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Abstract

We consider the stochastic heat equation dsu = %Au + (BV(s,y) — Mu,
with a smooth space-time-stationary Gaussian random field V (s, y), in dimensions
d > 3, with an initial condition #(0, x) = up(ex) and a suitably chosen A € R.
It is known that, for B small enough, the diffusively rescaled solution u® (¢, x) =
u(e 2, e x) converges weakly to a scalar multiple of the solution u(#, x) of
the heat equation with an effective diffusivity a, and that fluctuations converge,
also in a weak sense, to the solution of the Edwards-Wilkinson equation with an
effective noise strength v and the same effective diffusivity. In this paper, we derive a
pointwise approximation w® (¢, x) = u(t, x)W® (¢, x)+euj (¢, x), where Wé (¢, x) =
W (t /82, x/¢e), ¥ is a solution of the SHE with constant initial conditions, and u‘i
is an explicit corrector. We show that W (¢, x) converges to a stationary process
li/(t, x)ast — oo, that E|u® (¢, x) — w®(z, x)|2 converges pointwise to 0 as ¢ — 0,
and that e~4/2+1(4® — w?) converges weakly to 0 for fixed . As a consequence,
we derive new representations of the diffusivity a and effective noise strength v.
Our approach uses a Markov chain in the space of trajectories introduced in [17],
as well as tools from homogenization theory. The corrector u{ (¢, x) is constructed
using a seemingly new approximation scheme on a mesoscopic time scale.

1. Introduction

We consider the long-time and large-space behavior of the solutions u(s, y) of
the random heat equation with slowly varying initial conditions

ogu = %Au—i—(ﬁV(s,y)—k)u, (1.1)

u(0,y) = uo(ey), (1.2)
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with y € R?, d > 3. Here, ug is a smooth, compactly-supported initial condition,
and the potential V (s, y) is a smooth, isotropic, space-time-homogeneous, mean-
zero Gaussian random field with a finite correlation length. These assumptions are
stronger than we truly need, but we make them to avoid distracting from the focus
of the paper. We assume that V (s, y) has the form

Vi(s,y) = / (s —sH(y —y)dw(s', y),
Rd+!1

where p and v are deterministic nonnegative functions of compact support, such
that v is isotropic,

suppue € [0.11,  suppv C {y e RY | |y| < 1/2},

and dW is a space-time white noise. From this, we see that the covariance function
is

R(s,y) =EV(s+s,y+y)V(E',y) = / w(s 4+ t)u(t)de /.1 v(y + z)v(z) dz.
JR J R

(1.3)
The constant A in (1.1) will be chosen — see Theorem 1.1 and (2.7)—(2.8) below
— so that Eu(z, x) does not grow exponentially as + — oco. The small parameter
& < 1 measures the ratio of the typical length scale of the initial condition to the

correlation length of the random potential. As we are interested in the long-time
behavior of u, we consider its macroscopic rescaling

ub(t,x) =u(et, e %),

which satisfies the rescaled problem

uf = %Aus + glz (ﬂV(s_zt, e lx) — A) u® (1.4)
u®(0, x) = up(x). (1.5)

Here and throughout the paper, we use s, y for the “microscopic” variables and
t=¢g%s, x = sly for the rescaled “macroscopic” variables. It was shown in [17,20],
and also in [22] at the level of the expectation, that there exists a By > O so that,
if 0 < B < Po, then there exists A, depending on 8, u, v, and a, ¢ > 0 so that, for
any t > 0,

VE(t, ) = cut(t, ) (1.6)

converges in probability and weakly in space as ¢ — 0 to the solution u to the
homogenized problem

1
o = EaAﬁ (1.7)

u(0, x) = uo(x), (1.8)
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with an effective diffusivity a # 1. It may come as a surprise that ¢ # 1 in general;
see Remark 1.4 below. It was also shown that the fluctuations

1, .
T (vo(t, ) — Ev°(t, ) (1.9)

converge in law and weakly in space as ¢ — 0 to the solution % of the Edwards—
Wilkinson equation

1
U = SaAU + prudW (1.10)
U (0, x) =0, (1.11)

with an effective noise strength v > 0.

The results of [17,20] concern weak convergence, after integration against a
macroscopic test function. We note that the restriction to dimensiond > 3 is crucial:
for d = 2 the behavior is different, as discussed in [4] and [5]. In this work, we seek
to understand the microscopic behavior of the solutions, in the spirit of the classical
random homogenization theory, and explain how the microscopic behavior leads
to the macroscopic results of [17,20]. We are also interested in a more explicit
interpretation of the macroscopic parameters: the renormalization constant X, the
effective diffusivity a in (1.7), the renormalization constant ¢, and the effective
noise strength v in (1.10). In particular, we would like to connect these parameters
to the classical objects of stochastic homogenization.

As is standard in PDE homogenization theory, we introduce fast variables and
consider a formal asymptotic expansion for the solutions u® to (1.4)—(1.5) in the
form

uft,x) =uQ, x, 672t e ) +euV (@, x, e, 7 x)

+2u® @, x, 672 e )+ (1.12)

Two issues commonly arise in such expansions. First, it may be hard to prove, or
even false, that the correctors exist as stationary random fields. Second, the corre-
lations of the higher-order correctors may decay more slowly (in space) than those
of lower-order correctors. Thus, after integration against a test function, all terms in
the expansion may actually be of the same order, so including more correctors may
not improve the expansion from the perspective of the weak approximation. We
refer to [10, 16] for a discussion of random fluctuations in elliptic homogenization,
and [11,15] for a proof that stationary higher-order correctors exist in sufficiently
high dimensions.

In the present case, it is easy to see that the leading order term in (1.12) should
have the form

u O, x, 672,67 %) = a@t, x) V(e %, e %), (1.13)

where W is a solution to (1.1) and does not depend on the initial condition uq in
(1.2), and u is deterministic but depends on the initial condition uo. We will see
later that # = u with i taken to be the solution of the homogenized problem (1.7)—
(1.8). In the context of the usual homogenization theory, one would like to think of
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W as being statistically stationary in space and time. In the context of the Cauchy
problem (1.1)—(1.2), it turns out that better error bounds are achieved by letting &
solve the Cauchy problem with constant initial condition

1
W = SAV+(BV — ) ()

v, )=1.

However, the intuition of a space-time-stationary W is still justified, as we will see
in Theorem 1.1 below that W in fact converges to a space-time-stationary solution
T to (1.1).

As this paper was being written, we learned of the very interesting recent paper
[6] (see also the subsequent [7]), which considers (in our notation) the pointwise
error (W (s, y) — \Tf(s, v))/W(s, y) in the case where the random potential V is
white in time, and shows that it is asymptotically Gaussian. This result is related
but orthogonal to ours, and the proof techniques are quite different.

Existence of a Stationary Solution and the Leading-Order Term in the Expan-
sion

The renormalization constant A was understood in [17] as the unique value that
keeps bounded the expectation of the solution to (1.1). Our first result refines this
explanation by showing that, with this choice of A, W(s, -) in fact approaches a
space-time-stationary solution, which we call ‘If, as s — 00. As remarked above,
this shows that it is reasonable to take W (¢, x) = W(e~2¢, e 1x) asa proxy for the
stationary solution in the leading-order term for the asymptotic expansion (1.12).
Note that neither W nor its stationary limit U depends on the initial condition u,
so both are “universal” objects.

Theorem 1.1. There is a fo > 0 so that for all 0 < B < po, there exists a
A = A(B) > 0 and a space-time-stationary random function ¥ = W(s,y) > 0
that solves

%$@d0=%A@@JY+wV@J0—U$@J& seR.y R,
(1.15)

and there is a constant C < 00 so that for any y € R? and s > 0, we have
E|W(s,y) — U(s, y)[* < Cs~/*, (1.16)

Throughout the paper, we will always assume that A = A(f) is chosen as in the
statement of Theorem 1.1. Theorem 1.1 can also be seen as an extension of [23,
Theorem 2.1] to the colored-noise setting, even though that result was formulated
in different terms. Some other relevant results in the literature are [8,25], which
show the existence of stationary solutions and convergence along subsequences in
weighted L? spaces, also in the white-noise setting.

The proof of Theorem 1.1 is similar in spirit to that of [23, Theorem 2.1], but
uses the framework of [17] to deal with the necessary renormalization parameter
A. For the case of elliptic operators in divergence form, the existence of stationary
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correctors in high dimensions was studied in [1,12,14], and we refer the reader to
the recent monograph [2] for a more complete list of references.

As an application of the existence of the stationary solution, we will show
in Sect. 4 that the effective noise strength v in (1.10), which has a complicated
expression given in [17, (5.6)], has a more intuitive expression in terms of the
stationary solution. Let

Gu(t, x) = Qmar) =4 exp [—|x|2/(2at)} (1.17)

be the heat kernel with diffusivity a, and note that there exists a constant ¢ so that

o0
c
/ / Ga(V,Z)Ga(F,Z-FX)dzdr:ﬁ. (118)
0 Jrd alx|
Theorem 1.2. For 0 < B < Bo, with A taken as in Theorem 1.1, the effective noise

strength v in (1.10) has the expression

a lin%)f [ g(x)g(%)e~=2 Cov (\TI(O, e~ 1x), U(0, e71%)) dx dx
2 e—
VT =

cpre2oco ffg(x)g(i)pc — X|7@-2) dx dx
(1.19)

for any test function g € CZ° (RY). The deterministic constant s is defined in (2.8)
below.

Theorem 1.2 should be read as a weak formulation of the asymptotics

cB2v2e2

Cov(¥(0,0), ¥ (0, y)) ~ —————,
alyl

[yl > 1.
In this sense, the effective noise strength in the Edwards—Wilkinson equation (1.10)
is directly related to the decay of the covariance of the stationary solution. On the
other hand, in Corollary 3.2, we provide an expression for the covariance term in
(1.19) in terms of the Markov chain introduced in [17] and reviewed in Sect. 2
below.

Returning to the expansion (1.12), the leading order term in (1.13) is justified
by the following microscopic convergence result:

Theorem 1.3. For 0 < B < Bo, with A taken as in Theorem 1.1, set WE(t, x) =
lI/(e’zt, e 1x). Ifug € CSO(R‘I), then forallt > 0 and x € RY we have

lin%)Elu‘g(t, x) —u(t, X)W (r, x)> = 0. (1.20)
E—>

Remark 1.4. We can now explain the non-divergent renormalization constant ¢ in
(1.6). The function W (s, -) approaches a stationary solution Uass — 00, that is,
on a “microscopically large” time scale. However, even though W (0, -) = 1, itis
not necessarily the case that EU (s, -) = 1. (This would be the case by the property
of the It6 integral if V were white in time.) Thus we need to divide by the factor
of c = E\Tf(s, -) to see convergence to the effective diffusion problem (1.7)—(1.8)
with initial condition uq rather than cug.
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A Higher-Order Approximation

In order to obtain higher-order corrections in the asymptotic expansion, if we
plug (1.12) into (1.4) and group terms by powers of ¢, we obtain the following
equations for u and u»:

1
Osuy(t,x,s,y) = EAyul(t, x, 8, %)+ BV, y) —Nui(t, x,s,y)
+VyW(s, y) - Veulr, x), (1.21)

and

1
avuz(taxasv y) = EA}'MZ(t’-xvsﬂ J’) + (ﬂv(sv y) - )\')uz(ta-x7 s, y)
+ Vy - Vyui (g, x, 8, y) (1.22)

+ %(1 —a)W(s, y)Ayu(t, x).

As we will show in Sect. 5, the effective diffusivity a can be recovered from a
formal solvability condition for (1.22) to have a solution u» that is stationary in
the fast variables s and y, which is a rather standard situation in homogenization
theory. However, here, as stationary correctors are not expected to exist in low
dimensions, justifying this expression requires a construction of approximate cor-
rectors and passage to a large-time limit, similar to the “large box” limit in elliptic
homogenization theory. In particular, Theorem 5.1 below shows how to evaluate the
effective diffusivity in terms of objects familiar from the theory of homogenization.

Our last result concerns the connection between the local expansion (1.12)
and the weak approximation of the solution. As we have mentioned, typically, the
leading-order terms in such expansions in stochastic homogenization only provide
local approximations, while a control of the weak error (after integration against
a test function) requires extra terms. This is partly because the higher the order
of the corrector, the slower the decay of its covariance function, leading to the
accumulation of errors from terms of all orders. We circumvent this issue in a way
reminiscent of the “straight-line” approximation of trajectories on a mesoscopic
time scale that is “long but not too long”, such as is used for models of particles in
random velocity fields or subject to random forces in [18,19].

If we look at (1.21) for each macroscopict > Oandx € R fixed, as an evolution
problem in s, we would have a “complete separation of scales” factorization

d _
du(t, x)
wi(t, x5, =3 £ W, y)——==, (1.23)
k=1 xk
where ¢ ® solves the microscopic problem

1 Y
060 = SALY + (BV (s, ) =0 + o= (124)

Yk
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Instead of using (1.24) directly, we consider mesoscopic time intervals in s of size
&7, withy € (0, 2). Tobe precise, foreach j > 1,let9](.k) — 9}’%, y),1 <k<d,
be the solution to

1 ow
8,60 = ~A,00 4 BV oW + =, s> -1,
o207 AV (1.25)

6 (e (j—1),) =0,

Then, define u1,; = uy; (s, y) to be the solution to

1 .
Osuty; j :EAul;j—i-(ﬂV—)»)ul;j, s>¢e 7]
d (1.26)

. 0, . Ju .
uij 77 j. ) = 0 ”J,y)a(e2 Y j. ey,
k=1

and finally put

Le” 21
uf(t, X) = Z ul;j(sfzt, eflx) + GLayfthl(a*zt, sflx) -Viu(t, x).
j=1
(1.27)

This is similar to putting s = £~2¢, y = &~ 'x in the formal PDE (1.21), except
that rather than multiplying the forcing by the “current” value of Vi, we multiply
it by an “out-of-date” value of Vu that is only updated to the correct current value
of Vu at times of the form ¢~ j, j € N. With this definition of uf we have a weak
convergence theorem for the fluctuations. Recall that Wé(r, x) = W(e 2,67 1x)
with W solving (1.14).

Theorem 1.5. Suppose that 0 < B < Po and take A as in Theorem 1.1. Let g €
Cgo(Rd). Lety € (0,2) and define ui asin (1.27). Forany { < (1—y/2)V(y —1)
and any t > 0, there exists a C > 0 (also depending on ||uo||c3ra)) so that

2
E (s—d/2+1 /g(x)[us(t,x) — W (t, x)u(t, x) — eui(t,x)]dx> < Ce¥.
(1.28)

The optimal bound in Theorem 1.5 is achieved when y = 4/3, in which case
¢ is required to be less than 1/3.

We note that it would be hopeless to get a convergence-of-fluctuations result
like Theorem 1.5, even with an error of size ¢4/27! as in (1.9), using only the first
term of the expansion (1.12) as in Theorem 1.3. This is because at that scale, [17]
gives different central limit theorem statements for # and for Wu: the rescaled and
renormalized fluctuations of u# converge to a solution of the SPDE

1 .
KU = zaA% + BvuW, (1.29)
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while the rescaled and renormalized fluctuations of W converge to a solution of the
SPDE

Oy = %aAt/f—i—ﬂvW, (1.30)

and so the rescaled and renormalized fluctuations of Wu converge to a solution of
the SPDE

& (Yin) = %amw + BvaW + %mﬂAﬁ
= %aA(wﬁ) —aVy - Vi + BuaW. (1.31)

The limiting SPDEs (1.29) and (1.31) are not the same, so an extra correction,
besides the first term Wé(¢, x)u of the homogenization expansion, is needed. This
phenomenon is not new in the study of random fluctuations in homogenization, and
has been discussed e.g. in [10,16].

The definitions (1.25)—(1.26) sit midway between two natural ways of inter-
preting the formal problem (1.21). On one hand, (1.21), for fixed x and ¢, can
be solved as in (1.23)—(1.24). However, defining the corrector u#; by (1.23), with
initial condition 0, and then evaluating at time s = £~2¢ does not seem to yield
a good convergence result, because V,u(t, x) is not constant on the time scale
fromt = 0 to T = &%s = t. On the other hand, (1.21) could also be solved by
plugging t = &5, x = ey into (1.21), yielding the PDE

1
dsui(s,y) = EAyul(s, ¥+ BV, y) —ui(s, y)
+V, W (s, y) - Viii(e?s, ey). (1.32)

However, using a solution to (1.32) with initial condition O also fails to yield a
result along the lines of Theorem 1.5. This is because the Feynman—Kac formula
that arises from the solution to (1.32) involves the behavior of the Markov chain of
[17] on microscopically short time scales, while the limits appear to arise from the
averaged behavior of the Markov chain on long time scales. The delay in multiplying
by V,u introduced by only updating its value at mesoscopic intervals allows the
short-time fluctuations to be averaged out, leaving only the averaged behavior of
the Markov chain, which allows us to deduce the limiting behavior.

Proof Strategies and the Organization of the Paper

Although our study is in part motivated by the goal of understanding results in
the vein of [ 17] from the perspective of PDE theory and stochastic homogenization,
our proofs remain probabilistic, relying entirely on the Feynman—Kac formula. In
particular, we extensively use a certain Markov chain, introduced in [17], represent-
ing the tilting of the measure on Brownian paths induced by the time-correlations
of the random potential V. Because this Markov chain is somewhat technical, we
start the paper by explaining how it appears via the Feynman-Kac representation of
the solution, and provide the definition and properties of the Markov chain in Sect.
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2, including a few properties which were not needed in [17], and then complete the
proof of Theorem 1.1 in Sect. 3.

The next two sections of the paper are devoted to the parameters a and v obtained
in [17]. In Sect. 4, we prove Theorem 1.2 regarding the effective noise strength v,
showing that it is directly related to the spatial decay of correlations of the stationary
solution. In Sect. 5, we first show how the effective diffusivity can be recovered
from the formal asymptotic expansion (1.12); see expression (5.7) below. However,
as the correctors that appear in the asymptotic expansion may not be stationary
(especially in lower dimensions), this formula does not necessarily make sense
directly. Instead, we devise an approximation procedure via a sequence of problems
on long but finite time intervals and then pass to the limit. This is the content of
Theorem 5.1. Finally, in the last two sections we establish our convergence results
for the formal asymptotic expansion: the strong convergence (Theorem 1.3) in Sect.
6, and the weak convergence (Theorem 1.5) in Sect. 7.

As we have emphasized above, the Markov chain introduced in [17] plays a key
technical role in the analysis throughout the paper. However, the key observation
of [17] is that on microscopically long time scales, the Markov chain mixes expo-
nentially fast so that its partial sum essentially behaves like a Brownian motion.
Our results still hold when the noise V is taken to be white rather than colored
in time. In that case the Brownian motion is not tilted by the environment, and
the Markov chain is just its i.i.d. Gaussian increments, even on microscopically
short time scales. Thus, the reader may find it helpful on first reading to ignore the
time correlations and pretend that the Markov chain is in fact a sequence of i.i.d.
Gaussian random increments, which eliminates the need for most of the technical-
ities introduced in Sect. 2. The analysis of [17] constructing the Markov chain is
orthogonal to the new applications of this chain in the present paper.

2. The Tilted Brownian Motion and the Markov Chain

All of the proofs in this paper rely heavily on a Markov chain introduced in [17]
representing a tilted Wiener measure arising in the Feynman—Kac representation
of solutions to the stochastic heat equation. In order to recall this Feynman—Kac
representation, we first introduce some notation. By IEI“;3 we denote expectation
with respect to the probability measure in which B = (B!, ..., BY) is a standard
d-dimensional Brownian motion with By = y, which we will always assume to
be two-sided (i.e. running both forward and backward from time 0) since this will
be convenient in some formulas. We use E for expectation with respect to the
randomness in V, and use [E, with various adornments, for expectation with respect
to auxiliary Brownian motions or Markov chains used in some way in the Feynman-
Kac formula. Also, whenever we denote an expectation with a letter “E,” we will
use the letter “P” with the same font and adornments to represent the corresponding
probability measure. For any s € R and 2 C R, we set

”//S;m[B]=/ V(s — 1, By)dr. @2.1)
A
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We will often use the shorthand %5 = ¥.10,5]. Thus, for example, the solution to
(1.14) can be expressed in the Feynman—Kac representation

W(s, y) = Ey exp{B¥[B] — As}. (2.2)
There are, of course, also Feynman—Kac formulas for solutions to the other equa-

tions in the introduction, which we will write as they are needed.

2.1. The Tilted Brownian Motion

In computing moments of W (s, y), due to the Gaussianity of ¥4([ B], it becomes
necessary to evaluate the covariances of the latter. Recall the definition (1.3) of the
covariance kernel R of the noise. We define, for any pair of sets 2, 2 C R, the
quantity

%m,ﬁ[B’ E] =E (7/3;%[3]7{?5{[5]) = /ﬁ/ﬁR(T —7,B; — E;)dr dr,
2.3)

which is independent of the choice of s due to the stationarity of V, and use the
abbreviations

Ry i = Hjo.51.105] Pu = B, Ks = Kss.

We will also abbreviate Z,[B] = .| B, B], where the e can be replaced by any
allowable subscript for Z, so that, for example,

Ry 5|Bl = X5 ;1B, Bl = Z0.51.00.5[B, Bl.

As an example of the use of this notation, we have by Fubini’s theorem and the
formula for the expectation of the integral of a Gaussian that

2
EV(s, y) = E%Eexp{ﬂ“f/x[B] —As} = IE;; exp {%%;[B] - As} .24

Similarly, we can compute

EW(s, )W G, 5) = EyELEexp [ B (B1+ B7 1Bl - 165 + )}
2

= E'EE% eXp { (%%S[B] - )\.S) + ﬁz‘%s,g‘[B’ E]
2
+ (792;[?;] - m)} : (2.5)

We recognize the first and third terms in the last exponential from the exponen-
tial in (2.4). This motivates the definition of the tilted path measure ]P’i; o DY
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Ey..Z[B]

i Y| g l 2
Z.]EB [J[B]exp{zﬁ .%.[B]”,

Zo =Ejexp {%ﬂ%@.[m} (2.6)

for any measurable functional .% on the space C([0, 00); RY), where e can be taken
to be any of the allowable subscripts for %. We also define ]P’Z’%_. = IE”%.. ® IP’yE_.

and denote by E'E%_. the corresponding expectation. Finally, we define
ag =log Zg — As, 2.7)

and note that, according to [17, Lemma A.1] and its proof, there exists a unique
A = A(B) so that

loty — o] < Ce™ (2.8)

for some oo € (0, 00), ¢ > 0, and C < oo. This is where the constant A comes
from, and we fix it for the rest of the paper. This definition of A should be interpreted
in terms of (2.4): A is chosen so that EW¥ (s, y) remains of order O (1) as s — +o00.
Equivalently, it is the exponential rate of growth of the unrenormalized, that is, with
A = 0, multiplicative stochastic heat equation with noise strength 5. We note that
a consequence of Theorem 1.1 is that e*>° = E{I;(S, y) = ¢, where ¢ is as in (1.6).
Another consequence is that

L BEY V()

T EV(,x)

This allows A to be recovered directly from the law of the stationary solution.
The problem (1.15) already depends on 2, so we cannot use this expression as a
definition of A. However, if as in (1.16) we approximate W by W evaluated at a

large time, then the right side of the resulting version of (2.9) does not depend on
the choice of A in (1.1). Thus we could define

(2.9)

lim BEW(r, x)V (%, x)
—0o0

A= . . (2.10)
Iim EW (7, x)
—0o0

An example of the utility of this tilted measure is that it lets us rewrite (2.5) by
EW(s, WG, 5) = By exp (g8, 81 @11

Inlight of (2.8), the factor e% ™% should be thought of, for (“microscopically”) large
s, §, as essentially a constant. This expression is analogous to the computation in
[23, Lemma 3.1], to which it indeed reduces if V is taken to be white in time
rather than colored as it is in our setting. Indeed, in the white-in-time case, the
kernel R(s, y) becomes a delta mass in s at s = 0, and thus the quantity %[ B]
becomes the constant As (the Itd—Stratonovich correction), not depending on B,
0 also ase = 0. In particular, in the white-in-time case the tilting (2.6) becomes
trivial: we use the tilting to account for the time-correlations of the noise. Then
from (3.2) we recover exactly the first display in the proof of [23, Lemma 3.1].
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2.2. The Markov chain

A key point of [17] is that a Brownian motion tilted according to (2.6) can be
approximately represented by a Markov chain. Since R(s, y) is supported on times
s € [—1, 1], the functional %Z,[B] that appears in (2.6) only involves interactions
between the values of B at times of distance at most 2 from each other. Thus, if
we “chunk” the Brownian motion into segments of length 1, the tilting only takes
into account the interactions between each segment and the immediate preceding
and succeeding segments. One can then represent the tilted Brownian motion as a
Markov chain on the chunks, with the caveat that another, ultimately small, tilting
is needed to account for the edge effects at time 7.

It is shown in [17] that the Markov chain satisfies the Doeblin condition, which
is to say that the transition measures uniformly majorize a (small) multiple of the
stationary measure. This condition is an elementary tool in the theory of Markov
chains; see e.g. [21] for an introduction. Therefore, at every step of the chain
corresponding to a length-1 chunk of the Brownian motion, there is a probability
bounded away from zero that the next step of the chain can be considered to be
sampled from the stationary distribution. Conditional on this event occurring at a
particular step, the chain is then at its stationary distribution. Therefore, the chain
converges to its stationary distribution exponentially quickly.

We state these ideas precisely in the following theorem, which summarizes
several results and discussions in [17]. We let E7 = {w € C([0, T]) | @w(0) = 0},
and, given W; € Er,, we define [Wy, ..., W] € EZ,- 7, by concatenating the
increments, as in [17, (4.2)].

Theorem 2.1. ( [17]) Let T > 1 and N = |T] — 1. There is a Markov chain
wo, W1, ..., WN, Wy, With wg € Er_7jand w; € By for1 < j < N +1,
which has the following properties.

1. (Time-homogeneity.) The transition probability measure
T(wj, ) =Law(wj1 | wj)

does not depend on j for j =1,...,N — 1.

2. (Relationship with the tilted Brownian motion.) There is a bounded, measurable,
evenfungionalg : E1 — R such thatif we put W = [wo, ..., wn+1] € BT,
and let Eyw denote expectation with respect to the measure in which W is
obtained from the Markov chain, then we have, for any bounded continuous
function F on E7, that

Ep.7.Z[B] = Ew [ Z[W1Z[wn]]. (2.12)

3. (Doeblin condition.) There is a sequence of i.i.d. Bernoulli random variables
r/]W, j =1,2,..., with success probability not depending on T, so that

Law(w; | nj =1, {w; : i < j}) =T,

where T is the invariant measure of 7.
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Theorem 2.1 summarizes several results of [17]. The Markov chain (wy) is
constructed in [17, Sect. 4.1]. Equation (2.12) is [17, (4.25)], where we use the
notation ¢ instead of ¢, because the functional in fact does not depend on the ¢ of
[17] (which is the same as the ¢ in the present paper, but is playing no role in the
present discussion). The functional ¢ represents the additional tilting to account
for edge effects at time T'. This additional tilting should be thought of as an error
term and in our arguments we will always strive to show that it does not play an
important role; the reader who pretends that ¢ = 1 will not miss the thrust of the
arguments in the paper. The Doeblin condition is established in [17, (4.18)], as
explained in the discussion surrounding [17, (4.27)].

‘We note again that Theorem 2.1 is trivial in the case when V is white in time: then
the Markov chain is simply given by the independent increments of the Brownian
motion, and is always at its stationary distribution.

We will use the notation

Ey, Z[W]=Ey Zly + W1. (2.13)
Define the stopping times J(}V =0,0) = min{r > onvzl | nV = 1} and put, for

n>0,
wW = Wow = Wow. (2.14)

This is the construction in [17, (4.27)]. The following lemma summarizes some
results of [17] about these stopping times:

Lemma 2.2. The family {W,L/V }n>0is a collection of independent, statistically isotropic
random variables with exponential tails. Moreover, the elements of {W,‘f’ In>1 are
identically distributed.

Proof. The fact that {W,VLV }n>0 1s independent, and that the elements of {W,‘:V Jn>1
are identically distributed, is an immediate consequence of the Doeblin condition
and the time-homogeneity of the Markov chain. Isotropy follows from the isotropy
of the construction. Exponential tails were established in [17, Lemma A.2]. O

The construction leading to (2.14) can be applied to pairs of paths as well, as
explained at the end of [17, Sect. 4.1]. Given two independent copies W, W of the
Markov chain, define

n; =n;nj,
and the stopping times
= 0 n=20;
o) V=1 W (2.15)
min{t > o,—1 : n; " =1} n>1.
Then put
wWW _ o N WW _
Wn == WU,XIW WO‘,}/V’W’ Wn - WO’,K_’F’ W(an’W.
Analogously to (2.13), we use the notation Ni‘;yw =P, ® IF%/ We have the

following corollary of Lemma 2.2:



840 ALEXANDER DUNLAP ET AL.

Corollary 2.3. The family {W,‘;V’W}nzo U {\TV,‘;V’W}nzo is a collection of indepen-
dent isotropic random variables with exponential tails." Moreover, the elements of

{W,‘:V’W}nzl U {W,V,V’W}nzl are identically distributed.
Now let us set
K =P =1), K> =JP(;;}“W =1) =« (2.16)

The next proposition gives an expression for the effective diffusivity a in (1.7) in
terms of the Markov chain.

Proposition 2.4. ( [17, Proposition 4.1]) There is a diagonal d x d matrix
a=alga =K1 Ew[WY W) (2.17)

so that foranyt > 0, as ¢ — 0, the process {e W 2, }o<r<; (under the measure Py )
converges in distribution in C([0, t]) to a Brownian motion with covariance matrix
a.

Two Brownian motions in d > 3 will almost surely spend at most a finite
amount of time within distance 1 of each other. The fact that this is also true for
the Markov chains W, W is expressed in the next two propositions, and will play a
crucial role in the sequel.

Proposition 2.5. ( [17, Corollary 4.4]) There is a Bo > 0 and a deterministic
constant C < 00 so that if 0 < B < Po then for any s > 0, y, € R?, we have

By [eo [B ot W1} 170 < €
with probability 1, where Fy is the o -algebra generated by the paths W, W on the
time interval [0, s].

We will require a slightly stronger version of Proposition 2.5, which can be
proved similarly.

Proposition 2.6. There is a By > 0 and a deterministic constant C < oo so that if
0 < B < Bo then for all r, 7 > 0, we have

B [exp {ﬂzﬁm[w, W]} |Fi]=<C

with probability 1, where F, ; is the o-algebra generated by the path W on [0, r]
and the path W on [0, 7].
We also need some estimates from [17] on various error terms.

Lemma 2.7. ( [17, (4.30)]) There is a constant C so that

EwleW, 2, — W2, |> < Clta — 11). (2.18)

' We use the standard terminology that a random variable X has exponential tails if there
are constants C, ¢ > 0 such that P(|X| > x) < Ce™“* forall x > 0.
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Lemma 2.8. ([17, LemmaA.3]) Forany x > 0, there are constants 0 < ¢, C < 00
sothat if, foreach T, 7 : Er — Ris a bounded functional on Er, and {S,}, {T,}
are sequences of real numbers such that S,,, T, S, — T;, — +00, then

|Ew 21, [Wlo, 111 — Ew 21, [Wl0,1,119 (ws,)
~ 1
< C By (Z1,Wlo0,1,1)%) " exp {—e (T A Sy — T}

Here, ¢ is as in Theorem 2.1. The rate of convergence is not stated explicitly
in [17, Lemma A.3], but it comes from the proof there.

Lemma 2.9. ( [17, Lemma A.2]) We have constants 0 < ¢, C < o0 so that

Pt [ max (W w WW’—I— W;—WUW_WD >ai| < Ce™ %,
€ n

7€lon,on42]

2.3. Estimates on Path Intersections

These preliminaries having been completed, we now prove a fact that will be
essential for us: that two independent copies of the Markov chain, started at distance
of order ¢! from each other, pass within distance 1 of each other with probability
€472 This is the same situation as for the standard Brownian motion. Explicitly,
we prove the following (which does not in fact require the assumption that g is
small):

Proposition 2.10. There is a constant C so that
PUio | inf (W, — Wi <1 <

w.w r,F>0 I)C — i|d72 '
lr—rl=<1

In order to prove Proposition 2.10, we first prove it just at regeneration times.

For the rest of this section, to economize on notation we put ,,:=0;, w.w (defined
in (2.15)).

Lemma 2.11. For all A > 0, we have

ﬁxj I:lnf|W(7 - Wy,

Ad—2
<425t
Proof. Let

Xy = Wo, — Wo,.
let H,, be the o-algebra generated by X1, ..., X,, and set

1

10 = v e
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For any z € R? with |z| > A and M > 0, if we let dS denote the surface measure
on {|Z — z| = M}, then we have

! 1
fa-z:Mq@dS@ ka qow A2 BO Sz =a@ G

by the mean value inequality for superharmonic functions, as z > |z|7¢*2 is
superharmonic. Here, the notation f means that we normalize the surface measure
to have total mass 1. Let w be the smallest n so that | X,,| < A, or oo if | X,,| > A
for all n. Note that w is a stopping time with respect to the filtration {H,}. Also,
the distribution of X,, — X,,_1 is isotropic and independent of H,,_| foreachn > 1

by Corollary 2.3. Therefore, we have, whenever n — 1 < o,
Ey 7l (Xa) | Haot] = /qu@ APy 5 (Xn =2 | Hao1)
= /][ q(2)dS2) dPy, 7 (1 Xy — Xpo1] = M)
R |Z Xn ll_M
= /RCI(anl)dﬁW,WﬂXn — Xu—1l = M) = q(Xy—-1),

where the last inequality is by (2.19). Thus, the sequence (¢ (X;rw))n 1S @ super-
martingale. By the optional stopping theorem, for any n we have

1
x — )~C| =q(Xo) > ]EW WCI(XnAw) = IP)W W(CU <n).

Therefore, we have

Ad72
IF’W (o < 00) < m
by Fatou’s lemma. O
Proof of Proposition 2.10. Let
an max (W WWW‘—{- WF_WWWD

r,r€lon,on42] On
and

wu —1nf{n >0 (W, — W | 52M}
We have

{ inf |W, — W;| < 1}

Ir—7l<1

U ({9 = st =2} 0 [, = 2471 1))

M=0n=0
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< U [t <o (U (w0~ T =270 fm 22401 ]])) ]

=0 n=wy
(2.20)

Therefore, we can estimate, abbreviating P = @;V W and letting the constant C
change from line to line,

]P’[ inf |W, — W:| < 1}

[r—r|<1

o0 o0
= Y Plou=0Y P[IWy, — W, | <2 joy = P[5, = 247" 1]
M, =0 n=>~¢

o0 M1 o0 oo 2Md
—c2¥ 71 =1) _
S D SIS P,
M=0 =0 n=~¢

o
C Z e—C(2M_I—1)+CMd]P)(a)M < OO)

M=0
o0 d-2M

<C Y et Ioncnd, 2 . ¢

- [x —x[4=2 7 |x — x|4-2’
M=0

where the first inequality is by (2.20), the second is by Lemma 2.9 and a local
central limit theorem ( [24] as applied in [17, (4.36)]) and the third is by Lemma
2.11. ]

We also need a slightly different version of the bound in Proposition 2.10:
Proposition 2.12. There is a constant C so that
Fx,E . o —d/2+1
JPXWW r}rgl>fs W, =Wz <1]| <Cs .
Ir—Fl<1
Proof. Recall the definition (2.16) of k; and put ng = 2572 Again we abbreviate

P= ﬁxu’/xﬁ/ and let constants change from line to line. We can estimate

P| inf |W,—W;|<1|<P| inf |[W, —W;| <1|+P(oy >s).
r,f~>s r,7>a,,0
lr=r<1 Ir—|<1
A simple large-deviations estimate for geometric random variables yields
P(on, = 5) < Ce™ "0 < Cs' 712,

so it suffices to show that
P| inf |W,—W: <1]|<Cn

r,F>an0
[r—7|<1

1-d/2
0 )
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Define

By = max (|Wr_Wok|+|Wf_WUk|)’

r,7€log,0k+2]

so we have

oo oo
Pl oinf (W= Wil 1| = 30 0 P[IWe, — Wol =2V]
7o 0=,
-]P’[Bk >2M=1 )

—c(@M-1_71) 1 —d/2 —c@M-1_1)+CMd 1-d/2
=C Z Z %2 _C Z =Cny 7,
k=nq M=0

where the second inequality again uses the local limit theorem of [24]. O

3. The Stationary Solution

The strategy of the proof of Theorem 1.1 is typical for the construction of a
stationary solution to a PDE: we consider the Cauchy problem with initial data
given at time s = — S, and pass to the limit S — +o00. This lets us obtain a global-
in-time solution to the problem that satisfies appropriate uniform bounds, provided
that the Lyapunov exponent A = A(f) is chosen appropriately. Let W(s, y; S) be
the solution to

1
sV (s, y; S) = EA\IJ(S, v;S)+ (BV(s,y) —MW¥(s,y;S), s > —S;(3 D
(=S, y;:8) =1
The heart of the proof of Theorem 1.1 is the following proposition:

Proposition 3.1. If 8 is sufficiently small, then there exists . = L(B) and a constant
C < o0 so that, with this choice of A in (3.1), for any 0 < §1 < S», we have

E(W(0, y; $) — W(0, y; S))* < €Sy /*

Before we prove Proposition 3.1, we show how it implies Theorem 1.1.

Proof. (Proof of Theorem 1.1.) For a positive weight w € L' (R%), consider the
weighted space sz(Rd ), with the inner product

(f: 8) 12 wa) = /f(y)g(y)w(y)dy

By Proposition 3.1 and the stationarity of V in time, we have
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E|W(s, - S1) — Y(s, - 52)“%3,(]1@‘1)

_ /Elwo, Vis 4 S1) — WO, i 5+ S2)Pw(y) dy

< C(s+ SO w1 gy, (3.2)

and the right-hand side converges to 0 as S1, S2 — 00, locally uniformly in s.
Hence, the family W (s, y; S) converges in LZ(Q; L%) (Rd)), locally uniformly in s,
to a limit U. (Here  denotes the probability space on which V is defined.) The
stationarity of W is standard. The convergence of W to W locally in L2(2; L2 (RY))
implies that U satisfies (1.15) in a weak sense almost surely, hence in a strong sense
almost surely by standard parabolic regularity.

To prove the convergence claimed in (1.16), we use an argument similar to the
above. In particular, we note that the solution W (s, y) to (1.14) is stationary in y,
as is \Tl(s, y), so for any fixed y € R“ we have

E[U(s,y) — (s, y)|? / w(y)dy' = / E[W (s, y) — U(s, y) [ w(y) dy’

_ /Emo, Vis) — B0, y) Pw(y) dy,
3.3)

and the right-hand side is bounded by a constant times s~¢/?>*1 as s — oo by the

definition of 0. (In the second equality of (3.3), we used the time-stationarity of
(V,¥).) O

We also record the covariance kernel of the stationary solution.

Corollary 3.2. We have
BT, )T (s, )] = B0 exp | B2l W, W1}

In the remainder of this section, we set about proving Proposition 3.1. The proof
will rely on the Feynman—Kac formula. We recall the Feynman—Kac formula for
W(s, y; S), which comes from (2.2) by a simple time-change:

W(s, y: S) = Epexp [ B¥551s[B] — As + )} . (3.4)

We first note that spatial stationarity allow us to take y = 0, and then the same
computation that leads to (3.2) gives
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E(¥(0,0; $2) — ¥(0,0; $1))°
= 2 fO0  exp { B2%s,|B. E]]

2e“Sz+“51E%OB 5.5, P {ﬂzﬁsz,sl[B, E]}

+em B exp {,32%’51 B, E]]. (3.5)

Let us now explain intuitively why the right-hand side of this expression should
be small. First, we recall that «g has a limit as s — oo by (2.8). Second, as we
have observed in Sect. 2.3, in dimension d > 3 two Brownian motions will almost
surely spend at most a finite amount of time within distance 1 of each other. In
fact, the amount of time they spend within distance 1 of each other has (some but
not all) exponential moments. Only such times contribute to Z,[ B, E]. The thrust
of Sect. 2 above was that the tilted Brownian motion, on large scales, again looks
like a Brownian motion. This mal<~es it plausible ~that, under the ti~1ted measure, the
exponential moments of Zs,[B, Bl, %s,.s,[B, Bl, and Zs,[B, B] are all close to
each other, making the right-hand side of (3.5) small as S, S» — oo.

In the rest of this section, we make this reasoning precise. We emphasize that the
computation that we will do still has content in the case when V is white in time; in
this case the tilting has no effect and B and B are simply Brownian motions. In that
case, the approximations from Sect. 2 are unnecessary and the previous paragraph
is essentially a proof. Nonetheless, the reader may find it helpful on first reading to
pretend that B and B are Brownian motions. (In this case the computation is very
similar to that of [23].)

Our first lemma is the workhorse of the argument. It makes the above intuition,
which is standard for the Brownian motion, precise for the case of the Markov
chain.

Lemma 3.3. There exists a constant C < o0 so that for all B sufficiently small, the
following holds. If 1 <s <s' <§ <§, then

Byl exe |25 o tw. W) - exp | 22, 0tw, W) | < 05 - 12,
Proof. We have

E

f}v exp {,32%55 (w, W} —exp{ﬂ K s [W, W]H
<

ﬁl

e ‘exp{ﬂzﬂw[w Wl }—exp{ﬁ%% (W, W]”
Vs

A
ﬁl

35 e | B2 W, W1 | 1l W, W1 £ 5W, W)

=< Ej‘jl;,ﬁ/ exp {,32%00[“/, W]} H@r7f>s—1r -7
<2and [W, — W;| < 1}.

On the event that {Z~[W, VT/] =+ KW, V’\f/]l3 let T < T be the first pair of times
after s — 1 such that |t — 7| < 2 and |W; — W;| < 1. Then we have
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Y i |exp {ﬁzﬁg,g/[W, VT/} — exp [ﬁzﬁs,sf[W, W]”

0o r—',-ZNVy ) -
S/s By w [exp{,@ Koo W, W]} lt=r1T=F]

< CIP’” ((Elr F>s—1D|r—F7F <2and |W, — W;| < 1) < C(s — D=9,

where the second inequality is by Proposition 2.6 and the last is by Proposition
2.12. O

Now we can prove Proposition 3.1. The proof combines Lemma 3.3 with various
error bounds from Sect. 2.

Proof of Proposition 3.1. We first re-write (3.5) in terms of the Markov chain
using (2.12):

E(¥(0,0; $2) — W(0,0; 1) = By, e exp | 225, W, W1} Flwis, 1]
G| sy)-1]
— De¥sytas INEW’VT, exp [,32%52,51 [W, W]} g[wLSzj—l]g[wLSlj—l]

+ e2asi oy IEW,W exp {,32%’51 (W, VT’]} Gw s, 119w s;)-1]- (3.6)
For any S < $> we can decompose

]EW,VT/C“SZMS‘ exp {ﬁzﬂ’sz,sl (W, W]} Gw s, -119[0s,)-1]
= e, ~exp{/3 R, oW, W]}
+62“°°]EW W exp {/3 %7252 iSI[W, W]} (Gwis,)—119 s, —11 — 1)
+e2°‘°°IE (exp {,3 Xs, s, [W, W]} — exp {/3292%32’%31[W, W]])
~g[st2J—1]g[lDLsu—1]
+ (e“52+"‘51 — ezo‘”) EW,W exp {,32%52,51 (W, W]}
~Gw sy 119w s, 1] 3.7

Now (2.8), Lemma 3.3, and Proposition 2.6 allow us to control the last term of
(3.7):

lim Sd/2 ! ( s TS €2a°<’> IEW‘)T/ exp iﬂZ%SLSl [W, VT/]}

S1,8—00

Gws, 119w s, —1]1 = 0.

Lemma 3.3 also allows us to bound the third term of (3.7):
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-SI%_I ‘]Ew,w (exp{ﬂzﬁ&,sl[w, W]}—exp{ﬂzﬁ% g IV, W]})
Glwis, —119[ws, j-1]]
= 191581 A S By 7 (exp {82255, LW, W1

—exp |82, o IW. W) = C

for a constant C independent of S7 and S,. For the second term of (3.7), we can
use Lemma 2.8 to get

timsup S{27' By g exp {220, o g W, W1} (@ lwis,)- 119115111 - 1) = 0.

S1,5—>00

Finally, we have that

d/2—1 - 2 nd _ 2
S By [exp (B2 o, W, W1} — 2exp {820 , »

+oxp (8225 W, W1} ]

is bounded above independently of S and S, also by Lemma 3.3. Substituting
(3.7) into (3.6), and then applying the last four bounds, we see that

E(W(0, y; $) — W(0, y; S))* < €874,

as claimed. O

4. The Effective Noise Strength

In this section, we explain how the effective noise strength parameter v in (1.10)
arises from the stationary solution W and prove Theorem 1.2.

Lemma 4.1. If B is sufficiently small and g € CZ° (R?), then we have
lim

Var <€d/2+1 /g(x)\IJ(efzt, 871)6) dx)
11— 00

— Var <8_d/2+1 /g(x)\I’(O, 8_1)6) dx)‘ =0,

uniformly in & > 0.

Proof. We have

Var (sid/”l /g(x)\ll(sfzt,sflx) dx) — Var (87d/2+1 /g(x)\ﬁfl(o,sflx) dx)

_ _ _ ~ _ 2
<e "+2||g||L1<R,1)/|g(x)|E|\1/(s ey — W e )| dx

< C87d+2

~2p)=d/2+1 ~d/2+1

gl g, (e < Cligl} s gay!

where the first inequality is by the time-stationarity of U and Jensen’s inequality
and the second is by (1.16). O
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We recall from [17, Lemmas 3.1, 3.2 and 3.3] that

Y62
fim, Var Cd% / g(x)xIJ(ezt,e‘x)dx) = Var ( / g<x>w<r,x>dx),
4.1)

where v is the solution to the Edwards-Wilkinson stochastic partial differential
equation

1 .
RRVIES zaAw + BvW, t>0,x¢€ Rd;
¥ (0,x) =0,

4.2)

which is simply (1.10) with u = 1.

Lemma 4.2. We have

o
Jlim Var (/g(x)w(t,x)dx> = ﬂzvz/ /|§(r,x)|2dx dr,  (4.3)
— 00 0
where g is the solution of
1
%5, x) = SR, 1> 0, x € R?;
-8(0,x) = g(x).

Proof. Asin[17, (3.16)], we have

t
Var (/g(x)lﬁ(t,x)dx) =/32v2/ /|g(r —r,x)>dxdr = 2?2
0

1
/ /|§(r, x)|? dx dr,
0

and then the result follows by taking t — oo. O

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Fix § > 0. By Lemmas 4.1 and 4.2, we can choose 7 large
enough, independently of ¢, so that

'Var (/g(x)l/f(t,x)dx) - g*? /oo/lg(r,x)lzdxdr
0

Var (a_d/2+1/g(x)\-l—'(s_zt,s_lx)dx>

— Var (edﬂ“ /g(x)qf(ezt,elx)dx>

<4/3

and

< §/3.
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Then by (4.1) we can choose ¢ so small that

< 38/3.

Var (s_a'/fzsfd/zﬂ /g(x)‘l’(sfzt, silx)dx> — Var (/ g Y (z, x) dx)

Using the triangle inequality on the last three expressions, and recalling (2.8), we
obtain

o
gi_r}%)Var <5d/2+1 /g(x)\IJ(O, e 1x) dx> = ez"‘wﬂzv2 /0 / lg(r, x)|? dx dr.
4.4)
The left-hand side of (4.4) is equal to
11%//g(x)g(£)e*d+2 Cov (E/(o, e~ 1), T (0, s*‘)z)) dx di,
e—

while the right-hand side of (4.4) is equal to

eZOtooﬂZVZ//</OO/Ga(r,z—x)Ga(r,z —i)dzdr) g(x)g(x)dx dx
0
=e2°’°w82v2“’71/ / lx — 2|7 g (x)g (%) dx dF,

where G, and ¢ are defined as in (1.17)—(1.18). Therefore, we have

a m%f [ g(x)g(®)e=4*2 Cov (¥(0, e~'x), ¥(0,e7'%)) dx di
2 £—
Vo =

’

ce2ro B2 [ [ g(x)g(X)|x — %|79+2dx dX
which is (1.19). 0

5. The Effective Diffusivity

In this section we explain how to relate the effective diffusivity a to the asymp-
totic expansion (1.12).

5.1. The Solvability Condition

We first explain how the effective diffusivity a can be recovered formally from
the homogenization correctors for (1.12). We define these correctors now, and for
the moment we disregard the question of their existence. We start with the equations
(1.21)—(1.22) for the terms u| and 5 in the formal asymptotic expansion (1.12) for
u®. We will replace W on the right-hand side of these equations by the stationary
solution \TJ, so our formal starting point is

1
asul(t’xs S, Y) = EA}’ul(lvx’ss }’) + (,BV(S, y) - A)l/ll(l,x,s, )’)
+V, U (s, y) - V,a(t, x) (5.1
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and

1
as”Z(t7-x’Ss )’) = EAyMZ(f,X,S, )’) + (ﬂV(S, y) - )\')MZ(tv X, S, y)
+Vy'vxul(t1xassy) (52)
1 ~
+ 5(1 —a)W(s, y)Ayu(t, x).

We can now formally decompose the solution to (5.1) as

ui(t, x,s,y) = (s, y) - Vyu(t, x), (5.3)

where @(s, y) = @V (s, y), ..., 0D (s, y)) isa space-time-stationary solution to
1 BN

3a0® = —A,0® + BV — o™ + —. (5.4)
2 Yk

We note that, unlike the random heat equation (1.15), the forced equation (5.4) may
not have stationary solutionsin alld > 3. Nevertheless, the formal computation will
give us an idea of how the effective diffusivity can be approximated. By Theorem
1.1, applied with time reversed (or equivalently to the random heat equation with
potential V (—s, y)), we also have a stationary solution ® to the equation

~ 1 ~ ~
—0,d = EA(D + (BV — 1)®. (5.5)
Multiplying (5.2) by ® and using (5.3) and (5.5) gives
~ 1~ 1 ~
05 (P (s, Iua(t, x,s,y)) = §d>(s, Y Ayur(t, x,8,y) — Euz(t,x, 5, AD(s, y)
+ &(s, ) tr(Vy@(s, y) - Hessu(t, x)) (5.6)

1 ~ ~
(=)@, Y)W (s, y) Ault, x).
The assumed stationarity of u, in s and the stationarity of ®ins imply that the

expectation of the left-hand side is 0. Stationarity of u, in y, on the other hand,
implies that

E[D(s, ) Ayur(t, x, 5, y) — ua(t, x, 5, 1) AD(s, )] = 0.
Therefore, taking the expectation of (5.6) yields
~ 1 ~
E®(s, y) [tr(Vy(Z)(s, y) - Hessu(t, x)) + 5(1 —a)V(s, y)Au(t, x)] =0.
Due to the assumption of isotropy, we have
~_ . 1 ~_ I~ ~
E®V,o = Etr (E®Vy®) Lyxa = EEd)(Vy @) ixd,

and thus
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0=Ed(s,y) |:tr(Vy(I)(s, y) - Hessu(t, x)) + %(1 —a)V (s, y)Au(t, x)i|

~ 1 5 1 ~ _
=Ed(s, y) |:Evy ~@(s, y) + 5(1 —a)¥(s, y)} Ayu(t, x),
leading to

2E[D(s, )V, - @(s, y)]
d E[®(s, )V (s, )]

a=1+

(5.7)

As we have not proved that a stationary corrector @ actually exists, the expression
(5.7) is purely formal. In the next section, we will explain how we can use an
approximate version of @ to write a rigorous version of the computation leading to
(5.7).

5.2. An Approximation of the Effective Diffusivity

In this section, we will show how approximate correctors can be used in the
right-hand side of (5.7) to provide a good approximation of the effective diffusivity.
Instead of trying to build a stationary solution to the corrector equation (5.4), we
take S > 0 and consider the the solution @(s, y; §) of the Cauchy problem for
(5.4), with ‘TJ(s, y) replaced by W (s, y; S) (defined in (3.1)):

ov(s,y; S)

1
;0™ (s, y) = EAyw““(s, ¥)+ BV (s, y) — NP (s, y) + -

s>—-S, k=1,...,d;
w(—S,;5)=0.

The solution is given by the Feynman—Kac formula

(s, y: ) = [/HS exp { BBl — r} VU (s — r, By: S) dri| .
' (5.8)
We also define, similarly to the definition (3.1)/(3.4) of W(s, y; S), the
(s, y; T) = Eyexp {BY—r.0[Bl —AMT —5)},  s<T, (59
which solves (5.5) with terminal condition
(T, y; T) = 1.

Recall that ¥ was defined in (2.1), so, in particular, we have
r
Ys.10.[B] = / V(s — 1, B;) drt;
0

0
Vsils—T,01 = / V(s — 7, By)dr.
s—T
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Note thatin the second expression we are evaluating B atnegative times, interpreting
it as a two-sided Brownian motion. Now we define an approximate version of (5.7).

o) 14 2EOG ¥ DIV, 06,y )]
as,;r(s,y) = d E[®(s,y: )V (s, y; S)]

(5.10)

The next theorem, which is the main result of this section, shows that the “large
S, T” limit of (5.10) agrees with the effective diffusivity from (2.17) (established
in [17]).

Theorem 5.1. Let a be the effective diffusivity defined by (2.17). Then we have, for
eachs e Rand y € RY,

lim as 7(s,y) =a.
S—00

T—o00

We note that if a stationary @ given by
@(s,y) = lim w(s, y; S)
S—00

exists, then Theorem 5.1 verifies the formal expression (5.7). Such large-scale
approximations of the effective diffusivity have been used in the different context
of elliptic homogenization theory; see [13].

Without loss of generality, we will take s = 0 and y = 0 in the proof of
Theorem 5.1. In the course of the proof, we will denote by H(x) the standard
Heaviside function H (x) = 1{x > 0} and also use its regularization

0 x <0;
H,(x) = y_lx 0<x<y;
1 x>y,

as well as J(x) = x H(x). While several of the following lemmas are written using
this regularization, the statement of Theorem 5.1 does not depend on the regular-
ization. (Ultimately we take y — 0.) We begin with a Feynman—Kac formula for
the numerator on the right-hand side of Theorem 5.1.

Lemma 5.2. We have

E[©(0,0; T)(Vy - ©)(0,0; $)]

= Vyly=0 - Ve le=0EEj exp {ﬂ/

N
V(-t,B;+ H(t)n+ J(r)§)dr
T

(5.1
—(T +S)}

1
= Vylp=0 - V§|g:0E% exp {Eﬂzf@[_r,s][B + Hn+ JE)— MT + S)} .
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Proof. From (5.8) and (3.4), we have
! S r
(0, y;S) = E% / exp {ﬂ/ V(—t, By)dr — kr} VWV (—r, B,; S)dr
0 0

s s

= Vsls:oEﬁ/ exp {ﬁ/ V(—1,B; + H(t —r)&)dr — AS} dr.
0 0

(5.12)

One can check by explicit differentiation of both expressions that the right-hand
side of (5.12) can be re-written as

N
(0, y; §) = Ve|e=oE} exp {ﬂ/ V(—t, By +t&)dt — XS} . (5.13)
0
Taking the divergence and setting y = 0, we can write

N
(Vy - ®)(0,0;8) = Viln=0 - Vg\é-:()]E% exp {/3/0 V(—t,B; +n+té)dr — )LS} .

Multiplying by (5.9) gives
©(0,0; T)(Vy - @)(0,0; S)

= Vylp=0- V€|E=0E% exp {/3/

S
V(—t, B: + H(t)n
T

+J(r)§)dr — AT —i—S)}.

(Now we are evaluating B at both positive and negative times.) Taking the expec-
tation yields the first equality in (5.11). The second inequality then arises from
evaluating the expectation. O

It will be useful to write a regularized version of (5.11), which will later allow us
to use the Girsanov formula.

Corollary 5.3. We have
E[©(0,0; T)(V, - @)(0,0; $)]

=lim V,|;=o - V5|g:0EE% exp {/
y10

S
V(—7, B; + H,(t)n + J(1)§)
T

(5.14)
dt — AT + 5)}

1
= Vylp=0 - Ve le=0E% exp {5,32%’[45][3 +Hyn+ JE]— AT + S)} .

Proof. Similarly to (5.11), the second equality of (5.14) is a simple computation,
so it suffices to prove that the first expression is equal to the third. We write out all
of the gradients in the third expression. Define §f(z, T) = f(r) — f(7). For all
y > 0 we have

Viln=0 - Ve |§=OG_A(T+S)E% exp {52%[—T,S][B + Hyn+ J%‘]}
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= B2 M THIEY (g1, [B] + g2:y [B] - g3:[B])
. exp {ﬁzﬁ[_r,slw]} , (5.15)

where we define

g1.y[B]l = // 8Hy,(t,7)8J(r,T)AR(r — 7,08B(z, 7)) dr dz,
[-2,2)

82.y[B]l = // 8§J(t,T)VR(r — 7, 8B(t, 7)) dr dT,
[—S,—T?

¢.,[Bl = // 8H, (1, T)VR(r — 7,8 B(t, 7)) dr dF.
[—2,2P2

Here we have used the fact that R(s, y) = 0 whenever s # [—1, 1]. Then the
bounded convergence theorem implies the right-hand side of (5.15) is continuous
iny, so

Viln=0 - Vele=o 1;% e MIHIEY exp {ﬂzﬁ[fT,S][B + Hyn + JS]}

= Vyly=0 - Vele=oe " TVEL exp {ﬂzf%’[—r,S][B + Hn+ JEJ} ’
and the result follows from Lemma 5.11. O

Lemma 5.4. We have
=~ 1
as.7(0,0) =1+ 2}}%]@;;[_7’3] (ﬁBS - By, — 1) . (5.16)

Proof. To address the numerator of (5.10), continue from (5.14) and use the Gir-
sanov formula, writing

N
Vi ln=0-Ve|e=oE% exp {/3 / ) V(=1, By + Hy(t)n + J(0)€) dv — M(T + S)}

S

= Vylp=0 - Vele=oE% eXp{ﬁ/ V(—t, B;)dr—
T

1 1 1
—MT +S)+ =By -n—s—In>—&-n+Bs-& — —|s|25}
4 2y 2
1 S
=EY (;BS - B, —d) exp{ﬁ/ V(—1, B;)dt — A(T —i—S)} .
-T
Passing to the limit as y | 0 and taking expectations shows that
E[®(0,0; T)(V - ©)(0,0: )] = ¢ ~T+S lim EY, (y—lBS B, — d)
14

- exp [ﬁzﬁ[—T,S][B]} : (5.17)
For the denominator of (5.10), we write

®(0,0; T)W(0,0; S) = E exp { 70 (—7.51[B] — (T + )}
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(where again we use the interpretation of B as a two-sided Brownian motion), so

E®(0,0; T)®(0,0; §) = e *T+IEY exp {52,9?[_T,s][3]} L (5.18)
Dividing (5.17) by (5.18) yields (5.16). ]
Lemma 5.5. We have

: 1 =0 2
i 2Bl = L

uniformly in S and T.

Proof. We have

~, 1
E}.(_1.5)1By > —E3|By [> = E}|B, |* ( exp {—ﬂ%fu,sum} - 1)
Z[_T S1 2

1 1
=_—E%B,? (exp {—52%[_T,SJ[B]}
Z[fT,S] 2

1 ~
—exp {Eﬂzﬁ[_r,s][B]}) ,

where B is a Brownian motion whose increments on [-T,0]and [y, S]areidentical
to those of B and whose increments on [(l, y ] are independent of those of B. (Thus
the second equality is because Z|_7 s)[ B] is independent of B, .) This means that

1
Zi-1.5)

B (1,518, 1 — E%|Bv|2‘ = E} (eXP {52%4,01[3]} + exp {,32%[%3][3]})

"y 1
exp{Zﬂz/ / R(t — %, By —B;)dfdr}
—1J1Vv0

v rl - -
—exp{Zﬂz/ / R(t — %, B, —B;)dfdr}
—1J1v0

= CER1B, )y expl4p® max |B,—B,[)-1))'=Cy?,

xE%|By |2

where C is a constant that may depend on 8 and R. Since ]E%|B,,|2 = yd, this
proves the lemma. O

Corollary 5.6. We have
0,0)=1 0y
as,r(0,0) Vllf(l)aS,T,y
where

2 ~
asr., =1+ EE%;[_T’S](BS —By) - B,. (5.19)

Proof. This is a simple consequence of Lemma 5.4 and Lemma 5.5. O
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Lemma 5.7. The limit
lim as 7(0,0) (5.20)
T—o0
S—o00

exists.
Proof. We have, forany 71 < 75 < 13 < 74 < 75,

Ep.rs(Br, — Bry) - (Br, — Bry) = By (Wey — Wey) - (We, — We)% (wies)—1)
= EW(WuAa - Wr3/\cr) . (Wrz - er)a (521)
where o is the first regeneration time after 74 and the second equality comes from the

fact that ¢ is even and the increments of W after a regeneration time are isotropic.
This makes it clear that there are constants 0 < ¢, C < 00 so that

Ep.s(Br, — Byy) - (By, — By) < Ce (7™ (5.22)

since the increments of W have exponential tails and, conditional on there being a
regeneration time in (12, 73), the expectation of the right-hand side of (5.21) is 0.
Then it follows from Corollary 5.6 that ag r is Cauchy in S and also in 7', and thus
the limit (5.20) exists. |

Now we prove Theorem 5.1.

Proof of Theorem 5.1. We have, using (2.17), (5.22), and Lemma 2.8, that
1 ~
= lim —Eyw Wiy — Wp) - (Why — W,
a= lm - w W3y 0) - (Way U)

. [N
= lim EE%;3U(33U — By) - (Boy — By). (5.23)

U—o00

Define
o) = (U +jy) A2U

and note that
[U/y1-1
By —By= ) (B, » —B (y))
Jj=1 Eh
Substituting this into (5.23) yields
[U/yl-1

1
a= Ulgnoo v hm]EB sy (Bsu — Bo) - Z (Bf,,(-i)l - Btj(y))

[U/yl-1
= lim — lim RO Biy — B
o au = B:3U (( 3U f](.?l)

+(Bz]@1 — Br](.”) + (BI](_y) - Bo)) . (Bf,(-ﬁ)l - BT](_y>)~
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Now by Lemma 5.5, we have

v/vi-1
Uh—IPooE%n : EB 2U(B (y) -B (J/)) (B (y) - B (J/)) =1

Moreover, we have by (5.19) that

o~ yd
IE(1);;3U(133U B (y)) (B.»» — B <y>) = ( ay,, ), 0~ D);
Tj+l T+

yd
EB 3U(B » = Bo) - (B.o»» — B <y>) = (a A A 1).

T+l J+1 T+
Therefore,
1
1+ i I RS vd, )
a= im — lim —(a —
U—oo dU yl0 o 2 3U—r;V)’t;V);fj('Kr>l_T.;V)
yd
a —1
+5( ) 3022, ))
[U/yl-1
=Ul£nooﬁ}/1£%§ Z (ay,_ 000w gy o) r‘”)
= lim as,T(O, 0),
T—o0
S—o00
where the last equality is by Lemma 5.7. O

6. Strong Convergence of the Leading Term

In this section, we prove Theorem 1.3: convergence of the leading term in the
homogenization expansion (1.12). We begin by deriving an expression for the error
in (1.20) using the Feynman—Kac formula. We will use the Fourier transform for
the initial condition ug € C2° (R?), which we normalize as

~ i d i0ox ~
g (w) :/e 1‘”uo(x)#, uo(x) =/e“"xuo(a)) dw.

In this section w and @ denote Fourier variables; the function @ from the previous
section makes no appearance.

Proposition 6.1. We have that

E|u’9(t,x)—\Ils(t,x)ﬁ(t,x)|2:ezo‘f%// OO X 7 () ity (&)
By 5.2, 5B, Bldoda, 6.1)
where
A oB. B = exp | 828,218, B} 67,1815, 1B 62)

éaté:w[B] — eia)-s(Bg_ztho) _e 26ll|a)|2 (63)
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Proof. We start with the Feynman—Kac formula for (1.4)—(1.5):
W (t, x) = B ' exp {ﬂ"//e_z,[B] - Aa_zt} uo(eB,2,). (6.4)
and note that
uo(eByay) = / By () doo, u(txX) = / e =301 5 (o) do,
so, if By = &~ lx, then
uo(eBy—2,) — u(t, x) = / e &F [ Bling(w) do. (6.5)
The Feynman—Kac formula also shows that
We(r,x) = B *exp { BV [B] — Xs_zt} . (6.6)

This is simply (6.4) with initial condition ug = 1; we also saw the unrescaled
version before in (2.2). Combining (6.4), (6.5), and (6.6) yields

WE(t, x) — WE(r, )Tt x) = ES ¥ exp {ﬂ“f/g—zt[B] - Ae‘zt}
/ e & [Blip(w) do.
We finish the proof of the lemma by simply computing the second moment:

E(u (t, x) — W (1, 0)i(t, x))> = E (E;"x exp {ﬂ"//g—zl[B] - )\s—%}
2
) / e &F [ Blity(w) da))

— / / O ()T (@ 7 B exp |2, (B + 72, (B — 20621
B Bl d0dd
— 2.2, //ei(w+d)).xﬁ?)(w)%(w)EB,E;g*ZI%‘?w’@[B’ E] dowdo.
O

To prove Theorem 1.3, we will bound the expression on the right-hand side of (6.1)
using the techniques of [17] recalled in Sect. 2. On first reading, the reader may
again wish to consider the case when V' is white in time, so the tilting of the Markov
chain can be ignored and B and B are simply Brownian motions. The key idea is
that with high probability, the only contributions to exp { ﬂzﬂg_zt[B, B]} come
from times close to 0, so the expectation of (6.2) “almost” splits into a product
of the expectations of &F,[B] and <§’,fw[§]. Since the Markov chain has effective
diffusivity a, each of the latter expectations is approximately 0. (In the white-in-time
case, a = 1, and each of the latter expectations is exactly 0.)
Our first lemma is that the correction ¢ appearing in (2.12) does not matter.
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Lemma 6.2. We have

lim )EB,E’;S*ZI fio, LR B] EW,W%?Q),J)[W, VT/]‘ =0.

e—0

As this lemma is a technical point, we defer its proof to the end of this section.
Now we note that, for r, 7 > 0, we have

exp {ﬂ%@n;[W, W]] - aa—r [(,32 /0 R(t — 7, W, — W;)dt)
exp |2, W, W1} |
= 2.5 W, Wiexp | B2%.:W. W1}, (67)

oror

where

2,5 IW,. W] = B*R(>r — 7, W, — Wr)
+8* / R(t — 7, Wy — W5) dr/ R(r— %, W, — W;) di6.8)
[F=2.r] [r=2.7]
‘We note that, for each r, 7,
D, : (W, W] >0 (6.9)
almost surely, since R was assumed nonnegative. Now if we define the shorthand
oW, W1 = & IWIE S IW],

then we can write

By 5 5IW, W1 = rvé” SW W]exp{ﬂz%—zt[w, VT/]}
. exp {ﬁZ%,,;[W, W]} dr d7. (6.10)

The next lemma gives an estimate for the contribution to the integral (6.10)
from each r, 7. The key point is that, if B is a Brownian motion with diffusivity
o2, then exp {io - B, + 3to2|w|?} is a martingale. Since W is converging to a
Brownian motion with diffusivity a, the contribution to the integrand in (6.10)
from é’t’fw’(b[W, VT/] should be small except for the contribution from time interval

[0, r Vv 7], on which the term exp { ﬁ%%’r,;[w, VT/]} could have an effect. But for
fixed r, 7, this time interval is microscopic, and thus does not contribute in the limit.

Lemma 6.3. For fixed r, 7 > 0, we have

tim By 57, oLW. W12,71W. Wiexp {22, ;1. W1} = 0
e— ’
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Proof. In this proof we will treat r and 7 as fixed, and suppress them from the

notation of the objects we define. We abbreviate 0; = o JW’W from (2.15) and recall
the definition (2.16) of k. Let jo € {j > 0| 0; > r vV 7} and let the o-algebra F,
be generated by the collection of random variables

{UZV,W |n <o Ufw, |n <ol U{w, | n<ojl,
with notation as in Theorem 2.1. We note that the random variable
2,1, Wiexp {8, 1W, W1}
is Fj,-measurable. Therefore, we have
Ew,Wéarg;w,a)[Wv W12, : (W, W]exp {ﬁzﬁri[W, VT’]]

= EW,W (EW,W [éazgww[w W1 | Fio] exp [/32=%7’r,7[W, VT’]} 2,7 [W, W])

Ew,ﬁ/ (eiw.ngOEW [eiw.awg_szjo) | 7] - ef%allwlz) ,
) (eia).gﬁ/jo]’ﬁw [ei@.g(Ws,zt—VT/jO) |-7:jo] _ e—%mw?) 2, ;IW. W1
- exp [ﬁzﬁr,;[w, W]] . 6.11)
Observe that
IEW [eiw-a(wg,zl—wjo) ’}—jo] _ IEW [eiw.a(wg,zz—wjo) ljol — e_%“”‘”'2
almostsurely ase — 0by Proposition 2.4, and similarly for & [ei"a'g(wfzr_wfo) EaNE

In addition, we have

el@e Wi 1

almost surely as ¢ — 0. The statement of the lemma then follows from the bounded
convergence theorem applied to (6.11). O

Now we upgrade the pointwise convergence to convergence of the integral.
Lemma 6.4. We have
lim By, .75, o [W. W1 =0.
Proof. Using (6.9), we have
‘]EW,VT/gfw,(I)[W W12, :[W, W]exp {ﬂzf%f[W, VT’]H < 4By 72, W, W]
exp | 20, 51W, W1}

Using (6.7), we have that

q rq . - ~
/ / By 72, W, Wlexp {,82%’,,;[W, W]} dr dF
0 0
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=By oxp {B2,qlW. W1} < By exp | 2% IW, W1} < o0,

where the last equality is by Proposition 2.5. The dominated convergence theorem
applied to the integral (6.10), in light of the pointwise convergence established in
Lemma 6.3, then implies the result. O

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Combining Lemmas 6.2 and Lemma 6.4, we see that the
integrand in (6.1) converges pointwise to 0 as ¢ — 0. On the other hand, by
Proposition 2.5, as long as 8 < fo, there is a constant C so that

EB,B;&*%'Q{&O@[B, E] <C

independently of ¢, w, ®. As ug € C¥ (]Rd), the dominated convergence theorem
and (2.8) imply that

Elu(t, x) — W (1, x)u(t, x)|> = 0

ase — 0. O

It remains to prove Lemma 6.2.

Proof of Lemma 6.2. We have

=~ . ~ s
]EB,B;S‘ZI’Q{t;w,&)[B’ B] = ]EB,B;s

&
2% 0,0

(B, B]exp {ﬂzﬁg_zt[B, E]}
= ]EW,Wg[wLs*ztj—ﬂg[d{gﬂq_ﬂgﬁw@,[W, W]
“exp [ﬂz%—z,[W, W]} : (6.12)

Let y € (0, 2) be arbitrary. Then

]EW,W

- exp 1,82%5—2(,_8;/) (W, W]} ‘

& ol W WIexp { B2 W. W1} = 67, 5lW. W]

—&V0,0

=Eww

B W, W1 = 85y o IW, W1 exp | 28,2, W, W1}

—&’ 0,0
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+Ey |67

vea)

(W, W]‘ ‘exp{ﬁ R, [W, W]}

—exp {,B Bren ]| 6.13)
We begin by addressing the first term of (6.13). By (2.18), we have
Ew leW,—, — 8W672(t_£y)|2 < Ce?,
which in particular means that

llm 8W -2y — 8W872(1—87) =0 (614)

e—0

in probability. The same statement of course holds for W. We then have, using
Holder’s inequality, that for § > 0 sufficiently small there is a constant Cs so that

tim By, 65, oW, W= 600

S, W]‘exp[,B R, [W, W]}
0

< Cs lim (EW W
e—0

~ 11/8+1
SIW W =&, SIW, W]’ ) —

by Proposition 2.5 and the bounded convergence theorem in light of (6.14).
Finally, we consider the second term of (6.13), which is easier. Here, we have

lim ]EW W
e—0

—exp {,329? “2—en)[W, VT/]H
< 41im ‘exp{fﬂ%’ LW, W]}—exp{ﬂ Borp_ony[W, W]H =0
(6.16)

—&Vw,0

(W, v"t?]‘ ‘exp {ﬂ%@g_zt[w, ﬁ/]}

by the dominated convergence theorem, again in light of (2.18). Applying (6.15)
and (6.16) to (6.13) implies that

(W, W]

—&V0,0

W, W]exp{ﬂzﬁ (W, W]} &

e—0

exp [ﬁ%@,z(,_ay)[w, W]H ~0. 6.17)

Combining (6.12), (6.17), and Lemma 2.8, and recalling that ¢ is bounded from
above and away from zero, completes the proof of the lemma. O
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7. The Second Term of the Expansion

In this section we will prove Theorem 1.5. We first introduce some notation.
Fix y € (1,2) and ¢ > 0; all constants in this section will depend on y and 7. We
define a discrete set of times

0 k=0;

= 7.1
T e (et — (k—1)) k>0, .1
and set
Kf
IEB] = Z(sBrk+l — &By,) - Vu(t — &y, eBy,), (7.2)
k=0
with
Kf =%t (7.3)

The next lemma gives a Feynman—Kac formula for the corrector u5 defined in
(1.27).

Lemma 7.1. We have
1 _
i (1,2) = ~Ej exp [ViarB1 = 2672 7711, (7.4)

Proof. The Feynman—Kac formula applied to (1.25), in the same way as (5.13),
gives the following expression for the solution 6; (s, y) to that equation:

s—e 7 (j—1) r
Qj(s,y):E%/ ! exp{/ [BV(s—r, BT)—k]dt}V\If(s—r, B,)dr
0 0
s—e7V(j—1) s
=]E§v§|g:0/ exp{/ BV (s —1, Br+H(r—r)$)—k]dt} dr
0 0
= Ve |z=0E} exp {/0 [BV(s —7,B: + (T A(s — eV (j — D)E) — Al df} )

where H is the Heaviside function. The Girsanov formula then yields

0j (s, y) = Vele=oEy exp {#%[B] — As + (Bs_e—v(j—1) — ) - &
s—e V(=1
> €] }
=Ey(By_s—v(j—1) — ¥) exp {#[B] — As}.

Given this expression for §;, we can then write the Feynman-Kac formula for
(1.26):
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s—eVj
uj(s, y) = Egexp {/0 [BV (s — 7, Br) —Aldt { 0; (77 j, By_e— )

-Vi(e* j, eBy_cv )
=By (Bs_e—v(j—1) — Bs_e—vj) - Vi(e* 7V j e By o)
-exp{7;[B] — As}.

Finally, by (1.27) we have

—1

wi(t,x) =ui(e 7, e '),
where
Le”s]
ur(s.y) = > ER(By_ov(j—1) — Bygv;) - Vit(e* 7 j. By )
j=1

-exp{%[B] — As}
+ Ep(By_o—vevs) — ¥) exp{ [ Bl — As) - Via(e?s, ey)

Le7s]

=By exp{%4[B] = As} Y (By,, — By) - Vi(e(s — 1), £By),

k=0
with ri defined in (7.1); this yields (7.4).

Next we consider the error term
q®(t, x) = u(t, x) — (1, \)u(t, x) — euf(t, x).

Combining (6.4), (6.6), and (7.4) gives the expression

g (t,x) = B " [ug(eB,2,) — (t, x) — IE[B]] exp {7/5_2,[13] - As_zt} :

with expectation

Eq° (1, x) = %2 E5, %, [ug(eBya,) —u(t, x) — F7[BIl.
Taking covariances, we obtain
Eq°(t,x)q®(t, %) — Eq° (1, x)Eq* (1, X)
~.—1 —1
= X% By 7, (uole Byay)
—u(t,x) — FE[BD)(uo(e By—;) —u(t, ¥) — ZF[B])-
: (exp {/32%—%[3’ E]} - 1)
2a oy Sl lE
= e“% ZIE;/,%/S T(up(eW,o—2,)

— (1, x) — FEWD (uog(eW,2,) — (1, x) — FE[W])-
. (exp {ﬂ%%gle[w, VT/]} - 1) Gw 20y 1D 2y ]

(7.5)
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In the last equality of (7.5) we used Theorem 2.1.
In line with the framework of Sect. 2, we will proceed to approximate the times
rx by nearby regeneration times of the Markov chain. Thus, we define

oV(k) = (72 ) Amin{r > ri | 0V =1}, (7.6)

where 1V is as in Theorem 2.1. Before we begin our argument in earnest, we record
bounds on the relevant error terms. Put

Y= max (" (k)—r0), F@)= max W — W,
0<k<K{ ref0,e=2t—1]

Z=¢"2F(s7" +7).

Lemma 7.2. We have constants 0 < ¢, C < o0 so that, for all € > 0, we have

Pw(Y > C|loge| + &) < Ce %, (1.7)
Py (F(Y) > Clloge| +£) < Ce™, (7.8)

and
Pw(Z > C|loge| + &) < Ce™°%. (7.9)

These bounds are simple consequences of the regeneration structure of the
Markov chain described in Sect. 2 and of [17, Lemma A.1]. We begin our approx-
imation procedure by replacing the deterministic times r in the definition (7.2) of
Z by the regeneration time approximations.

Lemma 7.3. Let

K
IEIWL =D (Wow sty — eWowy) - Vi — e20 Y (k). e Wyw ).
k=0
(7.10)

Forany 1 < p < ocoandany { < y — 1 there exists a constant C = C(p, ¢, t, ||ug
lc2(ray) < 00 so that

By 175w - FEwP) 7 < cef (7.11)
Proof. We have
K
W) = FEW) = Y[ @Weyo, — W) - VA — 2, W)
k=0

_(SWO'W(/{+1) — SWJW(I{)) . Vﬁ(t — 82UW(k), SWOW(k))] s

hence
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K
|TEIW] = FEIWI < D 1EWr1 = eWi) — (6Wow pry — EWpw )] -
k=0
AVu(t — e%re, e W)
Kf
+ D NeWow g1y — EWpw el - IViE(t — &2rp, Wy,
k=0
—Vii(t — &>V (k), eWyw ). (7.12)

‘We bound above the first term on the right-hand side by

(EWreyy —eWr) — (€Wowiyry — eWow)l - [Vu — %rp)|
<2F(Mellullct ey, (7.13)

and the second by
leWow g1y — EWow gl - IVE(t — &2, eWy) — VI(t — 20" (k) e W,ow )]

<eF(Y +& V)il cogay (€Y +eF(Y)) = ' V2 Z|it]| c2may (> + e F(Y)).
(7.14)

Combining (7.12), (7.13), and (7.14), and recalling the definition (7.3) of K?, gives
us

|ZEIW] — FEW]| < e” % [2F(Y)8||ﬁ||cl(Rd) + &' TP Z Il o2 gay (7Y
+eF(Y)],
which, in light of Lemma 7.2, implies (7.11). O

Lemma 7.4. Forany power1 < p < 00, thereexistsaC = C(p, 1, &, ||uollc3gay) <
00 so that

- ~ 1/
(]ngl)‘ |uo(e W) — T(t, x) — J’f[W]V’) "<cst (7.15)

forany ¢ <1 —y/2.

Proof. To ease the notation, in this proof we will abbreviate o = V. (Recall the
definition (7.6).) We write the Taylor expansion

it — 20k + 1), eWor1y) — it — 20 (k), eWo i)
= —e* ok + 1) — o (k)ut — 20 (k), eWo ) + £ Wois1) — Wor))-
VIt — 20 (k) eWo ) (7.16)
+ %SzQﬁ(I — %0 (k), eWo ) Wo 1) — Woky) + ZLIW],

where Qu(¢, x) is the quadratic form associated to the Hessian of u at (z, x) (so
Qu(t, x)(V) = Hessu(t, x)(V, V)) and %[ W] is the remainder term. By Taylor’s
theorem, we have
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|@MWNscwﬁmaw)Gﬂa@+ﬂ)—ownﬁ+§wnwﬂ)—wz@P)
(7.17)

Note that the second term of the second line of (7.16) appears in the definition
(7.10) of .#7. Thus, we can telescope the left side of (7.16) to obtain

Kf
TEW] = ug(eW,2) = 1(t = £20(0), 6Wo0)) + Y (> ZELW1+ W)
k=0

(7.18)
where
ZiWl=(ck+1)—0o(k)ou(t — sza(k), eWow))
—%QMt—ﬁowszamxwzmH>—wzm)

=(ok+1)— a(k))%aAﬁ(t — 20 (k), eWow))

| B
—EQu(t — &% (k), eWo ) Wo (1) — Wok))-

We now deal with each piece of this expression in term.
The drift terms. We first define

~ _ ~ 1 5
Zi =Gk +1) —6(k)sanu(t — o k). eWo )
1
—5 Qi = &% (k). eWo 1) Wty = W)

where 6 (k) = min{r > ry | nfv = 1} differs from o (k) by not being restricted to

be less than £ ~2¢. Using the relation (2.17) between the effective diffusivity a and

the variance of the increments Waw1 — W, w, as well as the isotropy of W, we see
n+ n

that
Ew 2:[W]1=0 (7.19)
for each k. We also note the simple bound
| 2K W] < all@lle2 gy + Y) + [Tllo2ay (Fe™7 + Y))?
< allillergay(e™" +Y) + [[ullc2rare ™7 Z2.
Therefore, by Lemma 7.2, we have
Ew| 2:[W1)P < Cs™FE (7.20)

for any £ > y. We further define

4
My =7 ZlWl.
k=0
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For each ¢ > 0, define Gy to be the o -algebra generated by {W; | t < o (£)}U {ntw |
t < o(@)}. Then, according to (7.19), {M,} is a martingale with respect to the
filtration {G,}. An LP-version of the Burkholder—Gundy inequality as in [9] (see
also [3, Theorem 9]) implies that

€ 1/p
K
~ 1/p N o~
(Ewlemi17) " = ce? | (k7 + P2 Byl Zawilr | < cef
k=0
(7.21)

forany ¢ <1 —y/2, where in the second inequality we used (7.3) and (7.20).
On the other hand, we note that Z;[W] — Z%[W] can be nonzero for at most

one k, so we have

K¢ o

D (ZidW] = ZiWD)| = max | 2 W] — 2 W]| < Cllillc2 e ™2,

k=0 B
SO

K¢ p\ U/p

Ey [¢* ) (2W] = Zi WD) < Cef (7.22)
k=0

forany ¢ <2 —y/2.
The error term. By (7.17), we have a constant C so that

K7 K7
S #WI| = Clilesgay Y (1o +1) = 0 ()
k=0 j=0

+HeWo 1) — 8Wa(k)|3)
< Cllll s gy KE <84(£_V LY eF(e + Y)|3)
< Cllullcsra) (52_’”(1 +e"Y)* + 51_”/223) :
so by Lemma 7.2 we have

K;:” p l/p

Ey Z a0 < Cet (7.23)
k=0

forany ¢ < 1—y/2.
The initial term. Finally, we observe that

e

~ 1/p
(Ew(é‘zO'(O) + 8|WU(0)|)”> < Cef (7.24)

— 2 = p\1/p _
w(t — 6%0(0), W, (o)) — i(t, x) < [#ller gy
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forany ¢ < 1—y/2.
Applying the bounds (7.21), (7.22), (7.23), and (7.24) to (7.18) gives us (7.15).
[m]

Corollary 7.5. For any 1 < p < ocoand ¢ < (y — 1) A (1 — y/2) there exists
C =C(p,t,¢, luollcswray) so that

- 1/
(B oW, — e, ) — 7 w17 ) " < cef

Proof. This is a simple consequence of the L? triangle inequality applied to the
results of the last two lemmas. O

We will also need the following auxiliary lemma:

Lemma 7.6. There is a fo > 0 so that if x > 1, B > 0 are such that x> < ,33,
then there is a constant C = C(x, B) < 00 so that for any ¢ > 0 and x, X € R?2
we have

d-2
eIy, e 1% 2 (17 X €
B (exp{ﬂ R [W, W]} - 1) <cC <|x — " 1) .

Proof. Since Z%;[W, VT/] > (), we have

1=

<P e (g (W, W > 0)

A
~ —1 —1 = ~
x o osup B [exp (a8 IW, W1
r>0,Wli0.r1,Wlio.r] ’
| Wlo,r1: Wlio.m]

d—2
<C SN Al
|x — x|

by Proposition 2.10 and Proposition 2.5, as long as x° is sufficiently small. O

Proposition 7.7. Forall xy > 1, < (1 —y/2) A(y — 1), and t > O, there exists
a constant C = C(x, ¢, 1, |ull¢3 ray) so that

- - L =42 prqd2
|Eq®(t, x)q°(t, %) —Eq°(t, x)Eq° (1, %)| < Clx =X « &= x .

Proof. Take p > 1sothat1/x +2/p = 1. We go back to (7.5) and apply Holder’s
inequality, as well as Corollary 7.5 and Lemma 7.6, to get the bound

|Eq® (1, x)q" (1, %) — Eq® (1, x)Eq° (1, %)|

2/p
~ 1 _
< 191% <Sup EYy *luo(eWy—2,) —u(t, x) — /f[W]I”>

xeRd
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X ([Eé‘f/;’l%,gfli (eXp {IBZ%E—ZI[W, W]} _ 1))()1/)(

d=2

§C82§ £~ T.
|x — x|

We are finally ready to prove Theorem 1.5.

Proof of Theorem 1.5. By Proposition 7.7, we have, for any { < (I — y/2) A
(y — 1) and any x > 1, that

2
g~ @2 (/g(x)qg(t, x)dx — E/g(x)qg(t, x) dx)
= / / ()8 () [Eq® (1, 1)q° (1. F) — Eq° (1, 0Eq" (1, 9)] dx d
< Ce@-D0/x-D+2 //g(x)g()?)pc —i7F dxdi.

The integral in the last line is finite because g is smooth and compactly supported.
Now by taking x sufficiently close to 1 and reducing ¢ slightly, we achieve (1.28).
]
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