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Abstract

We establish that global-in-time existence and non-uniqueness of probabilis-
tically strong solutions to the three dimensional Navier—Stokes system driven by
space-time white noise. In this setting, solutions are expected to have space reg-
ularity of at most —1/2 — « for any ¥ > 0. Consequently, the convective term is
ill-defined analytically and probabilistic renormalization is required. Up until now,
only local well-posedness has been known. With the help of paracontrolled calculus
we decompose the system in a way which makes it amenable to convex integra-
tion. By a careful analysis of the regularity of each term, we develop an iterative
procedure which yields global non-unique probabilistically strong paracontrolled
solutions. Our result applies to any divergence free initial condition in LZU Bo_o{ e
k > 0, and also implies non-uniqueness in law.

1. Introduction

Thermal fluctuations are omnipresent on the molecular level of fluids. As such,
fluids are not deterministic but rather stochastic and continually changing. In order
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to incorporate these effects into the description of large scale dynamics, Landau
and Lifshitz [47] proposed a Navier—Stokes system perturbed by stochastic flux
terms. These are given by a divergence of delta correlated space-time Gaussian
random fields included in the momentum equation. Mathematically, it is extremely
challenging to make sense of such a system. Indeed, due to the irregularity of the
noise combined with the nonlinearity of the system, the equations become critical
in dimension 2 and supercritical in dimension higher in the sense of the theory of
regularity structures by Hairer [42]: introducing an ultraviolet cut-off, i.e. mollify-
ing the noise, and trying to remove the cut-off would require an infinite number of
renormalizations. Therefore, neither the classical stochastic analysis tools nor the
pathwise theories of regularity structures [42] and paracontrolled distributions by
Gubinelli, Imkeller and Perkowski [35] are applicable. Nevertheless, despite these
theoretical difficulties, the Landau-Lifshitz—Navier—Stokes system has been veri-
fied numerically for various equilibrium as well as non-equilibrium systems (see
e.g. [28] and references therein).

In this paper, we contribute to the rigorous mathematical understanding of mi-
croscopic perturbations in fluid dynamics. To avoid the issue of criticality mentioned
above, we consider the delta correlated space-time Gaussian noise as a forcing, not
as a flux. This models forcing acting on the molecular level, which translated to
the macroscopic level necessarily becomes delta correlated. Indeed, any two points
in the large scale dynamics are extremely far apart on the molecular level, so their
associated noises must be uncorrelated. Moreover, such a noise also appears in a
scaling limit of point vortex approximation and the vorticity form of the 2D Euler
equations perturbed by a certain transport type noise (cf. [30,31,49]). In fact, the
scaling limit is given by the vorticity form of the 2D Navier—Stokes system driven
by the curl of space-time white noise, which in the velocity-pressure variables reads
as 2D Navier—Stokes equations driven by space-time white noise.

The corresponding gain of one derivative in comparison to the Landau—Lifshitz
setting makes the system mathematically accessible as it remains subcritical up to
space dimension 3. However, even this problem has resisted rigorous mathematical
analysis for a long time due to its irregularity. More precisely, the space-time white
noise in spatial dimension d can be shown to be a random distribution of space-time
regularity —(d+2) /2 —« under the parabolic scaling for any k > 0. Accordingly, in
view of Schauder’s estimates a solution is expected to be two degrees of regularity
better, i.e. atmost —d /241 —«. Hence, already ind = 2 solutions are not functions.
Consequently, the product in the convective term is analytically ill-defined and
probabilistic arguments are required in order to make sense of the equations.

We consider the three dimensional Navier—Stokes system with periodic bound-
ary conditions driven by a space-time white noise

du+diviu @ u)dt + Vpdt = Audt +dB,
divu = 0, (1.1)
u(0) = up,
where B is a cylindrical Wiener process on some stochastic basis (€2, F, (F;);>0, P).

The time derivative of B is the space-time white noise. Our main results reads as
follows:
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Theorem 1.1. For any given divergence free initial condition ug € L* U B;o{jok
P-a.s., k > 0, there exist infinitely many global-in-time probabilistically strong
solutions solving (1.1) in a paracontrolled sense.

Remark 1.2. In what follows we prove the result for the initial condition u#q in
Bo_o{jok or ug — z(0) € L? for simplicity, where z is the stationary solution to the
linear equation. If we choose z(0) = 0, a small modification of the proof implies
that the result also holds for the initial condition ug € LZ.

The main ideas behind the definition of paracontrolled solution are explained in
Sect. 1.3 and the detailed presentation can be found in Sect.4.1. Probabilistically
strong solutions means that the solutions are adapted to the normal filtration (F;);>0
generated by the cylindrical Wiener process.

Corollary 1.3. Non-uniqueness in law holds for (1.1) for every given initial law

supported on divergence free vector fields in L* U Bo_o{g'o’(, k> 0.

1.1. Singular SPDEs

In two space dimensions, the problem was solved locally in time in the seminal
paper by Da Prato and Debussche [20]. Furthermore, using the properties of the
Gaussian invariant measure, it was possible to obtain global-in-time existence for
a.e. initial condition with respect to the invariant measure. By the strong Feller
property in [62] global-in-time existence for every initial condition could be derived.
Recently, for a related two dimensional critical problem, tightness of approximate
stationary solutions and non-triviality of the limit has been established in a weak
coupling regime by Cannizzaro and Kiedrowski [16].

The more irregular three dimensional setting remained open for much longer as
substantially new ideas were required. These came in a parallel development with
the theory of regularity structures by Hairer [42] and with the paracontrolled distri-
butions introduced by Gubinelli, Imkeller and Perkowski [35]. These theories per-
mit to treat a large number of singular subcritical SPDEs (cf. [2,5,15]) including the
Kardar—Parisi—-Zhang (KPZ) equation, the generalized parabolic Anderson model
and the stochastic quantization equations for quantum fields (see [12,13,38,41] and
references therein). In particular they led to a local well-posedness theory for the
Navier—Stokes system (1.1) in three dimensions by Zhu and Zhu [61].

The question of global existence is even more challenging. Roughly speaking, in
the field of singular SPDEs the only available global existence results rely either on
a strong drift present in the system or a particular transform for certain nonlinearities
or on properties of an invariant measure.

e Suitable a priori estimates have been established for the dynamical ®* stochas-
tic quantization model by Mourrat and Weber [52,53] and Gubinelli and Hof-
manova [33,34] (see also [57,58] for the vector valued case). All these results
make an essential use of the strong damping term —¢?>.

e In [38,54,63], a priori estimates and paracontrolled solutions to the KPZ equa-
tion and singular Hamilton—Jacobi—Bellman equation were obtained by using
Cole-Hopf’s or Zvonkin’s transform and maximum principle.
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e Moreover, using the probabilistic notion of energy solutions [36,37,39] or
studying the associated infinitesimal generator and Kolmogorov equation [40],
it is possible to construct global solutions to KPZ equation, but this depends
on the invariant Gaussian measure (i.e. the law of Brownian motion or spatial
white noise).

e We mention that in [19,55] global martingale solutions were constructed for
geometric stochastic heat equations by using a Dirichlet form approach. This
relies on an integration by parts formula for the known invariant measure.

No such results are available for the 3D Navier—Stokes system with space-time
white noise.

e There is no strong drift helping to stabilize the evolution.

e Due to the appearance of the divergence free condition and the corresponding
pressure term, it is impossible to apply maximum principle or Cole—Hopf’s
transform.

e The existence of an invariant measure is an open problem.

e No global energy (or other) estimates are available due to irregularity of solu-
tions (see below for more explanation on this point).

Furthermore, even if the regularity of the noise is increased, global existence
is not known. More precisely, consider the following regularized problem which
interpolates between the case of a trace-class noise and the space-time white noise

du + div(u @ u)dt + Vpdr = Audr + (—A)"7/?dB,

1.2
divu = 0. (12)

Here B is the cylindrical Wiener process. The case of y > 3/2 corresponds to a
trace-class noise whereas y = 0 is the space-time white noise.

For y > 3/2, global existence of probabilistically weak Leray solutions is clas-
sical (see Flandoli, Gatarek [29]). Their uniqueness remains an outstanding open
problem. The authors in [29] also constructed stationary solutions via Krylov—
Bogoliubov’s argument and energy estimates. Ergodicity and strong Feller prop-
erty was proved by Da Prato and Debussche [21] and also by Flandoli and Romito
[32]. A Markov transition semigroup was then constructed by Debussche, Odasso
[23] and by Flandoli and Romito [32]. However, further structure and properties
of the invariant measure are still unclear. Recently, in [43] we established non-
uniqueness in law in a class of analytically weak (not Leray) solutions using the
method of convex integration. In [45], we additionally presented non-uniqueness
of Markov solutions and global-in-time existence and non-uniqueness of proba-
bilistically strong and analytically weak solutions.

If y < 3/2 the usual energy estimates pertinent to the notion of Leray solution
are not available. Indeed, as the noise is no longer trace-class, It6’s formula cannot
be applied. However, for y € (1/2, 3/2] it is still possible to prove global existence
of probabilistically weak solutions. Namely, decomposing the velocity u into the
sum of its stochastic part z and its nonlinear part v (as shown also in Sect.3.1
below), one can derive a global energy estimate for v. It can be then combined with
compactness and Skorokhod representation theorem to deduce global existence.
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Nevertheless, since it is necessary to change the probability space in the course of
the proof, these solutions are only probabilistically weak.

Up to now, even global existence of probabilistically weak solutions was open
in the case of y < 1/2. Only local well-posedness in the spirit of Zhu, Zhu [61]
seemed to be possible. The difficulty can be seen as follows. If e.g. y = 1/2, we
decompose u = v + z with z solving the linear stochastic equation

dz + Vpidt = Azdt + (—A)"4dB,  divz =0,
and v solving the nonlinear equation
v +divi(v+2)® w+2)+Vp'=Av, divv =0.

As z € CrC™", the best regularity for v is given by C7C!~. Hence we cannot
expect the energy estimate for v since this would require the LZT H'-norm of v. We
may include further decomposition like in the case of the ®* model [33,34,52,53],
but this would lead to new nonlinear terms which cannot be absorbed as in the ®*
model. Due to this, we also cannot obtain energy inequality and uniform estimates
as in the case of a trace-class case. Consequently, we cannot derive global solutions
by a usual compactness argument. Note that it is also possible to consider global
solutions for small initial data (cf. [8]). However, this would destroy adaptedness
of the solutions since the initial data would depend on the whole path of the driving
noise.

1.2. Convex integration

In the present paper, we focus on the case of space-time white noise, i.e. y = 0.
Simplified versions of our proofs as outlined in Sect. 3 also provide the results in the
more regular cases of y > 0. Our idea is to apply the method of convex integration
in order to construct global-in-time solutions. This is an iterative procedure which
permits to construct solutions explicitly scale by scale. It makes an essential use
of the form of the nonlinearity which propagates oscillations and reduces an error
term, the so-called Reynolds stress, in order to approach a solution as one proceeds
through the iteration. As typical for the convex integration constructions, the same
method gives raise to infinitely many solutions.

Convex integration was introduced into fluid dynamics by De Lellis and Széke-
lyhidi Jr. [25-27]. This method has already led to a number of groundbreaking
results concerning the incompressible Euler equations, culminating in the proof of
Onsager’s conjecture by Isett [46] and by Buckmaster, De Lellis, Székelyhidi Jr.
and Vicol [4]. Also the question of well/ill-posedness of the three dimensional
Navier—Stokes equations has experienced an immense breakthrough: Buckmaster
and Vicol [10] established non-uniqueness of weak solutions with finite kinetic en-
ergy, Buckmaster, Colombo and Vicol [3] were able to connect two arbitrary strong
solutions via a weak solution. Burczak, Modena and Székelyhidi Jr. [6] then ob-
tained a number of new ill-posedness results for power-law fluids and in particular
also non-uniqueness of weak solutions to the Navier—Stokes equations for every
given divergence free initial condition in L2. Sharp non-uniqueness results for the
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Navier—Stokes equations in dimension d > 2 were obtained by Cheskidov and Luo
[17,18]. We refer to the reviews [9,11] for further details and references.

All these convex integration results very much rely on the L?-setting. Namely,
the constructed solutions belong (at least) to L2 and the iteration converges strongly
in L2, hence one can pass to the limit in the quadratic nonlinearity. As the energy
inequality is available in this setting, it is also understood as a natural selection
criterion for physical solutions. Convex integration yields such solutions for Euler
equations (see [26], and [44] for the stochastic setting), or when the diffusion is
weak, e.g. for power-law fluids with small parameter p (see [6]) and for hypodis-
sipative Navier—Stokes equations for small « (see [14]). However, constructing
Leray solutions by convex integration to the Navier—Stokes system seems to be out
of reach at the moment. By a different method, a first non-uniqueness result for
Leray solutions was established recently by Albritton, Brué and Colombo [1] for
the Navier—Stokes system with a force.

Compared to the classical uniform estimates and the compactness argument,
convex integration provides a new way of constructing solutions. This turns out
to be particularly useful in the stochastic setting as uniqueness of Leray solutions
is unknown and there has been no result of existence of global probabilistically
strong solutions before. In [45], we proved such a result for a trace-class noise by
convex integration. In less regular settings, as, for instance, for y < 1/2 discussed
above, there are no Leray solutions to compete with in the first place. Furthermore,
there are no alternative globally defined solutions whatsoever (neither probabilisti-
cally strong nor probabilistically weak). In this paper, we use convex integration to
construct global probabilistically strong solutions in this setting when the energy
inequality is out of reach. The question of how to select physical solutions in this
case remains open.

1.3. Decomposition

We introduce a decomposition of the Navier—Stokes system (1.1), which makes
also this singular setting amenable to convex integration. Recall that solutions are
only expected to have regularity —1/2 —«, « > 0, hence the quadratic term u @ u is
far from being well-defined analytically. The common idea in the field of singular
SPDE:s is to prescribe a particular form of a solution u so that the nonlinearity can
be made sense of. In the first step, we write

u=z+zY +h
The first term z solves the stochastic heat equation
dz +Vp*dt = Azdt +dB, divz=0,

and permits to isolate the most irregular part of u, the rest being more regular. Note

that by Schauder estimates, z belongs to Bgo{éi‘” and hence the product z ® z is

not well defined in the classical sense. As z is Gaussian, we can understand 7 ® z
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as a Wick product using renormalization. In particular, for a suitable mollification
z¢ of z, there are diverging constants C, € R33, Cy/ — o0, so that

Vs .
7z’ =1limz. ®z. — Ce
e—0

is well defined and belongs to Bo_o{ . More details of the probabilistic constructions
are included in Sect.4.1. In order to isolate the corresponding (still irregular) part
of the solution u, we then define

3,zY +divizY) + Vpt = AZY,  divzY =0,

which by Schauder estimates belongs to BL ..

It is then seen that the remainder /% is already function valued but its regularity
is necessarily limited by 1/2 — k. Even further decomposition cannot improve this
regularity since products of z with the unknown always appear in the equation.
A way how to overcome this issue stems from the work by Gubinelli, Imkeller
and Perkowski [35] on the parabolic Anderson model and was applied to (1.1) by
Zhu, Zhu in [61]: one postulates a paracontrolled ansatz which describes a further
structure of the solution 4; it reads as

h=—Plh <IVz]+0 — (T +2 7).

Here, ZY, zv are additional stochastic objects constructed by renormalization, 7 is
the heat operator, P the Helmholtz projection and finally < denotes a paraproduct
as introduced by Bony [7]. This permits to cancel the two most irregular terms in
the equation for 7 so that the remainder ¥ becomes more regular, namely, 1 — «.
Furthermore, by a commutator lemma it permits to make sense of the analytically
ill-defined product & ® z. We refer to Sect. 2.2 for basic definitions of paracontrolled
calculus and to Sect. 4.2 for more details on the notion of our paracontrolled solution.
In view of the regularity of solutions, we also see that energy inequality is impossible
in this case.

The above decomposition is sufficient to prove local well-posedness as done
in [61]. However, a much more refined analysis is indispensable to apply convex
integration. Therefore, we split further 4 = v' 4-v2 where v! represents the irregular
part and v? the regular one. In addition, the equation for v is linear whereas the one
for v? contains the quadratic nonlinearity. Similarly to the above discussion of the
more regular cases (1.2) with y < 1/2, even with this decomposition into v! +v?, it
isnot possible to derive global estimates via the energy method. Ourideais instead to
apply convex integration on the level of v2. However, the equation for v? is coupled
with the equation for v!. Therefore, we put forward a joint iterative procedure
approximating both equations at once. The Reynolds stress I%q is only included in
the equation for vé, where ¢ € Ny is the iteration parameter. Consequently, the

construction of the new iteration vfl 4 relies only on the previous stress I%q. Here,
we employ the intermittent jets by Buckmaster, Colombo and Vicol [3] (see also
[9] and our previous works [43,45]). As the next step, we solve the equation for

v ; 41 exactly by a fixed point argument. See Fig. 1 for a sketch of our procedure.
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In order to make this strategy possible, it is necessary to find the decomposition
of the equation for / into the system for v! and v and to define the corresponding

equations for the iterations v; and vé. This, together with the construction of each

approximate velocity vé 41 through the intermittent jets, has to be done in a way to
decrease the corresponding Reynolds stress Ié,ﬁl asq — oo. Especially the control
of I%qH requires a careful analysis of each of the terms appearing in the equation for
h. We have to balance various competing factors such as regularity, integrability,
blow-up as t — 0 and blow-up as ¢ — oo of various terms. The divergencies
need to be compensated by small quantities. We rely on a decomposition of each
product into the two paraproducts and the resonant term, because each of these parts
behaves differently and requires a different treatment. Roughly speaking, irregular
terms are included into v! while regular ones into v2, but the precise splitting is
delicate. Further issues and required ideas are summarized as follows:

e In the first step, we aim at constructing convex integration solutions up to a
stopping time. The stopping time can be chosen arbitrarily large with arbitrar-
ily large probability and is used to have uniform in @ bounds for the stochastic
objects. The reason for this is adaptedness: without a stopping time, the parame-
ters would depend on the whole path and the constructed solutions could not be
adapted to the given filtration (F;),>0. Thus, they would not be probabilistically
strong.

e In the second step, we overcome this limitation by extending the constructed
solutions by other convex integration solutions. To this end, it is necessary to
obtain convex integration solutions for any given divergence free initial con-
dition in L?. Hence, we aim at starting v! as well as vq] from the given initial
condition, whereas v* and vé all start from zero. This simplifies the begin of
the iterative procedure. To keep the same initial value during the iteration, the
oscillations can only be added for positive times and we approach r = 0 as
q — o0.

e A paracontrolled ansatz for v! and accordingly also for each v(} needs to be
included in order to make sense of the resonant part of the product v! ® z and
v ; ® z. At each iteration step g, the equation for v ; is coupled with the equation

for the corresponding remainder vg (taking the role of ¢+ above).

e Since the initial value of v!, v(} and vg isonly in L2, they have singularity at time

zero when considered in more regular function spaces. But higher regularity is
indispensable in order to control various terms, both in the equation for v; and

vg but also in the formula for §q+1. For this reason, we work with blow-up
norms in time, but this brings an extra blow-up in the convex integration part
and in particular in the estimate of Ii’,ﬁ 1-

e We introduce additional (uniform in g) localizers A~ g + Agpg in terms of
Littlewood—Paley blocks. The part A~ g is always included into v! and helps to
simplify the estimates of v! and vg as it provides an arbitrarily small constant
and avoids the need for a Gronwall lemma.

e Some terms are regular and could be, in principle, included into v2, but they
require regularity of v (} which does not hold true uniformly as t — 0. While the
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fixed point equation for v; can be solved using suitable blow-up norms in time
to overcome the singularity at # = 0, having such blow-ups in the equation for
2

v, cannot be controlled in the convex integration. Hence, we further decompose

these terms by using A g + A g and include their irregular parts into v;.

e Moreover, in order to control the blow-up of certain terms, we include g-
dependent localizers Ag r(4) for a suitable f(g) — oo into the equation for
v;. Thanks to this, we are able to add irregularity scale by scale in a controlled
way. The opposite approach, namely including the irregular terms fully at the
beginning of the iteration, does not seem to be possible.

The detailed decomposition is presented in Sect.4.3. As a preparation, we ex-
plain the main ideas on the simpler settings of (1.2) with y > 0 in Sect. 3.

1.4. Final Introductory Remarks

Previously, convex integration has always been used to deduce non-uniqueness
of solutions in settings where energy inequality is available. It has also been used
to obtain first existence results for weak solutions in situations where compactness
does not guarantee the passage to the limit in the convective term, namely, for
Euler equations (see [25-27]), and for power-law fluids with small parameter p
(see [6]). As already mentioned above, these results even lead to infinitely many
weak solutions satisfying the energy inequality.

Our result shows that convex integration can also be used to construct global
solutions when the energy inequality is out of reach, in particular in the field of
singular SPDEs. We hope that our technique could also be applied to other singular
SPDEs, especially in cases where no strong damping is at hand. We also mention that
the convex integration can be applied to other PDEs like transport and continuity
equation [50,51], 3D Hall-MHD system [22] and hyperviscous Navier—Stokes
equations [48]. Our approach may also be applied to the corresponding singular
versions of the latter two.

The nonlinearity in the Navier—Stokes system looks similarly to the one in the
Langevin dynamic for the Yang—Mills measure, i.e. stochastic quantization of the
Yang-Mills field. This was considered in [12,56] where local-in-time solutions
were constructed. However, existence of global solutions remains open. The idea is
to use the dynamics and PDE techniques to study properties of the field. Formally,
these equations have the law of the associated field as an invariant measure. In the
case of the stochastic quantization of the Euclidean ®* field theory, it was indeed
possible to use the dynamics to construct and study properties of the corresponding
measure (see [34] and [59]). As global existence for the Langevin dynamic for the
Yang—Mills measure is out of reach by the classical PDE techniques, we hope that
our technique can shed some light on this problem.

Finally, we point out that in the field of regularization by noise, it is believed
that more noise, in the sense of more irregular noise, in the Navier—Stokes equations
may imply uniqueness. Certain regularizing effect could indeed be proved on the
level of the so-called strong Feller property established for (1.1) by Zhu, Zhu [62].
Nevertheless, our results show that even in this case we still have non-uniqueness.
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Furthermore, also a weaker notion of uniqueness, namely, uniqueness in law is
disproved.

Organization of the paper In Sect.2 we introduce our notation and present pre-
liminary results on Besov spaces, paraproducts and paracontrolled calculus. Sec-
tion 3 is devoted to the more regular settings of (1.2) with y > 0 and we discuss
the main ideas of our decomposition. In particular, it is shown how decreasing
the parameter y, i.e. making the problem more irregular, necessarily requires fur-
ther ideas and a more refined decomposition. In Sect.4 we recall the construction
of stochastic objects and introduce the notion of paracontrolled solution. We also
present a formal decomposition of the system into the system for v! and v? as dis-
cussed above. The set-up of the iterative convex integration procedure and proofs
of our main results are shown in Sect.5. We give estimates of v; and vg in Sect. 6.
Section 7 is devoted to the core of the convex integration construction, namely,
the iteration Proposition 5.1. Finally, in Appendix A we recall the construction of
intermittent jets and in “Appendix B” we prove auxiliary Schauder estimates.

2. Preliminaries

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0
such thata < ¢b, and we writea ~ b ifa < band b < a.

2.1. Function Spaces

Given a Banach space E with a norm || - ||g and T > 0, we write CTE =
C([0, T']; E) for the space of continuous functions from [0, 7] to E, equipped
with the supremum norm || fllc; £ = sup,epo. 1 | f (D) || . For p € [1, co] we write
LIT)E = LP([0, T]; E) for the space of L”-integrable functions from [0, T'] to E,
equipped with the usual L”-norm. We use (A;);>—1 to denote the Littlewood—Paley
blocks corresponding to a dyadic partition of unity. Besov spaces on the torus with
general indices ¢ € R, p, g € [1, oo] are defined as the completion of C °°(T‘1)
with respect to the norm

1/q

lullgg, == | D 27*0aulf,
jz-1

The Holder-Besov space C* is given by C* = BS, , and we also set H* = By ,,
a € R. To deal with the singularity at time zero we introduce the following blow-up
norms: fora € (0, 1), p € [1, o]

If@)— f)ler
Ifllcg e := sup tIfOler +  sup sV
: 0<t<T 0<s<t<T [t — s

1 fller, By = sup 7L F@llpg..
0<r<T

’
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For T > 0 and a domain D C R we denote by CIT\i , and Cg’x, respectively, the

space of C N _functions on [0, T'] x T3 and on D x T3, respectively, N € Ny :=
N U {0}. The spaces are equipped with the norms

Iflley = Do 167D fllzgr.
0<n+a| <N
neNo,aeNg

Ifley = > supll D fllpe.
T 0<ntlal<N €D
neNo,aeNS

Set A = (1 — A)1/2. Fors > 0, p € [1,400] we use W¥? to denote the
subspace of L”, consisting of all f which can be written in the form f = A™%g,
g € L? and the W*? norm of f is defined to be the L” norm of g, i.e. || f ||ws.r :=
IAS fllLr.Fors < 0, p € (1, 0c0), W57 is the dual space of W59 with %—Fl = 1.

The following embedding results will be frequently used (we refer to e.g. [35,
Lemma A.2] for the first one and to [60, Theorem 4.6.1] for the second one).

Lemma2.l. (1) Letr 1 < py < pp <ooandl < q1 < q2 < 00, and let o € R.
—d(1/p1—1/p2)
Then BY, ,, C Boyon P
() Lets €R, 1 < p <00, € > 0. Then W2 = B3 , = H*, and B}, ;| C WP C

s s—€
BP,OO - Bp,l '

2.2. Paraproducts, Commutators and Localizers

Paraproducts were introduced by Bony in [7] and they permit to decompose a
product of two distributions into three parts which behave differently in terms of
regularity. More precisely, using the Littlewood-Paley blocks, the product fg of
two Schwartz distributions f, g € S’(T?) can be formally decomposed as

fe=f=<g+fog+f>g
with
f<g=¢>f= Z Z AifAjg, fog= Z AifAjg.
jz-li<j-1 li—jI<1

Here, the paraproducts < and > are always well-defined and critical is the resonant
product denoted by o. In general, it is only well-defined provided the sum of the
regularities of f and g in terms of Besov spaces is strictly positive. Moreover, we
have the following paraproduct estimates from [7] (see also [35, Lemma 2.1], [53,
Proposition A.7]):

Lemma 2.2. Let B € R, p, p1, p2,q € [1, o0] such that % = % + % Then it
holds that

If=<glgs S Wflleeligligs
pra P2.4
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and if o < 0 then

<
If < glyars < 1 Fllsg,  lglgp -

If a + B > O then it holds that

<
I1f o8l gaee S 117 Mgy,  N8lpe -

We denote = = o4 >, < = o+ < . The key tool of the paracontrolled calculus
introduced in [35] is the following commutator lemma from [35, Lemma 2.4] (see
also [53, Proposition A.9]).

Lemma 2.3. Assume that o € (0, 1) and B,y € R are such thata + 8+ 7y > 0
and B+ vy < 0and p, p1, p2 € [1, 00] satisfy % = % + i Then there exist a
bounded trilinear operator

com(f, g.h) : BY, o x CF x B, oo — By LT
satisfying

lgllcellell g

P2,00

llcom(f. 8. M)l gaiper S I,

such that for smooth functions f, g, h it holds that
com(f,8,h) =(f <goh— f(goh).

We also recall the following two lemmas for the Helmholtz projection P from
[61, Lemma 3.5, Lemma 3.6].

Lemma 2.4. Assume that o € (0,1),8 € Rand p € [1,00]. Then, for every
k,1=1,2,3,

IP*, £ <18l pots S lse lglce.

Lemma 2.5. Assume that @ € R and p € [1, o). Then for every k,l =1,2,3

kl
1P fllgs o <11 F e

Analogously to the the real-valued case, we may define paraproducts for vector-
valued distributions. More precisely, for two vector-valued distributions f, g €
S'(T4; R™), we use the following tensor paraproduct notation

f®g=(figj)ijm1=f2g+fog+ [y
=(fi < gj)?jjzl + (fi Ogj)?szl + (fi > gj);’jjzl

and note that Lemma 2.2 carries over mutatis mutandis. We also denote

=0+ &, =0+ K.
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When there is no danger of confusion, we apply the simple paraproducts also within
matrix—vector multiplication, i.e. for f € S'(T?; R™*™) and g € S'(T?; R™) we
define using the Einstein summation convention

m

f =9y =g < N = (7 =¢') .

i=1

m m ij i\
(Foo = (o N =(r"og’)" .
Similarly to Lemma 2.3, we may also define a matrix-valued commutator as con-
tinuous extensions of

(f.8:h) > (com(f, 8. h))j';_y =(f <8)©@h—f-(gOh)
= (" <M ohl — ff "o b)),

(f. 8. h) > (com*(f. 8. h)}';_, =ho(f<g)—(heg)- f
=h' o (f* < g/ — ' o g’ ft,

which is well-defined for smooth functions f,h : T¢ — R”, g : T¢ — R™*”
and takes values in S’ (T¢; R"™*™). A counterpart of the bound in Lemma 2.3 holds
true in this setting as well.

Finally, we introduce localizers in terms of Littlewood—Paley expansions. Let
J € Ny. For f € 8'(T%) we define

Ay f = ZAjf’ Agyf = Z Ajf.

j>J J<J
Then it holds, in particular for ¢ < 8 < y, that

1A= flice S277P=N flics, 1A Fller S22 PUflles. @D

3. More Regular Stochastic Perturbations

In our previous works [43,45] we considered the case of a trace class noise. We
proved non-uniqueness in law as well as non-uniqueness of Markov solutions and
existence and non-uniqueness of global-in-time probabilistically strong solutions.
These results apply to the Navier—Stokes system

du + div(u @ u)dr + Vpdt = Audr + (—A)"7/2dB,  divu =0, (3.1)

where B = (B!, B?, B3) is a vector-valued L?-cylindrical Wiener process on some
stochastic basis (2, F, (F;)s>0, P) and y > 3/2. Here the filtration (F;);> is the
normal filtration generated by the Wiener process B. As a main result of the present
paper, we treat the case of space-time white noise, i.e. y = 0. But already the more
regular case of y € (0, 3/2] presents interesting new challenges. In this section we
want to outline some of the main ideas on examples of these more regular noises.

If the noise is not trace class, Itd’s formula cannot be applied in order to obtain an
energy inequality. The case of y = 3/2 is therefore the treshold where (and below
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which) stochastic counterparts of Leray solutions on the level of u# no longer make
sense. Furthermore, the expected regularity of solutions depends on the regularity
of the noise. This can be seen by looking at the linear counterpart of (3.1)

dz + Vpidr = Azdt + (—=A)7/2dB,  divz =0, (3.2)

andrealizing that z € CTCV_I/Z_"OC}/%‘SCV*/Z”‘S_“ P-a.s.fork, § > Osmall.

This can be obtained by Schauder estimates from the fact that the space-time white
noise dB/dt is a random distribution of space-time regularity —5/2 — k fork > 0
with parabolic scaling. Thus, if y < 1/2 the solution is not even function-valued
and the quadratic nonlinearity in (3.1) is not well-defined analytically. Nevertheless,
one can use probability theory and renormalization to define this nonlinearity using
Wick products.

We distinguish the following cases with an increasing level of difficulty:

(1) y € (1/2,3/2]: solutions are function-valued hence the convective term is
well-defined but the energy inequality for # cannot be obtained.

(2) y € (1/6, 1/2]: solutions become distribution-valued, renormalization is needed
to define the product.

(3) y € (0, 1/6]: further decomposition is required in order to make sense of all
the required products.

(4) y = 0O: the case of space-time white noise, a so-called paracontrolled ansatz is
required and we present a detailed proof in subsequent sections.

We stress that while global existence of martingale (i.e. probabilistically weak)
solutions in the case y € (1/2,3/2] can be obtained by compactness and Sko-
rokhod representation theorem, existence of probabilistically strong solutions was
unknown. For y < 1/2 even global existence of martingale solutions was an open
problem.

In the remainder of this section, we focus on the first three regimes and explain
how to make them amenable to convex integration and hence to global-in-time
existence and non-uniqueness results.

3.1. The Case of y € (1/2,3/2]

Even though the energy inequality cannot be computed here, the approach of
[43,45] can be applied with minimal modifications. In particular, one uses the
decomposition u = z + v where z solves (3.2) and

Lyv+div(v+2)® (v+2)+Vp' =0, divv =0. (3.3)

Here and in the sequel, we use the notation £ = 9; — A. The convex integration
scheme is then given via the iteration system

Lvg +div((vg +29) ® (vg +29)) + Vp? =divR,,  divy, =0,

where z; = Agy(g)z with A¢y(g) being a cut-off of the Littlewood—Paley expan-
sion. With a suitable definition of the stopping times, this permits to add noise scale
by scale as one proceeds through the iteration. Setting the convex integration up



Arch. Rational Mech. Anal. (2023) 247:46 Page 150f 70 46

with an initial iteration vg as in [43], one can prove that the constructed solution v
is distinct from the Leray solution to (3.3) starting from the same initial value. This
implies existence of an initial value so that non-uniqueness holds for (3.1) as well.
Using the probabilistic extension of solutions from [43], non-uniqueness in law
on any time interval [0, T'], T > 0, follows. Following the ideas of [45] it is also
possible to construct solutions with a prescribed L? initial condition and to obtain
existence and non-uniqueness of global-in-time probabilistically strong solutions.

3.2. The Case of y € (1/6,1/2]

This case is more delicate and further decomposition is required. More precisely,
in addition to u = z + v as above, we split v into its irregular and regular part, i.e.
v = v! + v2. The equation for v! contains all the irregular terms of the product
(v+2) ® (v+z), whereas the regular ones are put in v2. Additionally, the equation
for v! shall be linear so that it can be solved by a fixed point argument. As a rule
of thumb, we color the irregular terms magenta and the regular ones blue. The
decomposition can be done as follows. The product z ® z needs to be constructed
by renormalization as a Wick product denoted by zV and it is of spatial regularity
C2(r=1/2=%_For the moment, we ignore this fact and proceed formally. We come
back to the rigorous definition of the stochastic objects in Sect.4.1.

So we have the first magenta term z ® z. Then we write with the help of para-
products and Littlewood—Paley projectors

W' +H®z=0"+v) @A gz+ +v?) & Aspz+ ' +v?) ® Acrz,

and treat the symmetric term z® (v! +v?) the same way. Here, = ©+ © and we
included a suitable cut-off R to be chosen appropriately. This eventually simplifies
the fixed point argument used to establish, for a given convex integration iteration
vg, the existence and uniqueness of v;. Finally, we let '+ v ® (v! + v?). This
leads to

Lo +div(z®z+ (v! +v2){)A>Rz+A>Rz :@'J(vl + vz)) +Vp' =0, div ! =0,
L0 +div (0" + 08 Asgrz + Aspz0 (0 +0) + ' +07) ® Acrz)
+div(A<rz @ 0 + ) + ' + ) @ 0 +?) +Vp2 =0,  dive? =0.

We set up a convex integration scheme as an approximation of the above system
of equations for v! and v2. In particular, we include further Littlewood—Paley
projectors and let

Lo} +div ( ® 2+ (v) + V)AL () AsrZ + AL p() AsrZO(, + vj)) +Vp, =0, divey =0,

£07 +div (0] + 1308 Azrz + Azrz=0 () + 1) + (v +12) ® Acpz)

FAV(A Rz ® () +v2) + (0] +2) ® (v +12) + Vp2 =divR,,  dive? =0.

Note that the Reynolds stress Iéq is only included in the equation for vé. Indeed,

vg contains the quadratic nonlinearity which is used in the convex integration to
reduce the stress.
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At each iteration step g + 1, we first use the previous stress I%q in order to define

) . . ©
4410 the incompressibility corrector w e

| in terms of the intermittent jets, see “Appendix A”. This

the principle part of the corrector w
: )
the time corrector w g+

| and

gives the next iteration vg 41 and consequently we obtain v; 41 by a fixed point
argument, cf. Figure 1. The localizers A ¢, in the equation of v{} are used to
control the blow up of a certain norm of v (} as g — oo.

3.3. The Case of y € (0,1/6]

In this regime, also the resonant product v! © z becomes problematic. This can
be overcome by introducing an additional stochastic object which permits to cancel
the worst term, i.e. 7 ® z, from the equation for v!. To be precise, let

Lz +div(z®2z) + Vp* =0, divz; =0, (3.4)

and define u = z + v = z 4+ z; + v! + v?. Recall that in the rigorous analysis
Z ® z needs to be replaced by the Wick product zV of regularity C2(/—1/2)=«
Consequently, z; then becomes our second stochastic object, later denoted as 7’
with regularity C2¥~%. In addition, also the products z; ® z and z ® z; need to be
defined via renormalization as z ¥ and zy, respectively. We again ignore this fact
for a moment and continue with the formal decomposition. The reader is referred
to Sect. 4.1 below for more details on the stochastic construction.
Proceeding as above, this leads to

Lo +div(zi @z +2@2 +21 @21 + 0 + ) DAz + Acgz o +0)) + Vp! =0,
divo! =0,
L7 +div (0" +07) 0 Aspz + AsgzO ' +0H) + 0! +0D) ® (Agrz +21)

+div(z + A<r) @ W' + ) + @'+ H @ 0 +vH) +Vp? =0, dive? =0,

together with the convex integration scheme

ﬁv; + div (.71 ®z+z®@z1+z1®z21 + (vJ + vs){)Ag/’(q)A;»Rz + AL A-Rr2 é’)(v,], + vf))
+Vp, =0, divy, =0,
Evé + div ((v,; + vé) B AR+ ALz (v,], + vg) + (v; + UZ) ® (Agrz + 11))
+div((Agrz +21) ® (v) + 1)) + () +v2) ® (v) +v))) + Vp, =div Ry, dive] =0.
With this definition, one can obtain existence of an initial condition for which
there are non-unique solutions before a stopping time. Since there are no global
Leray solutions, for global existence it is necessary to extend these solutions by
other convex integration solutions. To this end, an improved convex integration

construction is needed, which gives the result for any prescribed initial condition
in L2. In particular, the term

Ul & Asgz
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and its symmetric counterpart appearing in the equation for v? require regularity of
v!. Accordingly, this introduces blow-up norms in time to overcome the singularity
at ¢+ = 0 into the convex integration, which is not convenient. We therefore refine
the decomposition above by writing

@ v e Asrz=0"'e Agz+v® & Az

We include these terms into the equations for vl, v?

colors. Then in the equations for v(} and vg we rewrite

Wl +vD) & Aspz =0} & Agztvl B Asgz.

accordingly respecting the

The symmetric terms are treated the same way.

4. Paracontrolled Solutions

It turns out that even further expansion would not help in order to treat the
case of space-time white noise, i.e. ¥y = 0. Indeed, there would always be ill-
defined products. As understood in the field of singular SPDEs, a paracontrolled
ansatz needs to be included. It postulates a particular structure of solutions and
permits to make sense of the analytically ill-defined products using probabilistic
tools. In the sequel, we first introduce the stochastic objects needed for the rigorous
formulation of the Navier—Stokes system (1.1). Then we formulate the notion of
paracontrolled solution incorporating the paracontrolled ansatz. Finally, we give a
formal decomposition combined with paracontrolled ansatz in the spirit of Sect. 3.

4.1. Stochastic Objects

Let us recall that due to Theorem 1.1 [61], the equation (3.1) with y = 0 is
locally well-posed for initial conditions in C" for n € (—1, —1/2). The solution u
belongs to C ([0, o); C™) where o is a strictly positive stopping time so that

lue —ullc,cn — 0

in probability. Here, u, denotes the solution to the regularized Navier—Stokes sys-
tem

orue +div(iue, Q ue) + Vpe = Aug + e, divu, =0,

where ¢, is a mollification of the space-time white noise { = dB/dt. In particular,
the stochastic objects needed in our proof here were constructed in [61].
To summarize the main ideas, let z, be the stationary solution to

a[Zg + sza = AZs + Csa le g = 0

Then z; — zin L? (Q; Cr C’l/z”‘) for every p € [1, co). Moreover, the renor-
malized product z" can be defined as a Wick product in the sense that there exist
diverging constants C, € R3*3, Cy — o0, so that

v
g ‘= Ze ®ze — Ce



46 Page 18 of 70 Arch. Rational Mech. Anal. (2023) 247:46

has a well-defined limit in L? (Q2; C7C~!7*) for every p € [1, 00). In fact, C, =
E[z: ® z.]. We also introduce the following stochastic objects. Let

bz — Az = —Pdiv(eY), divzy =0, 2 (0)=0,
with P being the Leray projection operator, and define

zy = zy ® Ze, zgf =2 ® zy, z}f =PI(Vz) © 2z = (IPI(VZS)Ik ° z.ﬁ). o
i,jk=

zy = IP’Idiv(zy), zy = IF’IdiV(zy),
z;(y = zy ® zy = Cie(0), z} = z:ﬁ ©ze + zy © 2z — Coc(2),

where Zf (t) = [y =72 f(r)dr and

Cro(t) = E[(z) ®20)(t,0)] — oo,
Co(t) = Bz ©20)(t,0)] + E[(2) ©20)(2,0)] — 00

ase — 0.
For connecting the solutions in Sect. 5 we also introduce two stochastic objects

)

zg (r; s) and 2% (r; s). They are defined the same way as z;' and Z¥ but replacing
the last integration operator Z by Z; , = [ ¢ ~)2dl and the renormalized diverg-
ing constants C; .(r; s) are defined as the expectation of the corresponding terms
fori =1, 2.

We recall the following result from [61]:

Proposition 4.1. For every k > 0 and some 0 < § < 1/4, there exist random
distributions

=@z Y, %Y, Y 2%, Z¥) 4.1
such that if T, is a component in

VoYL LY LBy

Z (Zé‘v g’zﬁv gaZ;.;?g Z€7Z8)

8/2 —
and 7 is the corresponding component in 7 then t; — t in C7C% N Cy /2can—s
a.s. as € — 0, where the regularities oy are summarized in Table 1. F urthermore,

forevery p € [1, 00)

sup B[l 2 ¢, cor + SuPEIITsll i S

_5 ~Y
>0 cor

For t.(r;s) = Z}/ (r;s) and t.(r; s) = Z?(}”; s) there exist random distributions
t(r;s) = z}(r; s)and t(r;s) =z §(r; s) such that

supE  sup  [|e]|fr S 1,
20 0<s<r<T
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Table 1. Regularity of stochastic objects

T Z ZV ZV Z\é Zy Z\{y Zﬁ Z}

Q
a
!
SE
|
=
!
=
1
!
=
|
SE
I
x
|
Rl
I
=
!
=
!
=
!
=

and

supE  sup |z — 1:||gc,r — 0,
e20 0<s<r<T

as e — 0.

The renormalization of t(r; s) can be done by a similar argument as [61].

Remark 4.2. We emphasize that the renormalization constants C¢, C; ¢, i = 1,2,
only depend on ¢. Hence, due to the divergence in the nonlinear term, they do not
appear in the approximate Navier—Stokes system driven by the mollified noise ;.
If we modified the C,, C; ., i = 1, 2, by adding a finite constant, some of the limit
random distributions T would change. For the rest of the paper, we fix the stochastic
objects T and prove existence of infinitely many solutions /4 to (4.2) with these fixed
stochastic data.

Finally, we note that similarly to our decomposition, the local solution u ob-
tained in Theorem 1.1 in [61] decomposes as u = z + z; + h with a suitable
paracontrolled ansatz for &. In particular, by Schauder estimates, the part 4 pos-
sesses a positive spatial regularity at positive times, i.e. it belongs in particular
to L2. For this reason, it is sufficient to restrict our attention to initial conditions
for the convex integration scheme in L2, Indeed, for an initial condition in C7,
n € (—1,—1/2), we can always start with the local solution from [61] and start
with convex integration only at a positive (random) time.

4.2. Notion of Solution
To begin with, we write, formally,
u=z+v=z+z1+hn,
where z and z; solve (3.2) and (3.4), respectively. Then the equation for 4 reads as
Lh+div(h+z)@ (h+z) +2@ (h+z) + (h+21) ®2) + Vp" =0,

divh =0,
4.2)

which shall be further rewritten as a system for v! and v? in Sect.4.3. Indeed, the
multiplication of & and z is not well-defined as the expected sum of their regular-
ities is not strictly positive for the resonant product 4 © z to be well-defined, cf.
Lemma 2.2. Collecting the terms which make £ too irregular leads to the following
paracontrolled ansatz

h=—Plh <IVz]+ 0 — ,
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where Zf (t) = [y Pi—s f(s)ds.
Then ¥ becomes more regular than % since

v =h+ +PZ[h < Vz] - P[Z,h <]Vz, (4.3)
where [Z, h <]Vz denotes the commutator between Z and & < given by
[Z,h <]Vz=Z[h < Vz]—h <1IVz.

We use the same notation for other commutators as well. The second and the third
terms on the right hand side of (4.3) cancel the irregular terms in # whereas the last
term has better regularity by Lemma B.4. Using the commutator Lemmas B.4, 2.3
and 2.4, we write formally 2 © z as

heoz=-Ph<IVz]oz4+00z— PIdivz®z1+21R2) Oz
=—(P,h <]ZVz) ® z —com(h,PIVz,z) — h-( )
+0%0©z—
The above orange terms are still ill-defined and need to be replaced by the cor-

responding stochastic objects. Hence the rigorous paracontrolled ansatz and the
definition of 2 © z read as

h=—Plh <IVzl+ 0 — & +27), (4.4)

hoz:=—(P,h<]ZVz)©®z—com(h,PIVz,z) —h- Z} +00z7— Zﬁ,
4.5)

Let us now formulate the definition of paracontrolled solution to (4.2). To this
end, we recall that the given cylindrical Wiener process B is defined on a stochastic
basis (2, F, (F;):>0, P) and this is also where all the stochastic objects in Sect. 4.1
are constructed.

Definition 4.3. We say that a pair of (F;);>0-adapted processes

(h,9) € (L2(o, T.LHnc/ ), L NLY0. T, By )N CTH’1>
(L ©, T, B> K)ﬂCTH_l)

P-a.s. with ¥ > 0 is a paracontrolled solution to (4.2) provided (4.4) holds and the
equation (4.2) holds in the analytically weak sense with the resonant product 2 © z
given by (4.5).

Remark 4.4. (i) We note that paracontrolled solutions are probabilistically strong,
that is, they are adapted to the given filtration (F;);>0.

(ii) The space C ;/ 11 ?2_ . With singularity at time zero is used in Definition 4.3 in
order to cover the case of irregular initial conditions, namely, divergence free
initial conditions in C~1*2¢ for x > 0.

(iii) The function spaces to which (4, ¥) belong together with Proposition 4.1 guar-
antee that all the terms in (4.4)—(4.5) are well-defined. This in turn permits to
make sense of all the terms in (4.2).
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4.3. Formal Decomposition

We continue with the formal decomposition of the equation in order to find the
desired paracontrolled ansatz. Moreover, in order to be able to apply convex inte-
gration, we need to introduce a further decomposition into v 1 2. In this subsection,
we ignore the fact that various products of z are not well-defined. We proceed as if
these were well-defined and we replace their values in the end by the corresponding
stochastic objects constructed in Sect.4.1.

Let h = v! + v2, (4.2) rewrites as

L' +v?) + div((v1 +02 + 1) ® (v1 +02 + z1)
+z @+ +z)+ ! + P +2)®72) (4.6)
+ V(p1 + pz) =0, divv! +v?) = 0.

The regular terms (encoded in blue) shall be put in the equation for v%, whereas the
irregular ones (in magenta) into v!, so that in the end

Lo +divzi @z + VI VY4 vpl =0, dive' =0, 4.7)
L2 +div(v' + ) @ ' + D) + V24 V2N +Vpr =0, divv? =0.
(4.8)

Here V!* and V2>*, respectively, denotes the transpose of V! and V2, respectively.
First, we assign

@+ +1v?Y), 210u+20u+2®z.
Then we decompose

W+ @z =@ +vP)® Asrzr + ! +1%) @ Acrz
= +vH) A rz +v' & ALgzi+v? B Asrz
+"' +v?) ® Agpzr.

These terms are included into V! and V2, whereas the symmetric counterparts

a®@@ +v)=Apz © 0+ )+ A 9 V!

+ALRZ71 & v2+Angl ® (! +v?)
arein V'* and V2*. Note that we colored v’  A- rz) magenta. Indeed, itrequires
regularity of v! which is not true uniformly as ¢+ — 0, since the initial condition
is only in L?. Hence if colored blue, this term cannot be controlled in the convex
integration scheme. This applies also to other terms below.

In the rest of the computation we only discuss the terms in V' and V2, the
symmetric terms being included automatically. We split

W +)z=0'+) 2+ 0+ e z+ 0 +1H) oz
= +vH) A rz+v & Agz
+12 8 Acrz+ W + ) (@ + ) Arz+ v’ 0z + vl 02
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For the resonant product v! © z we shall use a paracontrolled ansatz which permits
to cancel the worst terms in V!, In particular, the multiplication of v! and z is not
well-defined as the expected sum of their regularities is not strictly positive making
the resonant product v! @ z ill-defined. First of all, there is the stochastic term
div(z ® z1 + 21 ® z) which makes v! too irregular. Second of all, it is the following
paraproduct between v! and z

div(Azgz & ' +07) = 0" +0%) < ARVz,
which creates problems. This leads to the paracontrolled ansatz

vl = —IP’[(vl + vz) < A-RIVzZ] + ot
—PZdiv(z®z1 +21 ®2), dive? =0, (4.9)

where Zf (1) = [y e~ f(s)ds. Thus,

V=0 +PTdiv(z ® 21 + 21 ® 2)
+IP[(v' +v?) < AgVz] — PIZ, (' +v?) <]A-gVz. (4.10)

This permits to cancel the two terms
~PLdiv(z ® 21 +21 ®2) — IP[(v' +v7) < A. V2]

from v!. Consequently, v? has a better regularity than v' and hence, in view of
the commutator lemma, Lemma 2.3, the resonant product v! ©® z can be rigorously
defined. To this end, we compute
Pl +v?) < AgZVZ] ©z = P[(v! + %) <ZVz] @ z — P[(v' 4+ v?) < A<rIVz] © 2
= (P, 0" +v?) <1IV2) @z + [(v' +v?) <PIVz] @z
—P[(v! +v?) < AcrIVZ] © 2
= ([P, ' +v?) <1TVz) ® z + com(v' + v?, PIVz, 7)
+' %) - (PZ(V2) ©2)
—P[(v' +v?) < AcrIVzZ] © z.

The above commutator between the Helmholtz projection and the paraproduct is
understood componentwise as

([P, @' +v*) <1ZVz2)' = PU[(v" + vD)F < Zorz/1 — (0! + v2)¥ < PV T/,
and accordingly,

(' +v?) <PZV2) = (' + v®)F < PV Zoz/.
We deduce

n ©z= —IP’[(U1 + v2) < A-RIVz]O©z2

+1P 07— (PIdivz®2z1 +21®2) Oz
= —([P, (v' +v%) <1ZVz) ® z — com(v' + v?, PIVz, 2)
~'+vH) - (PIVzo2)
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—Pl(v' +v%) < ArZVz] ©2
+F @ z7-PZdivz®z1 +21 ®2) @ z.

In order to avoid the singularity at time zero in the convex integration, we include an
additional splitting into A~ g and Ay of the remaining (uncolored) terms above
as follows:

—(P, @' +v®) <1IV2) @z = —([P,v' <]TV2) ©® A- gz
—([P, v! <]1ZVz2) ® Acrz—([P,v* <]IV2) © z,
—com(' + 0%, PIVz,z) = —com(v', PIVz, A.gz)
— com(v1 JPIVz, Acrz)— com(vz, PZVz,z),
—'+0) PIVzO2) = —(v' +v) < Ag(PIVz©2)—v' = ALp(PIVz @ 2)
—02 = ALg(PIVZz © 2)—(v' +v?) - Acr(PIVz © 2),
vV ez =" 0 A rz+P © Agrz.

Finally, collecting all the terms leads us to

V=2 @40 +v) @A ks +0' B Asgzi + (0 + ) ©QARzH V! © ARz
—(PZdivz® 21 +21 ®2) © z—([P, v' <]ZVz) © A-pz—com(v', PIVz, A_g2)
—'+ ) < ALgPIVZ @ 2)—v' = ALR(PIVZ ©2) + vF © Az,

Vi =022 ALg+0' +07) ® Acga
402 O Az + W +17) (94 ©) Acrz+ 02 Oz
P[0 +?) < AcrIVz] © z — ([P, v <]TV2) © z—([P, v! <]1TVz) © A<kz
—com(v', PZVz, AgRr2) — com(v?, PIVz,7) — v? = A-g(PIVZz© 2)

—@' + ) Ar(PIVZ ©2) +v* © Ackz.

It will be seen below, that letting
h=v' 40?9 =0+ 02 + P! +0v?) < ArIVz]

satisfies the requirements of Definition 4.3. The idea then is to apply convex inte-
gration on the level of the equation (4.8) for v2. In particular, we need to make sure
that the convex integration gives v? of the required regularity for 1.

5. Convex integration Set-up and Results

The goal of this section is to construct infinitely many probabilistically strong
paracontrolled solutions (%, ¥) and deduce global existence and non-uniqueness
for the system (4.2). The equation (4.2) for /4 splits formally into the coupled system
(4.7), (4.8) for v! and v? and it remains to include the stochastic objects. This leads
to

Lo +dive Y v v L vpl =0,
Lv? +div(' + ) @ W' + ) + V24 VEH 4 vpi =0, (5.1)
divo! =dive? =0, 210 =vy, 1%0) =0,
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with
Vl = Z\é + (Ul + vz)@A>RZV + Ul =) A>RZV + (Ul + Uz)@A>RZ + vl ) A>RZ
—Z? — ([P, v" <]ZVz) @ Asgz — com(v', PIVz, Asgz)
W 4 0Y) < AgzY — v = ALgZY £ 0P © Aopz

and

V2= Algz’ + ' +0P) @ AcpzY
+02 © Asgz+ (! +07) (9+ ©) Acrz +0v* O 2
—P[" + ) < ArZVz] @z — ([P.v* <]IV2) @ 2 — ([P, v' <]IVz) © Ackz

—com(vl, PIVz, Agrz) — com(vz, PIVz,z) — v? = A>Rz}
'+ 1)) AcrzY + 07 © Ackz.

The paracontrolled ansatz for v! reads as

vl = P! +v2) < AL gZVz] 4+ 0vf — &V 42 7). (5.2)

These equations need to be considered together within the convex integration
scheme and we put forward a joint iterative procedure.

The convex integration iteration is indexed by a parameter g € Ny. It will be
seen that the Reynolds stress I%q is only required for the approximations vg of

v?, whereas the approximations v (} of v! are obtained by a fixed point argument.
We consider an increasing sequence {A,},en, C N which diverges to oo, and a
sequence {4}4en, C (0, 1) which decreases to 0. We choose a € N, b € N,
B € (0,1) and let

hg =a®, 5, =27Pa %,

where f will be chosen sufficiently small and a as well as b sufficiently large. At
each step g, a triple (v;, vg, R,) is constructed solving the system
Lol +dive Y + v+ v+ vpl =0,
2 4 1 2 1 2 2 2% 2 _ 1o B
Lvg +div((v, +vy) ® (v, +v,) + Vy + V") + Vpy = div Ry, (5.3)
divo, =dive] =0, v(0)=vo. v7(0) =0,
where
V) = 2%+ ) ) @A ARG +2Y) + 0l B AcgzY 40} © AcsAnrz
—([P, v, <1ZVz) © A~z — com(v,, PIVz, A.gz) — ¥
—(0) +2) < A DRZY — vl = ALgz¥ 4+ 0] @ Az

and

VEi=vle AcpzY + (v) +v)) ® AcrzY
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2 5 2 - 2 ;
Vg /RO 11 y T/Rq 'U(]+1/1Rq+1
1 8 18 1,4 1
V0, Yo Vi, U1 Vg Vq Ugt1> Vgt

Fig. 1. Iteration scheme

+v§ =] A>Rz+(v; +v§)(@+®)A<Rz+v§©z

—Pl(v; +v)) < A<rIVzl @2

—([P, v} <1IVz) @ z — ([P, v, <]TVz) © Acrz

— com(v;, PIVz, A¢r2) — com(vé, PIVz,z) — vZ P A>Rz¥f
—(u) + ) - AcrzY + i © Ak

Here, Vq1 and qu are obtained from V! and V2, respectively, by replacing v!, v

v? by v;, v[?, vg and adding the projector Ag r(4), Where 2f@ — Az, 0 =10/21,
into the second, the fourth and the eighth term in Vq1 . These projectors are used to
control the blow-up of certain norms of v (; and vg and also to prove the convergence

of v(} as ¢ — 00. We shall therefore require the parameter a to be a power of 22!
and b € N. The parameter R is chosen in (6.7) below.

Analogously to the paracontrolled ansatz (5.2), v;, v3 and vg are linked via

vl = —Pl) + ) < T(VARA< s + 05— @T +20). (5.4
Our main goal is to prove convergence of vq, vg and vg as ¢ — oo and to show
that their limits satisfy (5.1), (5.2) in order to recover a paracontrolled solution to
(4.2) in the sense of Definition 4.3.

See Fig. 1 for our iteration scheme. More precisely, we use vé to determine v

q
and vg by Schauder estimates. Then R, is determined by v;, vg and vé. The next
velocity vﬁ 41 is only determined by Ii’q via a convex integration argument.

As the next step, we define a stopping time which controls suitable norms of
all the required stochastic objects. Namely, for L > 1 we let

Ty =TI ANTEATP AT AT ALY?,

T} =inf {t > 0, |z(t)|c-1/« > L'/?} Ainf {z >0, llzll 110 a0 = L'/z} ,
T2 .= inf {z >0, 1Y Ol > L} Ainf {t > 0,12 llptopyse > L},

TL3 :=1inf {7 > 0, ||Z\{y(t)||cfx > L} A inf {t >0, ”Z\é(t)uc—l/z—K + sz(l‘)\lcq/zﬂ > L} R

TH=inflr>0, sup [2¥Ci)ews > L Amf 10, nz\fucumc s >L},
0<s<r<t

0<s<r<t

TE =infJt >0, sup ||Z?(V§S)HC -« L} 5.5)
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where we denoted by z?(r; s) and z}(r; s) the stochastic objects obtained the

same way as zy(r) and z}(r) but replacing the last integration operator Z = Z ,
by I, = A "e"=DAd] 1t follows from Proposition 4.1 that the stopping time 77,
is P-a.s. strictly positive and it holds that 77, 1 oo as L — oo P-a.s.

We intend to solve (5.1) for any given divergence free initial condition vy €
L? U C~!** measurable with respect to Fy. However, in the first step, we take the
following additional assumption: Let N > 1 be given and assume that P-a.s.

lvoll,2 < N. (5.6)

We keep this additional assumption on the initial condition throughout the convex
integration step in Proposition 5.1. In Theorem 5.4 it is relaxed to vy € L* P-a.s
and, finally, Corollary 5.6 proves the result if vy € C~!7 P-a.s. We also suppose
that there is a deterministic constant Mz (N)'/2 > LN + L?° In the following we
write M| instead of M (N) for simplicity.

Let o € (0, 1) be a small parameter to be chosen below. By induction on ¢
we assume the following bounds for the iterations vé: if + € [0, Ty] then, for

. )
P =377
W2l wene <a M2+ > 5% <3m; 0o,
1<r<q 5.7)
_ 1/2 1/2 12 — ’
loglcirogss + Ivglewisss <a™*mp2a 4+ 37 87 <3m;%ae.
I<r<q

Later on, we use the factor a~%/? to absorb an implicit constant. Here we defined
> 1<r<o := 0. In addition, we used ), -, 5% < Yt = L <2
which boils down to the requirement that

af? > 2, (5.8)

which we assume from now on. We also assume that L is large enough such that
the implicit constant in (5.20) and (7.54) below can be absorbed by L. Moreover,
for such L we can always choose a large enough such that L < a®/'®. We denote

og=2"1,qgeNoU{-1}, y,=2"7,9eNo\ {3}, y3=K,

for K > 0 arbitrary. This constant will be used in order to distinguish different
solutions.

The key result is the following iterative proposition, which we prove below in
Sect. 7:

Proposition 5.1. Let N > 1 and let L > 1 sufficiently large. There exists a choice
of parameters a, o, b, B such that the following holds true: Let (v;, vé, Ry) for
some q € Ng be an (F;);>0-adapted solution to (5.3), (5.4) satisfying (5.7) and

2 2 2 _
Mo(M)? 30 817 30 M) 4 3MoML (1 +3g)' 2, 1 e (P ATy, Ty,
0, 1ef0, 25 AT

(5.9)

2
W2l <
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for a universal constant My,

Iyl <agM,*, tel0,Tp), (5.10)
IR, (Dl < 8441 ML, 1€ (041 ATL, TL], (5.11)
1R, (Dl < ML(1+3q), 1€[0,TLl. (5.12)

Then there exists an (F;);>0-adapted process (v; Iy vs iy ]%q+1) which solves
(5.3), (5.4) on the level g + 1 and satisfies

041 () — v ()2

Mo(M, 28,2 + v, 0. t € (4o, ATL, TL],
< Mo(ML(+3)" 2 + ) 0), 1€ (EATL 4oy ATL).  (5.13)
0, tel0, 3 ATL]
1Ry 410l
Mpéq442, t € (oqg ANTL, Tr],
< M18g42 + SUPser—o, j2v0. 1RGN 1, 1€ (B ATr, 04 ATLI,
SUPse([(1—0, /2)V0,1] IRy ()l 1 +3My, tef0, % ATLL

(5.14)

Consequently, (qu, q+]) obeys (5 7) (5.9), (5.10), (5.11) and (5.12) at the level

q + 1. Furthermore, for 1 < p = 32 7a, t € [0, Tr] it holds that

2 2 1/2:1/2 —a)2
10241 (0) = V2Ol < M85 a1, (5.15)
2 2 2 2 12172 /2
10g41 = vgll o 55+ 1041 = vgllcwissss < M, 255a™ 2 (5.16)

and fort € (4oy A Tr, TL] we have

vz 1172 = 107172 = 3vg41| < TMLS1. (5.17)

1 1
q+l

tion 5.1. Indeed, the deﬁmtlon of the new velocity v2

Note that no bounds on v, were included in the statement of Prop051-

g+ does not require v!

Then, having v2 ,+1 at hand, all the necessary bounds for v!
Sect. 6 below. In particular, in Sect. 6 we prove

q+1°

pERE q+1 follow from

Proposition 5.2. Under the assumptions of Proposition 5.1, it holds for k > 0 and
t € [0, Tr]

1 1 1 —a/4s1/2 3 4
||vq||Ct11/6le//§;<2)K + ||vq||ctl‘/]6/gKL5/3 + ||vq||C,L2 <a M, +L°N+L",
(5.18)

llv jj|| 3/5 « + ||U ||C1/20 11/20 % + ||U ler2 S < aia/gM 1/2 + LN +L6
/

Ci3/10B5)3

1
||vq+1 - Uq||c,1_2 + ||Uq+1 - vq”CrB;//;;Z + ||Uq+1 - Uq”Ctl/ﬁ*KLS/z
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—a)2 g 1/241)2 1/2,~60/20,
M8+ My
/212012 1/2; 0720,
””q+1 ullcf,s/mBg//? et gy = vflleue S @M+ My
(5.19)

Here 6 = 10/21 and the implicit constants are always universal and independent

of q.
In what follows we always use « > 0 to denote a small constant.

Remark 5.3. The best regularity we can expect for v! is 1/2 — k whereas for v®
it is 1 — «. It will be seen in Sect.6 that their integrability is determined by v
and hence it comes from the convex integration argument. Here, we observe a
competition between regularity and integrability, cf. (5.15) and (5.16) and their
proofs in Sects. 7.4.3 and 7.4.5. For convenience, we have chosen integrability 5/3
and space regularity 1/3—2« forv! and 3/5—« for v?. The time weights are dictated
by the desired space regularity as the initial value for v; and vg only belongs to L.

We also note that the bounds in Proposition 5.2 do not rely on the W2/3-7 estimate

of vg or the difference vﬁ - vg. Indeed, this is only needed to make sense of the

resonant product v> © z in the limit and to control the corresponding part of the
Reynolds stress.

We intend to start the iteration from v(2) = O on [0, T.]. Then (5.7), (5.9) and
(5.10) hold. In that case, 130 is the trace-free part of the matrix
vy ® vg + Vi + Voz‘*,
where
V02 = v(l) ® AgRZV + v(l) (®+ ©)Agrz
—Pluy < A<rIVz] © z — ([P, v} <I1TVz) © A<rz
—com(vy, PZVz, Acrz) — v} - Ang} + vé © ARz

By (5.18) and (5.19), paraproduct estimates Lemma 2.2, commutator estimates
Lemmas 2.3, 2.4, we have

1RO I S Nvgll2(lA<rzY lics + 1 A<rz ¥llex + [ A<rzllcr)
+ logl22 + llvgl 2 | A<rzllcs
+ lvgllz2 1zl =12« I A< Rzl e-1/2426
5 —Dl/SML +L6N2 + L8 +L(a_a/8Mlll/2 +L5N + L6)2(1/2+2K)R
< Mp. (5.20)
Here we used the value of R from (6.7) in Sect. 6 and the implicit constant can be
absorbed by taking a and L large enough. Thus (5.11) as well as (5.12) are satisfied

on the level ¢ = 0, since §; = 1.
We deduce the following result:
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Theorem 5.4. There exists a P-a.s. strictly positive stopping time Ty, arbitrarily
large by choosing L large, such that for any Fo-measurable divergence free initial
condition vy € L* P-a.s. the following holds true: There exists an (F;);»o-adapted
process (vl, v2, vﬁ) such that for k > 0

1/3—2«

1/6—
5300 ync / KL5/3,

T1,1/6
v € LP(0, Tp: L) N C([0, Ty ), WA w3553y n ¢ /101353,

of € €10, T L) N L0, Tp: BIS ),

vlecqo, T LHNLYO, T B

P-a.s. for all p € [1,00), and it is an analytically weak solution to (5.1) with
v (0) = vg, v2(0) = 0 and satisfying (5.2). Furthermore, there are infinitely
many such solutions and also infinitely many paracontrolled solutions (h, ) =
(vl + 02, v? + 02 + P! +0?) < A<RrIVz]) on [0, T, ] satisfying

1/5
5/3,00

9 e C(0, T 1 L3 N L0, Ty; BYE™),

yn el 1553 A Lro, 1 L),

h e C(0, Tel; L) N L0, Tz; B T.1/6

P-a.s. for all p € [1, 00), where R depends on L and is chosen in (6.7) below.

Proof. Letting v% = 0, we repeatedly apply Proposition 5.1 and obtain (F;);>0-
adapted processes (v;, Ucz,’ I%q), g € N, such that

v2 = v? in C([0, Tp), WA n w3383y n /L5

as a consequence of (5.15), (5.16) and (5.7). In view of Proposition 5.2, it follows
that

1/3-2k
5/3,00
3/5—«k
5/3,00)"

i cl/6—«15/3

— ' in €0, T, LHNLYO, Ty B 16

1
q
vi — v in C([0, 7. LH N L0, Ty: B

Then (v!, v?, v?) are (F1)r>0-adapted. Moreover, using (5.13) we have, for every

T 5 5 4o, AT 5 5 T 5 5
vy —voll,de < f lvg i —v ||”2dz+f g,y —villP,de
‘/0 q gl o0 2T, q gl dog AT q gl

< 4oy ATL » 12 1/2.p
N My (ML(1+43¢))7" +y,[7)Pdr
04/2ATL

Ty

1/2,1/2 1/2

+/ My MP8)2 + y P
4o ATL

— 1/2 1/2,1/2 1/2
S MY (279 43902 4 7507 + Tu 28y + vy 7).

Thus, the sequence vé, g € N, is Cauchy hence converging in L? (0, Ty ; L?) for all
p € [1, 00). Accordingly, vg — v2 alsoin LP(0, Tyr; L2). Furthermore, by (5.11),
(5.12) we know, for all p € [1, 00),

TL
/ IRy N7 dt S MJ8)  To 4 (Mp(1+39))P277 — 0, as g — oo.
0
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Thus, the process (v!, v2, v?) satisfies (5.1) and (5.2) before T}, in the analytically

weak sense. Since v(} (0) = vo and vé(O) = 0 for all ¢ € Ny we deduce that
v1(0) = vy and v%(0) = 0. Thus (h, ) defined above solves (4.2) in the sense of
Definition 4.3.

Next, we prove non-uniqueness of the constructed solutions. In view of (5.17),
we have,ont € (4og A T, Tr],

[o¢]
02072 = 3K < | g7 = 102172 = 3vge0) | +3 D van
=0 972 (5.21)

] e¢]
STMLY Sqe1+3) vgrt STMLY 3441 +3) v <c,
q=0 q#2 q=0 q#2

where the constant ¢ > 0 is independent of K and the parameters a, «. This
implies non-uniqueness by choosing different K . More precisely, for a given L > 1
sufficiently large it holds P(409 < Tp) > 0. The parameters L, N determine
M (N) and consequently by choosing different K = K(L, N)and K’ = K'(L, N)
so that 3|K — K’| > 2c¢ we deduce that the corresponding solutions v%( and v%(,
have different L2-norms on the set {4og < Tr}. We claim that the sums v }( + v%(
and v}(/ + v%(, are different as well. Indeed, it is easy to see from (5.18) and (5.21)
that

V3K —c— M) < v + 0?2 < M)+ V3K +c.

Choosing K’ such that +/3K" — ¢ — Mzﬂ > Mé/z + /3K + ¢ gives different
solutions.
For a general divergence free initial condition vy € L* P-a.s., we define

Qy =N -1 lwl;2: < N} e Fo.

Then the first part of this proof gives the existence of infinitely many paracontrolled
solutions (A%, ®N) on each Q. Letting

h=Y hNlgy, 9:=) »Vlg,

NeN NeN

concludes the proof. Note that this also uses the fact that the stochastic objects are
defined in advance and then the rest of the construction proceeds pathwise. O

By an argument similar to [45, Theorem 1.1] we may extend the paracontrolled
solutions obtained in Theorem 5.4 by other paracontrolled solutions in order to
obtain global existence and non-uniqueness.

Theorem 5.5. Let vg € L? P-a.s. be an Fo-measurable divergence free initial
condition. There exist infinitely many paracontrolled solutions (h, 9) to (4.2) on
[0, 00). Moreover, it holds that

h e LP ([0, 00); L?) N C([0, o00), L>3) P-a.s. forall p € [1, 00).

loc
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Proof. By Theorem 5.4 we constructed a paracontrolled solution 1 = v!4v? before
the stopping time 77, starting from the given initial condition 4(0) = vy € L? P-
a.s. Since 7T;, > 0 P-a.s., we know that for P-a.e. w there exists go(w) such that
4040wy < Tr(®). By (5.13) we find that

ATl < Y0 Mg (To) = vp(T)ll2 + Y v (TL) — vg (Tl 2
0<g<qo0 q290

< Mogo(ML(1+go)'* + Mo(K'/? 4+ 1) + MoM,"* < oc.

This implies that ||v2(TL)||Lz < oo P-a.s. Since also v (7T7) € L? P-a.s., we can
use the value (v! + v2)(T1) as a new initial condition for 4 in Theorem 5.4.
More precisely, we consider 7(0) = (v! +v?)(T;) and define 2(1) = z(t+T}),
and similarly we define the stochastic objects
80 =V +T, 2@ =2 %0 +T0),
£@51() =N ( +Tu),
V0 = Va1, V90 =T 1402,
PI(VZ) ©2(t) = PT7,.1,41(V2) @ 2(t + Tp) = 2 ¥ (1 + T2 1),
PT(div(; ® 51 + 21 ®2) ©2(1) = PI, 1,4, diveY +2%) @20t + 1)
= zﬁ(l +Tp; Tp).

Then we define stopping time Ty similar as in (5.5) with Tf and TL5 replaced by

T} = inf {t =0, ”Z}(TL +6T)llc—+ 2 L} A inf {t =0, ”Z}”C:il;ic—l/ﬁ—x Z L} ,

T} :=inf {t >0, ||Z?(TL +6To)llc—+ = L} .

Then Tp41 > Tri1 — 71
Consequently, we obtain solutions

(h=0"+ 020 = 0% 4 52+ PIG' + %) < A<kZ(V2)])

before f‘LH adapted to F;,7, . Here R is chosen as in (6.7) in Sect. 6 but in terms
of L + 1 instead of L. Moreover, by Proposition 5.2 and (5.7) it holds that 2(0) €
BS1 //§ - Hence, there is no singularity near zero of h and similarly as in Sect. 6 we
obtain / € CIT/10L5/3. Then we set h(¢) = (v! +v?) Ligr, +h(t =T 11 351, -
Then, for p > 1,

h € C(0, Teyl: L) N LY, Tosr: Bg)3 ) N Cylt0 | 6L O LP(O, Ty L2).

By the same argument as in the proof of [45, Theorem 1.1], £ is adapted to (F;);>0
and satisfies the equation (4.2) before [0, 77 +1]. Indeed, we have for r > T, that

t
h(t) = (u1 + 0a)(Ty) — P/ 9 av(h@h+Y oh+he +:
TL
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+h®z+z®h+zy+z\4)]ds,

with the paracontrolled ansatz
h(t) = —Plh(t) < Tr, V2l + 0 — Tp) — Iry 4N +2 7).
and fors > Tp,
h© () = Pl < Tr, V21 © 205) + (s — T2) @ 2(s) — 2 B(s: Ty)
= —([P, h <11, sV2) © z(s) — com(h(s), P, Vz, z(s)) — h(s) - ¥ (s: Ty)
+G— T @265 — 2 B(s; ).
Now, we define
9 = (V¥ + 2 +P[0" + %) < ARZ(VD)) Li<r,
+ (90 =10+ P1h < e AT9za + TGN 4P ) 1

3/5—«k
1,00

It is easy to see that 9 € C([0, Tr4+1], L>3) N LY(0, Tr 41, B
t,s > Ty, it holds that

). Then, for

h(t) = —Plh(t) < IV)O]+0() — & +2 7)),
h©®z(s) = —(IP, h(s) <I(TV2)(s)) © 2(s)
— com(h(s), P(ZV2)(s), 2(s)) — h(s) - 7 ¥(s)

+ 9(s) © z(s) — z%(s).
Here we used that from the renormalization it holds that
cB(s) = (s, T) + 0T GY 4 Py (1) 0 2(s)

and similarly for other terms.

Thus, (h, ¥) satisfies the equation (4.2), as well as (4.4) and (4.5) before
Tr+1. Now, we can iterate the above steps, i.e. starting from 4 (77+%) and con-
structing solutions (x4, 9x+1) before the stopping time T7441. Define h =
hilicr, + 302 bz, <i<Ty.s), and obtain that & € LP ([0, 00); L) N
C ([0, 00); L5/3), for all p € [1, co). Similarly, we define ¥ and we obtain that
(h, V) is a paracontrolled solution. We emphasize that 7 does not blow up at any
finite time T since for any time 7" we could find kg such T < 77,4, and the infinite
sum becomes a finite sum. The desired norm of & only depends on L, k¢ and the
initial data. Furthermore, as in the proof of Theorem 5.4 we obtain infinitely many
such solutions by choosing different K .

O

Corollary 5.6. Let vg € L*> U C™'** with k > 0 P-a.s. be a Fo-measurable
divergence free initial condition. Then there exist infinitely many paracontrolled
solutions (h, V) to (4.2) on [0, 00).
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Proof. Ifvyg € C~ % withk > 0, by [61] there exists a stopping time 0 < o < T,
and a local paracontrolled solution (4, ¥) to (4.2) in the sense of Definition 4.3.
Now, h(o) € C'/27% k > 0, and we can start from A (o) and obtain infinitely
many global paracontrolled solutions by using Theorem 5.5. Moreover, there is no

singularity at h(c) and h € C;/ %(/)2_,( L>/3. Note that due to singularity at zero, we
only have h € L2(0, T. L) N /), L33 NCrH-'NLY0. T, Bg3 ). O

Accordingly, Theorem 1.1 is proved.

Finally, by exactly the same argument as in [45, Corollary 1.2], Corollary 1.3
follows.

6. Estimate of v and v}

In this section, we work under the assumptions of Proposition 5.1. The main
aim is to prove the bounds (5.18), (5.19) as well as for x > O and ¢ € [0, T1]

1 1 1 1 1 1
lvg+1 —vglle,z2 + llvg4r — vq||c Bl//372x +llvg4 —v ||C1/(H(L5/3

) 2 ) 1/2, 9 20
SJ ”vq-l,-l - vq”c B]//5 + ||Uq+l v, ||CI/IOLS/'§ + M / / s (6.1)
g .
lvg1 = vglle, O ||vq+1 ville,z2
2 1/2, —9/20
f, ||Uq+l - vq”CtBS]//;_oo + ||Uq+1 v ||C1/10LS/3 + M > (6.2)
and
1/2, 9(7/10+2K)
||v ”Cr 3lt S < M; . (6.3)

As aconsequence of (5.16), this proves Proposition 5.2. Moreover, we recall that the

equation for v; is linear. Hence, for a given vé we obtain the existence and unique-

ness of solution vé to (5.3) by a fixed point argument together with the uniform
estimate derived in the sequel. Also, if vs is (F;):>o0-adapted, so are (v;, vg). This
in particular gives the existence of v; 41 in Proposition 5.1, once the new velocity
vé 41 Was constructed in Sect.7.

In the following, we make use of the localizers A present in the equation
for v,} in (5.3). Namely, by an appropriate choice of R we can always apply (2.1)
to get a small constant in front of terms which contain v;. We are therefore able to
absorb them into the left hand sides of the estimates without a Gronwall argument.
Due to singularity at t = 0, we use the weighted in time norms C, ,, for several
different y > 0, see Sect.2 for their definition. In what follows, all the estimates
are pathwise and valid before the stopping time 77..



46 Page 34 of 70 Arch. Rational Mech. Anal. (2023) 247:46

. . 1/3-2 1/6—
6.1. Estimate ofv(} in C,,1/6B5//3’00K and Cz,/1/6KL5/3

We intend to apply Lemma B.2 and notice that by Remark B.3 each application
yields a factor L, independently of the chosen time weights in the range y,§ €
{0, 1/6, 3/10}. However, we note that the difficult terms for Lemma B.2 are those

where we need to decrease the weight, i.e. y < §. For those we need to make sure
that the condition

y—86—a/2+B8/24+1>0 (6.4)

from Lemma B.2 is satisfied. It will be seen below that this is always achieved since
these terms do not require such a gain in space regularity, i.e. the difference @ —
compensates the negativity of the difference y — 4.

Hence, we shall bound each term appearing in Vql as well as z\(y in appropriate

(possibly time-weighted) function spaces with spatial regularity at least B;/23/ ;K

The terms in Vq] ** are estimated the same way.
Recall that by the definition of the stopping time (5.5) we have

2
1212, evme + 12l cme + 1%l cove + 12V 0 + 12 Blc,ee S L.
By the paraproduct estimate Lemma 2.2 we have

I} +02) 2 A<r@B=ralc,, g2

1/6 1 2
< sup 0Ll ss + 10ES) L5 I As Rzl ¢, -2
s€[0,1]

1 2 —R/6
S (lvglle, ,joz5m + vglle, | orsm) L2 R1C,

Iy + v © A<f(q)A>RZVIICWGBS—/;/;—K + (g +v7)

<A A.gzY S/ioo
<f(@A>RZ ”ct,l/sBS/E(‘;o”

1/6 1 2
< sup 50Uy ()1l s + vy (D1l zs3) (1A RZY Nl c-1/6-
s€[0,7]

+IA=RZY ¢ -1/

1 2 —R/6
< Ulvglle,srn + lglle, srsm L2 °,
and

1 1
lvg & A=rzYlc, o8, + g = DarZ¥lic, eBt .

1
+ vy & A<f(q)A>RZ||C;,1/6B;/13/253”

1/6),,1
S sup sVl gis-ae (1A RZY ¢y 176
s€[0,1] 5/3,00

F 1A rZ¥ e -1 + 1A= RZl ¢ c-234)

< il L, [2-R/6
~ ”vq ”Ct,l/Gle//;OjK .
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For the two commutators we use the commutator estimates, Lemmas 2.4 and 2.3,
to obtain

([P, U <1Z(V2)) © Asrzllc, B, + ||00m(v PZ(V2), A>r2Dc, B¢

5/3.00
R/6

5/3.00

< v, ”Ct,l/6351//~?;23,€ IA>rzllc,c-2n- Izl c,c-12-+ S IIUqIICt 1/63;/@;2&2

For the last term containing vg we use the paraproduct estimate and Lemma B.2.

In particular, since vg requires a higher time weight 73/10, we shall verify the
condition (6.4). It turns out that this is satisfiedas y = 1/6,6 = 3/10,a = 1/3 -2k,
B = —1+4 1/20 — 2« hence (6.4) holds. Accordingly, we obtain

IZdiv(w; © As gDl pra-e + ITAIVOE © AskD e 5

141/20—2k

S LIIVEE © A gDl ot

<LPheA
S Llv, © >RZ||CL3 BI

< L|[vF —e|lA 11720
~ ||U‘1”Cr.3/10353//§,og 14> RZllc et
—R/20

< L2
SL |qullctv3/103‘3//§’;2

For the initial value part we have, by Lemma B.1 and (5.6), for t € (0, 7], that

e v0|| 132 S L1216tk N

Bs3.00
ll(e"® —e*A)vollLS/z <t — | /omrgT Ot N =51 <1, 0<s <.

Summarizing all the above estimates and using Besov embedding Lemma 2.1,
we obtain

1 1
IIUQIIC[_I/GB;//%K + ”vq”Ct],/f/g‘(LSﬂ
< L(L N + L2~ R/20(||y! e + |00 .
S + N+ (I fl”Cf,u/eBé//i;K + 1l q”C[.s/loB;/_‘;og) (6.5)
—R/6).2
4+ L2 R/ ”vq”C;_]/6L5/3>'

Here, we used (5.6) and, as mentioned above, the extra factor L comes from
Lemma B.2.

6.2. Estimate oqu in C; 3/1035//3 o and Ctléz/(;o 51/13/1(2—21«

Let us proceed with the estimate of vg. Here, there are no difficulties coming
from changing the time weight as all the terms require either a lower or the same
weight. In view of (5.3), the paracontrolled ansatz (5.4), and since

div ((v; + US) = Agf(q)A>RZ> = AL r@A>RZ > V(v; + vg),

div (Agf(q)A>RZ & (v; + vé)) = (v; + v;) < VAL ) AsR2,
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we obtain
vh = vf + Pl(v} +v]) < T(VA-rA< 2] + (27 +2F)
= v}(0) — TP div (ZW + Vi an'*)
1 2
—PIZ, (v, + v) <I(VA-RALf(g)2)
—IP[V(vy +v]) < A< i) A=g2): (6.6)
where

VE= () 1)) @A) A-rY + vy B AsrzY + v, © Ag i) AsrZ
—([P, v} <I1TV2) ® A~ gz — com(v}, PIVz, A g2) — 2 ¥
_(vq + Uq) < Agf(q)A>RZ} — Uq = A>RZ} + Ug © ARz.

In what follows we estimate each term on the right hand side of (6.6).

From the above estimate we already know that zv as well as all the terms in
VqtI except for vg © A~ gz are bounded in BS_/g/ 20_3'(. We also show by paraproduct
estimates from Lemma 2.2 that

# #
||vq © A>RZ||C 310 Bl//ZO 2% ||v ”C 3/1033/5% ARzl c,c-11/20-«

< L2 —~R/20
R
Moreover, Lemma 2.2 also implies
IPIV (g +v3) < (AsrA< g, | e 20
< (sup sV Iyl + LI gy I A R2lccoris

s€[0,1]

< 1 L 1/2 L 2—R/20
~ (”vq ”Ct.l/Gle//;OjK + ”vq ||C[BSI//§{XJ) )

which can then be plugged in the Schauder estimate, Lemma B.2. Next, we note
that Lemma B.4 can be applied to the remaining term in (6.6) which also gives a
factor of L. Hence, we use interpolation to get

IPIZ, (v, + v7) <I(VALRAL ()2l

3/5
G 3/1035//300

+ IPIZ, (vy +vg) <IVA-RAL ()2 120 BlIf2-

/ ,00

SL - v -

~ (“vq ||C’-1/6B51//§,92K + ” q ”C’BSI//EOO + ”vq “Ctl,/l6/6KL5/3

2

+ ”vq||C,|/]0L5/3)”A>RZ|IC1C*”/20*‘(

< [29-R/20 )1 B 2

N (IIUqIICH/ﬁBSl//;ng +lvglle, giss

1 2
+ ”Uq ||C’{/lf}gKL5/3 + ”Uq ”Ctl/lOLS/})'
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Combining the above estimates and using Schauder estimate Lemma B.2 and in-
terpolation, we have

f
U
lvgll¢, 0B S AR 120 BLI2
<L 4+ LN L22_R/20( v 02
S + + I ”C 1/631//3 2%+ || ||

Floglesce s + 103, + 195, 3/1033//505)
+L1L72 R/6||v le, 1 o573
which combined with (6.5) implies that
IIUJIIC“ B + v IICl/ﬁ ey IV e, 0B + v} ”C,‘/f/?o Bl
< L2 LN + 1227520 (o) ”c,,l/(,Bl;S*ZK + 117l 5178
Floglepees s+ 10 g+ 1 e, 58+

+ L2 R/6||U e, 16 LS/3+

Then we choose R such that
2RI20 — 41 ?, 6.7)

with C being the implicit constant and use (5.7) to obtain

1
v v v —
logll, B + vyl SRIET + [0} s e, ., 0B + 10l - C)/ Bl
<L>+ LN+ Lza*“/zML/ , 6.8)

which implies the first part of (5.18) and (5.19).

6.3. Estimate of v; in C;L?

Here, most of the terms are similar as in (6.5) but we need to be careful about
the compatibility condition (6.4). As mentioned above, terms except for vg ©A-Rz
and (v; + vg) Q AL f(g)A> Rz have spatial regularity

B /33

35 c B, 1/% 3/10—3k
,00

by Lemma 2.1. Thus, the corresponding C; L? norm can be bounded by Lemma B.2
withy =0,6 =1/6,0 =«,8 =—1/3 —3/10 — 3« — 1 as follows:
IZdiv(--)lic, 2 S IZdiv(--)lic, s

< L div(- - —1/3-3/10-3k—1

e, en7
< L%+ L?|v} 132 + L2V N e 153
~ q C’J/GBS/iooK gllc,L5/3-
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Here, in - - - we collected all the terms from Vq1 + Vql’* except for the above men-

tioned two and z ¥ and their symmetric counterparts.
Next, using paraproduct estimates and Lemma 2.1, the term corresponding to

vg ©® A-gz can be bounded in view of the embedding B;;;;’.f_l/z_'(
c B3/5 1/2-2=3/10 _ p=1/5-2

2,00 by Lemma B.2 with y = 0,6 = 3/10, o = «,
,8——1/5—2/<—1as
IZ div(w] @ Asr2)llc, 2 S 1T div(vh © Asgz) e,

BZ,oo
< L| div Uj:I © A Z —1/5—2k—
~ ” ( q >R )||Ct,3/10 BZ';/)S 2k—1

§L||U2@A>RZ||C B3/5-1/2-2%
13 5/300

<L vl:I _ 12—
S LI qIICt’3/103§g’OZIIZ||c,C /2

< L2t ..
S Lol ||C,,3/1035,/§
We also use Lemma 2.2 and embedding Bj /{;030/ 0 - B 1o get

vy +v))  Agpigy Axrzllc, 1
S v lle 2l Asrzlle,c-2-« + 107,15 2l ¢, c-1/2-
S L2l 12270 + vl 1573)-
Thus combining the above estimates and (5.7), (6.8) we obtain
lvglic, 2
S L2+ LN+ L2yl g2+ glle,wsn + 110Gl ops)
+ L2 v llc, 227 ®/6
SLY DN + a0 + L2~ 4 Lol g, 2277/
SLH LN +a M 1 Lol 2278,

using the fact that L* < a®/*. Hence the last part of (5.18) follows.

6.4. Estimate of vg in C;L?

We apply the paracontrolled ansatz (5.4), the Besov embedding Lemma 2.1,
and paraproduct estimates Lemma 2.2 as well as (5.7) and (5.5) together with the

Schauder estimate to control z Y and zv We deduce

||v ”C,LZ < L||v ”C,L2 + ||v < I(VA>RA<f(q)Z)|| %/10+K + 12

S LAl sm + g lle r2) + L?
< La*“/le/z + L(L4 +L3N +a7a/4M}‘/2) + L2
<SMPa B+ LN + LS.

The last part of (5.19) follows.
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6.5. Estimate of the Difference U;+1 — v; in C; BSI;;;?( and Ctl/é_'(LS/3

Most of the terms can be estimated similarly as in (6.5). We do not have to
consider the initial data as it vanishes and therefore we can even control directly
the C;-norms without any weight. The main change comes from the additional
difference A r(g+1) — AL f(g)- First, we use Lemma 2.2 to bound the terms with
paraproducts &, < containing Ag rg+1) — A< f(g) by Schauder estimates as

1/2,-60/6

L} + v2lle, 55 1A < g4y — A<r@)Dr @ +2le -2 S My 2357°,
1/2 —9 6
Llvt + 2lle,15n1(A< g1y — A<r)Dsrz ) e o2 S My ag"

The part of & containing Ag r4+1) — A< r(g) can be bounded by Schauder esti-
mates LemmaB.2withy =0, =1/6,0 = 1/3-2«,8 =1/3-2x—11/20—k—1
as

1/2, 9 20
Lllvéll B3 2K||(A<f(q+l) — Agrg)zlle,c-npo-e S My / 20
Thus, in view of (6.5) we obtain

1 1 1 1
”vq+1 - Uq”CtBl/3_2K + ||vq+1 - vq”C[l/f)_‘(LS/Z%

R/20
<L2 / (||Uq+l_v||CBl//32K

2 .2 _ 8
I =l + 81 =l )

n M1/2 —0/207 6.9)

where for vg partweusedy = 0,6 =3/10,0 = 1/3—-2«k,8 =3/5—k—11/20—1.
Therefore, in order to deduce the first part of (6.1), we shall estimate the difference

f #
Vg1 — Vg-

6.6. Estimate of the Difference vg_H — vg in C,’3/10B§//§’_og

Terms in an can be bounded similarly as above. We only concentrate on
PIZ, () +v) <I(VA-rACs()2), TPV +v)) < A< () Asr2l.

Similarly as before, most terms could be estimated as the estimates for vg with v,
replaced by vy 11 — vy. We consider the terms containing A rg+1) — A f(g) and
use

—6/20
(A< rg+1) — A<r@)zllc,c-1/20-c S Ayg 1207172,

Thus, using (5.18) the C; 3 /10B53 //35‘;';—norm of these terms can be bounded by

=0/20 72 1 2 1 2
Ag "L (Ilvqllcrvl/ﬁle//;zK + ””q”c,Bs'//;w + ”Uq”Crl,/lﬁ/g"LS/S + gl grmogs/s)
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< A,;g/zOMé/z.

Here we used Lemma B.4. Hence, we obtain

#

#
— v 3/5—
g+1 q”c,j/.oBs//lg

—=0/20 5 ,1/2 2( 11! 1 2 2
S )“t] ML + L (llvq+] - vq”CtBSl//;;j’( + ”vq+1 - vq”C’BSl//;oo

llv

1 1 2 2
+ ”Uq-!,-l - Uq”C,I/(’_KLSB + ||Uq+1 - Uq”C[l/lOLSB

#

_
+ ”vq-|‘1 vq”C,,3/1oB

3/57K)2—R/2°. (6.10)

5/3.00

Combining this bound with (6.9) we deduce a first part of (6.1) and (6.2) and it

: : . 1 1 f . 2
remains to estimate the differences v 7+1 — Yq and v g+1 — Vg in C,L-.
6.7. Estimate of the Difference v;_H - v(} and vg_,’_l - vg in C,L?

By the Besov embedding Lemma 2.1 it holds that
1 <, .1
|qu+1 vq”C,‘L2 ~ ||Uq+1 vq”CtBSl//;,;zK,

which in view of the first part of (6.1) implies the second part of (6.1). Moreover,
by (5.4), the Besov embedding Lemma 2.1, and paraproduct estimates Lemma 2.2
we have

vy +v7) < Z(VALR(A< f(q) — A<+l gl

1 2
S Llvglle, 55 + lvglle, 1) AL ) — A< pig+1)zll e -2+
—0/6
< L32wble 2 + 1020, sm)ig

which, due to By)3 .2 € L? and (6.1), implies

#
vgs1 = Vil
1 1 2 2 3/2¢)1,1 2 —0/6
Sy = vble 2 + 1020 — V2l s + LN, 2 + 102, 5m)hg
2 2 2 2 1/2, —6/20
S gy — U‘I”QB;//;SQO + vy — v!1||C,1/10L5/3 + M A

This gives the remaining estimate of (6.2).

6.8. Estimate ofv(} in C,,3/3L4

This norm may a priori blow up during the iteration. We also estimate each
term separately and apply the Schauder estimate Lemma B.2 which then gives an
additional factor L. We have

7/104-2k)6
IASRAL r(g) (2 + ZV)||C[C1/5+K + ||A>RA<f(q)Z}||C,C1/5+K < L)x((l / ) .
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Hence, by Lemma 2.2 and (5.18), we have
(g + ) & AR A< () @+ 2 )l 1

+ ||(v; + vg) < A>RAgf(q)z¥f||C,B;éo+K
< vy + 3l s (185 A< 1) &+ Tl s

+ ||A>RA<f(q)Z}||ctc1/5+K>

7/1042k)0
< LA(/ <) v 1-|-v ||C,L5/3’

”Uq & A>RA<f(q)Z”C,.1/GB‘:£K
1
S, ”vq”Ct.l/6B;;rK ||A>RA<f(q)Z”CtL°°

1/3-2k

< 71/2,4/2426)6 ) 1
S LYy logllc, o552

and
1 1
v, & A>RZV||CM/GB;‘£K +llvg = Asrz¥lle, oBL

S IIv; B AogzY 1 + Ilvcll = >RZ}|| pl/3—3

”C, 1/6B Bs)3 00

S 10gllc,  gaa2e U2l e + 2%l o)

13- L.
5/3.00

Using Lemma B.2 and (5.19) we have
IZdiv (v © AsgD)llc, 3 port S ITAIVWE © AsrDlic 3085

< 1
S Wbl o

SLivie Asrzll, oz
S LIl gy 18- RZl ot

By that commutator estimates of Lemma 2.3 we have

II([P, v; <1Z(Vz)) © Axgz] 1734« + ||com(v PZ(Vz), Asr2)ll

1/3—4

C/B C]/@B/

< 1 B 2 < 1 o L
~ ”vq”Ct.l/Gle//;OzK”Z||CIC71/27K ~ ”vq”Ct,l/GB;//;OZ;K .

Finally, for the initial value part we apply Lemma 9 in [24] to obtain

tA —3/8
le'®voll s < 73l 2.

Combining the above estimates and applying the Schauder estimate Lemma B.2,
the Besov embedding Lemma 2.1 as well as (5.18) and (5.19) and the definition of
M we obtain (6.3).

Note that we only control the L*-norm instead of e.g. L™ because the para-
product

vy & A<r(@)AsR2

1/3—2«

only belongs to 35/3100 .
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7. The Main Iteration: Proof of Proposition 5.1

7.1. Choice of Parameters

In the sequel, additional parameters will be indispensable and their value has to
be carefully chosen in order to respect all the compatibility conditions appearing in
the estimations below. First, for a sufficiently small & € (0, 1) to be chosen below,
we let £ € (0, 1) be a small parameter satisfying

PG <t <, (7.1)
In particular, we define
¥,
£ = Aq+1kq . (7.2)

In the sequel, we use the bounds
1
o > 2448b, 1 > 168,31)2, 35 33a > 28b, ab > 128 (7.3)

which can be obtained by choosing « small such that % — 33« > «, and choosing
b € N large enough such that «b > 128 and finally choosing 8 small such that
o > 2448b, 1 > 168b%. Various estimates of this form are needed for the final
control the new stress Ii’q+ 1- Hence, we shall choose « small first and b large, then
B small enough. The last free parameter is a which is power of 22! and satisfies the
lower bounds given through

a>4Mp +K, L<a*'®
Then by our condition we have

ML(1+3q) + K < ay/? <7219 < Ag;fﬁ, ot <V (7.4)

In the sequel, we increase a in order to absorb various implicit and universal con-
stants.

We may freely increase the value of a provided we make 8 smaller at the same
time.

7.2. Mollification

We intend to replace vé by a mollified velocity field v,. To this end, we extend

20 =200, YO =Y =0, %) =0,
I(V2)(1) =0, vl (t) =v}(0), R,(t)=Ry0) fort <O0.

As vé equals to zero near zero, o; vg(O) = 0, which implies by our extension that
the equation holds also for t < 0. Let {¢:}s~0 be a family of standard mollifiers
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on R3, and let {@;}s~0 be a family of standard mollifiers with support on R*. We
define a mollification of v,, R, in space and time by convolution as

ve = (vg % §0) % o, Ro = (Ry %x ¢0) %1 @1,

where ¢y = e%qﬁ(?) and ¢y = %(p(?). Since the mollifier ¢y is supported on R,
it is easy to see that z; is (F;);>0-adapted and so are vy and Ry. Then using the
equation for vé we obtain that (v, Ry) satisfies

0;vg — Avg +divN + Vpy = diV(I%Z + Rcom)

7.5
divvy = 0, (75)

where N is the trace-free part of the matrix
_ ] 2 1 2 2 2%
=, +v) Q (v, +v) +V, +V,
and
Reom = N — N %y ¢y *¢ @y.
By using (5.7) (5.10) and (7.2) we know for ¢ € [0, T1]
lvg = vell o, s + llvg = vell,wssrs
4/5),2 4/5,4 3 r1/2
S Pl < ePagmy
12 IY)

kq_+1 = 4ML

2 2 4
10 = vellg,2 S €Zller, < hgM

12, —a L 1212
<y < oMyl

si2 g=a/?, (7.6)

M q+1

1/2

(7.7)
and for p € [1, 0]

102 = vellcwase S €120 < € Pxgm,

“15a32 _ L opc12 e
q+]°‘ < M/78a o2 (7.8)

1/2

<M A

where we used the fact that b > 128 and & > 38 and we chose a large enough in
order to absorb the implicit constant. In addition,

—_ — 1 2 l 2 —
lelley, S €V lvgller, < eV Tagm, 2 S M2 Mg .9)

holds for ¢t € [0, T;,] and it holds for r € (%" ATy, Tr]

1/2

el < 102,z S MoMy* + K2 + 3MoM,; > (1 +3¢)'/? (7.10)

with some universal implicit constant.
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: 2
7.3. Construction of v g+l

Let us proceed with the construction of the perturbation w,41, which then
defines the next iteration by v2 41 = ve + wg+1. To this end, we make use of the
intermittent jets [9, Section 7.4], which we recall in Appendix A. In particular, the
building blocks W) = We rirjan for £ € A are defined in (A.3) and the set A is
introduced in Lemma A.1. The necessary estimates are collected in (A.7). For the
intermittent jets we choose the following parameters:

h=hgs1, o =A +/1 .ori=ry 1/4Aq_+1 A

9/7
w=rgurr =i

—6/7

e+l (7.11)

Since a is power of 22!, 17| = a®*™H/7 ¢ N.
Now we follow [45, Section 5.2] and introduce p as

S Yag+1
= 24/£2 + |Ry|? ,
p =2\ + | Ry +(2ﬂ)3

which implies for p > 1
lollr < 2€Q27)YP + 2| Re(0)lLr + Vg+1- (7.12)

In view of (5.11), which holds on (204, A T, T1 ], and since suppg, C [0, £], we
obtain, for t € (4oy A Ty, T ], that

ol o S48y 1 ML+ Vgt (7.13)

[40g AT}, t],x

where we also used the embedding W*! ¢ L. Then, we deduce similarly as [45,
(3.25)]for N > landt € (4oy ATy, TL]

Iolley, oy, SE Medger + VML )Y

(7.14)
Vg1 S TN ML+ vy
For a general ¢ € [0, T ], we have by (5.12),
lpllco, S €*MLU+3) + vgu1, (7.15)
and for N > 1,
lolley, S €77V ML +39) + vg+1, (7.16)

where we used My (1 4+ 3g) < ¢!
Next, we define the amplitude functions
agy(o,t,x) 1= ag g+1(o, 1, X)
Ry(o.1,
= p(w, 1, x)1/2 (Id— M

—3/4
D@1 x) ) 2m) ,  (7.17)
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where yg is introduced in Lemma A.1. Since p and 1%@ are (F;);>0-adapted, we
know that also a(g) is (F;),>0-adapted. By (A.5) we have

@m)~2 Z“(é)/ W) ® Weydx = pld — R, (7.18)
EeA

By using (7.12), for t € (404 AT, TL],

1/2
lag) Ollz2 < 1@ 1elleogs, )

« M Gomess,.M 12
= 8|A|(1+8n3)1/2< (27)7€ + 20441 L“’@“) (7.19)
( 1/2 1/2 1/2)
4|A| q+l q+1

and for ¢t € [0, T1 ],

1/2 1 )
lag e, 2 < (M 2143y 2 44V

41A] #

where M denotes the universal constant from Lemma A.1. From (7.13), (7.14), and
similarly to [45, (3.30)], we deduce for ¢ € (404 A Ty, T ] that

10y, o SO AM 4y
andform =1,..., N,using K < 2_1,
”101/2”CEZU i <l 7m81/2 1/2+€1/2 (Vg1 + L7 Sq-HML)m
<o 7m(3;fl MY? 4 qlfl)

This implies, for N € Ny, as in [45, (3.34)],

<£—8 7N(51/2 1/2 1/2)

laelicy, v 0. Va1 (7.20)
For a general ¢ € [0, T1] we have, for N € Ny,
_g_ 172
laellen, S €8N a2 +39)1 2 4y, (7.21)

where we used My (1+3¢) + K < ¢~
Let us introduce a smooth cut-off function

0, t< %,
ay

X(t) = € (O’ 1)’ te ( 2 q),
1, t>o0y4.

Note that || x/|| o < 2911 which has to be taken into account in the estimates of the
¢;""°L5/3 and €], -norms in (7.39)- (7.45) below.
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(p)

With these preparations in hand, we define the principal part w 441

turbation w41 as

of the per-

» .
wlly =) aeWe. (7.22)
Eel

Since the coefficients ag) are (F;);>0-adapted and W) is a deterministic function

we deduce that wfﬁ)l is also (F;);>o-adapted. Moreover, according to (7.18) and

(A.4) it follows that
wl @l + Re = a2 PLo(Wie) ® Wee) + pld, (7.23)
EeA

where we use the notation P f := f — F f(0) = f — Q)32 Jps fdx.
We also define the incompressibility corrector by
. 1(V Viey) + V 1V, W, (124
Wyt = Y curl(Vag) x Vig)) + Vag) x curlVig) + ag) (g)s (7.24)
EeA

with W((g) and V(g) being givenin (A.6). Since a(g) is (F;);>0-adapted and Wg), W((E))

and V() are deterministic functions we know that u)(c)

By a direct computation we deduce that

is also (F;);>o0-adapted.

;{21 + w((;ll = Z curl curl(ag) Vig)),
EeA

hence

: (p) (c)
dlv(wq-H + wq_H) =0.

We also introduce a temporal corrector

o ._
Wyt = —— Z PP (“(5)‘75(5)‘#(&)5) (7.25)

éeA

where P is the Helmholtz projection. Similarly to above wff}r] is (F;)s>o0-adapted
and by similar computation as [9, (7.38)] we obtain

Bl + Y Pro (afydivWe ® Wee)))

EeA
= Z PP00; (“(&)‘75@)‘/’@)5 ) Z Pso (“é)at @) Vi )) (7.26)
EEA
= (Id— ]P)_ > Prody (“(&)‘/’(5)‘#(&)5 ) Z Pso (31“(2@(‘7’(25)‘”(25)5 )) :
SEA SeA

Note that the first term on the right hand side can be viewed as a pressure term.
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We define the truncated perturbations w;‘i)], ﬁzflﬁ)rl, gjrl as follows:
. - (p) =) . (©) 7L N () B
q+1 = wq+1X’ wq+1 = wq-HX’ wq+1 T wq-HX
Define wy41 := w;’_’gl + wf]’fgl + w;’il and

(P =~ (t
q+1 = V¢ + Wg+1 —Uf+wai1+w;21 +w;il

We note that by construction vZ 41 is (F;)s>0 adapted.

7.4. Verification of the Inductive Estimates for v? g+1

By (7.19) and (7.20) and similar argument as [45] we obtain for ¢ € (doy A
Ty, T1] and some universal constant My > 1

) 1 2 1/2 1/2
RANOIIEES Z 4|A| MM, 2502+ v, DI Wl
1/251/2 172
(M 8,50 F v (7.27)
where we used 1500 < % and for ¢t € (%‘1 AT, 404 NTL]
~ 1/2
[EFANGIIERS —((ML(l +3g)'2 +y,10). (7.28)

Similarly as in [45, (3.43)-(3.46)], we apply (A.7) and (7.20) for general L”-
norms to deduce fort € (4doy AT, TL], p € (1, 00)

I Ol < €Sy 28)03 +y P R (729
185 Ol < €280 + v, e r ”” Vo a3

and
Iy Olle S €7 MLdgr + vgrrt " r P00 (731)
18Ol + 180, Olle < €8y 28)7 + v, Pord P r P12 1.32)

For a general ¢ € (%" ATr, 404 A TL] we have

~ _ 1/2, 2 1 1 1 2
1B O ler S € SMLA+3g)"2 4y, e/ P /P72 (133)

1B Ol < € 22<(ML(1+3q)>1/2+y”2)r2/” ”” 2 (134)
and

1 -2, —
1B O lLe < €7 (MLA+39) + vgs)r? P20l (139)
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1/2

_ 2 11 1/2
1B O e + 1B, O e < €8MLA +3g)'2 4y, 2)rt P /P72,

(7.36)

Combining (7.27), (7.30) and (7.31) we obtain, for t € (404 A Ty, T ],

1 2 1/2 1/2
lwg1 2 < (M85 + v,/
Mo 44a—-2/7 1/251/2 1/2 ,320—1/7
(7+C)”q+l +C(M, q+1+ q+1))‘q+1 (7.37)
172 1/2 1/2
4M oM "8, + Vi),

and for ¢ € (%" AT, 404 NTL]

3
lwg 12 < 3 Mo((ML(1 +3g)' 7 + VorD): (7.38)

where we used M (1 4+ 3¢) + K < £~! and the condition on «.
With these bounds, we have all in hand to complete the proof of Proposition 5.1.
We split the details into several subsections.

7.4.1. Proof of (5.13) First, (7.37), together with (7.7), yields, for t € (4o, A
Ty, Tpl,

oy 41 (1) = vp (Ol 22 < llwg1 22 + oe(®) — v (@) 2
1/2.1/2 1 2
< MoMy 5,00 + v, ).
Fort € (%aq ATr, 404 A TL] we use (7.38), (7.7) to obtain

g1 () = vg (D2 < llwgr1Dllz2 + ve() — v ()2

< Mo((ML(1+39)"* + v, ).

Fort € [0, %aq ATy litholds that x (£) = 0, as well as vé (t) = 0,by (5.9), implying
that

2 2 2
lvg11 —vglle,z2 = llve — vgllc, 12 = 0.

Hence (5.13) follows.
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7.4.2. Proof that (5.13) Implies (5.9) on the Level ¢ + 1 From (5.13) we find
fort € [0, S04 A TL]

q
2 2
vz 4ille, 2 < D 7y = 7lle, 2 =0,
r=0

proving the second bound in (5.9) on the level ¢ + 1. For the first bound in (5.9)
on the level ¢ + 1, we obtain, in view of (5.13), for ¢ € (%aq AT, Tr],

2 2 2
g Ol < D0 i, () = vF )2

0<r<g

1/2 1/2
S Mo | My Z 8,4
0<r<g

1/2
+ Z (Mp(1+3r)'/? lte( I ATy 4o AT T Z VJ/F]

0<r<g 0<r<g

12 1/2 2
<My [ M2 3 812 w3 +39) 2+ Yy
0<r<g 0<sr<q

where we used the fact that by the definition of o, = 27" each ¢ € [0, T] only
belongs to three intervals ( ATy, 40, A Tr]. Hence (5.9) follows.

7.4.3. Proof of (5.16) and the Second Inequality in (5.7) on the Level ¢ +1 In
this section, we see in particular how the definition of intermittent jets determines
the integrability 5/3 which we use throughout the paper. It holds by (7.21), (A.7)
and the choice of parameters in (7.3)

~(p) ~ (p)
Iquﬂl IIC}/loLs/s + Iquﬁlllc,Wl/ssn

<S> lagllcy Wl 1o s + IWeeyllcwzs.s)27F!
EeA

< (M1/2(1+3q)]/2+3/1/2)€ 15 l/SrHI/lo((uMHM/rH)1/10+kéfl)2q+1
M1/2 %20(1 1/35’ (7.39)

. )
I wq+1 IICtl/loLs/z + 1wy ¢y lle, wissss

< 22 (lae ey AW s + IWE e, wissm)
EeA

+||a(§)||c"5 (“V(s)“ 1/10W15/3 + ||V($)”C¢W6/5’5/3))
S (M (1+3Q)1/2+y1/2)ﬁ -29, 1/5 1/10

1/5
(urH +Aq+1) ((rlkq+lu/r|‘)l/10+k/ >2q+1
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172 ,-30 6/5 9 10 1/5
S M /2y 30r/ / ((VJ_)»qHM/r”)]/lO-i-)»q/H)

1/2 60a 11/25

Mgt , (7.40)

~ (1)
||wq+1 leimopss + 10g 11 lle,wisssr

2 2
< 2q+ E (Ia(g)llchIIa(g)llcg,X||¢(g)||Lm/3IIKlf(g)IICle/a
Eel

Hlae) ”Cfox P&l L1or3 lde) lwissos W) ”%tLlOB

2 2
+llag) ”C?y o) 17103 1V le, wisionllYe e, Lo

+llae) HZC?,X e 17 103 W) leirmopio ¥ |Ic,L10/3)

S (ML +39) + vt PPy
<("L)‘q+1ﬂ/rll)l/10 + A /51 + (grrory )1/5>2qul
S MLX3T1_6/35» (7.41)
and
lwg+ill 110,55 + llwgille,wisss S M 22;)‘1‘1/35 < §M£/25q+1a_“/%7-42)

In the last inequality above we used (7.3). Hence, (5.16) follows from (7.6). The
second inequality in (5.7) on the level g + 1 follows as well.

7.4.4. Proof of (5.10) on the Level ¢ +1 Using (7.21) and similar as [45, Section
3.1.4] we find, for ¢ € [0, T ],
1/2

||lI)(p) “Ct1 < E—ls((ML(l +3q))1/2 +Vq+l)rl_l / )\,§+1, (743)

~ 1/2, -3 2
g e S €22(ML(+3g)" 2 + v, D 722, (7.44)

and

lig L ille, S €72 MLO+3) + varDr At (7.45)

In particular, we see that the fact that the time derivative of x behaves like 2(7_l <

=(p)  ~(c)

~ (1)
g41° gt and w 11 always

£~ does not pose any problems as the C -horms of w

contain smaller powers of £~
Combining (7.9) and (7.43), (7.44), (7.45) with (7.1) we obtain, for ¢ € [0, T ],

2
loZeiller, < lvelly, + lwgllc,

< (M (1+39) + yg+)'?

30a+22/7 58a+20/7 50a+3
(M + OB 4 O 4 cade)
1/2,4
<MYk,

where we used My (1 4+ 3q) + y441 < ¢!, This implies (5.10).
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7.4.5. Proof of (5.15) and the First Inequality in (5.7) on the Level g + 1
Similarly, we derive the following estimates: for ¢ € [0, T, ] it follows from (7.1),
(7.21) and (A.7) that

”wz(][jl—)l + @;21||C,W1~P < Z [lcurl curl(a(g) V(g))HCth,p
EeA
S laele Ve lcwr (7.46)
EeA

_ 172, 2 1 1 1/2
S EPML(+ 3902+ e
and

7® 1 2 2
lwgiille,wir < m > (II%)IIC;{X lag)lle; Ne@ 72 1@, 2
EeA

+laelicy Nl Vol Vel 4

+ ||a<g>||2co ||¢<g>||iz,,||V1/f@>||c,sz||w<g>||c,m)

2.1 1,-2
SEBMLA+3g) + yr0ry PP

2/p=2 1/p—1
We also have, for p = 3232704’ rl/p H/p < A%, and

_ —1/7 1/2.,60c—1/7
lwgrillwir S (Mo(l+3) + v € 2217 < 180077 <

3 e /2 12 —ap2

M8 a /2 (7.48)
where we used the condition for «, 8 and (7.3) in the second step, which combined
with (7.8) implies (5.15) and hence the first inequality of (5.7).

7.5. Proof of (5.17)

‘We control the energy similarly as in [45, Section 3.1.5]. By definition, we find
that

2 2 212
1021122 — 1921132 — 3vg41]

~(p) 2 ~ ~ (1) |2
<|IB2 2 = 3yg| + lil), + @y, 17

+ 20w @ + B DI+ 2lved 7

(C)1 + ﬁ)(t)

(7.49)

+ 20157, (w O DIzt + el = 1211251

Let us begin with the bound of the first term on the right hand side of (7.49). We
use (7.23) and the fact that Ry is traceless to deduce for ¢ € (40, ATy, T1]

=~ (p) 37q+1 5 2 2
| q’jr1| = 6/ €2 + |Re|? + Z aig ProlWee ™,

EeA
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hence

12 = 3vga1] < 6+ @O+ 6l Rell + Y | /aé)P#mw@F :
EeA
(7.50)

Here we estimate each term separately. Using (7.2) we find that

—3a/2

1 2 1
gt S ehg ML S 28q 1My,

6-2n)<6-2r)x%
which requires 28 < 3«/2 and choosing a large to absorb the constant. Using
(5.11) on R, and suppy, C [0, £] we know, for t € (404 A Ty, T ], that

6l R (Dl 1 < 68441 M.

For the last term in (7.50) we use a similar argument as to [45, Section 3.1.5] to get
since My > 1, that

158a—1/7 1600—1/7
Z‘/aé)]}”#MW@ﬂz Shoer (ML +39) + K) Shg /
EeA
1 28, —28 1
< ﬁ)‘l AoaML = ﬁ8q+1ML»
where we used My (14+3¢)+K < €' < Az‘f‘H as well as 160« +28 < 1/7. This
completes the bound of (7.50).
Going back to (7.49), we control the remaining terms as follow: using the
estimates (7.30), (7.31) and (7.1) we have, for t € (4o, AT, T ],

~ ~ 88a—4/7 64a—2/7
1B, + B0 122 S ML+ vgs)ngyy 7+ ME+y2 0hegy
1.2 8g+1
< —h My < Sy,
48 a1 LS yg UL

where we use My + y; 11 < ¢~ to control M; + Yg+1. Similarly we use (7.10)
together with (7.27) to get, fort € (404 A Ty, T ], that
~(c) ~ (1)

2UlveCigly + B + 2B @Y+ B

< Mo((Mr (1 +3g)"2 + KV 10 + @) N2

q+1 + wq+
< Mo((Mp(1+3g)'* + K172
1/2 1/2 ., 44a—2/7 32a—1/7
(12 + 7 a7+ M+ vy )

1 _ 1)
< —a B <2

M
48 7a+1 48 b

where we used My (1 +3¢) + K < £~! and we possibly increased a to absorb Mj.
We use (7.1) and (7.29) and ”W”C,‘ < ||”c21||c,1 to get, for every x > 0,

1
~ - 1/254 ,— 1/201/2 1/2 1—k 2 (1=x)
2ved il S Mvells gyl S My hge =8, 28,2 + vl or i~
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17a—5 (1-1) ifzﬁML < 8q+1

S ML+ By = 967t 96

For the last terms by (7.10) we get

vell72 = 071721 < llve — vall 2 Cllvell 2 + ol 2)
S OEMPMo(ML(1 +3g) + K)'/?

1., o1
oghani ML < LML

//\

which requires M (1+3g) + K < )\Z_T_lzﬁ as in (7.4) and a large enough to absorb
the extra constant.

Combining the above estimate (5.17) follows.

7.6. Definition of the Reynolds Stress I%q+1

Considering the equation for the difference v?

g1 — Ve, we obtain the formula
for the new Reynolds stress

.8 2
divR, 41 — qu+1

= —Awgy + Bt(w(Hl + wfﬂl) + div((vg + v;_,_l) ® wyt1 + wg1 ® (Vg + v;_,_l))

diV(Rlin)+Vplin

1D @ wepr + B @ (@) +’I’$rl))

+ div ((w(c)l + lZ)(t)

div(Reor)+V peor

0]
q+1 (7.51)

(p) - (p)

+d1v(wq+1 Wot

+ Rl) + 8;w

div(Rosc)+V posc
: 2
+div((V = V] )+ (V2 P )

divRcom1 +V peoml

+ div ((ve + ”(}-H) ® (vg + ULIH_]) - (v[]I + v[21) ® (vl} + vg))

diV(Rcom2)+V[7coln2
+ div(Rcom) — Vpy,
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where, using the notation v, = v(} + vj,

Vi = Vq
= (v§+1 - v;) B ArzY + (Vg1 — vg) ® Acrz !
+ (U§+1 - vﬁ) S ARz + (Vg1 —vg) (R + &) Agrz + (vgJrl - vé) ©z
— Pl(vg41 — vg) < A<rIVz] @z — ([P, (v — ;) <]1IV2) Oz
— ([P, (vyy1 — vy) <1TV2) © Agkz
— com(v;H - v;, PIVz, A¢r2)
—com(vy,; — vy, PIVZ,2) — (v), —v)) = Aspz¥

— (Vg41 —vg) - AgRZBf + (vg_H — Uj) © ARz
Applying the inverse divergence operator R we define

Riin 1= —RAwg 1 + R + D) + (e + v} 1))

° o 1
® Wg+1 + Wg+1 ® (vl + vq+])v

Reor 1= (03], + W30 ) @ wgpt + i & (0, + 1)),

Reom1 1s the trace-free part of the matrix
Vi = VD + (V5 = V2,
and
— 1 o 1 2 1y & (2 1
Reom2 = (ve + Uq+1) ® (ve + vq+1) - (vq + Uq) ® (Uq + vq)-

Similarly as in [45], using (7.23), (7.26), the oscillation error is given by

2
Rosc :=x>Y R (Va(g)P#O(W(E) ® W<s>)> - YR <3t“<s>(¢<s>‘”@)5)>
EeA §eA

+Rw) 9 x% + (= xHRe
= R + R + R\

osc osc cut-

Finally we define the Reynolds stress on the level ¢ + 1 by

o

Rq—H = Riin + Rcor + Rosc + Reom + Rcom1 + Reom?.

We observe that by construction, I%,Hl is (F;):>0-adapted.
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7.7. Verification of the Inductive Estimates for I%qu 1

We shall establish the three bounds in (5.14). As the oscillations w41 were fully
added for t € (o4 A Tp, T ], this is the good interval where the desired smallness
of I%q_H is achieved. In the middle interval ¢t € (% ANTr, o4 A TL], there is a part
of Iéfﬁl involving the cut-off 1 — x2, which can only be bounded by the previous
stress I%q. In the time interval ¢ € [0, Z A T ], there are no oscillations which could
decrease the Reynolds stress and hence we can only prove a polynomial blow-up.
Nevertheless, this eventually leads to convergence in L” in time as this bad time
interval is shrinking exponentially, cf. the proof of Theorem 5.4. Here, it is essential
that we do not use regularity of v (} and vfl to avoid the blow-up in time.

Casel.Lett € (o, AT, T, ]. If Ty, < o, then there is nothing to estimate here,
hence we assume that o, < Ty andt € (o4, T, ]. In this regime, it holds x = 1 and
so the truncation does not play any role in the estimates. We estimate each term in

the definition of I%qu] separately. We choose p = % > 1 so that in particular
that rJZ_/ P 72r”1/ -1 < Ag - For the linear error we apply (5.10) to obtain

IRl 1 S IRAwg1llLr + 1R, (i) +w' )L
+ e+ v}y DOWg1 + we 1@ + )y DIl

S lwgpillwee + Y ldcurl(ae) Vie) e
EeA

1/2
+ (M3 ) O Twgst s

where, by (A.7) and (7.21),

Z l|9;curl(a) Ve lic, e
EeA

<Y (lla@llc,c;. 19: Vie)lic,wrr + 110ra)llic,c) ||V@>||c,wl-p)
EeA

— 2 1/p=3/2
< ML+ 3) + ygen) V20715 P 1772y

-22 2/p—1 1/p—1/2, —
+ ML+ 3q) + yge) 22T TV

Remark 7.1. For the product v; +1®wg1 we used the L*-norm of v; instead of L2
in order to lower the required integrability of wy 1. Indeed, wy1 is not small in
L?fort € (0g, T ], cf. (7.37), (7.38). On the other hand, as a consequence of (6.3),
increasing the integrability of v(} 41 leads to a blow-up in two respects: there is a

blow up as ¢ — 0 but also the time-weighted normin C; 3,3 L* has only a diverging

bound as ¢ — oo0. We show below that both these divergencies are compensated
by the smallness of wy 11 in L*/3 and by using the fact that # > 0g.
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In view of (7.48), (7.33), (7.36) as well as (6.3) applied on the level ¢ + 1, we
deduce, for t € (oy, T ],

172, 60a—1/7

_ —1/7
o +(ML<1+3q)+yq+1>1/2(e 2

12 1214 —3813

”le(t)”LP S M A

M”2 j‘f{m + (ML +3q) + yge) 2 My

< Mpég42 .
5
Here, we have taken a sufficiently large and B sufficiently small.

The estimates of Ry and R are the same as the corresponding bounds in
[45]. The strongest requirement comes from the bound of R, namely, we have

1/2, 16a 5/214 4/8

1/2 49a—1/7 — 49a—1/7
IReor()llLr S (ML(1+3g)" 2 +y, 2P <32
My —opp _ ML
< ?)‘qﬂ < ?8q+2,

which is satisfied provided )Lsza 17 <M )»_ifb.

We use standard molhﬁcatlon estlmates in order to bound Rop,. More precisely,
Rcom has to vanish sufficiently fast in order to fulfill the first bound in (5.14).
Hence, we need to use regularity of each term in N which then by mollification
estimates leads to the desired decay. To this end, there is a number of terms which
require spatial regularity of v; as well as vg. But these norms blow up as t — 0, cf.

Proposition 5.2. Thus, we make use of the fact thatt > o, and that the corresponding

blow-up of order o, /6 and oy —3/10 , respectively, can be absorbed by the smallness

of £ due to our choice of the parameters in (7.4).
Let us now consider each term in Rcomy separately. For 1) = (v; + vg) &

AngV - (v; + v,?) . Ang} we use Proposition 5.2 and (5.7) to get that

111 — 11 *x de *: @ellp

S0l o5

+ ||”r}”c[la/ffzK,,]LSm)(”Aész”c}“OLw + ”AQZ}”C}“OM)
+ €10zl e, s

gy, g <r e

+ ||A<RZ}”C,C‘/'O)

< el/loaq_l/G(Mé/za’“/“ 4 L3N 4 LHLIO,

where we used

IA<rz Y lle,c10 + ||A<1’?ZV”C,'/”’L00

S 2UPPRORY Y cnogyyso + 1127 Nl c-) S LY,
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and similarly for z¥. The same estimate also holds for the symmetric counterpart.
For I, := (v(} + vg) ® (v(} + vé) we use (5.9) and (5.18) to get that
112 — 12 %x e ¢ @ell 1
2 1/61,,1 1/31.,,1

< <K||U‘I”Ctl.x + eV ||vq||C[1”/qe}21t]L2 + eV ||vq||c[aq/2_t]H1/3073K>

(vglle,r2 + lvgllc,z2)

< O,q_l/ﬁgl/ﬁl (MLafol/S + L6N2 + LS)

+ (“4 0—1/6€]/61)M1/2(M1/2(1 +3q)]/2+ K1/2)
M2 (ML(1+3q) + K20 + €1/ 1),

where we used interpolation and Proposition 5.2 and the embedding Lemma 2.1 to
get that

10(| 9) 10<1 9»()
||v l '/61Lz Slv ”C 16 H1/30- scllv ” 1/6 =310 ~
9 1— 90;<
”vl | o0 v ” TO(T—9¢)
q CH/GBSI//;;?( 1/6 KL§/3

<SMPa* PN + L4 <m,?,

provided that « is chosen sufficiently small. For I3 := v,% & A-gzY — vg =
A Rz} we use paraproduct estimates Lemma 2.2 and (5.10) to get that

113 — I3 *x ¢ *¢ @ell 1
1/10y,.2
SN2y WY e v + 12 ¥l e + 1Y gnog s+ 12¥ llgiogys-0)

<N Lm, .

For I := (v,} + vﬁ)( Q + ©)Arz we use paraproduct estimates Lemma 2.2 and
(5.10) to get that

[11a — 1a %x e o @ell

S0l + ||v;||cmo 510 YAl oo + A<l c10)
< KI“OLZQ(M”QA“ tog Vot M 4 L3N + L4)),

where we used

I A<rzllc,crm + 1ARl gy o0 S 2RTOFZOLYZ < L2,
and by interpolation and Proposition 5.2,
1/3 ~2 + ||v || 1/6 IR < Ml/2 /% L 3N + L
(7.52)

1 <
v 1/10 ,1/10
“ q||Ct./l/6B5//3, ” ”C 1/6B



46 Page 58 of 70 Arch. Rational Mech. Anal. (2023) 247:46

For I5s := vg & A-prz + vé ©z+ vg © A¢prz we use paraproduct estimates
Lemma 2.2, Proposition 5.2 and (5.10) to get that

15 — Is *x de *: @ell

1/24 2
S P Avgller + gl 35

Clog/2.1B5)3 oo
+ vﬁ 1/20 11/20— 2| 1724 4710 12 —1/2—
Il qHC[gq/z,,]Bs/;/,w")(” ”c,/ c-1m12- T lzllc,c-12-¢)

< E”MLMi/z(,\;‘ +o_{;3/10(a—a/8M£/2 L ISN + L6)> < 21/24ML(A3 +o,;3/]0),

Here we used L < a®/1© by the choice of the parameters and interpolation to bound
llz ||C[1/24C77/127K by

1/2
||Z||CZC71/27K + ||Z||Ct1/1oc_7/10_K <L /2
For I := Plv; < A<rZ(Vz)] © z we use (5.7), (5.18) and Lemma 2.2 to get that
16 — 16 *x Pe *¢ el
1/10 . 2 1
SO o 55+ lvgllgim, 1)
q /2
X (IIZIIC,C—I/z—K(IIAgRIVZIIC,CS/HzK T IA<RIVzl 110 c1/2420)
+ 12l 10070 1A <RIzl g, 70 )
5 gl/loLloo-q_l/6(MIl‘/2a—Dt/4 + L3N + L4) S EI/IOMLO’LI_I/6,
Here we used
R(1/543 9
IA<rIVzllc, 042 + ||A<RIVZ||C[1/10C1/2+2K <2 (1/5+ K)||Z||C[C_|/2—K SLC.

In view of the two commutator estimates, Lemma 2.3 and Lemma 2.4, the
remaining terms containing vé could be controlled by

1/10y,2 2 1/1044 5 ,1/2
OGN W2l cmrae + zlle -t lzll o apo-) S €/ 10AgM 7L,
and the remaining terms containing v; could be controlled by

1/10

1/10,,1
e
log /2,11

1/10

¢ 5/3.00

B
(e, - IA<RZ e, carseae + Izlccve-s IA<RZ Gtoeyaia. )
< 61/1OL100,;1/6(M2/2a’“/4 YN+ LYH S 51/10MLUq—1/6'

Here we used (5.18) and (7.52) and

IA<RrzZl ¢, c-12r1502e + AR 171001242

R(1/5+3 9
<2 (1/5+ K)(”Z“CTCfl/ZfK + ”Z”C,I/IOC—W‘O—K) <L
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Therefore, we have, for ¢ € (o, T ], that

I Reoml 1t S M@0 a0 1 exdy(ML(1 4 39) + K)'/?

+ 0B Mg + Mo

< ML8q+2 ’
5
where we used the choice of £ in (7.2) and the conditions

« > 244Bb, ab > 128, (Mp(1+3q) +K)/2 < e~ /18 5713 < g=1/183)
which can indeed be achieved by our conditions on the parameters.

Next, by the choice of &, 8 and b using paraproduct estimates from Lemma 2.2
we can bound R¢om uniformly over the interval [0, ¢] for p = ﬁ to get that

2 2 1
I Reomile, 1 % (Mg = v e, warn + Mgy = vyl gy

21
+ ||vq+1 vﬁ”CtLS/z)L

21 1/2 —1/42 —15a/32 60a—1/7 32a—1/35
5 L O‘ + )Lq+1 + )‘qul + )”qul )

ML3q+2
g —=dTe
~ ]O ’

where we used (7.8) and (7.48) to control ||vq+1 U§||C, w23, (6.1), (7.6) and

(7.42) to control ”Uq+1 vq ||C pl3—2% and also (6.2), (7.6) and (7.42) to control
125/3,00

||vq+1 Uq ¢, 15/3- Moreover, we applied 1 > 1688b% and —32a + % > 2Bb, the
condition on «, B, b and

Ia<rzlc,er S 28220200 cmrp-e S L2 (7.53)

Furthermore, we use Proposition 5.2, (6.1), (5.9) and (7.42) to estimate also
Rcomz uniformly over [0, 7] to obtain

IReomz2lle,t S (ML (1+3q) + K)' (v — vgllc,r2 + llve — v]lle, 12)

< ML +3q) + KPP 0g 2 s + 02
ML5q+2

< ki
10

Here we used a > 2448b, 1 > 1688b% and (M.(1 + 3q) + K)'/2 < 3/* <

¢—1/183

Remark 7.2. We note that it was essential in the estimate of Rcom1 and Reom2 that
no time weights were required for the difference v; - v; and vg 41 — Vg Indeed,

there would be no way to absorb the weight as time approaches zero. We also note
that the bounds of R.om1 and Rcom2 hold directly for all ¢ € [0, Tp].
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Summarizing all the above estimates we obtain

IRg+1(DlI 1 < ML8g+2,

which is the desired bound.
Casell.Letr € ( %" AT, oy AT IETL < %" then there is nothing to estimate,
hence we may assume %" < Tr and t € (%", o4 A Tr]. Then we decompose

Ry = x2R; + (1 — x?)Ry. The first part x2Ry is canceled (up to the oscillation

~(p) ~ (p) (p) (p) ~ (1)

error XzRosc) by w N ® wq+1 = X Wyt ® Wyt and Xzatw(t)l = 0,w —

( Xz) w;t) Thus, in this case, in the definition of Rq+1 most terms are similar
to Case I. and can be estimated similarly as above. Therefore, we only have to
consider (1 — x2)Ry, and

divReu = x'(0) (i, (6) + w(L 0) + () Owy ().

We know that

(= DR < sup R,

selt—e,1]

For R, we realize that the bounds (7.33) and (7.36) also hold for w;’f: s ((;ll and
(1)

g+1° Then we have, for « > 0,

w

IRt 111 < X" O (1) + i ()1 + ||<x2>’(r>w;21<z>||y

(» (©)

1 1
S o_q||w‘1+l(t)”1“l + J—||wq+1(t)||L| + _”wq+1(t)||L1

! M
<G—£ 8((ML+SC]ML)1/2+)/1/2) 1-2« 1/2 €< 1_56%2’

q

where we use aq_l < ¢! and Mz/z(l + E»q)l/2 + yq]fl < 27, For Reom, where

the required space regularity of v; and vg leads to a blow-up in time, we again use
the fact that ¢ > 0, /2 and 4¢ < o, to have a bound similar to the first case.
Case III. For r € [0, % A Tr] we know ve(f) = v%,,(t) = 0 and so the

q+1
Reynolds stress reduces to

Iéq—i—l = I%Z + Rcoml + Reom + Reom2-

The bounds for Rcom1 and Reom2 hold as in Case I.. Unlike Case I. and Case II.,
here we cannot use regularity of v; due to the blow-up at + = 0 as ¢ is no longer
bounded away from zero. On the other hand, we do not have to show smallness of
Rcom but only a polynomial blow-up, see (5.14). Therefore, we do not try to use the

mollification estimates. Instead, we bound || Reom (£)]| ;1 directly using Lemma 2.2
and (7.53), (5.18), (5.19) as

1
IReom Izt S g lle,22(1A<RZY lle Lo + 1A<rz¥llc,L + 1 A<Rzllc,co)

12
+ gl 2 + ||Ug||c,L5/3||A<RZ||C,CK
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1
+ llvgllc, 2 lzllc,c-12-« | ARzl ¢, c-172+2¢
<2M;, (7.54)

where we used (7.53) and the implicit constant can be absorbed by taking a and L
large enough.

Remark 7.3. We point out that for the two commutators in R¢om we did not apply
the commutator estimates Lemmas 2.3 and 2.4, as these would require regularity
of v;. Instead, we estimated each term by the paraproduct estimates directly.

As a result, it follows that

IRg1 (Ml < sup [[Rg(s)ll1 + 3My,
se[t—4L,t]

which completes the proof of (5.14) and also (5.11) and (5.12).
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Appendix A: Intermittent Jets

In this part we recall the construction of intermittent jets from [9, Section 7.4]. We
point out that the construction is entirely deterministic, that is, none of the functions
below depends on w. Let us begin with the following geometric lemma which can
be found in [9, Lemma 6.6]:

Lemma A.1. Denote by By /2(Id) the closed ball of radius 1/2 around the identity
matrix 1d, in the space of 3 x 3 symmetric matrices. There exists A C S* N Q3 such
that for each & € A there exists a C*™°-function yg : B12(Id) — R such that

R=) yRE®E

EeA
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for every symmetric matrix satisfying |R —1d| < 1/2. For Cx = 8|A|(1+873)1/2,
where | A| is the cardinality of the set A, we define the constant

M = Cpsup(lyellco+ D 1D yellco).
§eA 1SN

For each & € A let us define Ag € S? N Q3 to be an orthogonal vector to &. Then
for each & € A we have that {§, Ag, & x Ag} C S? N Q3 form an orthonormal
basis for R3. We label by n, the smallest natural such that

{n&, nyAg, ni& x Ag} C Z°
forevery & € A.

Let ® : R> — R be a smooth function with support in a ball of radius 1. We
normalize ® such that ¢ = —A D obeys

1

F/Rz ¢ (x1, x2)dx1dxy = 1. (A.D

By definition we know fRZ ¢dx = 0. Define ¢ : R — R to be a smooth, mean
zero function with support in the ball of radius 1 satisfying

1
— / Y2 (x3)dxs = 1. (A2)
27 R
For parameters r 1, r| > 0 such that

rp L L1,

we define the rescaled cut-off functions

1 X1 X2 1 X1 X2
r, (x1,x0) = —¢ | —, — ), D, (1, x2)=—d| —,—]),

ri rp ri ry rp ri

1 X3
er (X3) = I_/ZW <r_”> .

r
I

We periodize ¢, , ®,, and ¥, so that they are viewed as periodic functions on
T2, T2 and T respectively.

Consider a large real number A such that Ar; € N, and a large time oscillation
parameter u > 0. For every £ € A we introduce

Vi)t x) = w’;‘,rl,r“,k,u(tv x) = wr” (nar i A(x - § + ut))
D) (x) == Pg ) 2(x) = @p (Nyr ] AM(x —ag) - Ag, ner 1 A(x — o) - (§ X Ag))
D) (x) = e r) 3(x) = ) (Mar L A(x —0g) - Ag, mur1 A(x —ag) - (§ X Ag)),

where ag € R3 are shifts to ensure that {®(£)}eca have mutually disjoint support.
The intermittent jets Wz : T3 x R — R3 are defined as in [9, Section 7.4].

Wiy (t, x) i= We r iy aon(t, X) i= EYe) (2, x)Pe) (x). (A.3)
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By the choice of g we have that
We) ® Wen =0, for§ #§ € A, (A4)

and by the normalizations (A.2) we obtain

(zn)3 f Wie) (1, %) @ Wie) (1, x)dx = § ®E.

These facts combined with Lemma A.1 imply that

Z V;( )(2 5 / W) (t, x) @ W) (t, x)dx = (A.5)

EeA

for every symmetric matrix R satisfying |[R — Id| < 1/2. Since W) are not
divergence free, we introduce the corrector term

1
(o) .
W(;) ZAZVW@) x curl(® &) = curl curl Vigy — Wg). (A.6)

with
1
Viey(t, x) = =5 &P ), x)Pg) (x).
niA
Thus we have
div (W(g) + W(§)> = 0.

Next, we recall the key bounds from [9,Section 7.4]. For N, M > Oand p € [1, o0]
it holds, provided that e Yry fi !« A, that

VYoM e e v
N M
< =172 rLA rihp
| al il
2/p—1
V¥ liLe + IIVN%)IILP < /PN, (A7)

V¥ Wi llc,r + ||VN8MWJ§;||C,LP + 221V 0M Vi)l o

< 2/p=1,1/p=1/2, N uku
~e yl

where the implicit constants may depend on p, N and M, but are independent of
A FL, T, W
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Appendix B: Estimates for the Heat Operator

To deal with the singularity at zero we introduce the following two norms: for
a€(0,1),pefl,o0l,y 20

o SO = FG) e

’

If e e = sup t"If@)lLr + sup

0<t<T 0<s<t<T [t — sl
I flcr, Bs . = sup t"I f(OBg..-
0<i<T
First, we recall the basic estimates for the heat semigroup P; := e'® from [63,

Lemma 2.8]. Let T > 1.

Lemma B.1. Forany 6 > O and o € R, there is a constant C = C(«, 0) > 0 such
that, for p,q € [1,00] and all t € (0, T],

1P: fll o Sc T2 fllsg - (B.1)
Forany 0 < 6 < 2, there is a constant C = C(0) > 0 such that, for all t € [0, 1],
1P = Flize Sc (211 Ng - (B.2)
Then we prove the following for Z f = fo P, fds:
Lemma B.2. Let o € (0,2), B € (¢ —2,0), y,5§ € [0, 1), p € [1, o0] so that
y—8—a/2+B8/2+1>0.
Then

—6+1
IIIfIIC;’/in +IZfllcr, By STVF Il 88 -

Proof. By Lemma B.1, we have for0 <t < T

t
y . @By [ (g gy-@—Br/2g-
PNTFOllag,. ST t(ﬂo D) 570 ey g
where
t
T@H/2y / (t — )@ F23 g
0
t/2
_ pla—p)/2y f (1 — 5)~@P2g=d4s | T@=B)/2y
0
t
(t — 5)" @ P25

/2

< T@—p)2y )2 f
0
< TE=B)/2y=0=(=B)/2+1 L Ty=0+1,

t/2 t
s70ds + T(“—ﬂ)/2ﬂ—3/ (t — )" @ P
t/2
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providedthaty —§ — (0« — B8)/2+1 > 0.
To bound the other norm, we use Lemma B.1 againto get for 0 < s < < T,
[t —s| < 1,k > 0 small enough

t
SYIZF @) =ZfO)ller S 57 / 1 Pe—r f ()N s o dr + sV 1(Pr—s — DI f ()|

t
< Y _ _(K_ﬂ)/z =
<s /S(t r) r dr”f”CT_SBg,oo
+s7 (t = )P ), -

For the first term, we write » = s + x (¢ — s) and obtain, if y > §, that
t t
sy/ (t — r)_('(_ﬁ)ﬂr_‘sdr < sy_af (t — r)_('(_ﬁ)ﬂdr
S N

i
— 7 — s)lflc/2+ﬂ/2/ (1 — )~ WPy < Tv=3(; — g)/2
0

since /2 + 1 > «/2; whereas if y < § we get

t
sy/ (t —r)"W=P/2.=8q,
s

— Sy(t _ s)l—K/2+/3/2

1
f (1= x)" P25 4 x(t — )7 (s + x(t —5) Vdx
0
1
< (1 —s)! T2 f (1 —x)" P2 (s 4 x(t — )7 dx
0

1
<t — s)l—x/2+ﬁ/2—8+y/ (1 — x)~€=B)/2=8+rqy
0
<t — 92,

provided that —«/2 +1 -8+ y + /2 > 0,
For the second term we use the previous estimate. Therefore, for |t — s| < 1,

SNTF@O) = ZfOller S =) 2T || fllcy s pa .-

Since B;‘ w C L7?, we estimate the remaining term in the Holder norm in time
using the first estimate above

NZfOller SONTF Oy ST gy gt
and the proof is complete. O

Remark B.3. We observe that in Sect.6, we need to use Lemma B.2 for various
combinations of y, 8 € {0, 1/6,3/10}. As a consequence, the power of T in the
statement of Lemma B.2 is always bounded by 2. Since due to the definition of the
stopping time (5.5) we have T < L!/? we obtain a factor L for any application of
the Schauder estimate.
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Lemma B4. Leta € (0,1), p € [1,00], y € (0, 1), B € R. Then for any k > 0,
T>1

IZ, f <]g||C;(;th(§o+ﬁ+sz HIZ. f <18llc, , potsrrs
14a/2
STt Uf sz + 1 er, B8 ey co-

Proof. We have
t
(2. f <1g(t) = /O QIA(F(5) — (1) < g()ds

t
+/ (V=98 £(1) <1g(s)ds = 11 (1) + L (1).
0

Then, by (B.1), we have

t
1—k/2 2 -1 2.—
IO gurpras S 7T 720 / (t =)7LV As| fll oz I8 ey
s 0 Y
1 2
< it/ ||f||C;/5L,,||g||cTcﬂ,

and by [13, Lemma A.1] (see also [53]),

t
—1 2
t”lllz(t)llBgtgn—K St”/ (t — )" s f Ol 8l cpos
’ 0
S TK”f”CT,yB;',{OO||g||cTc/3-

Moreover, for 0 < 11 < tp < T satisfying |r, — 1| < 1,
= nn = [ (€800 - £ < 4o
— e UTIA(f () = f(1) < g(5)])ds
# [C e - e < s

which, by Lemma B.1, implies that

() — I (D)l garz+pr2—«
P00

/242
< TR/l 1/ N carzp o8 llercs
Y

1 n
X tr(|t1 — t2|°‘/4/ (11 — )" 1T/ 257 v ds +/ (th — s)_1+“/4+K/2s_Vds>
0 I
1+a/2 4
ST RIS g llglepenln — 0",

Also, it holds that

L(t) — (1)
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t
- / et _ oA £ Le(s)ds
0
1
+ /0 (98 (f(12) — f(11)) <1g(s)ds
5]
+ / (29D £(1) <1g(s)ds = Jy + Jo + Js.
3|

Then we obtain, by [13, Lemma A.1] (see also [53]),
Y
ti | J2 + J3] e -
1 M2+ T3l garzese

<
N (”f”c;_/;‘Bf;QO + 1 fller, B2 INEllcrcs

fH n
% (Itl B t2|a/4/ (1 — 5)~ 1/ 2ds +/ (ty — s)—1+a/4+,(ds)
0 1

4
S Uflgarpp +1F ler, 5y l8llcpenln =l 4T,
sV

Since D" (1 — e=2 (2=1IE7) =2 (1=9)IE7) < (|5 — 11|22 )3 =2 (1=5) for iy €
Np, § € (0, 1) and £ in an annulus, by similar argument as [13, Lemma A.1] (see
also [53]) we obtain

7% — M2, £(11) <1g ()l gojzsnsa-s

Sl —alH I falag . (=97 T lg ) s

This implies

3]
14 4 —1 2
1l gorzesias S U fller, by o I8llepcrln — 21 /O (t —r)~ ' 2dr

4
S flley, e llgllepesltn — 04T,

and the proof is complete. O
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