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Abstract

We show that the local density of states (LDOS) of a wide class of tight-binding
models has a weak body-order expansion. Specifically, we prove that the resulting
body-order expansion for analytic observables such as the electron density or the
energy has an exponential rate of convergence both at finite Fermi-temperature as
well as for insulators at zero Fermi-temperature. We discuss potential consequences
of this observation for modelling the potential energy landscape, as well as for
solving the electronic structure problem.

1. Introduction

An atomistic potential energy landscape (PEL) is a mapping assigning energies
E(r), or local energy contributions, to atomic structures 7 = {r;}rep € (R9)%,
where A is a general (possibly infinite) index set. High-fidelity models are provided
by the Born—Oppenheimer PEL associated with ab initio electronic structure models
such as tight-binding, Kohn—Sham density functional theory (DFT), Hartree—Fock,
or even lower level quantum chemistry models [38,48,54,58,73,94]. Even now,
however, the high computational cost of electronic structure models severely lim-
its their applicability in material modelling to thousands of atoms for static and
hundreds of atoms for long-time dynamic simulations.

There is a long and successful history of using surrogate models for the simula-
tion of materials, devised to remain computationally tractable but capture as much
detail of the reference ab initio PEL as possible. Empirical interatomic potentials
are purely phenomenological and are able to capture a minimal subset of desired
properties of the PEL, severely limiting their transferability [23,86]. The rapid
growth in computational resources, increased both the desire and the possibility to
match as much of an ab inito PEL as possible. A continuous increase in the com-
plexity of parameterisations since the 1990s [6,7,36] has over time naturally led to
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anew generation of “machine-learned interatomic potentials” employing universal
approximators instead of empirical mechanistic models. Early examples include
symmetric polynomials [11,80], artificial neural networks [8] and kernel methods
[5]. A striking case is the Gaussian approximation potential for Silicon [4], captur-
ing the vast majority of the PEL of Silicon of interest for material applications.

The purpose of the present work is, first, to rigorously evaluate some of the
implicit or explicit assumptions underlying this latest class of interatomic poten-
tial models, as well as more general models for atomic properties. Specifically,
we will identify natural modelling parameters as approximation parameters and
rigorously establish convergence. Secondly, our results indicate that nonlinearities
are an important feature, highlighting some superior theoretical properties. Finally,
unlike existing nonlinear models, we will identify explicit low-dimensional non-
linear parameterisations yet prove that they are systematic. In addition to justifying
and supporting the development of new models for general atomic properties, our
results establish generic properties of ab initio models that have broader conse-
quences, e.g. for the study of the mechanical properties of atomistic materials
[15,17,32,93]. The application of our results to the construction and analysis of
practical parameterisations (approximation schemes) that exploit our results will
be pursued elsewhere.

Our overarching principle is to search for representations of properties of ab
initio models in terms of simple components, where “simple” is of course highly
context-specific. To illustrate this point, let us focus on modelling the potential en-
ergy landscape (PEL), which motivated this work in the first place. Pragmatically,
we require that these simple components are easier to analyse and manipulate an-
alytically or to fit than the PEL. For many materials (at least as long as Coulomb
interaction does not play a role), the first step is to decompose the PEL into site
energy contributions,

E(r)=)_Eur), (1.1)

leA

where one assumes that each Ey is local, i.e., it depends only weakly on atoms
far away. In previous works we have made this rigorous for the case of tight-
binding models of varying complexity [14, 16, 17,93]. In practise, one may therefore
truncate the interaction by admitting only those atoms r withrg, := |rr—r¢| < rew
as arguments. Typical cutoff radii range from 5A to 8A, which means that on the
order 30 to 100 atoms still make important contributions. Thus the site energy Ey is
still an extremely high-dimensional object and short of identifying low-dimensional
features it would be practically impossible to numerically approximate it, due to
the curse of dimensionality.

A classical example that illustrates our search for such low-dimensional features
is the embedded atom model (EAM) [23], which assigns to each atom £ € A a site
energy

EF™r) =Y ¢tra) + F(Cpse prer))-
k#e
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While the site energy EJ*™ remains high-dimensional, the representation is in
terms of three one-dimensional functions ¢, p, F which are easily represented for
example in terms of splines with relatively few parameters. Such a low-dimensional
representation significantly simplifies parameter estimation, and vastly improves
generalisation of the model outside a training set. Unfortunately, the EAM model
and its immediately generalisations [6] have limited ability to capture a complex
ab initio PEL. Still, this example inspires our search for representations of the PEL
involving parameters that are

e low-dimensional,
e short-ranged.

Following our work on locality of interaction [14,16,17,93] we will focus on
a class of tight-binding models as the ab initio reference model. These can be seen
either as discrete approximations to density functional theory [38] or alternatively
as electronic structure toy models sharing many similarities with the more complex
Kohn—-Sham DFT and Hartree—Fock models.

To control the dimensionality of representations, a natural idea is to to consider
a body-order expansion,

Eqry~Vo+ Y Vitrw) + Y Valrow. rew) + -

k#L kykp e
k1 <ky
+ Y VN(rens e, (12)
Kok 2
ky<--<kp
where ry := ry—r¢and we say that V,, (r gk, , . . ., 7' ek,) 1s an (n+1)-body potential
modelling the interaction of a centre atom £ and n neighbouring atoms {k1, .. ., k, }.

This expansion was traditionally truncated at body-order three (N = 2) due to
the exponential increase in computational cost with N. However, it was recently
demonstrated by Shapeev’s moment tensor potentials (MTPs) [80] and Drautz’
atomic cluster expansion (ACE) [25] that a careful reformulation leads to models
with at most linear N-dependence. Indeed, algorithms proposed in [2,80] suggest
that the computational cost may even be N-independent, but this has not been
proven. Even more striking is the fact that the MTP and ACE models which are
both linear models based on a body-ordered approximation, currently appear to
outperform the most advanced nonlinear models in regression and generalisation
tests [66,1006].

These recent successes are in stark contrast with the “folklore” that body-order
expansions generally converge slowly, if at all [10,25,27,46,86]. The fallacy in
those observations is typically that they implicitly assume a vacuum cluster expan-
sion (cf. § 2.2). Indeed, our first set of main results in § 2.4 will be to demonstrate
that a rapidly convergent body-order approximation can be constructed if one ac-
counts for the chemical environment of the material. We will precisely characterise
the convergence of such an approximation as N — oo, in terms of the Fermi-
temperature and the band-gap of the material.

In the simplest scheme we consider, we achieve this by considering atomic
properties [O (H)]¢¢, where H is a tight-binding Hamiltonian and O an analytic
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function. Approximating O by a polynomial on the spectrum o () results in an ap-
proximation of the atomic property [p(H)]¢¢, which is naturally “body-ordered”.
To obtain quasi-optimal approximation results, naive polynomial approximation
schemes (e.g. Chebyshev) are suitable only in the simplest scenarios. For the in-
sulating case we leverage potential theory techniques which in particular yield
quasi-optimal approximation rates on unions of disconnected domains. Our main
results are obtained by converting these into approximation results on atomic prop-
erties, analysing their qualitative features, and taking care to obtain sharp estimates
in the zero-Fermi-temperature limit.

These initial results provide strong evidence for the accuracy of a linear body-
order approximation in relatively simple scenarios, and would for example be useful
in a study of the mechanical response of single crystals with a limited selection of
possible defects. However, they come with limitations that we discuss in the main
text. In response, we consider a much more general framework, generalizing the
theory of bond order potentials [55], that incorporates our linear body-ordered
model as well as a range of nonlinear models. We will highlight a specific nonlin-
ear construction with significantly improved theoretical properties over the linear
scheme.

For both the linear and nonlinear body-ordered approximation schemes we
prove that they inherit regularity, symmetries and locality of the original quantity
of interest.

Finally, we consider the case of self-consistent tight-binding models such as
DFTB [33,59,78]. In this case the highly nonlinear charge-equilibration leads in
principle to arbitrarily complex intermixing of the nuclei information, and thus
arbitrarily high body-order. However, our results on the body-ordered approxima-
tions for linear tight-binding models mean that each iteration of the self-consistent
field (SCF) iteration can be expressed in terms of a low body-ordered and local
interaction scheme. This leads us to propose a self-similar compositional represen-
tation of atomic properties that is highly reminiscent of recurrant neural network
architectures. Each “layer” of this representation remains “simple” in the sense that
we specified above.

2. Results

2.1. Preliminaries

2.1.1. Tight binding model We suppose A is a finite or countable index set. For
£ € A, we denote the state of atom £ by uy = (r¢, v, Z¢) where ry € R4 denotes
the position, v, the effective potential, and Z, the atomic species of £. Moreover, we
define rpx :=ry —ro, reg := |rexl, and ugg := (rex, ve, Vi, Z¢, Zy). For functions
f of the relative atomic positions uyy, the gradient denotes the gradient with respect
to the spatial variable: V f(ug) = V(E = f((&, v, vk, Zg, Zk)))|%_:r£k. The
whole configuration is denoted by u = (r, v, Z) = ({r¢}eea, {veteen, {Ze}een)-

For a given configuration u, the tight binding Hamiltonian takes the following
form:
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(TB) For ¢, k € A and Ny, atomic orbitals per atom, we suppose that

H@o =h(we) + Y t@om, wkm) + Sexveld @.1)
me{l,k}

where h and t have values in RM*No_ are independent of the effective potential
v, and are continuously differentiable with

|h(ue)| + |Vh(uer)

hoe Y07tk and (2.2)
|t(u(fmv ukm)| + |Vt(ulmv ukm) h

Oe—VO(r();l+rkt11)’ (2.3)

NN

for some hg, yp > 0.
Moreover, we suppose the Hamiltonian satisfies the following symmetries:

o h(ugr) = h(ure)™ and t (W, Wim) = t W, Uem) Y forall £k, m € A,

e For orthogonal transformations Q € RI*? there exist orthogonal
DYQ) € RMM such that H(Qu) = D(Q)Hu)D(Q)T where
D(Q) = diag({D" (Q)}en) and Qu := ({Qr}eca. v, Z).

Remark 1. (i) The constants in (2.2)-(2.3) are independent of the atomic sites
L k,me A.

(ii) Pointwise bounds on | (u¢y )| and |t (wey,, Ui,)| are normally automatically
satisfied since most linear tight binding models impose finite cut-off radii. More-
over, the assumption on the derivatives |Vh(ug)| and |Vt (ugy,, uiny)| states that
there are no long range interactions in the model. In particular, we are assuming that
Coulomb interactions have been screened, a typical assumption in many practical
tight binding codes [20,68,71].

(iii) The Hamiltonian is symmetric and thus the spectrum is real.

(iv) The operators H (u) and H(Qu) are similar, and thus have the same spectra.

(v) The symmetry assumptions [84] of (TB) are justified in [16, Appendix A].

(vi) The entries of H(u)¢ € RVo*No will be denoted H(u)%? for 1 < a,b <
Nyp. When clear from the context, we drop the argument () in the notation.

The assumptions (TB) define a general three-centre tight binding model, whereas,
if r = 0, a simplification made in the majority of tight binding codes, we say (TB) is
a two-centre model [38].

The choice of potential in (TB) defines a hierarchy of tight binding models. If
v = const, (TB) defines a linear tight binding model, a simple yet common model
[14,16,17,70]. In this case, we implicitly assume that the Coulomb interactions have
been screened, a typical assumption made in practice for a wide variety of materials
[20,68,71,72]. Supposing that v is a function of a self-consistent electronic density,
we arrive at a non-linear model such as DFTB [33,59,78]. Abstract variants of these
nonlinear models have been analysed, for example, in [93,99]. Through much of
this article we will treat r, v as independent inputs into the Hamiltonian, but will
discuss their connection and self-consistency in § 2.7.
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For a finite system u (that is, with A a finite set), we consider analytic ob-
servables of the density of states [14,93]: for functions O: R — R that can be
analytically continued into an open neighbourhood of o (’H(u)), we consider that

Tr O(H(u)) Z 0y,

where (Ag, ¥¢) are normalised eigenpairs of H (u). Many properties of the system,
including the particle number functional and Helmholtz free energy, may be writ-
ten in this form [14,16,70,93]. By distributing these quantities amongst atomic
positions, we obtain a well-known spatial decomposition [14,16,35,38],

Tr O(H@) = Y Ou(w) where Oy(u) :=tr[O(H@)),,] ZO(A )| [Wsle
LeA
(2.4)

For infinite systems, we may define Oy (u) through the thermodynamic limit[14,16]
or via the holomorphic functional calculus; see § 4.1.2 for further details.

When discussing derivatives of the local observables, we will simplify notation
and write

2.5)

00¢(uw) (30e(u) 30@(11))

ouy, ory, ' v

2.1.2. Local observables Although the results in this paper apply to general
analytic observables, our primary interest is in applying them to two special cases. A
local observable of particular importance is the electron density; for inverse Fermi-
temperature 8 € (0, +oc] and fixed chemical potential ©, we use the notation of
(2.4) to define

(1+ Pemm)~! if B < oo

1 . (2.6)
X(—o00,u)(2) + 3 x4y (2) if B = o0,

= Ff(u) where Fﬂ(z) = {
Throughout this paper FB(u) = (Ff (u))
reads p = Fﬂ(u).
In § 2.7, we consider the case where the effective potential is a function of the
electron density (2.6) (that is, v = w(p) for some w: R* — RA) which leads to
the self-consistent local observables

O () := O¢(u(p"))
p* = FF(u(p")

where u(p) = (r, w(p), Z).

e will denote a vector and so (2.6)

, 2.7)

Remark 2. All the results of this paper also hold for the off-diagonal entries of the
density matrix (pgx = tr F/ p (H(u)) Zk) without any additional work. This fact will
be clear from the proofs. It is likely though that additional properties related to the
off-diagonal decay (near-sightedness) and spatial regularity further improve the
“sparsity” of the density matrix. A complete analysis would go beyond the scope
of this work.
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The second observable we are particularly interested in is the site energy, which
allows us to decompose the total potential energy landscape into localised “atomic”
contributions. In the grand potential model for the electrons, which is appropriate
for large or infinite condensed phase systems [14], it is defined as

%log(l —FP(z)) ifp <oo

2(z2 — W) X (oo, (z) if B = 00.
(2.8)

Gf(u) = tr[Gﬂ(H(u))M] where GP(z) := {

The total grand potential is defined as ) _, Gf (u) [14,70].

For B < oo, the functions F#(-) and GP(-) are analytic in a strip of width
nﬂ_l about the real axis [17, Lemma 5.1]. To define the zero Fermi-temperature
observables, we assume that  lies in a spectral gap (u & G(H(u)); see § 2.1.3).
In this case, F#(-) and G#(-) extend to analytic functions in a neighbourhood of
o (H(w)) for all B € (0, co].

In order to describe the relationship between the various constants in our esti-
mates and the inverse Fermi-temperature or spectral gap (in the case of insulators),
we will state all of our results for Of = F# or GP. Other analytic quantities of
interest can be treated similarly with constants depending, e.g., on the region of
analyticity of the corresponding function z +— O(z).

2.1.3. Metals, insulators, and defects As we can see from (2.4), the structure of
the spectrum o (H ()) will have a key role in the analysis. Firstly, by (TB), H(u) is
abounded self-adjoint operator on £ (A x {1, ..., Np}) and thus the spectrum is real
and contained in some bounded interval. In order to keep the mathematical results
general, we will not impose any further restrictions on the spectrum. However, to
illustrate the main ideas, we briefly describe typical spectra seen in metals and
insulating systems.

In the case where u describes a multi-lattice in R¢ formed by taking the union
of finitely many shifted Bravais lattices, the spectrum G(H(u)) is the union of
finitely many continuous energy bands [57]. That is, there exist continuous func-
tions, €% : BZ — R, on the Brillouin zone BZ, a compact connected subset of RY,
such that

o(Hw) = J*(B2).

In particular, in this case, U(H(u)) = aess(H(u)) is the union of finitely many
intervals on the real line. The band structure {¢“} relative to the position of the
chemical potential, x, determines the electronic properties of the system [89]. In
metals u lies within a band, whereas for insulators, u lies between two bands in a
spectral gap. Schematic plots of these two situations are given in Figure 1.

We now consider perturbations of a reference configuration u™" = (rrf, yref|
7'ty defined on an index set A™f.
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Fig. 1. Schematic plots of the spectrum o (H(u)) of a metal (top) and insulator (bottom)

Proposition 2.1. (Perturbation of the Spectrum) For §, Rger > 0, there exists 6o >
0 such thatifu = (r, v, Z) is a configuration defined on some index set A satisfying
A\ Bry; = A"\ Bgy, AN By, is finite, Zy = Z'*' for allk € A\ Bg,,, and

f f
SUPen\ g, [Tk = it + ok — 0] < do, then

o (@) \ By (o (H@™))| < oc.

In particular, if w'f describes a multilattice, then, since local perturbations
in the defect core are of finite rank, the essential spectrum is unchanged and we
obtain finitely many eigenvalues bounded away from the spectral bands. Moreover,
a small global perturbation can only result in a small change in the spectrum. Again,
a schematic plot of this situation is given in Figure 2.

For the remainder of this paper, we consider the following notation:

Definition 1. Suppose that u™! is a general reference configuration defined on A™f
and u is a configuration arising due to Proposition 2.1. Then, we define /_ and 7+
to be compact intervals and { ;} to be a finite set such that

o(H@™H) c ULy, o(Hw) CI-Uj}uly (2.9)

and max /_ < p < min /. Moreover, we define
g:=min/; —max/_ >0, and (2.10)
g%’ := min 7, U {(Ajidj > puy—max - U{Aj: a; < pl. (2.11)

The constants in Definition 1 are also displayed in Figure 2. The constant g in
Definition 1 is slightly arbitrary in the sense that as long as Bs(o (H(u™"))) C
I_ U I (where § is the constant from Proposition 2.1), then there exists a finite set
{A;} as in (2.9). Choosing smaller g reduces the size of the set {A;}.

2.2. Vacuum cluster expansion

For a system of M identical particles X1, ..., X, a maximal body-order N,
and a permutation invariant energy £ = E({X1, ..., Xp}), we may consider the
vacuum cluster expansion,

N
E({Xy.....XuD) ~ ) > VO Xois s X, (2.12)

n=01<m<--<m, <M
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Fig. 2. Top: Schematic plot of the spectrum o (H(uref)) for an insulating system, together
with two compact intervals /_ and /4 as in (2.9) and the constant g from (2.10). Bottom:
The spectrum o (H(u)) after considering perturbations satisfying Proposition 2.1. While the
edges of the spectrum may be accumulation points for a sequence of eigenvalues within the
band gap, the number of such eigenvalues bounded away from the edges is finite

where the n-body interaction potentials V ") are defined by considering all isolated
clusters of j < n atoms:

VXL LX) =) (=D Y E{ Xy X D
j=0

I<my<--<mj<n

The expansion (2.12) is exact for N = M. The vacuum cluster expansion is the tra-
ditional and, arguably, the most natural many-body expansion of a potential energy
landscape. However, in many systems, it converges extremely slowly with respect
to the body-order N and is thus computationally impractical. An intuitive expla-
nation for this slow convergence is that, when defining the body-order expansion
in this way, we are building an interaction law for a condensed or possibly even
crystalline phase material from clusters in vacuum where the bonding chemistry is
significantly different. Although this observation appears to be “common knowl-
edge” we were unable to find references that provide clear evidence for it. However,
some limited discussions and further references can be found in [10,25,27,46,86].
Our own approach employs an entirely different mechanism, which in particular
incorporates environment information and leads to an exponential convergence of
an N-body approximation. Technically, our approximation is not an expansion, that
is, the n-body terms V™ of the classical cluster expansion are replaced by terms
that depend also on the highest body-order N. We will provide a more technical
discussion contrasting our results with the vacuum cluster expansion in § 2.6.

2.3. A general framework

Before we consider two specific body-ordered approximations, we present
a general framework which both incorporates many (linear-scaling) electronic
structure methods from the literature (e.g. the kernel polynomial method (KPM)
[82], bond-order potentials (BOP) [26,39,55,74], and quadrature-based methods
[69,87,88]), and illustrates the key features needed for a convergent scheme: To that
end, we introduce the local density of states (LDOS) [38] which is the (positive)
measure Dy supported on o () such that

/x"dDg(x) = tr[H" 1pe, forn € Np. (2.13)
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Existence and uniqueness follows from the spectral theorem for normal operators
(e.g. see [1, Theorem 6.3.3] or [92]). In particular, (2.4) may be written as the
integral O¢(u) = [ O dD;.

Then, on constructing a (possibly signed) unit measure Dév with exact first N
moments (that is, fx”dDéV (x) = tr[H"]¢¢ forn =1, ..., N), we may define the
approximate local observable Oév (w):= [0 dDY, and obtain the general error
estimates

|0cw) — OF )| = inf ‘/(0 — Py)d(De - DY)
PyePn

< |pe — DY inf |0 — Py|_., 2.14
<[pe=DYl,y ink Jo-ryl.. @19
where Py denotes the set of polynomials of degree at most N, and || - ||op is the
operator norm on a function space (S, || - ||«). For example, we may take S to

be the set of functions analytic on an open set containing %, a contour encircling
supp(D¢ — D)), and consider

len(%)
10lloo := >
T

101l L= %)-

Alternatively, we may consider S = L*(supp(D; — DJ)) leading to the total
variation operator norm.

Equation (2.14) highlights the key generic features that are crucial ingredients
in obtaining convergence results:

e Analyticity. The potential theory results of § 4.1.5 connect the asymptotic con-
vergence rates for polynomial approximation to the size and shape of the region
of analyticity of O.

e Spectral Pollution. While suppDy C o (H), this need not be true for Dév .
Indeed, if suppDéV introduces additional points within the band gap, this may
significantly slow the convergence of the polynomial approximation; cf. § 2.6.

e Regularity of Dév . Roughly speaking, the first term of (2.14) measures how
“well-behaved” D é\' is. In particular, if Dév is positive, then this term is bounded
independently of N, whereas, if Dév is a general signed measure, then this factor
contributes to the asymptotic convergence behaviour.

In the sections to follow, we introduce linear (§ 2.4) and nonlinear (§ 2.5)
approximation schemes that fit into this general framework. Moreover, in § 2.6,
we also write the vacuum cluster expansion as an integral against an approximate
LDOS. In order to complement the intuitive explanation for the slow convergence
of the vacuum cluster expansion, we investigate which of the requirements listed
above fail.

In the appendices, we review other approximation schemes that fit into this
general framework such as the quadrature method (Appendix D), numerical bond
order potentials (Appendix E), and the kernel polynomial method (Appendix F).
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2.4. Linear body-ordered approximation

We will construct two distinct but related many-body approximation models. To
construct our first model we exploit the observation that polynomial approximations
of an analytic function correspond to body-order expansions of an observable.

An intuitive approach is to write the local observable in terms of its Chebyshev
expansion and truncate to some maximal polynomial degree. The corresponding
projection operator is a simple example of the kernel polynomial method (KPM)
[82] and the basis for analytic bond order potentials (BOP) [74]. We discuss in
Appendix F that these schemes put more emphasis on the approximation of the
local density of states (LDOS) and, in particular, exploit particular features of the
Chebyshev polynomials to obtain a positive approximate LDOS. Since our focus
is instead on the approximation of observables, we employ a different approach
that is tailored to specific properties of the band structure and leads to superior
convergence rates for these quantities.

For a set of N + 1 interpolation points Xy = {x j}i.vzo, and a complex-valued
function O defined on X i, we denote by Ix,, O the degree N polynomial interpolant
of x = O(x) on X . This gives rise to the body-ordered approximation

Ixy O¢(u) == tr[Ix, O(Hm)),,]. (2.15)
We may connect (2.15) to the general framework in § 2.3 by defining
Ixy O¢(u) = / OdDéV’lin where Dév’lin = trZEj(H)u §(- —xj),
J
(2.16)
and £; are the node polynomials corresponding to Xy = {x j}jy:o (that is, £; are
the polynomials of degree N with £;(x;) = §;;).

Proposition 2.2. Ix, O;(u) has body-order at most 2N. More specifically, there
exists (n + 1)-body potentials V,n forn =0, ...,2N — 1 such that
2N—1

IxyOc) = Y Y Van(uei e, ... ue,). (2.17)

n=0 ki,....kn#t

Proof. (Sketch of the Proof.) Since (2.15) is a linear combination of the monomials
[H"]1¢¢, it is enough to show that, for each n € N,

[H"lee = Z Hee, Heyey - Hep_ye (2.18)
L1yenny ln—1
has finite body order.
Each term in (2.18) depends on the central atom ¢, the n — 1 neighbouring
sites £1, ..., £,_1, and the at most n additional sites arising from the three-centre

summation in the tight binding Hamiltonian (TB). In particular, (2.15) has body
order at most 2N . See § 4.2 for a complete proof including an explicit definition of
the V,,n. O
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If one uses Chebyshev points as the basis for the body-ordered approximation
(2.15), the rates of convergence depend on the size of the largest Bernstein ellipse
(that is, ellipses with foci points £1) contained in the region of analyticity of
z > O(z) [95]. This leads to a exponentially convergent body-order expansion in
the metallic finite-temperature case (see § 4.1.4 for the details).

However, the resulting estimates deteriorate in the zero-temperature limit. In-
stead, we apply results of potential theory to construct interpolation sets Xy that
are adapted to the spectral properties of the system (see § 4.1.5 for examples) and
(i) do not suffer from spectral pollution, and (ii) (asymptotically) minimise the
total variation of Dév Slin which, in this context, is the Lebesgue constant [95] for
the interpolation operator Iy, . This leads to rapid convergence of the body-order
approximation based on (2.15). The interpolation sets X y depend only on the inter-
vals I_, I from Definition 1 (see also Figure 2) and can be chosen independently
of u™" as long as Bjs (o (H(uref))) cl-Uly.

ref

Theorem 2.3. Suppose u™" is given by Definition 1. Fix 0 < B < 0o and suppose
that, either B < oo or g > 0. Then, for all N € N, there exist constants yy > 0
and interpolation sets Xy = {Xj}?lzo C I_ U I} satisfying (2.17) such that

|0F @) — 1y, 0F @*)| < eV,  and

B B
8303 (uref) _ 81;(1\’ O[ (uref) g Cze*%}’NNe*Ur(Zm’
Uy Uy

where OF = FP or GP and Cy, Co,n > 0 are independent of N. The asymp-
totic convergence rate y = limy_.~ YN IS positive and exhibits the asymptotic
behaviour

Ci~@+p 7" G~@+8H7
and y,n~g+ﬁ71 asg+/371 — 0. (2.19)

In this asymptotic relation, we assume that the limit § — 0 is approached symmet-
rically about the chemical potential .

Remark 3. Higher derivatives may be treated similarly under the assumption that
higher derivatives of the tight binding Hamiltonian (TB) exist and are short ranged.

2.4.1. The role of the point spectrum We now turn towards the important sce-
nario when a localised defect is embedded within a homogeneous crystalline solid.
Recall from § 2.1.3 (see in particular Fig. 2) that this gives rise to a discrete spec-
trum, which “pollutes” the band gap [70]. Thus, the spectral gap is reduced and a
naive application of Theorem 2.3 leads to a reduction in the convergence rate of the
body-ordered approximation. We now improve these estimates by showing that,
away from the defect, we obtain improved pre-asymptotics, reminiscent of similar
results for locality of interaction [17].

In that follow, we fix u satisfying Definition 1. While improved estimates may be
obtained by choosing {A ;} as interpolation points, leading to asymptotic exponents



Body-Ordered Approximations of Atomic Properties 13

that are independent of the defect, in practice, this requires full knowledge of the
point spectrum. Since the point spectrum within the spectral gap depends on the
whole atomic configuration, the approximate quantities of interest corresponding
to these interpolation operators would no longer satisfy Proposition 2.2.

Remark 4. This phenomenon has been observed in the context of Krylov subspace
methods for solving linear equations Ax = b where outlying eigenvalues delay
the convergence by O(1) steps without affecting the asymptotic rate [30]. Indeed,
since the residual after n steps may be written as r, = p,(A)ro where p, is a
polynomial of degree n, there is a close link between polynomial approximation
and convergence of Krylov methods.

On the other hand, we may use the exponential localisation of the eigenvectors
corresponding to isolated eigenvalues to obtain pre-factors that decay exponentially
as |r¢| — oc.

Theorem 2.4. Suppose u satisfies Definition 1 with g > 0. Fix 0 < 8 < oo and
suppose that, if B = oo, then gdef > 0, and let C1,Ca, yN,Y,n, and Xy =
{x j};v:O C I_U I be given by Theorem 2.3. Then, there exist ycT, y,‘\j,ef > 0 such
that

|08 ) — Ix, 0L ()| < Cre™WN 4 Cyemverird = 17N (2.20)

B B
306 (u) — 81;(}\/ O (u)‘ < (Cze_%VNN + C4e_VCT|r“|e_%y1?/efN>e_'7’@’”
Uy Uy

2.21)

where O = FP or GP and C3, C4 > 0 are independent of N. The asymptotic

convergence rate y%°! .= limy_, » y;\i,ef is positive and we have

ydef ~ gdef +/S_1 as gdef +I3_l — 07
and  ycr,n~ Qg+ g~ as g+ g~ —o. (2.22)
In these asymptotic relations, we assume that the limits g%t
symmetrically about the chemical potential |1

, g — Oareapproached

In practice, Theorem 2.4 means that, for atomic sites £ away from the defect-
core, the observed pre-asymptotic error estimates may be significantly better than
the asymptotic convergence rates obtained in Theorem 2.3.

Remark 5. (Locality) (i) By Theorem 2.4, and the locality estimates for the exact

observables Of [17], we immediately obtain corresponding locality estimates for
the approximate quantities:

dlx, OF ()

< e Mm (2.23)
u,,

~

(ii) We investigate another type of locality in Appendix B where we show that
various truncation operators result in approximation schemes that only depend on a
small atomic neighbourhood of the central site. An exponential rate of convergence
as the truncation radius tends to infinity is obtained.
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Remark 6. (Connection to the general framework) The fact that the exponents in
Theorem 2.4 depend on the discrete eigenvalues of H(u) can be seen from the
general estimate (2.14) applied to the approximate LDOS Dév‘]'" from (2.16):

e Spectral Pollution. We choose the interpolation points so that the support of
Dév N Jies within o (H(u)) and so spectral pollution does not play a role,
e Regularity of D). The total variation of D,ﬁv’lm can be estimated by the

Lebesgue constant [95] for the interpolation operator Iy, :

)
ID) ™ty == sup  |Ixy f(H)eel < sup sup [Ixy f(x)]
I 1l Lo0 o (1)) =1 I fllLoe @ (ry=1 x€0(H)
= sup D16l
xeo (H) I

This quantity depends on the discrete eigenvalues within the band gap.

2.5. A non-linear representation

The method presented in § 2.4 approximates local quantities of interest by
approximating the integrand O : C — C with polynomials. As we have seen, this
leads to approximation schemes that are linear functions of the spatial correlations
{[H™"l¢¢}nen- In this section, we construct a non-linear approximation related to
bond-order potentials (BOP) [26,39,55] and show that the added non-linearity
leads to improved asymptotic error estimates that are independent of the discrete
spectra lying within the band gap. In this way, the nonlinearity captures “spectral
information” from H rather than only approximating O : C — C without reference
to the Hamiltonian.

Applying the recursion method [49,50], a reformulation of the Lanczos process
[61], we obtain a tri-diagonal (Jacobi) operator T on £2(Np) whose spectral measure
is the LDOS Dy, [91] (see § 4.3.1 for the details). We then truncate T by taking the
principal %(N +1) x %(N 4+ 1) submatrix T%(N_l) and define

On (Hac. 1H2ic. . V1) 1= 0Ty 0 = [ OPAD ™™™, 224

where Dév’nonlin = Zs[ws](z)S (- — Ay) is a spectral measure for T% (v_1) (that
is, (Ag, ¥g) are normalised eigenpairs of T% (N—1))- BY showing that the first N

moments of Dév‘mmli“ are exact, we are able to apply (2.14) to obtain the following

error estimates. The asymptotic behaviour of the exponent in these estimates follows
N ,nonlin

by proving that the spectral pollution of D, in the band gap is sufficiently
mild.

Theorem 2.5. Suppose u satisfies Definition 1. Fix 0 < B < oo and suppose that,
if B = oo, then g > 0. Then, for N odd, there exists an open set U C CN such that
(2.24) extends to an analytic function ®y : U — C, such that

Of ) = On (e, 1M1, .. TH L) | S e (2.25)
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where OF = FP or GP. The asymptotic convergence rate y = limy_,o0 YN is
positiveandy ~ g+ p Lasg+ ' — 0.

Remark 7. 1t is important to note that ®: U — C can be constructed without
knowledge of H because, as we have seen, if the discrete eigenvalues are known a
priori, then Theorem 2.5 is immediate from Theorem 2.4 by adding finitely many
additional interpolation points on the discrete spectrum.

In particular, the fact that ® y is a material-agnostic nonlinearity has potentially
far-reaching consequences for material modelling.

Remark 8. (Connection to the general framework) The fact that the exponents in
Theorem 2.5 are independent of the discrete eigenvalues of H(u) can be seen from
the general estimate (2.14) applied to the approximate LDOS D;""*"" from (2.24):

e Spectral Pollution. We show that |supp Dév -nonltin \ qiimp D¢| remains bounded
independently of N and so spectral pollution only slows the convergence by at
most O (1) steps,

o Regularity of Dév’nonlm. Since Dév’nonlm is a positive unit measure, we have the

bound || D¢ — D "™ py < 2.

Remark 9. (Quadrature Method) Alternatively, we may use the sequence of or-
thogonal polynomials [40] corresponding to Dy as the basis for a Gauss quadrature
rule to evaluate local observables. This procedure, called the Quadrature Method
[51,69], is a precursor of the bond order potentials. Outlined in Appendix D, we
show that it produces an alternative scheme also satisfying Theorem 2.5.

The linear-scaling spectral Gauss quadrature (LSSGQ) method [87] is based
upon this idea, albeit in the context of finite difference approximations to the DFT
Hamiltonian. However, since the resulting discrete Hamiltonian in [87] is banded,
the analysis of the present work may be readily applied. Therefore, Theorem 2.5
provides rigorous justification for the exponential rate of convergence for increasing
body-order (number of quadrature points), complementing the intuitive explana-
tions and numerical experiments of [87].

Since the convergence results are independent of system size, we obtain a linear-
scaling method, a result that complements the intuitive explanation [87, (56)], and
numerical evidence [87, Fig. 5].

Remark 10. (Convergence of Derivatives) In this more complicated nonlinear set-
ting, obtaining results such as (2.21) is more subtle. We require an additional as-
sumption on Dy, which we believe maybe be typically satisfied, but we currently
cannot justify it and have therefore postponed this discussion to Appendix C. We
briefly mention, however, that if Dy is absolutely continuous (e.g., in periodic sys-
tems), we obtain

0
'W(O‘é(u) — On (Hee, [H e - - [HN]zf)>‘ < o= N g,
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2.6. The vacuum cluster expansion revisited

For £ € A, we denote by H’ the Hamiltonian matrix corresponding to the
finite subsystem {¢} U K C A: for k1 ,kr e {{} UK,

[k ik = P@rk) + D 1@y, Biom) + Sk v 1y, (2.26)
me{l}UK

For an observable O, the vacuum cluster expansion as detailed in § 2.2 is
constructed as follows:

2N-1

Nvac( )= Z Z VO (ugug,, ... ug,)  where

2.27)
VO ugy, . ouw) = Y D"ROH] ), (2.28)

Therefore, on defining the spectral measure Dy. g =) 5( - —As (K)) [ (K)e|?
where (A;(K), ¥5(K)) the are normalised eigenpairs of H|,. .., we may write the
vacuum cluster expansion as in § 2.3:

;K

Oé\]’vac(u)szdDév’Vac where

2N-1
D IED DD L TS
n=0 ki...kn#l KC{ky,....kn}

ky<--<kn

While Dév‘vac is a generalised signed measure (with values in R U {£o00}), all
moments are finite. More specifically, if we absorb the effective potential and two
centre terms into the three centre summation by writing Hy,x, = Zm Hikam» s€€
(4.16), we have

/Xj dDéV,VaC(x) — Z HUlmlHelfzmz .. .ngilgmj. (2.30)

(1.4,..21-_1,»11 ,,,,, m;
Héll“"-ej—l”’l ,,,,, mj}|§2N
Equation (2.30) follows from the proof of Proposition 2.2, see (4.19). In particular,
the first N moments of DN Y4 are exact. Therefore, we may apply the general

error estimate (2.14) and describe the various features of DN Y4 which provide
mathematical intuition for the slow convergence of the vacuum cluster expansion:

e Spectral Pollution. When splitting the system up into arbitrary subsystems as
is the case in the vacuum cluster expansion, one expects significant spectral
pollution in the band gaps, leading to a reduction in the convergence rate,

e Regularity of DN Y4 The approximate LDOS is a linear combination of count-
ably many Dirac deltas and does not have bounded variation. Moreover, D,
has values in R U {£o00}.
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2.7. Self-consistency

Throughout this section, we suppose that the effective potential is a function
of a self-consistent electron density: that is, (2.6) becomes the following nonlinear
equation:

p* = FP(u(ph) (231)

where u(p) := (r, w(p), Z). We shall assume that the effective potential satisfies
the following:

(EP) We suppose that w: R® — R is twice continuously differentiable with
WW(P)@/{’ < Ce Vol
for some y, > 0.

Remark 11. (i) For a smooth function w: R — R, the effective potential
w(p)e ;= w(py) satisfies (EP). This leads to the simplest abstract nonlinear tight
binding models discussed in [93,99].

(ii) The (short-ranged) Yukawa potential defined by w(p), := Zm#

p’”re_—z’”e’”f'" (for some T > 0) also fits into this general framework. This setting
already covers many important modelling scenarios and also serves as a crucial
stepping stone towards charge equilibration under full Coulomb interaction, which

goes beyond the scope of the present work.

The main result of this section is the following: if there exists a self-consistent
solution p* to (2.31), then we can approximate p* with self-consistent solutions to
the following approximate self-consistency equation:

pn = Ixy FP (u(pn)), (232)

for sufficiently large N. The operator Ix, I # is a linear body-ordered approximation
of the form we analyzed in detail in § 2.4.

To do this, we require a natural stability assumption on the electronic structure
problem, which was employed for example in [93,99,100]:

(STAB) The stability operator £ (p) is the Jacobian of p — FP (u (p)). We say
electron densities p* solving (2.31) are stable if 1 — £ (p*) is invertible as a
bounded linear operator > — 2.

Remark 12. (Stability) (i) The stability condition of Theorem 2.6 is a minimal
starting assumption that naturally arises from the analysis [93,99,100].

For example, if p is a stable self-consistent electron density, then there exists
¢ € £2(A) such that [93]:

dpe [ ~1

P _fu-» m] .

S, ( () ™|,

(ii) As noted in [99] (in a slightly simpler setting), the stability condition of Theo-
rem 2.6 is automatically satisfied for multi-lattices with Vw positive semi-definite.

In fact, in this case the stability operator is negative semi-definite.
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Theorem 2.6. For u satisfying Definition 1, suppose that p* is a corresponding
stable self-consistent electron density.

Then, for N sufficiently large, there exist self-consistent solutions py of (2.32)
such that

lon = p* | oo < Ce VY, (2.33)
where yy are the constants from Theorem 2.3 applied to u(p*).

Corollary 2.7. Suppose that p* and py are as in Theorem 2.6 and denote by
O (u) :== Oy (u (,0*)) a self-consistent local observable as in (2.7). Then,

|03 ) — Ix, O (u(ow))| < Ce™ N,
where yn are the constants from Theorem 2.3 applied to u(p*).

In order for this result to be of any practical use, we need to solve the non-linear
equation (2.32) for the electron density via a self-consistent field (SCF) procedure.
Supposing we have the electron density p’ and corresponding state u’ := u(p") after
i iterations, we diagonalise the Hamiltonian 7 (u') and hence evaluate the output
density p®"t = Ix, F#(u'). At this point, since the simple iteration p'*! = po%
does not converge in general, a mixing strategy, possibly combined with Anderson
acceleration [19], is used in order to compute the next iterate. The analysis of such
mixing schemes is a major topic in electronic structure and numerical analysis in
general and so we only present a small step in this direction.

Proposition 2.8. (Stability) The approximate electron densities py arising from
Theorem 2.6 are stable in the following sense: I — Ly (pn): €2 — 02 is an invert-
ible bounded linear operator where Ly is the Jacobian of p +— Ix, FP (u (p)).

Moreover, (I - N (,01\/))71 is uniformly bounded in N in operator norm.

Theorem 2.9. For u satisfying Definition 1, suppose that py is a corresponding
approximate self-consistent electron density stable in the sense of Proposition 2.8.
For fixed p°, we define {p' )72 via the Newton iteration

P = ol = (1= Zn(p)) (0 = Iy FP(u(o))).

Then, for ||p° — pnllex sufficiently small, the Newton iteration converges
quadratically to py.

A more thorough treatment of these SCF results is beyond the scope of this
work. See [12,53,63] for recent results in the context of Hartree-Fock and Kohn-
Sham density functional theory. For a recent review of SCF in the context density
functional theory, see [101].

Remark 13. 1t is clear from the proofs of Theorems 2.6 and 2.9 that as long as the
approximate scheme F#V satisfies
aFf )  aF) N ) |

Ff(u) - nyN(u) ,S, einN and g efnyNefnrlm,

vy, vy,
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then we may approximate (2.31) with approximate self-consistent solutions py =
FB.N (u(pN)). In particular, as long as we have the estimate from Remark 10 (see
Appendix C for the technical details), then we may use the nonlinear approximation
scheme ©p from Theorem 2.5 in Theorems 2.6 and 2.9 . In this case, we obtain
error estimates that are (asymptotically) independent of the discrete spectrum.

Remark 14. In the linear-scaling spectral Gauss quadrature (LSSGQ) method [87],
a self-consistent field iteration analogous to (2.32) is proposed. In particular, with
the caveats outlined in Remark 13 taken into consideration, Theorem 2.6 goes some
way to rigorously justify the exponential rate of convergence observed numerically
in [87, Fig. 4].

3. Conclusions and Discussion

The main result of this work is a sequence of rigorous results about body-
ordered approximations of a wide class of properties extracted from tight-binding
models for condensed phase systems, the primary example being the potential en-
ergy landscape. Our results demonstrate that exponentially fast convergence can
be obtained, provided that the chemical environment is taken into account. In the
spirit of our previous results on the locality of interaction [16,17,93], these provide
further theoretical justification—albeit qualitative—for widely assumed properties
of atomic interactions. More broadly, our analysis illustrates how to construct gen-
eral low-dimensional but systematic representations of high-dimensional complex
properties of atomistic systems. Our results, as well as potential generalisations,
serve as a starting point towards a rigorous end-to-end theory of multi-scale and
coarse-grained models, including but not limited to machine-learned potential en-
ergy landscapes.

In the following paragraphs we will make further remarks on the potential
applications of our results, and on some apparent limitations of our analysis.

3.1. Representation of atomic properties

Our initial motivation for studying the body-order expansion was to explain
the (unreasonable?) success of machine-learned interatomic potentials [5,8,80],
and our remarks will focus on this topic, however in principle they apply more
generally.

Briefly, given an ab initio potential energy landscape (PEL) EM for some
material one formulates a parameterised interatomic potential

E({rede) =) e®, {rahize)

14

and then “learn” the parameters 6 by fitting them to observations of the reference
PEL EM_ A great variety of such parameterisations exist, including but not limited
to neural networks [8], kernel methods [5] and symmetric polynomials [2,25,80].
Symmetric polynomials are linear regression schemes where each basis function
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has a natural body-order attached to it. It is particularly striking that for very low
body-orders of four to six these schemes are able to match and often outperform
the more complex nonlinear regression schemes [66,80, 106]. Our analysis in the
previous sections provides a partial explanation for these results, by justifying why
one may expect that a reference ab initio PEL intrinsically has a low body-order.
Moreover, classical approximation theory can now be applied to the body-ordered
components as they are finite-dimensional to obtain new approximation results
where the curse of dimensionality is alleviated.

Our results on nonlinear representations are less directly applicable to existing
MLIPs, but rather suggest new directions to explore. Still, some connections can
be made. The BOP-type construction of § 2.5,

On (Hee, TH 1o, -+ [THN 100) (3.1)

points towards a blending of machine-learning and BOP techniques that have not
been explored to the best of our knowledge. A second interesting connection is to the
overlap-matrix based fingerprint descriptors (OMFPs) introduced in [105] where a
global spectrum for a small subcluster is used as a descriptor, while (3.1) can be
understood as taking the projected spectrum as the descriptor. Thus, Theorem 2.5
suggests (1) an interesting modification of OMFPs which comes with guaranteed
completeness to describe atomic properties; and (2) a possible pathway towards
proving completeness of the original OMFPs.

Finally, our self-consistent representation of § 2.7 motivates how to construct
compositional models, reminiscent of artificial neural networks, but with minimal
nonlinearity that is moreover physically interpretable. Although we did not pursue
it in the present work, this is a particularly promising starting point to incorporate
meaningful electrostatic interaction into the MLIPs framework.

3.2. Linear body-ordered approximation: the preasymptotic regime

Possibly the most significiant limitation of our analysis of the linear body-
ordered approximation scheme is that the estimates deteriorate when defects cause
a pollution of the point spectrum. Here, we briefly demonstrate that this appears
to be an asymptotic effect, while in the pre-asymptotic regime this deterioration is
not noticable.

To explore this we choose a union of intervals E 2 o () and a polynomial Py
of degree N and note

[00) — Py 0],,| < [0 = PN (D] 1o = |0 = Pyl a0y
S ” O — Py ”LOC(E)‘ (3.2)

We then construct interpolation sets (Fejér sets) such that the corresponding poly-
nomial interpolant gives the optimal asymptotic approximation rates (for details
of this construction, see §4.1.5-§4.1.8). We then contrast this with a best L°°(E)-
approximation, and with the nonlinear approximation scheme from Theorem 2.5.
‘We will observe that the non-linearity leads to improved asymptotic but comparable
pre-asymptotic approximation errors.
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Fig. 3. Approximation errors for Chebyshev projection (green), polynomial interpolation in
Fejér sets on E; (black), best L®(E ;j) polynomial approximation (blue), and, for j = 2,
errors in the nonlinear approximation scheme (red). We also plot the corresponding predicted
asymptotic rates (from (4.5), (4.15), and Theorem 2.3). Here, we only plot data points for
N € {1,6, 11, 16, ...} in the linear schemes (which captures the oscillatory behaviour), and
N e€{1,7,13,19, ...} for the nonlinear scheme (since N must be odd)

As a representative scenario we consider the Fermi-Dirac distribution F Bz) =
(1+eﬁz)_1 with 8 = 100 and both the “defect-free” case E| := [—1, a]U[b, 1] and
E> :=[—1,alU[c, d]U[b, 1] with the parametersa = —0.2, b = 0.2, ¢ = —0.06,
and d = —0.03. Then, for fixed polynomial degree N and j € {1, 2}, we construct
the (N + 1)-point Fejér set for £; and the corresponding polynomial interpolant
IjNF . Moreover, we consider a polynomial P; y of degree N minimising the

right hand side of (3.2) for £ = E. Then, in Figure 3, we plot the errors || F B
L NFPpoog;) and |FP — P¥ yllzeo(e;y for both j = 1 (Fig. 3a) and j = 2
(Fig. 3b) against the polynomial degree N together with the theoretical asymptotic
convergence rates for best L°°(E ;) polynomial approximation (4.15).

What we observe is that, as expected, introducing the interval [c, d] into the
approximation domain drastically affects the asymptotic convergence rate and the
errors in the approximation based on interpolation. While the best approxima-
tion errors follow the asymptotic rate for larger polynomial degree, it appears
that, pre-asymptotically, the errors are significantly reduced. We also see that
the approximation errors are significantly better than the general error estimate
|FP — Ty FP|Le < e~ ™'V where [Ty is the Chebyshev projection operator
(see §4.1.4).

Moreover, in Figure 3b, we plot the errors when using a nonlinear approxima-
tion scheme satisfying Theorem 2.5. In this simple experiment, we consider the
Gauss quadrature rule @y := f IX%(AH) FPdD, where X%(N_l) is the set of zeros

of the degree %(N + 1) orthogonal polynomial (see Appendix D) with respect to
dD¢(x) = (XE. (x) + Zj S(x — Aj))dx where {1} = {c, %(c +d),d} C[c,d].
While D, does not correspond to a physically relevant Hamiltonian, the same pro-
cedure may be carried out for any measure supported on £ with supp D, N [c, d]
finite. Then plotting the errors | F, f — Oy, we observe improved asymptotic conver-
gence rates that agree with that of the “defect-free” case from Figure 3a. However,
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the improvement is only observed in the asymptotic regime which corresponds to
body-orders never reached in practice.

4. Proofs

4.1. Preliminaries

Here, we introduce the concepts needed in the proofs of the main results.

4.1.1. Hermite integral formula For a finite interpolation set X C C, we let
£x(2) = [[,cx(z — x) be the correpsonding node polynomial.

For fixed z € C\ X, we suppose that O is analytic on an open neighbourhood
of X U {z}. Then, for a simple closed positively oriented contour (or system of
contours) ¢ contained in the region of analyticity of O, encircling X, and avoiding
{z}, we have

€x(§) —tx(2) O)

1
= — d§. 4.1
Ix0(@) = 7 T @) S—zg (4.1)

If, in addition, % encircles {z}, then

_ 1 () 06)
OO IOO= i o e <

The proof of these facts is a simple application of Cauchy’s integral formula, [3,95].

dé. (4.2)

4.1.2. Resolvent calculus Given a configuration u, we consider the Hamiltonian
‘H = H(u) and functions O analytic in some neighbourhood of the spectrum o (H).
We define O (H) via the holomorphic functional calculus [1]:

1
O(H) := ——.?{ 0()(H -2z (4.3)
2rwi Jy

where ¢ is a simple closed positively oriented contour (or system of contours)
contained in the region of analyticity of O and encircling the spectrum o (H).

The following Combes—Thomas resolvent estimate [21] will play a key role in
the analysis:

Lemma 1. (Combes-Thomas) Suppose that u satisfies Definition 1 and z € C is
contained in a bounded set with dist (z, o (H (u))) > 0and0:=dist (z, o (H(uref)))
> 4.

Then, there exists a constant C > 0 such that

‘[(H(l‘) - Z)_l]ﬁk‘ < Cppe e - where

Coi := 20" 1 + Cever(retirel=lruD

and ycr := cmin{l, 0} and ¢ > 0 depends on ho, yo, d and ming, ry.
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Proof. A proof with ycr depending instead on dist (z, o (H(u))) can be found in
[16]. A low-rank update formula leads to the improved “defect-independent” result
[17] where the exponent only depends on the distance between z and the reference
spectrum. See [93] for an explicit description of ycT in terms of the constants yy, d
and the non-interpenetration constant ming ¢ 7¢. O

A key observation for arguments involving forces (or more generally, derivatives
of the analytic quantities of interest) is that the Combes-Thomas estimate allows
us to bound derivatives of the resolvent operator:

Lemma 2. Suppose that 7 € C with 0 := dist (z, U(H(u))) > 0. Then,
o [Hw —97'],,

ou,,

< 4hgd~2e~ 2 M0, vCT) Con-+rink)

where yct is the Combes-Thomas constant from Lemma 1 and yy is the constant
from (TB).

Proof. This result can be found in the previous works [14,16,17], but we give a
brief sketch for completeness.
Derivatives of the resolvent have the following form:

_ -1
GO R S ()

17 U,

(H(r,v) —2)~ " (4.4)

The result follows by applying the Combes-Thomas resolvent estimates to-
gether with the fact that the Hamiltonian is short-ranged (TB).

Assuming that the Hamiltonian has higher derivatives that are also short-ranged,
higher order derivatives of the resolvent can be treated similarly [16]. O

4.1.3. Local observables Firstly, we note that F# () is analytic away from the
simple poles at 78! (2Z41). Moreover, G (- ) can be analytically continued onto
the open set C \ {u +ir:reR, |rl > nﬂ_l} [17]. Therefore, we may consider
(4.3) with O = F# or G# and a contour % encircling o (H) and avoiding C \
{u +ir:reR, |r|=>ap! } Therefore, we may choose % so that the constant
9, from Lemma 1, is proportional to 8~!. Moreover, if there is a spectral gap,
the constant 0 is uniformly bounded below by a positive constant multiple of g as
B — .

In the case of insulators at zero Fermi-temperature, we take %, encircling
o (H(u)) N (—oo, i) and avoiding the rest of the spectrum. Therefore, we may
choose % so that the constant 0, from Lemma 1, is proportional to g.

Following [16, Lemma 4], we can conclude that o (H) C [o, o] for some o, o
depending on ho, yo, v, d and mingx rex. This means that, the contours % can
be chosen to have finite length and, when applying Lemma 1, we have ycr =
cmin{l, max{8~!, g}}.

Moreover, for all 0 < b < 7 and bounded sets Ag C A C C such that

dist(z, {u +ir:reR, |r| > n,Bfl}) > b,B*1 forall z € Ag,

both FA(-) and GP(-) are uniformly bounded on Ag independently of 8 [17,
Lemma 5.2].
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4.1.4. Chebyshev Projection and Interpolation in Chebyshev Points We de-
note by {7;,} the Chebyshev polynomials (of the first kind) satisfying 7;,(cos0) =
cosnf on [—1, 1] and, equivalently, the recurrence 7o = 1, 71 = x,and T,,+1(x) =
2xTn(x) = Th—1(x).

For O Lipshitz continuous on [—1, 1], there exists an absolutely convergent
Chebyshev series expansion: there exists ¢, such that O(z) = Z:io ¢y, T,(z2). For
maximal polynomial degree N, the corresponding projection operator is denoted
[yO0(z) := 2111\1:0 cn T, (z). This approach is a special case of the Kernel Polyno-
mial Method (KPM) which we briefly review in Appendix F.

On the other hand, supposing that the interpolation setis given by the Chebyshev
points X = {cos 47 }o< j< v, we may expand the polynomial interpolant Iy O :=
Ix O in terms of the Chebyshev polynomials: there exists ¢], such that Iy O(z) =
Yo Ta(@).

For functions O that can be analytically continued the Bernstein ellipse E,, :=
{%(z +2z7Y: |z] = p) for p > 1, the corresponding coefficients {c,}, {c},} decay
exponentially with rate p. This leads to the following error estimates

—N

0
10 —TINOllLeeq-1.17) + 110 = INO|lLoq-11)) < 6[O|lL>(E,)

P (4.5)

For Of = FP or GP, these estimates give an exponential rate of convergence
with exponent depending on ~ 87!, Indeed, after scaling H so that the spectrum
is contained in [—1, 1], we obtain

of ) - nxofw)| < | 0P - nyof 30

0202

<NOP —TINOF || 1.1y, (4.6)

and we conclude by directly applying (4.5). The same estimate also holds for Iy
(or any polynomial).
For full details of all the statements made in this subsection, see [95].

4.1.5. Classical logarithmic potential theory In this section, we give a very
brief introduction to classical potential theory in order to lay out the key notation.
For a more thorough treatment, see [75] or [37,62,76,95].

It can be seen from the Hermite integral formula (4.2) that the approximation
error for polynomial interpolation may be determined by taking the ratio of the
size of the node polynomial £y at the approximation points to the size of £y along
an appropriately chosen contour. Logarithmic potential theory provides an elegant
mechanism for choosing the interpolation points so that the asymptotic behaviour
of £x can be described.

We suppose that £ C C is a compact set. We will see that choosing the inter-
polation nodes as to maximise the geometric mean of pairwise distances provides
a particularly good approximation scheme:

2

nn—1)

6u(E)i= max_ ([T J—zl)™ @.7)
Zlsees2n 1<i<j<n



Body-Ordered Approximations of Atomic Properties 25

Any set F,, C E attaining this maximum is known as a Fekete set. It can be shown
that the quantities §, (E) form a decreasing sequence and thus converges to what is
known as the transfinite diameter: t(E) := lim §,(E).
n—oo
We let £, (z) denote the node polynomial corresponding to a Fekete set and note
that

n(n—1) n(n+1)

[, (D)8 (E) 2 = max | | lzi —zj] < du+1(E) 2. (4.8)
20,.-.2n€E: 20=2 o
0<i<j<n
Therefore, rearranging (4.8), we obtain lim,,_, o ||Z,,||1L/£(E) < t(E).Infact, thisin-

equality can be replaced with equality, showing that Fekete sets allow us to describe
the asymptotic behaviour of the node polynomials on the domain of approximation.

To extend these results, it is useful to recast the maximisation problem (4.7) into
the following minimisation problem, describing the minimal logarithmic energy
attained by n particles lying in E with the repelling force 1/|z; — z;| between
particles i and j lying at positions z; and z;, respectively:

E,(E) == min Z log ! = nin - 1) log ! . 4.9)
wtn€E | lzi — zjl 2 Sn(E)

Fekete sets can therefore be seen as minimal energy configurations and described

by the normalised counting measure v, := % Z;f:l 8z; where F, = {zj}’/f:l.

The minimisation problem (4.9) may be extended for general unit Borel mea-
sures ( supported on E by defining the logarithmic potential and corresponding
total energy by

1 1

Ur(z) = | 1
@ /°g|z—s| &

The infimum of the energy over the space of unit Borel measures supported on
E, known as the Robin constant for E, will be denoted —oo < Vg < +o00. The
capacity of E is defined as cap(E) := e~ "% and is equal to the transfinite diameter
[34]. Using a compactness argument, it can be shown that there exists an equilibrium
measure wg with I (wg) = Vg and, in the case Vg < 00, by the strict convexity of
the integral, g is unique [77]. Moreover, if Vg < oo (equivalently, if cap(E) > 0),
then U“E(z) < Vg for all z € C, with equality holding on E except on a set of
capacity zero (we say this property holds quasi-everywhere).

Moreover, if cap E > 0, then it can be shown that the normalised counting
measures, vy, corresponding to a sequence of Fekete sets weak-x converges to wg.
Since U"(z) = % log m, the weak-x convergence allows one to conclude that

du§) and I(w):= // log du(§)du(z).

. 1
nll>nolo ”En”L/oZ(E) = cap(E), and
1im 16, (@)]'" = eV =i cap(E)est? (4.10)

uniformly on compact subsets of C\ E. Here, we have defined the Green’s function
ge(z) := Vg — U®E(z), which describes the asymptotic behaviour of the node
polynomials corresponding to Fekete sets. We therefore wish to understand the
Green’s function gg.
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Fig. 4. The Schwarz—Christoffel mapping Gg with E = [z1, z2] U [z4, z5] which maps
the upper half plane (left) onto the infinite slit strip {w € C: Rew > 0, Imw € (0, )}
(right), is continuous on {z € C: Rez > 0} and maps the intervals [z1, z2], [z4, z5] to
[w1, w2], [wg, ws] C i[0, 7], respectively. We also plot the image of an 10 x 10 equi-spaced
grid. A parameter problem is solved in order to obtain z3 and thus w3 and wy = w4 whereas
the other constants are fixed. Here, we take z1 = —1,20 = —¢,24 = 6,25 = l, 0] =
i, w5 =0withe =0.3

4.1.6. Construction of the Green’s function Now we restrict our attention to
the particular case where £ C R is a union of finitely many compact intervals of
non-zero length.

It can be shown that the Green’s function g satisfies the following Dirichlet
problem on C \ E [75]:

Agp(z) =0 onC\ E, (4.11a)
ge(z) ~log|z| as|z| — oo, (4.11b)
ge(z)=0 onkE. (4.11¢)

In fact, it can be shown that (4.11) admits a unique solution [75] and thus (4.11)
is an alternative definition of the Green’s function. Using this characterisation,
it is possible to explicitly construct the Green’s function gr as follows. In the
upper half plane, gr(z) = Re(Gg(z)) where Gg: {z € C: Im(z) > 0} — {z €
C: Re(z) 2 0,Im(z) € [0, 7]} is aconformal mapping on {z: Im(z) > 0} such that
Gg(E) =i[0, 7], GE(min E) = iw, and Gg(max E) = 0. Using the symmetry
of E with respect to the real axis, we may extend Re(G g (z)) to the whole complex
plane via the Schwarz reflection principle. Then, one can easily verify that this
analytic continuation satisfies (4.11). Since the image of Gg is a (generalised)
polygon, z = GEg(z) is an example of a Schwarz—Christoffel mapping [29]. See
Figure 4 for the case E = [—1, —e] U [¢, 1].

We shall briefly discuss the construction of the Schwarz—Christoffel mapping
GgforE =[—1,e_]1U[ey, 1]. We define the pre-vertices 71 = —1,20 = €_, 24 =
&4+,25 = 1 and wish to construct a conformal map Gg with Gg(zx) = wi as in
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Figure 4. For simplicity, we also define zp := —oo and z¢ := oo and observe
that because the image is a polygon, arg G';(z) must be constant on each interval
(Zk—1, zk) and

arg G (z) —arg Gp(z;) = (1 — ), (4.12)

where z; € (2k—1, 2k)> Z,QL € (2k, Zk+1), and o 7 is the interior angle of the infinite
slit strip at vertex wy (thatis, o] = ar = a4 = 5 = % and a3 = 2). After defining
7% = |z|%e!*®2% where argz € (—m, ], we can see that for z € (zx_1, zx), We
have arg ]_[;:k(z —z))% = Zi':k(“j — 1) and so the jump in the argument
of 7 —> H;Zl(z — z./)“f_l is (1 — o) at zx as in (4.12). Therefore, integrating
this expression, we obtain
Z
{—1z3
Ge(z) = A+ B/ de. (4.13)
| VIV =T —es/C — 1

Since Gg(1) = A, we take A = 0 (to ensure (4.11c) holds). Moreover, since the
real part of the integral is ~ log|z| as |z|] — oo, we apply (4.11b) to conclude
B = 1. Finally, we can choose z3 such that Re Gg(z) = 0 for all z € E; that is,

—23

/a_ VI+ IV —e Ve — TV —¢

For more details, see [37]. We use the Schwarz—Christoffel toolbox [29] in MATLAB
to evaluate (4.13) and plot Figure 5.

For the simple case E := [—1, 1], by the same analysis, we can disregard
72, 23, 24 and w2, w3, w4 and integrate the corresponding expression to obtain the
closed form G[—1,11(z) = log(z + vz — 1v/z 4+ 1).

A similar analysis allows one to construct conformal maps from the upper
half plane to the interior of any polygon. For further details, rigorous proofs and
numerical considerations, see [31].

73 € (e_,e4): d¢=0. (4.14)

4.1.7. Interpolation nodes The only difficulty in obtaining (4.10) in practice
is the fact that Fekete sets are difficult to compute. An alternative, based on the
Schwarz—Christoffel mapping G, are Fejér points. For equally spaced points
{¢; };le on the interval i [0, 7], the n™ Fejér set is defined by {GE1 (g“j)}’}zl. Fejér
sets are also asymptotically optimal in the sense that (4.10) is satisfied where ¢, is
now the node polynomial corresponding to n-point Fejér set.

Another approach is to use Leja points which are generated by the following
algorithm: for fixed zy, ..., z,, the next interpolation node z,4| is constructed by
maximising H;:I |zj —z| overall z € E. Sets of this form are also asymptotically
optimal [90] for any choice of z; € E. Since we have fixed the previous nodes
Z1, - .-, Zn, the maximisation problem for constructing z,41 is much simpler than
that of (4.7).

More generally, if the normalised counting measure corresponding to a sequence
of sets {z j}?z | C E weak-* converges to the equilibrium measure wg, then the
corresponding node polynomials satisfy (4.10).
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(A) Metal: E = [-1,1]. (B) Insulator: E = [—1,—¢] U [e, 1], e = 0.30 (2 s.f.).

Fig. 5. Equi-potential curves €, := {z € C: e8E @ = ri } for both metals (a) and insulators
(8) where L —r 1) = %ﬂ fork € {1,2,3,4,5}and 8 = 10. In the case of metals (A), the
equi-potential curves agree with Bernstein ellipses. We also plot the poles of F () which
determine the maximal admissible integration contours: for (A), we can take contours % for
all r < ry and, for (B), the contour €}, can be used for all positive Fermi-temperatures (we
have chosen the gap carefully so that €, self-intersects at ©). Shown in black crosses are
30 Fejér points in each case. To create these plots we consider an integral formula for the
Green'’s function z — gg (z) [37] and use the Schwarz—Christoffel MATLAB toolbox [28,29]
to approximate these integrals

For the simple case where E = [—1, 1], many systems of zeros or maxima of
sequences of orthogonal polynomials are asymptotically optimal in the sense of
(4.10). In fact, since the equilibrium measure for [—1, 1] is the arcsine measure
[76]

1 1
dpp—1,11(x) = ———=dx,

Tl —x2
any sequence of sets with this limiting distribution is asymptotically optimal. An
example of particular interest are the Chebyshev points {cos % Jo<j<n given by the
n+ 1 extreme points of the Chebyshev polynomials defined by 7, (cos 6) = cos nf.

4.1.8. Asymptotically optimal polynomial approximations Suppose that E is
the union of finitely many compact intervals of non-zero length and O: E —
C extents to an analytic function in an open neighbourhood of E. On defining
¢y = {z € C: gg(z2) = y}, we denote by y* the maximal constant for which
O is analytic on the interior of ¢},~. We let P}, be the best L°°(E)-approximation
to O in the space of polynomials of degree at most N and suppose that Iy is
a polynomial interpolation operator in N + 1 points satisfying (4.11). Then, the
Green’s function gg determines the asymptotic rate of approximation for not only
polynomial interpolation, but also for best approximation:

1/N . 1/N —p*
T = lim [0 — IO = (4.15)

lim ||O — Py

lim 10— P3|
For a proof that the asymptotic rate of best approximation is given by the Green’s

function see [76]. The result for polynomial interpolation uses the Hermite integral

formula and (4.10), see (4.20) and (4.22), below.
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4.2. Linear body-order approximation

In this section, we use the classical logarithmic potential theory from § 4.1.5
to prove the approximation error bounds for interpolation. However, we first show
that polynomial approximations lead to body-order approximations:

Proof of Proposition 2.2. We first simplify the notation by absorbing the effective
potential and two-centre terms into the three-centre summation:

H(u)klkz = ZHklkzm, where
m

$h(Wi k) + Skykyvig Iy, if m € ki, ko),

Hiikom = ] (4.16)
T @ i), it m ¢ (ki ko).
Now, supposing that Ix O(z) = Z‘X‘ ! cjzj, we obtain
|X]—1
IxO¢(u) =tr Z Cj Z Heey Heyey - - Hf/—l‘f
j=0 L1,y £i—1
IX|—1
=1tr Z Cj Z HlllmlHﬁllzmz Hﬁjflﬁmj- (417)

e

there the first two terms in the outer summation are ¢y and c¢;H¢e. Now, for

a fixed body-order (n + 1), and k1 < --- < k, with k; # £, we construct
Van (Wes wek,, - .., ugk,) by collecting all terms in (4.17) with 0 < j < [X]| — 1
and {£,¢1,...,¢j_1,my,...,m;} = {£, ki, ..., k,}. In particular, the maximal

body-order in this expression is 2(] X | — 1) for three-centre models and | X| — 1 in
the two-centre case.
More explicitly, using the notation (2.26), we have that

Van (We; Weky s - - - Wek,)
|X]—1
=tr Z Cj Z HulmlH(lgzmz...ngflgmj (4.18)

Cpsesljpmyse,m
{6ty my,eom j={C.ky . kn}

=t Y (="M OH|, ) (4.19)
KCkyoskn) ’

Here, we have applied an inclusion-exclusion principle to ensure that we are not only
summing over sites in {kq, . .., k, } but we select at least one of each site in this set.
Indeed, if we choose £y, ..., €;_1,my,...,mjsuchthat{{, £y,...,¢;_1,mq,...,
mj} = {£} U Ko, then the expression Heg,m, Heeym, -+ He;_em; appears in each
term of (4.19) with K © K exactly once (with a & sign). Therefore, the number
of times Hegym; Heytom, - - - ngflgmj appears is exactly

n—|Kol

Z (_1)n|[(01(7’l - |K0|> _ {1 1f|K0| =n,
=0 l

0 otherwise.
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That is, (4.19) only contains the terms in the summation (4.18). |

Proof of Theorem 2.3. We let £ (x) =[] i (x — xj.v ) be the node polynomial for

Xy = {x jN }9\/:0. Again, we fix the configuration u and consider H := H(u).
Supposing that ¥ is a simple closed positively oriented contour encircling
o (H), we apply the Hermite integral formula (4.2) to obtain that

108 ) — I, OF @)| < 10F (M) — Ix, 0P W)l = sup [0P(2) — Iy, 0P (2)

zeo (H)
p
< sup L?g In(2) O (é)d%_ <cC > ‘EN(Z) ,
zeo(H) |27 JE EN () & -2 ceo (M), ect | ENE)
(4.20)
where
. len(®) maxiey 0P ()] @21

27 dist(%, o (H))

At this point we apply standard results of classical logarithmic potential theory
(see, § 4.1.5 or [62]) and conclude by noting that if the interpolation points are
asymptotically distributed according to the equilibrium distribution corresponding
to E := I_ U I, then after applying (4.10), we have that

1
@ ¥
en(§)

Here, the equilibrium distribution and the Green’s function gg(z) are concepts
introduced in § 4.1.5 and § 4.1.6.

Therefore, by choosing the contour € := {£ € C: gg(§) = y} for0 < y <
ge(u +imB~"), the asymptotic exponents in the approximation error is y.

The maximal asymptotic convergence rate is given by gz (u+imf~") since €
must be contained in the region of analyticity of Of and the first singularity of Of
isat u +inp~! (for O = FP or GP).

Examples of the equi-potential level sets ¢ are given in Figure 5.

Using the Green’s function results of § 4.1.6, gg(u + inB~") = Re Gp(u +
imB~") where G is the integral (4.13). The asymptotic behaviour of this maximal
asymptotic convergence rate for the separate § — oo and g — 0 limits can be
found in [37,81]. Here, we consider the 7! + g — 0 limit where the gap remains
symmetric about the chemical potential .

To simplify the notation we consider /_ U I = [—1,e_] U [e4, 1] where
er=p =k %g. By choosing to integrate (4.13) along the contour composed of the
intervals [1, ] and [, u + iwB~'], we obtain

— o8E(@)—gE(E) (4.22)

1
N—o00

utinp!

o ¢ —z3
Ge(u+inp™) =G +/ N
E(u+inp ) E(W) p VE+ I/ —e_ VT —er Vi — 1 ‘
(4.23)

Since gr () ~ gas g — 0[37], we only consider the remaining term in (4.23).
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For ¢ € u + i[O, 71,3_1], we have ¢! < v/ ¢ £ 1] < ¢, and so the integral in
(4.23) has the same asymptotic behaviour as

inﬂ71

/Hmw #; — 9 4= 91/;+ gy
w {—e- Vi —eq i ¢—1
mﬂ !
e - ) / N (4.24)

where we have used the change of variables E = Sc_f; .

Since the integrands are uniformly bounded along the domain of integration,
(424)is~ B las B — oo.

The constant pre-factor in (4.21) is inversely proportional to the distance
dist(%’, o (H)) between the contour ¢ = {gr = y} and the spectrum o (H).
In particular, since gg is uniformly Lipschitz with constant L > 0 on the compact
region bounded by %, we have: there exists A € o (H) and & € € such that

. 1 1
dist(¢, o (H)) = [§ — A > zlgE(é) —geM)| = v

Therefore, choosing y to be a constant multiple of gz (u+imxB~"), we conclude
that the constant pre-factor C satisfies C ~ (g + g )" lasg+ g~ = 0.

To extend the body-order expansion results to derivatives (in particular, to
forces), we write the quantities of interest using resolvent calculus, apply Lemma 2
to bound the derivatives of the resolvent, and use the Hermite integral formula
(4.20) to conclude: for €7, %> simple closed positively oriented contours encircling
the spectrum o (H(u)) and 47, respectively, we have

-1
30,m)  3lx,Ocw)| 1 ?g I(H@) —z),
— = — O(z) —Ix,O0(2)) ————d
ou,, ou,, 2| Jg ( @ XN (Z)) ou,, ¢
—1
(@) 0@ MW — 2, dz‘
6 Je EnE)§E —2 Oty
14
<Ce o qp |NE] (4.25)
7€61,6€6, En(§)
We conclude by choosing appropriate contours 4; = {gr = y;} forl = 1,2 and
applying (4.22). |

4.2.1. The role of the point spectrum To begin this section, we sketch the proof
of Proposition 2.1.

Proof of Proposition 2.1. (i) Sup-norm perturbations. We suppose that sup;, [lr k=
rief| + vk — vref|] < 4 for § > 0O sufficiently small such that

) — h@ieh| = |VhEw) - (ro — D] < Cse™ 2707 and

ref  ref (D

1
|t o i) — 1 @S, wf)| = |Vir el o)) - (rom — fef>
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2 2
+ Vot (E D) - P — 1) |
< C(ge—%)/o(rm-‘rrlm)7

f O] f ) f :
where, & € [rek. 135 1, &y € [Fem, 1y, ) and &, € [P, 75, 1. Therefore, if
Ve 0%, we have
2
¢

| (@) — )y

_1
LS C8Y eV P S CIYIIG.  (4.26)
lk

Therefore, applying standard results from perturbation theory [56, p. 291], we
obtain

< Cé.

022

dist(a(H(u)), G(H(uref))) < HH(u) — H(u™")

(ii) Finite rank perturbations. The finite rank perturbation result has been pre-
sented in [70] in a slightly different setting. We sketch the main idea here for
completeness.

Since the essential spectrum is stable under compact (in particular, finite rank)
perturbations [56], the set

o(H@)) \ Bs(o (H@™))) S oaise(H@)) \ Bs(0ess (H@™)))
is both compact and discrete and therefore finite. 0

Proof of Theorem 2.4. Suppose that € is a simple closed contour encircling the
spectrum U(H(u)) and (Ag, ¥) are normalised eigenpairs corresponding to the
finitely many eigenvalues outside /_ U /. Therefore, we have that

1 _
0 () — Iy, 0F ) = 5 f% (0P (2) = Ix, OF () [ (z = Hw)) '], dz

+ (0% Gu) — Ixy 0P (10) |10 1e | @.27)

The first term of (4.27) may be treated in the same way as in the proof of
Theorem 2.3. Moreover, derivatives of this term may be treated in the same way as
in (4.25). It is therefore sufficient to bound the remaining term and its derivative.

Firstly, we note that the eigenvectors corresponding to isolated eigenvalues in
the spectral gap have the following decay [17]: for ¢” a simple closed positively
oriented contour (or system of contours) encircling the {X,}, we have that

vk = oz |, 00 -2

1 _ _
$ 101w =) = Oty =)0

T om

< Ce*VCT["Z‘*Rdcf]’ (4.28)

where yct is the Combes-Thomas constant from Lemma 1 with 0 = dist(‘f’ ,
a(H(u))). The constant pre-factor in (4.28) depends on the distance between the
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contour and the defect spectrum o (H(u)) . Similar estimates hold for the derivatives.
For full details on the derivation of (4.28), see [17, (5.18)—(5.21)].

Therefore, combining (4.28) and the Hermite integral formula, we conclude as
in the proof of Theorem 2.3. O

4.3. Non-linear body-order approximation

In this section, we prove Theorem 2.5 by applying the recursion method to
reformulate the problem into a semi-infinite linear chain and replacing the far-field
with vacuum.

4.3.1. Recursion method In that follows, we briefly introduce the recursion
method [49,50], a reformulation of the Lanczos process [61], which generates
a tri-diagonal (Jacobi) operator T [91] whose spectral measure is Dy and the corre-
sponding sequence of orthogonal polynomials [40]. This process provides the basis
for constructing approximations to the LDOS giving rise to nonlinear approxima-
tion schemes satisfying Theorem 2.5.

Recall that Dy is the LDOS satisfying (2.13). We start by defining po := 1,a0 :=
fdeg(x) and b p1(x) := x — ap where b is the normalising constant to ensure

f P1 (x)deg(x) = 1. Then, supposing we have defined ay, a1, b1, ..., an, b, and
the polynomials po(x), ..., pn(x), we set
bn+1pn+l(x) = —ap)pn(x) — bnpn—l(x)s with (4.29)

/ i1 (0)2dDe(x) = 1, apy1 = f XPnt1 (0)?dDy(x).  (4.30)

Then, { p,} is a sequence of orthogonal polynomials with respect to Dy (i.e. [ pppm
dD; = §,,,) and we have that

ag b]
bl aj '

.'-bN
bNaN

Ty = ( dD ) = 431
N /xmpm ) ocnmen (4.31)

(see Lemma D.1 for a proof). Moreover, we denote by 7 the infinite symmetric
tridiagonal matrix on Ny with diagonal (a,),en, and off-diagonal (b,,),eN.

Remark 15. It will also prove convenient for us to renormalise the orthogonal poly-
nomials by defining P, (x) := b, pn(x) and by := 1; that is,

Py(x) =1, Pi(x) =x —ap, and (4.32)
— b
Pa (¥) = = Py(x) = 7 Py, forn > 1 4.33)
n n—
P 2dDy(x),
by :/PnJrl(x)del(x), and apy1 = /x "H;j;) e :
n+1

(4.34)

One advantage of this formulation is that it explicitly defines the coefficients {b,}.
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Therefore, if we have the first 2N + 1 moments Hyy, . .., (HEV+D),, it is
possible to evaluate Qo n 1 (H)¢e (thatis, f Qon+1dDy) for all polynomials Qo1
of degree at most 2N + 1, and thus compute T . In particular, for a fixed observable
of interest O, we may write

Oan+1(Hee. ..., [H*N M) := O(Tw)oo. (4.35)

Remark 16. In Appendix E we introduce more complex bond order potential (BOP)
schemes based on the recursion method and show that they also satisfy Theorem 2.5.

4.3.2. Error estimates Equation (4.35) states that the nonlinear approximation
scheme given by ®,x 1 simply approximates the LDOS with the spectral measure
of Ty corresponding to ey := (1,0, ..., 0)T. We now show that [(Ty)"Joo =
[T"]oo = [H"]¢¢ forall n < 2N + 1 and thus we may apply (2.14) to conclude.

By the orthogonality, we have [TO]ij = f Di (x)xopj (x)dDy(x) = 6;;. There-
fore, assuming [T"];; = f pi(x)x" p;(x)dD¢(x), we can conclude that

(7" i =) [Tl Tk
k
= /Pi(X)X"[bjpj—l(X) +ajpj(x)+bjr1pjy1(x)]dDe(x) (4.36)

= / pi()x" ™ p;(x)dDe(x). (4.37)

Here, we have applied (4.29) directly. In particular, if i = j = 0, we obtain
[T"]oo = [H"]ee.

4.3.3. Analyticity To conclude the proof of Theorem 2.5, we show that ®,x 4 as
in (4.35) extents to an analytic function on some open set U C C*N*!. Throughout
this section, we use the rescaled orthogonal polynomials { P,} from Remark 15.

For a polynomial P(x) = Z;":O cjxf, we use the notation LP (21, ..., Zm) :=
co + Z'j”:l c;jz; for the linear function satistying P (x) = LP (x, X2, ..., x™). To
extend the recurrence coefficients from (4.32), we start by defining

bo=1, ao(z1):=z1, Pi(x;z1):=x—ap(z1) =x —z1,
bi(z1, 22) = L(x — Py(x; Z1)2)(Zlv 2) =12 -1,

L(x — xPi(x;21)?) (21, 22, 23) - 2nmt z

a1(z1,22,23) =

b}(z1, 22) -7}
(4.38)
To simplify the notation, we write z1., for the m-tuple (z1, ..., z;»). Given
aop(z1), ..., an(Z1:20+1) and b1 (z1:2), - . ., by(z1:20), we define P41 (x; 21:2441) tO

be the polynomial in x satisfying the same recursion as (4.32) but as a function of
Z1:2n+1"
X — an(Z1:2n+1)

Ppi1(x; 212n41) = an(x; Z1:2n—1)
n Zn
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bu(z1:20)

— Py 1 (x; 21:20-3).
bu—1(z120-2) "

With this notation, we define

b1 (@12042) 1= L(x > Pug1(x; 212041)%) @1:22042), (4.39)
E(x = X Py (x; Zl:2n+1)2) (Z1:2n+3)

(4.40)
bZ, 1 (Z1:2012)

ant1(Z1:2n43) =

Since Pui1(x) = Puy1(x: Hees - .., [H***1140), we have extended the definition
of the recursion coefficients (4.34) to functions of multiple complex variables.

We now show thata, (z1:2,+1) and b (z1:2n) arerational functions. As a prelimi-
nary step, we show that both P2 1 and LIP are polynomials in x with coefficients
given by rational functions of a,, b and all previous recursion coefficients. This
statement is clearly true for n = 0: P2 (x —ag)?and £ ‘ P — x — 4. Therefore,
by induction and noting that

p2 (1" %p 2—2(x—a)P"P”‘l+ by (4.41)
i by " by B2, '
Pn+an:x_anP2_PnPn—l (4.42)

bn b2 " bnfl '

n

we can conclude. Therefore, by (4.38) and (4.39) and (4.40), we can apply another
induction argument to conclude that a,+1(z1.2,43) and bz 11 (Z1:2(n+1)) are rational
functions.

We fix N and define the following complex valued tri-diagonal matrix

ao(z1) b}(z1:2)
1 ai(z13) b3(z14)

b3 (z1:2N)
1 an(zi2n+1)

Ifz; = [H71¢¢ for each j=1, , N, (4.43) is similar to Ty from (4.31).

Now, on defining U : {z € C2N+1: b2(z10n) # 0V¥n = 1,..., N}, the
mapping U — C(N+1)X(N+l) given by z — Ty (z) is analytic. Therefore, for
appropriately chosen contours ¢, encircling o (Ty(z)), we have that

1 _
Owv+1(2) = O(Ty(2)) oy = 5 ?2 O(w)[(TN(z) - ) 1]00dw. (4.44)

In particular, ®,x 41 is an analytic function on
{z € U: O analytic in an open neighbourhood of o (T (z))}.

Remark 17. Since C*N*1\ U is the zero set for some (non-zero) polynomial P in
2N + 1 variables, it has (2N + 1)-dimensional Lebesgue measure zero [45].
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Remark 18. In Appendix D we show that the eigenvalues of Ty (z) are distinct for
Z in some open neighbourhood, Uy C U, of R2N+1 which leads to the following
alternative proof. On Uy, the eigenvalues and corresponding left and right eigen-
vectors can be chosen to be analytic: there exist analytic functions ¢;, ¥/, ¢; for
j =0,..., N such that

In@)Vj(z) =¢j(2)¥(2), ¢j(2)Tn(2) =¢(2)¢}(z), and ¢/ (2)Y;(z) = &ij.

(More precisely, we apply [44, Theorem 2] to obtain analytic functions v;, qb of
each variable zg, ..., zony+1 separately and then apply Hartog’s theorem [60] to
conclude that v}, ¢;‘ are analytic as functions on U C CzN +1.) Therefore, the
nonlinear method discussed in this section can also be written in the form

N
O i1 =Y _[¥jlol¢}lo - (0 oe)), (4.45)

j=0

which is an analytic function on {z € Up: O analytic at £;(z) for each j} (asitisa
finite combination of analytic functions only involving products, compositions and
sums).

4.4. Self-consistent tight binding models

We start with the following preliminary lemma:

Lemma 3. Suppose that T : 2(A) = £2(A) is an invertible bounded linear oper-
ator with matrix entries Ty satisfying |T[k| < cre VT for some cr, yr > 0.
Then, there exists an invertible bounded linear operatorT: LP(A) = £°(A)

extending T : £*(A) — (*(A) (that is, T |, w=T)

Proof. First, we denote the inverse of T’ and its matrix entries by 7~!: ¢2(A) —

£2(A) and Tezl, respectively. Then, applying the Combes-Thomas estimate to T

yields the off-diagonal decay estimate |Te;1| < Ce™ e for some C, ycr > 0
[93].
Due to the off-diagonal decay properties of the matrix entries, the operators

T, 7 £X(A) — £2°(A) given by
Tole:=Y Tudx and (T '¢le:= T, ¢
keA keA

are well defined bounded linear operators with norms sup,
Y ken | Texl and supy Y o n |T£;] |, respectively. To conclude, we note that

TT ' ¢le =Y. TuTp dw =Y ATT Tontm = ¢ (4.46)
k m m

——1 . . =
and so T is the inverse of 7. Here, we have exchanged the summatlons over
k and m by applying the dominated convergence theorem: | >k T Ty, ¢m} <

Ce— 3 minlyr.yerhron @ |l¢ is summable over m € A. O
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Throughout the following proofs, we denote by B, (p) the open ball of radius
r about p with respect to the £°°-norm. Moreover, we briefly note that the stability
operator can be written as the product Z(p) := % (p)Vw(p), where [93]

1 _172
T ._ B _
F (Pt 1= 5 72) F (z)[(H(u<p>> Dk ] dz, (4.47)
where % is a simple closed contour encircling the spectrum o (H(u(,o))).

Proof of Theorem 2.6. Since p +— FFP(u(p)) is C?, and (I — ,,2”(,0"))71 is a
bounded linear operator, we necessarily have that (I - (/o))_1 is a bounded
linear operator for all p € B, (p*) for some r > 0.

By applying Theorem 2.3, together with the assumption (EP), we obtain

B B
OF, ) dlxyFy (W) dw(p),
L) — L], ] < [ £ (4.48)
£~ o < X[ He - T |2
< C[Ze*n Tem = Yo mG:le*%VNN (4.49)
m
< Ce*%min{n,yv}me*%yNN (4.50)

for all p € B,(p*). As a direct consequence, we have ||.Z(p) — LN (p) ;22 <

Ce™ TN N and we may choose N sufficiently large such that |2 (0) —Zn (0) |l ;2 2
<l I=ZL(p)~! ”;21—%2' In particular, for such N, the operator I — %y (p): £> —

¢2 is invertible with inverse bounded above in operator norm independently of N.

We now show that I — %y (p) satisfies the assumptions of Lemma 3. Using
(4.47) and (EP), together with the Combes-Thomas estimate (Lemma 1), we con-
clude that

_ _ g e
|$N(,0)lk| < Csup |Ix,, Fﬂ(z)| Z e 2VCT tm p=VoTmk < Ce 2 min{2ycr, v re
€€ meA

forall p € B, (p*). In particular, I — %y (p) extends to a invertible bounded linear

operator £>° — £* and thus its inverse (I - ,,Q”N(,o))_1 1 £%° — £%° is bounded.
Now, the mapping p +— p — Ixy F?(u(p)) between £ — £ is contin-

uously differentiable on B,(p*) and the derivative at p* is invertible (i.e. (I —

LN (p*)) ~1. g% . 0% is a well defined bounded linear operator). Since the map
p = Ix, F# (u(p)) is C2, its derivative .Zy is locally Lipschitz about p* and so
there exists L > 0 such that

o —1
”(1 _-’%N(IO )) (XN(IOI) _D%N(/OZ))H[OC_)ZOC
< Lllpr = p2llese for p1, p2 € By (0%).
Moreover, by Theorem 2.3, we have that

[(1 = 2n0") " (0" = Ixy FP @(0™)) | oo
< C|FP @) = Ixy FP @(p*) | o = by
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where by < e ?VN_ In particular, we may choose N sufficiently large such that
2byL < land ty := £(1 — /T=2byL) <.
Thus, the Newton iteration with initial point p* := p*, defined by

Pt = o — (1= () (0" — Ixy FP(p')),

converges to a unique fixed point py = Ix,, FB(u (pN)) in B,;V (p™) [102,104]. That

is, oy — p*llee < 15 < 2by. Here, we have used the fact that 1 — /1 —x < x
forall0 < x < 1.

Since py € By(p*), we have I — Ly (py): €2 — €2 is invertible and thus
Lemma 2.8 also holds. |

Proof of Proposition 2.9. We proceed in the same way as in the proof of Theo-
rem 2.6. In particular, since py is stable, if 10° — pnlless is sufficiently small,
(I — Zn(p°)~ ! is a bounded linear operator on £2. Moreover, by the exact same
argument as in the proof of Theorem 2.6, I — Ly (p?): £>° — £ defines an in-
vertible bounded linear operator. Also, I — .Zx (p) is Lipschitz in a neighbourhood
about p° and

(1 = 2 %) ™ (0° = Lxy FP@(0®)) | o < C|0° = o — (Ixy FP (0
— Ixy FP(u(pn) || oo
< Clp® = plle.

Here, we have used that
B 0yy _ B
[Ixy F) u(p®)) — Ixy F} (u(pn))|
1 0
= | yi Iey FA@[2.0%) = #: (00|

<cC Z e 21tk (pP) e — v(on k]

ke
1 O
) dv(tp® + (1 — 1) pn)k
2ycrr '

<ey e [13 9o =l

keA meA
<C Z e—%min{ZVCTvVu}r/ém [pO - /ON] |

m

meA

< CllP = pulles. oy

Therefore, as long as [|[p® — pu |l is sufficiently small, we may apply the
Newton iteration starting from p° to conclude. O

Proof of Corollary 2.7. As a direct consequence of (4.51), we have that

|05 () — Ixy Oc(u(on))| < |O0c(u(p®) — Ixy Oc(u(p®)|
+ |[Ixy Oe(u(p®)) — Ixy Oc(u(on))|
<Cle™™N + oy — p*lle]
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< Ce N,

Here, we have applied the standard convergence result (Theorem 2.3) with fixed
effective potential. O
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Appendix A. Notation

Here we summarise the key notation:

e A : finite or countable index set,
wy = (re, ve, Zg) : state of atom £ where ry € R? denotes the atomic position,

[ ]
v¢ the effective potential, and Z, the atomic species,
e u = {uy}oep : configuration,
e ryx :=ry —rgand rg = |re| : relative atomic positions,
e §;; : Kronecker delta (§;; = 0 fori # j and §;; = 1),
e Id, : n x n identity matrix,
e | - | : absolute value on R¥ or C,
e | - | : Frobenius matrix norm on R"*",
o Vh = (Vhap)iga,b<n © gradient of A: R4 — R>n,
o MT: transpose of the matrix M,
e Tr : trace of an operator,
e [~ gasx — xo € RU{Fo00} or CU{oo} if there exists an open neighbourhood

N of x¢ and positive constants ¢y, ¢z > 0 such that c1g(x) < f(x) < c28(x)
forall x € N,

e (C : generic positive constant that may change from one line to the next,

o < g:f < Cg forsome generic positive constant,

e Ng={0,1,2,...}: Natural numbers including zero,


http://creativecommons.org/licenses/by/4.0/
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8(+) : Dirac delta, distribution satisfying f f(x)ds(x) = £(0),
I o x) = Supyex | £ ()| < sup-norm of f on X,
dist(z, A) := inf,ca |z — a] : distance between z € C and the set A C C,
a+bS:={a+bs:s eSS},
[¥]¢ : the £ entry of the vector v,
Wl = (S 19 Il?) 2 < €2-norm of v,
tr M =), My : trace of matrix M,
|M ||max := maxg i | M| : max-norm of the matrix M,
o (T) : the spectrum of the operator T,
odisc(T) C o(T) : isolated eigenvalues of finite multiplicity,
Oess(T) := 0 (T) \ o4isc(T) : essential spectrum,
IT|lx—y := Supyex, jx|x=1 ITxlly : operator normof 7: X — Y,
Vv : Jacobian of v: RA — R4,
la,b] = {(1 —t)a + tb: t € [0, 1]} : closed interval between a, b € R? or
a, b eC,
= f[a K : integral over the interval [a, b] fora, b € C,
° len(% ) : length of the simple closed contour €,
e supp v : support of the measure v, set of all x for which every open neighbour-
hood of x has non-zero measure,
e convA:={ta+ (1 —1t)b:a,be A,t €0, 1]} : convex hull of A.

Appendix B. Locality: Truncation of the Atomic Environment

We have seen that analytic quantities of interest may be approximated by body-
order approximations. However, each polynomial depends on the whole atomic
configuration u. In this section, we consider the truncation of the approximation
schemes to a neighbourhood of the central site £ and prove the exponential conver-
gence of the corresponding sparse representation.

B.1. Banded Approximation

One intuitive approach is to restrict the interaction range globally and consider
the following banded approximation:

h(ukm) + Z t(ukm/, umm/) + Skm UkIdNb if Tom < Fe
H'e (u)km = m ¢(k'm/)%rc

T r
km""mm’ =

0 otherwise.
(B.1)

Therefore, approximating O (u) with a function depending on the first N moments
[H'<]e, (e.g. applying Theorem 2.4 or 2.5 to H’) results in an approximation
scheme depending only on finitely many atomic sites in a neighbourhood of £. This
can be seen from the fact that

[(H*)"ee = > Hee,Hety - .- He, 0. (B.2)
Z1;-~~sen—1
Y PSR VAN
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Moreover, we obtain appropriate error estimates by combining Theorem 2.4 or 2.5
with the following estimate:

Proposition B.1. Suppose u satisfies Definition 1. Fix 0 < < oo and suppose
that, if B = oo, then g, g% > 0. Then, we have

O¢(u) —tr o(ﬁrv(u))u‘ < e,

Suppose yy (rc) and y;\j,ef (rc) are the rates of approximation from Theorems 2.4 and

2.5 when applied to H’e. Then yn(re) = yn and yj‘\l,ef(rc) — yj‘\l,ef as re —> 00,

with an exponential rate.

Proof. We first note that

~, H (W) km if rgm > re
[H(u) —H L(u)]km - Z m': t W’ s W) 1 Them < 1.

r ) >rcOrr >
kem! Z7€ O gyt =7

(B.3)

Therefore, applying (TB), we obtain
|[H(u) — ’Fzrc (u)]km | 5 ei%yorc Z ef%y()(rkm“krmm’) 5 e*%VOrce*%VO Tkm (B4)
m/

To conclude we choose a suitable contour 4" and apply the Combes-Thomas
estimate (Lemma 1) together with (B.4):

O¢(u) — tr o(ﬁ’c(u))[[’ < ‘;ﬁ O(z)[(H(u) -7 (H@) (B.5)

— H(w)) (" () — Z)_I]Mdz (B.6)

_1 _ _1 _1
< max |0(z)e 3Y0rc E e YCT(rtktrme) o= 3 V0Tkm <e 3Y0re
€% P
m

(B.7)

As a direct consequence of (B.4), we have also have ||H (u) — Hre @) lpse S

¢~ 27 and so dist (o (H), o (7‘~(’°)) < e N [56]. This means that for sufficiently
large r., we obtain the same rates of approximation when applying Theorems 2.4
and 2.5 to H'e. o

B.2. Truncation

One downside of the banded approximation is that the truncation radius depends
on the maximal polynomial degree (e.g. see (B.2)). In this section, we consider
truncation schemes that only depend on finitely many atomic sites independent of
the polynomial degree:

H = H’(;AOB,(.(Z) (B.8)
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where the restriction of the Hamiltonian has been introduced in (2.26).
On defining the quantities

Ixy Op(u) := t[Ix, O(H™)],,. (B.9)

where the operators Iy, are given by Theorem 2.3, we obtain a sparse represen-
tation of the N-body approximation depending only on finitely many atomic sites,
independently of the maximal body-order N.

Proposition B.2. Suppose u satisfies Definition 1. Fix 0 < B < 0o and suppose
that, if B = oo, then @, g% > 0. Then,

|1x,, OF () — I, OF (w)| < ¢4 mintrernre
where OF = FP or GP and ycr is the constant from Lemma 1 applied to H(u).

Proof. Applying the Hermite integral formula (4.1) directly, we conclude that
Ixy 0P (z) is bounded uniformly in N along a suitably chosen contour € := {gr =
y} (examples of such contours are given in Figure 5). It is important to note that
the contour % must be chosen to encircle both o (H) and o (7'7’ °).

In the following, we let ycT be the Combes-Thomas exponent from Lemma 1
corresponding to H.

Similarly to (B.7), we obtain

Ixy OF ) — Iy, 55(14)‘ < max I, 0(2)| 3 v (1) — 7 @), |
) km
< Z e~ YCTT Uk e—%)forkm

k,m:
rgg =Tc OF gy 21c

+ 2 e VCTrtk E Y0k )
k,m:

m':

Tek-Tem<rc ot 2Tc

< e*% min{VCT,%Vo}rc_ (B.10)
This concludes the proof. O

The fact that the exponents of Proposition B.2 are independent of the defect
states within the band gap is in the same spirit to the improved locality estimates
of [17].

Remark 19. (Divide-and-conquer Methods) This truncation scheme is closely re-
lated to the divide-and-conquer method for solving the electronic structure prob-
lem [103]. In this context the system is split into many subsystems that are only
related through a global choice of Fermi level. In our notation, this method consists
of constructing Npac smaller Hamiltonians 7" efj centred on the atoms £ (for
J =1,..., Npac) and approximating the quantities O¢(u) for £ in a small neigh-
bourhood of £ by calculating tr O (H"**/),,. That is, the eigenvalue problem for
the whole system is approximated by solving Npac smaller eigenvalue problems
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in parallel. In particular, this method leads to linear scaling algorithms [42]. Theo-
rem B.2 then ensures that the error in this approximation decays exponentially with
the distance between £ and the exterior of the subsystem centred on £;.

A similar error analysis in the context of divide-and-conquer methods in Kohn-
Sham density functional theory can be found in [18].

Remark 20. (General truncation operators) It should be clear from the proof of
Proposition B.2 that more general truncation operators may be used. Indeed, Propo-
sition B.2 is satisfied for all truncation operators He = H’ (u) satisfying the
following conditions:

(T1) For every polynomial p, the quantity p(ﬁ’“) ¢¢ depends on at most finitely
many atomic sites depending on r¢ but not p,

(T2) For all k, m € A, we have [H" i, — Hpm as re — 00,

(T3) There exists ¢y > 0 such that for all y, r. > 0,

Zeﬂ/rm\[H Hrc]k | < < Ce—comin{r,v}re
km

for some C > 0 depending on y but not on 7.

Due to the exponential weighting of the summation, (T3) states that Hre captures
the behaviour of the Hamiltonian in a small neighbourhood (Lf the site £. Moreover,
when making the approximation Ix, O(H),, ~ Ix,O(H’),,. the number of

atomic sites involved is finite by (T1).

(4

Remark 21. (Non-linear schemes) One may be tempted to approximate the Hamil-
tonian with the truncation, H’¢, and then apply the nonlinear scheme of Theo-
rem 2.5. In doing so, we obtain the following error estimates:

|0cw) = On ([ et ... [V )| (B.11)

< ot — 0(f%), | + |0 (%), — On ([(F e - [N e0)|
(B.12)

<e —g min{yo.yerhre 4 = INCON (B.13)

A problem with this analysis is that the constant yn (re) in (B.13) arises by
applying Theorem 2.5 to H'® rather than the original system . In particular, this
means that Jy (r.) depends on the spectral properties of H’e rather than . Since
spectral pollution is known to occur when applying naive truncation schemes [64],
the choice of H'® is important for the analysis. In particular, it is not clear that
YN (r¢) — yn in general. This is in contrast the the result of Proposition B.1.

Appendix C. Convergence of Derivatives in the Nonlinear Approximation
Scheme

Asmentioned in Remark 10, the results of this section depend on the “regularity”
properties of Dy:
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Definition 2. (Regular n-root Asymptotic Behaviour) For a unit measure v with
compact support E := suppv C R, we say v is regular and write v € Reg if the
corresponding sequence of orthonormal polynomials {p,(-; v)} satisfy

lim | py (5 )| = e$£@
n—oQ
locally uniformly on C \ conv(E).

Remark 22. The regularity condition says that the nM-root asymptotic behaviour of
| pn(z; v)| is minimal: in general, we have [85, Theorem 1.1.4]

1 1
e < Timinf | py (z; v)|7 < limsup |pa(z; 1) |7 < 8@
—>00 n—00
where g, > gg is the minimal carrier Green’s function of v [85].
Under the regularity condition of Definition 2, we obtain results analogous to
(2.21):

Theorem C.1. Suppose that u satisfies Definition 1 and £ € A is such that Dy €
Reg. Then, with the notation of Theorem 2.5, we in addition have

ou,,

(Of(u) — Oy (Hee, [H e, - . [HN]M)>‘ < o= 3NN =t

More generally, if the regularity assumption is not satisfied, it may still be the
case that Theorem C.1 holds but with reduced locality exponent 5. To formulate
this result, we require the notion of minimal carrier capacity:

Definition 3. (Minimal carrier capacity) For arbitrary Borel sets C, the capacity of
C is defined as

cap(C) := sup{cap(K): K C C, compact},

where cap(K) is defined as in § 4.1.5.
For a unit measure v with compact support E := supp v C R, the set of carriers
of v and the minimal carrier capacity are defined as

I'(v) :={C c C: CBoreland v(C\ C) =0}, and (C.1)
¢y = inf{cap(C): C € I'(v), C bounded} < cap(E), (C.2)

respectively.
Under these definitions, we have the following [85, p. 8-10]:

Remark 23. For a unit measure v with compact support E := suppv C R, we have
(i) The set of minimal carriers T'g(v) := {C € I'(v): cap(C) = ¢,, C C E}is
nonempty,
(ii) If ¢, > 0, then there exists a minimial carrier equilibrium distribution w,,
a (uniquely defined) unit measure with supp w, C E satisfying
&) =— / log lzljdwv(t) —logcy,



Body-Ordered Approximations of Atomic Properties 45

(iii) g, = gg if and only if ¢, = cap(E),

(iv) In particular, if ¢, = cap(E), then v € Reg (although the converse is false
[85, Example 1.5.4]),

(v) Suppose ¢, > 0. Then, on defining v, to be the discrete unit measure giving
equal weight to each of the zeros of p,(-; v), the condition that

*
Vp — WE,

where wg is the equilibrium distribution for E, is equivalent to v € Reg [85,
Thm. 3.1.4]. In particular, this justifies (4.10).

We therefore arrive at the corresponding result for £ € A for which the corre-
sponding LDOS has positive minimal carrier capacity:

Proposition C.2. Suppose that u satisfies Definition 1 and € € A suchthatcp, > 0.
Then, with the notation of Theorem 2.5, we in addition have

d
‘W<Of(u) — On (Hee, [H e, - - [HN]M)>‘ < e 2N =Nt T

where ng > 0,

n¢ — 1 ascp, — cap(supp Dy),
and n > 0 is the constant from Theorem C.1.

The proofs of Theorem C.1 and Proposition C.2 follow from the following es-
timates on the derivatives of the recursion coefficients {a,, b, }, and the locality of
the tridiagonal operators Ty, together with the asymptotic upper bounds (i.e. Def-
inition 2 or Remark 22).

Lemma C.3. Suppose u satisfies Definition 1. Then, for a simple closed positively
oriented contour €' encircling the spectrum o (H(u)), there exists 1 = n(€¢’) > 0
such that

ob,,
u,,

day,

< Cllipn ||ioc(gg,)e_’7”’" and

n
2 - m
<CY Pl e
=0

(C.3)

u,,

where n ~ 0 as 0 — 0 where 0 := dist(¢”, o (H(@™"))).

In the following, we denote by T the infinite symmetric matrix on Ny with
diagonal (a,),en, and off-diagonal (b,),eN.

Lemma C4. Fix N € NU {oo}. Suppose that z € C withdy = dist(z, O’(TN)) >
0. Then, for each i, j € Ng, we have

‘(TN - z)i_j]‘ < Ce NimilNli=jl,

(i) For each r € N, we have y, ny ~ 0y as Oy — 0.
(ii) We have lim;_, o0 Vr.0o = iMN 00 YN, N = 8o (T) (2) Where g4 (1) 1S the
Green’s function for the set 0 (T) as defined in (4.10).
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Remark 24. The fact that g, (7,,) does not depend on the discrete eigenvalues of T
means that asymptotically the locality estimates do not depend on defect states in
the band gap arising due to perturbations satisfying Proposition 2.1, for example.
Indeed, this has been shown more generally for operators with off-diagonal decay
[17]. We show an alternative proof using logarithmic potential theory.

We will assume Lemmas C.4 and C.3 for now and return to their proofs below.

We first add on a constant multiple of the identity, c/, to the operators {Tx} so
that the spectra are contained in an interval bounded away from {0}. Moreover, we
translate the integrand by the same constant: 5(2) := O(z — ¢). Then, we extend
Tn to an operator on Z2(N0) by defining [Ty v]; = Z;V:()[TN]U Yjfor0 <i <N
and [Ty ¥]; = 0 otherwise. We therefore choose a simple closed contour (or system
of contours) ¢ encircling |y o (Tn) so that

[ Oc(u) — O(Tn)oo]

u,,
1 ~ J -1 —1
=5 § 0<z)@[(n@ — D5 b (Ty — D34 Jdz
L oT .
= 0<z>[[<’foo ~ 07 T (T = 0 g bt (T = it
_ abN 1
+ (Teo — Z)o,}v+13u—+(TN - Z)No
—1 19T -1
+ (Too — Dy 1bv+1[(Tn = 2)~ W(T -2) ]No]dz. (C.4)

Therefore, applying Lemma C.3, a simple calculation reveals that

‘3[0£(u) — O(Tyn)oo]

ou,,
00
Z H aan ab ] 7min{y’l-N’y"‘OO}nefmin{VN.N,)/N+1_oo}N
o ouy, aum
© n
|:Z Z ||171||Lw(<{/)€ min{yu, N, ¥n, oo}ni| —min{yn.n.¥N+1,00)N p— nrom,

(C.5)

where y, v = y» n (%) is the constant from Lemma C.4. We therefore may conclude
by choosing ¢’ := {gg = y} if D¢ € Reg and ¢’ := {gp, = y} otherwise for
some constant y > 0 sufficiently small such that the summation in the square
brackets converges.

Proof of Lemma C.3. The proof follows from the following identities:

2
a(b3) =y§ﬂbﬁpn(z)2[(H 9 P g ] Lowa o)

ouy, ouy, e2mi

7]
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n—1

day, )
azm = 72 ((z — an)pa(2)* + kgo(—l)" koz - 3ak)pk(z)2)
[(H o ouy, Ty, LT ]ez 27i (C.7)

To do this, it will be convenient to renormalise the orthogonal polynomials

as in Remark 15 (that is, we consider P (x) := by pn(x)). Moreover, we define

b_1 := 1. Using the shorthand 9 := we therefore obtain: 0b_; = dby = O,
0P_1(x) = dPy(x) =0, and

8um

PP 00 = a0 — 00— 3(2) P 052 ) P o)

n n—1 n n—1
(C.8)
foralln > 0.
By noting 0 P; (x) = —dag and applying (C.8), we can see that d P, is a poly-

nomial of degree n — 1 for all n > 0. Therefore, since P, is orthogonal to all
polynomials of degree n — 1, we have

oH d
a(bﬁ) = 2/ P,(x)0P,(x)dDy -l—% P, (2) [(H —-2)" 1—(7‘( )~ :Iu?zi
(C.9)
— 2 1 OH 1 dz
= f;ﬂ Pn(2) [(H —2) m(H —2) :IU% (C.10)

which concludes the proof of (C.7).
To prove a similar formula for the derivatives of a,, we first state a useful
identity which will be proved after the conclusion of the proof of (C.7):

n n—1

ab
X0P(x) = 3 e P(x), where cpy = ];) <akb_kk - Bak>. (C.11)

k=0

Therefore, we have that

1 oH dz
= P, (2)>2 -1 -1 9z
oa b2 ( ‘éa 2h(@) [(H 2 Uy, 2 ]ee 2mi
(b2
by

T 2/xpn(x)ap,,(x)dm(x)> .

_ b—%ygg(z —an P @[t a1

u,, 0 2mi

n—1 2
+ 3 (@00~ 20a,). c12)

k=0 k

Applying (C.11) for k < n — 1, we can see that da,, can be written as

0 = § (a0
¢



48 Jack THoMAS, HUAJIE CHEN & CHRISTOPH ORTNER

n—1

£ iz + o) @) [ - 7 S

=0 duy

—z)*l] d—z.-

0 2mi

for some coefficients dj , do k. Using (C.11) and assuming the result fork < n—1,
we have

n—1
diiz+dox =ar =2z —a) =2 Y (=122 —3a) (C.13)
I=k+1
= —2z+3a — (=D (=D + (=) )2z = 3ar)  (C.14)
= (—1)"* 2z = 3a). (C.15)
forallk <n—1. |
Proof of (C.11). We have that
XOP,(x) = ——x0 P, (x) — a(Z"‘l )xP,,_l(x) +lot. (C.16)
n—1 n—1
1 an—1
—  Cp i 1x Pai (X) — a( )bn,] Po(¥) +lot.  (C.17)
bn—l bn—l
ay—
= cumta 1 Pa) = 0( 5 )buc1 Pa() + Lot (C.18)
n—1
where l.o.t. (“lower order term”) denotes a polynomial of degree strictly less than
n that changes from one line to the next. That is, since c;1 = —dap = 8( )bo, we

apply an inductive argument to conclude that

Cnn = Cpn—1,n— 1_8(Z: 1>bn l—_g({)( ) Z(ak%_aak)
k=0

n—1 b

S )

=0

>~

O

Proof of Lemma C.4. The first statement is the Combes-Thomas resolvent estimate
(Lemma 1) for tridiagonal operators (which, in particular, satisfy the off-diagonal
decay assumptions of Lemma 1).

To obtain the asymptotic estimates of (ii), we apply a different approach based
on the banded structure of the operators. Since Ty is tri-diagonal, [(Tx)"];; = 0
if |i — j| > n. Therefore, for any polynomial P of degree at most |i — j| — 1, we
have [9]

@y - 251 = [y -7 = W], | < (C.19)

-z HLoc«r(TN))'
We may apply the results of logarithmic potential theory (see (4.15)), to conclude.
Here, it is important that |0 (Tw) \ 0 (Tn)| remains bounded independently of N
so that, asymptotically, (C.19) has exponential decay with exponent g, (7...).

The proof that |0 (Tw) \ 0(Tx)| is uniformly bounded can easily be shown
when considering the sequence of orthogonal polynomials generated by 7. A full
proof is given in parts (ii) and (iv) of Lemma D.1. O
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Appendix D. Quadrature Method

The quadrature method as outlined in this section was introduced in [69] to
approximate the LDOS. For a comparison of various nonlinear approximation
schemes, see [51] and [41]. The former is a practical comparison of quadrature
and BOP methods, while the later also discusses the maximum entropy method
[67].

We now give an alternative proof of Theorem 2.5 by introducing the quadrature
method [69].

Recall that Dy is the local density of states (LDOS) satisfying (2.13) and {p,} is
the corresponding sequence of orthogonal polynomials generated via the recursion
method:

[on(H) pm(H)ee = / Pn(X) pm (X)dDe(x) = Sum
(see the proof of Lemma D.1, below).

We use the set of zeros of py41, denoted by Xy = {eo, ..., eén}, as the basis
for the following quadrature rule:

N
O(H)ee = / O(x)dDy(x) ~ / Ix, O(x)dDy(x) = ijO(sj), where
j=0

wj =/£j(x)dDg(x)=£j(H)u, and €0 =[[—%.  ©D

Llej—e
i#j ")

Here, £; is the polynomial of degree N with £;(g;) = §;;.
The following lemma highlights the fundamental properties of Gauss quadrature
and allows us to show that the approximation scheme given by

N
Oy i1 (Hee: (Hees - [V ) == 3 w0, (D)
=0

satisfies Theorem 2.5.

Lemma D.1. Suppose that {p,} is the sequence of polynomials generated by the
recursion method (4.29), Xy is the set of zeros of py+1, and {w} are the weights

satisfying [ Ix, O(x)dD¢(x) = Z?]:O w; O (). Then,

(i) {pn} is orthonormal with respect to Dy: f Pn(X)pm(x)dD¢(x) = [pn(H) pm
(H)]M = 8nm,
(ii) Xy = o (Tn) where Ty is given by (4.31),
(iii) Xy C Riis a set of N + 1 distinct points,
(iv) If [a, b] N supp Dy = @, then the number of points in X N [a, b] is at most
one,
(v) If Pyn+1 is a polynomial of degree at most 2N + 1, then Pyy11(H)ee =
Zj-v:o wjPayy1(e)),
(vi) The weights {w;} are positive and sum to one.
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Proof. The idea behind the proofs are standard in the theory of Gauss quadrature
(e.g. see [40]) but, for the convenience of the reader, they are collected together in
D.3. O

Remark 25. The quadrature rule discussed in this section can be seen as the exact
integral with respect to the following approximate LDOS

N
2N+1,
D, qZZij5(~—8j).
j=0

This measure has unit mass by Lemma D.1 (vi), and, by Lemma D.1 (v), the first
2N + 1 moments of D§N+l’q are given by [H"]¢e forn =1,...,2N + 1.

In the following two sections we prove error estimates and show that the func-
tional form is analytic on an open set containing (Hgg, oo [HAN +1]M).

D.1. Error Estimates.

Applying Remark 25, together with (2.14), we have: for every polynomial
P>y 41 of degree at most 2N + 1,

N
‘OZ(") - ij 0(8]')’ <2010 — Ponyillnoe o (ryuxy)- (D.3)
j=0

Now, since o (H) C I-U{A;}U L where {1} is a finite set, we may apply part (iv)
of Lemma D.1 to conclude that the number of points in Xy \ (I ~u I+) is bounded
independently of N. Accordingly, we may apply (4.15) with E = I_U [, to obtain
the following asymptotic bound

<e

N
1/2N+1) .
lim |00(r) = Y w;0())| <e?
Jim Oy (r) '_Ow, (e))

where O is analytic on {z: gg(z) < y*}.
In particular, we obtain the stated asymptotic behaviour.

Remark 26. (Spectral pollution) While o (H) C liminfy_ o o(Txy), we do not
claim that the sequence o (Ty) is free from spurious eigenvalues. That is, there
may exist sequences Ay € o(7y) such that Ay — A along a subsequence and
A & o (H). Indeed, there exist measures supported on a union of disjoint intervals
[a, b] U [c, d] for which the corresponding sequences of orthogonal polynomials
suffer from spurious eigenvalues at every point of the gap (b, ¢) [24,85]. In this
paper, we only require the much milder property that the number of eigenvalues in
the gap remains uniformly bounded in the limit N — oo.
For a more general discussion of spectral pollution, see [13,64].



Body-Ordered Approximations of Atomic Properties 51

D.2. Analyticity.

To conclude the proof of Theorem 2.5, we show that ®c21 N1 as defined in (D.2)
is analytic in a neighbourhood of (He, [H%1ees ..., [HEV*1750). Recall that in
(4.43) we have extended the definition of T to an analytic function on U := {z €
C2NHL: b2 (2100) #0Vn =1,..., N}.

We define X  (z) tobe the set of eigenvalues of Ty (z). Since Xy = Xy (Hgg, ey
[H2N+ M) is aset of N + 1 distinct points (Lemma D.1 (iii)), there exists a contin-
uous choice of eigenvalues Xy (z) = {€0(2), ..., en(z)} such that X y(z) is a set
of N + 1 distinct points in a neighbourhood, Uy, of (Hyy, . . ., [HZNH]g@) € U and
each ¢; is analytic on Up [56,96]. With this in hand, we define ®3N+1 Uy — C
by

N
On11(@) = L(x = Ix@ 0W)(zi:N) = Zﬁ(x > l_[ x

PO
j=0 iz

)-O o¢gj,
(D.4)

which is analytic on {z € Up: O analyticate;(z) Vj =0,..., N}.

D.3. Proof of Lemma D.1

Proof of (i). First note that [ popidD; = 0. We assume that py, ..., p, are
mutually orthogonal with respect to Dy, and note that,

by = b f pidDy = f(x —ap)p1(x)dD¢(x) = /XPO(X)Pl(X)dDe(X), and
by = by [ p2dD; = / ((F = 1) Poet () () — bt Paa () P () dDg (1)

= /xpn—l(X)pn(X)dDz(X) forn > 2. (D.5)

Therefore, we conclude by noting

bp+1 /pn+1p,~dDz = / ((x = an) pu(x)pj(x) = by pp—1(x)p;j(x))dDy(x)

(D.6)
[ xpa(x)?dD¢ — ay, if j =n,

= xpa @) pu 1 0)ADe — by i j=n—1 (D)
0 if j<n-—2,

and applying (D.5). Equation (D.5) also justifies the tri-diagonal structure (4.31).
Proof of (ii). We may rewrite the recurrence relation (4.29) asx p(x) = Ty p(x)+
T
bni1pN+1(X)ey where p(x) := (1, p1(x),..., py(x))", [en]; = §jn, and Ty
is the tri-diagonal matrix (4.31). In particular, each ¢; € Xy is an eigenvalue of
Ty (with eigenvector p(g;)).
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Proof of (iii). Since Ty is symmetric, the spectrum is real. Now, for each ¢; €
Xy = o(Tn), the matrix (Ty — &;)-ny—-0 formed by removing the N th row and
0™ column is lower-triangular with diagonal (b1, ..., by). Since each b; > 0,
(Tn — €j)-nN-o has full rank and thus ¢; is a simple eigenvalue of T .

Proof of (iv). Suppose that (after possibly relabelling) €9, &1 € Xn N [a, b].
After defining R(x) := ]_[;\;z(x — &), apolynomial of degree N — 1, and noting
(x —&9)(x —&1) > 0 on supp D¢, we obtain

/pmﬂmRummu>=/Rufu—emu—QMDam>o,

contradicting part (i).

Proof of (v). We may write Poy+1 = pn+19gN + ¥y where gy, ry are poly-
nomials of degree at most N and note that [py+1(H)gn(H)]ee = O by (i) and
Pon+1(gj) = rn(gj) since X is the set of zeros of py1. Therefore,

fP2N+l(x)dDZ(x) Z/[PN+1(X)QN(X)+”N(x):|le(x) (D.8)

=/mmumm=/&mmumw (D.9)

N N
=Y wjrn(e) =Y w;Panyi(e)). (D.10)

j=0 j=0

In (D.9) we have used the fact that polynomial interpolation in N + 1 distinct points
is exact for polynomials of degree at most N.
Proof of (vi). £ (x)? is a polynomial of degree 2N and so, by (v), we have

N
0< /zj(x)ZdDg(x) = wilje) = wj.
i=0

Moreover, Z;V:o £ (x)isapolynomial of degree N equal to one on Xy (asetof N+

1 distinct points) and so ZII.V:O £;(x) = 1. Finally, 27:0 w; = [( 27:0 £;(x))d
Dy(x) = 1. '

Appendix E. Numerical Bond-Order Potentials (BOP)

In mathematical terms, the idea behind BOP methods is to replace the local
density of states (LDOS) with an approximation using only the information from
the truncated tri-diagonal matrix 7x (and possibly additional hyper-parameters).
Since the first N coefficients contain the same information as the first 2N + 1
moments Hyg, . .., [H2N 114, this approach is closely related to the method of
moments [22].
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Equivalently, the resolvent [(z — H)~ 14, which can be written conveniently
as the continued fraction expansion

[(z—=H) e = : (E.1)

Z—ay—
2
b2

Z—ay —

Z—az—.

is replaced with an approximation Gév only involving the coefficients from T . For
example, for fixed terminator t~, we may define

GY(z) =

(E2)

z—ap—

Z—day —
b2
N

Z—an — to(2)

Truncating (E.1) to level N, which is equivalent to replacing the far-field of the
linear chain with vacuum and choosing ¢, = 0, results in a rational approximation
to the resolvent and thus a discrete approximation to the LDOS. We have seen that
truncation of the continued fraction in this way leads to an approximation scheme
satisfying Theorem 2.5.

Alternatively, the far-field may be replaced with a constant linear chain with

aAN+j = doo and by j = b for all j > 1 leading to the square root terminator
b2
too(2) = m [38,49,97].
More generally, one may choose any “approximate” local density of states Dy
and construct a corresponding terminator that encodes the information from Dy

[52,65]. For example, Do(x) = bo%ﬂ 1— (%)2 results in the square root
terminator. While we are unaware of any rigorous results, there is numerical evi-
dence [52] to suggest that the error in the approximation scheme is related to the
smoothness of the difference Dy — lN)g.

Equivalently, we may choose any bounded symmetric tri-diagonal (Jacobi) op-
erator TN with diagonal ag, ay, ...,an,dy+1, ... and off-diagonal by, ..., by,
EN+11 .... That is, we may evaluate the recur@ion method exactly to level N and
append the far-field boundary condition {a,, b,},>n+1 to the semi-infinite lin-
ear chain. This approach also includes the case toc = 0 as in § 4.3 by choosing
Gy = by = Oforall n.

With this in hand, we define

0§N+1,BOP(u) = 0(Fv)o0 = / 0d5l2N+1,BOP (E.3)

~2N+1,BOP

where D, is the appropriate spectral measure corresponding to TN.
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E.1. Error estimates

Since [(ZZV)"]OO = [(Tn)"]o0 = [(Too)" 0o is independent of the far-field coef-
ficients {Zij, b} foralln < 2N + 1, we can immediately see that the first 2N + 1

D?N—H,BOP

moments of agree with those of D,. In particular, we may immediately

apply (2.14) to obtain error estimates that depend on supp(Dg — 5?1\’ +1’BOP).

Therefore, as long as the far-field boundary condition is chosen so that there
are only finitely many discrete eigenvalues in the band gap independent of N, the
more complicated BOP schemes converge at least as quickly as the 7o, = 0 case.
Intuitively, if the far-field boundary condition is chosen to capture the behaviour of
the LDOS (e.g. the type and location of band-edge singularities), then the integration
against the signed measure Dy — 551\’ FLBOP o5 in (2.14) may lead to improved

error estimates. A rigorous error analysis to this affect is left for future work.

E.2. Analyticity

Since fN is bounded and symmetric, the spectrum (T(TN) is contained in a
bounded interval of the real line. In particular, we can apply the same arguments
as in (4.44) to conclude that (E.3) defines a nonlinear approximation scheme given
by an analytic function on an open subset of C2V+1,

Appendix F. Kernel Polynomial Method & Analytic Bond Order Potentials

We first introduce the Kernel Polynomial Method (KPM) for approximating the
LDOS [82,83,98]. In this section, we scale the spectrum and assume that o (H) C
[—1,1].

For a sequence of kernels Ky (x, y), we define the approximate quantities of
interest

Oév ::/KN*OdDg ::/ Ky(x,y)O(y)dydDy(x). (F.1)

Under the choice Ky (x, y) := %‘/1 —y2 Z,l,vzo U, (x)Uy,(y) (where U, denotes
the n'™ Chebyshev polynomial of the second kind), we arrive at a projection method
similar to that discussed in § 4.1.4:if O (x) = 2310:0 cn U (x), then

1 N
UnO)Um(y/ 1= y2dy = > ealUn().
n=0

Ky * O(x) = Zchn(x);/
’ (F2)

Equivalently, we may consider the corresponding approximate LDOS

N
oY :/O(x)dDQ’(x) where D} (x) = ;\/1 — X2 Un(H)eeUn ().

n=0
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However, truncation of the Chebyshev series in this way leads to artificial os-
cillations in the approximate LDOS known as Gibbs oscillations [43]. Moreover,
without damping these oscillations, the approximate LDOS need not be positive.
However, on defining

ejer 1 al 2 al
K@) = 5 ) Kby = —\[1=32 3 (1= ) U@ Un (). (E3)
n=1 n=0

we obtain a positive approximate LDOS [98] where the damping coefficients d,, :=
(1 — ) reduce the effect of Gibbs ringing. In practice, one may instead choose the
Jackson kernel [47].

The problem with the above analysis in practice is that the damping factors
that we have introduced mean that more moments [H" ], are required in order to
obtain good approximations to the LDOS. Instead, analytic BOP methods [74,79]
compute the first N rows of the tridiagonal operator T, thus obtaining the first
2N + 1 moments exactly. Then, a far-field boundary condition (such as a constant
infinite linear chain) is appended to form a corresponding Jacobi operator Ty asin
Appendix E. Now, since higher order moments of Ty can be efficiently computed,
we may evaluate the following approximate LDOS

2 M ~
DM () ==~V =22 Y dnUn(Tw)ooUn (x) (F4)
n=0

where d,, are damping coefficients and M > 2N + 1. The damping is chosen so
that the lower order moments which are computed exactly and are more important
for the reconstruction of the LDOS are only slightly damped. With this choice of
kernel, the approximate quantities of interest take the form

2N+1 M
OKN’M = Z dycn Uy (H) oo + Z dpcn Uy (TN )00-
n=0 n=2N+2

Efficient implementation of analytic BOP methods can be carried out using the
BOPfox program [47].

References

—

AUPETIT, B.: A Primer on Spectral Theory. Springer, Berlin (1991)

2. BACHMAYR, M., CsaNYI, G., DrRAUTZ, R., DUSSON, G., ETTER, S., VAN DER OORD, C.,
ORTNER, C.: Atomic cluster expansion: Completeness, efficiency and stability, ArXiv
e-prints arXiv:1911.03550 (2019).

3. Bak,J., NEwMAN, D.J.: Complex Analysis. Springer, Berlin (2010)

4. BARTOK, A.P., KERMODE, J., BERNSTEIN, N., CsANYI, G.: Machine learning a general-
purpose interatomic potential for silicon. Phys. Rev. X 8, 041048, 2018

5. BARTOK, A.P., PAYNE, M.C., KONDOR, R., CsANYI, G.: Gaussian approximation poten-

tials: the accuracy of quantum mechanics, without the electrons. Phys. Rev. Lett. 104,

136403, 2010


http://arxiv.org/abs/1911.03550

56

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Jack THoMAS, HUAJIE CHEN & CHRISTOPH ORTNER

. BaskEs, M.L.: Modified embedded-atom potentials for cubic materials and impurities.

Phys. Rev. B: Condens. Matter 46, 2727-2742, 1992

. Bazant, M.Z., KAXIRAS, E., JusTo, J.F.: Environment-dependent interatomic potential

for bulk silicon. Phys. Rev. B Condens. Matter 56, 8542—-8552, 1997

. BEHLER, J., PARRINELLO, M.: Generalized neural-network representation of high-

dimensional potential-energy surfaces. Phys. Rev. Lett. 98, 146401, 2007

. BENnzi, M., Borro, P, RAzZoUk, N.: Decay properties of spectral projectors with appli-

cations to electronic structure. SIAM Rev. 55, 3-64, 2013

Biswas, R., HAMANN, D.R.: New classical models for silicon structural energies. Phys.
Rev. B 36, 6434-6445, 1987

Braawms, B.J., BowMaN, J.M.: Permutationally invariant potential energy surfaces in
high dimensionality. Int. Rev. Phys. Chem. 28, 577-606, 2009

CANCES, E., KEMLIN, G., LevitT, A.: Convergence analysis of direct minimization and
self-consistent iterations. SIAM J. Matrix Anal. Appl. 42, 243-274, 2021

CaNcEs, E., EHRLACHER, V., MaDAY, Y.: Periodic schrodinger operators with local
defects and spectral pollution. STAM J. Numer. Anal. 50, 3016-3035, 2012

CHEN, H., Lu, J., ORTNER, C.: Thermodynamic limit of crystal defects with finite
temperature tight binding. Arch. Ration. Mech. Anal. 230, 701-733, 2018

CHEN, H., NAZAR, F.Q., ORTNER, C.: Geometry equilibration of crystalline defects in
quantum and atomistic descriptions. Math. Models Methods Appl. Sci. 29, 419-492,
2019

CHEN, H., ORTNER, C.: QM/MM methods for crystalline defects. Part 1: locality of the
tight binding model. Multiscale Model. Simul. 14, 232-264, 2016

CHEN, H., ORTNER, C., THOMAS, J.: Locality of interatomic forces in tight binding
models for insulators. ESAIM Math. Model. Numer. Anal. 54, 2295-2318, 2020
CHEN, J., Lu, J.: Analysis of the divide-and-conquer method for electronic structure
calculations. Math. Comput. 85, 2919-2938, 2016

CHUPIN, M., DUPUY, M.-S., LEGENDRE, G., SERE, E.: Convergence analysis of adaptive
DIIS algorithms with application to electronic ground state calculations, ArXiv e-prints
arXiv:2002.12850 (2020).

CoHEN, R.E., MEHL, M.J., PAPACONSTANTOPOULOS, D.A.: Tight-binding total-energy
method for transition and noble metals. Phys. Rev. B 50, 14694—14697, 1994

CoMBES, J., THOMAS, L.: Asymptotic behavior of eigenfunctions for multiparticle
Schrodinger operators. Commun. Math. Phys. 34, 251-270, 1973

CyROT-LACKMANN, E.: On the electronic structure of liquid transitional metals. Adv.
Phys. 16, 393-400, 1967

Daw, M.S., Baskgs, M.1.: Embedded-atom method: derivation and application to im-
purities, surfaces, and other defects in metals. Phys. Rev. B Condens. Matter 29, 6443—
6453, 1984

DEeNiIsov, S.A., SIMON, B.: Zeros of orthogonal polynomials on the real line. J. Approx.
Theory 121, 357-364, 2003

DrauTz, R.: Atomic cluster expansion for accurate and transferable interatomic poten-
tials. Phys. Rev. B 99, 014104, 2019

DrauTz, R.: From electrons to interatomic potentials for materials simulations. In:
Pavaring, E., KocH, E. (eds.) Topology, Entanglement, and Strong Correlations.
Forschungszentrum Jiilich GmbH, Institute for Advanced Simulation, Berlin (2020)
DrauTtz, R., FAHNLE, M., SANCHEZ, J.M.: General relations between many-body po-
tentials and cluster expansions in multicomponent systems. J. Phys. Condens. Matter
16, 3843-3852, 2004

DriscoLL, T.A.: Algorithm 756: a MATLAB toolbox for Schwarz—Christoffel mapping.
ACM T. Math. Softw. 22, 168-186, 1996

DriscoLr, T.A.: Schwarz—Christoffel toolbox. https://github.com/tobydriscoll/sc-
toolbox (2007)

DriscoLLr, T.A., ToH, K.-C., TREFETHEN, L.N.: From potential theory to matrix itera-
tions in six steps. SIAM Rev. 40, 547-578, 1998


http://arxiv.org/abs/2002.12850
https://github.com/tobydriscoll/sc-toolbox
https://github.com/tobydriscoll/sc-toolbox

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.
55.
56.

57.
58.

Body-Ordered Approximations of Atomic Properties 57

DriscoLL, T.A., TREFETHEN, L.N.: Schwarz—Christoffel Mapping. Cambridge Univer-
sity Press, Cambridge (2002)

EHRLACHER, V., ORTNER, C., SHAPEEV, A.V.: Analysis of boundary conditions for
crystal defect atomistic simulations. Arch. Ration. Mech. Anal. 222, 1217-1268, 2016
ELSTNER, M., SEIFERT, G.: Density functional tight binding. Philos. Trans. R. Soc. A
372, 20120483, 2014

EMBREE, M., TREFETHEN, L.N.: Green’s functions for multiply connected domains via
conformal mapping. SIAM Rev. 41, 745-761, 1999

ErcoLEssl, F.: Tight-binding molecular dynamics and tight-binding justification of clas-
sical potentials, lecture notes, 2005

ErcoLEssl, F., Apams, J.B.: Interatomic potentials from first-principles calculations:
the force-matching method. EPL 26, 583, 1994

ETTER, S.: Polynomial and Rational Approximation for Electronic Structure Calcula-
tions, Ph.D. thesis. University of Warwick, UK (2019)

FINNis, M.: Interatomic Forces in Condensed Matter. Oxford University Press, Oxford
(2003)

FInNis, M.: Bond-order potentials through the ages. Prog. Mater Sci. 52, 133-153, 2007
FreUD, G.: Orthogonal Polynomials. Elsevier, Amsterdam (2014)

GLANVILLE, S., PAXTON, A.T., FINNIS, M.W.: A comparison of methods for calculating
tight-binding bond energies. J. Phys. F Metal Phys. 18, 693-718, 1988

GOEDECKER, S.: Linear scaling electronic structure methods. Rev. Mod. Phys. 71, 1085—
1123, 1999

GRAFAKOS, L.: Classical Fourier Analysis. Springer, Berlin (2016)

GREENBAUM, A., L1, R.-C., OVErTON, M.L.: First-order perturbation theory for eigen-
values and eigenvectors. SIAM Rev. 62, 463482, 2020

GUNNING, R.C., Rossi, H.: Analytic Functions of Several Complex Variables. Prentice-
Hall, New York (1965)

HavLicioGLr, T., PAMuUK, H.O., ERKOC, S.: Interatomic potentials with multi-body inter-
actions. Phys. Status Solidi (b) 149, 81-92, 1988

HAMMERSCHMIDT, T., SEISER, B., FORD, M., LADINES, A., SCHREIBER, S., WANG, N.,
JENKE, J., LYSOGORSK1Y, Y., TEUEIRO, C., MROVEC, M., CAK, M., MARGINE, E., PET-
TIFOR, D., DrRAUTZ, R.: BOPfox program for tight-binding and analytic bond-order
potential calculations. Comput. Phys. Commun. 235, 221-233, 2019

HARTREE, D.R.: The wave mechanics of an atom with a non-Coulomb central field. Part
I: theory and methods. Math. Proc. Camb. Philos. Soc. 24, 89—110, 1928

Haypock, R., HEINE, V., KELLY, M.].: Electronic structure based on the local atomic
environment for tight-binding bands. J. Phys. C Solid State Phys. 5, 2845-2858, 1972
Haypock, R., HEINE, V., KELLY, M.J.: Electronic structure based on the local atomic
environment for tight-binding bands, II. J. Phys. C Solid State Phys. 8,2591-2605, 1975
Haypock, R., NEx, C.M.M.: Comparison of quadrature and termination for estimating
the density of states within the recursion method. J. Phys. C Solid State Phys. 17, 4783—
4789, 1984

Haypock, R., NEx, C.M.M.: A general terminator for the recursion method. J. Phys. C
Solid State Phys. 18, 2235-2248, 1985

Hersst, M.E, LEvITT, A.: Black-box inhomogeneous preconditioning for self-
consistent field iterations in density functional theory. J. Phys. Condens. Matter 33,
085503, 2020

HOHENBERG, P., KOHN, W.: Inhomogeneous electron gas. Phys. Rev. 136, B864-B871,
1964

HoRSFIELD, A.P., BRATKOVSKY, A.M., FEARN, M., PETTIFOR, D.G., Aoki, M.: Bond-
order potentials: theory and implementation. Phys. Rev. B 53, 12694-12712, 1996
Karo, T.: Perturbation Theory for Linear Operators, 2nd edn. Springer, Berlin (1995)
KitTEL, C.: Introduction to Solid State Physics, 8th edn. Wiley, New York (2004)
Konn, W., SHAM, L.J.: Self-consistent equations including exchange and correlation
effects. Phys. Rev. 140, A1133-A1138, 1965



58

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

Jack THoMAS, HUAJIE CHEN & CHRISTOPH ORTNER

KoskINEN, P., MAKINEN, V.: Density-functional tight-binding for beginners. Comput.
Mater. Sci. 47, 237-253, 2009

KRrRANTZ, S.: Function Theory of Several Complex Variables. American Mathematical
Society, Providence (2001)

LANczos, C.: An iteration method for the solution of the eigenvalue problem of lin-
ear differential and integral operators. Journal of Research of the National Bureau of
Standards, 1950

LEvIN, E., SAFF, E.B.: Potential theoretic tools in polynomial and rational approxima-
tion. In Harmonic Analysis and Rational Approximation. Lecture Notes in Control and
Information Science, pp. 71-94. Springer, Berlin (2006)

LEVITT, A.: Screening in the finite-temperature reduced Hartree—Fock model. Arch. Rat.
Mech. Anal. 238, 901-927, 2020

LEWIN, M., SERE, E.: Spectral pollution and how to avoid it. Proc. Lond. Math. Soc.
100, 864-900, 2009

LucHing, M.U., NEX, CM.M.: A new procedure for appending terminators in the re-
cursion method. J. Phys. C Solid State Phys. 20, 3125-3130, 1987

LYSOGORSKI1Y, Y., VAN DER OORD, C., BOCHKAREV, A., MENON, S., RINALDI, M., HAM-
MERSCHMIDT, T., MROVEC, M., THOMPSON, A., CsANYI, G., ORTNER, C., DRAUTZ,
R.: Performant implementation of the atomic cluster expansion (PACE): application to
copper and silicon, ArXiv e-prints arXiv:2103.00814 (to appear in NPJ Computational
Materials) (2021)

MEaD, L.R., PApaNICOLAOU, N.: Maximum entropy in the problem of moments. J.
Math. Phys. 25, 2404-2417, 1984

MEHL, M.J., PAPACONSTANTOPOULOS, D.A.: Applications of a tight-binding total-
energy method for transition and noble metals: elastic constants, vacancies, and surfaces
of monatomic metals. Phys. Rev. B 54, 4519-4530, 1996

NEX, C.M.M.: Estimation of integrals with respect to a density of states. J. Phys. A
Math. Gen. 11, 653-663, 1978

ORTNER, C., THOMAS, J.: Point defects in tight binding models for insulators. Math.
Models Methods Appl. Sci. 30, 2753-2797, 2020

PAPACONSTANTOPOULOS, D.A.: Handbook of the Band Structure of Elemental Solids,
From Z =1 To Z = 112. Springer, New York (2015)

PapacoNsTANTOPOULOS, D.A., MEHL, M.J., ERwWIN, S.C., PEDERSON, M.R.: Tight-
binding Hamiltonians for carbon and silicon. Symposium R - Tight Binding Approach
to Comput. Mater. Sci. 491, 221, 1997

PARR, R.G., WEITAO, Y.: Density-Functional Theory of Atoms and Molecules. Oxford
University Press, Oxford (1994)

PETTIFOR, D.: New many-body potential for the bond order. Phys. Rev. Lett. 63, 2480—
2483, 1989

RANSFORD, T.: Potential Theory in the Complex Plane. Cambridge University Press,
Cambridge (1995)

SaFF, E.B.: Logarithmic potential theory with applications to approximation theory.
Surveys in Approximation Theory 5, 165-200, 2010

SAFF, E.B., ToTIk, V.: Logarithmic Potentials with External Fields. Springer, Berlin
(1997)

SEIFERT, G., Joswig, J.-O.: Density-functional tight binding-an approximate density-
functional theory method. Wiley Interdiscip. Rev. Comput. Mol. Sci. 2, 456-465, 2012

SEISER, B., PETTIFOR, D.G., DRAUTZ, R.: Analytic bond-order potential expansion of
recursion-based methods. Phys. Rev. B 87, 094105, 2013

SHAPEEV, A.: Moment tensor potentials: a class of systematically improvable inter-
atomic potentials. Multiscale Model. Simul. 14, 1153-1173, 2016

SHEN, J., STRANG, G., WATHEN, A.J.: The potential theory of several intervals and its
applications. Appl. Math. Opt. 44, 67-85, 2001

SILVER, R., RODER, H.: Densities of states of mega-dimensional Hamiltonian matrices.
Int. J. Mod. Phys. C 05, 735-753, 1994


http://arxiv.org/abs/2103.00814

Body-Ordered Approximations of Atomic Properties 59

83. SILVER, R., ROEDER, H., VOTER, A., KREsS, J.: Kernel polynomial approximations for
densities of states and spectral functions. J. Comput. Phys. 124, 115-130, 1996

84. SLATER, J.C., KOSTER, G.F.: Simplified LCAO method for the periodic potential prob-
lem. Phys. Rev. 94, 1498-1524, 1954

85. StaHL, H., ToTtiK, V.: General Orthogonal Polynomials, Encyclopedia of Mathematics
and its Applications. Cambridge University Press, Cambridge (1992)

86. STILLINGER, F.H., WEBER, T.A.: Computer simulation of local order in condensed phases
of silicon. Phys. Rev. B Condens. Matter 31, 5262-5271, 1985

87. SURYANARAYANA, P., BHATTACHARYA, K., OrTIZ, M.: Coarse-graining Kohn—Sham
density functional theory. J. Mech. Phys. Solids 61, 38—60, 2013

88. SURYANARAYANA, P., PRATAPA, P.P., SHARMA, A., PAsK, J.E.: SQDFT: spectral quadra-
ture method for large-scale parallel O(N) Kohn—Sham calculations at high temperature.
Comput. Phys. Commun. 224, 288-298, 2018

89. SutToN, A.P.: Electronic Structure of Materials. Oxford University Press, Oxford (1993)

90. TAYLOR, R., ToTiK, V.: Lebesgue constants for Leja points. IMA J. Num. Anal. 30,
462-486, 2008

91. TescHL, G.: Jacobi operators and completely integrable nonlinear lattices, vol. 72. Math-
ematical Surveys and Monographs, Providence (2000)

92. TescHL, G.: Mathematical Methods in Quantum Mechanics. The American Mathemat-
ical Society, Providence (2014)

93. THOMAS, J.: Locality of interatomic interactions in self-consistent tight binding models.
J. Nonlinear Sci. 30, 3293-3319, 2020

94. THomAs, L.H.: The calculation of atomic fields. Math. Proc. Camb. Philos. Soc. 23,
542-548, 1927

95. TREFETHEN, L.N.: Approximation Theory and Approximation Practice, Extended.
SIAM, Philadelphia (2019)

96. TsING, N.-K., FAN, M.K., VERRIEST, E.I.: On analyticity of functions involving eigen-
values. Linear Algebra Appl. 207, 159-180, 1994

97. TurcHI, P., DUCASTELLE, F., TREGLIA, G.: Band gaps and asymptotic behaviour of
continued fraction coefficients. J. Phys. C Solid State Phys. 15, 2891-2924, 1982

98. VOTER, A.F., KRESS, J.D., SILVER, R.N.: Linear-scaling tight binding from a truncated-
moment approach. Phys. Rev. B 53, 12733-12741, 1996

99. WEINAN, E., Lu, J.: Electronic structure of smoothly deformed crystals: Cauchy—Born
rule for the nonlinear tight-binding model. Commun. Pure Appl. Math. 63, 1432-1468,
2010

100. WEINAN, E., Lu, J.: The Kohn—Sham equation for deformed crystals. Mem. Am. Math.
Soc. 221, 1, 2012

101. Woopbs, N.D., PAYNE, M.C., HasNip, P.J.: Computing the self-consistent field in Kohn—
Sham density functional theory. J. Phys. Condens. Matter 31, 453001, 2019

102. Yamamorto, T.: A convergence theorem for Newton’s method in Banach spaces. Jpn.
J. Appl. Math. 3, 37-52, 1986

103. YanG, W.: Direct calculation of electron density in density-functional theory. Phys.
Rev. Lett. 66, 1438-1441, 1991

104. ZHENGDA, H.: A note on the Kantorovich theorem for Newton iteration. J. Comput.
Appl. Math. 47, 211-217, 1993

105. ZHu, L., AMSLER, M., FUHRER, T., SCHAEFER, B., FARAIL, S., RosTAMI, S., GHASEMI,
S.A., SADEGHI, A., GRAUZINYTE, M., WOLVERTON, C., GOEDECKER, S.: A fingerprint
based metric for measuring similarities of crystalline structures. J. Chem. Phys. 144,
034203, 2016

106. Zvuo, Y., CHEN, C., L1, X., DENG, Z., CHEN, Y., BEHLER, J., CsANYI, G., SHAPEEV,
A.V., THOMPSON, A.P., WooD, M.A., ONG, S.P.: Performance and cost assessment of
machine learning interatomic potentials. J. Phys. Chem. A 124, 731-745, 2020



60

Jack THoMAS, HUAJIE CHEN & CHRISTOPH ORTNER

Jack THOMAS
Mathematics Institute, Zeeman Building,
University of Warwick,
Coventry
UK.
e-mail: j.thomas.1 @warwickgrad.net

and

HuaJie CHEN
School of Mathematical Sciences,
Beijing Normal University,
Beijing
China.
e-mail: chen.huajie@bnu.edu.cn

and

CHRISTOPH ORTNER
Department of Mathematics,
University of British Columbia,
Vancouver
Canada.
e-mail: ortner@math.ubc.ca

(Received June 30, 2021 / Accepted June 27, 2022)
Published online August 6, 2022
© The Author(s) (2022)



	Body-Ordered Approximations of Atomic Properties
	Abstract
	1 Introduction
	2 Results
	2.1 Preliminaries
	2.1.1 Tight binding model
	2.1.2 Local observables
	2.1.3 Metals, insulators, and defects

	2.2 Vacuum cluster expansion
	2.3 A general framework
	2.4 Linear body-ordered approximation
	2.4.1 The role of the point spectrum

	2.5 A non-linear representation
	2.6 The vacuum cluster expansion revisited
	2.7 Self-consistency

	3 Conclusions and Discussion
	3.1 Representation of atomic properties
	3.2 Linear body-ordered approximation: the preasymptotic regime

	4 Proofs
	4.1 Preliminaries
	4.1.1 Hermite integral formula
	4.1.2 Resolvent calculus
	4.1.3 Local observables
	4.1.4 Chebyshev Projection and Interpolation in Chebyshev Points
	4.1.5 Classical logarithmic potential theory
	4.1.6 Construction of the Green's function
	4.1.7 Interpolation nodes
	4.1.8 Asymptotically optimal polynomial approximations

	4.2 Linear body-order approximation
	4.2.1 The role of the point spectrum

	4.3 Non-linear body-order approximation
	4.3.1 Recursion method
	4.3.2 Error estimates
	4.3.3 Analyticity

	4.4 Self-consistent tight binding models

	Acknowledgements.
	References




