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Abstract

We study long time dynamics of combustive processes in random media, mod-
eled by reaction—diffusion equations with random ignition reactions. One expects
that under reasonable hypotheses on the randomness, the large space-time scale
dynamics of solutions to these equations is almost surely governed by a different
effective PDE, which should be a homogeneous Hamilton—Jacobi equation. While
this was previously proved in one dimension as well as for isotropic reactions in
several dimensions (i.e., with radially symmetric laws), we provide here the first
proof of this phenomenon in the general non-isotropic multidimensional setting.
Our results hold for reactions that have finite ranges of dependence (i.e., their val-
ues are independent at sufficiently distant points in space) as well as for some with
infinite ranges of dependence, and are based on proving existence of deterministic
front (propagation) speeds in all directions for these reactions.

1. Introduction

The reaction—diffusion equation
Mleu+f(xsu’w)’ (1'1)

with (7, x) € (0, 00) x R? and w an element of some probability space (2, F, P),
models a host of physical phenomena occurring in random media. These phe-
nomena all exhibit diffusion, modeled by the Laplacian, as well as some reactive
process, modeled by the non-linear reaction function f. The nature of the latter
process determines the behavior of f in the variable u, which models the property
under study and will take values between its minimum and maximum, customarily
normalized to be O and 1.

When u = 0 is an unstable equilibrium for the (x, w)-dependent ODE 11 =
f(x,u, ) and u = 1 a stable one (e.g., when f > 0 for u € (0, 1)), the reaction
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is of the monostable type. A special case of this are the Kolmogorov—Petrovskii—
Piskunov (KPP) or Fisher-KPP type reactions [9,13], for which the growth rate
ul f(x, u, w) of the reactive process is largest near u = 0 for each (x, w) (e.g., in
the case of logistic growth functions f (x, u, w) = g(x, w)u(1—u)). These reactions
are used in, for instance, population dynamics models, with # being the normalized
population density and u~! f (x, u, ) the sum of the birth and death rates. When
both u = 0 and u = 1 are asymptotically stable equilibria for iz = f(x, u, ®)
(e.g.,when f(x,u,w) = gx, w)u(l1 —u)(u —h(x, w)) with h(x, w) € (0, 1)), the
reaction is of the bistable type, used in modeling phase transition processes.

In this paper we will consider the third main type of reactions, modeling various
combustive processes, including forest fires. Here u is the normalized temperature
and f vanishes for all # below some possibly (x, w)-dependent ignition temperature
(so u = 0 is typically a stable but not asymptotically stable equilibrium), which
is why these reactions are of the ignition type. Our interest is in the long term
dynamics of solutions to (1.1). The PDE typically exhibits ballistic propagation
of solutions, which means that the state u ~ 1 invades the region where initially
u ~ 0 at a linear-in-time rate. If the medium is sufficiently random, one expects
this invasion to acquire a deterministic asymptotic speed as t — oo, which may
depend on the invading direction but not on the position (or w), due to averaging
of the variations in the medium over long distances.

This phenomenon is called homogenization, because over large space-time
scales, solutions behave as if the medium were possibly non-isotropic but homo-
geneous (i.e., direction- but not position-dependent). One can study solutions on
these scales by rescaling them via the transformation

U (t,x,w) :=1u (8_12‘, s_lx, w) , (1.2)
with ¢ > 0 small, which turns (1.1) into
(ug); = eAug + 8_1f (8_1)6, Ug, a)) . (1.3)

If we now take ¢ — 0, the hope is to recover some (almost surely) w-independent
limit u, — u, in an appropriate sense and for appropriate initial data u, (0, -, ®),
that should ideally also satisfy some limiting effective PDE.

However, unlike in typical homogenization scenarios, the limiting PDE for
reaction—diffusion equations cannot be another reaction—diffusion equation, or even
another second order parabolic PDE. The reason for this is that one expects solutions
to exhibit uniformly bounded in time width of the regions where transition between
values # ~ 0 and u ~ 1 happens, which means that this width becomes zero in
the scaling from (1.2) as ¢ — 0, and any limiting function u takes only values 0
and 1. For instance, in the homogeneous deterministic reaction case f(x, u, w) =
f (u), the simplest solutions are traveling fronts, which are of the form u(z, x) =
U(x - e — ct) for some vector e € S?~!, where the front profile and speed (U, c)
solve the ODE U” + cU’ + f(U) = 0 with boundary values U(—00) = 1 and
U (c0) = 0. Clearly, the region where u(z, -) € [n, 1 — n] for any fixed n > 0 is
a slab of a constant-in-¢ width that shrinks to zero as we take ¢ — 0 in (1.2), but
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then the limiting solution will be the (discontinuous) characteristic function of the
half-space-time {x - e < ct}, which does not solve a second order parabolic PDE.

This suggests that any effective equation should be of the first order, with any
limiting function u being its discontinuous solution, taking only values 0 and 1. The
expectation of the effective (asymptotic) propagation speeds being direction- but not
position-dependent then suggests that the effective PDE should be the Hamilton—

Jacobi equation
Vu
i, =c* [ — Vi, 14
U C( IVﬁI>| ul (1.4

with ¢*(e) being the (x, w)-independent effective propagation speed in direction e €
S=1, Moreover, the traveling front solutions above suggest that in the deterministic
homogeneous reaction case, the speed c*(e) should be precisely the traveling front
speed ¢ (which is also direction-independent in that case). One may therefore hope
that in the general random case, it is also possible to find some front-like solutions
in all directions e € S?~!, and that each of these has an associated speed ¢*(e) in
some sense.

Unfortunately, there are some serious obstacles to realizing this hope. The first
is that its basic premise, that the width of the transition region where u(z, -, ) €
[17, 1 — n] stays uniformly bounded in time (or at least o(¢)) for any fixed n > 0,
may not be true in some media. The second author in fact showed that this need not
happen for bistable reactions, even for periodic ones in one dimension [28], where
solutions can develop linearly-in-time growing intervals on which they are close to
periodic functions with values strictly away from O and 1. As a result, there may
be no analog of a traveling front for such reactions, and hence no homogenization
as described above.

Recalling pictures of forest fires, which are usually actively burning only along
the margins of the already burnt area, one may hope that such issues do not occur
for ignition reactions. The second author showed that this is indeed the case in
dimensions d < 3 [29], where the widths of the transition regions (properly defined,
as these regions may have complicated geometries in heterogeneous media; see
(1.7) below) indeed remain uniformly bounded in time, by constants depending on
n above and some bounds on the reaction. However, he also showed in [29] that this
need not be the case in dimensions d = 4, where these widths may grow linearly
in time as in the above bistable example. Nevertheless, the relevant examples have
a special structure and it is not clear to what extent they indicate possible almost
sure behaviors of solutions for various stochastic reactions (in particular, those with
finite ranges of spatial dependence).

All of this demonstrates the difficulties associated with even the question whether
solutions to (1.1) have some basic properties required for one to be able to initiate
the study of homogenization for (1.1). This is the reason for relatively little progress
in this area, until recently, particularly in the multi-dimensional case d = 2. In the
one-dimensional setting, there are only two directions of propagation of solutions,
and homogenization simply refers to showing that solutions starting from large
enough compactly supported initial data propagate almost surely with some de-
terministic asymptotic speeds ¢ (to the right) and c_ (to the left). Moreover, the
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transition regions (which are intervals) have trivial geometries. This allowed sev-
eral authors to obtain such “homogenization” results in this setting for all three
types of stationary ergodic reactions—KPP [10], ignition [19,27], and bistable
[19,22,28]—although with some non-trivial limitations in the latter case, due to
the counterexamples from [28] mentioned above. There are also a number of 1D
and quasi-1D results concerning related models and/or periodic reactions, which
we do not discuss here.

Once we move to higher dimensions, the geometry of the level sets of solutions
becomes much more complicated, and relatively little is known. One previous result
appears in the paper [17] by Lions and Souganidis, which studies homogenization
for viscous Hamilton—Jacobi equations. Their Theorem 9.3 states that homoge-
nization also holds for general stationary ergodic KPP reactions in any dimension.
(While itis indicated in [17] that its proof can be obtained via methods from [17,18]
and two other papers, a proof is not provided there.) The reason why Hamilton—
Jacobi homogenization techniques should be applicable to KPP reaction—diffusion
equations is that the dynamics of solutions for these reactions is determined, to the
leading order, by the linearization of (1.1) (i.e., of f)atu = 0. This linear PDE can
then be turned into a viscous Hamilton—Jacobi equation with a convex Hamiltonian
via the Hopf-Cole transformation.

This linearization approach can only work for KPP reactions, and is not applica-
ble to other types, including other monostable ones. In particular, it cannot be used
in ignition—reaction—based models of combustion, where one has to work with the
original non-linear PDE. Because of this complication, so far there has only been a
single result proving homogenization for (non-KPP) stationary ergodic reactions in
several dimensions. This is a conditional result by Lin and the second author [16],
who proved homogenization for ignition reactions whose Wulff shapes exist and
have no corners (a Wulff shape for (1.1), if it exists, is an open set S C R such that
solutions starting from any large enough compactly supported initial data converge
to xs ast — oo, after being scaled down by ¢ in space). They also showed that
these properties hold for isotropic ignition reactions in dimensions d < 3, with
the dimension limitation being used to show that the Wulff shape exists (recall the
above-mentioned examples of solutions with linearly growing widths of transition
regions in dimensions d = 4 from [29]) and isotropy then guaranteeing that the
Waulff shape is a (corner-less) ball centered at the origin. We also note that it follows
from a result of Caffarelli, Lee, and Mellet [6] that Wulff shapes can have corners,
even for periodic ignition reactions in two dimensions.

In fact, even homogenization for periodic reactions in several dimensions has
seen fairly limited progress until recently, despite many results concerning exis-
tence of pulsating fronts and Wulff shapes for such reactions (see [5,16,23,24] and
references therein). While Theorem 9.3 in [17] applies to periodic KPP reactions
(and is based in part on methods from [18], applicable to KPP reactions in periodic
media), homogenization for periodic non-KPP reactions in several dimensions has
only recently been obtained for ignition reactions as a byproduct of the method in
[16], as well as for monostable reactions by Alfaro and Giletti [1] (for initial data
with smooth convex supports, later extended to general convex supports in [16]).
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In this paper we prove for the first time unconditional stochastic homogenization
for ignition reactions, without assuming the reaction to be isotropic. Our Theorems
1.3 and 1.4 below are valid for random pure ignition reactions (see Definition 1.2)
in dimensions d < 3 that either have a finite range of dependence (see Definition
1.1) or can be uniformly approximated by such reactions. We also extend these
results in Theorems 1.7 and 1.8 to ignition reactions in any dimension, provided
some a priori assumptions on the dynamics of certain special solutions to (1.1) are
satisfied.

Our proof uses a result from [16], which shows that to prove homogenization,
it suffices to show that the above-mentioned propagation speeds c*(e) (called front
speeds) exist for all directions e € S?~!, are almost-surely w-independent, and also
exclusive (see Definition 6.1). This is, however, a difficult problem in general, and
[16] was only able to show existence of a deterministic front speed in direction e
when the reaction has a Wulff shape with outer normal vector e at some point (this
is where the absence of corners is needed), because then the expanding Wulff shape
can be used at large times to locally approximate a front-like solution propagating
in direction e.

To show the existence of deterministic front speeds, we apply a method modeled
on the one employed by Armstrong and Cardaliaguet [2] in their proof of homog-
enization for Hamilton-Jacobi equations with a-homogeneous (for @ = 1) non-
convex (in Vi) Hamiltonians with finite ranges of dependence. This was the first
proof  of  stochastic = Hamilton—Jacobi = homogenization for  non-
convex Hamiltonians in several dimensions without special structural hypotheses
(suchas H(x, Vu, w) = H(Vu)+V (x, w)). While there are many homogenization
results for convex and level-set-convex Hamiltonians, including in the paper [3] by
Armstrong, Cardaliaguet, and Souganidis where the method from [2] was first used
to study Hamilton-Jacobi equations (it is based on ideas from the study of first
passage percolation [12,25]), non-convexity of the Hamiltonian presents serious
issues. In fact, similarly to our reaction—diffusion setting, there are examples when
homogenization does not happen for Hamilton—Jacobi equations with stationary
ergodic non-convex Hamiltonians [8,26], even in one dimension. The approach in
[2] overcomes these problems by leveraging the finite range of dependence hypoth-
esis (which is akin to an i.i.d. medium setting) and the resulting mixing properties
of the environment to obtain strong quantitative estimates on the solutions where
a soft approach via ergodic theorems does not appear to work. These estimates
involve fluctuations of the values of solutions to the so-called metric problem for
any compact set S € R¢ (which is an appropriate time-independent Hamilton—
Jacobi PDE on R?\S) with a smooth enough boundary. These estimates improve
at an exponential rate as the distance from § increases, and were then upgraded to
similar estimates for S being any half-space.

Here we apply this strategy to reaction—diffusion equations, with the relevant
estimates involving fluctuations of “arrival times” at any point x € R for solutions
initially approximating xs (we only need to consider S = By (0) for any k € N).
We still obtain an exponentially-in-d(x, S) decaying estimate (see Proposition 3.8
below), albeit at a slower rate. However, we are also able to extend it to some
reactions with infinite ranges of dependence (see Proposition 4.2) by carefully
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tracking the dependence of this rate on the range of dependence of f when the latter
is finite, something that was described in [2] as completely open in the Hamilton—
Jacobi setting (and appears to remain such at this time)!

After we upgrade this estimate from balls to half-spaces, we are able to prove
existence of deterministic exclusive front speeds in all directions, and thus homog-
enization after using results from [16]. We note that while the effective equations in
Hamilton—Jacobi homogenization are still Hamilton—Jacobi PDE (although some of
their terms can disappear in the homogenization process), and the limiting functions
are their continuous solutions, our limiting functions are discontinuous viscosity so-
lutions to (1.4), which causes extra difficulties in the analysis. For a more thorough
discussion of similarities and differences between Hamilton—Jacobi homogeniza-
tion for non-convex Hamiltonians and reaction—diffusion homogenization, as well
as for further references, we refer the reader to the introduction of [16].

1.1. Hypotheses and Main Results

Let us now turn to our main results. Our goal is to show that as ¢ — 0, solutions
to (1.3) with initial data approximating x4 for any open set A € R¢ converge to
the unique (discontinuous viscosity) solution to (1.4) with initial data x4. Here, of
course, c*(e) are the deterministic front speeds discussed above, and establishing
their existence forms the bulk of our work.

One can show that if ¢* : S9=1 — (0, 00) is Lipschitz (which will be our case),
then for any open A C RY, there is an open set 4" C (0, 00) x R¥ such that
the unique solution to (1.4) with initial data x4 is i := xga..+. In fact, this set can
also be found from the formula

04" 1= {(1,x) € (0, 00) x RY | v(t, x) > 0}, (1.5)

where vy : R? — Ris any Lipschitz function satisfying vo > 0on A and vy < 0 on
R4 \Z, and v is the unique (continuous) viscosity solution to (1.4) with v(0, ) = vo.
The open set ©4¢" is then independent of the choice of vy as above, and 3O
has zero measure.

All these claims are contained in Theorem 5.3 in [16], which is a combination
of results by Barles, Soner, and Souganidis [4], Crandall, Ishii, and Lions [7],
Souganidis [21], and Soravia [20]. The reader can also consult Definition 5.1 in
[16] for the definition of viscosity solutions to initial value problems for (1.4).

We also note that it was shown in the proof of Theorem 1.4(iii) in [16] that for
any convex open A C R¢ we have the explicit formula

A = ﬂ (t,x) € (0,00) x R |x-e < sup y-e+c*(e)t .
eeSd-1 yedA

In particular, if A = {x € R?|x - e < 0} is the half-space with outer normal e,
then we obviously have A = {(¢,x) € (0, 00) x R4 | x -e < c*(e)t}. This also
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shows that if we let (©4:<"), be the spatial slice of O4<" at the time ¢ > 0, then
for any open bounded A we have

lim w: ﬂ iyeRd|y~e<c*(e)}

—00 t
eeSd—1

(e.g., in the sense of Hausdorff distances of boundaries of sets). Hence the set
on the right-hand side is the Wulff shape for (1.4), and therefore also for (1.1) if
homogenization holds.

We will consider here stationary ignition reactions that either have finite ranges
of dependence, or can be uniformly approximated by such reactions (see Example
1.5 below for a simple example of the latter). These properties are summarized in
the following definition and in hypothesis (H1) below.

Definition 1.1. Consider a probability space (€2, F, IP) thatis endowed with a group
of measure-preserving bijections {1 : £ — €2}, ga such that for all y, z € R4
we have

TyoY, =Ty

A reaction function f : RY x [0, 1] x & — [0, c0), uniformly continuous in
the first two arguments and with the random variables X, , := f(x, u, -) being F-
measurable forall (x, u) € RY x [0, 1], is called stationary if foreach (x, y, u, w) €
R24 % [0, 1] x © we have

fO,u, Tyo) = f(x+y,u, ).
The range of dependence of such f is the infimum of all » € R* U {oo} such that
EU) and £(V) are P-independent

forany U,V C R4 with d(U, V) = r, where £(U) is the o-algebra generated by
the family of random variables {X, , | (x,u) € U x [0, 1]}.

Remark. While stationary reactions with finite ranges of dependence are also sta-
tionary ergodic, we will not need to use this property here due to our quantitative
approach. We note that although the main results in [16] apply to stationary ergodic
reactions, that assumption is only needed to prove that all the deterministic (exclu-
sive) front speeds for (1.1) exist and are strong (see Definition 6.1 below), which
we instead prove in Sects. 3—-6.

We will consider here stationary reaction functions f : R? x [0, 1] x Q —
[0, 00), and extend them to RI xR x Q by 0 whenever we need to evaluate them
with u ¢ [0, 1]. Additionally, our reactions will be of the ignition type. That is, we
will assume the following hypothesis:

(H1) The reaction f is stationary, Lipschitz in both x and u# with constant
M = 1, and there are 6; € (0, %), mi > 1,and @ > O such that f(-,u,-) =0
foru € [0,0,1U {1}, f(,u,-) = aj(l —u)™ foru € [1 —0;,1),and f is
non-increasing inu € [1 — 6y, 1).
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It is not difficult to see that one cannot hope for general reactions satisfying
(H1) to lead to homogenization for (1.1), even if f is independent of (x, w) (see,
e.g., [28,29]). Indeed, if f is allowed to vanish at some intermediate value 6" €
(01, 1 — 61) and is also sufficiently large for some u € (01, 0’), solutions could
easily form “plateaus” with values near 6’ (or another intermediate value) whose
widths grow linearly in time. And if that happens, the widths of these plateaus will
not vanish even after the scaling from (1.2) is applied.

To avoid this scenario, one should assume that as the argument « grows from 0
to 1 (for any fixed (x, w)), the reaction f cannot become arbitrarily small (except
near u = 1) once it has become large enough. This is expressed in Definition 2.3
below, which was used in [29] to show that not only solutions to (1.1) do not develop
such plateaus, but the transition from values u ~ 0 to values u ~ 1 in fact occurs
over uniformly-in-time bounded distances in space (see, e.g., Lemma 2.4 below).
Our most general results apply in this setting, as well as when one instead only
assumes at most O (t%) growth of the above transition distances, with @ < 1 (see
hypothesis (H2”) below).

However, for the sake of simplicity, in our first two results we will consider the
case where the reaction does not become arbitrarily small (except near u = 1) after
it has become just positive. That is, once u has exceeded the ignition temperature

Ox.w :=sup{@ = 0| f(x,u,w) =0forallu € [0,0]} ([0, 1—6))).

Of course, this is the case for any realistic model of combustion, where the reaction
rate is positive at all temperatures above the ignition temperature (its vanishing at
u = 11is due to fuel exhaustion in systems of equations for temperature and concen-
tration of the reactant, which in certain regimes simplify to (1.1) with f(-, 1, -) = 0).

Definition 1.2. A reaction f satisfying (H1) is a stationary pure ignition reaction
if for each n > 0 we have

inf f&x,0r.0+n, 0 >0.
(x,w)eRIxQ
Or.0+n<1-06;

Remark. This definition (with the bound foru € [1—61, 1) beinginf(, ) f(x, u, ®)
> 0) is from [28]. Note that it is trivially satisfied, for instance, when f(x, u, ) =
g(x, w)Fo(u), with g bounded away from 0 and oo, Lipschitz in x, and stationary
in w, and with Lipschitz Fy : [0, 1] — [0, oo) such that Fp = 0 on [0, 6p] U {1}
and Fy > 0 on (6p, 1) for some 6y € (0, 1), and Fp is non-increasing and bounded
below by a1 (1 — u)™! near 1 (for some m 1, o).

We will therefore start by assuming the following hypothesis:

(H2) f is a stationary pure ignition reaction and d < 3.

The additional restriction d < 3 is necessitated by the above-mentioned sur-
prising result from [29], where the second author showed that even for pure ignition
reactions, transition from values u = 1 to values # = 1 — n may only occur over
linearly-in-time growing distances for solutions to (1.1) and all small > 0 in
dimensions d = 4 (while these distances remain bounded in dimensions d < 3).
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We are now ready to state our first main homogenization result. In it and later
we use the notation B, (A) := A+ (B,(0)U{0}) and A? := A\B,(dA) for A C R?
and r = 0. For the sake of generality, we also allow O (1) shifts and o(1) errors in
initial data as ¢ — 0 in (1.3).

Theorem 1.3. If f satisfying (H2) has a finite range of dependence, then there is
Lipschitz ¢* : S~ — (0, 00) such that the following holds for any open A C R?
and ®A’C*fmm (1.5).If A > 0, andforallw € Qande > 0, the function ug(-, -, ®)
solves (1.3) and satisfies

(I =600xa9, S ue(0, -+ ye, 0) = XByy ) + V(@ XRN\B 1) (1.6)

for some y, € Bx(0) and some  with limg_.o¥(e) = 0 (when y, = 0 and
Y (&) = 0, this becomes just (1 — 0)xa < ue(0, -, w) < xa), then for almost all
w € Q we have

,}E}% Ug (- + ye, 0) = Xgac*

locally uniformly on ([0, 00) x Rd)\8®A'”*.

Remark. Our proofs use results from [16] which in fact show that in all our main
results, 1 — 6 in (1.6) can be replaced by any ¢ satisfying inf , , ,)erdx[9.1-6,]1x2
f(x,u,w) > 0.

We next extend this to the case of reactions with infinite ranges of dependence
that are uniform limits of reactions with finite ranges of dependence. Here we will
also require some uniform decay of f near u = 1. This is the content of the next
two hypotheses.

(H3) There are m3 = 1 and a3 > 0 such that for all n € (0, %01] we have

inf (fOx,u—n,0) — f(x,u,w) = azn™.
(x,w)ERIxQ
uell1-0,/2,1]

(H4) There are my, n4, a4 > 0 such that for each n = ny, there exists a
stationary reaction f; with range of dependence < nand || f;; — f lloo < agn™"™4.

Theorem 1.4. Theorem 1.3 holds for any f satisfying (H2)—(H4).

While this result does not cover all interesting random pure ignition reactions
with correlations of f(x, u,-) and f(y, v, -) decreasing as |[x — y| — oo (for all
u, v € [0, 1]), it does apply to many of them. Here is a simple such example.

Example 1.5. Let d < 3, Fy : [0,1] — [0, 00) be Lipschitz with F = 0 on
[0,60] U {1} and Fy > 0 on (6p, 1) for some 6y € (0, 1), and Fé(u) < —(1 -
u)™ near u = 1 for some m. Also pick some Lipschitz g : RY — [0, 0co) with
SUp, cRd |x|’”/g(x) < oo for some m’ > 0, and some Lebesgue measurable a :
[0, 1] — [0, 1]. Consider the product probability space 2 = [0, I]Zd, with the
Lebesgue measure on each copy of [0, 1], and for any k € Z¢, denote by wy the k™
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coordinate of w € €2 (note that these are i.i.d. random variables). Let T : @ — Q
for y € Z% be given by (Yyw)i := wyqy forall k € Z4. Then the random reaction
strength model

fu o) = (1 + sup a(w)glx — k)) Fo(u)
kezd

satisfies (H2)—(H4) (see next paragraph for stationarity), with f,, defined as f but

with g replaced by g, (x) := g(x) min{l, d(x, Rd\Bn/z(O))}. Hence Theorem 1.4

applies. Note that f may have infinite range of dependence when g is not compactly

supported.

Note also that while this f is stationary only with respect to integer shifts
(.e., y € Z4 in Definition 1.1), such settings can be easily transformed to the
case considered in the present paper by letting € := € x [0, 1)¢ with the product
measure, f(x u, (w, 7)) = f(x+z,u,w), and T (@,2) == (Tytz0, {y +2})
fory e R?. Since inclusion of Ve in (1.6) shows that all our main results contlnue to
hold if we replace the identified full-measure set ' € Q by U cRd T ', which

is of the form €’ x [0, 1)¢, they then also apply in integer-shift settings.

In the above example and in Theorem 1.4, reactions f with infinite ranges of
dependence are uniform limits of those with finite ranges of dependence. The next
example is a natural situation when this need not be the case, a reaction—diffusion
analog of the setting where sticks of random unbounded lengths are randomly
positioned in R¢. While Theorem 1.4 does not apply here, one can instead use its
generalization, Theorem 1.7 below, which allows this.

Example 1.6. Consider the setting from Example 1.5, without the functions g and a.
Instead pick some uniformly bounded and uniformly Lipschitz g; : RY — [0, o0)

(j € N) that satisfy SUP j e SUP|y | j |x|m/g~,~ (x) < oo for some m’ > 0, and some
Lebesgue measurable a : [0, 1] — N with [a~!(j)| £ j =7 for some y > 3d + 2
and all j € N. Then

kezd

fOu, o) = (1 + Sup ga(wp) (X — k)) Fo(u)

satisfies (H3) and (H4’) below (see Example 1.5 for stationarity), with f,, defined
as f but with g; replaced by g; ,(x) := g;(x) min{1, 2d (x, Rd\Bn/z(O))}. This
uses the fact that

Z (nl+m£ +J)d|a71(])| — 0(n7(2d+1+m£‘))
jZn/2

for some mj > 0 (because y > 3d + 2), with the left-hand side being (up to
a constant factor) an upper bound on the probability that a(wy) = max{7, [k| —
n”mit} for at least one k € Z?. Hence Theorem 1.7 below applies. Note that f
need not be a uniform limit of reactions with finite ranges of dependence when the
functions g; do not decay uniformly to 0 as x — oo.
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1.2. Generalizations

As we indicated above, it is not clear whether the limitation on the dimension
in (H2) is necessary to obtain a sufficiently general result. However, since both
conditions in (H2) are only needed to guarantee certain estimates for some special
solutions to (1.1) (see Lemma 2.4 below), including that the transition from values
u ~ 0 to values u ~ 1 occurs over spatial distances that grow only sub-linearly
in time, as we mentioned above (Lemma 2.4 shows that in the case of (H2) these
distances are in fact uniformly bounded), we can extend our results to more general
settings as long as these estimates still hold there. In particular, this might be the
case for stationary ignition reactions in dimensions d = 4.

In order to state this alternative to hypothesis (H2), let us define forany 0 < n <
0 < 1 the width of the transition zone from 1 to 6 for a solution u : [0, 00) x RY —
[0, 1] to (1.1) at some time ¢ = O to be (see [29])

Luyo(t) = inf{L =0 ‘ (x e R u(t, x) = 1) € By, ({x e RY |u(t, x) = 9}) ]
(1.7)

The special solutions for which we need to assume certain bounds on these quan-
tities will be essentially those evolving from characteristic functions of the balls
Bi(0) C R?, with k € N.

It will however be more convenient to work with approximations u j of these
characteristic functions that have two useful properties. First, they are close to 1
on By (0) but are strictly below 1 (which will allow us to treat general initial data
from (1.6)), and are supported on By g, (0) for some fixed Ry. Specifically, we will
require that

(L =09xB.0) S uok = (1 =0 xBy g0 (1.8)

holds with 6* > 0 from (2.1) below. We note that we could in fact replace 1 — 6*
in (1.8) by any 6 < 1 satisfying inf , ,, ,)erdxjo.1-0,1x0 J (X, 4, @) > 0, but we
make our choice for the sake of convenience (Lemma 2.1 shows that solutions
u: (0,00) x RY — [0, 1] with u(z, x) = 1 — 6* for some (¢, x) € [1, 00) x RY
converge locally uniformly to 1). The second property is that the corresponding
solutions to (1.1) satisfy u, > 0. For this, it suffices to have

Aug i + F(uox) 20 (1.9

with F(u) = inf(x’w)eRdXQ f(x, u, ), which yields Aug x + f(-, uok, ®) = 0
for any w € Q. Then u; > 0 follows for the corresponding solution u at all positive
times because v := u; solves the linear equation v, = Av + f,(x, u(t, x), ®)v
with v(0, -) 2 0 and v(0, -) # 0 (due to (1.8) and F (1 — 6*) > 0).

It is easy to construct radial functions satisfying (1.8) and (1.9), since then (1.9)
becomes a simple ordinary differential inequality. (This is in fact possible for any
set S C Rd, without radial symmetry but still with a uniform Ry, and we do so in
Lemma 2.2 below.) Let us now pick one such ug ; for each k € N (any one can be
chosen), and denote by Uy the set of all solutions u to (1.1) obtained by choosing
any o € 2 and initial data u (0, -) = uo  for any k € N. We can now replace (H2)
by
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(H2’) f satisfies (H1) and there are oy < 1 and my > 0 such that

. Ly 1-6+(1)
lim sup sup sup Ry ——
(=00 ueldy >0 1% (1.10)

liminf inf inf us(t,x) > 0.
=00 ueldy u(t,x)€[6*,1-6%]

Here Uy is as above, with some uq x satisfying (1.8) and (1.9) for each k €
N, and 0* = 6*(M, 61, m1, ay) from (2.1) and Ry = Ro(M, 01, m1, 1) are
independent of k.

Remark. 1. The first statement in (1.10) allows L, , 1—¢+(?) to grow algebraically
in both n — 0 and r — oo (note that p < 1 is critical here because the scaling
from (1.2) yields Ly, ,,1—6+(t) = &Ly »,1-6+ (¢~ '¢), which will then vanish on any
bounded time interval as we take ¢ — 0). We note that Lemma 2.4 below shows
that in the case of (H2), the former growth is only logarithmic while the latter is
non-existent.

2. Lemma 2.4 shows that the second statement in (1.10) holds as well if one
assumes (H2) (recall also that all u € Uy satisfy u; > 0). Nevertheless, we will
further weaken this hypothesis in Theorem 1.8 below.

3. We could also replace By (0) and By g, (0) in (1.8) by B, (0) and B, 4 g,(0)
for any sequence ry — 00, without any change to our results.

After replacing (H2) by (H2’), we must also adjust (H4) in the extension of
Theorem 1.4, in order to ensure that the reactions f,, will satisfy (H2”) with uniform
constants. Note that when (H2) holds, we will show in Corollary 2.7 that f,, from
(H4) can be perturbed so that this is the case, but we do not know whether this
remains true when we only assume (H2’).

In addition, we also state this new version of (H4) so that it applies to some
f that are not uniform limits of reactions with finite ranges of dependence (see
Example 1.6 above).

(H4’) There are mg4, m}, ng, o4 > 0 such that for each n 2 ng4, there exists a
stationary reaction f; with range of dependence < n and

P sup  sup |fuCx,u,) = fOx,u, )] > aqn™™ | < p=@dt1Emy),

x| <l 4€l01]
Moreover, (H2”) holds uniformly in n (i.e., reactions f; satisfy (H1) with the
same M, 61, m1, oy, and (1.10) with U replaced by U”;M Uy).

We note that the initial data u¢ ; used in the definition of U/, are in principle
allowed to be different for distinct n (but 6* and Ry are uniform in n; also ry in
Remark 3 above).

Theorem 1.7. Theorem 1.3 holds for any f that either satisfies (H2’) and has a
finite range of dependence, or satisfies (H3) and (H4’).
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Finally, we show that one can also allow a power decay in time in the second
statement in (1.10), at the expense of either having to extend this assumption to a
slightly larger family of special solutions or obtaining the result for a smaller family
of initial data.

Foreach a € [0, %9*], let Uy, be defined as Uy above, but with (1.8) replaced
by

(I =a)(1 = 0")xp,0) +a S uoka = (1 —a)(1 —0")xp g 0 +a (1.1
for initial data denoted ug  , instead of ug (S0 now ugk , — a is supported in
By ry(0)). Obviously U o = Uy, and one can find such initial data (forany § C R4
and with Rg uniform in a) via Lemma 2.2 with « replaced by (1 — %91)’”1 -1
(since a < %91) and then applying the scaling ug s, := (1 — a)up.s + a.

We can now replace (H2’) and (H4’) by

(H2”) f satisfies (H1) and there are ap < 1, mp > 0, a € [0, %0*], and

/ : 1 1—ap
a, < m1n{ml_l, s } such that

Lu,n+a,l—9* (t)
_— < X

limsup sup sup sup P

=00 ael0,a] ueldy, n>0

’

(1.12)
liminf inf inf inf ug(t, x) 12 > 0.
100 ael0,a] ueldy,q u(t,x)€[6*,1-6%]
Here Uy, is as above, with some ug  , satisfying (1.11) and (1.9) for each
k € N, and 6* = 6*(M, 01, m, ay) from (2.1) and Ry = Ro(M, 6, m1, 1)
are independent of k.
(H4”) f satisfies (H4’) with (H2”) in place of (H2’), and also oz’z < Z;—“

3
Of course, these hypotheses coincide with (H2”) and (H4’) whena, =0 = aé.
With them, we can now state our second generalization of Theorems 1.3 and 1.4.

Theorem 1.8. Assume that f either satisfies (H2”’) and has a finite range of de-
pendence, or satisfies (H3) and (H4”).

(i) If ap > O, then Theorem 1.3 holds for such f.
(ii) If ap = 0, then Theorem 1.3 holds for such f with A convex and (1.6) replaced
by

(1=00xa0 e (0, -+ ye, ) < (1= A7) By ) -

1.3. Organization of the Paper and Acknowledgements

In Sect. 2 we collect most important notation and prove several preliminary
results. These include Corollary 2.7, which shows that Theorems 1.3 and 1.4 follow
from Theorem 1.7. It will therefore suffice to prove Theorems 1.7 and 1.8. We prove
the first one in Sect. 6, after obtaining crucial quantitative estimates on long-time
dynamics of solutions to (1.1) in Sects. 3—5 (specifically, Propositions 3.8, 4.2,
and 5.1, with the first two of these being essentially the same result but assuming
(H2’)+finite range in the first and (H3)+(H4’) in the second). In Sect. 7 we then
show how to extend all these results to the cases considered in Theorem 1.8.
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2. Preliminaries and Notation

In this section we collect some previous results and preliminary lemmas, all
of which hold uniformly in w and without needing to assume stationarity of the
reaction. We will therefore use the following hypothesis.

(HY’) f satisfies (H1) except possibly the stationarity hypothesis.

At the end of the section we also collect all the important notations in one place.

Let us start with a basic lower bound (see, e.g., [29, Lemma 3.1]), which
shows that general solutions to (1.1) propagate with speed no less than some
co = co(M,01,my,a1) > 0. We will choose this to be the unique front speed
for the homogeneous reaction Fy : [0, 1] — [0, co) defined to be the largest
M -Lipschitz function with Fo(u) < oy (1 — u)™ x[1-6,.11(1) (so clearly Fy < F).

Hence ¢ is the unique number such that the PDE u; = u,, + Fy(u) in one space
dimension has a traveling front solution u(t, x) = U (x — cot) with U(—o0) = 1
and U (oc0) = 0.

Lemma 2.1. There exists 6 = 0,(M, 01, m1,a1) < 1| such that for each ¢ < cg
and 0 < 1, thereis ko = ko(M, 01, m1, ay, c,0) = 1 such that the following holds.
Ifu : (0,00) x R — [0, 1] is a solution to (1.1) with f satisfying (HI’) and
with some w € Q, and if u(ty, y) = 6, for some to > 1 and y € RY, then for all
t 2ty + ko,

inf u(t,x) = 0.
[x—y|Se(t—to)

Ifwe also have thatu, 2 0, then this clearly holds with any ty 2 0 (and kg increased
by ).

Now let

1
6% = 2 min{l — 62, 6}, @2.1)

where 6, = 602(M, 3601, my, a1 (1 — §61)™ 1) < 1.

Remark. Addition of the factors % and (1 — %01)’"1’1 here is due to the scaling
u — (1 —a)u+a mentioned before (H2”), as we shall see in Sect. 7. All arguments
before Proposition 7.4 will only require 6, = 6>(M, 61, m1, 1) here, and also only
that 6* < %min{l — 6, 61}. So we could define 6* this way in Theorem 1.7 and
its proof.

In the rest of the paper we will primarily use Lemma 2.1 with ¢ = 3 and
6 =1 — 6*, and we will therefore define

— O _pr
ko := ko (M, 01, my, aq, 2,1 0" ). 2.2)

Having defined this 6%, let us next construct the initial data uo g from the
introduction, which are perturbations of the functions xg that also satisfy (1.9).
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Lemma 2.2. There is Ry = Ro(M, 01, my,ay) = 1 such that for any f satisfying
(HI’) and S € RY, there is a smooth function ug s satisfying (1.9) and

(1 =0%xs = uos = (1 =0 xpg (5)- (2.3)

Remark. Recall that (1.9) implies that the relevant solutions to (1.1) satisfy u; > 0.
Moreover, (2.3) yields the uniform bound L,, , 1—+(0) < Ro foralln € (0, 1 —0%)
and S C Rd, which is relevant for the next result.

Lemma 2.2 is proved in “Appendix A”.
Let us now turn to the consequences of (H2) obtained in [29]. In fact, these
results hold for the following more general classes of functions.

Definition 2.3. For M, 61, m1, a1 from (H1) (and Fy defined above), and for any
¢, € > 0,let F(Fy, M, 61, ¢, &) be the class of all f satisfying (H1”) such that

inf fxu,w) 2§,
(x,w)eRYx
u€lys(x,w;¢),1-01]

where (with the convention inf ¢ = o0)
yrG o 0) = influ 2 0| f(x, u, ) > Cu).

Remark. 1. Although we could instead write (M, 01, m1, o1, ¢, ), we use nota-
tion from [29].

2. Note that pure ignition reactions belong to |_J £=0 F(Fo, M, 01, ¢, &) for any
¢ >0.

It was shown in [29] that if d < 3 and f is from the class F(Fy, M, 01, ¢, &)
for some Fy, M, 601,& and ¢ < c(z) /4, then transitions from values u ~ 0 to values
u ~ 1 for fairly general solutions to (1.1) occur over uniformly-in-time bounded
distances. In view of our interest in solutions from /¢, with initial data satisfying
Lemma 2.2, the following result will be relevant:

Lemma 2.4. Letd < 3, let Fy, M, 6| be as in Definition 2.3 and 6* from (2.1), and
consider any § > 0 and ¢ < 63/4. There is A > 0 and for any n € (0, %) there
are Ly, ky > 0 such that if f € F(Fo, M, 61, ¢, &) and u solves (1.1) with some
w € Q and initial data satisfying Lemma 2.2 for some S C R?, then

L _px (1
sup u,n,1-6% (1) < 2.4)
120& ne(0,1—g%) 1+ [1Inn]
and for any n > 0 we have
inf ur(t,x) 2 . (2.5)

(t.%) €1y, 00) xRY
u(t,x)€n,1-nl
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Proof. Recall that we have L, ; 1_9+(0) < Ry for all n € (0,1 — 6*). We then
obtain (2.5) from [29, Theorem 2.5(i)] with (¢/, &) = (1 — 6*, ) (we can choose
there ¢g = 6™, and then &’ = 1 — &¢), with independence of «,, on u due to Remark
1 after the theorem.

To obtain (2.4), we instead use (4.14) in [29] with (gq, &, tg) = (0™, 0, 0) (where
g0 was used to define the function Z, in (4.14)). Then the bound Zy (#p) — Y;’ (tp) <
Rg for all y € R? follows from Lyn1-6+(0) =< R forall n € (0,1 —6%),
50 (4.14) yields Zy (1) — Y'(r) < 2 for all (z, y) € [0,00) x R? and some % =
M Fo, M, 01, ¢, £). The definition of Y;’ (t) shows thatif u(z, y) = n forsome (z, y),
then Y} (1) < Wl(%), with ¥ (r) + <Ly/(r) = ¢y (r) on (0, 00) and ¥ (0) = 1
(hence we have lim, _, o, 7@~D/2e =V Y (1) € (0, 00)). Therefore ¥ (r) = e¥¢"/2
for all large enough r, s0 Z, (1) = 1 + % | In n| for all small enough 7. But since
Zy(t) is the distance from y to the nearest point x with u(z, x) > 1—¢g=1-0%
we obtain Ly, 1-¢+(1) = A + \/Lf| In n| for all # = 0 and all small enough > 0.
This yields (2.4) with some A = A(Fp, M,61,¢,€). O

The next result is a counterpart of Lemma 2.1 (see [16, Lemma 2.2]). It shows

that the speed of propagation of perturbations of solutions to (1.1) is bounded above
by 2+/Md (in fact, the bound 2+/ M works as well, but we will not need it here).

Lemma 2.5. Let r > 0 and y € R, and let u; : [0, 00) x B.(y) = (—00, 1] be a
subsolution and uy : [0, 00) X B,(y) — [0, 00) a supersolution to (1.1) with some
f satisfying (HI’) and some w € Q. If ui(0,-) < us(0,-) on B,(y), then for all
(t,x) € [0, 00) x By(y) we have

ui (r, x) < ua(t, x) +2d oM (jv=yl=r+24/Md 1)

Remark. This was stated in [16] with u, u» having values in [0, 1] only, but the
proof applies to our case without change.

This yields the following corollary (as above, ¢ in this result could be just

Zm):

Corollary 2.6. If u : [0, 00) x R? — [0, 1] solves (1.1) with some f satisfying
(HI’) and some w € Q, then for any t = 0 we have

x € R [u(t,x) 21— 61} € Beyrpe, (Ix € R Ju(0, x) 2 61)),

where

2d
c1:=2vMd > ¢ and k1 :=14++/d/M In T
— 20,

Proof. The claim c¢; > cq follows from the well-known estimate ¢y < 2+/M for
any M-Lipschitz ignition reaction Fo.Ifr =2 Oand y ¢ Be,s4«, ({x | (0, x) = 61}),
then Lemma 2.5 with u; = u, up = 61, and r = c1t + « yields

u(t,y) <0p4+2de VMdrxt -1 g,

finishing the proof. O



Long Time Dynamics for Combustion in Random Media 49

We can now use these results to show that Theorems 1.3 and 1.4 follow from
Theorem 1.7, so it will suffice to prove the latter (and then Theorem 1.8). This
also means that we will assume either (H2’) or (H4’) in the rest of Sects. 2-6.
Hence, then there will be ¢4, , > O such that for any u € Uy oru € Un2n4 Ug,,
respectively, we have

L _o* (1
su u,n,1-0 E) § ;17
1>0& n=0 (1 +1¥2)n="m2
inf ur(t, x) 2 .

(1,x) €Ky, 00) x RY
u(t,x)e[6*,1—6*

(2.6)

Notice that while (1.10) only allows us to state the first of these claims for t > «,,
one can extend this to all + = 0 (with a different u.). This is because Lemma 2.5
with x = y shows that if u(#, y) > n for some u € Uy (oru € UJ,>,,Us,),

(t,y) € [0,k*] x R¢, and ny > 0, then

2d
d(y, Bk(0)) = Ry + vV Md <2fc* + M 'In —)
n
(when u(0,-) = wuo k), s0 Ly 1—0+(t) satisfies the same upper bound because
u; = 0. We note that we could also include 7 € [0, k) in the second claim of (2.6),
at the expense of some extra work, but this would not be as useful.

Corollary 2.7. (H2) implies (H2’). Also, (H2) and (H4) imply (H4’) for some
sequence of reactions g, in place of f,, with possibly different M, 01, n4, a4 and
with mj = o0.

Proof. Remark 2 after Definition 2.3 and Lemma 2.4 show that (H2) implies (H2’)
with @y = 0 and any my > 0.

Let us now assume (H2) and (H4), and with the convention that [a, b] = @ if
a > b, let

fn(x, u, w) :=min{ f,(x,v,w) |v € {u} U[l — 0y, ul}.

These reactions are non-increasing inu € [1 —0y, 1], and still satisfy || fn —flloo S
agn~ ™ because f is non-increasing in u € [1 — 6y, 1]. Also, each fn is obviously
stationary with range of dependence no greater than that of f;,.

Next, let ¢ : Rt — [0, 00) be a smooth function supported in B1(0) and
with integral over B (0) equal to 1. Then let ¢, (x, u) := n(@tDmag may pmay),
and consider f,, * ¢, (with the convolution in (x, u); recall that all reactions are
extended by 0 to u# ¢ [0, 1]). With V being either V, or d,, we then have

IV fu % Gulloc S NV F 5 Galloo + 1(fu = ) Véulloo
S M4 oan™™([Véuli = M + sl Vol

Finally, recall F from (1.9) and let Fu) == SUP(y g)eRY xQ f(x, u, w), and

8n(x, u, ) := min{max{(f, * ¢n)(x, u, 0), F ()}, F(u)}.
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It is not hard to see that for all large enough n, these functions satisfy (H1)
with (M, 61) replaced by (M + a4||Vyo|l1, %91). We also have [|g, — flloo =
2M + ag)n™™4 for all large enough n because ||f,, — fllo £ agn™™+ and

F < f(x,-,w) < F forall (x, ), and the range of dependence of g, is at most
n+2n"" < n+2.

Since f € F(Fo, M, 01,¢, &) for some ¢ < c8/4 and & > 0, |18, — flloo =
(M + ag)n™™4 yields g, € F(Fo, M + a4l|Vidll1, 301, §(4¢ + c3), 3€) for all
large enough n. Therefore, as at the start of this proof, we obtain that the g, satisfy
(H2’) uniformly in n, for all large enough n. Hence, the reactions g, := g,—2
satisfy (H4’) with possibly different M, 61, n4, a4 and with mg =o00. O

The next result uses Lemma 2.5 and the bound f (-, u, ) = aj(1 — u)™! for
u near 1 to essentially obtain an upper bound on xo(M, 0y, my, o, %’, 6) from
Lemma 2.1 as § — 1 (we could similarly do this for any ¢ < co in place of 7).

Lemma 2.8. Let u : [0, 00) x RY — [0, 1] solve (1.1) with f satisfying (HI’) and
some w € Q. There is D; = D1(M, 01, my, ay) such that if u(tg, y) = 1 — 6* for
somety > 1and y € R, then forany 6 € [1 —6*, 1) andt = to+ D1 (1 —9)1~™
we have

inf u(t,x) = 0.
[x—y|Sco(t—10) /4

Proof. Lemma 2.1 shows that with «g from (2.2) we have

inf ut,x) = 1—6*
[x—ylZco(t—10)/2

forany ¢ = to + «o. Since
Us) =1 — (05" + (my — Days)~/m=D

solves the ODE U’ = a1 (1 — U)™ with U(0) = 1 — 0%, it follows from Lemma
2.5 that

Wt +5,%) 2 Us) — 2de¥ T (ko leolt=0)/2427/0d5)

for all (s,x) € [0,00) x R?. Picking s := L—[(558)=m — (o%)t—m]

(m1—Doy
makes U(s) = %. The second term on the right will be no more than % when
lx — y| £ @t + s — 1), provided

1 — [ r — 1 1—-6
ot Hs—t) ol =1) o /zas < Jamm =2,
4 2 4d
whichholds aslongast > tg+D;(1—0)' =" forsome D; = D{(M, 01, m1, 1) =
k0. Replacing D by Dy + m?’”_l now yields the claim for ¢ + s in place
of r wheneverr +s > 19+ Di(1 —9)1=™. o
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Finally, we will need two results providing estimates on how much solutions to
(1.1) may change when the reaction f is perturbed. The first one concerns the case
when the reaction can change only where the solution is initially close to 1. In it,
we will also use the definition

To(x) = inf{t = 0| u(t,x) = 1 — 6%},

Lemma 2.9. Let fi satisfy (H2’) and f> satisfy (HI’), and let M = 1:—1‘4 with

M, K from (2.6) for all u € Uy,. Fix some w € Q and letuy, u; : [0, 00) x RY —
[0, 1] solve (1.1) with fi1, f> in place of f, respectively. If uy € Uy, to = 0, and
for some 1 € [0, %min{@*, M;1 } we have

filx,u,w) = fo(x,u,w) wheneverui(ty,x) <1 —nandu €[0,1], (2.7)
then
up(t,x) == ur((1 + M)t + 10, x) +1
is a supersolution to (1.1) with f» in place of f on (kx, 00) x R%, and
u_(t,x) :=u((1 — M)t + 19, x) — n
is a subsolution to (1.1) with f in place of f on 2k, 00) X {x € R4 |ui(to, x) <

1 —n}
Moreover, there is Dy = Dy(M, 0y, my, a1) = 1 such that if also

sup  (u2(0, x) —u1(to, X)) =
x€BR(Y)

for some y € R and R = Dy(1 + Ty, (y)), then
Ty () Z (14 M)~ (Ty (3) — 10 — 2ics — i0). (2.8)

The proof of Lemma 2.9 appears in “Appendix B”.
Our last preliminary lemma concerns the case when the reaction may be per-
turbed anywhere, although not by a lot.

Lemma 2.10. Ler f| satisfy (H2’) and f, satisfy (HI’), with at least one of them
satisfying (H3) with az < 1, and let My, Dy be from Lemma 2.9. Fix some w € Q
and let uy,us : [0,00) x R? — [0, 1] solve (1.1) with f1, f> in place of f,
respectively. If uy € Uy, for some y € RY R 2 Dr(1 + Ty, (y)), and n €
[0, %min{@*, M*_l}] we have

filxu, @) 2 folx,u, ) —a3n™  forall (x,u) € Br(y) x [0, 1], (2.9)
and u3(0, x) < uy(tg, x) for some ty 2 0 and all x € Bg(y), then (2.8) holds.

The proof of Lemma 2.10 appears in “Appendix C”.
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2.1. Notations

Since Sects. 36 are just the proof of Theorem 1.7, we will assume either (H2”)
or (H3)+(H4’) in them. Any constants C, Cy, Cs, C(), ... may depend on

M, 61, my, ar, ma, ay, m3, a3, M4, My, N4, A4, s, Kx (2.10)

(except for m3, a3, ma, mﬁt, na, a4 when (H2’) is assumed; dependence on d is
implicit in the whole paper). Any other dependence will be explicitly declared,
for instance, “for some C;” or “for some C = C(§)” will mean that this constant
depends on § as well as (2.10). These constants may also vary from line to line.
We recall that M, 61, m, a; are from (H1); m», ap from (H2%); m3, a3 from (H3);
my, mYy, ng, oy from (H4); and pi, k4 from (2.6).

The constants

027 9*9 CO» KO? C17 Kl» Dls D21 R()a M*

also only depend on subsets of (2.10), with 6;, cq, ko from Lemma 2.1; 6* from
(2.1); Ry from Lemma 2.2; ¢y, k1 from Corollary 2.6; Dy from Lemma 2.8; and
M., Dy from Lemma 2.9.

For A € RY and r > 0 we let B,(A) := A + (B,(0) U {0}) and A9 =
A\B,(3A) (so AJ is the interior of A). For sets U,V € RY, we let d(U, V) :=
infyey & yev [x — y| and

dyU, V) :=max {supd(x, V), supd(y, U)

xeU yeV

be their standard and Hausdorff distances.

Widths L, ; ¢ (t) of transition zones of solutions are defined in (1.7), and the
special sets (/¢ of solutions evolving from approximate characteristic functions of
balls are defined in (H2?).

Finally, we recall that £(U) is the o -algebra generated by the family of random
variables { f(x,u, )| (x,u) € U x [0, 1]}. Further important notation related to
the dependence of reactions and solutions on w appears below, particularly early
in Sects. 3 and 5.

3. Fluctuations for Reactions with Finite Ranges of Dependence

The proof of Theorem 1.7 will be based on the analysis of the dynamics of
special solutions, starting from the approximate characteristic functions ug s of
sets S € R4 satisfying Lemma 2.2. For each § and w € 2, we therefore let
u(-, -, w; S) be the solution to

ur = Au+ f(x,u, ) on (0, c0) x]Rd,

(3.1)
u(0, -, w:; S) = uo.s on R,
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Recall that u; (-, -, @; S) = 0 because ug_ g satisfies (1.9). Let us also define for any
x € R4,

T(x,w;S):=inf{t Z0|u(t,x,w;S) =1—-6%} =0, (3.2)

with 6* from (2.1), which can be thought of as the time when this solution reaches
X.

Our goal is now to estimate the stochastic fluctuations of 7' (x, w; S). In this
section we will consider the first case in Theorem 1.7, when the reaction satisfies
(H2’) and has a finite range of dependence. We will only need to treat the cases
when S is either a ball or a half-space. We start with S being a ball, when the
solution in (3.1) will be precisely the one from U/ corresponding to (S, w). Hence,
below always u(-, -, w; §) € Uy and (2.6) holds for it.

Remark. We note that if we enlarge U/ (or each Uy,) to include solutions with
initial data o s from Lemma 2.2 for all S from some family S of bounded subsets
of R4, and (2.6) still continues to hold with some 14, k4 > 0, then everything in this
section and the next holds without change (and with uniform constants) for either all
S € S (theresults involving balls only) or for all local limits in Hausdorff distance of
translations of sets from S (the results involving half-spaces). In particular, Remark
2 after Definition 2.3 and Lemma 2.4 show that if we assume (H2), then we can let
S be the family of all bounded subsets of R¥.

Proposition 3.1. Let f satisfy (H2’) and let

my—1 my+ap

B1 = max{ } (e (0, 1)). 3.3)

mp  ma+1

There is Co 2 1 such that if f has range of dependence at most p € [1, 00) and
S = By (0) for some k € N, then for all x € R? and » > 0 we have

)2
P(|T(x, 5 8) = EIT(x,; )| Z 2) é2exp(C0(l+d(xys))(p+d(x,s)ﬂl)).

(3.4)

Remark. 1. The point here is that by choosing A ~ d(x, )" for some y €

%, 1), one obtains a fast-decreasing bound on the probability of O(d(x, S))
fluctuations of T'(x, - ; S) from its mean (the latter is of course ~ d(x, S) by Lemma
2.1 and Corollary 2.6).

2. Note that Remark 2 after Definition 2.3 and Lemma 2.4 show that (H2)
implies (H2’) with o = 0 and any m» > 0, so then §; = m,;—jl If there is also
& < 1 such thatinf , ,, ,)erdx@.1xa (1 — u)~' f(x,u, ) > 0, then this means
that 81 > 0 can be made arbitrarily small.

The rest of this section is devoted to proving Proposition 3.1 (and then extending
it from balls to half-spaces in Proposition 3.8). We will therefore assume (H2’) and
the range of dependence of f being at most p € [1, oo). We will also fix S = By (0)
and drop it from the notation (so the functions from (3.1) and (3.2) are u (¢, x, w) and
T (x, w), respectively) but all estimates will be independent of S (i.e., of k). Recall
that all constants with C in them depend on (2.10), with any other dependence
explicitly stated, and may vary from line to line.
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3.1. Construction of a Martingale

Let K be the set of all non-empty compact subsets of R, and endow it with
Hausdorff distance d. For each a = (ay, . .., aq) € 74, let

Coi=lar, a1 +1) x--- xlaqg,aq + 1),

and for each finite § # A C 74, let

1
PAzz{KelC‘Kﬂ Cayé(ﬂifandonlyifaeA}.

Vd
Let us label all such A as Ag, A1, ..., and denote P; := Pg,. Then {P;}icn, is a
(pairwise disjoint) partition of the metric space (K, dy), and diamy (P;) = 1 for
eachi € Ny.

For each i, let

b= gem U
(note that K; is not compact), so that for each K € P; we have
K C K; € Bi(K).
Notice also that for each i, j € Ny we have
if ,>K CK' € Pj,thenK; C Kj. (3.5)
Next, for any (¢, w) € [0, 00) x Qand 6 € (0, 1), we let
Cuo(t, o) :={x € R |u(t, x,») > 6).

Since § is bounded, Lemma 2.5 shows that all these sets are compact. Then for all
i € Ngandt = 0 we let

Ei(t) :={w € Q|Typ:(t,w) € P} € Q,

with 6* from (2.1). Then {E; (t)};cn, is a pairwise disjoint partition of € for each
t = 0because I'y g+ (t, w) # @ (due to 6* < 1 —6%). Also note that oy < 1 allows
us to only track the evolution of one of the sets I', ¢ (see the remark after (H2”)),
and in this section we choose it to be 'y, g+. Finally, for (¢, w) € [0, o0) x 2, let

(t,w): =i whenw € E;(t),
and for each (7, x) € [0, 00) x R let
F[’x = {CL) (S Q |x (S K[([’w)}.

The latter is a slightly different version of the set of @ for which the solution « has
reached x by time ¢ (we have F; , 2 {w € Q| T (x,w) <t} 2 F,_c,x for some
C > 0 and all large enough ¢, due to (2.6)). Let us also pick Ag so that ¢(0, w) =0
for each w € 2 (note that ¢ (0, w) does not depend on w).

Since u; = 0 and f(-,u,-) = 0 for u € [0, 6*], the solution u(-, -, ) only
depends on the reaction inside K, ) up to time ¢. Hence, we have the following
lemma.
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Lemma 3.2. For any (¢, x) € [0, 00) X RY and s € [0, t], the set E;(t) and the
Sunction u(s, x, -) xg; ) (-) are E(K;)-measurable for each i € Ny.

Proof. Fix any i € N, and let g be any reaction satisfying (H1’) and
fx,u,w) =g, u,w) forall (x, u,w) € K; x [0, 1] x Q.
Then for each w € €2, let v be the solution to
vy =Av+ g(x, v, w)

with the same initial data v(0, -, ®) = ug,s as u, and fix any r = 0. Since u;, v, = 0
and f(-,u,-) = 0 for u € [0,0%], it follows that v(s, -, w) = u(s, -, ) when-
ever w € E;(t) and s < t. Similarly, we have v(s, -, w) = u(s, -, ) whenever
[Cyo+(t,w) € Prand s < t (with [y g defined analogously to I'y, g). In particular,
w € E;(¢t)ifand only if T', g+ (t, ) € P;.

Since this holds for each g as above, it follows that E; () € £(K;), and then
also that u(s, x, ) xg, (1) (+) is £(K;)-measurable for any (s, x) € [0, ¢] x RY. O

For each r = 0, let G; be the o-algebra on 2 generated by

U EKD)IE;(s)-
ieNg &s€[0,7]

That is, G, is generated by all events F N E;(s) withi € Ny, F € £(K;), s € [0, 1].
Then {G;},> is a filtration on (2, F), and Go = £(Ky) because Eo(0) = 2 and
E;(0) = ¢ fori > 0. Lemma 3.2 then shows that u(s, x, -) is G;-measurable for
any (f, x) € [0,00) x R? and s < ¢. Since E;(s) € £(K;) foralli € Nypands > 0
(soalso F N E;(s) € £(K;) above), t(s, -) and F . are also G;-measurable for all
(t,x) € [0,00) x R? and s < t.

We note that G; is actually simpler than its definition suggests, and for each
t 2 0and j € Ny we in fact have

Gile;) = EKDIE; 1) (3.6)

(recall also that {E;(¢)} jeN, is a partition of €2 for each ¢ 2> 0, and note that only
finitely many of these sets are non-empty due to Lemma 2.5). Indeed, let us consider
any i € Ng and s € [0, ¢] such that E;(s) N E(¢) # §. Then there is @ € Q2 such
that

t,w) =j and (s, w) =1.
From (3.5) and
Ly o (r, ) S Ty o+ (s, )
for any such w, we obtain K; € K ;. But then E;(s) € £(K;) € £(K;) and
EKDE;)nEji1) S EEPIENE; 1) S EKIE;0)-

Since this clearly also holds when E;(s) N E;(t) = @, the definition of G; proves
(3.6).
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Similarly to [2,3], we will prove Proposition 3.1 by studying the G;-adapted mar-
tingale {X, := E[T (x, -) | G;]},>¢ for any x € R4 and estimating its increments,
which will then allow us to apply Azuma’s inequality to bound the fluctuations of
T(x,-).

Lemma 3.3. (Azuma’s inequality) Let { X} }ren, be a martingale on (2, F, P). If
for each k € N there is ¢ 2 0 such that | X, — X;_1| < ¢ almost surely, then for
allA > 0andn € N,

23 k=1 Cl%

We first show that for any w € F; x the difference E[T (x, ) | G/ [(w) — T (x, w)
is uniformly bounded, and 0 if w € F;, when ¢ — s is large enough (note that
Fsx C F;x if s < t because u; = 0). This is due to F; x € G, and the above-
mentioned relationship of F; x and {w € Q| T (x, w) < 1}.

)\'2
PIIX, — Xol = 4] < 2exp (——) .

Lemma 3.4. There is C > 0 such that for each (t, x) € [0, 00) X R¥ we have
[E[T (x, )xF, |Gl = T(x, )X,

and if also s € [0,t — C], then
E[T(x, )xF,, 1G] =T, )xF,,  onS. (3.7

Proof. For any (x, w) € RY x Q, let

<C on 2,

7(x, w) := inf {t = 0|x € B(Typ:(t, a)))} < T(x, w).

If o € F; x for some t 2 0, then 7(x, w) < 7 dueto K,y S Bi(Tu,e+(t, w)).
And since u(s, x, -) is G,-measurable for all s < ¢, we see that 7(x, VXF,, () 18
G;-measurable.

For each (x, w) € R? x Q, there is y € Bi(x) with u(t(x, ), y, w) = 6*, so
(2.6) shows that

u(ren o) 4 ul y0) 2 1=, (3.8)
and then Lemma 2.1 yields
u(t(x, ) + ks + g+ 10 +2¢5 " x, 0) 21— 6%,

Therefore there is C such that T(x, w) < t(x,w) + C, and hence |T (x, ) —
7(x, w)| £ C.Henceforany (¢, x) € [0, 00) x R? we obtain using G,-measurability
of T(x, )XF, ,»

[EIT (v, Y xF,., 1G] — T(x, xF,,

< Bl (x, )xF, |Gl — T(x, xF,,

yielding the first claim. If also s < ¢ — C, then for all w € F , we have

+2C =2C,

Tx,w)St(x,0) +C<s+CZ<t.

Since u(t, x, -) is G;-measurable, this shows that so is T'(x, -) xf, ,, and (3.7) fol-
lows. O
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When w € Q\ F; x (that is, essentially, when the solution u has not yet reached
x by the time ¢), we will obtain a different kind of estimate.
Let p = 1 be from Proposition 3.1, and for each i € Ny let

gilx,u, w) == Yi(E[f(x,u, )]+ (1 = ¥i(x0) f(x, u, ),

where 0 < ; < 1 is Lipschitz with a uniform-in-i constant, with ¥; = 1 on
B,(K;) and ¥; = 0 on Rd\Bp+1(Ki). Then g; is Lipschitz in (x, u) (with a
uniform M-dependent constant = M, which we will call M from now on), and
gi(x, u, ) is independent of £(K;) forall (x, u) € R? x [0, 1] because f has range
of dependence at most p. Of course,

g =f on(RN\B,1(K)) x[0,1] x Q. (3.9)
For each w € 2, let now v; be the solution to
(i) = Avi + gi(x, vi, @) on (0, 00) x R?,
v; (0, -, @) = uo k; on Rd,

with ug, g, from Lemma 2.2. Then v; (¢, x, -) is independent of £ (K;) for each (¢, x),
and so is

Ti(x, ) :=inf{r Z 0 vi(t,x,-) = 1 -6}

Proposition 3.5. There is C = 1 such that for each (t,x) € [0, 00) X R? and
o € Q\F; » we have

IT(x,0) =t = T,y (x, )| < Clp +d(x, $HF).

Remark. This shows that the difference of the time it takes to reach x from S and
the sum of any smaller time ¢ and the time it takes to reach x from K 4, (which
approximates I', ¢+ (¢, ®)) is sublinear in d (x, S). Hence, this result yields a certain
additive structure (up to lower order errors) for the arrival times of solutions with
initial data from Lemma 2.2.

Proof. We will use (fy, xo) in place of (¢, x) in the proof. Fix any w € Q\ F, x,
and let i := ((¢p, w). Note that since w € E;(fg), we have

Cyo+ (10, w) € K; © Bi(I'y g+ (ty, )). (3.10)

Moreover, since xo ¢ K;, Lemma 2.1 shows that 7y < «o + %d (x0, S).
Let us first show that

T (x0, ) — to — T;(x0. @) < C(p +d(x0. $)).
From (2.6) we know that with L := 157" (1 4 #5?)(6*)™"2 + 1 we have
[y 0 (to, ) © Br,—1(Ly, 1-0% (0, ®)).
Hence we obtain

K; € Br,(I'y,1-9% (10, ®)).
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This and Lemma 2.1 now show
Bry(Ki) S Ty1—p+(to + 11, ®) (3.11)
for
1 ==k +2¢y " (Ro+ L),
hence
u(t, -, w) 2 uo,k; = vi(0, -, w) (3.12)
forany r = 1y + 1. Since 1y < ko + %d(xo, S), there is C > 0 such that

1 £ CA +d(xg, ).

Now take
inl? ! d(xg, S)77 0 (3.13)
:=min{ —, —, d(xg, > 0, .
g 2 om0
where
. 1 1—ap
= —_—, € (0, 1).
y mm{m1 m2+1} O, 1)

Note that (3.3) shows that
max{y(m; — 1),ar +ymo, 1 —y} =1 < 1. (3.14)

It follows from (3.11) and Lemma 2.8 that for , := %(p + 1)+ Dipl=™ we
have

u(to+t+0,0) 21 —n  onByyi(Ki). (3.15)
Moreover, from (3.13) and (3.14) we see that there is C > 0 such that

=1 +10 < Clp+d(xo, $)* +d(xo, )™ D)
< C(p +d(xg, S)P1). (3.16)

We now apply Lemma 2.9 with (f, g;, u, v;, to + 13, 00) in place of (f1, f2, u1,
uy, to, R). Its hypotheses are satisfied due to (3.9), (3.12) and (3.15), and it yields

T (xp, w) —tg — 13 < (1 + M) T; (x0, ®) + 2kcx + Ko.

This, (3.16), and T; (x9, w) < C(1+d(xg, K;)) < C(1+d(xg, S)) (which follows
from Lemma 2.1, with some C > 0) show that there is indeed some C > 0 such
that

T (x0, ) — to — Ti (x0, @) < MinT; (x0, @) + 2 + ko + 13 < C(p + d(x0, S)P1).
(3.17)
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Let us now turn to
t0 4 Ti (x0, w) — T (x0, ®) < C(p + d(xo, $)P1),

and let n be again from (3.13). We will now need to estimate u from above in terms
of some time-shift of v;. It follows from Lemma 2.9 that

u_(t,x,w) =u((l =Mt +19,x,0) —n (£1—n)

is a subsolution to (1.1) with reaction f on 2k, 00) X (Rd\f’u’l_,,(to, w)). We
also know that v; is a solution of the same equation on (0, 00) x (Rd\BPH (K})).
In order to be able to compare them, we need some more estimates involving these
sets.

Since 6* < 6y, Corollary 2.6 and (3.10) yield

L 1—0+ (10 + 24, ) S Bacyie, i) (Tu,0% (10, @) S Bocjicyti (Ki)-
This and (2.6) show that with L, := u;l (1 4 (to + 2K4)*?)n~ "2 and
L3 := max{Ly 4+ 2cik4+ + k1, p + 1},
we have

Fu,,O(ZK*a w) C Fu,r/(to + 2K, w) € BLQ(Fu,l—G* (to + 2Ky, w)) C BL3 (K;).

(3.18)
We note that this also implies
Ly 1—y (10, @) S Ty y(t0 + 264, @) S Br,y(Ki). (3.19)
Moreover, Lemma 2.8 shows that
By (Ki) € Ty 1y (14, @), (3.20)

with 74 := %L3 + Din'=™ _ Then (3.13), (3.14), and ty < ko + %d(xo, S) show
that there is C > 0 such that

ts < Clo+15207" +0'™"™) < Clp +d(xo, ). (3.21)
Using (3.20) and (3.18), we find that

Vilts @) 21— 2 u_Qicx + -, -, w) on (0, 00) x Br,(K;), 52
Vi (tg, @) =02 u_ (2, -, w) on RA\By, (K;). '

From (3.9), (3.19), and Lemma 2.9 we also see that v; and u_ are, respectively, a
solution and a subsolution to (1.1) with reaction f on (2«4, 00) X (]Rd\BL3 (Ki)).
So the second claim in (3.22) and the comparison principle yield

U2k + @) S0t + -, w)  on[0,00) x (RN\BL, (K))).
If xo ¢ Br,(K;), then this shows that

T (x0, @) 2 (1 — Mun)(T; (x0, @) — t4 + 24) + 1o.
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Using again T; (xg, @) < C(1 +d(xg, S)) (as we did above) and (3.21), we obtain
Ti (x0, ) + to — T(x0, @) < t4 + My T; (x0, ») < C(p +d(x0, $)P') (3.23)

for some C > 0. If instead xo € By, (K;), the first claim in (3.22) and (3.21) again
yield

T; (x0, @) + 1o — T (x0, 0) < T (x0, @) < 15 < C(p + d(x0, $)™)
because xo ¢ K; (and hence T (xg, w) = fg). O

The lastingredient in the proof of Proposition 3.1 is an estimate on the difference
of T, (t,0) (x, w) for two different times ¢.

Lemma 3.6. There is C > 0 such that for all (x, w) € RY x Qand 1y, 11 = 0 we
have

| T,01,0) (x, @) = Typ,0) (X, )| < C (p+ |t1 — 10| +d(x, S)ﬂ])-

Proof. Letig := 1(ty, w) andi; := ((#], w),and thenw € E;,(to) N E;, (t1). Without
loss of generality, let us assume t; > 9. Thenu, = 0and (3.5) show that K;, € Kj,.
If x ¢ K;,, Proposition 3.5 yields

T, (x, @) — Tiy(x, )| < |t1 — to] + C(p +d(x, S)P).

If x € K;,, then T}, (x, w) = Tj,(x, w) = 0. The result follows in either case.
Let us now assume that x € K;,\Kj;,. Then T, (x, ) = 0, while Lemma 2.1
shows that

Tip(x, ) < ko +2¢5 'd(x, Kig) < C(1 + du(Kiy, Ki))) (3.24)
for some C > 0. From #; > tp and (2.6) we also have
Pupx(to, @) € Tup2(t1, @) S B, -1 (gey-my (1 12) (Tu1-0+ (11, @),
and Corollary 2.6 yields
Ly 1—0+ (11, @) C Bey (1 —t9)+x1 (Lu,0% (f0, ©)).
Hence there is C > 0 such that
dp (Typ+(to, ®), Ty (11, w)) < C(A 4+ 1% + 11 — 19).

Since also dp (K (t,w), Tuox(t,w)) < 1 for all t = 0 (because I'y g«(f, w) €
Py (t,)), this implies

dH(Ki()’ Ki]) é dH (Ki(p FL!,G*(IO’ CL))) + dH (Fu,e* (t()’ CL)), Fu,G*(tl ) CU))
+dp(Cup (1, ), Kiy) £ C(L+177 +11 = 10).

This and (3.24) yields the claim. O
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3.2. Proof of Proposition 3.1
If d(x,S) < p, then (3.4) holds for all A > 0 as long as Cy = 2(xg +
%)z(ln 2)~L. This is because T'(x,-) < ko + %d(x, S) by Lemma 2.1, so one
only needs to consider A < (ko + %)(1 + d(x, S)), for which the right-hand side

of (3.4) with this Cy is at least 1 due to p = %(1 +d(x,S)).

It therefore suffices to consider the case d(x, S) > p. In particular, we have
x ¢ Kodueto p = 1. Let us fix any such x and consider the G;-adapted martingale
{X:};>( defined by

X = Xi(0) :=E[T(x, ) |G ().

We want to apply Azuma’s inequality to it, which means that we need to obtain
a suitable w-independent bound on | X; — X;| for any t > s > 0 (which we fix).
Using

X, =E[T(x, )xF,, 1G]+ EIT(x, ) xre, 1G],
Xy =EIT(x, )xF,, | Gs] + EIT (x, ) xFe, 1 Gsl,

we find from Lemma 3.4 (recall that F; , C F; x) that there is C > 0 such that

IX: — Xs| = [EIT (x, ) xre, 1G] — EIT(x, )xre, 1G5+ C

= | Zegk, EIT (X, ) xE:5) | Gi] — Sag, BIT (x, ) x50 | Gs1| + C.
(3.25)

Here we used that w ¢ Fy  precisely when x ¢ K, ), and the sums are over all
i € Nog such that x ¢ K;. From Proposition 3.5 with s in place of t we have

|Segi, EIT (x, ) xE(5) | Gl — Sagi BIT (x, ) xE (5 | Gs ]
< |k, EIT (x, D xEi ) | Gl — Bxgi, EITi (x, ) xE ) | G5l + C (0 +d(x, $PY)
= |Zien EIT; (%, ) XE ) | Ge] — SienoBIT; (%, ) xE ) 1 Gs1| + C (o +d(x, $P).

The last equality holds because T; (x, w) = 0 when x € K;. Since
E[T; (x, ) XE;(s) | 9] = Zjen EITi (x, ) XE;)nE; ) | Gt
(recall that E; (s), E;(t) € G;) and Lemma 3.6 yields
|Zi B [T, ) xeone; o 1G] — ZigB [T, ) xesne;o 1G]
SCo+ 1t —s|+dx, 5P,
it follows that with some C > 0 and wa = C(p+|t—s|+d(x, S)P), we have

1X; — X,| < | =i jEIT) (x, IXENE; () | Gl — ZiEITi (X, ) XEi(s) [Gs1| + CLs

(3.26)
= |Z;E[T;(x, IXE;(n) | Gl = ZiEITi (x, ) XEi(s) 1G]+ CLs -

We now claim that for any i € Ny we have

E[T: (x, ) xE;s) | Gs] = EIT; (x, )1XE; (s5)- (3.27)
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Since E;(s) € Gy, to prove this, we only need to show that
E[T; (x, - )xal = E[Ti(x, -)]P(A) (3.28)

for each A € G such that A € E;(s). But then A € £(K;) by (3.6), so (3.28)
follows from T; (x, -) being independent of £(K;).
Similarly to (3.27), we also have

E[Tj(x, )X @) | G:]1 = E[Tj(x, )XE; @)
for any j € Nyp. Then (3.26) becomes
X, = X| £ |ZEIT)(x, Dlxe; o) — SiBIT 0, )1 xE 0]+ Clix
< % [EITj(x, )1 = BT (x, 1] XE;0nEi(s) + CLs
Lemma 3.6 now shows that there is C > 0 such that for all w € @ we have
X (@) = Xs(@)] £ Clp+ |t —s| +d(x, HP). (3.29)

By Lemma 2.1, we have F; , = Q when 7, = «o + %d(x, S). So with C
from Lemma 3.4,

X; =T(x,-) forallt 21, +C. (3.30)

Let 7 := p 4+ d(x, S)?' and let N be the smallest integer such that Nt > 7, + C.
Then there is C; > 0 such that N < C1d(x, S)(p + d(x, )P~ (recall that
d(x,S) > p = 1). It follows from (3.29) that for k = 0,..., N — 1 we have
(uniformly in @ € Q2)

X etr1yr — Xe| £ Clo +d(x, $HP). (3.31)

Now Azuma’s inequality (Lemma 3.3), Xo = E[T (x, - ) | Go], and (3.30) with
t = Nt yield for any A = 0 (with C changing from line to line),

)2
P[\T<x,~>—E[T<x,'>|go]!>x]<2exp( - 2)
2CN(p +d(x, S)F1) (3.32)

< —3?
= 2exp (Cd(x, $)(p +d(x, S)/f‘l)> '

Since Fyx = ¥ (because x ¢ Kp), Proposition 3.5 with ¢+ = 0 (and ¢(0, -) = 0)
yields

T (x, w) — To(x, w)| < C'(p +d(xp, S)P")

forsome C’ > Oand all w € 2. This and Ty(x, -) being independent of £(Ky) = Gy
yield

IE[T (x, )| Gol — E[T(x, )| £ |E[To(x,-) | Gol — E[To(x, )1l + C'(p +d(x, $)P1)
=C'(p+d(x, M.



Long Time Dynamics for Combustion in Random Media 63

Hence, from (3.32) we obtain for any A > 0,

P[|T(x, ) —EIT(x,)]| Z 1+ C'(p +d(x, $H)]

—2\2
<
= 2exp <Cd<x, $)(p +dx, S)ﬂl)) '

Soforall » = C'(p +d(x, S)P1) we have

—)2
P[|T(x, ) —EIT(x, ]| 2 23] < 2exp (Cd(x $)(p +d(x S)ﬁ1)> ’

which yields (3.4) for all A > 2C"(p + d(x, S)P') as long as Cy = 4C. But (3.4)
also holds for all A < 2C"(p +d(x, $)P1) as long as Cp = 8(C")?(In2)~! because
d(x,8) > p = 1 > B (and so the right-hand side of (3.4) is = 1). This finishes
the proof.

3.3. Extension to Half-Spaces

We now extend Proposition 3.1 to half-spaces, denoting
H, ={xeR|x-e <0}

for e € S, This means that we need to enlarge Uy to include solutions initially
approximating characteristic functions of half-spaces, with (H2’) extending as well.

Lemma 3.7. (H2’) implies (H2’) with Z/l} in place of Uy, with unchanged values
of all the SUPy 14, and inf, g4, in (1.10), and with Z/{} defined as Uy but including
the initial functions ug from Uy as well as all locally uniform limits of their
translations. (These are then functions ug s satisfying Lemma 2.2 for all balls
S = By (y) and all half-spaces S = 'H, + le, due to well-known elliptic regularity
estimates).

In particular, Lemmas 2.9 and 2.10 hold with Uy, replaced by L{}l.

Proof. Stationarity of f again shows that adding translations of the ug x to Uy does
not change any of the sup or inf. Well known parabolic regularity estimates now
show that the sup and inf also remain unchanged when we add locally uniform
limits of these translations to ¢ s. The proofs of Lemmas 2.9 and 2.10 then extend
toUd /fl in place of Uy, without change.

‘We note that the elliptic and parabolic regularity (Krylov-Safonov and Schauder)
estimates used here can be found in [11, Theorem 4.6], [15, Theorem 4.1], and [14,
Theorem 8.6.1]. O

Proposition 3.8. Proposition 3.1 holds for S being either any ball By(y) with
(k,y) € N x R or any half-space H, + le with (e,]) € S x R (with the
Sfunctions u(-, -, -; S) from Z/{}).
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Proof. The claim for balls is immediate from stationarity. For the same reason, in
the half-space case we only need to consider | = 0. Hence let S = H_ for some
ee Sl

Foreachk € N, let Sy := Bx(—ke). Then limy_ o d(x, Sx) = d(x, S) for each
x € RY, so by Proposition 3.1 (with C independent of S), it suffices to show that

limsup sup |T(x,w; S) — T(x,w; S)| £ C

k—>o00 weQ

for some C > 0 (depending only on (2.10), as always) and any x € R?.

Letugy, = u(-, -, ; S) and uy o := u(-, -, w; Sx) for each (k, w) € N x €, and
C :=«ko+ %. We then have u,(C, ) = uk (0, ) by Lemma 2.1 and (2.3), so
T(,w;8) ST(,w; S;)+C.

Similarly, we have ug (C + 1,-) = u,(0, -) in Byi1/2(0). Then from the last
claim in Lemma 2.9 with (7, R) = (0, k"% — |x|) we obtain T (x, w; S;) <
T (x, @; §)+C+1+2kc+xo whenever k'/2 = |x|+ Dy (1+k0+ 2 (d(x, $)+1)),
because then d(x, Sx) < d(x, S) + 1 due to |x| < k72, s0 k1/? — |x| = Do(1 +
T(x,w; Sy)) by Lemma2.1. O

4. Fluctuations for General Reactions

First, we show that (H4’) implies (H2’).

Lemma 4.1. (H4’) implies that f also satisfies (H2’) (possibly after removing from
$2 a measure-zero set that is invariant with respect to the group {Yy}, cga, which
we then do).

Proof. For each k € N, let ug x , be the initial datum for By (0) that enters in the
definition of U, (these might in principle be different for distinct n, as we do not
assume them to be those from the proof of Lemma 2.2). By (1.9), (1.8), and elliptic
regularity estimates, there is a subsequence {n};en such that ugn»; converge
uniformly to some ug x satisfying (1.9) and (1.8) as j — oo. Since also (H2’) holds
uniformly for f,, and the Borel-Cantelli Lemma shows that some subsequence of
Jn; converges to f locally uniformly on R¢ for almost every w € € (and if this
holds for some w, then it obviously also holds for Ty withany y € Rd), it follows
that (H2’) also holds for f, with the above ug ; for each k € N and after removal
of a {Y,}-invariant measure-zero set from 2. 0O

We now extend Proposition 3.8 to reactions f satisfying (H3) and (H4’). Recall
(3.2) and that constants with C in them only depend on (2.10) unless explicitly stated
otherwise.

Proposition 4.2. Let | satisfy (H3) and (H4’), and with B from (3.3) let

ms3 2d 4+ 2
m3 +2my’ 2d + 2+ m)

B3 ;= max {,81, } (e (0,1)) “4.1)
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and

my

U(a) = sup P sup sup |fn(zv u, ) - f(zv u, )| > 0t4n_

nZmax{[a],na} \z|<n1+mzl uel0,1]

4.2)

forall a > 0 (then v(a) < max{[a], ns}~ @1 by (H4?)). There is ch=1
such that for any S (and u) from Proposition 3.8, x € RY, and . > 0 we have

A2
Co(1+d(x, S)1+53)

P(IT(x,-;8) —E[T(x, ;9] = 1) < 2exp ( ) + v (d(x, 3)53) )

Remark. Having this and Lemma 4.1, we will not need to use (H3) and (H4’) again.

Proof. Letus assume withoutloss thatas < 1in (H3). Lemma4.1 shows that f also
satisfies (H2), and then Lemma 3.7 shows that (H2’) holds with Z/l} U Unzn . U}n
in place of Uy.

For each w € Q2 and § either a ball or a half-space, let u(-, -, w, S) be the
solution from L{} corresponding to (w, S), and for each n = ny, let u, (-, -, w, S)
be the analogous solution from L{}" . (Note that we do not require the initial data for
u and u,, to be the same, although they may be.) Also let

T,(x,w; S) :=inf{t = 0| u,(t,x,w; S) = 1 —6*}.

Then (H4’) and Proposition 3.8 show, for all n = ny,

)\2
P (T (x, 5 8) — E[Ty(x, -; ] = 1) < 2exp (—CO(I+d(xys))(n+d(x’s)ﬁl)).

4.3)

Let C; = ny be such that (g—;)1/'"3C1"”4/’”3 < I min{o*, M;'}.

Stationarity of f, f, shows that the definition of v(a) above is unchanged when
in it we replace |z| by |z — x|, for any x € R?. So for each x and n > ng4, there is
Q,.x € Qsuch that P(22,, ;) = 1 — v(n) and

| f(z,u, @)= fu(z, u, w)| < agn™™* forall (z,u,w) € B 1w, () X [0, 1] X Q2 .

Since f satisfies (H3), and u(-, -, w; §) € Uy and u, (-, -, w; S) € Uy, for each
® € Qy.x, Lemma 2.10 (see Lemma 3.7) applied twice with n = (2‘—‘:11””4)1/”13,

y=x, R=n"""4 19 = ko +2cy ' Ro, and (f1, fo, u1, us) being

(fv fihu('v'va); S),l/tn(',', (ON S)) and (fnv fs I/tn(',', (ON S),l/l(',', [N S))a

respectively, yields for some C > 0 and all n = max{Cy, [D2(1 + ko + %
d(x, §))]1/0+ma)y,

1Ty < ) — T(x, S)| < Cn™ ™ (1+d(x. S)) + C. (4.4)



66 YUMING PAUL ZHANG & ANDREJ ZLATOS

Here we also used Lemma 2.1 to show that 7,,(x, -; S) and T (x, -; §) are at most
Ko+ =d(x, S).
Let now n be the smallest integer such that

n > max {cl, d(x, )P, [Dy(1 + ko + 2¢5 'd(x. S))]1/<1+m2>} . 45)

Since B3 > H# there is C» > 0 such that with C from (4.4) we have (uniformly
4
in x, S)
By < 1+p3
(I+dx,$))n+dx, ) = Ca(l +d(x, §) 77,
—4 1—p3 24 1483
4Cn " (14+d(x,S)) +4C < Cr(1 +d(x, S) m) < Co(l+d(x,S)2).
If now A > Ca(1 +d(x, §)(153)/2) then (4.3) and (4.4) imply
P(|IT(x,-:8) —E[T(x,; ] = 1)
A
g P <|Tn(xs 3 8) = E[T,(x, -5 ]I i E) +P(Q\Qn,x)

A2
4CoCr(1 +d(x, §)*F3)

§2exp< > +v(d(x,S)ﬁ3).

Hence the result holds with C;; := max{4CoC>, 2C§(ln 2)~ 1, because then it
obviously also holds for any A < Cp(1 + d(x, §)U+A/2y

5. Convergence of the Mean Propagation Speeds
We now consider (3.1) with S = H, 4 [e forany e € S?~1and! € R, that is,

up = Au+ f(x,u, w) on (0, 00) x R, 50
u(, -, o3 H, +1e) =ug 3y, on RY. '

Here UO M +le is the initial data used in the definition of L{} in Lemma 3.7 (note
that f satisfies (H2’) in both cases under consideration, due to Lemma 4.1). Hence,
u(, -, w3 Hy +le) € U forall (e, [, ) € S9! x R x Q and (2.6) holds for it.

We will now prove that %IE [T(le, -3 H;)] converges as [ — oo, with
T(le,-;H,) from (3.2) (stationarity shows that the expectation is the same if
le is replaced by any y; with y; - e = ). Note that the reciprocal of this limit can
then be considered the asymptotic mean speed of propagation of the solutions u in
direction e (this mean is technically harmonic).

We also note that all constants in this section will be uniform in e, and recall
that all constants with C in them depend on (2.10), with any other dependence
explicitly indicated, and may vary from line to line.
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Proposition 5.1. For each e € S there is T(e) € [i, %] (depending also on
f) and for each 8 > 0 there is Cs 2 1 such that the following hold. If f satisfies
(H2’) and has range of dependence at most p € [1, 00), then with By from (3.3)
we have for alll 2 1,

E[T (e, - H)]
l

If instead f satisfies (H3) and (H4’), then with B3 < 1 from (4.1) we have for all
[ =1,

_ T(e) < Caﬁl_l+%(1+ﬂl)+5.

E[T (e, - H,)]

< Cs l—1+%(1+ﬂ3)+3_
] =

—T(e)

We will fix e in the rest of this section and, for the sake of convenience, we
will sometimes (but not always) drop H_" from the notation in (3.1) and (3.2) when
S =H_ . Hence we let

Tx,w)=Tx,w;H,) and u(t,x,0):=u(t,x,0;H,). (5.2)

We will also prove both claims in Proposition 5.1 at the same time, with the notation

1 -
B = +Tﬂ] and C,:=Cy/p and ¢():=0 (5.3)
if f satisfies (H2’) and has range of dependence at most p € [1, co), and
1 -
g = J;’% and C,:=C and ¢(l) =) (5.4)

if f satisfies (H3) and (H4’), with v from (4.2). Here again, C = 1 will be a
constant depending only on (2.10), which may vary from line to line. In particular,
Propositions 3.8 and 4.2 show that in both cases we have for all ¢ € Sl x>0,
x € R? with x - ¢ > 1 (and some C > 0 defining C_‘p),

P(|Tx, i H,) —EIT(x, - H) 2 2) S 2exp (—C,2 0% (x - &) ) + ¢ (x - o).
(5.5)
We start with the following simple result.
Lemma 5.2. If x - ¢ < [ for some (e, [, x) € S?~! x R x RY, then
E[T(x, ;H,)] S E[T e, ;H,)]+ Ko+ 2¢; " Ro.

Proof. Since u(0, -, w; H;) = u(r, -, w; H, +le — x) for 79 := xo + % by
Lemma 2.1 and x - ¢ <[, we have

T(e,-;H,)2T(e,-; H, +1le —x) — 10.
Therefore,
E[T (e, s H;)] 2 E[T(le, - H +le —x)] — 70 = E[T(x,-; ;)] — 70

because f is stationary (if we assume (H4’), this follows from Lemma 4.1) O
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The next result is an immediate consequence of Lemma 2.1 and Corollary 2.6.

Lemma 5.3. There is ty = 1, depending only on (2.10), such that for all t = ty and
w € 2,

t
u(t,x,w; H;) =2 1—6* Whenx-e§c%,
u(t,x,w; Hy) <1—0%  whenx-e = 2cyt.

In particular, for all x € RY with x - e > 1y :=2ci1tg and w € Q we have

e 2x-
T(x,w;H,) € I:u, a ei| .
26‘1 CQ

(5.6)

In order to prove Proposition 5.1, it will be necessary to simultaneously prove
it for T'(x, - ; 'K, ) with other points x satisfying x - e = [. The Infinite Monkey
“Theorem” shows that in dimensions d = 2, this cannot involve all the points in
the unbounded set {x - e = [}, but we will be able to include all such points with
x| £ O() (i.e., within a ball centered at /e and with linearly-in-time growing
radius due to (5.6)). This will be sufficient thanks to the speed of propagation of
perturbations of solutions being finite (see Lemma 2.5).

This and Lemma 5.3 motivate the definitions of the cylinders

C, (R, ]):= {x e R?

X-e¢€ [C—Ol,l] and |x — (x - e)e| §R},
4cq

CH(R,I) = {x e R?

4dcq
x-ec|l,—I| and |x — (x -e)e]| < R
co

and of the corresponding times
T, (R, w):=inf{t Z0|u(t,,o;H,) 21 -6 onC, (R,])}
=sup{T(x,w; H,) |x €C, (R, D},
TX(R,L,w):=sup{t Z20|u(t,-,w;H;) <1—0" onCl(R,1)}
=inf {T(x, w; H,) |x € CF(R,D}.
Obviously Tj‘(R, I,y ST (R, ) because u;(t,-,; H,) > 0forallr > 0.

Our next result shows that means of these times are sufficiently close to

E[T (e, ; H,)].

Lemma 5.4. There is C > 0, and for each § > 0 there is Cs = 1, s_uch that with
lo 2 1 from Lemma 5.3 we have for all 1 2 ly and R 2 0 (with C, from (5.3)
resp. (5.4)),

E[T, (R,1,-)] SE[Te,-;H,)] + Cp(Cs + max{R, 1}° 1F)

€0

+Cmax{R, 1} 1% ¢ (-1) ,
4cq

E[T,"(R,1,-)] ZE[T e, -; H;)] — Cp(Cs + max{R, 1}° 1F)
—Cmax{R, 1} ¢(1). (5.7)
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Proof. The definition of Tf(R, [, w) shows that it suffices to consider the case
RZ=1Z=1I.
For any A > 0 we have

P[T, (R, l,w) —E[T(le,-)] = A]
=P[sup{T(x,w) —E[T(le, )] |x €C, (R,D} =2 1].
Since Lemma 2.1 yields

2|x —
|T(-wi) - T(y750)| g K0+ %?
0

for any A = 4xo + 4(I+R°)

=: C| we obtain
P[T, (R, l,w) —E[T (e, )] Z A]
<P [sup HT(x, w)—E[T(e,-)] |x €C,(R,]) ﬂZd} > %:|
2Ry
< Y IP’[T(x,a)) E[T(e,-)] = > 2 5+ o+—]
xeCy (R,1H)NZA €0

Since x € C, (R,]) N z4 implies x - ¢ < [ and f is stationary, Lemma 5.2 now
yields

P[T, (R, l,w) —E[T(le, )] Z A]

< Z P[T(x,w)—IE[T(x,~)] > ﬂ

xeCy (R,HNZA

The number of terms in this sum is bounded by C> R4~ for some C, > 0. Since
each x € C; (R, ) satisfies d(x, H; ) = 4C 2] by (5.5) we have for each A = C|,

P[T,(R.1,0) — E[T(le. )] = 1] £ C2R" T exp (—6;2 xzrzﬂ)
+CR (%’z) .
1

Moreover, this probability is clearly O when A > xo + %l . Thus, for each § > 0
we obtain

E[T, (R.1,-) —E[T(e, )] = /OOO P[T, (R, l,w) —E[T(e,-)] = 1] dxr

< max{Cy, C RIP} + R ll/

Cy RSB
+ R (C—°z>
46‘1

exp (—C;2A21_2ﬁ> da

o0
< max{Cy, C,R°IP} + czéde*‘l‘ﬂ"/

e ds + C3RI2 ¢ (C—Oz) :
RS 4 1

C
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with some C3 > 0. Since

[e¢) o
—g52 2 2 2
f esds=er/ e S TBrds < Ce,
r 0

it follows from R = [ that there is Cs = 1 such that
d—1;1 ® 2 d+p ,—R¥
R l+ﬂ/6€SdS§R+ﬂ€ < Cs.
R

This proves the first inequality in (5.7). The proof of the second is analogous. O
We can now show that E [T (le, - ; H,)] is close to being linear in /.

Proposition 5.5. There is C > 0, and for each § > 0 there is C 2 1, such that for
alll,m 2 0 we have (with C, from (5.3) resp. (5.4))

|E[T(+m)e,-:H)| —E[Te,-: H,)]| —E[T(me,-: H,)]]
< Cp(Cs + (1 +m)PT?).

Remark. We will in fact only need the weaker upper bound C »Cs(l + m)P+e,

Proof. Without loss of generality, we can assume that/ = m = 0, and we also let
Ip be from Lemma 5.3. By Lemma 2.1, for all m < %lo we have T (me, -; H, ) <
ko + 8c1lp and

u(to, x, -3 H,

—me) 2 u(0,x,-;H,),
with 79 := «o + 8cilo + 2¢y 1R0. This and stationarity of f yield
E[T((+m)e,-;H,)|=E[Tle,-: H; —me)] S w0+ E[T(e,-;H,)].

All this and Lemma 5.2 with (I + m, le) in place of (I, x) yield the claim for all
m =< %lo and [ 2 m, with any Cs = 271p.

Now assume that! = m > %lo, and let us first prove the direction
E[T (I +m)e, )] —E[T(le,-)] —E[T (me, )] < C,(Cs +1F).

Pick Ry, := Dx(1 + 2—0) with D, from Lemma 2.9, and denote T} (w) := T,

(R, I, w). Then Lemma 5.3 shows that for each w € Q2 we have T;(w) € [2%1, Z—é]
and hence also

ur(Ti(w), ) = 1—60%  onH, + (4c1) eole

holds with uy := u(., -, w; H, ). Therefore,

(T (@), ) = 1—6*  onCy (R, 1)U (H; + (4c1)_lcole) .
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2Ry

Hence Lemma 2.1 shows that, withuy 1= u(-, -, w; H; +le) and 7o := xo+ m

we have

k)

ur(Ti(@) +70,2) Z (1 = 0") Xpg s ryye = #2(0,)  on{x € R ||x — (x - e)e| < Ry}

Since the set above contains Bg, ((I +m)e) and we also have T ((I +m)e, w; H, +
le) < 26—’(’)’ by Lemma 5.3, we can apply Lemma 2.9 (see Lemma 3.7) with f; =

fo=f and
(ui,uz,m,y,t0, R) = (u1, u2,0, ( +m)e, T (®) + 70, Rim)
to obtain
T((l+m)e,w;H,) ST+ m)e, w; H, +le) + Ti(w) + 10 + 2k + k0.(5.8)

Taking expectations on both sides of this inequality and using stationarity of f
yields

E[T((+m)e,-; H)| SE[TW+m)e,-; Hy +1e)] +E[T1()] + 1o + 2K+ + ko
=E[T(me, s H)] +E[T1()] + 10 + 2kcs + &o.

Since R,, < CI and ld+1¢(4%1) < C for some C > 0 due to (H4’) and 83 >

d+1
2d+14+m),’

it now follows from Lemma 5.4 that for any § > 0, we indeed have

E[T (U +m)e, s H)] S E[T(me,-; H)]+E[T e, -; H) ]+ Cop(Cs + 177,

with some C, Cs (and C_'p from (5.3) resp. (5.4)).
Let us now turn to the other direction (again assuming [ = m = %lo),

E[T (e, -: H)| +E[T(me, s H,) —E[T(U +me,-; H)]] £ Cp(Cs +1P),

the proof of which is a little more involved. With g; from (3.3), let

N ! B1—1
n := min ERETTR l > 0, 5.9)
3

and then (see Sect. 2.1 for the other constants)

1 201\ *? 2m
R, = 14+ — and R, =D 1+— ).
W2 o o

For any w € Q, denote T|(w) := T," (R + Ry, [, w) and

ui(t, x) = u + T{ (), x,w; H, ),
uh(t, x) == u(t, x, w; H, +le).
Lemma 5.3 yields Tl/ (w) € [L 2] and hence also

2¢1’ co

Wh(0,) S1—60%  onMJ +4cicyle,
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where H := R4\'H; . Therefore,
wh(0,) £1—0%  onCl (R + Ry, 1) U(H +4dcicyle).
From (2.6) and T{(w) < f—é we have R; 2 Ly . 1—¢+(T{(w)), and so
ui(0,-) < on {x e R4 ’x e+ Rjand |x — (x -e)e| < Rm}.(S.IO)
As for uy, Lemma 2.1 shows that
ub(ko +2Rico™', ) 21 —60%  onH, + (I + Rye,
and Lemma 2.8 then shows that for ‘L’é = ko + 2Rjco~" + Din' ™1 we have
wy(d, )2 1=n  onH, + U+ Rpe. (5.11)
Note also that there is C > 0 such that
i < caerpm gty < ot (5.12)
because (3.3) shows that
max{(l — B1)(m; — 1), a2 + (1 — Br)ma} = p.
From (5.10) and (5.11) we now have that
why(zd, ) 2 uj(0,) —n  on {xeRd||x—(x~e)e| < R}

Since the set above contains Bg,, (({ +m)e), we can apply Lemma 2.9 (see Lemma
3.7)with fi = fo = f and

(i, uz, 1, y, to, R) = (uh, uy, n, (I +m)e, T, Rin)
to obtain
T((+m)e,0;H, +1le) = (1 + M*n)[T((l +m)e, w; H,) — T{(a))]
474 + 2k + Ko, (5.13)
provided we also have
T((+m)e, w; H,) — T} (w) < 2mey™! (5.14)

(notice that T'((I + m)e, w; H;) 2 T{(w) because [ +m < 21 < %l). However

since Lemma 2.1 yields T((I + m)e, w; H, +le) < ko + 2{:—’(’;, (5.13) obviously

holds even if (5.14) fails. Since T((m + Ne, w; H;) < 22 < 4 by emma

5.3, we get from (5.9) and (5.12),

T((L+m)e, w; H, +1e) < T((+m)e, w; H,) — T} () + 4lco™ "My + CIP!
ST +m)e, w; H ) — T (w) + CIP',
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for some C > 0. Taking expectations, using stationarity of f, 81 < 8, as well
as R+ Ry, < Cland 19T'¢ (1) < C for some C > 0 (due to (H4%), (3.3), and

B3 > Miﬂ) and applying Lemma 5.4 shows that for any § > 0 we indeed have

E[T(U+m)e,-: H, +1e)] +E[T{()] — CIF!
E[T(me, s H)] +E[T (e, - H,)] — Cp(Cs + 1P,

E[T(+m)e, s H,)] 2
>
with some C, Cs (and C_‘p from (5.3) resp. (5.4)). O

Now we are ready to prove the main result of this section.

5.1. Proof of Proposition 5.1

LetG(]) := %E[T(le, -)] 2 0and y := B+ 6. It follows from Lemma 2.1 and
Corollary 2.6 that

1 1
— = hmmf G() SlimsupG(l) £ —
C1 =00 co’

It therefore suffices to show t_hat there is Cs > 0 such that with either C 5,0 . =Cs\/p
(when f satisfies (H2’)) or Cs , := Cs (When f satisfies (H3) and (H4’)), we have
foralll 2 m = 2,

IG(l) — G(m)| < Cs,,m” 1. (5.15)

Since B < 1, we only need to consider § > 0 such that y < 1.
By Lemma 2.1, G (/) is no more than

21 2
< + Ko) < — 4 ko (5.16)
1 co co

forall/ = 1, and we also have |T (le, -) — T (me, )| < % + ko when || —m| < 2.
Therefore, there exists Co > 0 such that for all /, m satisfyingm +2 212 m = 2
we have

IG() — G(m)| < ‘m—_lG(l)’ + iE[|T(le, ) —T(me,)|] < Com™'. (5.17)
m m

Using Proposition 5.5, we also see that there is Cs = 1 such that forany [ = m = 2
(and with Cs,, = 1 given above),

IG() — G(m)]

1 [—m
7 ‘E[T(le, )1 — E[T (me, -)] — TE[T(me, ')]‘

A

1

7 |BLT e, )] = EIT (me, )] ~ E[T(( = m)e. ]|

ml1 | (5.18)

== '—Emme, = ——EIT( —me, )]
m I—m

l_
< G pl” '+ TmIG(m) -G —m)|.
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Now assume that for some p € {2, 3,4, ...}, thereis N, 2> 2C such that for
allm € [2,2P] and [ = m we have

IG(l) — G(m)| £ Npm? 1. (5.19)

This is in fact true for p = 2, because (5.16) shows that (5.19) holds for all

m € [2,4] and [ = m with Ny = max{4(% + kg), 2Co}. We will then extend

(5.19) to all m € [2, 2P and | = m, with a relevant new constant Npy1 2 Np.
First, note that for any m € [2, 2Pt and | € [m, %m] we have

IG(l) — G(m)| < (Cs,p + 3V NI~ (5.20)
Indeed, this holds for [ € [m, m +2] due to (5.17) and € < Mo <37 N, (m +

27! Andif instead [ € [m + 2, 3m], then{ —m € [2, min{2?, £}], so it follows
from (5.18) and the induction hypothesis (5.19) that

_ I —m _
IG(U) — G(m)| < Cs p0” " + TNp(z —m)’ V< (G +3TYNI T

Let us now consider m € (27,2Pt ] and | > %m Let [y := 2% for k =
0,1,..., j, with j chosenso that/; € (3m, 3m]. Since [y = lx_ — Iy, from (5.18)
we obtain

J J
G() = GUNI £ Y 1GU1) = GUI £ Cs.0 1] 7]
k=1 k=1

J
_ _ . y—1 _
§C3,pl}/ ! E (217k+1> gCé’pmV*I’
k=1

where C_’é‘p = Csp (DI 132;1_, < oo (recall that y < 1).

IfI; € [m, 3m], then (5.20) yields
IG(lj) — G(m)| < (Cs.p + 3’VN,,)I}’_1 < (Cs,p+37 " Np)m? 1.
If instead [; € (%m m), then/; € [2, 2P+1] andm € [/}, %lj]. Hence (5.20) again
yields
IG(m) — G| £ (Cs,p + 37V Npym? ™.

In either case we obtain
IGU) — Gm)| S 1G() — GUNI+1G (1) — Gm)| = (Csp + Céqp + 3”’Np)m”’1.

This, (5.19), and (5.20) now prove (5.19) with p + 1 in place of p (so it holds
for all m € [2, 2Pt and I > m) and with

_ _ B ¥ _
Np+1 = C(S,p + Cé,/? + 3 VNP é max {Np, 3)/—_1(C5’p + Cé’p)} .

Since (5.19) holds for p = 2 with N, = max{4(% + ko), 2Cp}, it follows that it
holdsforany p = 2, 3, ... with N, = max {4(% + k), 2Cp, Sf—il(ég,p + C_'é’p)}
=: C_'(g”p. This proves (5.15).
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6. Deterministic Front Speeds and Proof of Theorem 1.7

We are now ready to prove Theorem 1.7. This is because it was shown in
[16] that such homogenization results for reaction—diffusion equations and related
models follow from appropriate estimates on the dynamics of the solutions to (5.1)
for all vectors e € S?~!. We will be able to obtain these estimates using the main
results from Sects. 3-5.

Specifically, we will use Proposition 5.1, and either Proposition 3.8 (when we
assume (H2’)) or Proposition 4.2 (when we assume (H3) and (H4’)) in the proof.
We will handle both cases at once, using that either of the latter two propositions
yields (5.5) above, with the notation from either (5.3) in the first case or (5.4) in
the second.

For us, the key result from [16] will be Theorem 5.4, which applies when for
almost all w € 2, the reaction f(-, -, w) has deterministic strong exclusive front
speeds in all directions e € SY~!. We will first define these, following Definitions
1.3, 1.6, and Remark 3 after Hypothesis H’ in [16], and then prove their existence.

Definition 6.1. Let f satisfy (H1) and let e € S¢~!. If there is ¢*(e) € R and
Q. € Q with P(Q,) = 1 such that for each w € Q, and compact K € H} = {x €
R?|x-e > 0},

lim inf u(t,x,o;H,) =1,

=00 xe(c*(e)e—K)t

lim sup ult,x,0;H,)=0

1—00 xe(c*(e)e+K)t
holds for the solution to (5.1) with / = 0 and some Uy 1 satisfying (1.9) and (2.3)

with § = H_, then we say that c¢*(e) is a deterministic front speed in direction e
for (1.1).
This speed is strong if for each such w and K, and each A = 0, we have

lim inf inf u(t,x, Tyo, H,) =1,
100 |y|S At xe(c*(e)e—K)t
. _ (6.1)
lim sup sup u(t,x, Tyw; H,) = 0.
—0o0

[y|SAt xe(c*(e)et+K)t

And if, in addition, for each such w and K there is Ag . : (0, 1] — (0, 1]
satisfying lim, 0 Ak o..(a) = O such that foreach A > O and a € (0, 1] we have

limsup sup sup We,a(t, X, Ty®) = Ak w(a), (6.2)
=00 |y|SAt xe(c*(e)et+K)t

where w, 4(:, -, @) solves (1.1) with initial data
we,a(oy %y C()) = XH; + aXHja

then c*(e) is a deterministic strong exclusive front speed in direction e for (1.1).
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Remark. 1. Lemma 2.1 and the comparison principle show that all these defini-
tions are independent of the choice of Uy H; satisfying (1.9) and (2.3). We could
equivalently choose Uy = (1—-06%) XH: here, but having solutions with u; = 0
will be more convenient.

2. We will show that in Theorem 1.7, Ak o (a) = a for all (K, w, e) as above
and all small enough a > 0 (depending on M, 01, my, a1, fy, K).

Let us first show that the reactions we consider here have deterministic strong
front speeds, and then we will show that all these speeds are also exclusive.

Proposition 6.2. Assume that f either satisfies (H2’) and has a finite range of
dependence, or satisfies (H3) and (H4’). For each e € S et T(e) be from
Proposition 5.1. Then c*(e) := T(e)~! € [co, c1] is the deterministic strong front
speed in direction e for (1.1).

Proof. Fixanye € S?~!, A > 0, and compact K’ € H}.Let K C H; be compact
and such that K’ € K, letdg := d(K,H;) > 0,and let Ag := 1+diam(K)? <
00. Let us also use the notation (5.2), and for any € (0,6*] and r = 0, let

I'(K, A) = {a) eQ

inf inf u(t,x, Yyw) <1—n¢.
[YISA@+1) xe(c*(e)e—K)t

Assume that u (¢, x, Tyw) = 1 —6* for some (¢, x, y, ) € [0, 00) x R% x Q.

Since forall y € R? we have u(-, -, YTyw) =u(-,-+y', w; H; +(y'-e)e), Lemma
2.1 and comparison principle yield for all y’ € B vas

M( + 70, - — y/v Ty,a)) z u('v =Y, Tyw)a

with 79 1= «¢ + 2061 (Ro + «/3). Applying Lemma 2.1 again, we obtain for all
y' € B j5(),

u(t + 271, x, Yyw) Z ut +10,x +y —y, Tyo) =2 1—-6%

Then Lemma 2.8 shows that if € (0, 0*] and 7,, := 279 + 4c0_1\/3 + Dypl—m,
then

UGt + Ty, Tyw) Z (= XB (6.3)

for all y' € B /;(y). This shows that we can only have w € I(K, A) for some
t 21y if

inf  u(—1,x Yyo)<1-0%
(X, V)EZK At

where Zg a.; = ((c*(e)e — K)t NZ4) x (Ba(+1)(0) N Z%). From this we obtain

PUK, MTS Y Plut— 1. x, Yyw) < 1—67]

(X, Y)EZK Ax
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= >  P[Tx.Ty) >t—1).

(X, Y)EZK At

Ift 2 2(ty+ko+ %), then from Lemma 2.1 we have T'(x, Yyw) < f—1, whenever

colt

x-e < 1+ % Hence, with Zhens =10, y) € Zkaslx-e > 14 G} we

obtain
PU(K,MIS Y P Yyo)>1—1,]. (6.4)
(. VEZk A,
Note also that there is C > 0 such that this sum has at most C(1 + A9)Agr2?

terms.
Consider any (x, y) € Z/K’ A.s» Where t 2 2(ty + ko + l) With the notation

from (5.3) resp. (5.4), and B’ := 1+'3 € (0, 1), Proposition 5.1 and stationarity of
f yield
E[T (x,-)]

< B~
X-e c*(e) C (x-e)

Since x - e < (c*(e) — dg)t and c*(e) = 7_"(.43)_1 < ¢y, we obtain

dgt
2c1

C,((c*(e) —dg)n)P <1 — 2=

= c*(e) c*(e)

whenever

> 5 1+ -1 -1 -1
t Zmax | (2Cyc; " dg )1, 2(Ty + ko +2¢0” ), dardy Ty f
Hence for such ¢, (5.5) yields C > 0 (defining C o via (5.3) resp. (5.4)) such that

P[T(x, Tyw) >t — r,,] <P |:‘T(x, Tyw) — E[T (x, )]| > d_lc(t — Tﬂ]
1

< 2exp (—6;2<Z—I: — r,,) (x - e)_zﬂ) +d(x-e)

< 2exp (—C‘;zdlz(ﬂ_zﬁ) + Ct—ﬂ3(2d+l+mg)

when (x, y) € ZK A.r» Where we also used that C%’ Sx-eScrtandt, S fTKlt
(recall that C can change from line to line). This and (6.4) show that for all large
enough ¢ we have

P[1/(K. 0] £ €1+ AN A (exp (~C2d3 272 ) 4 ~hCdrtin))

Then ), >, P[I; (K, A)] < oo since B3 > %, so the Borel-Cantelli
Lemma shows that for a.e. w € 2, there is N, such that w ¢ UnZNw LI(K, A).

But since K’ € K° means there is T such that

(c*(e)e — K"t C (c*(e)e — K) 1]
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forall t > 7, from u, > 0 and the definition of /,'(K, A) we obtain

inf inf u(t,x, Yyw) =1 —
ly|SAr xe(c*(e)e—K)t Y - n

for all such w and all # > max{N,,, t}. Applying this argument with n = %, A =n,
and K' = {x e R|x-e € [%,n] and |[x — (x - e)e| < n} for each n € N yields
Q1 € Q with P(R21) = 1 for which the first statement in (6.1) holds.

It remains to prove the the second statement for some 2, with P(£2;) = 1, as

we can then take 2, := Q1 U Q;. The proof is similar to that of the first statement.
With the setup from the start of its proof, we now let

I'(K,A) = {a) eQ

sup sup u(t, x, Yyw) > n}.
[y|SAt xe(c*(e)e+K)t

Assume that u(z, x, Tyw) > n for some (¢, x, y, w) € [0, 00) x R24 % Q. Then
(2.6) shows that with L, := u;l (1 +t*2)p~"™2, there is x’ € By, ,(x) such that

u(t,x', Yyw) 21— 6%
Lemma 2.1 now shows that
ult + ko +2¢y ' Ly y, x, Tyw) 21— 6%

In the same way as we obtained (6.3) (but using Lemma 2.1 instead of Lemma 2.8),
we now get for all y’ € B /;7(y) and with 7; ) := 30 + %(Lt,77 + Ry +2/4d),

u(t + Trs s Ty’w) 2 (- 9*)XB\/3(X)‘

So similarly to (6.4), with Zg A, := ((c*(e)e + K)t N Z%) x (Bp,(0) N Z%) we
getforallt = 0,

P[] (K, A)] < Z P[T(x, Yyo) St+1,]. (6.5)

(X, V)EZK At

And again, there is C > 0 such that this sum has at most C (1 + A Akt terms.
Let di := dy (K, H;) and consider any t 2> % and (x,y) € Zg a Then
c*(e)t = 1 and

x-e € [(c*(e) +dg)t, (c*(e) +dy)t]. (6.6)

Thus Proposition 5.1 and c¢*(e) = T(e)~! imply, as above (with 8’ = #),

. _ , d - /
E[T(x, )] = Cx*—(:) —Cplx-e)f =14 C*’((;) — Cpl(c*(e) + dj)n)?
=1+ dxt
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whenever

_ / 1
¢ = max {(2cp(c1 +di) TP AT e CK,r;} :

where Ck , is such that 7, ;, < i—’g for all t = Ck , (this exists because oy < 1,

and will be used next). Hence for such 7, (5.5) yields C > 0 (defining C_'p via (5.3)
resp. (5.4)) such that

d
P[Tx, Yyw) St+7,] <P [\T(x, Yyw) —E[T(x,)]| 2 %’ — r,,,,}
<2exp|-C? @—r z(x-e)_z‘9 +¢(x-e)
= p o 26‘1 t,n

< 2exp (—Co2d% (1 + i) P27 4 ¢~ FaCdt iy

when (x, y) € Zg A, where wealsoused (6.6) and 7; < i—’gl’ in the last inequality.
This and (6.5) show that for all large enough ¢ we have

PL (K, M) S €L+ A AR (exp (=C 23 (1 + dig) P 2720) 4 @ity

We can now conclude the proof of the second statement in (6.1) as we did the
proof of the first statement, this time using that

(c*(e)e + K)t C (c*(e)e + K)[1]
for all large enough . 0O

Remark. This proof shows that (6.1) holds with Az replaced by exp(¢?) for any
y <2—26.

Proposition 6.3. Under the hypotheses of Proposition 6.2, for each e € S?~!, the
speed c*(e) is also a deterministic strong exclusive front speed in direction e for

(1.1).

Proof. Having Proposition 6.2, this proof is now similar to the one of [16, Theorem
1.73)].

For any (e, a, w) € sd-1 % 0,1) x Q,letu(-, -, w; H,”) and w4 (-, -, w) be
from Definition 6.1, and let 7, := 1 + Dja!™. Lemma 2.9 (see Lemma 3.7)
shows that if @ € (0, 1 min{6*, M '}], then

up(t,x) == u((l+ Mya)t + 74, x, 0: H,) +a

is a supersolution to (1.1) on (ky, 00) X R4, Moreover, u; > 0 and Lemma 2.8
show that

u-‘r(K*s ) z M(Ta’ 5 W3 He_) + a z wE,H(Ov ) C())
The comparison principle now yields for all r = 0,

Up(t + ks + 74, 7) 2 We,a(t, -, ).
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It now follows from Proposition 6.2 that (6.2) holds with Ag ,, .(a) = a for
all A = 0 and all compact K € H} + M.ac*(e)e. This is true for all a €
O, %min{@*, M*_l}], so the result follows after letting Ax , .(a) := 1 foralla e

(3 min{0*, M7}, 1. O

6.1. Proof of Theorem 1.7

For any e € S let ., € Q with P(,) = 1 be the set from Definition
6.1 and let ¢*(e) be the corresponding deterministic strong exclusive front speed
for (1.1) from Proposition 6.3. Let A C S9=1 be a dense countable set and let
Qo := (Nees SLe. Then P(Qp) = 1, and for each w € o, (1.1) with this fixed ©
has a strong exclusive front speed ¢*(e) in each direction e € A (i.e., (6.1) and (6.2)
hold for this fixed w and each e € A, A = 0, and compact K C Hj).

Then [16, Theorem 4.4(i)] shows that (1.1) with this fixed w has a strong exclu-
sive front speed ¢’ () in each direction e € SY~!, and ¢* is Lipschitz with Lipschitz
constant only depending on M. But then ¢ (¢) must be independent of w € ¢ for
each e € S?~! (instead of just all e € A), and hence equals ¢*(¢) from Proposition
6.3 because P(Q2g) = 1.

Theorem 1.7 now follows directly from [16, Theorem 5.4] applied separately
to each @ € Qg (see also the remarks after Hypothesis H” in [16]).

7. Proof of Theorem 1.8

In this section we will show how to extend the above analysis to the cases
considered in Theorem 1.8. We can obviously assume &5 > 0 without loss, and all
constants with C in them may depend on (2.10) as well as on o).

Since we now replace (H2’) by (H2”), the estimates (2.6) instead become

s Lu,rH»a,lfG*(t) § ;1’
1>0& =0 (1 +192)n=m2
inf (1,02 2

(t,x) €Ky, 00) xRY
u(t,x)€0*,1—6%]

(7.1)

for all @ € [0, az] and either all u € Uy, (when assuming (H2”)) or all u €
Uném Uy, .o (When assuming (H3) and (H4”’)), again with some fiy, ks > 0.

We will first assume without loss that a; = 0. Then of course also a = 0 and
Urq = Uy above, so (7.1) is just (2.6) with the extra factor of 1% in the second
estimate. We will now show how the results in Sects. 2—6 and their proofs change
due to this.

Of the results in Sect. 2, clearly only Lemmas 2.9 and 2.10 are affected by this
change. They will instead become the following two results.

Lemma 7.1. Let f satisfy (H2”) and f> satisfy (HI’), and let M. := 2% 1:;—:” with
W, K from (7.1) for all u € Uy,. Fix some w € Q and letuy, uy : [0, 00) x RY —
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[0, 1] solve (1.1) with fi, f> in place of f, respectively. If uy € Uy, to 2 0,
T 2 2k, and for some n € [0, %min{@*, M,:l (T + to)_"é}] we have

filx,u,w) = folx,u,w) wheneverui(tyg,x) <1 —nandu € [0, 1],

then

(1, %) := ur (1 + My(T + 1))t + 10, %) + 1
is a supersolution to (1.1) with f» in place of f on (kx, T) x R¢, and

u(t, %) =y ((1 = Mo(T + 1)“20)t + 19, %) — 71

is a subsolution to (1.1) with f» in place of f on 2ks, T) x {x € R? |uy (19, x) <

1 —n}.
Moreover, there is Dy = Dy(M, 01, my, a1) = 1 such that if also T, (y) < T,
and

sup (u2(0,x) —ui(f9, x)) =1
X€BR(Y)

for some y € RY and R = Dy(1 + T,,,(y)), then

;o\
Ty () Z (14 Mo +10)0) (T (3) = 10 = 26, = o).

Proof. The proof is the same as that of Lemma 2.9, replacing (2.6) by (7.1) and
using 74 (¢) := (1 & M (T +19)*2n)t + fo. In particular, we use in it that fort < T
we have
Mo (T + 10) 20 (1 + Mo (T + 10)“20)1 + 10) ™
> Mo(T + 1)1 2T +10)™ = (1+ M),

We also have D; := 2+/Md In ;‘—f as before. 0O

Lemma 7.2. Let f satisfy (H2”) and f> satisfy (HI1’), with at least one satisfy-
ing (H3) with az < 1, and let My, Dy be from Lemma 7.1. Fix some o €
and let uy,us : [0,00) x R — [0, 1] solve (1.1) with f1, f2 in place of f,
respectively. If uy € Uy, for some y € R4, R = Dr(1 + Ty, (y)), and n €
[0, %min{@*, M*_l(max{Tu2 (y), 2K} + t())’“é }] we have

Jilx u, @) 2 folx,u, w) —azn™  forall (x,u) € Br(y) x [0, 1],

and u3(0, -) < uy(tg, -) for some to = 0 and all x € Bg(y), then

L1
Ty 2 (14 Ma(max{Ts (), 260) +10%0) (T () = 10 = 26 = ko).

Proof. The proof is the same as that of Lemma 2.10, replacing (2.6) and Lemma
2.9 by (7.1) and Lemma 7.1 with T := max{T,,(y), 2k«}, and using 4 (¢) =

(1 + My (T + t)*2n)t +1p. O
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We can now extend all of Sects. 3-5 to (H2”) in place of (H2’), and obtain the
following analog of Proposition 6.2.

Proposition 7.3. Assume that f either satisfies (H2”’) and has a finite range of
dependence, or satisfies (H3) and (H4”). Then for each e < sa-1 (1.1) has a
deterministic strong front speed c*(e) € [co, c1] in direction e.

Proof. In the whole proof, we assume without loss that ap = 0 (and so a = 0 as

well). When extending results from Sect. 3, we assume that f satisfies (H2””) and

has range of dependence at most p € [1, 00); in Sect. 4 we instead assume (H3)

and (H4”’); and in Sects. 5 and 6 we assume either of these two cases, as before.
Most of Sect. 3 is unchanged, with (3.3) replaced by

(I 4+ay)(mp—1) (1 +Ot§)m2+ot2}, 72)

mi ’ my + 1

B1 := max {
which is still in (0, 1) thanks to ) < min{mll_ T 1;1‘;2 }. The first adjustment is
required in Lemma 3.4, where we used the second claim in (2.6) to obtain (3.8).
We have here u(t(x, w), y, w) > 6* for some y € Bj(x), and can instead use
Lemma 2.1 to get

u(t(x, ) + ko + 2C()_1(Lu,8*,178*(7—'(x, w)+1),x,0) 21—-0%
Since the first claim in (7.1) (with @ = 0 and n = 6*) yields C > 0 such that
k0 + 265 (Lugr1-0+(x(x, ) + 1) £ C(1 + 7(x, 0)*)

(recall that u € Uy) and Lemma 2.1 also implies 7(x, w) < C(1 + t) whenever
® € F; x,wehave T(x,-) < t(x,-) + C(1 +1*2) on F; . Hence the first claim of
Lemma 3.4 becomes

|EIT (x, Vxp,, 1G] — T, Ixp.| S CAL+1*)  onQ,

while the second holds only for s € [0, — C(1 + t*?)].
As for Proposition 3.5, instead of (3.13) we let

n:i= Cl_l(p +d(x0,8)77,

where C; > 0 will be chosen shortly and

l+a) 14+a)—
y = min{ B T az} - 0. (1.3)
my my + 1
Note that then, similarly to (3.14), we have
max{y(m; — 1),ar +ymy, 1 + a5 —y} =1 <1 (7.4

(in particular, y > aé), and (3.15) and (3.16) continue to hold. Now we pick Cj so
that with with 7' := max{T (xg, w), T; (xg, ®), 2k} we have

i[O T+
n = |
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which is possible due to max{T (xg, ®), T; (xo, w), to} < C(1+d(xg, S)) and (3.16).
Then we can use Lemma 7.1 with this 7 and 7 (instead of Lemma 2.9) to see that
(3.17) becomes

T (x0, ®) — tg — Ti (x0, @) < Mun(T + to + 13)“2Ti (x0, @) + 2k + ko + 13
< Clp +d(xo, )

because f1 = 1+« — y. This ends the first half of the proof. Using again Lemma
7.1 instead of Lemma 2.9 in the second half of it, with n as above, shows that

u_(t, x) = u((1 — Mo (T + 10)*2)t + 19, X) — 1

is a subsolution to (1.1) on 2k, T) X (Rd\Fu,l_n(t(), w)). The rest of the proof
does not use the second claim in (2.6) and is unchanged (using this #_ and also
(7.4)), with (3.23) becoming

Ti (x0, @) + 10 — T (x0, w) < 14 + Mun(T + 10)2T; (x0, @) < C(p + d(x0, S)P).

This finishes the proof.

The proof of Lemma 3.6 remains the same. In the proof of Proposition 3.1,
the change in Lemma 3.4 turns the C in (3.25) and (3.30) into C (1 + #°2) (recall
that s < ¢ in the argument), which is then added to the right-hand sides of (3.26)
and (3.29). Then (3.30) shows that there is C > 0 such that X; = T (x, -) for all
t 2 C(l +d(x,S)), and we now pick N to be the smallest integer with Nt =
C(1 +d(x, S)). The estimate N < Cid(x, S)(p + d(x, $)P1)~! now still holds
(recall that d(x, S) > p = 1 here), and (3.31) remains unchanged because the
term added to (3.29) is estimated by C(1 + (N7)*?) < C(1 4+ d(x, §)P') because
ar < B1. The rest of the proof of Proposition 3.1 remains the same.

Lemmas 3.7 and 4.1 are unchanged except for replacement of (H2’), (H4’),
Uy, Z/I}, Lemma 2.9, and Lemma 2.10 in their statements and proofs by (H2”),
(H4”), Uy, Z/{}; 4> Lemma 7.1, and Lemma 7.2, respectively (here we can even
allow any fixed a» € [0, %9*] in (H2”), although a> = 0 is sufficient). The proof
of Proposition 3.8 also remains the same, using Lemma 7.1 (with 7 = oo because
n = 0) instead of Lemma 2.9.

In Proposition 4.2, we replace (4.1) by

(14 2a3)m3  2d+2
m3+2my 2d+2+m) |’

B3 := max {ﬂl, (7.5)
which is still in (0, 1) thanks to o) < :Z—;‘ Then when we use Lemma 2.10 in the

proof, we replace it by Lemma 7.2 with the same n = (g—;‘n—m)l/m;, but now we
need to pick n so that

_ _ g
a]/m.? 1/m3n my <

JBag min{0*, M7 (T + ko + 2¢5 ' Ro) ™2},

| =

with T := max{T (x, w; S), T,(x, w; §), 2k4}. Since T < C(1 +d(x, S)) due to

Lemma 2.1, and ,Bgz—;‘ > o due to o)) < "m%‘ and (7.5), there is again C; > 0 such
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that it suffices to let n be the smallest integer for which (4.5) holds. Then a double
application of Lemma 7.2 replaces (4.4) by

m

_m / —_—= /
[T, (x,;8) —T(x,-: )| <Cn ™ A+T) 2 1 Cc<Cn ™ (14+d(x, S)' T +C.

Since there is again C> > 0 such that

4CHT TS (14 d(r, ) +4C £ Co(1 +d(x, $) TP £ 1+, ) )
because 1+a) —f3 'n';—‘; < % , the rest of the proof of Proposition 4.2 is unchanged.

Most of Sect. 5 is also unchanged, with the only two adjustments needed in the
proof of Proposition 5.5. We used Lemma 2.9 when proving (5.8), and we can just
replace it by Lemma 7.1 without any other change because there we had n = 0.
We also used Lemma 2.9 when proving (5.13), and the change to Lemma 7.1 now
requires us to replace (5.9) by

n = Cfl min {9*, M*_ll_y} ,

with y from (7.3) (recall that (7.4) shows y = 14+ab — B = 1 —By,s0n < 1A171
as well; in fact, we could have chosen this 7 in (5.9) as well) and C = 2 such that
with T = max{xg + @, 2k} we have n < 2]7*(T + r(l))_“é. This is possible
because of (5.12) and y = o). Then replacing Lemma 2.9 by Lemma 7.1 with this
T yields

T((+m)e, w; H, +le) < (1 + Mon(T + 75)%2)
[T(U+me, w;H,) — T{(®)] + T 4 2k + K0

instead of (5.13). But the addition of (T + ré)“é here does not require further
changes because

M(T + )2 T (L + m)e, w: H;) < CI' 977 < 1P

by (7.4) (recall that we assume here [ =2 m 2 %‘lo).
The proofs of Propositions 5.1 and 6.2 then remain unchanged, finishing the
proof. O

We are only able to obtain an (H2”)-version of Proposition 6.3 when a, > 0,
and we do so below. But even without that, we can already prove Theorem 1.8(ii).

Proof of Theorem 1.8(ii). This is identical to the proof of Theorem 1.7 above, with
the word “exclusive” and (6.2) dropped, and using Proposition 7.3 and [ 16, Theorem
1.4(ii1)] instead of Proposition 6.3 and [16, Theorem 5.4], respectively. Note that
f is also stationary ergodic in [16, Theorem 1.4(iii)], but this is only used in the
first paragraph of its proof to show existence of deterministic strong front speeds
for all e € S¢~! (which we proved in Proposition 7.3), so that result extends to the
case inhand. O
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To prove Theorem 1.8(i), we need to show that the deterministic strong front
speeds from Proposition 7.3 are exclusive. For this, we will need some uniform
estimates on the reactions

f(x (I —a)u+a,w)
1—a

falx,u,

for (x,u,w) € R? x [0, 1] x . Note that the transformation u > ”1’ — turns

solutions u to (1.1) for which a < u < 1 into solutions to (1.1) with f, in place of
f for which0 < u < 1.

Proposition 7.4. Assume that f either satisfies (H2”’) with ay > 0 and has a finite
range of dependence, or satisfies (H3) and (H4”’) with ay > 0. Then for each
(a,e) € (0,a2] x S4=1, (1.1) with f, in place of f has a deterministic strong front
speed c(e) € [co, c1] in direction e, and lim,_,¢ c}(e) = c*(e) holds uniformly in
e € S (with ¢*(e) from Proposition 1.3).

Proof of Theorem 1.8(ii). Clearly f, satisfies (H1) with the same M and m, and
01 and o replaced by %61 and oq (1 — %91)’”1_1, respectively (recall thata < ap <
200).

If we now assume (H2”) and finite range of dependence of f, and letu® := =2
for some u € Uy, with initial datum ug  q, then uf = Au® + f,(x,u“, w) on
(0, 00) x R? (with the same w) and its initial datum ﬁ(uo,k,a — a) satisfies (1.8)
and (1.9) (with F now defined via f;). Moreover, (1.12) and a; < % show that we
also have

i Lya y,1-20% (1)
imsup sup sup Sup ———— < 00,

t—>00 ael0.a2] uely,, >0 r%2pm

liminf inf  inf inf uy (t,)c)t"‘é > 0.
1=00 ael0.a2) ueld s, u®(t, x)e[@*l 20%]

Hence for each such f, we have (H2””) with a, = 0, 6* replaced by 20*, the above
constants in (H1), and Uy, := {u® |u € Uy,,} (and the same my, a3, o} ). Moreover,
there are ft4, ks > 0 such that (7.1) holds for all a € [0, az] and u € Uy,, with 6*
replaced by 20*. This and the remark after (2.1) (which shows that replacing 6* by
26* in (7.1) does not change any of the above proofs) now show that Proposition
7.3 holds for all the f,, and all constants in its proof are uniform in a € [0, a;]. In
particular, (7.1) holds with the same p,, ks > 0 (and 6* replaced by 260*) for all
a € [0,ap] and u € U, (see Lemma 3.7), and the first claim in Proposition 5.1
holds for f,; with 8 from (7.2) and Cs uniform in a € [0, a>].

The same argument applies when we assume (H3)+(H4”), where the passage
to f, and f, q also replaces a3 by a3 (1 — %)™3~1 in (H3) and a4 by a4 (1 — &)~
in (H4””). Again we obtain Proposition 7.3 for all the f,, as well as that (7.1) holds
with some i, ki > 0 (and with 6* replaced by 20*) foralla € [0, ax] andu € L{’
and the second claim in Proposition 5.1 holds for f, with 83 from (7.5) and Cg
uniform in a € [0, ay].

It therefore remains to prove the last claim, with the above deterministic strong
front speeds denoted c; (e) (where clearly c(j(e) = c*(e)). To achieve this, we will
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use uniformity of the estimates in Proposition 5.1ina € [0, ay]. We therefore denote
by ve,q (-, -, w) the solution to (5.1) with f replaced by f,, some (e, w) € Sl xQ,
and / = O (then of course v, 4(-, -, ®) € L{}a). We also let

ue,(l(.v Yy (,L)) = (1 - a)ve,(l(.v Yy (,L)) +ae u},a’ (76)
with U}’a obtained from Uy , as in Lemma 3.7, and for any x € R4,

Te,q(x, ) = inf{t 2 O|Ue,a(t, X, w) 2 1— 9*}
= lnf{t z 0 | ue,a(t» X, C()) 2 I - (l - Cl)e*},
T, (x, ) :=inf{t 2 0|ueq(t, x,w) 2 1 —60%}.

These definitions, Lemma 2.1, and ay < %9* show that there is C such that

T, <Tea ST, +C. (7.7)

e.a =
We will treat both cases (H2”)+finite range and (H3)+(H4”) at once, using the
notation from either (5.3) in the first case or (5.4) in the second. Then the claims from
Proposition 5.1, with § := # and C_f;) = C(l_,g)/zc_‘p independent of (e, a, )
become

E[Te,a(le»w)] _ 1 < C_v;) l—(l—f})/Z (7.8)

l cie)| —

forall (e,a, ) € S~ x [0,a2] x Qandall [ > 1.

Lemma 2.1 shows that u, 4 (70, -, *) = u,0(0, -, -) with 79 := xko + %, hence
the comparison principle yields u, 4(to + ¢, -, *) = u,,0(z, -, -) for all # = 0. This
and (7.6) immediately imply

/
Te,a g e,0 + 7:07

s0 ci(e) = c*(e) for all (e,a) € SY~! x [0, az] by (7.7) (this also shows that
ci(e) Z cop).

Since T, ,(le, ) < Cl foralll = 1 by Lemma 2.1, Lemma 7.1 with f; = f> =
f and

(u1,uz, 1,10, T, R) = (Ue,0, e ,a> a, To, max{T} ,(le, -), 2}, 00)
yields
T,ole.) £ T, (e, ) + C(1+1"a).

as long as [ € [, (C'a)~"7*2] (for some C, C’ > 0). It follows by (7.7) that for
such [ we have
Toole,) £ Toulle, ) + C(1+1'"%a).

Picking [ := a~ !/ 25 and using (7.8) now yield for all small enough a (depending
only on (2.10) and o),

(@)1 £ &) + Call? + C) 1P,

Since B < 1, @) > 0, and ¢} (e) = c*(e), the uniform convergence claim follows.
O
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We can now extend Proposition 6.3 to the case a; > 0.

Proposition 7.5. Under the hypotheses of Proposition 7.4, for each e € S, the
speed c*(e) is a deterministic strong exclusive front speed in direction e for (1.1).

Proof of Theorem 1.8(ii). Fix any e € S~!, and let u, , be from (7.6) and ¢ (e)
from Proposition 7.4. From that proposition and f(-,a,-) = 0 for all a € [0, az]
we know that for almost all w € 2 we have

lim sup sup Ueq(t,x, Tyw) =a (7.9)
11— 00 *
\y|§At xe(ck(e)e+K)t

foreacha € [0,a]NQ, A > 0, and compact K € H} = {x € R? | x-e > 0}. Fix
any such w, and then any compact K € H,. Let K’ € ‘H,' be compact and such
that K € (K')Y. Proposition 7.4 then yields § € (0, az] such that for all a € [0, §]
we have

c*(e)e + K C (ci(e)e + K')(1 + 29). (7.10)
Since o) < min{ﬁ, l;l‘;z}, there exists Ty = k. such that for all T = Ty we
have
0* /
S and  max | MAT 4k o) (o + 20T €8,

where ny := T~V with y := %(aé + ﬁ), and 7 = 1+ Dlan_m‘ with Dy
from Lemma 2.8.

Now fix any A > 0. We see from (7.9) that for each a € [0, ax] N Q, there is a
function ¢, : [0, co) — [0, o0) such that lim;_, , ¢, () = 0 and

sup sup sup Uea(t, x, Tyw) = a+ @u(T). (7.12)
12T |y|SAt xe(ch(e)e+Kt

Pick any T = Ty and @ € [0, 8] N Q, and let w, , be from Definition 6.1. Then
Lemma 2.8 yields ue 4 (t7, -, -) = 1 —nr onH, ,sofromu, , = a and (ueq); = 0
we see that

ue,a(t + 7, ,) +0r i we,a(07 o) (7.13)
for all t = 0. Since Lemma 7.1 and (7.11) show that
Ui (%, ) = tto o (1 + My(T + ko + T0) 207 + 77, X,) + 17

is a supersolution to (1.1) on (ky, T +ky) X R4, the comparison principle and (7.13)
yield

up(t + Ky, x, ) 2 we,a(tvx’ 2)

for all (¢, x) € [0, T] x R?. This, (7.11), (7.10), (7.12), and (tte.q)r = 0 now show
that

sup sup We,o(T, x, Tyw)
[y|SAT xe(c*(e)e+K)T
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< sup sup oo (14 My(T + ks + 77)207)(T + K4
VISAT ve(e e+ K)T

+ 17, x, Tyw) +nr

< sup sup Uea(1+8)T + 7 + 2K4, x, Tyw) + 11
Iy|SAT xe(c*(e)e+K)T

< sup sup Uea((1+28)T, x, Tyw) +nr
[VISAT xe(c*(e)e+K)T

< sup sup e a((1+28)T, x, Tyw) +nr
Iy|SA(14+28)T xe(ci(e)e+K)(1+28)T

Sa+ e, ((14+2)T)+T77.
Hence

lim sup sup We,q(t, x, Tyw) S a
1700y 1< Ar xe(c*(@)e+K)t

for all @ € [0, 8] N Q (and the previously fixed (w, K, A)). Since w, , is non-
decreasing in a, this extends to all a € [0, 6], and since § does not depend on A,
we obtain (6.2) with Ag (@) = a + (1 — a) x(s,17(a), so the result follows. O

Proof of Theorem 1.8(i). This is now identical to the proof of Theorem 1.7 in
Sect. 6, using Proposition 7.5 in place of Proposition 6.3. O
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Appendix A. Proof of Lemma 2.2

If Fy is the function defined before Lemma 2.1, then we have

§=6(M,01,m,ay) = Fo(u) > 0. (A.1)

min
uel[1-201/3,1-6%]

We now claim that for each L = 1, thereis Ry := Ry (M, 61, m1, a1) and a smooth
function u7, : R — R such that

(= 0%)xs Sur < (=0 x8y, () (A2)
)
|Aug |+ |Vur|* < T (A.3)

hold on R¢, and for each x € R? with uy (x) < % we have

Aup(x) = 0. (A4)
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Note that if we also had 1 — %91 < % (which is not the case), then (A.1) and
(A.3) would show that for such u;, (with L = 1) we have

Fo(up(x)) 28 = —Aur(x)
whenever uy (x) € [1_3—9* 1-— 9*], so this and (A.4) would yield

Aup + Fo(ur) 20

on RY. Hence the result would follow with uo,s = uy and Ry := R because
Fy S F.

Let us now prove the claim. For any a € (0, é), letO #£€&, : RY — R be a smooth,
radially symmetric, non-negative function supported in B, (0), and define

gy CxE
TN Rl
where
2—d _ ~d-2 : >
£(x) = (|x| 2 )+ %fd:3,
In_(2|x|) if d=2.

Notice that ¢ is sub-harmonic on R?\{0}, and it is supported and integrable in
B1,2(0). Therefore it is not hard to see that

lim @qa(x)dx = 0. (A.5)

a— o0 B, (0)

Since &, is supported in B, (0), we also have
Agy(x) = fRd AL (x — y)éa(y)dy 2 0

for all x € R?\ B, (0). Thus, for any R > 1, the function
¢a.R(X) = R0, (R™1x)
satisfies
Aggr 20 (A.0)

on Rd\BuR(O).
Next, for some N = 1 (to be determined later), take

u=uqprnN,s:=0=0")XByr(S) * a,R-

Direct computations then yield

V(o] < /R VeurO)ldy = R / Vg ()ldy,

B (0)

|Au()| g/ |A<oa,R(y>|dy:R—2/ Aga()]dy
R4 B1(0)
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because ¢, is supported in Bj(0). Hence (A.3) will hold with u; := u provided
R = R(a, 8, L) is chosen large enough. And then N = 1 shows that (A.2) will
also hold as long as we pick R;, = (N + 1)R (given this R, as well as some yet to
be determined a and N).

It remains to show (A.4) when u(x) < ITTQ*. If d(x,S) = (N + a)R, then (A.6)
yields

Au(x) = (1= 60) (xByr(s) * A@a.r) (x) 20,

50 (A.4) holds. If d(x, S) < (N +a)R, let z € S N B(y+a)r(x). Then

(XByg(S) * Pa,R)(X) = /

®a,R(x — y)dy = / ®a(y)dy,
Bngr(2)

By ()

with 7" := 2%, 50 |z/| £ N + a. From (A.5) and radial symmetry of ¢,, we get

1
Iim Lim Q. (y)dy = =,
N—o0a—0J By (N+a)(1,0,...,0)) 2

so there are universal a € (0, %) and N = 1 such that the last integral is at least %
Then
1—06*

3
holds when d(x, S) = (N +a)R, so (A.4) holds when u(x) < % and the claim
is proved.
Next, to prove the lemma, recall that 1 — %91 € (%, 1 — 6*) and take ug s =
Y (ur), for some L = 1 and some v : [0, 1 — 6*] — [0, 1 — 0*] satisfying the
following:

u(x) = (1 = ) (XByr(s) * Pa,R)(X) =

(1) v is smooth and non-decreasing on [0, 1 — 6*];
(i) ¥(0) =0,y(1 =69 =1-06%and y(:5-) =1 - 36,
(i) ¥ =0on [0, 155
From (i,ii) and (A.2) we clearly have
(1 =0xs S uos = (1 —0%) xpg, (5

so it suffices to take Rg := Ry and verify (1.9).
When u,(x) < 355, (A.4) and (i,iii) yield

AY(up () + Fo(r(ur(x)) Z ¥/ (up(0)) Aug (x) + " (u ()| Vur (x)* = 0.
When uy (x) = #, (A.1) and (ii) yield Fy(y¥ (uz(x))) = 8. Hence with
L= LM, 61, mi, ) :=max{[¢ [, V" llc},
we get
AY (up(x) + Fo( (ur (x))) Z ' (ur (0))Aur (x) + " (ur () Vur (o)) + 8
26— L(IAuL ()] + [Vur (o).
So (1.9) follows from (A.3) and Fy < F, concluding the proof.
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Appendix B. Proof of Lemma 2.9

Let us drop w from the notation. Also recall that we extend the reactions by 0 to
u ¢ [0,1].

Letus start with four estimates involving the reactions where u (¢, x) ¢ (0™, 1—6%).
From (2.1)and n < % we get 0* + 1 < 6,. Hence (H1) shows that for u < 6* we
have

fiGu) = fo(butn) =0 (B.1)

on R?, while for u > 1 — n we have

fiGu) 20=folu+mn) (B.2)

onRY. If uy(t, x) € [1—6*, 1 —n) for some (¢, x) € [to, 00) x R¥, then (u1); = 0
shows that u{(fg, x) < 1 — 1, so (H1) and (2.7) yield

filx,ui(t, x)) = folx,u1(t, x)) 2 folx,ui(t, x) +n). (B.3)

Finally, if u; (¢, x) € [1 — 6*, 1] for some (t, x) € [ty, 00) X R? and ui(ty, x) <
1 — n, then (H1) and (2.7) again yield

il ur(t,x) = filx,ui(t,x) —n) = folx,ui(t, x) —n). (B.4)

Denote 7 (1) := (1 &= Myn)t + 19, so that uy (¢, x) = ui(t+(¢), x) = n. If now
up(t+(t), x) ¢ (0*, 1 — 0*) for some (¢, x) € (0, 00) x R?, then (B.1), (B.2), and
(B.3) yield

[(uy)r — Auy — f2(, up)](2, x)
2 1+ M) @)e(t4 @), x) — Auy (T(2), x) — fi(x, ug (r4(1), x))
= M.n(up) (14(2), x)
> 0.

Similarly, if u)(z_(t), x) ¢ (0*,1 —0*) and u; (9, x) < 1 — n, then (B.1), (B.2),
and (B.4) yield

[(u—)t —Au_ — f2(" I/t_)](l, .X) é O

Let us now consider those (7, x) € (ky, 00) x R? for which i (t4(8), x) € (6%, 1—

60). Then (1) (74(1), X) Z 11 by (2.6),80 | f2(x, u4 (2, X)) — f2(x, u1 (74(1), )|
< Mn yields

() — Auy — fo( u )], x)
Z (L M) (i) (t4(0), X) = Aui (t4(0), x) — fo(x, u1(v4 (), X)) — My
Z () (T (1), x) = Aur (t4(1), x) = fir(x, ur (v (1), X)) + Mynps — Mn
20,
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where we again used (2.7) due to u;(fp,x) < 1 — 6* < 1 — n. Similarly if
ur(z— (@), x) € (0*,1 — 0*) for some (¢, x) € (2kyx, 00) x R? (so t_(t) > Ky
because Myn < %), we obtain

[(w_)y — Au_ — fo(-,u_)](t,x) = 0.

This proves the claims about #4 and u_.

If now 17 (0, -) < uy(tg, -) +non Br(y), from (u1), = 0 we also obtain u(0, -) <
u4(ky, -) there. Since u4 is a supersolution to (1.1) with f, in place of f on
(K4, 00) X Bgr(y), Lemma 2.5 yields

up(t, y) S uy(t + ks, y) 4 2de*M—VM/dR

for all + = 0. Hence,

*

0
ur(t,y) S ug(t + ks, y) + 5

forallt € [0, T, (y)] as long as

4d
R 22VMdT,,(y)++/d/Mln T

which will be guaranteed by taking D, := 2+/Md In g—’f.
It follows from n < % and the definition of 7, (y) that,

*

Ut (T (Tuy (9) + &), ¥) 2 ua(Tyy (), y) — 1 — % = 1-20%
By Lemma 2.1, we have
U1 (T4 (Tuy () + k) + k0, y) 2 1 — 6%
Therefore

T, () S 1 (T, (3) + k) + k0 = (1 4+ Mun) Ty () + 264 + k0 + fo. (B.5)

Appendix C. Proof of Lemma 2.10

We again have (B.1) and (B.2). For (x,u) € Bgr(y) x [1 —6*,1 — n], (H3) and
(2.9) yield either

filx,u) 2 filx,u+n) +a3n™ 2 frlx,u+n)

(if fi satisfies (H3)) or

filx,u) 2 folx,u) —azn™ 2 frlx,u+n)
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(if f> does), replacing (B.3). Hence, as in the proof of Lemma 2.9 and with 7, u
from it, we have that if u; (74 (¢), x) ¢ (0%, 1 — 6*) for some (¢, x) € (0, 00) X
Bgr(y), then

[(u-l—)l - AM+ - f2(, u+)](t’ -x) z O

Let us now consider those (¢, x) € (kx, 00) X Bgr(y) for which u(t4+(¢), x) €
(0%, 1 — 0%). Then (u1)(4(t), x) = 14 by (2.6), s0

e up(t,x) — filx, ui(t4(1), x)) S o3n™ +Mn = (1+ M)p

yields

() — Auy — fo(, up)l(t, x)
Z (14 Man) (up) (T (1), x) — (Aup) (T4 (1), x) — fi(x, ui(z4(2), x)) — (1 + M)n
2 My — (1 + M)n
=0.

Hence w4 is a supersolution to (1.1) with f> in place of f on (kx, 00) X Br(y).
Since we also have u>(0, ) < uy (k4, -) on Bg(y) due to (u1); = 0, (B.5) follows
via Lemmas 2.5 and 2.1 as at the end of the proof of Lemma 2.9.

References

1. ALFARO, M., GILETTI, T.: Asymptotic analysis of a monostable equation in periodic
media. Tamkang J. Math. 47(1), 1-26, 2016

2. ARMSTRONG, S., CARDALIAGUET, P.: Stochastic homogenization of quasilinear
Hamilton—Jacobi equations and geometric motions. J. Eur. Math. Soc. (JEMS) 20(4),
797-864, 2018

3. ARMSTRONG, S., CARDALIAGUET, P., SOUGANIDIS, P.: Error estimates and convergence
rates for the stochastic homogenization of Hamilton—Jacobi equations. J. Am. Math.
Soc. 27(2), 479-540, 2014

4. BARLES, G., SONER, H.M., SouGaNIDIS, P.E.: Front propagation and phase field theory.
SIAM J. Control Optim. 31(2), 439—469, 1993

5. BERESTYCKI, H., HAMEL, F.: Front propagation in periodic excitable media. Commun.
Pure Appl. Math. 55(8), 949-1032, 2002

6. CAFFARELLIL, L.A., LEE, K.-A., MELLET, A.: Homogenization and flame propagation
in periodic excitable media: the asymptotic speed of propagation. Commun. Pure Appl.
Math. 59(4), 501-525, 2006

7. CRANDALL, M.G., IsH11, H., LioNs, P.-L.: User’s guide to viscosity solutions of second
order partial differential equations. Bull. Am. Math. Soc. (N.S.) 27(1), 1-67, 1992

8. FELDMAN, W.M., SouGANIDIS, P.E.: Homogenization and non-homogenization of cer-
tain non-convex Hamilton—Jacobi equations. J. Math. Pures Appl. 108(5), 751-782,
2017

9. FISHER, R.: The wave of advance of advantageous genes. Ann. Eugenics 7(4), 355-369,
1937

10. GARTNER, J., FREIDLIN, M.: On the propagation of concentration waves in periodic and
random media. Dokl. Acad. Nauk SSSR 249(3), 521-525, 1979
11. GILBARG, D., TRUDINGER, N.S.: Elliptic partial differential equations of second order.

Springer (2015)



94

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

YUMING PAUL ZHANG & ANDREJ ZLATOS

KESTEN, H.: On the speed of convergence in first-passage percolation. Ann. Appl.
Probab. 3(2), 296-338, 1993

KoLMoGORoV, A.N., PETROVsKII, I.G., Piskunov, N.S.: Etude de 1’équation de la dif-
fusion avec croissance de la quantité de matiere et son application a un probleme bi-
ologique. Bull. Moskov. Gos. Univ. Mat. Mekh. 1, 1-25, 1937

KryLov, N.V., Lectures on elliptic and parabolic equations in Holder spaces, No. 12.
American Mathematical Society, 1996

KryLov, N.V., SAFonov, M.V.: A certain property of solutions of parabolic equations
with measurable coefficients. Izv. Akad. Nauk SSSR Ser. Mat. 44, 161-175, 1980

LiN, J., ZLATOS, A.: Stochastic homogenization for reaction—diffusion equations. Arch.
Ration. Mech. Anal. 232(2), 813-871, 2019

Lions, P.-L., Soucanibis, P.E.: Homogenization of “viscous” Hamilton—Jacobi equa-
tions in stationary ergodic media. Commun. Partial Differential Equations 30(3), 335—
375, 2005

Maipa, AJ., SouGaNipis, PE.: Large scale front dynamics for turbulent reaction—
diffusion equations with separated velocity scales. Nonlinearity 7(1), 1-30, 1994
NoOLEN, J., RYzHIK, L.: Traveling waves in a one-dimensional heterogeneous medium.
Ann. Inst. H. Poincaré Anal. Non Linéaire 26(3), 1021-1047, 2009

Soravia, P.: Generalized motion of a front propagating along its normal direction: a
differential games approach. Nonlinear Anal. 22(10), 1247-1262, 1994

SoucaNipis, P.E.: Front propagation: theory and applications. Viscosity Solutions and
Applications. Springer, Berlin, 186-242, 1997

VAKULENKO, S., VOLPERT, V.: Generalized travelling waves for perturbed monotone
reaction—diffusion systems. Nonlinear Anal. 46(6), 757-776, 2001

WEINBERGER, H.F.: On spreading speeds and traveling waves for growth and migration
models in a periodic habitat. J. Math. Biol. 45(6), 511-548, 2002

XN, J.: Existence of planar flame fronts in convective—diffusive periodic media. Arch.
Ration. Mech. Anal. 121(3), 205-233, 1992

ZHANG, Y.: On the concentration and convergence rate with a moment condition in first
passage percolation. Stochastic Process. Appl. 120(7), 1317-1341, 2010

Z1LI0TTO, B.: Stochastic homogenization of nonconvex Hamilton—Jacobi equations: a
counterexample. Commun. Pure Appl. Math. 70(9), 1798-1809, 2017

ZLATOS, A.: Generalized traveling waves in disordered media: existence, uniqueness,
and stability. Arch. Ration. Mech. Anal. 208(2), 447-480, 2013

Z1LATOS, A.: Existence and non-existence of transition fronts for bistable and ignition
reactions. Ann. Inst. H. Poincaré Anal. Non linéaire 34(7), 1687-1705, 2017

Z1LATOS, A.: Propagation of reactions in inhomogeneous media. Commun. Pure Appl.
Math. 70(5), 884-949, 2017

YUMING PAUL ZHANG & ANDREJ ZLATOS
Department of Mathematics,
University of California San Diego,
La Jolla
CA
92093 USA.
e-mail: yzhangpaul @ucsd.edu
e-mail: zlatos @ucsd.edu

(Received November 26, 2020 / Accepted October 14, 2021)
Published online November 15, 2021

© The Author(s), under exclusive licence to Springer-Verlag GmbH, DE, part of Springer

Nature (2021)



	Long Time Dynamics for Combustion  in Random Media
	Abstract
	1 Introduction
	1.1 Hypotheses and Main Results
	1.2 Generalizations
	1.3 Organization of the Paper and Acknowledgements

	2 Preliminaries and Notation
	2.1 Notations

	3 Fluctuations for Reactions with Finite Ranges of Dependence
	3.1 Construction of a Martingale
	3.2 Proof of Proposition 3.1
	3.3 Extension to Half-Spaces

	4 Fluctuations for General Reactions
	5 Convergence of the Mean Propagation Speeds
	5.1 Proof of Proposition 5.1

	6 Deterministic Front Speeds and Proof of Theorem 1.7
	6.1 Proof of Theorem 1.7

	7 Proof of Theorem 1.8
	Acknowledgements.
	References




