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Abstract

We deal with the 3D Navier—Stokes equation in a smooth simply connected
bounded domain, with controls on a non-empty open part of the boundary and a
Navier slip-with-friction boundary condition on the remaining, uncontrolled, part
of the boundary. We extend the small-time global exact null controllability result
in Coron et al. (J Eur Math Soc 22:1625-1673, 2020) from Leray weak solutions
to the case of smooth solutions. Our strategy relies on a refinement of the method
of well-prepared dissipation of the viscous boundary layers which appear near the
uncontrolled part of the boundary, which allows to handle the multi-scale features
in a finer topology. As a byproduct of our analysis we also obtain a small-time
global approximate Lagrangian controllability result, extending to the case of the
Navier—Stokes equations the recent results (Glass and Horsin in J Math Pures Appl
(9) 93:61-90, 2010; Glass and Horsin in SIAM J Control Optim 50: 2726-2742,
2012; Horsin and Kavian in ESAIM Control Optim Calc Var 23:1179-1200, 2017)
in the case of the Euler equations and the result (Glass and Horsin in ESAIM Control
Optim Calc Var 22:1040-1053, 2016) in the case of the steady Stokes equations.

1. Introduction and Main Results

1.1. Setting

We consider an incompressible viscous fluid in a smooth bounded simply con-
nected domain €2 in R3. We denote by u and p its velocity and its pressure respec-
tively and we assume that they evolve according to the Navier—Stokes equations.
We assume that we can act on a non-empty open part X of the boundary 9€2. On the
remaining part of the boundary, we assume the fluid satisfies a Navier-slip-with-
friction boundary condition. To formalize this boundary condition we introduce
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the normal n pointing outward the domain, and for a vector field f, we define its
tangential part fiap, the strain tensor D(f) and the tangential Navier boundary
operator N'( f), respectively, as

1
Jtan = f —(f-mn, D;;(f):= E(aifj +9;fi) and
N(f) == (D(fm+ Mf)an, (L.D

where M is a given smooth symmetric matrix-valued function, describing the fric-
tion near the boundary. The Navier condition then reads N (1) = 0; it dates back
to [31]. Finally we prescribe an initial data uq for the fluid velocity u at time r = 0.
Then the system at stake for the unknowns u and p is

ou+u-Vu—Au+Vp=0 and divu =0 1in £,
u-n=0 and Num)=0 ondQ\XZ, (1.2)
u(,0) =uy in Q.

Let us highlight that, in (1.2), there is no boundary condition on the part X of the
boundary 9€2. This is typical of the controllability issue, when one chooses not
to mention explicitly the controls. Indeed the controls which will be used in this
paper are quite intricate, in particular because of their multi-scale feature. Let us
only point out right now that this freedom of choice on X allows, in particular, for
some fluid to go into and out the domain. Let us also mention here that we are not
going to really use a control all the time in the sense that it will be relevant on some
time intervals to choose as boundary condition on X the same Navier condition as
on 02\ X so that the system then coincides with its uncontrolled counterpart for
which £ = 0.

1.2. First main result: smooth small-time global exact null controllability

Our first main result is the following small-time global exact null controllability
by solutions for which the velocity vector field « is in the class

C([0,T1; H'(2)) N L*((0, T); H*()). (1.3)

Theorem 1.1. Let T > 0, andug in H' () satisfying divug = 0in Q andug-n =0
on 0K2. Then there exists u in the space (1.3) satisfying (1.2) and u(T, -) = 0.

Theorem 1.1 extends the result in [5] where the existence of u in the weaker
class

Co ([0, TT; L*(22)) N L*((0, T); H'(2)), (1.4)

is obtained. Indeed the result in [5] deals with the case where the initial data u
has only a L?(2) regularity but the proof developed there fails to guarantee that
the constructed solution propagates higher regularity. One underlying reason is
the multi-scale feature of the constructed solution which makes small scales more
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singular in a finer topology. Indeed the question of whether or not a result such as
Theorem 1.1 holds true was explicitly raised in [5, Remark 2] and in [6, Perspective
1].

Remark 1.2. Theorem 1.1 is stated as an existence result. The lack of uniqueness
comes from the fact that multiple controls can drive the initial state to zero, that is
from the fact that there is no boundary condition on X for the initial boundary value
problem (1.2). However, with some bookkeeping, it is possible to exhibit (though in
aquite non-explicit way) from the proof of Theorem 1.1 below a boundary condition
to be prescribed on ¥ (which is inhomogeneous and depends on u() that generates
a unique solution u in the space (1.3) to the corresponding initial boundary value
problem, that is satisfying (1.2) and this boundary condition on X, and this unique
solution u satisfies u (7T, -) = 0.

Remark 1.3. Controllability results such as the one obtained in [5] or in Theorem
1.1 should not be confused with results on the existence of wild solutions vanishing
after a finite time, such as the ones obtained in [2—4]. The latter rely on the lack of
regularity, in particular these solutions do not belong to L2((0, T); H'(2)). Onthe
other hand the setting of these papers does not allow any freedom of action, neither
through a part of the boundary nor through an interior part of the domain. On the
contrary, the controllability results of [5] and of Theorem 1.1 take advantage of the
possibility to choose some appropriate boundary conditions on the permeable part
% of the boundary to drive the fluid to rest in finite time. Since the controllability
result of [5] holds for Leray’s class of solutions (1.4), it concerns solutions which are
more regular than in [2—4]. However, perhaps, one may think that the gap is narrow
and perhaps only due to temporary technical limitations. The result of Theorem
1.1 shows that it is not the case and that the possibility of a localized action allows
to drive a fluid to rest in finite time in a smooth setting as well. Indeed Theorem
1.1 is stated for H'! initial data and for solutions in the regularity class (1.3), but it
could be easily extended to higher regularity, as the H' norm is super-critical for
the blow-up issue of the 3D Navier—Stokes equations.

Remark 1.4. Indeed, as in [5] for the case of weak solutions, the proof of Theo-
rem 1.1 can be easily adapted to prove that one may intercept at any given positive
time T any smooth uncontrolled solution to the Navier—Stokes system, that is any
solution to the Navier—Stokes system with Navier condition on the whole boundary
d%2, by the mean of a smooth controlled solution starting from any given initial
data.

Remark 1.5. We deal here with the case of a simply connected domain just for
simplicity. The multiply-connected domain could be covered by some simple mod-
ifications of our method in the case where ¥ intersects all the connected components
of 9L2.

Remark 1.6. To simplify the exposition, Theorem 1.1 is stated in the case of an
initial data which is tangent to the whole boundary. The result also holds in the case
where the initial data is only tangent to the uncontrolled part 92\ ¥ of the boundary.
Indeed, to deduce this slightly more general statement from the one considered in
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Theorem 1.1, it is sufficient to evolve the system on a short time interval with an
appropriate control on X, smooth in time, initially compatible with the initial data
and vanishing after some small positive time.

1.3. Second main result: lagrangian small-time global approximate controllability

The question that we now address is the possibility of prescribing the motion
of a set of particles, following the Lagrangian description of fluids consisting in
following fluid particles along the flow map associated with a velocity field satis-
fying the system (1.2). This type of Lagrangian controllability notion was raised
in [18], where the authors showed that for the 2-D incompressible Euler equations,
one can indeed prescribe approximately the motion of some specific sets of fluids,
and extended in [19] to the case of the dimension 3. Let us also mention the paper
[24] where an alternative approach was considered, the result [20] in the case of the
steady Stokes equations and the result in [11] about the Lagrangian controllability
of the 1-D Korteweg-de Vries equation.

Our second main result establishes the small-time global approximate La-
grangian controllability of (1.2) meaning that for two smooth contractible sets of
fluid particles, surrounding the same volume, for any given smooth initial velocity
field and any positive time interval, one can find a boundary control such that the
corresponding solution of (1.2) makes the first of the two sets approximately reach
the second one, while staying in the domain in the meantime.

Theorem 1.7. Let Ty > 0, « in (0, 1) and k in N\ {0}. Let ug in CH*(Q; R?)
satisfy divug = 0in Q and ug-n = 0 on 9Q2. Let yy and y| be two Jordan surfaces
included in Q such that yy and y; are isotopic in 2 and surrounding the same

volume. Then for any n > 0, there are a time T in (0, Ty) and a solution (u, p) in
L0, T; CH*(2; RY)) to (1.2) on [0, T] such that

vt €[0,T], ¢"“(t,0, %) C 2, (1.5)
l¢“(T,0,v0) — villck <n (1.6)

hold (up to reparameterization), where ¢" is the flow map associated with u by
0" (t, s, x) = u(t,d"(t,s,x)) for any t,s in [0, T] and for any x in 2, and
¢"(s,s,x) = x forany s in [0, T'] and for any x in 2.

Moreover the same result holds true in the case where uy is only in HYQ; RY)
with divug = 0in Q and ug - n = 0 on 0S2, with the two following modifications:
one only guarantees the existence of a solution u in the class (1.3) and that (1.6)
holds true with k = 0.

Theorem 1.7 therefore extends to the case of the Navier—Stokes equations the results
mentioned above for the case of the Euler equations and of the steady Stokes system;
it answers, in the case of the Navier conditions, an open problem mentioned at the
end of the introduction of [20], in [22, Section 3.3.3] and in [6, Perspective 2].
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Remark 1.8. In Theorem 1.7 we only succeed to assert that there exists a time T
in (0, Ty) for which the conclusion holds, and we are not able to guarantee that
T = Ty is convenient. The difficulty is to prevent a possible blowup due to the
vorticity associated with the surface. This difficulty is typical of the 3D case and
was already observed in the case of the Euler equations, see [19].

Remark 1.9. The condition that yg and y; surround the same volume is well defined
since by the Jordan-Brouwer separation theorem the set R? \ y has two connected
components, only one of which being bounded.

Remark 1.10. The conditions that y and y; are isotopic and surround the same
volume are necessary for the existence of a smooth volume-preserving flow driving
Yo exactly to yy.

Remark 1.11. As in the previous result, see Remark 1.2, the boundary control is
implicit in the statement of Theorem 1.7 as it is given as traces on (0, ) x X of
the solution.

Remark 1.12. Let us mention that the controllability time 7" which is provided by
the proof of Theorem 1.7 in Sect. 6 converges to 0 as 1 goes to 0, what is perhaps
counterintuitive, as this means a more and more accurate achievement of the targeted
final state in a shorter and shorter time. However, this corresponds to a larger and
larger control force, as n goes to 0, and in particular the lack of compactness of
these controlled solutions prevents from passing to the limit and from obtaining the
absurd conclusion of an instant modification of a Jordan surface into another by a
smooth flow map.

1.4. Organization of the rest of the paper

In Sect. 2 we give a scheme of the proof of Theorem 1.1. It will rely on two main
intermediate results: Theorem 2.12, where an approximate solution is built thanks to
a multi-scale asymptotic expansion involving some boundary layers correctors, and
the a priori estimate (2.43) for the remainder term associated with this approximate
solution. An auxiliary problem associated with the boundary layer is investigated
in Sect. 3. Then the proof of Theorem 2.12 is given in Sect. 4. The proof of the a
priori estimate (2.43) is given in Sect. 5. Finally Sect. 6 is devoted to the proof of
Theorem 1.7.

2. Scheme of Proof of Theorem 1.1

This section is devoted to a scheme of proof of Theorem 1.1. We only highlight
here the key steps of the proof, postponing to the next sections the proofs of several
important intermediate results. As in [5,7,29] we will use the “well-prepared dissi-
pation" method which consists in a rapid and violent stage where one makes use of
the inviscid part of the system and of a second stage devoted to the dissipation of the
boundary layers due to the discrepancy between the inviscid and the viscous case.
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Asin [5,7] this method is implemented by the means of multi-scale asymptotic ex-
pansions. The extension of this strategy to solutions of the Navier—Stokes equations
in the space (1.3), rather than in the weaker class (1.4), requires much attention, in
particular due to the fast scale associated with the boundary layer which leads to
a more accurate asymptotic expansion and to a more involved preparation of the
dissipation of various terms describing the fluid behaviour in the boundary layer.

2.1. Reduction to approximate controllability problem from a smooth data

In this section we reduce the proof of Theorem 1.1 to a combination of a regu-
larisation result on the uncontrolled Navier—Stokes system, that is on the Navier—
Stokes system with Navier condition on the whole boundary 9€2, of a small-time
local exact null controllability result and of a global approximate null controllability
result.

(1) Let us first state the regularization result.

Theorem 2.1. Let T > 0, p in N* and R > 0. Then there exists a continuous
Sfunction Cr p r(-) from [0, +00) to [0, +00) with C7 p g(0) = 0, such that there
exists Ty in (0, T') and for any ug in HY(Q), with ||uo||H1(Q) < R, divergence free
and tangent to 0X2, there exists a unique strong solution u in C ([0, T1]; H'(Q)N
L2([0, T11; H2(Q)) to (1.2) withu - n = 0 and N'(u) = 0 on dS2 such that u is in
C((0, T1]; HP(R2)) with

lu(Ti, M ar@ < Cry.p.rUuol g1 (0))- (2.1)

In the case where the no-slip conditions is imposed on the boundary 9€2, rather
than the Navier conditions A (z) = 0, such a result dates back to the pioneering
work of Leray and Hopf, see [23,28]. In the case of the Navier conditions the
part of Theorem 2.1 regarding the existence and uniqueness of local-in-time strong
solutions with H! initial data is also very classical; we refer to the introduction
of [5] for an overview of the literature on the subject. The part of Theorem 2.1
regarding the regularization, that is the bounds (2.1) for p > 1, is also part of the
folklore on the Navier—Stokes equations with Navier boundary conditions, see for
instance [5, Lemma 9]. As we will need a slight generalization of the result in [5]
we present a detailed proof of Theorem 2.1 in the Appendix A. In fact, Theorem
A.l in the Appendix A will exhibit the exact singular behavior of the solution near
the time zero.

(2) Thesecond ingredientis the following small-time local exact null controllability
result when the initial data is small in H> established in [21] by Guerrero.

Theorem 2.2. Let T > 0. There exists 1 > 0 such that for any uq in H>(S2)
divergence free, tangent to 32 and satisfying ||\uoll g3 o) < n, there exists u in

C([0, T1; H3(Q)) N L%((0, T); H*(Q)) satisfying (1.2) and u(T, -) = 0.

(3) The third ingredient will be the following global approximate result:



Smooth Controllability of the Navier—Stokes Equation with Navier Conditions 875

Theorem 2.3. Let T > 0, and ug in H*®(Q) divergence free and tangent to 9.
For any § > 0, there exists u in C([0, T]; HY Q) NL2(0, T); H3()) satisfying
(1.2) and ||u(T, )| g1 (@) < 8.

This last result requires some hard work which will be done below.
On the other hand, with these three ingredients, the proof of Theorem 1.1 is
plain sailing.

Proposition 2.4. A combination of Theorem 2.1, Theorem 2.2 and Theorem 2.3
implies Theorem 1.1.

Proof. The proof will make use of Theorem 2.2, of Theorem 2.3 and of Theorem
2.1 twice. We also need to care about the choice of the small parameters in the right
order. Let n > 0 be associated with 7'/4 by Theorem 2.2. By Theorem 2.1, with
T /4instead of T, p = 3,and R = 1, there exists 77 in (0, T/4) and § in (0, 1) such
that for any ug in H'(2), with luoll g1 (@) < 8, divergence free and tangent to 9€2,
there exists a unique strong solution « in C ([0, T1]; H'(2)N Lz([O, Ti1; HZ(Q))
satisfying (1.2) with#-n = 0 and V' (1) = 0 on 92, and with ||u(T1, -) a3 < n-
With these preliminaries at hand we can now proceed to the proof of Proposition 2.4
by chaining some appropriate applications of the three theorems. Let T > 0, and u(
in H'(Q) satisfying div ug = 0in Q and ug - n = 0 on 9$2. We apply first Theorem
2.1 with T/4 instead of 7', p = 200 and R = |luol| g1(g), SO that we obtain the
existence of Tl’ in (0, T'/4) and of a unique strong solution « in C ([0, Tl’ I HY(Q)n
L2([0, T{1; H*()) satisfying (1.2) with u - n = 0 and NV (4) = 0 on 9Q and with
u(T!,-) in H*(Q). Then we apply Theorem 2.3 with 7 /4 instead of 7, § > 0
as previously chosen and u(T/, -) as initial data, so that we obtain the existence
of uin C([T], T] + T/41; H'(Q)) N L>((T], T| + T/4); H*(Q)) satisfying (1.2)
and |u(T{ + T /4, N 1) < 8. Now the choice of § has been done to guarantee,
by Theorem 2.1 again, that there exists a unique strong solution u in C([T] +
T/4, Ty +T)+T/41; HY(Q))NL2([T] + T /4, Ty + T] + T /41; H*(Q)) satisfying
(1.2) withu -m = 0 and N (u) = 0 on 92 and with |lu(T + T{ + T /4, N <
n. Moreover the choice of n has been done to guarantee, by Theorem 2.2 the
existence of u in C([Ty + T{ + T/4, Ty + T + T/2]; H'(Q)) N L>([Ty + T{ +
T/A, T + T+ T/2]; H2(Q)) satisfying (1.2) and u(Ty + T{ + T/2,-) = 0.
Then extending u by 0 for 7 in (T} + T{ 4 T/2, T] provides the existence of u in
C([0, T1; H'(2))NL>((0, T); H*(R)) satisfying (1.2) on [0, T'] and u(T, -) = 0.
O

2.2. domain extension

Let O be a smooth extension of the initial domain €2 such that ¥ C O and
dQ\X C 00. We denote n to be the outward pointing normal to the extended
domain O, which coincides with the outward pointing normal to €2 on the uncon-
trolled boundary 92\ =. We also need to introduce a smooth function ¢ : R?> — R
such that ¢ = 0 on 80, ¢ > 0in O and ¢ < 0 outside of @. Moreover, we
assume that |@(x)| = dist(x, d0) in a small neighborhood of 9. Hence we
can extend the normal n smoothly by —V¢ to the full domain O. We define
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Vs := {x € O :0 < ¢(x) < 8}. Thus there exists a 6o > 0, such that ¢ = 0
on 90 and |n| = 1in Vj,.
Theorem 2.3 follows from the following result:

Theorem 2.5. Let T > 0 and u, in H*0(O) divergence free and tangent to 90O.
Then for any § > 0, there are u in C([0, T1; H (©0)) N L2((0, T); H*(O)), £ in
C([0, T1; H' (), supported in O\ and o a smooth scalar function supported
in(0,T) x @\ﬁ, such that

u+u-Vu—Au+Vp=§& and divu=0 in(0,T)x0O,
u-n=0 and Nu)=00n(0,T) x 30, (2.2)
u©, ) =uy in0O,

and ||u(T, ) g1y < 39.

We will see in the next section how the proof of Theorem 2.5 can be reduced to the
proof of an asymptotic result, see Theorem 2.7 below. For the moment let us see
how it allows us to conclude to the proof of Theorem 2.3.

Proposition 2.6. Theorem 2.5 implies Theorem 2.3.

Proof. LetT > 0,and ug in H>%(Q) divergence free and tangent to 92. Then there
is an extension u, in H20(©) of ug into a divergence free vector field on O tangent
to dO. Then applying Theorem 2.5 we are left with considering the restrictions of
u to  to obtain a vector field in C([0, T]; H'(2))NL?((0, T); H*(R)) satisfying
(1.2) and |u(T, )l g1 () < 6. O

2.3. Time scaling and small viscosity

As mentioned above we will use the “well-prepared dissipation" method which
consists in a rapid and violent stage followed by a longer one for which no control is
applied, see [5,7,29] for earlier uses of this method. To implement this two-scales
strategy, we introduce a positive small scale ¢ < 1 as in [5] and we perform the
time scaling

u(t,x) :=eu(et,x) and pt(t,x) = &> p(et, x). (2.3)

Thus, we consider (1°, p®) the solution to the following large time and slightly
viscous problem:

Ou® +u®-Vu® —eAu® +Vp® =£° in(0,T/e) x O, (2.4a)

divu®* =o0® in(0,T/s) x O, (2.4b)
u® - n=0 on(0,T/e) x 30, (2.4¢)
N@) =0 on(0,T/e) x 90, (2.4d)
u®(, ) =¢euy, inO. (2.4e)

Observing the amplitude factor ¢ in the right hand side of (2.4e), we can deduce
Theorem 2.3 from the following result:
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Theorem 2.7. Let T > 0 and u,, in H***(O) divergence free and tangent to 3O.
Then there are some sequences, {u®}, , {£%}, with u® in C([0, T /¢]; HY{(O) N
L?((0,T/e); H*(0)) and £° in C([0, T/e); HY(O)), and {0°}, a sequence of
smooth scalar functions, for ¢ in (0, 1), such that the mappings &¢ and o¢ are
supported in O\ as a function of x and compactly supported in (0, T/¢) as a
function of t. Furthermore, (2.4) holds true and

148 (T /. )l 10y = 0(6). 2.5)

The proof of Theorem 2.7 is actually the core of the analysis and its proof will be
detailed in the subsequent sections. Let us start to see here how it entails Theorem
2.5.

Proposition 2.8. Theorem 2.7 implies Theorem 2.5.

Proof. Let T > 0and u, in H>°°(0) divergence free. Then for any § > 0, accord-
ing to Theorem 2.7, thereis e > 0and there exist u® belongsto C ([0, T/el; HY(O)HN
Lz((O T/e); H*(0)), £° belongs to C ([0, T/¢]; H'(0)) and supported in O\,
o¢ is a smooth scalar function supported in O\Q such that (2.4) holds true and
u®(T /e, ) g1y < de. Let us set

1
(u,0)(t, x) := —(u o) (l X) and (p,§)(1, x) := 8—2(178,55) (é,X)Qﬁ)

Then u belongs to C([O_,Tl; HY(O)NL?((0, T); H*(0)), & and o are compactly
supported in (0, 7') x O\€2 so that (2.2) holds true and |[u(T, -)|| g1y < 8. O

2.4. An auxiliary euler solution due to the return method

When ¢ is small, it is expected that the analysis of the system (2.4) may be built
on the small-time global exact controllability of Euler equations. We therefore
consider the counterpart of the system (2.4) where the viscosity term has been
dropped out. This involves the incompressible Euler equations. For these equations
it is natural to prescribe the condition #® - n = 0 on an impermeable wall, and only
this one. The natural inviscid counterpart of (2.4) is therefore

Ou® +u®-vVu® +Vp*=£° in(0,T/e) x O, (2.7a)
divu® =o0® in(0,T/e) x O, (2.7b)
u® - n=0 on(0,T/e) x 30, (2.7¢)
ut@, ) =eu, in0O. (2.7d)

Considering an asymptotic expansion of the form u® = eu! + o(e) would
amount to considering the linearized Euler equations around the null state, an
equation which is not controllable, unless the initial data u, is the gradient of
a harmonic function, which is not the case in general. In order to overcome this
difficulty, we are going to use Coron’s return method to take profit of the nonlinearity
by forcing the amplitude of the solution thanks to the control. Indeed next result
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asserts that it is possible to guarantee the existence of a controlled solution to the
Euler system with variations of order O (1) on time interval of order O(1), say
(0, T) (but observe that the allotted time in (2.5) is 7' /¢), vanishing at both ends of
the time interval.

Lemma 2.9. There exists a solution (uo, po, Vo, 00) in C*([0, T] x O:R3 xR x
R3? x R) to the system:

au’ +u® v’ +vp® =10 in(0,T) x O, (2.82)
divu® =0% in(0,7T) x O, (2.8b)
WW-n=0 on(0,T)xd0O, (2.8¢)
u0,)=0 in0O, (2.8d)
uX(T,)=0 in0O, (2.8¢)

such that the flow ®° defined by 3, ®°(z, s, x) = u®(s, ®°(t, s, x)) and ®°(z, t, x) =
X satisfies

Vx €0, 3t, €0, T), 0°0,t,x)ec0\Q. 2.9)

0

Moreover, u’ can be chosen such that:

Vxu’=0 in[0,T] x O. (2.10)

In addition, v° and o are supported in O\, u°, p°, v°, 6°) are compactly sup-
ported in (0, T). In the sequel, when we need it, we will implicitly extend them by
zero after T.

Lemma 2.9 is the key argument of many papers concerning the small-time
global exact controllability of Euler equations, cf. [8] for 2D simply connected
domains, [9] for general 2D domains when X intersects all connected components
of 92, [15] for 3D simply connected domains, in [13] for general domains when
¥ intersects all connected components of 9€2. Let us also refer to [16,17] and to
[5, Lemma 2].

With this particular auxiliary Euler solution in hands, Coron’s return method
consists in looking for solutions to (2.7) admitting asymptotic expansions of the
form: u® = u® 4+ eu' +o(e) and p® = p° +ep' + o(e), with some controls &° and
o¢ also admitting asymptotic expansions of the same form: £ = 1% + ev! + o(¢)
and 0¢ = 0 + e0! 4 o(¢). Indeed, by gathering the terms of order O (g), we are
led to the following equations for (u', p'):

dul +u® Vil +ut vu® +Vvpl =v! in(0,7)x 0O,
divu' =o' in(0,7) x O,

ul ' m=0 on(0,7T) x 0,

u1|t=o=u0 in O.

This is the linearisation of the Euler equations around u°, and the fact that the vector
field u° satisfies (2.9) is a crucial gain with respect to the null state.



Smooth Controllability of the Navier—Stokes Equation with Navier Conditions 879

In the sequel we will use such equations only with zero control on the divergence
(corresponding to setting o' = 0) but also with a source term f supported in the
whole domain O in the first equation. We therefore consider the linearized Euler
system

du4+u® - Vu+u- Vi +Vp=v+f inR; xO,
divu=0 inRy x O,

u-n=0 inR;y xd0O,

u0,)=ug inQO,

@2.11)

where f is a given source term whereas v is a control force to be chosen supported
in O\Q.

Lemma 2.10. Let k, p in N4 Let ug in H? (O) with divug = 0 and ug-n =0 on
00. Let f in C)]j (R4; HP(O)) (see Definition 3.2) and ¥V x f is supported in [0, T']
as a function of time t. Then there are v(t, x) in Ck(R+; HP~1(0)), supported in
O\Q as a function of x and supported in [0, T as a function of time t, and u in
CK(R; HP(O)), supported in [0, T1, such that (2.11) holds true. Moreover the
unique pressure p, for which the integral condition f(’) p dx = 0 is satisfied at any
time, is in CK™'(R; HP (0)).

Remark 2.11. Though we do not require f to be supported in [0, T'], when r > T,
since f is curl-free, f can be represented as a part of the pressure term and has
decay. In this case, it will be used to solve u® below.

Proof. The existence and uniqueness of a solution in C¥(R,.; H? (0)) to the system
(2.11) makes no debate, the point is here to choose an appropriate control function
v, supported in 5\5 as a function of x, such that the solution u of (2.11) vanishes
when ¢+ > T. We can prove the Lemma by the argument in Lemma 3 of [5] and
Duhamel formula. For sake of completeness let us quickly recall the key observation
that w := V x u satisfies

dw—+u’ Vo—w-Vul' + ([divul)o =V x v+ V x f inRy x (’),(2 12)
w(0,) =V xug inO. '
By Duhamel’s formula, we wish to find a solution
t
w(t,x) =wi(t,x)+ / wy (s, t, x)ds, (2.13)
0
where w; and w, satisfy
0r w1 +u® Vo, — o - Vu® + (divuo)a)l =V x vy, inR; x O, (2.14)
01(0,) =V xug, in0O, ’

and

ey +u’ - Vary —awp - Vu® + (div uo)a)z =V x 1y, {(s,t)/s >t} x ((92 15)
wr(t,t,) =V x f(t,), Ry xO. '
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By the argument in Lemma 3 of [5] we can find control functions vy, v» and solutions
w1, wy of (2.14) and (2.15). We take v = v| + fot va(s, t, x)ds, and define w by
(2.13). Then w is a solution of (2.12). Since u® in H?(O), f in CE(Ry:; HP(0))
and V x f is supported in [0, T], we can check from the proof of Lemma 3 of
[5] that v in C¥(R4; HP~1(©)) and is supported in O\ as a function of x and is
supported in [0, 7] as a function of time ¢, @ in C k Ry; HP “1(®))andis supported
in [0, T]. Since u satisfies V x u = win O,divu =0,inOandu -n = 00on 30, it
is in C* (R4; HP(O)) and supported in [0, T']. By the first equation of (2.11) and
the Poincaré inequality we obtain the part of Lemma 2.10 concerning the pressure.
O

2.5. Boundary layer and multi-scale asymptotic expansion

Since only the impermeability condition is considered in (2.7), a corrector
has to be added to the Euler equation to guarantee the Navier slip-with-friction
boundary condition (2.4d). The role of this corrector is to accurately describe the
behaviour of the fluid close to the boundary in a layer which vanishes as ¢ goes to
0. For the Navier conditions, in the uncontrolled setting, it was highlighted in [25]
that the thickness of this boundary layer is O(4/¢) and the the amplitude of the
corrector term is also O (+/¢). Moreover, a multiscale asymptotic expansion of the
solutions to the uncontrolled Navier—Stokes equations in the small viscosity limit
involving a boundary layer term v, which involves an extra variable describing the
fast variations of the fluid velocity in the normal direction near the boundary, is
given. This corrector v is given as a solution to an initial boundary value problem
with a boundary condition with respect to this extra variable, that is, in a informal
way, an asymptotic expansion of the form

u® ~u'(t, x) + ev (1, x, p(x)/Ve) . (2.16)

Indeed the boundary layer corrector is described by a smooth vector field v ex-
pressed in terms both of the slow space variable x in O and a fast scalar variable
7 = @(x)/+/€, where v(t, x, z) satisfies an equation of the form

v+ @ - Viv—0,0=0 (2.17)
for x in @ and z in R, with the following boundary condition at z = 0:
a.v(t, x,0) = 2N @®)(z, x). (2.18)

The interest in prescribing (2.18) is that the velocity vector field given by (2.16)
satisfies the Navier condition (2.4d), up to an error term of order o(1), due to the slow
derivatives of v. Indeed it is more convenient to consider an evolution equation for
v which is slightly more complicated than (2.17), and which in particular contains
some extra-terms which are of lower order but allow to propagate the pointwise
orthogonality condition

v(t, x,z) -n(x) =0, (2.19)
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including the inside domain, not only on the boundary, from the initial and boundary
data to positive times. For this type of linear hyperbolic-parabolic (focusing on 7, x
or ¢, z) equation, the Cauchy theory is now well-understood, see [22,33,34].

The analysis in [25] was performed for times of order O(1), and in general this
type of multiscale asymptotic expansions fails to describe the vanishing viscosity
limit of the Navier—Stokes equation for large times of order O(1/¢), even in the
case where the Euler solution stays smooth for all times. However since the Euler
solution u" at stake here vanishes after the time 7, the equations (2.17) and (2.18),
fort > T, reduce to

v —d..v=0, forz € Ry, and d.v(t, x, 0) = 0, (2.20)

where the dependence in the slow variable x only appears through the “initial” data
v(x, z) ;= v(T, x, z). This heat system dissipates towards the null state for large
times. However the decay at the final time #+ = T /¢ is only given by

(2%

which is, unfortunately, not sufficient in view of the wished estimate (2.5) and of
the tentative expansion (2.16).

=0(), 2.21)
L2(0)

2.6. Well-prepared dissipation method

This difficulty was already presented in [5,6], and there to overcome this diffi-
culty, the authors make use of the well-prepared dissipation method, which was first
introduced in [29] in the case of the 1D Burgers equation. The idea is to enhance the
natural dissipation of the boundary layer after the time 7 by an appropriate control
before, that is in guaranteeing that v satisfies a finite number of vanishing moment
conditions for k in N of the form

Vx € O, f *v(x,2)dz = 0, (2.22)
Ry

so that the estimate (2.21) holds true but with o (¢) in the right hand side. By linearity
the moments of v in left hand side of (2.22) can be decomposed as the sum of an
addend due to the free evolution of v and of an addend due to the control. Indeed
due to the properties of the vector field u°, see (2.9), it is possible to generate some
moments outside, and to convect inside the physical original domain in the time
interval [0, T]. This allows us to ensure the condition (2.22) for all x in O.

2.7. Backflow

Thanks to the orthogonality condition (2.19), the divergence of the vector field
(t,x) — v (t, X, (p(x)/\/E) is not singular in ¢. Still it is not zero, there is an error
term of order O(1), due to the slow derivatives of v. To compensate for this part,
we set

o0
w(t, x,z7) = —f divv(t, x, 7)dZ/, (2.23)
Z
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and consider instead of the expansion (2.16) the refined asymptotic expansion

u® ~ul(t, x) + /ev (t, x, 9(x)/\/€) +ew (t, X, <p(x)/\/§) n. (224

This expansion has the advantage over (2.16) to satisfy (2.7b) (observe that the
right-hand-side has to be zero in 2 because of the support condition on o) up
to an error of order O(¢). The new term, the last one in (2.24), corresponds to
a boundary layer on the normal velocity. The choice to integrate from infinity in
(2.23) is precisely to guarantee that w vanishes as z goes to infinity. Then the new
issue is that w(z, x, 0) is not zero so that the right-hand-side of (2.24) cannot satisfy
the impermeability condtition (2.4c). Then a new correction is considered by the
mean of what we call a backflow velocity. As w will be constructed with the integral
condition

/ w(t,x,0)dx =0,
20
there is a solution ¢ to the following Neumann problem:

Ap=0 inQO,
on¢ = —w(,-,0) ondO.

Thanks to (2.10), we observe that the so-called backflow velocity V¢ satisfies
atv¢+u0-vv¢+v¢.w°+v(—a,¢—u0.v¢) —0, inRy xO,

divvVg =0, inRy x O, (2.25)
(Vo) -n=—w(,-0), inRyxa0O;

that is, V¢ satisfies the Euler equations linearized around . Then the asymptotic
expansion

u® ~ul(t, x) + /ev (t, X, go(x)/\/g) + e(w (t, X, gz)(x)/ﬁ) n+ Vo(t, )«(2)26)

is better than the asymptotic expansion (2.24) in the sense that the impermeability
condition (2.4¢) is now satisfied up to error term o(¢).

2.8. Approximate solutions

Indeed by expanding further the asymptotic expansion, in particular expanding
the velocity into an expansion of the form

Ul (t, x) i= u’(t, x) + Vev' (1, x, p(x)//¢)

4
+> 5 (ul (1, %) + v/ (1, x, (x) /&) + V§I (1,x)  (2.27)

j=2

+w! (1, x, p(x)//€) n(x)),
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with some profiles satisfying some PDEs of the previous types but with extra forcing
terms due to error terms associated with the profiles which are already determined,
we will be able to construct some approximate solutions u’, pZ to the system (2.4)
associated with some control forces £° and o® (on the divergence the control given
by Lemma 2.9 will be sufficient).

These solutions are approximate in the sense that

dub —eAut +ul - Vut +Vpt =&+ &2F inO, (2.28a)
divu =0’ +¢’H in0, (2.28b)

ut-n=0 ondO, (2.28¢)

N@t) =e*G ondo, (2.28d)

us =0 = euy — 2Ry in O, (2.28e)

where H , G, F and Ry are error terms which satisfy some uniform bounds in some

appropriate spaces which we now define. Let us introduce a cut-off function x in

C(‘)’O(R3) such that x = 0 when |¢| > §p and x = 1 when |¢| < 370, where & is

selected in Sect. 2.2, and the vector fields set

2 = {wo = ¢n, w! = (0, — 3¢, 82<p)T, w? = (83<p, 0, —81<p)T,

T T
w? = (=02, 919, 0) . w* = (33(x3(1 — %)), 0, =31 (x3(1 — x))) ',
T
wd = (9201 (1= ), =01 (1 = 1), 0)" |-
It is easy to observe that w/ are tangential to 00, 0 < j < 5. Moreover, for

1<j<5w -n=0in Vs,,2 and div w/ = 0in O. Now we define the tangential
derivatives

Zj=w/ -V for0<j<5 and Z%:=23° - - Z fora = (a0, -+ , @s).

(2.29)
Let us observe that
VZ;=2Z;V+Vuw .V, (2.30)
AZ; = Z;A+2Vw! : V2 + Aw/ - V. (2.31)
Generally, for |@| = m in N, we can use Leibniz formula to find that
(A, 2= ) (pV?ZP +¢,VZ), (2.32)

IBllyI=m—1

for some smooth functions cg and ¢, depended only on the vector field 20.
Let us also observe that, for 1 <i, j <5,

the commutators [dy, Z;1, [Zo, Z;], [Z;, Z;] are tangential derivatives.(2.33)
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Indeed, [8n, Zi] = (n- V)w' - V'— (w' - V)n -V, and, on one hand (w' - Vn) - V
isa tangential derivative since w' - Vn - n = 0 in Vs, while on the other hand, due
tow' - n = 0in Vs, /2 and Vn is symmetric, we have

n-Vu' n=-n-Vn-w'=—-w'-Vn-n=0

in Vs, /2, so that n- V' - V_is also a tangential derivative. Moreover notice that
forl <i <5, w - -Vg=w"-n=0, we find that [Zy, Z;] = ¢[0n, Z;] is also a
tangential derivative. Finally, for 1 < i, j <5, it holds that

(Zi,Zj1= (w' - Vw/ —w/ - Vu') . V.
Since w’ - n = w/ - n = 0 and Vn is symmetric, we have
w -Vw/ -n—w/ Vo' n=—-w-Vn-w/ +w/ -Vn-w =0.
Thus [Z;, Z;] is a tangential derivative and (2.33) holds true.
We define the Sobolev conormal spaces

H"(0) = {u € L2(O) : Z% € L2(O), |a| < m}
with norm
1
= (Y2 ||Z“u||iz)2. (2.34)
lee|<m
In the same way, we set

lutll.o =D 1 Z%ull o,

loe| <k
and we say u in chu’oo if ||ullk, 00 1s finite. Finally for ¢ > 0, we denote (¢) :=
1+ 12

Theorem 2.12. Lety > 1, k, p,s,q in Ny withk > 2, p > 8,s,q > 4. Assume
uy is smooth enough, say it satisfies (4.2) in Sect. 4.1. Then there exist u’, p:
and &° satisfy (2.28a)-(2.28¢) with F, G, H and Ry satisfying, for 0 < j < k,
prtp=<p-=-3pp<s—2,m=<p-3,

1

8/ 27 (Veow)?? <f,> |20 S e ()77, 235)

|8/ 2P (\/e0) P> (Z) | ooy S 077, (236)

IH | o) + 18] Gllgr-10) S (077, (2.37)
1 1
e~ ZP (Vedn) P Roll .20y + 1271 (Vedn) P2 Roll Loy S €72, (2.38)

Moreover uf, satisfies,

U llwroe @) + IVUENlmoo + VENVEUE 1,00 S ()Y, (2.39)
1, — 100 + VEIV@E — 1) lno S Velt) 7, (2.40)
45T /&, I g1 o) = o(e). (2.41)

The proof of Theorem 2.12 will be presented in Sect. 4.
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2.9. Remainder estimate

It follows from the well-posedness of he Navier—Stokes equations with Navier
boundary conditions (for fixed ¢) that for every ¢ in (0, 1), there is T¢ € (0, T/¢]
and a solution (u°, p®) to (2.4) with £° given by Theorem 2.12 and o := o, for
each &, where ¢ is given by Lemma 2.9.

We define a family of vector fields R, neglecting an index for the dependence
on ¢ for sake of levity, by

u® =ut +¢*R. (2.42)

The latter R stands for “remainder " as we hope to be able to find such a vector field
with a nice behaviour in ¢. Indeed we will prove in Sect. 5 the following a priori
estimate:

2

e sup |[R(t, g0 S et
1e(0,7¢)

R

(2.43)

This entails that 7¢ = % and, with (2.41), that (2.5) holds true. This concludes the
scheme of proof of Theorem 2.7, and then according to Proposition 2.8, Proposition
2.6 and Proposition 2.4, this also concludes the scheme of proof of Theorem 1.1. To
complete the proof of Theorem 2.7 it remains to prove the two main intermediate
results which are Theorem 2.12 and the a priori estimate (2.43). In Sect. 3, we will
study an auxiliary problem associated with the boundary layer on the tangential
velocity. It will be instrumental in the proof of Theorem 2.12 which will be given
in Sect. 4.

Compared to [5], we consider a more accurate asymptotic expansion, (2.27)
rather than (2.26) and the large time behaviour of the higher order terms requires to
adapt the well-prepared dissipation method. Moreover, the estimate of the remain-
der is performed in H' rather than in L2, which requires much more work.

3. Well-Prepared Dissipation of Tangential Boundary Layers with Forcing

We set

0 1.
WOt x) = LD DO R 0, 3.1)
@(x)

where u° is given by Lemma 2.9 and we observe that u(b) is smooth in O. Let
BY = BO(I, x) be a smooth field of 3 x 3 matrices such that for any v in R3,

B% :=v-Vu'+ @’ - Vvn-v)n— (v-vu’ - n)n. (3.2)
The key property associated with B is that for a smooth vector field v(z, x),

@ -Vo+B%) - n=u’-V(@-n) inVs,. (3.3)
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We are interested in this section by the following type of constrained initial-
boundary value problem:

dv+u’-Vo+ B% —ulzdv—02v=£6+ f, inRy x 30 x Ry,
ovl;=0=¢, InRyxO,

v-n=0, iInR; xJd0 xRy,

V=0 = vp, ndO xRy,

(3.4)

where f and g are given source terms whereas £ is a control force to be chosen.
Problem like (3.4) will be useful to construct such boundary layer correctors of the
tangential velocity as that described in Sect. 2.5. As already mentioned, the Cauchy
theory for this type of linear hyperbolic-parabolic (respectively in ¢, x and in 7, 7)
equation is now well-understood, see [22,33,34], and our concern will rather be the
large time asymptotics and in particular the implementation of the well-prepared
dissipation method alluded in Sect. 2.6 in the presence of source terms. This will
be useful in the next section in the course of constructing the higher order terms v/
for j > 2 alluded in (2.27).
Let us introduce the following weighted Sobolev spaces:

Definition 3.1. For z in R, we denote (z) := /1 + z2 and for s and ¢ in N, we set
s .
@)= [ fe @ Y [ @Ml foPdz < oo .
; R
Jj=0""F

endowed with it natural associated norm. In the same way we define H; (R) and
the norm

1f Wz ey = (Z/R@Vﬂagf(z)ﬁdz)?
j=0

Observe that by the Plancherel theorem, we have the following equivalence of
norms:

q o 1
1 gy ~ Z(/R@)Z&wagf(c)ﬁdg)z. (3.5)
j=0

Here f denotes the Fourier transform of f.
Definition 3.2. Let k in N, y > 0 and X a Banach space with norm || - ||x. We
define the space CJ’j (R.; X) of the functions f in C¥(R,; X) such that

Ifllck®,x) == sup (18 fFOIx (1)) < +oo,
4 1>0,0<j<k

where

C*Ry; X)i={f:0/f e CRy: X), 0<j <k},
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Let S(R) the Schwartz space of smooth functions on R whose derivatives are
rapidly decreasing. Let us denote by S(R4.) the set of the restrictions to R of the
functions of S(R).

The goal of this section is to prove the following result, where the notation [x]
designates the floor integer part of a real number x:

Proposition 3.3. Let y > Oand s, q, k, pin Nwithk > 1. Setn := [% + 1,
y:=2n+3, §:=s4+2k+2n, ¢g:=2n+3, (3.6)
, s 41 ~ , ~ /
k:=[7]+k+n, k:=k+k -1, p=p+k +1. (3.7

Let
f € CLRy: HP(O; Hy (R+))) and g € CL(Ry; H(0)),

such that f(t, x, 7) and g(t, x) are supported in Vs as a function of x and such that
ft,x,2) -nx) =g, x) -nkx)=0,foranyt >0, x in O and z in R. Let

v(x, 2) = A0, x, z) € HPT2(O; C(Ry)), (3.8)

where A(t, x, z) will be defined in (3.31) soon.
Then there are

£ C Ry HP (05 SRy))) and v € Cp Ry HY (O3 Hy(Ry))),

such that (3.4) holds true. Moreover there is a continuous function S : Ry — R,
such that for any positive 8, 8 < S(8), and & is supported in (O\2) N VS(&) as
a function of x and is compactly supported in (0, T) as a function of time t, and
satisfies£(t, x, z)-n(x) =0, foralltin (0, T), x in (6\5) mVS(s) and zin Ry, and
v is supported in VS(S) as a function of x . Moreover, if f and g are both supported
away from t = 0 as a function of time t, then so does v.

The first key observation towards the proof of Proposition 3.3 is that for t > T,
we have ¥ = 0, ug =0, BY = 0 and we look for a control & which is compactly
supported in (0, 7'), so the equations for v reduces to

8tv—8§v=f, in [T, +00) x O x Ry,
azvlzzo = g9 in [Ts +OO) X O,
v-n=0, in[T,+00)x a0 x R,

with an “initial" data at r = T which has no reason to be zero. To prepare the part
of the proof of Proposition 3.3 regarding the decay in time, we first single out some
well-prepared dissipation conditions for the heat equation on the full line (in space)
with non-zero “initial" data at # = T and non-zero source term:

oV — 831) =f, in[T,4o00) x O x Ry,
vj=r =v(T,-,), inO xR,
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For n in N and x in R, we set

n _Xk

Sp(x) == —. 3.9
Pt k!

Lemma 3.4. Lety > 0andk, s, q,n in N and
q
nzi—f-y—l. (3.10)
Let y, 5, and g be as in (3.6). Let vy in Hg“k(R) and f in Cg Ry; Hg(R)) when

k=0and f in C}lfl(l&_; Hg(R)) when k > 1, such that

(o (300 + / sn(te) f (. ;)dr))' =0, for0<j<2n+1@3.11)
0 =0
Then the Cauchy problem

dv—3tv=f inl0,+o0) xR,
v[j=0 =vo, inR

has a unique solution v in C)lj R4; H(j (R)).

Proof. We first observe that it is sufficient to deal with the case where k = 0,
since the general case follows by using that for 0 <7 < k, forzinRand 7 > 0,
v =029 ""v+8"f.
The Fourier transform 0(z, -) of v(z, -) is given, for ¢+ > 0 and ¢ in R, by
t
b,0) = e (00) + / e f (. 0)de). (3.12)
0
Let us observe that
Vj €N, 3C; > Osuchthat Vr > 0, V¢ € R, 3/ (™) < Cj(1) 2 #,
(3.13)

Now we decompose the proof of Lemma 3.4 into the following two steps:
Step 1: we first prove that, for 0 < ¢ < 1, |lu(t, -)|| H3 (R) is bounded. Indeed, for

O<t<lands <5, q < g, it follows from (3.5), (3.12), the Leibniz formula and
(3.13) that

q .
(. My < ZO 166)" 85, )l 2
Jj=
q ' ,
S X (1o e ol

J=0j1+j2=j
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t
s J —@t=1)3\ a2 £
) /0 8! (e 0f2f (@ Odrll,2 )
5 ”vO”Hg(]R) + ”f”Cg(R.;.;Hg(R))'
Thus for0 <t < 1, |v(t, ')”H;(R) is bounded.

Step 2: It remains to prove that there exists C > O such thatforz > 1, |lu(¢, -)|| Hy =
C(t)~7. Indeed, for r > 1, by (3.12), we write

4
B, 0) =) L1, 0), (3.14)
i=1
where
2 n +oo 2 2
n.0) = (i) + [ e fir o).

+o00
L(,8) = —e_“z[ sa(0e) f(x, O)dr,

F3
t

16’ /01(8,;2 - sn(ré'z))f(f» $)dr,

I3(1,¢):

t
14(2, ) :ﬁ e~ f(z, t)dr.

1

Thanks to (3.13), to conclude this second step, it is sufficient to show that, for
1<i<40<j<gandr>1,

166y 8/ it Ol 2 < ()77
We observe that forr > 1,
1< (1) <21 (3.15)

e Estimate of I;
Since ug and f satisfies (3.11), we have, for0 < j, < ¢, by the Taylor formula,

. +00 R
i) + [ s o)
. +Oo ~
SPERRRG© + [ s e o)l

. +w A~
S KPR + [ ) e odn)ly
0
SIEPT 2 (vl oy + 1 f o, s ey)

< ClgpPreeh,
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This together with the Leibniz formula, (3.13) and (3.15) implies that for0 < j < g
andt > 1,

j _ 342 5_J
Ieyolne ol S Y 1gye ¥ n? Flg i, 2 S17 +i=5),
Jit+j=j
Thus, thanks to (3.10), we achieve
1668 11 )l 2 = €ty 77 (3.16)

e Estimate of I
By the Leibniz formula and (3.13), for 0 < j < ¢, we find

R PR SR [128 / af1<—’<2>agz(sn(r:2>>ag3f<r,odruLg

Jit+jti=j
2niqJ2 £
S II/ ()" ()" "Iang(f, C)IdTIILg
Jl+]2+]3 =j "%

<

~

Tntorisa Iy rnd.

/\#b\

Since || £ (1, )l ys+20 S (1) 7@, by using (3.10), we deduce that
q

146) 9 ot Ol 2 = C(1) 77 (3.17)

e Estimate of I3
By Taylor’s expansion and by induction on j, we prove that for all j in N, there
exists C;j , > 0 such that for all z > 0, for all { in R,

. . 1 2
100 (e7 — su (g < Cpar™ g 22T 2 TR
Then, for 0 < j < g, by the Leibniz formula, one has

166)° 8] 132, Ol 2

t

< Y ey fo 485'(e—“2>a§2<e“2—sn<r;2))ag3f(r,;)dr||L§

Jititj3=]j
I3
S IV R 1y 2n42—j2 2
=Y ||<¢>A/ e e R L LRSI
Ititis=i 0
. %
J1TJ2 -1 1 '; ~
D D ||/ (@) ol f oldrll 2
L= 0 ¢
Jitp+jE=]j

t

7
Sehont / i f () mgdr.
0
Since || f (7, ~)||H3 < ()77 and (3.15), we obtain

Iy ol e ol < coit < cin . (3.18)
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e Estimate of I
By (3.13), we find, for 0 < j <g¢,

) ro, L
OO L. Oz £ D | f ag'(e—“—”fz)(wang(r,;)drnL?

hitp=j 4
t .
J1 30=1) 2 N
< f — 2,7 ¢ K 8]2 dt
NIZ.H/J 7)e (0’108 f @ oldrll 2
hitp=j "4

t
Sﬁ (O 20 f (@ Imdr.

1

Since || £ (1, )l s < (v)~2", we infer

10/ La(e. )l 2 S (022 < (077 (3.19)

By combining the estimates, (3.14), (3.16), (3.17), (3.18) and (3.19), we deduce
that there exists C > 0 such that for ¢ > 1, |v(¢, ')”Hf;' <C{)77.

Finally by combining step 1 with step 2, we conclude that v belongs to
CYRy; Hy(R)). O

We now turn to the following counterpart for the whole line z € R of the
initial-boundary value problem (3.4):

&V +u’-VV 4+ BV —ulz0,V — 32V = E+ F, inIR+x(9x]R,(320)
V0o =0, inO xR. '

We recall that B is defined in (3.2).

Lemma3.5. Let y > 0, k, p,s,q,n in N, k > 1 satisfying n > % + vy — 1. Let
v,8,q beasin(3.6) and § > 0 be a small constant. Let

F e c’yf—l(R+; HPTL(O; Hg(R)), (3.21)

with F(t, x, z) being supported in Vs as a function of x and F(t, x, z) - n(x) = 0,
forallt >0, xin O and z in R.
Then there are

E(t.x.2) € CF IRy HP(O; S(R))) and V € Cy(Ry: HP(O; HS (R))),

such that (3.20) holds true, and there is a continuous function S : Ry — Ry,
such that for any positive 8§, § < §(8), and E is supported in (O\Q) N VS’((S) as
a function of x and is compactly supported in (0, T) as a function of time t, and
satisfies E(t,x,z) -n(x) =0, forallt in (0,T), x in (@\5) N VS(S) and z in R,
and V is supported in Vi(a) as a function of x and satisfies V (t, x, z) -n(x) = 0,
forallt >0, xin O and z in R.

Moreover, if F is supported away from t = 0 as a function of time t, then so
does V.
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Proof. For0 < j <2n+ 1and x in O, let
. 00 NS
yj(x) == Bg/ Sp(TC)F(T + 7, x, ¢)dt| =0,
0

where F (t, x, -) is the partial Fourier transform of F (¢, x, z) with respect to the z
variable. We use ¢ as dual variable of z by the partial Fourier transform. We also
recall that s, is defined in (3.9). By (3.21),for0 < j <2n+1, y; in HPTH0).
We look for a control profile E, with the properties mentioned in the statement of
Lemma 3.5, such that there is a solution V in CX(R,; H?(O; Hqs (R))) to (3.20)
satisfying

@I V(T.x.8) +yj()le=0 =0, for0<j<2n+landxe0, (3.22)

where V(t, X, -) is the partial Fourier transform of V (¢, x, -). Then, for ¢t > T, as
u® =0, ug = 0 and B = 0, the first equation in (3.20) reduces to

»V —-32V=F, inOxR. (3.23)

Therefore it would follow from Lemma 3.4 that V in C)’ﬁ Ry; HP(O, H; (R))).

Indeed for a given control profile &, with the properties mentioned in the state-
ment of Lemma 3.5, the existence of a solution V in CK(R; HP (O; Hqs (R))) to
(3.20), supported in a neighborhood of the boundary as a function of x and satisfy-
ing V(t,x,z)-n(x) =0, forallt >0, x in O and z in R, can be proved along the
same lines as [25, Proposition 5]. We therefore focus on the existence of a control
profile & for which the corresponding solution V to (3.20) satisfies the conditions
(3.22). In this perspective we first observe that the Cauchy problem (3.20) for V
translates into the following one for V:

aA,\A/—i-uO-VV—l—(BO—I-{z—uE)V—uEg‘a{\A/: &+ F,
V|t:0=0-

Let

2n+1

J
He o)=Y y,-(x)i.—!m@).

j=0

Here yx; in Cg°(R) is a cut-off function satisfying x1(¢) = 1 when [¢| < 1 and
x1(2) = 0 when |¢| > 2, so that H in HPT1(O; C5°(R)) and

0] H(x.0)lc=0 = yj(x) for0 < j <2n+landx € O. (3.25)
Let

Fi=F+u® VH+ B+ ¢ —uD)H —utd H. (3.26)

By (3.21), for 0 < j < 2n + 1, the function agﬁhzo is in cgf‘ R HP (O)).
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Using (2.9), we can prove the existence of E with the properties mentioned in
the statement of Lemma 3.5, such that for 0 < j < 2n + 1, the unique solution Q ;
to

50;+u’ V0, + B0 = (i + D) Q) = = = Q2+ 8 Ele=o + 8 Flezo, 3 5y
Qjli=0 =y (%),

where @(z, x, -) is the Fourier transform of E (¢, x, -), satisfies
Q;(T,x)=0, for0<j<2n+1landx € O. (3.28)

We refer here to [5, Lemma 7], see also the discussion in Sect. 2.6. By differen-
tiating (3.24), by (3.25) and by using the uniqueness of the Cauchy problem (3.27),
we observe that the solution V' to (3.20), for the control profile & mentioned above,
satisfies

Qit,x) = agV(t,x, Ole=0+vyj(x), for0 < j<2n+1,teRyandx € 0.
(3.29)
By combining (3.28) and (3.29), we conclude that (3.22) is satisfied. From the
construction of & and Q; we can see that, if F vanishes near t = 0, so does V.

3 Finally, thanks to the argument in [5, Section 3~.4], there is a continuous function
S : Ry — Ry, such that for any positive §, § < §(§), and V is supported in VS(S)-

We can choose § small enough such that S (8) < 6&p. (Recall that g is defined in
Sect. 2.2). O

Now we are in a position to complete the proof of Proposition 3.3.

Proof of Proposition 3.3. Let

g1 =g,
g1 =0,gj +u’- Vg,
+B%; — (2j — Dulg; — 027" f)l._o+ for 1 < j < k'. (3.30)

It is clear that g; is supported in Vs as a function of x, g; - m = 0 and g; in
CEM R HPTIT(O)) for | < j <K
For z > 0, we denote
K 2201
At x,7) —;g,(t NG e (3.31)

where x1 in C§°(R) is an even cut-off function as in the proof of Lemma 3.5. One
can check that

A € Ci(Ry; HPP2(0: CF(RY))),
and satisfies

2 Al_gr =gj, forl<j<k. (3.32)
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Let
._ 0 0 0 2
Fi=f—(0A+u -VA+B"A—u,z9;A — 3 A). (3.33)
It is easy to check that

F e CE Ry HPTH(O; H (R))).

By combining (3.30), (3.32) and (3.33), we observe that 3>/ ' F|._o = 0 for
1 < j < k'. Thus, extending F by F(z, x, z) := F(t, x, |z|), and by the definition
of k’, we have

F e CE Ry HPN(O: HE (R))),

which is supported in Vs as a function of x. Thus we can use Lemma 3.5 to find &
and V, such that, in particular, (3.20) holds true. Let

v(t,x,z):=V(t,x,2) + A(t,x,z), inRy xad0 x R,. (3.34)

Then v satisfies all the properties listed in Proposition 3.3. In particular it follows
from (3.20), (3.30), (3.32) and (3.34) that (3.4) holds true, with vg = A(0, x, z) in
HPT2(0; Co° (R,)). In particular, if f and g are both supported away from ¢ = 0
as a function of time ¢, the so do A, V and v, and vy = 0. O

4. Proof of Theorem 2.12

let us first introduce a Lemma which handles multiplication in space
CY(Ry; HP(O; HY (Ry))).

Lemma 4.1. Let y > OLk,p,s,q in Ny with p > 4and s > 2. Let U in
C)lj Ry; HP(O))and V, Vin C)]j Ry; HP(O; Hg (R4))) be scalar functions, then,
one has

UV, VV € Cy(Ry: HP(O; H (R))). (4.1)

Proof. By Definition 3.2 and Sobolev imbedding, for0 < j <k,0 < |a| < p—2
and0<B<s-—1,
3/0%U € L°(Ry x O) and  3]0%9PV € LRy x O x Ry).

X 7z

Note that when p > 4 and s > 2,
[E]gp—Z and [i]fs—l.
2 2

Then we can easily check (4.1) by definition. O
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4.1. Construction of profiles

Recall that 4 is given by Lemma 2.9 which is smooth, curl-free and compactly
supported in (0, 7') as a function of time ¢. Now we construct an approximate
solut1on of form (2.27). Plug (2 27) into (2.28), and we can find the equation for u"
and v’ . For the equation of v’, profiles v/, u/ with j < i will play roles as source
terms. We use Proposition 3.3 to find profile v/. But there will be some regularity
loss. Thanks to Lemma 3.4, we need more regularity of the source term to gain
decay of the solution.

Lety > 1,k, p,s,q in N4 and setn := [% + y]. We define the mapping I"
by setting I'(y, k, p, s, q) := (v, k, D, S, q), where y, k, p, S, q are given by (3.6)
and (3.7).

From now on, we fix y > 1,k, p,s,gin N withk > 2, p > 85,9 > 4, we
denote

(Y4, ka, pa,s4,q4) == (v, k, p,s.q),
Wiski,pi —1,5i —1,9i —2) .= U (¥it1, kiv1, Pit1, Sit1.giv1) forl <i <3.

‘We observe that, for 0 <i < 3,

Riyl = [%TH + )/i+1] >3, ki = [%} +kit1 +nip1 =7,
Vi=2ni41+3>qi1+2yi+1+1>yi41+6,

ki =kiz1+kiy —1=kiy1 +6,

pi = pit1 +kiy +1>piyi+8,

si = 8it1 + 2kiy1 +2n;41 > si41 + 10,

qi =2ni+1+3>qiv1 +2yiq1 +1>qiy1 +3.

Let
81:=80B) and §; :=S(@_y) for2 <i <4.

Recall that § : R, — R, is a continuous function satisfying S(0) = 0 and
5’(6) > § for any § > 0, we can choose and fix a small § > 0 such that §4 < &y,
where § is defined in Sect. 2.2.

‘We assume that the initial data u. satisfies

u, € H 1 (0). (4.2)

e Main velocity boundary layer
Let x> a cut-off function such that >(x) = 1 when x in Vs, and x2(x) = 0
when x in O\ Vs. Set

L= 2N W®) o (x). 4.3)

Then g! is in C® (R x O), is supported in Vs as a function of x, is compactly
supported in (0, T) as a function of time, and g' - n = 0. By Proposition 3.3, there
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exist €' in CH1(Ry; HP'(O; S(Ry)) and v! in Cy! (Ry; HP'(O; (H)! (R+)))
such that
vl +ub . vl + B! — uEzBZUI — 8121)1 = "g‘l, inRy x 90 x Ry,
v'.co=g'", IRy xO (4.4)
vl—o0=0, inOxR,.

Moreover, &! is supported in (O\Q) N Vs, as a function of x and is compactly
supported in (0, T) as a function of time ¢, and v! is supported in Vs, as a function

of x and is supported away from t = 0 as a function of time #,and £!-n = v!.n = 0,
forany r > 0, x in O and z > 0.
e Main pressure boundary layer
We set
+oo
72(t, x, 2) :=—/ (—uO~Vn-v1 + ! -Vu0~n)dz’.
Z

Then 72 is in C]]ﬁll (Ry; HPL(O; H;LZ(RJF))) and

a7 =—u’ - vn-v' 40" vi® . n. (4.5)
Moreover, 72 is supported in Vs, as a function of x, and is supported away from

t = 0 as a function of time .
e Main normal velocity boundary layer
We set

o0
w(t, x, 7)== —/ divv' (¢, x, 2)d7. (4.6)
Z

Then 3. w? = divv! and w? is C)Iﬁ} (Ry; HM1(O; H;:_z(R+))) is supported in
Vs, as a function of x and its ¢ support is away from ¢ = 0. Similar to the proof in
Sect. 6.1 of [35], we find that

/ w2 (t, x, 0)dx = 0. 4.7
30

e Main backflow velocity

Let ¢ be a solution of the following Neumann problem:

:Aqbz =0 inO, “5)

> = —w3(t,x,0) ondO.

Thanks to (4.7), there exists a unique solution ¢ in C)]il' Ry; HPY(O)) up to a
constant and ¢ is supported away from 7 = 0 as a function of time ¢.
e Linearized Euler flow

It follows from Lemma 2.9 that Au is supported in O\ 2 and is smooth. Thus,
by Lemma 2.10 and (4.2), there are v in C*1 (R.; HP1=2(0)), supported in O \
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as a function of x, u2 in CK(Ry; HP'=1(0)) and p? in C5 "' (R ; HP=1(0))
such that

8tu2+u0~Vu2+u2-Vu0+Vp2 =2 4+ Au, inRy x O,
u?-n=0, inRy x 90,

4.9
divu? =0, inR; x O, (49)
wr=u,, nO.
Moreover, v2, u? and p2 are supported in [0, 7'] as functions of time 7.
e Subprincipal tangential boundary layer
Let
f2 = —[vl Vol +2n - Vau! — Apdv! — w28zvl + V”Z]tan
—(n - Vi) ganw? — @ - Vnyw?, (4.10)
g% 1= 2N (") =0 x2(x). (4.11)

By Lemma 4.1, we find that f2 is in C (Ry; HP1 =1 (O; H;;j(&))) and g2 is
in C}]i} (R, ; HP'~1(©)) satisfy the conditions of Proposition 3.3, that is, f> and
g? are supported in Vs, as functions of x and are supported away from ¢t = 0 as
functions of time ¢, and satisfy f2(t,x,z) -n(x) = g%(t,x) - n(x) = 0 for any
t>0,xin O and z > 0. Therefore there exist £ in C}]z—l(RJr; HP2(O; S(Ry)))

and a solution v? in C}% (Ry; HP2(O; Hy? (Ry))) to

3 v +u - Vo2 + B2 — ugzazvz — 812 =242 inRy xO xRy,
3,0%),—0 =g> onR; x O x {z =0}, (4.12)
V220 =0 onO x Ry.

Furthermore, £ is supported in (O\$2) N Vs, as a function of x and is compactly
supported in (0, T') as a function of time ¢, and v? is supported in Vs, as a function of

x and is supported away from ¢ = 0 as a function of time 7, and £ -n = v?>.n = 0.
e Subprincipal pressure boundary layer
We set
+00
n3(t,x, 7) = —/ (8,w2 +u® v —u® Vn-v? + (v2 + wzn) -vu®-n
Z

—ulZdw? +v' - Vol .n— 81211)2 + annz)(t, x,7)dz7.
Then it follows from Lemma 4.1 that 73 is in C}IZ (Ry; HP2(O; H;;_z(RJr)) and

an3 =8,w2 +u v —u . vn- o+ (v2 + wzn) -Vu® . n

0 2 1 1 2.2 2 (4.13)
—upyzd;w” +v Vv on— 9 7w + Iy,

Moreover, 773 is supported in Vs, as a function of x and is supported away from

t = 0 as a function of time .

e Subprincipal normal velocity boundary layer




898 J. LIAO ET AL.

Let

o0
w3 (t, x,7) = —/ div (v* + w’n)(z, x, 7)d7 . (4.14)
V4

Then 9,w? = div (v2 + w?n) and w? is in CR2(Ry; HP2~1(O; H?_,(Ry)) is
supported in Vs, as a function of x and is supported away from ¢ = 0 as a function
of time ¢, furthermore

/ w(t, x, 0)dx = 0. (4.15)
a0

e Lower order backflow velocity

Let ¢3 be a solution of the following Neumann problem:

=A¢3=0 in O, .16

o> = —w3(r,x,0) ondO.

Thanks to (4.15), there exists a unique solution ¢> in CJIZ Ry; HP2(O)) up to a
constant and ¢ is supported away from 7 = 0 as a function of time ¢.
e Lower order interior flow

We take

W, x) =13, x) =0, pPt,x)=0 forteR,,xeO. (417)

e Lower order tangential velocity boundary layer

Let

f3 =V ol V(u2 + V¢>2 +02 + wzn)

+ (u2 + V¢>2 +02 4 wzn) V!
2 2 2 3 1 1 (4'18)
— w9, (v +wn) —w’dv — Av
+2n - Vo, (v + w’n) — Agd. (v + w’n),
and
2= = an — 0 - Vu)anw® — @ - Vmyw?, (4.19)
¢ 1= 2N (? + 0% + V¢? + w’n)| .o x2(x). (4.20)

Thanks to Lemma 4.1, > in C}3(Ry: HP~1(O:, H2Z)(R1)) and g3 in C}3
(R ; HP2~1(©)) and satisfy £3(t,x,2) -n(x) = g3, x) -n(x) = 0 for anyt > 0,
x in O and z > 0. Moreover f3 and g3 are supported in Vs, as functions of x.
Then, by using Proposition 3.3, there exist £ in C5 ™' (Ry; HP*(O; S(R4))), v°

in C33 (Ry; HP(O; Hy} (Ry)) and v} in HP3T2(O; C§°(R1)) such that

3v3 +u® - Vod + B3 — u8z81v3 — 812 3=834 7 in Ry xOxRy,
3,03 .—0=g> onR; x O x {z=0}, 4.21)

V3= = vS on O x Ry.
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Moreover, £3 is supported in (O\Q) N Vs, as a function of x, v3 is supported in
Vs, as a function of x and €3 -n = v . n = 0.
e A lower order pressure boundary layer

We set

7t x,7) = — /m (a,w3 10V —u® . Vi o? — W7 0,w
Z
+ @ +w’n)- Vi -n— 82w + f3 ~n>(t, x,7)d7.
Hence d.7* in C}3 (Ry: HP (O H)?_,(R,)) and
82714 = 8,w3 +u’ v —u® . vn. o+ (v3 + w3n) .vu®-n
—ulzd.w® — ?wd + f3 - n. (4.22)
Furthermore, 77# is supported in Vs, as a function of x.

e A lower order normal velocity boundary layer
Set

o0
wh(t, x,7) = — / div (v + w’n)(z, x, 7)d7. (4.23)
V4

Then 3, w* = div (v* + wn) and w* belongs to cﬁ; (Ry; HP31(O; H;;_Z(RJr))
and is supported in Vs, as a function of x, with wh— = wé in H»3H1(O; Cy° R)).
Moreover w* satisfies

/ w(t, x,0)dx = 0. (4.24)
30

e A lower order backflow velocity

Let ¢* be a solution of the following Neumann problem:

4.25
nod* = —w*(t, x,0) ondO. (4:25)

{A¢4 =0 inoO,
Thanks to (4.24), there exists a unique solution ¢* in C,ﬁf Ry; HP3(O)) up to a
constant, with ¢*|,—g = ¢ in H”T2(0).
e A lower order interior flow
Let

1= —u? Vu' + Au* € C2(Ry: H72(0)), (4.26)
and obeserve that curl /4 is supported in [0, 7] as a function of time. By Lemma

2.10, there are v* in C*3 Ry HP3~2(0)), supported in 1] \ Q as a function of x,
utin C(Ry; HP~1(0)) and p* in CF 7' (Ry; HP31(0)) such that

8[u4+u0~Vu4+u4-Vu0+Vp4:v4+l4 in Ry x O,
divu* =0 in Ry x O,

u*-n=0 on R, x 90,

ul;—o=0 1in O.

4.27)
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Moreover, £, u* and p* are supported in [0, 7] as functions of time 7.
e a lower order tangential velocity boundary layer
Set

=0 v +Ved + 03+ win) + @ + ¢? + 0¥ + w'n) - V@ + w’n)
+ W+ wn) - Vu? 4+ ¢> + 02 +wn) + @’ + Ve + 07 + win) - Vol

4.28
— w28Z (1)3 + w3n) — 11)382(1)2 + wzn) — w4azv1 — A(v2 + wzn) ( )
+2n - V. (v + w’n) — Apd, (v} + wn) + Vr?,
and
= —fn — 0 Vu)yanw® — @ - vyw?, (4.29)
gt = 2N + Ve + 07 + win)|—oxa(x). (4.30)

Thanks to Lemma 4.1, one can check that f* in C)IZ (Ry; HP3~1(O; H;;:zl (RL))

and g% in C;ﬁ; (Ry; HP3~1(©)) and satisfy fAt,x,2) - nx) =g*(t,x) - nx) =0
forany z > 0, x in O and z > 0. Moreover f 4 and g4 are supported in Vs, as func-
tions of x. Then by using Proposition 3.3, there exist £% in C}]ij_l Ry; HPA(O; S(Ry))),
v in Cy (Ry; HPH(O; Ht (R1)) and vi in HPH2(O; € (RY)) such that

vt +ul - Vot + BOv* — ugzazv4 - Bzz Y=gt o,
dvt—0=g* in0O, 4.31)

v¥i—o = v(‘)1 in O.

Moreover &4 is supported in (O\2) N Vs, as a function of x and is compactly
supported in (0, T) as a function of time ¢, and v* is supported in Vs, as a function
ofxand&* -n=v*-n=0.
e A last pressure boundary layer

We set

+o0
750, x,2) = — / (Btw4 +u® Vot + @ +w'n) - Vil . n
Z

—u®.vn. vt — ugz’azw4 — Eizzw4 + f“ . n)(t, x,7)d7,
Then 7% in C (R4 ; HP*(O; Hy¢_,(Ry)) and

3z775 = 8,w4 +u? vut —u0 . vn ot + (v4 + w4n) Vu' - n
—ulzdw* — 2w + f* - n. (4.32)

5

Moreover, 7~ is supported in Vs, as a function of x.
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In summary, we have now constructed

ul €CYI Ry; HPZTHO)), pl € CUPT Ry HPTHO), 22 =4,

vl eChil Ry HPM72(0)). 97 € Cy7 Ry HPIF1(0)), 2<j <4,

vl ECZ Ry HPI (0 H;j (Ry)), wit! e Cl;j’ Ry HPI (O H;_:—Z(R‘*')))’ 1<j<4,

wi eCy Ry BP0 BT L (R))., 25 <4,

i ki—1 . .

& eCy; Ry HPI(O;SRy))), 1<j<4
Moreover, u/, p/, v/ and&f are supported in [0, T'] as functions of time #, v/ and
£/ are supported in O\Q as functions of x, v/, w/*! n/ i+l are supported in V(s

as functions of x and v/ - n = E’ n = 0. Furthermore, v!, v2, q)z, ¢3, w? and w3
are supported away from ¢ = 0 as a function of time 7.

4.2. Construction of the family of approximate solutions
Let us start with a notation: for a profile f(t, x, z), we define

w(X)>.

(e =1 (0 72

We define the approximate solutions via

a
wh =1+ Ve + Y 62 (! + Vel + (v} + (w/)en),  (433)

j=2
4

pt=p'+ Zs%(pf — 9! —u’ VeI +(n7})), (4.34)
j=2

£° =10 4 Jo(&! }E+Z P+ (g7)e). (4.35)

4.3. Consistency estimates of the approximate solutions

Below we use a slight abuse of notations by denoting, for an integer m, by
7™ any iterated tangential derivatives Z* where o = (a, - - - , @s5) is in N° with
|| = m, where we recall that the notation Z% is defined in (2.29) of Sect. 2.8.

Lemmad4.2. Lety > 0,k, p,s,q in Nwith p > 3 and s > 1. Let the profile V in
C]Ij Ry; HP (O, Hg (R1))) and is supported in Vs,. Then one has
(I)forO<j <k pi+pr=<p—landp; <s,

1

18] ZP (VEdn) 2V ell 120y S €7 ()7 (4.36)
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(2)forO0<j<k pi+pr<p—2andpy <s—1,
18/ ZP1 (Ve Vel o) S ()77 4.37)
(3) form < p — 1,
Vel mmeoy < ()77 (4.38)

Proof. We first observe that

\/Zan{v}s = \/g{gnv}e + {31‘/}5,
7%V, = {Z°V), 4+ {20. V), and Z/{V}, ={Z/V}, for 1 < j <5.

We can take the normal derivatives p, times, take the tangential derivatives p
times and take the time derivatives j times and use [25, Lemma 3] to get (4.36).
For (4.37), we use Sobolev imbedding H 1 R4) — L*°(R,) for variable z and
H?(0) < L*(0O) for variable x. For (4.38), we use the trace theorem to get
H"H(O) < H™(0). O

Let us now turn to the justification of the consistence of the approximate solu-
tions constructed in (4.33-4.35) with the system (2.28a-2.28e).
e Consistency of (2.28a). Definition and estimate of F.

By (4.33)-(4.35), (2.8a), (2.25), (4.4)-(4.6), (4.9), (4.10), (4.12), (4.13), (4.14),
(4.17)-(4.19), (4.21), (4.22), (4.23), (4.26)-(4.29), (4.31) and (4.32), we find that
u?, satisfies (2.28b) with

Fi=— (nd, 7). + ﬁ{u‘ V@t + Vet + 0t + whn)
+ W + Vo? +v* + wn) - V@’ + Ve? +v° + w'n)
— w23, v+ w*n) + @ + VoS + 0P + win) - V@ 4+ Vel + v + w’n)
— w3i)z(v3 + w3n) + (u4 + V¢4 +v* 4 w4n) vl — u)48z(v2 + wzn)
Z AW+ VP 40P+ win) + 20 - Vo, (0F + w'n) — Agd, (vF + w4n)}
E3
+ 8{(u2 + V2 + 02 +wn) - V' + Vo +0* + w'n)
+ (u3 + V¢3 +00 + w3n) . V(u3 + V¢3 +00 + w3n) — w3é)z(v4 + w4n) (4.39)
+ W+ Vot + vt +w'n)  V@W? + Ve? + 07 + w’n) — w*d, (v + wn)
— A(u4 + V¢>4 +ot+ w4n)}
€
s {(u3 + V6% + 0% + wn) - V@t + Vo + vt + win)
+ @t + Vot 4 vt + whn) - VB + VR + 03 + win) — wa, vf + w4n)}
&

+ 82{(144 F Vet + v +w'n) - Vet + Vo 4ot + w4n)} .
B_y the co.nstructions of ul, ¢i, vl w! and the definition of y;, k;, pi, si, gi, we have
u' 4+ V@' in CE(Ry; HP(0)) and v' + w'n in C5(Ry; HP (O; Hj(R4))). Then
(2.35) and (2.36) for the part of F is a direct consequence of Lemma4.1 and Lemma
4.2.
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e Consistency of (2.28b). Definition and estimate of H.
By (2.8b), (4.8), (4.9), (4.14), (4.16), (4.17), (4.23), (4.25) and (4.27), we find
that u? satisfies (2.28b) with

H := {div v* + w'n)},. (4.40)

By construction div (v* + w*n) in C)’j (Ry; HP1(O; Hlj (R4))), so Lemma
4.2 immediately leads to the estimates, (2.35), (2.36) and (2.37) for the part of H.
e Consistency of (2.28d). Definition and estimate of G.

By (4.3), (4.4), (4.11), (4.12), (4.20), (4.21), (4.30 ) and (4.31), u; satisfies
(2.28d) with

G := Nu* + Vo* +v* + w'n)|,—0. (4.41)

By construction, u* + Ve in C)]f; (Ry; HP3~1(©)) and v* + w*n in C)’j (Ry; HP
(O: H (Ry))). By definitionof y;. ki, pi. si, gi, wefind that G in C§ (Ry; HP~'(0)),
which is exactly (2.37) for the part of G.
e Consistency of (2.28c) and (2.28e). Definition and estimate of Ry.

By (2.8¢), (2.8d), (4.4), (4.6), (4.8), (4.9), (4.12), (4.14), (4.16), (4.17), (4.21),
(4.23), (4.25), (4.27) and (4.31), (2.28¢) and (2.28e) are satisfied with

Ro = —£203 — (v + Vg + win), (4.42)

and (2.38)) is a direct consequences of Lemma 4.2.

4.4. Verification of (2.39)—(2.41)

Let us verify (2.39) and (2.40) first. Since 1 is smooth and has compact support
int,

1wy + 1VU  lm—1,00 + 1V lm—1,00 < Xj0.71().  (4.43)

By construction, v/ in C’; (Ry4; HP(O; HqS(R+))), 1 < j < 4. Then it follows
from (4.37) of Lemma 4.2 that, for 1 < j <4, m < p —3,

Vell{v Jellwroo + Vel VIV Yo llm—1,00 + eIV Yellm—1,00 S (1) 7.
(4.44)

The same inequality holds for w’/n with 2 < Jj <4, since they also belong to the
space C)’j Ry; HP (O, H;(R+))).Foruj, 2 < j <4,itbelongsto CK(R; HP(0))
and is supported in [0, T]. Hence Sobolev imbedding Theorem ensures that, for
2<j<4m=<p-3,

lu? ooy + 1V =100 + IV lm—1,00 S xi0.77(8).  (4.45)

For V¢/, 2 < j < 4, it belongs to Cfﬁ (R4; H?(O)). Then it follows form Sobolev
imbedding Theorem that, for2 < j <4,m < p — 3,

1Yo/ w1y + 1V2¢ lm-t.00 + V¢ lm—1.00 S 1)V, (4.46)
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Combine (4.43)-(4.46), we have verified (2.39) and (2.40).
Let us move on to (2.41). Since u® is smooth and u/ in CK(R.; HP (©)) for
2 < j <4, and they both supported in [0, 7], one has

141l 10y + I |1 0y < x10,71(0).
For V¢p/ in CK(Ry; HP(0)),2 < j <4,
IV$/ [l 10y S ()77

For v/ in C)’ﬁ R4; HP(O; Hqs Ry))), 1 < j <4, it follows from Lemma 4.2 that

; 1o
Vel Yell o) S 077

The same estimates holds for w/n. By gathering the above estimates, we find that
_ 1
lug @, I g0y S X0, 11@) + ()77 + ()77
As a result, it comes out

1
g (T /e, Moy S e’ta,

Since y > 1, (2.41) holds true.

5. Estimates of the Remainder R
The goal of this section is to establish the a priori estimate (2.43) for the

remainder term R defined by (2.42). We also introduce the remainder pressure
term 7 such that p® = pZ + €27. Then in view of (2.4), (2.28) and (2.42), we write

%R —e¢AR+u®-VR+R -Vu, +Vn =—F and

divR=—H in Ry x O, (5.1a)
R-n=0 and N(R)=-G on Ry, x 90, (5.1b)
Rl;=o=Rp inO. (5.1¢)

These equations are satisfied up to the time 7°¢ introduced in Sect. 2.9. At the end of
this section, once the a priori estimate (2.43) in hands, we will deduce that 7¢ > %

We will start with a L? estimate in Sect. 5.1, then we will turn to tangential
derivatives estimates in Subsection 5.2. We will also need to handle the estimate
of one normal derivative, and for that, we introduce an appropriate substitute to
the vorticity, see (5.37), which is in the spirit of [30]. We will see in Sect. 5.3
that this quantity, as the vorticity, allows us to estimate one normal derivative. The
advantage of this quantity over the vorticity is that its time evolution is easier to be
investigated; this will be done in Sect. 5.4. The estimate of the terms involving the
pressure are quite difficult and are therefore postponed to Sect. 5.5. An estimate of
|R|l1,00 Will be obtained in Sect. 5.6. The end of the proof of (2.43) will be given
in Sect. 2.9.
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5.1. L? Estimates

From now on, we simplify || - 20y as || - |-
Proposition 5.1. There exist a constant C > 0, such that the remainder R satisfies

1

t
IR@®)|? +e/0 IVR|?dt’ < Ce™% for 0<t<T°. (5.2)

Proof. Let P the Leray projection operator to the divergence free vector field, we
decompose R into R = PR + V¢. Hence ¢ satisfies A¢p = divR = —H in O and
dn® = R -n = 0on 00. By elliptic regularity and (2.35), one has

1
I =PRI g0y S I1Hl20) S %) (5.3)

Next we estimate PR. Indeed by taking L? inner product of (5.1a) with PR, we
find

1d
——||IPR(t)||2—5/ AR-IP’R+f (u®-VR)-PR
2 dt e} e}

5.4
+/ (R-VuZ)-IP’R—i—/ Vn-IP’R:—/ F -PR.
@] @] @
Let us now estimate each term of (5.4), from the right to the left.
e Since F satisfies (2.35), we have
D
I/O F-PR| S |IFIIIPR| < &% (t) 7 (IPRI* + 1). (5.5)

e On the other hand, in view of (5.1b), we get, by an integration by parts, that

/ Va -PR =0.
(@]

e Let us now move to the term before in (5.4). We first deduce from (5.3) that
1 —
IRII S PRI+ &% ()7, (5.6)
which, together with (2.39), ensures that
_ 1 _
| /O(R - Vub) - PRI S [IVug | L) IRIIPRIL S (6) 77 (IPRIZ + €7 (1)72).
5.7

e To deal with the third term in (5.4), we start with using again the Helmholtz-
Leray decomposition to deduce that

f(us~VR)~PR:/(uE-V]P’R)~IP’R+/(ug-V(I—IP’)R)-IP’R.
(@] O O
(5.8)
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Thanks to (2.4b), (2.4c), and o© is supported on [0, T'], we get, by using inte-
gration by parts, that

| / (u® - VER) -BR| < (1) PRI, (5.9)
O

Moreover, to deal with the last term in (5.8), we first use the decomposition
(2.42) to obtain

I/O(u‘€ V(I =P)R) - PR| S IVU — P)R|[(l|uf | L |PRI| + £* || R]I7.)-
Observing from Korn’s inequality and (5.6) that
IRz S IDBI+ PR + ()77 (5.10)
Then recalling that [|R||; 4 < || R]| i VR %, and using again (5.6), we find

1 1 1 3
IRIZ: < (PRI + €3 (6) ) 2(IDR)|| + IPRI| + €3 (1) V)2
1
SAIDR)I? + Co(IPR|> 4 2 (1) ~27),

for a small constant A > 0, where in the last step, we used Young’s inequality.
As a consequence, we deduce from (5.3) and (2.39) that

I/ ® - V(I —P)R)-PR| < e¥{1) ™7 (1) 7 |PR|
o

+e2AID(R) | + £2C, (IPR|2 + £ (£)72))
S EMDMR)IP + Cred (1) 7 (IPR|)* + 1)5.11)

e For the second term of the energy equality, (5.4), we start with the following
integration by parts:

—/ AR -PR =2/ D(R).D(IPR)+2/ (D(R) - Mgy - PR.
O O 00
Then, on the one hand, it follows from (5.3) that
2/ D(R) - D(PR) =2||D(R)|*> — 2/ D(R) - D((I — P)R)
O O
>ID(R)|*> — CIID((I —P)R)| (5.12)
>[I D(R)|? — Ce# ()7,

and, on the other hand, by using boundary condition A'(R) = G on 90, one
has

/ (D(R) -m)tap - PR = / (G — (MR)¢ap) - PR
00 1@

= / div (n(G — (MR)tan) - PR),
O
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so that thanks to (5.6), (5.10) and (2.37), for A > 0, we get, by applying Young’s
inequality, that

|/30(D(R) ‘Wan - PRI < ADQR)|? + CL(IPR|? + (1)~2). (5.13)

By inserting the estimates, (5.5), (5.7), (5.9), (5.11) and (5.13), into (5.4), we
arrive at

1d
§EIIIF’R(I)||2 + e DRI < CeA| D(R)|® + Cile + (1) V) IPR|* + &3 (1) 7.

Choosing X small enough such that CA < % and note that (2.38) implies

[PRoll < [IRoll S &%, (5.14)
then we use Gronwall inequality to find that

1

t
IPR(1)||* + s/ ID(R)|>dt < Ce™% forO <t <T°.
0

Together with (5.3) and (5.10), we thus conclude the proof of (5.2). |

5.2. Tangential Derivatives Estimates

We now estimate the tangential derivatives of the remainder. Recall that the
tangential derivatives Z* are defined in (2.29) of Sect. 2.8 and the conormal Sobolev
norm || - ||, is defined in (2.34). Let us start by estimating V R on the boundary.

Lemma 5.2. Let m > 1. It holds that
IVRI gm-130y S IRIam0) + ()77 (5.15)

Proof. Indeed we only need to estimate [|0nR|| gm-1(3¢0)- On the one hand, we
deduce from the boundary conditions: A'(R) = —G, R -n = 0 on d0O, that

(hR—Vn:-R+2MR)tan = —2G on a0,
from which, with (2.37), we infer

@ R)tanll m-130) S IRIam00) + 1G |l gm-130) S IRIEm@GO) + ()77
(5.16)
On the other hand, div R = —H gives us
R -m+Y c;ZjR=—H (5.17)
J
for some smooth functions c;, which depends only on vector field w/ . Thus, by
(2.37),
9 R -0l gm-150y S IR Em30) + 1 H | gm-10) S IR m@0) + ()77
(5.18)

Combining the estimate (5.16) with (5.18), we have proved the part of (5.15) re-
garding ||0n R|| m-1(50)- The other part of the estimate is straightforward. O
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Proposition 5.3. Let 1 < m < p — 3 be an integer. Then there exists a constant
C1 > 0 such that for any t in [0, T?],

d 1
ZIROIGACIEIVRIG, S EIVRIG, -+ ) |f 2oV - Z°R| + &3 (1)
lel<m O (5.19)

+IRIZ (e 4+ ()7 + (IR .0o IV RIm—1 | Rllm + VR L2 | RIIZ,)-

Proof. Let1 < £ < p — 3 be an integer and o be a multi-index with |«| = €. By
applying Z“ to (5.1a), we obtain

0 Z*R —eAZ*R +u® -VZ*R+ Z%(R-Vul) + Z°Vx
=ZF —¢[A, Z*]IR + [u® - V, Z°]R,

Taking L? inner product of the above equation with Z%R gives rise to

1d
——||Z“R(t)||2—8/ AZ"‘R.Z"‘R—i—/ (uf.VZ“R).Z“RJr/ Z%Vr - Z°R
2dt o o o

:—/ Z"‘(R-VMZ)~Z°’R+/ Z"‘F-Z”‘R—s/ [A, Z*IR - Z*R (5.20)
@ @ @

—i—/ (u®-V,Z“|R - Z*R.
@]

In what follows, we shall handle term by term above in (5.20).

e We start with estimating the second term in (5.20), which relies on the following
lemma:

Lemma 5.4. Let 1 < |a| < m. There exist constants C1, C > 0 such that

—/ AZ*R-Z%R > C{|[VZ*R|* = C||R|? — C(r)™?". (5.21)
O

We postpone its proof to the end of this subsection.

e For the third term of (5.20), since div u® = o%in O, u* -m=00ndO,and °
is supported on [0, 7], we get, by using integration by parts, that

| f (W -VZ*R) - Z°R| < (1) |RI2. (522)
(@)

e By using the Leibniz formula and (2.39), we find

|/ ZU(R-Vul) - Z°R| S Y |/ ZUR - Z°Vub - Z°R|
o o1 toy=o o (523)

<OTVIRIZ,.

e (2.35) ensures that

|/ Z9F - Z°R| S ev(t) Y (IRI2 + 1). (5.24)
O
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Thanks to (2.32) and Z*(R - n) = 0 on 90, we get, by using integration by
parts, that

|/ e[A,Z"‘]R~Z°‘R|§|/ > ecpVPZPR+¢,VZ'R) - Z°R|
© OBl lyl=m—1
Se(IVRIm + IR IV RIlm—1

+ ellVRI gm-130) | Rl am (30
Moreover, due to trace Theorem (see (87) of [30] for instance) that
IR 3m a0y < IRIZ + IR IV R il (5.25)
and Lemma 5.2, for any A > 0, we infer
IV R -1 o) IR I e 90y SURGm a0y + ()7
SIRIZ, + IR VR + (1) (5.26)
SMIVRIG, + CallRI, + (1)

As a result, it comes out

6l /O[A, ZIR - Z°R| < Ae|VRIZ + Cre(IVRIE_; + IRIZ + (1)),

(5.27)
For the last term, we use the decomposition (2.42) to get
/ [u® -V, Z%R-Z*R =/ W® -V, Z*1R - Z°R
@] @
+/ [ —u®)-V,Z*IR - Z*R
(@)
+g2/ [R-V,Z%]R - Z*R.
(@
We write
W V=>"¢;Zj+w’ mda=>"c¢;Z;+u)Zo, (5.28)

J J

for some smooth functions c;.
Thanks to (2.33), we can easily show by induction that [Z, Z°,0<j <5, is
a tangential derivative of order m. Note that u° is supported in [0, T], we have

v 2R 2RI S 0 n ORI, (529)
On the other hand, applying the Leibniz formula yields

[ —u® -V, Z¥R = D e Z9uf — u")ZVR + (uf, — uO)[V, Z°IR,
o) +or=a,a] #0
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for some smooth functions c,, depended on the vector field 2U.
It follows from (2.40) that
I —u®) - V. Z¥IRIN S Velt) VIV Rllm-1,

which implies

I/O[(ui —u®) -V, Z*1R - Z°R| S Ve(t) 7V IVRm-1[Rllm
S elVRIG -y + ()7 IRl (5.30)
Applying the Leibniz formula once again gives

[R-V.Z"IR= Y cZ"R-Z*VR+RIV, Z°]R.

a1tar=0o,01#0

Yet it follows from generalized Sobolev-Gagliardo-Nirenberg-Morse inequality
that

IR -V, Z*IR|| S IRII1,0oIVRIIm—1+ VR L[ Rllm,
so that we infer
I/O[R V., Z*1R - Z°R| S IRIooIVRlm—1 IRl + VR L= R]]5,-
(5.31)
Combining (5.29), (5.30) with (5.31), we arrive at

|/[u8~v, Z¥IR - Z°R| SellVRIZ_, + ()" IR||Z
o m-l " (5.32)
+ (IR 1,00 I VRIm—1 I Rllm + IVRI = [ R2).

By inserting the estimates, (5.21), (5.22), (5.23), (5.24), (5.27) and (5.32), into
(5.20), and then by summing up (5.2) with the resulting inequality over all the
multi-indices o with 1 < |¢| < m, finally choosing A to be sufficiently small, we
arrive to (5.19). |

Let us now present the proof of Lemma 5.4.

Proof of Lemma 5.4. We first get, by using integration by parts, that

—f AZ*R-Z%R = 2/ |D(Z“R)|2+2/ (D(Z*R) -n)igy - Z*R.
O O a0
(5.33)
It follows from Korn’s inequality that
ID(Z*R)|I* = C1IIVZ*R|* — C2[1 Z° R (5.34)
As N (R) = G on 3O, we have
(D(Z“R) . n)tan = —(MZ‘”R)tan +ZG + [./\/, Z"]R,
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so that there holds

/ (D(Z"‘R)~n)tan~Z“R=/ (Z%G — (MZ*R)tan) - Z°R
+/ [NV, Z¥IR - Z*R.
00

We are going to estimate each term of the right hand side of (5.35).
On the one hand, by virtue of (2.37) and for any A > 0, we get, by applying
Young’s inequality, that

|/BO(Z°‘G — (MZ*R)an) - Z°R)|

= |/ div (n(Z*G — (MZ*R)tan) - Z*R)|
O
SNZEG g IZ*RI + (IZ*GIl + 1 ZXRIDIZ® Rl 1
SAIVZERI? + Ch(IZGI%, + 1 Z%RIP)
SAIVZER|? + Co((t) %Y + 1IZR|P).
On other hand, we deduce from (5.26) that

|/o[N’ Z%1R - Z°R| < IV Rl 150 | Rl 20
0
< MVRIZ + G (IRI% 4 (1) 727).

By substituting the above inequalities into (5.35), we achieve
|/80(D<Z°‘R> “Wan - Z*R| < 24| VRI;, + 2C, (IR, + (1)), (5.36)

By inserting (5.34) and (5.36) into (5.33) and choosing A to be sufficiently
small, we arrive at (5.21). |

5.3. An Appropriate Substitute to the Vorticity

We observe that the right hand side of (5.19) involves || VR||,,—1 and ||/ VR || o,
so that we need to estimate at least one normal derivative of R. We define

= Ve (R) + G)x (x), (5.37)

where yx is a cut-off function defined in Sect. 2. From the definition of 1, we know
that n = 0 on the boundary d0. Observe that this property is not satisfied by the
vorticity curl R; this is indeed the reason why we would rather use 1 following [30]
than curl R.

Lemma 5.5. Let m > 1. The following equivalences hold true:

Illm—1 + IRlm + Ve@) ™ 2 |VeVRIm-1 + [ Rllm + Vet)™7,  (5.38)
Il + 1 Rl1.00 + v/6() ™ ~ VeV Rloo + [IRIl1,00 + V()77 (5.39)
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Proof. Let us focus on the proof of (5.38). We first deduce from the definitions
(1.1) and (5.37), and the estimate of G in (2.37) that

llm—1 S UVEV Rt + IRl + e ()77,
which implies
I llm—1 + 1RIlm 4 V&)™ S NIVEVRIm—1 + IRIlm 4 Ve(t) 7. (5.40)
To prove the other side of the inequality (5.40), we introduce
If = ftan- (5.41)
Then notice that
D(R)n = % (R +VR -n)yan and (VRjn;j)n = (VR)ann;
we have
Vel xMoaRllm—1 S nllm—1 + 1Rlln 4+ Ve(r) ™7
On the other hand, by definitions of x and of the norm || - ||, one has
(1 =) MonRlIm—1 S IR m-
And it follows from (5.17) and (2.35) that
1R - Bll 1 S IRl + 2% (1) 77
As a consequence, we obtain

100 Rllm—1 SIXTIOnRIm—1 + I1(1 = ))0nRllm—1 + 19a R - 0llm—1

_ (5.42)
Slinllm—1 + IR m + ﬁ([) V.

(5.42) shows that the other side of the inequality (5.40) holds, which leads to (5.38).
The equivalence (5.39) can be proved along the same line. O

By virtue of (5.38) and (5.39), we can rewrite (5.19) as

d 1
SIROE + ClelVRI SeIVRIE  + 30| [ 209m 2RI+ ed)
(@)

la|<m
+ (InlZ_y + IRIZ) (e + ()™
+e2(Inll7~ + IR .0))-

(5.43)
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5.4. Time Evolution of the Auxiliary Quantity

Let us now estimate the time evolution of ||7(¢)],,—1, which appears in the right
hand side of (5.43).

Proposition 5.6. Let 1 < m < p — 3. Then there exist a constant C1 > 0 such that
foranyt € [0, T?],
d 2 2
Elln(l)llm_l + Ciell V-,
1 _
SellVals, o +e3t) 7+ Y ﬁ|fo ZP (YN (V) - 2P| (5.44)
[Bl<m—1

+ (e + (077 +e2(nlEe + IRIT o)) (Inl—s + IRIZ)

Here the term 8||V7]||5172 does not appear on the right-hand side of (5.44) when
m = 1.

Proof. In view of (5.1), n satisfies
an—eAn+u®-Vn=—JexN(F+Vr+R Vu)
+ Ve (0 —eA+u® - V) (xG)
— 3 [A, xNIR + elu® - V, xN'IR
+ Vel —u®) -V, xNIR.
Applying Z# with |8] = m — 1 to the above equation yields
$ZPn—eAZPy+ut - VZPy = —/eZP (X N(F + V7 + R - Vu))
+VEeZP (3 — A+ u® - V)(xG)
—e2[A, ZP(x\)IR

+Velu® - v, ZP(xN)IR
+Vel@w® —u®y -V, ZP(x N)IR.

Note that n = 0 on O and Z” is tangential derivative, we have Z#5 = 0 on 90.
Then we get, by taking L? inner product of the above equation with Z#7, that

8
1d
52 1212 + 2D < Y1, (5.45)
i=1
where
I == / ut -vzhy. 7Py,
@]
I = ﬁf ZP(YN(F)) - 2%,
@

Iy = JE/ ZP(xN(Vm)) - 2P,
O
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I4 ::f/(DZﬂ (XN(R-Vup))-Z

&T‘

ff(a,—aAﬂ -V)(ZP(xG)) - 2P,

a

%/ (A, ZP (xM)IR - 2P,
I :=¢5/ w-v, ZP (x\NOIR - ZP,
O

Iy := ﬁf [ —u® -V, ZP(x\)IR - ZPn.
(@)

First, regarding the second term in the left hand side of (5.45), we observe from
Korn’s inequality that

IDZP)| = CiIVZPyl — C211ZPn]l. (5.46)

Let us now handle term by term in the right-hand side of (5.45).
e Estimate of I;.

Since u® satisfies (2.4b), (2.4¢), and 0 = oV is supported in [0, T'], by using
integration by parts, we find

i < 67 Il (5.47)

e Estimate of 1.
By virtue of (2.35), we get, by applying the Cauchy-Schwarz inequality, that

1
Ll S et ()™ (1+ Il ). (5.48)

e Estimate of I3.

We simply estimate /3 by the third term on the right-hand side of (5.44). We
remark that we do not try to get rid of the pressure at this step. Indeed this delicate
issue will be postponed to Sect. 5.5.

e Estimate of Iy.
Recalling (5.41) and in view of (1.1), we write

VEXN(R - Vil) = ﬁxn(%(an(ze - VuE) + V(R -Vut) -m) + M(R - w;)).

Since M is a smooth matrix-valued function and m < p — 3, we get, by applying
Leibniz formula and (2.39), that

IVeXN (R - Vu)llm—1 S Vet) 7V IVRIm—1 4+ )V [IRIm-1,
which, together with (5.38), ensures that

11a] S 077 (IR, + nlly,—y) + V@) 7. (5.49)
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e Estimate of Is.
We split it into two terms

=T+ I with I i= VE [ @b+ 9) (2 16)) - 2P,
O
5
Isp := 87/ R-V(ZP(xG)) - ZPn.
(@]

Thanks to (2.37) and (2.39), x is a smooth function, for m < p — 3, we infer

11511 SVE(10:Gllm—1 + €IV Gllm—1 + 451l L) IV G llm—1) [7llm—1
SVe) 7V nllm-1,

and
52l S X NRINVG let Illm—1 S €3 0) 7 IR I 01,
so that we achieve
51 S VE@) Y (1421 Rlm) nlln—1. (5.50)

e Estimate of Ig.
In view of (5.1b), we decompose I = Ig; + Igr With

Ie1 :=e/ (A, ZP1n — VexG) - ZPn and g = e%/ ZPIA, xNIR - ZPy.
O (@]

On the one hand, thanks to (2.32), we write

/[eA,Zﬁ](n—JEXG).Zﬁn =g[ E (cp V2P + cp,VZPrn) - 2Py
(@} (@}
181,121 <m—1

—s%/ (A, ZP1(xG) - 2P,
(@}

where cg, , ¢g, are smooth functions depend only on vector field 20. Due to Z# 5 = 0
on 0, by using integration by parts and (2.37), we infer

w

o1 SellVallm=11Vnllm—2 + el Vallm—2lnllm—1 + €2 (&) "7 lInlln-1

) ) ) \ (5.51)
<& Valy—1 + CreIVnll_a + lInll—p) + Ce2 ()77,

where A > 0 is a small constant.
On the other hand, we write

[A, xNIR = AxN(R) +2/eVy : VN (R)
+x(AID(D(R) -n+ MR) 4+ 2/ex(VI) : V(D(R) -n+ MR)
+xTI(D(R) - An+2VD(R) : Vn+ (AM)R +2VM : VR).
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Corresponding to the second and the forth term above, we use integration by parts
in Ig>. Then we deduce from (5.38) that

3
[e2| Se2 IV Rlm—1 (V0 llm—1 + [17llm—1)

2 2 2 202 (5:52)
<xelVnl_1 + Cre(llnlly_; + IRIl;,) + Cre™(t) .

e Estimate of I7.
We write

[u V., ZP IR = [® - V. ZPI N (R) + ZP[u® - V., x NIR.
It follows from (5.28) that u® - V is a tangential derivative. So that thanks to the
observation (2.33), we find that [u® -V, ZP]is an operator of linear combination
of tangential derivatives of order m — 1. Then due to the fact that x° is supported
in [0, T'], we infer
Vellu® - v, ZP UDIRIL S Vexio riOIVRIm-1 S (6) 7 IV R [m-1,
which together with (5.38) implies
1171 S @77 (IRIG, + lnli5,—,) + ()77 (5.53)

e Estimate of Ig.
We first decompose Ig as

6
Iy=>" I,
i=1

with

I3y : / [(MZ — uo) -V, Zﬂ]ﬂ . Zﬂn,
(@]
Iy = —\/E/O[(ufl —u®) -V, ZP1(xG) - 2P
Ig3 = ﬁ/ ZPlwt —u®) -V, xNIR - 2Py
(@]
Igy := 52/ [R-V, Zﬂ]n : Zﬁﬁ
(@]
5
Igs := —87/ [R-V,ZP1(xG) - 2Py
@]

Iye = 8%/ ZPIR -V, xNIR - ZPn
O

Next we deal with all the terms above.
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Estimate of Ig1. In view of (2.30), we write

(W, —u")-V,ZPln=" Y cp 2Pl —u®) - 2PV + @ —u®) - [V, 2P,
Bi+p2=p.p17#0

where cg, , cg, are smooth functions depend only on vector filed 25. Then thanks
to (2.40), we infer

g1 S Ve®) 7 IVnllm—alnlin1 < ellValn_o + ) Inln_;.
(5.54)
Estimate of Ig;. It follows from (2.37) and (2.40) that
ol S Veluls = ullm—t,00ll Gll gm0 llm—1 S 3 (6)2 nllm—1.
(5.55)
Estimate of I33. In view of (1.1), we write
[ —u® -V, xNIR = [(uf — u®) - V, xITI(D(R) - n + MR)
+xT1((uf, — u®) - V(D(R) - n)
—D((, —u®) - VR) -n) + ((uf — u®) - VM)R).

Notice that the second order derivatives of R vanish on the right hand side
above, we deduce that

1Ig3] < Ve(llul — ullm—1.00 + IV (@ = 4 lm—-1,00) IV RIm—1 17 llm—1,
which together with (2.40) and (5.38) ensures that
ssl S Velt) Y IVRIm—1Inllm—1 S )7 (AnllZ_, + IRIZ) + e(t) 7.

(5.56)
Estimate of Ig4. In view of (2.30), we write
Igg=¢ / Y cpZPR-ZPVR+ RV, zﬂ]n) ZPy.
B1+p2=B.p17#0

We remark that if we use directly use the generalized Sobolev-Gagliardo-
Nirenberg-Morse inequality above, there appears the term, ||Vn|/ze, which
we do not have the estimate. To overcome this difficulty, we use integrations
by parts to transfer the V on terms like Z#2V7 into other terms. Notice that
ZPn = 00n 30, no boundary term appears during this process. Then by apply-
ing the generalized Sobolev-Gagliardo-Nirenberg-Morse inequality, we find

Is4] Se* (1 ZR Iz Inllm—2 + I RIm—1lnll>) 1V lm—1
e (IVRI o nllm—1 + IV Rllm—1 ]l o) 1 llm—1
+ &R IV 1 llm—1 I llm—1.
from which, with (5.38) and (5.39), we infer

sl < AellVnlZ_y + Cre(inlZ_y + IRIZ) Elnlie + ellRIT o + D) + Ce ()77
(5.57)
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e Estimate of Igs. Along the same line to the estimate of Ig4, we write

[R-V,ZP1(xG) = Z cp, ZPIR - 2PV (5 G) - 2Py
Bi+B2=P.B170
+R [V, ZP1(xG) - 2P,

from which, with (2.37) and m < p — 3, we infer
5 _
[gs] S e2(t) VIR Ilm—11mllm-1. (5.58)
o Estimate of Ige. In view of (1.1), we write

R =[R-V, xITI(D(R) -n+ MR)
+ xTI(R-V(D(R) -n) — D(R-VR) -n+ (R-VM)R).

Notice that the second order derivatives of R vanish on the right-hand side
above, we deduce from the generalized Sobolev-Gagliardo-Nirenberg-Morse
inequality, that

S3NR -V, xNIR It S &3 (IVRI L + IRl L) (IVRlm—1 + [ Rlln—1),
which, together with (5.38) and (5.39), ensures that
1Issl < e(Inllp_y + IRI) (14 elnlie + el RIT o) +£2(1) 7. (5.59)
By summing up the estimates, (5.54-5.59), we arrive at
5] <Ael[ VI3, + C(elVnl2 o +e%()7) <e0
+ Cole + (077 + U~ + IRIT o) (101 + IRIZ, ) o

By inserting the estimates, (5.47), (5.48), (5.49), (5.50), (5.50), (5.51), (5.52),
(5.53) and (5.60), into (5.45) and summing over the resulting inequalities with the
multi-indices « with || < m, and finally choosing A to be sufficiently small, we
obtain (5.44). This ends the proof of Proposition 5.6. O

By summing up (5.43) and (5.44), we achieve

d
E(nm)nﬁ, +lnOIZ_) +e(IVRIZ + 1VnlZ,_,)
1 _
Se(IVRIZ_; + IVnl2_y) + e (r)Y

+ (e + O+ 2N~ + IRIT ) (M2 + IRIZ)
+ Z|/ Z°Vr - Z°R|+ Ve Y |/ ZPXN (V) - ZP).
(@) (@)

loe|=m [Bl<m—1

(5.61)

To estimate the two integrals in (5.61), we will have to deal with the pressure
estimates in the coming subsection.
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5.5. Estimate of the Pressure Term
In view of (5.1), the pressure 7 satisfies

Ar = —divF —div(w®-VR+R-Vul)+0,H —¢AH inO,
Ot =—F-n—@W®-VR+R-Vu) -n+eAR-n ondO.

We start the estimate of Vzr with the following toy model:

Lemma 5.7. Let | be determined by

Amy=—divF inO, (5.62)
opty = —F-n ond0,
Then for any non-negative integer £, one has
IVrille S I1F e (5.63)

Proof. We proceed by induction on £. By taking L? inner product of the first
equation of (5.62) and using integrations by parts, we find

||Vm||2=—/OF-Vm,

which implies ||V || < || F||; therefore (5.63) holds for £ = 0.

Next we assume that (5.63) holds for £ = m — 1 with £ > 1. We are going to
prove that (5.63) holds for £ = m. Indeed by applying Z% with |a| = m to (5.62),
we get

—AZ%t — [Z%, Almy = Z%div F.

By taking L? inner product of the above equation with Z%| and using integration
by parts, we obtain

4
IVZEml? =) Ji, (5.64)
i=1

where
Ji :=/ [0n, Z%1m1 Z%1, T2 i= —/ (A, Z1m Z% 7y,
00 o
J3 = —/ Z(F -n)Z%m, J4 22/ Z%div FZ%m;.
a0 (@]

Let us now handle term by term the quantities above.
e Estimate of J;.

Notice that Zg = 0 on 90O, so that if Z% contains the tangential vector field
Zo, J1 = 0. Without loss of generality, we may assume that Z* is composed of Z;
with 1 <i < 5. We write, Z% = Z; Z°', |a1| = £ — 1, then

[an’ Za] = [an, Zi]]Zal + Zi] [any Zal]‘



920 J. LIAO ET AL.

As presented in Sect. 2.8, the vector fields, [0n, Z;, ], are also tangential derivatives.
By induction, [d,, Z%] is a tangential derivative operator of order m. By trace
inequality, (5.25), we infer

11 S 17 @oy S Bl + 1l VTl S IVA 1 IV -
(5.65)

e Estimate of J,.
To deal with the commutator, we use (2.32) to write

/[A,Z“]mZ“m = /(cmv2z"1m+ca2vz"‘2m)z‘¥m,
@) @)

leer],laz|<m—1

(5.66)

where ¢y, cq, are some smooth functions. Yet we do not want the second order
normal derivative of 7; to appear in (5.66). The idea is to use integration by parts.
The cost is that boundary terms like fao n-cy - VZ* 1y Z%r, will appear. In
general, we can not guarantee that n - ¢y, - V is a tangential derivative. One attempt
is to use the boundary condition, dp71 = —F - n, and then the boundary terms will
be bounded by || F - n|| gm30). Although Lemma 4.2 gives || F || gm0y S (£)77,
so that || F - n| gm0y will gives rise to an appropriate estimate of 771. But when
we apply similar estimate to deal with 73, term like || R - VR|| gm 3¢y Will appear,
which is out of control.

To overcome the above mentioned difficulty, we distinguish the terms in (5.66)
into two cases.

e If Z% contains a field Zy, then Z% = 0 on 9. In this case, we use integration
by parts to get

2] S IVallm-1 V2l
e If Z% does not contain any Zj, we write
2% =Zk Ziy - Zy, with Zj, =wh .V, ke{l1,2,3,4,5,,1<i<m,

m

for wki given in Sect. 2.8.
As a convention, let Z% = ZPn+1 be the identity operators, we denote

7% :=Zp - Zr, and ZPi= 7 - Zi, with  1<i<m.

Then by (2.31), we write

3

(A, Z%7 Z ZY1A, Zi 1 2P

m
Z zo=1 (Awh - v ZPiri 42V v2ZPi ).
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Notice that for k; # 0, wki-n =0in Vso/2> In| = 11in Vs, and Vn is symmetric,
we have

n-Vuki .n=—n.-Vn.wh = —wki -Vn-n=0, inVs..
So that Vw*i : V2 contains at most one normal derivative and this implies
1A, Z%mill S IV llm-
As a result, it turns out that

12l SNV lm=1 IV llm. (5.67)

e Estimate of J3 + Jy
Again we distinguish to the following two cases:

e If Z” contains Zy, then Z% = 0 on 0. In this case J3 = 0. For J4, we use
integration by parts to get

h= > /;Qco,l~VZ“1FZ“m

leer|<m

= > /Z“‘F(divcalzo‘n]+ca,~VZ“711),
@]

leey|<m
from which, we infer
[Jal SNVl F e
o If Z% does not contain Zo, notice thatfor 1 <i <5, Z; = w -Vandw -n=0
in Vs, /2 and div w' = 0, we get, by using integration by parts, that
/ Z%div FZ%r) = (—1)™ / div FZ%% 5,
O (@]
= (=" / F-nZ*%m — (=)™ f F-VZ¥m,
0 O

=/ Z(F -n)Z%t; + Z /calF~Z°“VZ°‘m
0 (@)

ey [<m
= / ZF -n)Z%m + Z / VZ%ry - Z%(co, F),
90 oty [<m o

where ¢,, are some smooth functions depend only on the vector field in 20.
As a consequence, we obtain

Ji+ Jy = Z /VZ“m~Z"“(ca1F),
loi|<m o
which implies

13+ Jal SNV 1 F Nl (5.68)
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In view of (5.64), by summarizing the estimates, (5.65), (5.67) and (5.68), we
conclude the proof of (5.63). O
Proposition 5.8. For 1 <m < p —4 and fort € [0, T?], we have

Valm < 8%<t>_y + €l VRIm + )V [RIm + > (IR Lo IV RIm + [IRIm I VR o).

(5.69)

Proof. We first decompose  into four terms 7 = my + 72 + 73 + 74, wWhere 7y,
17, w3 and 4 are determined respectively by (5.62) and

Amr =0, H i
m=%H inO, (5.70)
onm2 =0 on a0,
Ams = —div (u® - VR 4+ R - Vus) inO, 5.70)
O3 = —(uf - VR+R-Vul)-n ond0O, '
and
A =—c¢AH i O,
T4 =—E m (5.72)
o4 =AR-n ond0.

e The estimate of Vry.
The estimate Vg relies on Lemma 5.7. Indeed we deduce from Lemma 5.7
and (2.35) that

IVrille S e ()™ for 0<€<p—3. (5.73)

e The estimate of V.
We claim that for 0 < ¢ < p — 3,

IVmalle < e¥ )7 (5.74)

Without losing generality, we may assume that fO o = 0. Again we proceed
by induction on £. Indeed by taking L? inner product of the (5.70) with 77, and then
using integrations by parts and the Poincaré inequality, we find

IVmll? = — /O (Amy)my = — /O @ H)m < 13, H || V2]l

which together with (2.35) yields (5.74) for £ = 0.

Next let us assume that (5.74) holds for £ < m — 1 < p — 4, we are going to
prove that (5.74) holds for £ = m. In order to do it, we apply Z% with |a| < m to
(5.70) and then taking L? inner product of the resulting equation with Z%m, and
using integration by parts, we obtain

IVZ¥m)? = / (9nZ%m2) 2%y — / (AZ%12) 2%

00 o (5.75)

= / [0n, Z%]m2 Z% ) — / (Z°9,H)Z%ms + / (A, Z%1m2 Z% 7,
30 O (@)
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where we used dp7mp = 0 on 9O, so that Z*9,7mp = 0 on 90.

As the estimate of J; in the proof of Lemma 5.7, if Z% contains Z, the first
term of the right hand side of (5.75) disappear. Otherwise, [d,, Z*] is a tangential
differential operator of order m. Then we get, by applying the trace inequality
(5.25), that

I/BO[BH, 2°Ym 2| S m2llim oy S 2l + 11l IV 2l S NV2 1 1V 2]l

(5.76)
On the other hand, it follows from (2.35) that

I/ (Z%0,H) Z%| S e%(0) 7 |2l (5.77)
o

For the last term in the right hand side of (5.75), we deduce along the same line
to that of J> in the proof of Lemma 5.7 that

|18 2222 S 1932l el (5.78)
On the other hand, it follows from the boundary condition d,7r> = O that

V2l gm-10) = 72l Hm(0)-
Then by inserting the estimates (5.76),(5.77) and (5.78) into (5.75) and then sum-
ming up the resulting inequalities for |o| < m, we obtain
D
IVmally, < CIVA2llm-1 VT2l + &5 (8) 7Y V2 llm—1).

which, together with the inductive assumption, ensures (5.74) for £ = m. This
proves (5.74).
e The estimate of V3.

Due to divu® = ¢? and div R = — H, we write
div (u® - VR) = div (R - Vu® — Hu® — o"R).
On the other hand, due to u®* -n = R -n = 0 on O and Vn is symmetric, one has
u®-VR)-n=—w®-Vn)-R=—(R-Vn) -u® = @’ -Vn)-R.
In view of (5.71), w3 verifies
Ams = —div (R -V +ub) — oOR — Hug) in O,
o3 =—R-V@u® +ul)-n ondO.

From Lemma 5.7 and the generalized Sobolev-Gagliardo-Nirenberg-Morse in-
equality, we infer that

V3l SIR -V @e +ul) —0'R — Hu |,
SR IVUE im0 + 2 (IR L IV Rl + [ R[lm I VR 2)
A 10,00 | R llme + 11 N 164 1,00 + &1 H 1,00 | Rl



924 J. LIAO ET AL.

which, together (2.35), (2.36), (2.39), and the fact that &9 is smooth and supported
in [0, T'], ensures that form < p — 3,

_ 1 _
V73l < )Y IR + &3 ()7 + (IR L IVRIIm + IRl VR ).
(5.79)

e The estimate ofViy.
In view of (5.72), we write

A(ms+eH)=0in O and 0y,(m4 +H) = —¢AR -n+ €0y, H on 00,

from which, we deduce that for m > 1

V(s + eH)llm S

~

AR -n—0aH| , 1 .
H""2(00)

yet it follows from (2.35) and trace theorem that, form < p — 4,

EIAH | < 3 (1),

~

< oIv2 < o)V
8||3nH||Hm_%(O)N8|IV Hlm Se*(t)™7.

As a result, it turns out that
o
Vsl S +er(t)V.

~

elAR -m| 1
H™"2(30)

The term ||AR - nlle_%
19 of [30] so that

@O) above can be handled exactly as that in Proposition

AR - S |IVR||m-
IAR ],y S IVRI
Then we obtain, for 1 <m < p — 4,
1
IV4llm S eNVRIm + €% ()7 (5.80)
By summarizing the estimates (5.73), (5.74), (5.79) and (5.80), we arrive at
(5.69). This completes the proof of Proposition 5.8. O

With Proposition 5.8, we now turn to the estimate of the two integrals involving
the pressure term in (5.61).

Corollary 5.9. Let2 < m < p—4. Then for «, B satisfying |a| < m, || <m—1,
and any ) > 0 there exists C;, so that

|f 2V - Z°R| <ie| VR + Cei(t) 7
0 (5.81)

+Co(e+ ()77 + 2 (Unlli + IRIT ) IR
and
1 _ _
ﬁ|fozf‘xN(Vn)-Zf’n| < el VnlZ_, + Ca(e2 ()2 +e*(t) " |R|3 )

+Cile+ 07 + 3k +IRIZ ) O3

URIZ, + 13-
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Proof. Thanks to (5.69), for any A > 0, we get, by applying Young’s inequality,
that

1
|/(9 Z%Vm - Z*R| < Ae|VRIZ + &% (1) + Cy (e + (1) V) IRIZ,
+(Cr? IR~ + eIV RIL= ) IRIZ,

which together with (5.39) ensures (5.81).
On the other hand, due to » = 0 on 90, by using integration by parts and
Young’s inequality, we find that for any A > 0,

Ve /O ZPYN (V) - 2P| < rell Vs + GV sy, (5.83)

Yet it follows from (5.69), (5.38) and (5.39) that

1Vra_y S &2 ()7 + 640 IR| 2
e+ O + U3 + IRIZ o)) URIZ + 012
Substituting the above estimate into (5.83) leads to (5.82). |

By inserting the estimates (5.81) and (5.82) into (5.61) and choosing A to be
sufficiently small, we deduce that for2 < m < p — 4 and for ¢ in [0, T?],

d
E(uR(r)n%, +nOIZ_) +e(IVRIZ + Vnll2,_,)
[ _ 5.84
< e(IVRIA., +1IV0I2 ) +e3 ()7 + 40y R O3
+ (e + O +2UnlFe + IRIT ) UnlZ_y + IRIZ).

In order to close the estimate of (5.84), we still need the estimate of ||R||1
and ||n]| Lo, which will be the content of the next section.
5.6. Estimate of || R||1,00 and |||l 1>

Proposition 5.10. Let m > 3 be an integer. Then one has

elROIT.00 < CUIRDIIG, + In@) 15—y +£(6)"). (5.85)
Proof. We first deduce from Proposition 20 of [30] that for mgy > 1,

IR < C(I10a R llmg IR lmg + IR 7))
which, together with (5.38), implies

el RO[1700 <C(elldaRO) llmoIRE) I + el RO 12, ) 556
<C(InIZ_; + IROIZ +e)™2) ifm=mo+1.

Along the same lines, we can prove similar estimate for ||ZR|| p~ if m > mgo + 2.
O



926 J. LIAO ET AL.

In order to estimate ||n]| ., we introduce
:=+eVAR. (5.87)

Lemma 5.11. Let ) and 1) be determined respectively by (5.37) and (5.87). Then
one has

Inllzoe 4+ 1R I1.00 + V€)™Y 2 Il + [[Rll1.00 + +/E(1) 7.
Proof. On the one hand, it follows from (5.39) that
7l < Vel VRILe < llnllize + 1 RI.0o + V&),
which implies
Il zoe + 1R I1,00 + V&)™ S lnllizee + IR I0o + /()77 (5.88)
On the other hand, dueton A (VA R) = VR -n — 0, R, we have
VelldnRllze S 17l + Vel ZRlILe + /el|dnR -l 5.
However, it follows from (5.17) and (2.36) that
[9nR -mllee SNZRLe + ()77,
so that
VelmRI e S I7llzee + I1RI1,00 4 e(r) 7.

This together with (5.37) shows that the other side of the inequality (5.88) holds.
This concludes the proof of Lemma 5.11. O

Now let us set
N (1) == |RONZ, + @) 12,_ + elli)]|3 . (5.89)

Note that (2.38) implies

IRolln S &%, IV Rollmet S 67, IV*Rollm2 S 3. (5.90)
Hence
Imollm—1 S VelIVRollm—1 S ™4 and 1701l Lo ()
< VElVRo o) S o3 (5.91)
Therefore

M (0) < 672 (5.92)
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Proposition 5.12. Let N,,(t) be determined by (5.89). Then there exist constant
€0, C sothatfore < ey, 4 <m < p—4

t
N, (1) +a/ (IVRIIZ, + Inll2,_1) ds < Ce™? for t <T%.  (5.93)
0

Proof. In view of (5.1),  satisfies
i —eAn+u® - Vi +/eVu* AVR+ eV A(R-Vul) = eV AF.

Maximum principle for the transport-diffusion equation ensures that

7L < Nioll Lo + x/??/ol(llV A Fllzse + [Vu® A VRl + IV A (R - Vug)| =) ds.
(5.94)
Applying (2.36) gives
VEIVAF$) e S (s)77.

On the other hand, it follows from (2.39) that

VEIVUE AVR($) e S VEls) T IVR() I + €3 IVR($)[| 7.
Notice that

VEV A (R-Vil) = & (aiR VW) — iR - V(ui)i>3x3 +R-V(/EV AuL),

we infer

VEIV AR - Vug)($) e S ()77 (VelVRS) Iz + [R5l ).

By inserting the above estimates into (5.94) and then using (5.38), (5.39) and (5.91),
we achieve

. _3
7Ol S e 3 +/

0
+(5) 77 (il + IRllc=) ) ds

t
(49077 + V() 7 IVRIL + 2V RI )

3 r 3
Sed +/O ()77 (il + 1R I1,00 + &2 (1771200 + IRIF 50)) ds,
from which, with (5.85) and (5.89), we deduce
A 112 -3 Ly 2072
elln®l SeT2+4 A (s) (mm + ¢ ‘Itm) ds.

For any r < T?, by integrating (5.84) over [0, ¢] and then summing up the resulting
inequality with the above inequality, we obtain for 2 < m < p — 4 that

2 2 2 2
(1) + £ (1VRIZ: gy + 10125 1) = C(eUIVRIZ sy + 19012 2)

R (5.95)
+e2 +/ (6 + (5) )Ny, + 202 ) ds ).
0
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On the other hand, thanks to Propositions 5.3 and 5.6, we get, by a similar derivation
of (5.95), that

M) +e(IVRIZ ) +190125,2) = (72 + el VRIZ, o

t
+f ((s+(s>—y)mm+szmﬁ1)ds),
0

which, together with Proposition 5.1, ensures that

t
M(0) +e(IVRIZ o) + 190125 ,2) = C(e72 +/0 ((6+ (5) ")+ £290) ds).
(5.96)

By virtute of (5.95) and (5.96), we get by an inductive argument that

1 1
N (1) +8(||VR||L2(H1 )t IIVUIIL (Lz)) = C(8_7 +/ (e + ()™M, +82‘ﬂ,2,,)dS),
0
from which and a comparison argument, we infer

N (1) + e (IVRIZ g1 ) + 1V ,2)

s (597)

<Ce 2 (1 —Czeiz) exp C/ (s—l—(s)_y)ds) for t < T¢ < —.
0 I

In particular, if we take ¢ to be so small that ¢ < (2TC2)’% , we deduce from (5.97)
that

N (@) + (I VR + 11Vl

LZ(H] LQ(L2))

which yields (5.93). This completes the proof of Proposition 5.12. O

5.7. End of the Proof of (2.43)

For our purpose, we can take (y, k, p, s, q) = (2,2, 8,4,4) in Sect. 4 and m =
4. By aniteration argument, we find that (y1, k1, p1, s1, q1) = (107, 166, 178, 252, 107)
and ug and u, belongs to H 177(©) are sufficient.

Then for any # € (0, T¢), we deduce from (5.38) that

3
RO o) S e2(IRO I+ IOl + Ve() ™),
from which, with (5.89) and (5.93), we infer
IR o) S e%m () + &2 < Ced.

This concludes the proof of (2.43).
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6. Proof of Theorem 1.7

This section is devoted to the proof of Theorem 1.7. The scheme of the proof
of Theorem 1.7 is very similar to that of Theorem 1.1 with some simplifications
due to the facts that the statement of Theorem 1.7 only promises approximate
controllability (see [19, Remark 3]), and for one positive time before the imparted
time, which can be chosen arbitrarily small (recall Remark 1.8). Therefore there
is no need of the well-prepared dissipation of the boundary layers as we did in
Sect. 2.1 in the course of proving Theorem 1.1. Again we make use of a rapid
and violent control so that the behavior of the system will follow from the one of
its inviscid counterpart. Let us therefore recall a few ingredients used in [19] to
tackle the inviscid case. We recall the notation for the flow map already used in the
statement of Theorem 1.7: with a vector field u depending on 7 in [0, 7] and on
the space variable x, we associate, when it makes sense (below we will only need
flow maps in some cases where the classical Cauchy-Lipschitz theorem applies),
the flow map ¢“ such that 9,¢" (¢, s, x) = u(t, " (t, s, x)) for any ¢, s in [0, T]
and for any x in €, and ¢ (s, 5, x) = x for any s in [0, 7] and for any x in 2. First
thanks to a construction due to Krygin [27], given yp and y| two Jordan surfaces
included in €2 such that yp and y; are isotopic in 2 and surrounding the same
volume, there exists a volume-preserving diffeotopy 4 in C*°([0, 1] x €2; ) such
that 9,/ is compactly supported in (0, 1) x 2, h(0, yo) = yp and k(1, yp) = 1.
Then the smooth vector field X (¢, x) := 8;h(¢, h~1(x)) is compactly supported in
(0, 1) x € and satisfies for all ¢ in [0, 1], ¢X(t, 0,%) C L, ¢X(1, 0, v0) = y1 and
divX =0 in (0, 1) x Q2. Then, thanks to [19, Proposition 2.2], for any v > 0 and
k in N, there exists 6% in C§°((0, 1) x Q; R) such that

Viel0,1], A0 =0 in €,

200
—— =0 on [O,I]X(BQ\2)7
on

Vielo, 1], ¢V, 0, 1) C Q,
0
Y% (1,0, v0) — nillcr(sy) < v,

6.1)

up to a reparameterization. Above S? is the two-dimensional torus.

With these ingredients of the inviscid case in hands, let us now start the proof
of Theorem 1.7, it is split into two parts, depending on the regularity of the initial
data.

Proof of the first part of Theorem 1.7. Case where uq is in C*%(2; R?)

We first consider the case where ug is in CK*(Q; R3), with « in (0, 1) and k
in N\ {0}, and satisfies divug = 0 in 2 and up - n = 0 on 92. One also assumes
that 7o > 0, yp and y; two Jordan surfaces included in 2 such that 3 and y; are
isotopic in €2 and surrounding the same volume, are given.

We first use the scaling transformation (2.3) to transform our original problem
(1.2) to (2.4). Then we consider the same expansion as in the proof of Theorem
1.1, that is, (2.42), with u being given by (2.27) and u® := ¢(V6°), where 0° is
given by (6.1) and ¢ is a linear continuous extension operator from CX#(Q; R?) —



930 J. LIAO ET AL.

Cg h ((OF R3 ). Of course, 10 thus constructed verifies Lemma 2.9 except (2.9), which
is unnecessary here.

Let us first focus on proving (1.6) for k = 0, while maintaining the condition
(1.5). It follows from (5.86) and (5.93) that

1 , [l .
82/0 ||R<r>||Loo(O)dzsc87f0 (IO lmt + IR+ €)dt ifm > 2

1 1
< Ce(leZnl 2,1z ) + €2 RN e 0,15 +)
< Cy/e. (6.2)

We remark that the choice of 1 is quite arbitrary but the fact that we consider here
times of order O (1), not of order O(1/¢) as in the proof of (2.42), makes the use
of the well-prepared dissipation of the boundary layers unnecessary here.

With thus obtained u®, we define u via (2.6) and we denote by p the corre-
sponding pressure. Then (i, p) is in L*°(0, T} ckea (€2: R%)) and satisfies (1.2) on
[0, ]. We denote by ¢“(t, s, x) and ¢>”O (t, s, x) the flow maps associated with u
and 1 respectively. Then in view of (2.6) and (2.42), we write

(@ (t, 5, %) — " (t /e, 5, ) == (uF (t /e, " (2, 5, ) —u(t /e, §*" (t]e, 5, X))

™ | =, | =

(W0t /e, 9" (1 5.2)) —u(t/e, 6" (1 /e, 5. x))
+ é%s(t/s, P'(t,s,x)) with R :=u’ —u’ + &R,
from which we get, by applying Gronwall’s inequality, that
|6 5.9 = ¢ (t/e. 5.9 o)
< 8_1”mg(t/g)”Ll((s,t);Loo(O)) exP(é /j Vi ()| Lo (o) dt/)-

On the other hand, it follows from (2.40) and (6.2) that

a 0 1 1 ¢ 0,/ 1 0
lug —u”llLeo(0,e)x0) < Ce2, - IVu= () Loy dt” < VU || Lo 0,1)x0)>
0
el (1 /e) 1 0.enz20n = IR L1250 = CVe,
so that for any ¢, s € [0, €] it holds that
0

l¢" (@ s.) =" (t/e.5.) | joo (o) = CVe. (6.3)

Then (6.1), together with (6.3), ensures that
i
||¢u(81 0’ VO) — V1 ||L00(SZ) S||¢u(89 01 ) - ()b (1’ 07 ) ||LOO(Q)

+ 167 (1.0, 70) = 11| ey (6.4)
<C(Ve+v).
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This entails (1.5) and (1.6) for k = 0, with the time T := ¢ € (0, Typ), by ap-
propriate choices of v and &. Now to prove (1.6) for k > 0 it is sufficient to use
the counterpart of (6.3) for higher order derivatives, see for instance [26, Equation
(23)]. This estimate is performed in a compact set K such that an open neighbor-
hood of U;¢(0,¢] 9% (2, 0, yp) is contained in K and such that K is included in €2, the
existence of such a compact set is granted by the condition (1.5). The higher order
estimates of the velocity field on K are deduced, by Sobolev embedding, from the
estimate of || R(¢)||,» in Proposition 5.12, since on K, || R(t)||,, is equivalent to the
usual Sobolev norm of order m, by the very definition of the the Sobolev conormal
spaces in (2.34). The details are left to the reader.

This completes the proof of the first part of Theorem 1.7. O
Proof of the Second Part of Theorem 1.7. Case where u is in H'(Q; R?)

Let us now tackle the case where the initial data ug is only in H'(Q; R3),
with still the compatibility conditions: divug = 0 in €2 and ug - n = 0 on 9€2. In
this case we first use the regularization result of Theorem 2.1, or more precisely
of Theorem A.l in the Appendix A. More precisely, for v > 0, which will be
chosen small enough later on, we consider u to be the unique solution in u €
C ([0, v]: H'(Q)) N L2([0, v]; H*(R)) of (A.1) on [0, v] with initial data ug. In
particular, for any s¢ in (2, 3), we deduce from interpolation inequality and (A.2)
that

S0 _ 1 s0—2 3—s0
12 SC th u H L2((0,v); H3(Q)) “u”Lz((O,v);HZ(Q)) = C(””O”H' )7

'u ” L2((0,v); H0(R))

from which, along with the Sobolev imbedding theorem, we infer that for any sg
in (5/2, 3),

K K 3—s
IVullL10,v); () SCHt7071”HL2((o,v);Hs0(Q)) ”tPTO |20, = Clluoll)v="

Consequently, according to the classical Cauchy-Lipschitz theorem, the vector field
u generates a unique flow map ¢“(t, s, x) on [0, v]. Furthermore, for any ¢, s in
[0, v], it holds that

H(pu(ta S, X) - -x”Loo(Q) 5/ ”I/[([, )”LOC(Q) dt
0 (6.5)

1 bl
f””u”Lw«o,v);HZ(sz»/O 172 dr < Clluoll v/

In particular, this entails that for any 7 in [0, v], ¢*(z, 0, y9) C €2 and that the Jordan
surface y, := ¢"(v, 0, yp) satisfies

” Y« — Y0 HLoo @) = C(lluoll g)/v. (6.6)
(8%

Moreover it follows from (A.2) that u, := u(v, -) belongs to H°°(£2). Thus we
can use the first part of Theorem 1.7, in particular the estimate (6.4) on the time
interval [v, v 4+ €], so that there exists an extension of u, which we still denote
by u, to the time interval [v, v + €] such that u is in C ([0, v + €]; H'(©)) and in
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L%([0, v + €]; H*(2)) and generates a flow ¢* such that for any 7 in [v, v + ],
@ (1, &, y0) C L, such that

lo" @+ e v, 70) = 1] o2, = CVE (6.7)

Furthermore, ¢" (v+¢, v, -) is Lipschitz. Thus combining these three last properties
with (6.6), and choosing ¢ and v small enough, we arrive at

¢ (v +&,0,¥0) — ¥l o2y SIP" (v + &, v, v4) — ¢“ (v + &, v, y0) | Lo (s2)
+ ||¢M(U +eé,v, J/O) -V ||LOC(S2)
<C(lluoll ) (Ve +V/v),

while maintaining the condition that for any ¢ in [0, v 4 €], ¢ (¢, 0, yp) C Q.
This completes the proof of the second part of Theorem 1.7. O
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Appendix A. On the Regularization of the Uncontrolled Strong Solutions to
the Navier—Stokes Equations with Navier Boundary Conditions

In this appendix we prove a regularization result of the uncontrolled strong solutions
to the Navier-Stokes equations with Navier boundary conditions on the whole
boundary 92, that is, to the following system:

oou+u-Vu—Au+Vp=0, and divu =0 in€,
u-n=0 and N@u)=0 onoL, (A1)
u=uy att=020.

Theorem A.1. Let T > 0, p in N* and R > 0. Then there exists a continuous func-
tion Cr,p g from [0, +00) to [0, +00) with C1 p r(0) = 0, such that there exists T
in (0, T) and for any uq in H' (), with luoll g1 (@) < R, divergence free and tan-
gent 1o K2, the unique strong solution u in C ([0, T11; H (2))NL>([0, T11; H*())
to (A.1) satisfies

Pzt Y,
P L ] P R DN Ui ] FPReseten

0=j=% o<j<i4t

= Cpr,rUluoll g1(g))- (A2)
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As recalled in Sect. 2.1 The goal of this section is to present the proof of Theorem
2.1. The local-in-time existence and uniqueness of strong solutions with H ! initial
data is classical. The interest of Theorem A.1 is to detail the regularization in time
of this strong solution near the time zero. In particular it implies the part of Theorem
2.1 regarding the regularization.

Proof. We will proceed by induction on p. We start with recalling how to prove
the case p = 1, by proving first a L2(£2) energy estimate and then a H'(2) energy
estimate.

e L%2(2) energy estimate

Indeed, we first get, by taking L?(2) inner product of the u equation in (A.1) with
u, that

1d
EEHM(f)Hiz(Q) + (u - Vulu)2g) — (Aulu)p2q) + (Vplu)2iq) = 0.(A3)

Here and in all that follows, we always denote (f[g)12(q) = fQ fgdx.
Due todivu = 0 and u - n|3q = 0, we have

Moreover it follows from Stokes formula that
— (Aulu) 20 :/ [(V X u) % u] ~ndS+/ IV x u|*dx.
IQ Q

By inserting the above equalities into (A.3), we obtain

1d
—— uON 20 + IV x ul)? =/ [ux (Vxul-ndS. (A4
2 dt LX) 2@~ [

Let us denote by My, the shape operator associated with 2. Recall that, since 2 is
smooth, the shape operator My, is smooth and for any x in 92, it defines a self-
adjoint operator with values in the tangent space 7. Then we have the following
result, see [1,12].

Lemma A.2. For any smooth divergence free vector field u satisfying u -n = 0 on
082, we have

1
[D(u)n + Myulign = E(V X 1) X . (A.5)

However, due to MV (u)|3q = 0, we deduce from Lemma A.2 that

[ x (V xw)]-n|,o =u-[(Vxu)xn],,
=2 [(My, — M)ulgan - ul,q (A.6)

=2[(Mw = M)ul - ufyq,
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where we used u - n| 9o = 0 in the last step. Then by applying Stokes formula and
Young’s inequality, we find that for any A > 0, there exists C, so that

|/ [(V xu) x u] -ndS| =2|/ div [((Mw — M)u - u)n] dx|
a2 Q

<MIVul}aiq) + Calluly

(A7)

(€2)’

On the other hand, due todivu = 0in Q and u - n|3q = 0, we deduce from Korn’s
type inequality (see [10] for instance) that there exists a positive constant Cq so
that

IV > ul7, (A.8)

> o =
@ = gl @ ~ iz g

By inserting the estimates, (A.7) and (A.8), into (A.4) and taking A = ﬁ in the
resulting inequality, we achieve

d 2 1 2 2

Applying Gronwall’s inequality gives rise to

1
2 2 2 Ct
”u”LtOO(LZ(Q)) + C_Q”u”Ltz(Hl(Q)) = ”MO”LZ(Q)E . (A.10)

e H'(Q) energy estimate

By taking L?(£2) inner product of the u equation of (A.1) with ;u, we get
||3,u||%‘2(9) — (AM'B;M)LZ(Q) + (Vp|3tu)L2(Q) = — (M . Vu|3,u)L2(Q) .(All)

Notice that 9;u - n|yq = 0, by applying Stokes formula and along the same line to
the proof of (A.6), we obtain

— (Au|8tu)Lz(Q) =/ [(V xu) xou] -ndS + / (V xu)-(V x ou)dx
Q2 Q
1d 5
=2f oruM — My)udS + —— |V x ul”dx,
PYe) 2dt Q

which together with the facts: M is a symmetric matrix and My, is a self-adjoint
operator on Ty, ensures that

d 1
— (Auld = — M —M)udS+ = | |V xul*dx).
(Auldu)p2(q) dt(/m”( wu +2/Q| X ul x)
Again due to d;u - n|3q = 0, one has

(Vp|3,u)Lz(Q) =0.
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By inserting the above equalities into (A.11), we achieve

d M= Mouds+~ [ v xuPd dul?,, o = Vuld
= | wt = wguds+ 5 [ 19 xu x) 1022 g = — - Vuld) 2 g
= HuHLf’(Q)||VMHL3(Q)”8fu||L2(Q)
1 1
< CIIMIIH](g)HVMIIEZ(Q)HVulli,l(Q)IIBzuHLZ(szy
Applying Young’s inequality yields
d 1 3
— u(M — M udS—i——/ quzdx>+—8u2
dt(/m 1 = Muds+ 5 [ 195u T,
<Gl 4 Vu? AV 2ul?

(A.12)

Moreover in view of (A.1), we write

—Au+Vp=—-0u—u-Vu
divu =0 1inQ, (A.13)
u-n=0 and N(u)=0 ondQ.

The following type of Cattabriga-Solonnikov estimate can be proved along the
same line to that of Theorem 2.2 in [32]:

Lemma A.3. Let k be a non-negative integer and Q2 be a bounded domain with
sufficiently smooth boundary. Let f in H*(Q) and g in H**1(Q) with [, g dx = 0.
Then the non-homogeneous Stokes problem

—Au+Vp=Ff
divu =g in<,
u-n=0 and Nu)=0 ondQ

has a unique solution (u, p) so that
192ull ey + IV Pllgkey < CUL k) + 1V8 k). (A14)
Then it follows from Lemma A.3 and (A.13) that
IVl 12y <C (Il 20y + lu - Vull 2(0)
<CI0ull 2y + Il oy IVl 2 g V01 21 )
from which, we infer

IVull gy < C(10ull 2 + (1 + ||M||§11(Q))||Vu||L2(Q))- (A.15)

By substituting (A.15) into (A.12) and then taking A = 4%’ we achieve

d 1 5 1 5
E(AQM(M — My)udS + E/le X U dx)—l—zllatuIle(Q)

(A.16)
<C(1+ Il ) 1 Vull72 -
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On the other hand, it follows from trace inequality (5.25) that
2 2
1 2 2
SEHM"HI(Q) + C”M”LZ(Q),

so that in view of (A.8), there exists a large enough constant K which satisfies

1 1
BV i= Kl + [ u = Mowas+3 [ 19 xudx = 2zl g

T 4Cq
(A.17)
Then we get, by summing up K x(A.9) and (A.16), that
EEI(M) + §||3tu||L2(Q) < CE\(w)(1+ Efw)), (A.18)

from which, we deduce by a comparison argument that for any 7 > 0 and
R > 0, there exists a continuous function C7 , g from [0, +-00) to [0, +-00) with
Cr.1,r(0) = 0, such that there exists 77 in (0, 7') and such that for any u in H L),
with [luo |l g1(q) < R, divergence free and tangent to d€2, the unique strong solution
uin C([0, Th11; H'(2))NL2([0, T1]; H2()) to (A.1) satisfies (A.2) holds true for
p=1

e Higher energy estimates

Inductively, we assume that (A.2) holds for p < £ — 1, we are going to show that
(A.2) holds for p = £. Without loss of generality, we may assume that £ is an even
integer. The odd integer case can be proved along the same line. Indeed we first
get, by applying af o (A.1), that

1+t ¢ ¢ ¢
9, ‘u+9(u-Vu)— Ad‘u+Viip=0,
¢
divafu=0 in(0,T)) x €, (A.19)

[ L
9’u-n=0 and N@u)=0 on (0,T7) x 9%,

from which, we get, by a similar derivation of (A.4) that

1d oy .t _ ¢ C—1 , 5 ¢
55(# 97 u®)72.g) + 1Y x 87 ulf2 g = 2 R0 ul 2 (A20)
t 3 £ 4 :
+z‘—1/ [87u > (Vx 87 w] -ndS — 171 (37 (- V)l u) > -
92
Similarly to (A.7), we have
-1 3 5 Hloat (12 Glos g2
tTH {97 ux (V x 82w)] - mdS| < e T VoS u g+ Collt T 97 ul s -
90
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On the other hand, due to « - n|3qg = 0 and divu = 0, we get, by using integration
by parts, that

L

L ¢ L 3
(87 (- V)|diu) 2 o (a (- Vu) —u- Vo uld u);»

Ly (o 123 %
—— > (e u® 3 ulva, 1) 20
2
Ot+6=4
21>1

from which we infer

¢ L
(07 - Vildu) o g |

4
—1pqf 14 2
SO TN el ey 1977wl o) IV el 2
Li+l=75
01>1
-1 14 4 J4
S DR A [ lulle(mlla 'l (Q)I|32M||H1(9)||V3 ull 20
KH—ZZZ%
l1>1
<)‘||t T dy u”Hl(SZ)—I—C)‘”u”HI(Q)Ht 2 9 ”HLZ(Q)

+ G Z H’Zl_jafluuﬁl(sz) [ |’Z23;32“”H1(sz)'
Z]—I—ez:%
1<t;<£-1

By substituting the above estimates into (A.20) and using Korn’s type inequality
(A.8), we find

L -1 ¢
—= 3 2”(t)||L2(sz) ”t 2 07 u ||H1(sz)
-1

_ ¢ ¢
= T”trlazl‘“H(mWLCk(l*‘”“”HI(Q))”’ 207 u ||L2(Q)

L

¢ -1 2
2u||H1(Q)+C)‘ Z ”tgl a“”“H'(Q)”V 8 ””H'(Q)'
21+€2:%
1<t1<f-1

By taking A = ﬁ in the above inequality and then applying Gronwall’s inequality
to the resulting inequality, we achieve

=1

L 1 =1 &
lt= 8 u ”L°°(L2(Q))+ Q”’ 70 u HLZ(HI(Q)) = Cexp (C(l"‘t”“”i;”(ﬂl(sz))))

0.t 2 _1 2 2
X (”tz la;2u||L,2(L2(Q))+ Z ||tll 2aflu||L?(H1(Q))|||t£28f2u”L,°°(H](Q))>’
Gi+=5
l<t1<5-1
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from which, with the inductive assumption, we deduce that

Ht T o) u“Loo(Lz(Q)) Ht 797 uan @) = CerUluoll gre)(A21)

o~

On the other hand, for any non-negative integer j < 5 — 1, we infer from the
inductive assumption that

I 0 u] =[= V2o u|

(H'-2 (%) (H-2-2 () T ="/ “”L%ﬁ(ﬂf—'—%(sz»

5||t%V28/u||L%T(He,2,2j(9)) + Co.1y (ol g (e))-
Moreover in view of (A.1), we write
—Au+ vV p=—0/"u—8/u-vu),
from which, with Lemma A.3, we infer
2 af'H

”t 2 V28 ”HL"O

(H[ 2-2j () N”t u”Lﬁ (H[—Z—Zj ()

o
Sl
+ ”t 70 (u - V“)||L;<I>(H@—2—2/(Q))-
As a result, we get that

%" 07 e -2y SCori Mol + 1 0 ] e aai
) ) (A22)
+ 70 - Vil g eaiayr Vi < E - b

However, it follows from Moser type inequality and the inductive assumption that

el Ca1
|72 3zjv(”®”)”L;‘;(H472721(s2))§ Z ||tjl+23tjl"||L<;;(H2(sz))
J1tp=j
I
x ||tz /“23,]2””L%{(Hf—z.i—'(sz))
=Ce¢1 (luoll g1 (e))-

Substituting the above estimates into (A.22) gives rise to
Jj+1
Ht 5 3 u I L (2 @) <C¢.1, (luoll 1)) + ||f 5 o " u HL;OI(HK—Z—ZJ(Q»'
We deduce from this inequality and from (A.21), by an iterative argument, that

ORI uuLw(Hz iy = Co (luoll 1 g)- (A.23)
0<j<
Exactly along the same line to the proof of (A.23), for any non-negative integer

Jj =< % — 1, we infer from the inductive assumption that

o
2 3tJ”“L%l(HZ+172j(sz)) <Ht v 3y ””L2 mt-1-2i () T Con (luoll g g)-
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On the other hand it follows from Lemma A.3 that

ST

o
|z VzatJ””LZT1 (HE1-20(Q)) ~

ul L3, (H!121 (@)

s
+t 7 w® ’UHL;T(H‘FZJ'(Q))'

For, any j < % — 1, it follows from Moser type inequality and the inductive
assumption that

1 Sl
|V23ﬂ“®”w$wwwm»5 2:}Wﬁ”wuhﬁmmm
N+i2=j
X ||t 2 J+123tf2u||L%1 (1—14*21'(9))

<Ce¢. 1, (luoll g1 ())-

As aresult, for any j < %, we arrive at

I ull 13 o2y =Cer (ol @) + ||t%ag+1u||ﬁ] HEH @)y

from which, with (A.21), we deduce by an iterative argument that

o
22 =8 ull iz er-asiy) = Con ol ay). (A.24)

0<j<%

By combining (A.23) and (A.24), we obtain that (A.2) holds for p = €. This finishes
the proof of (A.2) and therefore the proof of Theorem 2.1. m]
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