the Rankine-Hugoniot and the Oleinik conditions (see [15]) should
be fulfilled on the discontinuity line x = x(¢#). These mean, respectively, that
x'(t) coincides with the slope of the chord connected the points (b(v—), g(v—)),
(b(v+), g(v+)) of the graph of the flux function ¢ € H (1), and that this graph
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v}
0| (1+xy! u

Y

Fig. 2. The Rankine—Hugoniot and the Oleinik conditions

(1+xy!

Y

0 X

Fig. 3. Nonstationary entropy solution

lies above of the indicated chord then v runs between v— = lir?) v(t,x) =v(t)
x—>x(t)—
andv+ = lim v(r,x) =1+ 1/(1+x()?) > v—, see Fig. 2.
x—>x(t)+

Notice that the Oleinik condition is automatically satisfied while the Rankine-
Hugoniot condition provides the differential equation x’(z) = (1 + xz)(l —v(1)).
In particular, taking v(¢) = 0 and solving the above equation, we obtain the dis-
continuity curve x = x(t) = tg(t —ty), to — /2 < t < to + 7 /2 with the required
properties for all ¢y = /2, see Fig. 3.

Varying v(t), we can construct many other e.s. For example, choosing v(t) =
t2/(1 +¢?) and a particular solution x = —1/¢ of the differential equation x'(t) =
A+x)(1—v(@) = 14+x2)/(14+1?),wefindthee.s.u = 1/(14+x?) ifxt > —1,
u = 0if xt < —1. We conclude that an e.s. of (3.9) is not unique. In the case
of merely continuous flux vector an e.s. of the problem (1.1), (1.9) may also be
non-unique but only if n > 1, see [11,12]. If n = 1 and ug € L'(R) N L>®(R)
then the uniqueness can be proved under the assumption on continuity of the flux
function at zero. Hence, it is essential for our example that 0 is a discontinuity point
of the flux H (u).

4. Existence of the Largest and the Smallest e.s. The General Case
ug € L°°(R")

To construct the largest e.s., we choose a strictly decreasing sequence d, > d =
ess supug(x), r € N, and the corresponding sequence u, of e.s. of (1.1), (1.9) with
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initial functions

_ Juox), x| =,
tor(x) = {dr, x| > r.

Since uo, € (dr + L'(R™)) N L®(R") an e.s. u, actually exists by Theorem 3.
Observe that Vi € N

uo(x) = uor41(x) = uor(x) = dy ae.onR", and lim ug, (x) = uo(x).

Denote 8, = d» — dr; > 0. By the maximum principle u, < d, for all r € N.
Therefore,

{(t,x) [ urg1(t,x) 2 up(t, x)} C{(t, %) | dry1 2 u,(, %))
= {(t’x) | dy — ur(t, x) 2 8r}~

By Chebyshev’s inequality and Corollary 2, for each T > 0,

meas{ (£,x) € (0, T) x R" | u,41(t, x) = u,(t,x) }
Smeas{ (t,x) € (0, T) x R" | dy — u,(t,x) = 5, }

1 T
<l ldy — ur|dedx < / ldy — gy ldx
3 Jo,1)xRn 8 Jrn
T
= — (dy — up)dx < 4o00.
8r |x|<r

We see that the assumption of Proposition 2 regarded to the e.s. u,4+1 and u, is
satisfied and by this proposition u,4; < u, a.e. on Il. Since ug, = up = a =
ess infug(x) then u, = a, by the minimum principle. Hence, the sequence

up(t,x) — uy(t,x) =inf u,(t, x)
r—o00 r>0

a.e. on I, as well as in Llluc(l'[). By Proposition 3 the limit function . is ane.s. of
original problem (1.1), (1.9). Let us demonstrate that . is the largest e.s. of this
problem. For that, we choose an arbitrary e.s. u = u(t, x) of (1.1), (1.9). By the

maximum principle, u < d. Therefore, for each r € N

{(t,x) ey =0, T) xR" |u Zu,} C{(t,x) €y |d Z u,}

= {(t,x) € Iy | dy — uy = dy —d)

and consequently

1
meas{(t, x) € My | u 2 uy) < / ldy — rldx
d—d Jn,

< (dy — ug)dx < +o0,
dr —d /x|<r '

where we use again Chebyshev’s inequality and Corollary 2. Hence, the requirement
of Proposition 2, applied to the e.s. u and u,, is satisfied and, by the comparison
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principle, the inequality ug < wuo, implies that u < u, a.e. on I1. In the limit as
r — oo we conclude that u < u, a.e. on IT. Hence, u is the unique largest e.s.
The smallest e.s. #_ can be found as u_ = —u, where i is the largest e.s. to the
problem (1.6).

We have established the existence of the largest and the smallest e.s. Let us
demonstrate that these e.s. satisfy the stability and monotonicity properties with
respect to initial data.

Theorem 4. Let uyy, ury € L°(I1) be the largest e.s. of (1.1), (1.9) with initial
functions u1g, uao, respectively. Then for a.e. t > 0

/Rn (14 (t, x) — uat (t,x))Tdx < /Rn (u10(x) — uz0(x)) Tdx.

In particular, if u1o < upo a.e. in R" then uyy < usy a.e. in T

Proof. We choose a decreasing sequence dr > d = max(ess supujp(x),
ess supuyp(x)), r € N, and define the following sequences of initial functions:

0 ~Juox), xS o ~ Jup®), x| =,
ul’(x)_{dr, x| > 7, uz, (x) = d-+1, |x|>r.

Let uy, = ui,(t, x), upr = uz(t,x) be e.s. of problem (1.1), (1.9) with initial
functions u(l)r, ugr, respectively. As was demonstrated above, the sequences uy,,
uy, decrease and converge in L}OC(H) to the largest e.s. u14, ua, respectively. By
the maximum principle u, < d, a.e. in IT and therefore, for each T > 0,

{(t,x) € 7 | ur, (2, x) 2 upr (t, x)} C{(t,x) € Ty | dy 2 unr (2, x)}
c{(t,x) ey |dy + 1 —up, (¢, x) = 1}.

By Chebyshev inequality and Corollary 2

meas{(t, x) € Ir | u1,(t, x) = uz (t, x)}
< meas{(t,x) € 7 | dr + 1 —uz (¢, x) 2 1}

< / |dy + 1 —up, (¢, x)|dtdx < T/ |d, +1— ug,(x)|dx
Ir R”
= T/ (d, + 1 — upp(x))dx < o0,
|x|<r

which allows us to apply Proposition 2 and conclude that, for a.e. t > 0 and all
reN,

(w1, (t, %) — uzp (1, %)) Tdx < / (@}, (x) — ul, (x))Tdx
R~ R~
= /I (u10(x) — uzo(x))Tdx E/R (u10(x) — uno(x)) Tdx.

To complete the proof, it remains only to pass to the limit as r — oo in above
relation with the help of Fatou’s lemma. O
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Corollary 3. With notations of Theorem 4 for a.e. t > 0

/R [ty (t, x) — upq (f, x)|dx é/R l10(x) — uzo(x)|dx.

Proof. By Theorem 4 we find that, for a.e. r > 0,

; (ur4(t, x) — uat (t, x))Tdx < fR (u10(x) — u20(x))"dx,

/R (a4 (t, x) — ur(t, x)) tdx E/R (u20(x) — u10(x))Fdx.

Putting these inequalities together, we derive the desired result. O

The analogues of Theorem 4 and Corollary 3 for the smallest e.s. follows from
the results for the largest e.s. to the problem (1.17) after the change u — —u.

Let us return to the problem (3.9) from Example 1 and find the largest and the
smallest e.s. explicitly. First, we demonstrate that the largest e.s. u coincides with
the stationary solution ug = 1/(1 + x2). Since the e.s. u is the largest one, then

+ 2 ug. Further more, by Proposition 1, for a.e. t > 0,

/u+(t,x)dx =/(u+(t,x) —0)Tdx < f(uo(x)—0)+dx =/uo(x)dx,
R R R R

which implies the inequality
/(u.,.(t, x) —up(x))dx < 0.
R

Since uy = ug, we conclude that u, = ug(x) a.e. in I, as was claimed.
Let us show that the smallest e.s. of (3.9) is given by the expression

1/(1 +x2), x > tg(t — 7/2),

u_(t,x)=ﬁ(f,x)i{ x < tg(t —m/2),

where we agree that tgz = +o0 if &z = 7/2. In particular, 7 = 0 fort = 7. As
was shown in Example 1, & is indeed an e.s. of (3.9). Therefore, the smallest e.s.
u—_ < ii. By the minimum principle we also claim that u_ = 0. Direct calculation

shows that
+oo d
/ﬂ(t,x)dx :/ =@ -n*. 4.1)
-/ 1 +x

Let v, , be a measure valued e.s. to the problem (1.6), (1.9) corresponding to the
smalleste.s. u_ of problem (3.9). In view of identity (2.1) we find that (u_), + G, =
0 in D'(I1), where G = G(t,x) = fg(v)dvtfx(v) € [0, 1] because g(v) =
max (0, min(1, v)) € [0, 1], see (3.10). This easily implies that, for a.e. r > 0,

r

d
g | w-0dx =G~ = Gt.r) z 1 in D' (R),
—r
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which, in turn, implies the estimate [* u_(¢, x)dx = [ uo(x)dx — . Passing in
this estimate to the limitas r — 400, we find that [ u_ (7, x)dx = [ug(x)dx—t =
7 — t. Taking also into account that u_ = 0, we see that for a.e. t > 0

/u,(t,x)dx > @ -nt.

Comparing this inequality with (4.1), we get
/(ﬁ(t, x)—u_(t,x)dx <0

for a.e. t > 0. Since &t = u_, this implies the desired identity u_ = @i (s, x).
In the end of this section we put the example promised in Introduction, which
shows the necessity of the multi-valued extension of the flux.

Example 2. Let n = 1 and xo(u) be a function that is different from zero only at
the zero point, where it equals 1, i.e. xo(u) is the indicator function of the singleton
{0}. We consider the Riemann problem

ur + (xo()x =0, u(0,x) = H(x),

where H (x) is the Heaviside function. Assume that there exists ane.s. u = u(t, x)
of this problem in the sense of relation (1.12). Putting this entropy relation

lu — kl; + [sign(u — k) (xo ) — xo(k))]x <0
together with the identities
+ (= k) + (o) — xo(k))x) =0,
we get that for each k € R
(= b)), + [sign™(w — k) (xo(u) — xo(k)]x £0 in D'(MM).  (4.2)

It follows from this inequality that ((u — 1)*), <0, ((u +&)7); < 0in D'(I1) for
each & > 0 and since 0 < u(0, x) < 1, we find that (u — 1)T = (u+¢)~ = 0, that
is, —¢ < u < 1 a.e. in I1. In view of arbitrariness of ¢ > 0, we see that 0 S u < 1
a.e. in IT. It again follows from (4.2) that ((u — &)™), < 0 in D'(II) for every
& > 0. This implies that (u — &)+ < (H(x) — &)™ = 0 a.e. in the quarter-plane
t > 0,x < 0. Since ¢ > 0 is arbitrary, we conclude that u(¢, x) = 0 in this
quarter-plane. Now, we will demonstrate that # = 1 a.e. in the quarter-plane r > 0,
x > 0. For that, we apply the relation (1 — u); — xo(u)x = 0 to the test function
f=pminR+T —t —x,x))h(t), where T > 0, R > 2, p(v) € C!(R)is a
function with the properties p’ = 0, p(v) = 0 forv < 0, p(v) > 0 forv > 0,
p) = 1forv = 1;h(t) € Cé((O, T)),h = 0 (notice that p = 1 in a neighborhood
of asingularlinex = R+ 7T —t — x,t < T, which implies that f € C&(H)). As
a result, we get
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/ (1 — u) ph' (t)dtdx +/ (—(1 — u) + xo(u)) p’hdtdx
I1 x>R+4+T—t—x
+/ (—xo(u)) p'hdtdx = 0. (4.3)
X<R4+T—t—x

Observing that 0 < xo(u) < 1 —u for u = u(t,x) € [0, 1], and that p’ =
p'(min(R+ T —t — x,x)) = 0, we find that the last two integrals in (4.3) are
non-positive and therefore for all h = h(t) € C(%((O, 7)),h=0

/OT </Rn(1 —uw)p(min(R+T —t — x, x))dx) K (t)dt
= /H(l — u)ph'(t)dtdx = 0.
This means that
% /]Rn(l —w)pmin(R+ 7T —t — x,x))dx £0 in D'((0, T)).
Taking into account the initial condition, we find that for a.e. t € (0, T)
/Rn(l —u)p(min(R+T —t — x, x))dx
< /Rn(l —up(x))p(min(R+ 7 —x,x))dx =0

since ug(x) = 1 for x > 0 while p(min(R+7 — x,x)) = p(x) =0forx <0.In
the limit as R — 400, this relation implies that for a.e. ¢ € (0, T)

(1 —u(t,x))px)dx =0.
RI’L

Since p(x) > Oforx > 0,and T > 0 is arbitrary, we conclude that u(z, x) = 1 for
a.e. (t,x) € I1, x > 0. We have established that our solution # = H (x). But this
function is not even a weak solution of our equation because the Rankine-Hugoniot
relation 0 = xo(1) = x0(0) = 1 is violated on the shock line x = 0. Hence, our
Riemann problem has no e.s. in the Kruzhkov sense. As we already know, there
exists an e.s. of our problem in the sense of Definition 1, corresponding to the
multi-valued extension yo(0) = [0, 1] of the flux. The corresponding continuous
parametrization can be given by the functions

v+1, v<-—1, 0 > 1
u=bw)=10, —-1=v=1, )_(O(M)3g(v)={1’_|v| lu| < 1j
v—1, v>1, ’ =7

see Fig. 4.

Let us show that the stationary solution u = H (x) is an e.s. of our problem. The
corresponding e.s. v = v(t, x) of the equation b(v); + g(v), = 0 can be chosen
regular. For x > 0 it is uniquely determined by the requirement b(v) = u = 1
and therefore v = 2. For x < 0 one can chose v = —1 or v = 1 (it is even
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Fig. 4. Parametrization of the flux xo

possible to take measure valued function v; x(v) = (1 —@)s(v + 1) + ad(v — 1),
a = a(t,x) € [0,1]). By the construction both the Rankine-Hugoniot and the
Oleinik conditions are satisfied in the shock line x = 0. Hence H (x) = b(v) is the
required e.s.

5. The Case of Periodic Initial Functions

Let us study the particular case when the initial function uy(x) is periodic,
uo(x + e) = up(x) a.e. in R” forall e € L, where L C R" is a lattice of periods.
Without loss of generality we may suppose that L is the standard lattice Z".

Theorem 5. The largest e.s. u and the smallest e.s. u_ of the problem (1.1), (1.9)
are space-periodic and coincide: uy = u_.

Proof. Let e € L. In view of periodicity of the initial function it is obvious that
u(t,x + e) is an e.s. of (1.1), (1.9) if and only if u(#, x) is an e.s. of the same
problem. Therefore, u (¢, x + ¢) is the largest e.s. of (1.1), (1.9) together with u, .
By the uniqueness u4 (t, x +¢e) =u(¢,x) ae.on 1 foralle € L, thatis, uy is a
space periodic function. In the same way we prove space periodicity of the minimal
es.u_.Let vfx (v) be measure valued e.s. of (1.6) corresponding to the e.s. u4. In
view of (2.1), we have

(g —u_); +divy / g(v)d(v;fx —v,,)(®) =0 in D'(1D). 5.D

Leta(t) € C{R), B(y) € cg(R"),/ B(y)dy = 1. Applying (5.1) to the test
Rn

function k™"« (1) B(x/ k), with k € N, we arrive at the relation

k—"/ (g —u_)a' (OB (x/k)dtdx + k""" / Q- V,B(x/k)a(r)didx =0,
I IT
(5.2)
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where the vector Q@ = Q(t,x) = [g)d (v}, — v )(v) € L®(I,R"). We
observe that

k—n—l

/ Q- VyB(x/k)a(t)drdx
I

<k 10l /H IV, B/ )l (r)drdx

= k_1||Q||o<>/l_I [VyB()ee(t)dtdy = ¢/k, ¢ = const.

Therefore, in the limit as k — oo the second integral in (5.2) disappears while (see
for example [22, Lemma 2.1])

k_"/ (uy —u_)a'(t)B(x/k)drdx — / (uy —u_)(t, x)a’(t)drdx,

I1 ]R+ xTn

where T" = [0, 1)" is the periodicity cell (or, the same, the thorus R” /Z"). Hence,
after the passage to the limit we get

/ (uy —u_)(t, x)a' (1)drdx =0 Va(r) € CH(Ry).
R+ xTn
This identity means that

i/ (g (t,x) —u_(t, x))dx =0 in D'(Ry),
dt Jon

and implies, with the help of initial condition (1.10), that, for a.e. > 0,

/ (ug(t,x) —u_(t,x))dx = / (ug(x) — ug(x))dx = 0.
TH Tf’l

Since uy = u_, we conclude that u, = u_ae.onIl. O
Since any e.s. of (1.1), (1.9) is situated between u_ and u, we deduce

Corollary 4. An e.s. of (1.1), (1.9) is unique and coincides with u ..

6. Weak Completeness of e.s.

In the one-dimensional case n = 1 we consider a bounded sequence u, =
uy(t,x) € L), r € N, of e.s. of equation (1.1) (without a prescribed initial
condition). Passing to a subsequence, we can suppose that this sequence converges
weakly-x in L°°(IT) to a function u = u(z, x). In the case of continuous flux
function it was proved in [19] that u(#, x) is an e.s. of problem (1.1), (1.9) with
some initial function ug(x) (in [20] this result was even extended to the case of a
degenerate parabolic equation u; + ¢(u)y = A(u)yy). Certainly, this property is
purely one-dimensional, in the case n > 1 it is no longer valid, see [19, Remark 3].
We are going to extend the described weak completeness property of e.s. to the
case of jump-continuous flux function. Due to the lack of uniqueness we use the
additional spatial periodicity assumption on a limit Young measure corresponding
to the sequence u,. Let us formulate the main result of this section.
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Theorem 6. Let u,, r € N, be a bounded sequence of e.s. of (1.1) weakly con-
vergent to u(t, x). Assume that a limit Young measure v, , corresponding to some
subsequence of u, (in accordance with Theorem 1), is space periodic, V; x41 = V; x
a.e. in 1. Then the limit function u(t, x) is an e.s. of problem (1.1), (1.9) with some
periodic initial function up(x).

Remark 4. The periodicity of v, , holds in the particular case when all e.s. u, are
space periodic. Also observe that the limit function u (¢, x) is spatially periodic, this
readily follows from the equality u (¢, x) = [ udv, . (u).

Remark 5. Applying Theorem 6 to the constant sequence u, = u, we obtain that
any space periodic e.s. of Eq. (1.1) admits a strong trace ug at the initial line t = 0
in the sense of relation (1.10).

To prove Theorem 6, we will follow the scheme of paper [19]. First of all, we
will modify the technical lemma [19, Lemma 2.3].

Lemma 3. Let v be a Borel measure with compact support in R and p(v) € C(R)
be such a function that

/sign+(v —k)(p(v) — pk))dv(v) =0 Vk € [a, b], 6.1)

where a < b = max supp v. Then p(v) = const on [a, b].

Proof. We choose values ki, ko € [a, b] such that p(k;) = Fn}g p), plkr) =
a,

r[nz};]( p). If p(k1) < p(b) then k1 < b. Taking k = k1, we find that the integrand

a,

in (6.1) is not negative and strictly positive in an interval (b — §, b], 6 > 0. Since

b = max supp v then v((b — 8, b]) > 0, therefore, the integral in (6.1) is strictly

positive, which contradicts to this condition. Hence, p(k;) = p(b). Similarly,

assuming that p(ky) > p(b) and taking k = k> in (6.1), we come to a contradiction.

Thus, p(ka) = p(k1) = p(b), that is, {nilgp(v) = r[nag](p(v). We conclude that
a, a,

p(v) =conston [a,b]. O

Corollary 5. Suppose that

/sign_(v —k)(p(w) — pk))dv(v) =0 Vk € [a, b], (6.2)

where a = min supp v < b. Then p(v) = const on [a, b].

Proof. After the change v — —v, k — —k, requirement (6.2) reduces to the
following one: Vk € [—b, —a]

/ sign” (v — k) (p(—v) — p(—k)dD(v) =
- / sign™ (—v + k) (p(—v) — p(—k))dv(v) =0,
where V is the push-forward measure /*v under the map /(v) = —v. Notice that

—a = max supp v. By Theorem 6 we conclude that p(—v) = const on [—b, —a],
which is equivalent to the desired statement. 0O
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Passing to a subsequence, we can suppose that the sequence of e.s. u, weakly
converges to a Young measure V; , in the sense of relation (1.13). Let vt” o1 €N, be
ameasure valued e.s. of (1.6) corresponding to the e.s. u,. Then the sequence vy ,
r € N, is bounded and, by Theorem 2, passing to a subsequence if necessary, we
can suppose that this sequence converges weakly as r — 0o to a bounded measure
valued function v, » € MV(II). Since b*v[ , (u) = 8(u — u,(t, x)) then for each
pu) € C(R)

p(ur):/p(b(v))dvtr’x(v)r_—)\ /p(b(v))dv,,x(v) weakly- % in L%°(T1).

[e.¢]

This relation implies that the push-forward measure b*(v; ) (u) coincides with the
measure valued function v; . Notice that, in correspondence with (1.13), the weak
limit function u (¢, x) = [ udv; x(u) = [ b(v)dv; x(v).

Passing to the limit as r — oo in the entropy relation

fn [ / 1) — bEIAV] (V)

+ / sign(v — k)(g(v) — g(k))dvt’,x(v)fx] drdx = 0,

keR, f= f(t,x) € CL(IT), f = 0, we obtain the relation

/H [/ |b(v) — b(k)|dv; (V) fi
+ / sign(v — k)(g(v) — g(k))dw,x(v)fx] drdx 2 0,

which shows that v; , is a measure valued e.s. of (1.6).

Using compensated compactness arguments, we establish the formulated below
one more important property of the limit measure valued e.s. v; . We consider even
the more general case of equations

wo(v)r + 1 (v)y =0, (6.3)

where ¢o(v), @1 (v) are arbitrary continuous functions. A measure valuede.s. v; x €
MV (IT) of this equation is characterized by the usual Kruzhkov entropy relation:
forall k € R

% / sign(v — k) (¢o(v) — @o(k))dvr x (v)
+ 8% / sign(v — k) (@1(v) — @1(k))dv; x(v) =0 (6.4)
in D'(IT). Taking k = £R, R = ||v;.+||co. e derive the identity
%/(wo(v) — @o(k))dv; x (v) + % /(<p1 (v) — @1(k))dv; x(v)

0 0
= 8_/¢0(U)dvt,x(v) + —/901 (v)dv; x(v) =0 in D'(IT)
t 0x
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for all k € R. Putting this identity multiplied by %1 together with (6.4), we get
another (equivalent) form of entropy relation (6.4)

0 0
= / Yk (0)dvy  (v) + e f Yt (v)dvy x (v) £ 0 in D'(1D), (6.5)
where

Vi (v) = sign™(v — k) (@i (V) — @i (k)), i=0,1, keR.

Denote by co A the convex hull of a set A C R". In the case when A is a compact
subset of R, co A = [min A, max A].

Proposition 4. Let vy , r € N, be a sequence of measure valued e.s. of Eq. (6.3)
such that for a.e. (t,x) € Il and all r € N the function ¢o(v) is constant on
cosupp vy . (in particular, this condition is always satisfied when the measure val-
ued functions vy . are regular). Suppose that this sequence converges weakly to a
measure valued function v; x (in the sense of relation (1.14)). Then for a.e. (t, x) €
I1 there exists a nonzero vector (&g, 1) € R2 such that Eopo(v) + &1¢1 (V) = const
on cosupp v x.

Proof. Since vt” . are measure valued e.s. of (6.3) then in view of (6.5) forall k € R
the distributions

) )
al = E/woik(v)dv,”x(v) + a/x/ff;(v)dugx(v) <0 in D/(I).

By the known representation of nonnegative distributions ozkir = —kr, Where g,
are nonnegative locally finite measures on I1. We use also that a;’r = q, because

_ 0 0 .
of —op, = o / po(v)dv]  (v) + Py f @1(v)dv;  (v) =0 in D'(ID).

It is clear that g, = 0 for |k| > M = sup [|vf , loc While for |k| <M
r

< Wkr, [ >= _/H [/ Yor v () f; +/Wﬁ(v)dvtr,x(v)fx} drdx

= 2 max (lpo()| + le1()) | max(| fl. | fxDdtdx = Cy
lvl=M ol

foreach f = f(t,x) € Cé(l'[), f 2 0. Since the constants C y do not depend on
r, the sequences of nonnegative measures -, ¥ € N, are bounded in the space
Mjc(IT) of locally finite measures in IT endowed with the standard locally convex
topology. By the Murat interpolation lemma [14] the sequences of distributions
akir, r € N are pre-compact in the Sobolev space Hl;CI(l'[). Recall that this space
consists of distributions « on IT such that for each f € C§°(II) the distribution
fa lies in the space H~'(R?), which is dual to the Sobolev space H'(R?). The
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topology of Hl;CI(H) is generated by seminorms || fo||z-1. We fix k,/ € R and
denote

Pl = / Vo v (). Qf = / ViIdv]  (v),

P :/w&(v)dvlr’x(v), 0, =/wfl(v)dv,’,x(v).

As we already demonstrated, the sequences

i) 9 i) 9
+ _ + + - _ - —
W = 3 P+ 5= Qe = 52 By + 520,

are precompact in ngcl (IT). By the compensated compactness theory (see [13,25]),
the quadratic functional ®(A) = A{Ags—A2A3, A = (A1, A2, A3, Aa) € R4, is weakly
continuous on the sequence (Pkt, Q,j'r, P, . Q;.). By the definition of the measure
valued limit function v; , we find that as r — oo

Py —~ Pl = / Yo v (v), 0 = Of = / Uik )dvr (V)
P, —~ P = / Vo (v x(v), Q) — 0 = / ¥y ()dvy x (v)
weakly-x in L°(IT). By our assumption the function ¢o(v) is constant on the

segment co supp vy . for all r € N. Therefore, 1//67((1)) = P,j;, Yo (vV) = P, on this
segment. It follows from this observation that

P Q= QP = / (Yo )y () = Y (W)Y ()] (v) —
/ (Woe )Wy (v) = Y ()1 ()dvrx () weakly- s in L*°(TT).

On the other hand, this limit equals P,:r 0, — Q,j P;” in view of the mentioned
above weak continuity of the functional ®(A). Hence, we arrive at the relation

/ (W WYy, () — Yk Yy )y (v) = f Yor (), (v) f Yy ()dvy x (V)
- / Yk )dv; 2 (v) / Vg () dv x (v). (6.6)

Notice that wlf,g(v) = 0 for v < k while v;; (v) = 0 forv 2 [, where i = 0, 1.
Therefore, the integrand in the left hand side of (6.6) is identically zero whenever
[ £ k. For all such pairs (k, [) we have

/ Vit (0)dvrx (v) / o)y () = / i vy (V) f Yo (W)dvy . (V).
6.7)

Let Q2 be the set of common Lebesgue points of the functions (¢, x) — f p)dv; x (v),
p(v) € F,where F C C(R) isacountable dense set. Since the set F is countable,
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is a set of full measure in I1. By the density of F any point (¢, x) € Q2 is a Lebesgue
points of the functions f p(v)dy; x (v) for all p(v) € C(R). In particular, for each
fixed (¢, x) € €2 the measure v, y is uniquely determined. Since identity (6.7) fulfils
a.e. in II, it holds at each point of 2. We fix such a point (¢, x) € Q2 and denote
V = V; x, [a, b] = cosupp v. We have to show that £y¢@o(v) 4 &1¢1(v) = const on
[a, b] for some & = (&, &1) € R2, & #0.If po(v) = const on [a, b], we can take
& = (1, 0), thus completing the proof. So, assume that ¢(v) is not constant on
[a, b] and, in particular, that a < b. We define a smaller segment [a1, b1], where

a; = max{c € [a, b] | po(v) = @o(a) Yv € [a, c]},

by = minc € [a. b] | go(v) = @o(b) Vv € [c, b]}.
If a; = b then ¢p(v) = const on [a, b], which contradicts to our assumption.
Therefore,a < a; < by < band we can choose suchasy, by € (ay, by) thatay < bs.
Observe that ¢o(v) cannot be constant on segments [a, a3 ], [b2, b] (otherwise, a; =
az, by < by, respectively). Therefore, there exist such ly € [a, az], ko € [ba, b]

that ¢o(lo), @o(ko) are extreme values of ¢o(x) on the segments [a, az], [b2, b],
which are different from ¢o(a), ¢o(b), respectively. Then, the functions w&o(v),

Vor, (V) keep their sign and different from zero in neighborhoods of points b, a,
respectively. This implies that

/ Yo, @)V (V) # 0, / Vs, )dv(v) # 0.
Then, by relation (6.7) (with v; , = v)
/wl_l(v)dv(v) = c/ Yo, (W)dv(v) Vi € [a, by], (6.8)
where
c= f Y, (v (v)/ / Yo @AV (V).
By relation (6.7) again
/l/ff?((v)dv(v) =c1/1/f67<(v)dv(v) Vk € [aa, b], (6.9)
where
o1 = [ v,/ [ v, @,

Moreover, ¢; = c¢ in view of (6.8). Introducing the function p(v) = ¢1(v) —ceo(v),
we can write equalities (6.8), (6.9) in the form

/Signf(v —D(p() — p())dv(v) =0 Vi € [a, ba];

/sign+(v —k)(p(v) — pk))dv(v) =0 Vk € [ay, b].
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By Lemma 3 and its Corollary 5, we conclude that p(v) is constant on each segment
[a, ba], [az, b]. Since ap < by, these segments intersect and therefore p(v) =
—cep(v) + @1(v) = const on [a, b] = cosuppv, v = v; . This completes the
proof. O

Notice, that the sequence vt” . of measure valued e.s. of Eq. (1.6) satisfies the
requirements of Proposition 4 and we conclude that for a.e. (t, x) € II there is
a vector & = (&, &) € R%, & # 0, such that £&b(v) + £ g(v) = const on
cosupp v; x. In the case of linearly non-degenerate flux Proposition 4 implies the
strong convergence of the sequence u,, even without the periodicity requirement.

Corollary 6. Assume that the function ¢ (1) is not affine on nondegenerate intervals.
Then the sequence uy — u asr — o0 in L}OC(H) (strongly), and u = u(t, x) is
ane.s. of (1.1).

Proof. By Proposition 4 for a.e. (t, x) € II there is a vector § = (§p, §1) € R2,
& # 0, such that £pb(v) + &1 g(v) = const on co supp v; . Let us show that for such
(¢, x) the function b(v) = const on the segment co supp v; . In fact, assuming the
contrary, we realize that the component & # 0 and consequently g(v) = cb(v) +
const forallv € cosupp v;, », where c = —&p/&. This means that ¢ (1) = cu-const
on the interior of the non-degenerate interval {u = b(v)|v € cosupp v, .}, but this
contradicts our assumption. We conclude that b(v) is constant (equaled u(t, x))
on co supp v; .. Therefore, the measure valued function v, , = b*v; , is regular,
Vi x() = 6(u — u(t, x)). In correspondence with Theorem 1 the sequence u,
converges to u(t, x) strongly. Moreover, like in the proof of Proposition 3, we
conclude that the limit function u = u(¢, x) isane.s. of (1.1). 0O

Below, we prove Theorem 6 for an arbitrary jump continuous flux. Recall that
in this general case we use the periodicity requirement v; y4+1 = V; x a.e. in I1.

6.1. Proof of Theorem 6.

Let E be the set of full measure in R, introduced in the proof of Proposition 1,
consisting of such ¢+ > 0 that (¢, x) is a Lebesgue point of u(z, x) for almost
all x € R. We remind ourselves that € E is a common Lebesgue point of all
functions fR u(t, x)p(x)dx, p(x) € LY(R). We can choose a sequence t,, € E
such that t,, — 0 asm — oo, and u(t,,x) — ug(x) € L*°(R) weakly-x in
L (R). It is clear that ug(x) is a periodic function, and that u (¢, x) — ug(x) as
E >t — 0.Letu = u(t, x) be a unique (by Corollary 4) e.s. of (1.1), (1.9) with
initial function ug, and v, , be a corresponding measure valued e.s. of Eq. (1.6).
We are going to demonstrate that u = u. Clearly, this will complete the proof.
Applying the equalities

d 9 . 9 . "
Fri e / g(W)dvy x(v) = it + = / g()diy x(v) =0 in D(TI)
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to the test functions f = k~"«(t)B(x/k) and passing to the limit as k — oo, we
derive, like in the proof of Theorem 5, that

1

d d [!
a u(t, x)dx = a./o i(t,x)dx =0 in D'(R,).

This implies that, for a.e. r > 0,

1 1 1
/ u(t, x)dx =/ u,x)dx =1 i/ uo(x)dx, (6.10)
0 0 0

where we used the initial condition for e.s. # and the fact that Vi € E

1 1 1
/ u(t, x)dx = / u(ty, x)dx — / up(x)dx.

Moreover, it follows from the distributional relation %u + % f g)dv; x(v) =0
that, foreach ¢, 7 € E, t > 7 and every p(x) € Cé(R),

/ u(t, )p(x)dx — / u(z, )p(x)dx = / / ¢)dvg ¢ () (Vdsdx,
R R (r,t)xR

which implies, in the limit as 7 = #,, — 0, the relation

/u(l,x)p(x)dx—/ up(x)p(x)dx =/ /g(v)dvs,x(v)p/(x)dsdx — 0.
R R (0,5)xR =0

Therefore, u(t, ) — ug as E >t — 0, that is, ug is a weak trace of u(z, x). Since
in D’ (1)

9 9
Fm (u—u)+ — (/ g()dvy x (v) — / g(v)dﬁz,x(v)> =0,
t 0x

there exists a Lipschitz function P = P(z, x) (a potential) such that

Po=u—ia, P = / g(0)d¥,x(v) — / g(0)dvx(v)  in D'(T0).

By the Lipschitz condition, this function admits continuous extension on the closure
I1. Since P is defined up to an additive constant, we can assume that P (0, 0) = 0.
Itis clear that P, (¢, x) — P, (0, x) weakly in D’(R) as r — 0. Taking into account
that Py (¢, x) = u(t, x) —u(t, x) — 0ast — 0, running over a set of full measure,
we find that P, (0, x) = 0 and therefore P(0, x) = P(0,0) = 0. Further, by the
spatial periodicity of # — u and the condition

1
/ (u—u)(t,x)dx =0
0
(following from (6.10)), we find that the function P (¢, x) is spatially periodic as

well, P(¢t,x + 1) = P(¢, x). Applying the doubling variables method [17] to the
pair of measure valued e.s. v; x, Uy » of Eq. (1.6), we arrive at the relation

0
" / / 1b(v) — b(w)|dvy.x (v)dTr 1 ()
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+ % // sign(v — w)(g(v) — g(w))dv; x (V)dD; (w) <0 in D'(IT). (6.11)

Since b(w) = u(t, x) on supp vy, and b*v, , = V; , we can simplify the first
integral

J[ 16 = b crdisw) = [1bw) - i
= / lu —u(t, x)|dv; x (u). (6.12)
We need the following key relation:
[ 16 = b v 1) 0.2

+ // sign(v — w)(g(v) — g(w))dv; x (V)dV; x (W) Py(t, x) =0 a.e.in I1.
(6.13)

We remind ourselves that
Pt = [ s - [ g
= [[ ) - gwnav ).
Pt =u =i = [ [ b) ~ b @) s )
and (6.13) can be written in the more symmetric form
[[ 166 = byt ) ) f / (8(0) — g(w)dv, , (V) . (w)
= [ e~ v )it
x [ signte — w)(e) = gwnau @5, (6.14)

To prove (6.14), we introduce, like in the proof of Proposition 4, the set of full
measure 2 C IT consisting of common Lebesgue points of the functions

(t, x) — /P(v)dvz,x(v), (t,x) — /P(v)dﬁz,x(v), p() € C(R).
For a fixed (t,x) € Q we then denote v = v, V = ¥y, [a, b] = cosuppv,
[a1, b1] = cosupp v, and consider the following four cases:

@) [a, b] N [ay, b1] = . In this case sign(v — w) = s is constant on [a, b] X
[a1, b1]. Therefore,

// |b(v) — b(w)|dv(v)dVv(w) = s/ (b(v) — b(w))dv(v)dv(w),



78 Page 36 of 40 Arch. Rational Mech. Anal. (2023) 247:78

// sign(v — w)(g(v) — g(w))dv(v)dv(w) = S/ (g(w) — g(w))dv(v)dv(w)

and (6.14) follows;
(i1) [a, b] C [aq, b1]. Since b(w) is constant on [aj, b1], we find

//(b(v) — b(w))dv(v)dv(w) = / [b(v) — b(w)|dv(v)dv(w) = 0(6.15)

and (6.14) is trivial;
(iii) [ay, b1] C [a, b]. In correspondence with Proposition 4 for some nonzero
vector (&g, £€1) the function &yb(v) + &1g(v) = const on [a, b]. If & = 0 then

b(v) = const on [a, b], which implies (6.15), and (6.14) is trivially satisfied. For
&1 # 0 we find that g(v) = cb(v) + const on [a, b], c = —&p/&;. Therefore,

//(g(v) —gw))dv(v)dv(w) = C/ (b(v) — b(w))dv(v)dv(w),

[[ sientw = e - gwnarwaio = [[ 1w - swiaveidsw)
and (6.14) follows;
(iv) The remaining case: a < a; < b < by ora; < a < by < b. We consider

only the former subcase a < a; < b < by, the latter subcase is treated similarly.
Since b(w) = b(by) on [a;, b1] while b(v) < b(by) forall v € [a, b], we find that

f |b(v) — b(w)|dv(v)dv(w) = —/ (b(v) — b(w))dv(v)dv(w). (6.16)
Besides, if b(v) = const on [a, b] then b(v) = const on [a, b1] = [a, b] U [ay, b1]
and we again arrive at (6.15), which readily implies the desired relation (6.14).

Thus, assume that b(v) is not constant on [a, b]. In view of (6.16) relation (6.14)
will follow from the equality

// sign(v — w)(g(v) — g(w))dv(v)dv(w)

=- //(g(v) — g(w))dv(v)dv(w). (6.17)

By Proposition 4 we have g(v) = cb(v) + const on [a, b], where ¢ = —£&y/&;
(remark that &, # 0, otherwise b(v) = const on [a, b], which contradicts our
assumption). Therefore,

// sign(v — w)(g(v) — g(w))dv(v)dv(w)

= f/ sign(v — w)(g(v) — g(w))dv(v)dv(w)
la.b]x[a1.b]

- // (8(v) = g(w))dv(v)dv(w)
[a.b]x(b.b1]

= c// |b(v) — b(w)|dv(v)dv(w)
[a,b]x[a1,b]
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- // (g(v) — g(w))dv(v)dv(w)
la.b]x(b.bi]

= —c // (b(v) — b(w))dv(v)dv(w)
la,b]x[a1,b]

- f/ (8() = g(w))dv(v)dv(w),
[a,b1x (b,b1]

where we use that b(v) — b(w) = b(v) — b(by) < 0forv € [a, b], w € [ay1, b].
On the other hand,

/ (8(v) — g(w))dv(v)dv(w)

= // (g(v) — g(w))dv(v)dv(w)
la.b]x[a1,b]

+ // (g(w) — g(w)dv(v)dv(w)
[a,b]x(b,b1]
= C// (b(v) — b(w))dv(v)dv(w)
[a,b]x[a1,b]

+ // (g(v) — g(w))dv(v)dv(w),
[a,b]x(b,b1]
and (6.17) follows. This completes the proof of relation (6.14).
Let p(r) = rz/(l + r2). Then the function ¢ = p(P(t, x)) is nonnegative and
Lipschitz. Moreover, by the chain rule for Sobolev derivatives g; = p'(P) P, g =

o' (P)Py. Applying (6.11) to the test function g f, where f = f(t,x) € Coo(I),
f = 0, we obtain the relation

/H[BPt + G P fo' (P)dtdx + /H[Bf, + Gfilgdidx 20,  (6.18)
where we denote
B = B(t,x) = f [b(v) — b(w)|dvy x (V)d Dy x (W),
G=G{,x) = // sign(v — w)(g(v) — g(w))dv; x (V)dVr x(w).
By (6.12)
B(t,x) = f lu — ii(t, x)|dvy (1),

and it follows from the periodicity of the Young measure v, , and the e.s. ii (¢, x) that
the function B(, x) is spatially periodic. In view of relation (6.13) BP,+ G P, =0
a.e. on [T and the first integral in (6.18) disappears. Therefore,

/ [Bf: + Gf:]gdtdx = 0.
I
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Taking in this relation f = k~'a(1)B(x/k), where a(t) € C{(R), B(y) € CH(R)
are nonnegative functions, [ f(y)dy = 1, we arrive at the relation

k! / B(t, x)q(t, x)d' (1) B(x/k)dtdx
mn

+k*2/ G(t,x)q(t, x)a(t)B (x/k)drdx = 0.
I

In the limit, as k — o0, the second term in this relation disappears, while the first
one is

k_lf B(t, x)q(t, x)a' () B(x/k)dtdx — B(t, x)q(t, x)a/ (t)dtdx,
mn k=00 JR+x[0,1]

where we utilize the x-periodicity of B(¢, x)q (¢, x), which allows us to apply [22,
Lemma 2.1]. As a result, we get

/ B(t,x)q(t, x)a'(t)dtdx 2 0 Va(t) € CJ(RL), a(t) = 0.
R+x[0,1]

This inequality means that

1

d .
I B(t, x)q(t, x)dx =0 in D'(Ry),
0

and implies that, for, 7t € E, t > 7,

1 1
0 §/ B(t, x)q(t, x)dx §/ B(t, x)q(t, x)dx, (6.19)
0 0

where E C R, is a set of full measure. Observe that 0 < g(z, x) < |P(z, x)| =
|P(t,x)— P(0,x)| £ Lt,where L is a Lipschitz constant of P while the function
B(t, x) is bounded. Therefore,

1
B(z, ,x)d 0

and it follows from (6.19) that fol B(t, x)q(t, x)dx = 0. Since B, g = 0, we find
that Bg = 0 a.e. on I1. Let E C II be the set where ¢ = 0 <& P = 0, that is,
E = P~1(0). By the known properties of Lipschitz functions, VP = 0 a.e. on E.
In particular, P, = u — # = 0 a.e. in E. On the other hand, for (¢, x) € I1 \ E the
function ¢ > 0 and therefore B = 0 a.e. on this set. Since

B(t,x) = // 1b(v) — b(w)|dv; x (V)dVy (W) = / |b(v) — uldv; x (v),

we find that b(v) = & on supp v, . In particular, again u(¢, x) = f b()dv; x(v) =
1(t, x). We conclude that u = # a.e. in I, which completes the proof.
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