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Abstract

In this work we consider the Landau—de Gennes model for liquid crystals with
an external magnetic field to model the occurrence of the Saturn ring effect under the
assumption of rotational equivariance. After a rescaling of the energy, a variational
limit is derived. Our analysis relies on precise estimates around the singularities and
the study of a radial auxiliary problem in regions, where a continuous director field
exists. Studying the limit problem, we explain the transition between the dipole and
Saturn ring configuration and the occurence of a hysteresis phenomenon, giving a
rigorous explanation of what was derived and simulated previously by [H. Stark,
Eur. Phys. J. B 10, 311-321 (1999)].

1. Introduction

Liquid crystals represent a state of matter with properties intermediate between
liquids and crystalline solids. They are commonly referred to as rod like molecules
(although there are others, for example disk shaped molecules) whose positional and
orientational order may vary within space, time and parameters such as temperature.
For a general and complete introduction, we refer to [5,24]. Depending on the
alignment of the molecules and its symmetries, liquid crystals are generally divided
into nematic, smectic and cholesteric. Due to their unique properties, liquid crystals
exhibit remarkable structures and applications; see for example [37,41,46].

From a mathematical point of view, several models have been introduced to
study the phenomena arising from liquid crystals [9]. Roughly speaking, the Oseen—
Frank model describes liquid crystals by a unit vector field n, which represents the
preferred direction of the molecules at a point, averaging the fluctuations of the
molecules. A peculiarity is, that in practice, we do not distinguish between n and
—n, so that n should rather take values in a projective space R P2 to avoid problems
with orientability.
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In order to represent local averages of the directions of the molecules, one gets
an additional degree of freedom. Models describing the liquid crystal with such a
variable include for instance the Ericksen model [25], [52, Ch.6]. The Landau—de
Gennes model goes one step further by using the idea to describe the arrangement
of a liquid crystal by a probability distribution p on the sphere of directions, taking
into account that opposite points have the same probability. Then the first moment
vanishes and the (shifted) second moment Q is a symmetric traceless tensor, which
is used to model p. This allows to incorporate both the Oseen—Frank and Ericksen
model into the Landau—-de Gennes model. A more detailed introduction to the
various models and even for more refined generalizations of the Landau—de Gennes
model, for example the Onsager model or Maier—Saupe model, can be found in
[8,53]. For the challenges and a comparison of the mentioned descriptions, see
[10-12,17,48]. In general, it is difficult to give precise descriptions of minimizers
of the energy functionals associated with one of the models explicitly, except in
some very special cases such as in [56] or for the radial hedgehog solution in [42].

Mathematically speaking, liquid crystal theory shares several techniques and
results with other subjects, for example the Ginzburg—Landau model in micromag-
netics, [15,32,35]. Also, parts of the description, such as function spaces [7] and
liftings [34,44], Q—tensors [16,45], the formation of topological singularities [51]
or similar energy functionals [22,49], are of interest in a more abstract setting.

One interesting pattern one can observe in liquid crystals is the so called "Saturn
ring" effect. Under certain circumstances the defect structure forming in order to
balance a topological charge on the surface of an immersed object in liquid crystals,
takes the form of a ring around the particle, see [1,2,33,46]. Also more exotic
structures such as knots are possible; we refer to [46] for an overview. In addition,
an electromagnetic field can be used to manipulate the occurrence of a Saturn ring.
While this is known in physics for several years [4,27-29,39,40,55], there are
only few mathematical results [3]. Starting from the Landau—de Gennes model,
an equilibrium configuration is found by minimization of the dimensionless free
energy

1 1 1
£,6(0) = /Q SIVOR + £5/(@)+ 4(0) +Coe. ) d

under suitable anchoring boundary conditions. Here €2 is the region filled with the
liquid crystal, in our case the complement of the unit ball, thatis & = R3\ B;(0) and
Co(&, n) is a renormalization constant such that the energy is finite. The first term
is the density for the elastic energy, while f is a potential inducing a force which
tends to push the material into an ordered state. The parameter £ describes the ratio
between elastic and bulk energy. We are going to consider the limit of £ converging
to zero, which can be interpreted as the limit for a large particle. The effect of an
external magnetic field is described by the function g, with the parameter n coupling
the field to the elastic and bulk energy densities. We will consider a regime where
also n — 0, not much slower than &. In our limit of £, n — 0, Cp converges to
zero. To complete our model, we impose a strong anchoring boundary condition on
0<2 that corresponds to a radial director field n = e,. With £ and n converging to
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zero, we can consider different regimes regarding the relative speed of convergence
of both parameters.

1. The case of strong fields n|In(§)| <« 1, where we expect to observe a Saturn
ring was treated in [3].

2. The case n|In(§)| ~ 1, where the transition between dipole and Saturn ring
takes place is precisely the purpose of this paper.

3. In the case n|In(§)| > 1 we expect only dipole configurations, see Remark
3.3.

Our work is organized as follows: in the first section we define the different parts of
the free energy carefully, establish fundamental properties and discuss their effects
in the minimizing process.

The second section contains the rescaling and states our main theorem, a sort of
I'—convergence result in a sense that will be precised later. We will prove, that in the
limit n, & — 0 in our regime and under the assumption of rotational equivariance,
the model reduces to a simple energy stated on the surface of the sphere S* = 9%,
of the form

Eo(F) = 2s4c4 / (1 —cos(9)) dw + 2544 / (1 +cos(f))dw + %SmeXFI(Sz) ,
F Fe

where sy, ¢, > 0 are parameters depending on f and F C S? is a set of finite
perimeter that can be seen as the projection of the region in which a lifting of
Q from RP? to S? exists and the orientation at infinity agrees with the outward
normal of dBj. In the same spirit, F¢ stands for the region where the lifting has
the opposite orientation and | D xr|(S?) denotes the perimeter of F in S?. In the
above expression, 6 stands for the angle between a point @ on the sphere and e3.
We see the latter perimeter term as representation of a defect line. It tells us that
switching from one orientation to the other comes with a cost, depending on the
balance between the forces (modelled by ), s, which is related to the liquid crystal
properties, ¢, which depends on the interaction between magnetic field and liquid
crystal and the length of the defect line. This is the result we are going to prove in
the next two sections.

Section 4 is divided into three parts. We first show that the energy bound implies
the existence of only a finite number of singularities if we are at some distance from
the e3 —axis. The main idea will be to replace our functions 9, ¢ by the minimizers
of approximate problems and then use the higher regularity to derive a lower bound
on the energy cost of a singularity. The energy bound then implies that in fact only
finitely many singularities can occur. Next, we provide asymptotically exact lower
bounds for the energy near those singularities. Then, the radial auxiliary problem
is introduced. Given a ray from the surface d€2 to infinity such that Q, ¢ is close to
being uniaxial with prescribed scalar order parameter, we can explicitly calculate
the energy necessary to turn along the ray from our boundary conditions to the
preferred configuration parallel to the external field in £e3—direction. Combining
the results, we are able to prove the lower bound part of the main theorem.

The construction of a recovery sequence is made in Section 5. We use our
knowledge about the interplay of the three parts of the energy to define approximate
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regions close to the particle in which the energy of the first two terms of & is
concentrated and Q is uniaxial. Here we profit from the exact formula of the optimal
profile from the radial auxiliary problem. Apart from these regions, we construct
the singularities that give rise to the perimeter term of &.

The remaining section deals with the limit energy. We calculate the minimizers
(depending on ) and compare their energy with that of a dipole and a Saturn ring at
the same B —value. We find that by varying § a hysteresis phenomenon occurs. Our
findings rigorously explain known numerical simulations and physical reasoning
in [38,50].

2. Scaling, Definitions and Preliminaries

Starting from the one constant approximation of the Landau—de Gennes free
energy [47, Ch. 6, Secs. 3-4 and Ch. 10, Sec. 2.3] (see also [23, Ch. 3, Secs. 1-2])
in Q,, = R*\B,,(0) we find that

— L 2_ %0t - Puion 4+ € 22 _ 1 .
Q) = /Qro 5 VO = Str(Q7) — 2tr(Q7) + 2 (r(Q7)” — Sx.HOH: Qdx,
ey

where the last term is added to the Landau—de Gennes model to incorporate the
effect of the external magnetic field H. The length rg is the particle radius, the
parameter L is the elastic constant, a, b, ¢ are the bulk constants depending on the
liquid crystal material. They can be temperature dependent, although it is usually
assumed that only a has a linear dependence, thatis a = ao(T — T) for a reference
temperature T, [45]. However, this case will not be discussed here. As already
noted, H is the magnetic field, which we choose to be parallel to e, thatis H = he;3
and yx, denotes the magnetic anisotropy. See [31] for more details on the modelling,
in particular how magnetic fields differ from electric and gravitational fields.

In order to be able to work on a fixed domain, we apply the rescaling 2 := 0 Q,O
and X = x / ro. We introduce the new functlon Q(x) Q(rox) = Q(x) and
V= Vi = V Furthermore, we write @ = ¢ and b= Q . Then

_ L_rg ~2 3 é ~2 é ~3 l 2012
S(Q)—/Q 2rgval +ryc (—2tr(Q ) — 3tlf(Q )+4(tr(Q )

1 ~
— Exahzrg Q33dx.
Dividing by Lrg, we can define

- i~ b~ 1~ 1 ~
EQ) = / IVQ|2+(—;tr(Qz)—Str(Q3)+4(tr(Q2))2)—anssdi, (2)

52
where we introduced the new dimensionless parameters & = /Cr% and n =
0
ZXLThZ. We choose the coefficients a, b to be fixed from now on, which cor-
arQ

responds to choosing a material and keeping the physical system at a constant
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temperature. For a common liquid crystal material such as MBBA at a temperature
of 25°C we roughly find a ~ 2.4, b~ 1.8 [47, p. 168]. The analysis and par-
ticularly the constants in the estimates that appear in the following will generally
depend on f and thus on @ and b, even if we do not explicitly state this dependence.

We are interested in the limit n, & — 0. In the standard Landau—de Gennes
model, § — 0 can be interpreted as increasing the particle radius (see [30] for a
detailed discussion). We impose the asymptotic relation n|In(§)| — B € (0, c0)
which can be seen as a coupling of the parameters ry and %, that is slowly decreasing
the field strength /2, while increasing the particle radius in a way that keeps the
system in a state where both Saturn ring and dipole configurations are likely to
appear.

It is convenient to introduce a constant Cq in the integral of (1) to obtain a
non-negative energy density. In our case, this constant depends on & and 7, but
tends towards a constant independent of those parameters as &, n — 0. We will
discuss the issue later in this section.

From now on, we will only consider the rescaled model and thus drop all tildes in
our notation. We continue this section by giving precise definitions for the function
f modelling the bulk term and quantities mentioned in the introduction. We will,
furthermore, introduce a more general function g for the magnetic term in (1).

Definition 2.1. We denote by Sym,, the space of symmetric matrices with vanishing
trace

Symg :={Q e R¥3: 0T =0, u(Q) =0},

equipped with the norm |Q| = tr(Q?). Furthermore, for a, b,c € R, b, ¢ > 0,
we define

b
(@) =C-— %tr(QZ) - S0 + 2 (tr(Q?)?2. 3)

As we stated in the introduction, the definition of Sym is motivated by the
second order moment of a probability distribution p on a sphere. The symmetry
between +n reads p(n) = p(—n) for all n € S?, that is the expectation value of
n vanishes, sz ndp = 0. The second moment sz n ® ndp is symmetric and has
trace 1. From this we subtract the second moment of a uniform distribution on S2,
thatis p = % to get the symmetric and traceless tensor Q.

The specific form of the function f comes from the requirement of being invari-
ant under rotations. Indeed, assuming a polynomial function f and demanding
frame indifference for the bulk energy (and of course for the elastic energy) we
find that f has to satisfy f(Q) = f(RTQR) for all R € O(3). This implies that
f is the linear combination of tr(Q?), tr(Q?), (tr(Q)%)?, tr(Q*)tr(Q3), tr(Q?)?,
tr( Q3)2, etc (see [8, Lemma 3]). Itis convenient to consider only the first three terms
although one could in principle add more. The constant C in (3) is chosen such that
f is non-negative and vanishes on uniaxial Q—tensors of a prescribed scalar order
parameter (the set A in Proposition 2.2 below). This is the main property of f one
should keep in mind during our analysis.
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Proposition 2.2. (Properties of f) There exists a constant C such that f given by
(3) satisfies

1. f(Q) 2 0 forall Q € Symy and mingesym, f(Q) = 0. Let

N = {s*<n®n—%ld> :neSz} ,

where S> C R3 is the unit sphere and s, = % (l; + Vb2 +24Ez). Then

N = f~Y0) is a smooth, compact, connected manifold without boundary
diffeomorphic to RP%. The constant C can be explicitly be calculated as

_ a2, 23 _ 1.4
C=35s;+ 55; 5% ' ‘
2. Furthermore, there exist constants 8¢, y1 > 0 such that if Q € Sym, satisfies

dist(Q, N) < 8y, then
Q) = y1 dist?(Q, N) .

3. There exist constants Cy, C > 0 such that for all Q € Sym,

2 2
Q) >C1<|Q|2— 585) . Df(@:0ZzCiQ'-C.

Note that all constants appearing in the above proposition are depending on a and
b.

Proof. A proof of the first statement can be found in [44, Proposition 15]. For the
second result, we refer to [20, Lemma 2.4 (F>)]. The last assertions follows by
elementary calculations as in [20, Lemma 2.4 (Fp)]. O

The last two statements are of technical nature. The third property is used to
establish L°°—bounds in Remark 3.2 and Proposition 4.4 and to establish Propo-
sition 2.4 and Proposition 2.6. The estimate in 2. simply states that one can think
of f as being quadratic close to its minimum which is attained on N. The first
statement gives an interesting connection between f and the space Sym,. In fact,
N plays an important role in our analysis as it will allow us to identify Q and +n
and thus give a intuitive meaning to Q. This is formalized in the next proposition.

Proposition 2.3. (Structure of Sym,))
1. For all Q € Symy, there exist s € [0, 00) and r € [0, 1] such that

Q=s<<n®n—%Id)—kr(m@m—%ld)), 4)

where n, m are normalized, orthogonal eigenvectors of Q. The values s and r
are continuous functions of Q.

2. Let C ={Q € Symg, : A1(Q) = A2(Q)}, where we denoted by \y, Ay the two
leading eigenvalues of Q. Then

C={0Q € Symy\{0} : 7(Q) =1}U{0} and C\{0} =RP?xR.
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3. There exists a continuous function R : Symy\C — N such that R(Q) = Q
for all Q € N. In particular, Symy\C and N are homotopic. The map R
can be chosen to be the nearest point projection onto N. In this case, for all
0 € Sym\C decomposed as in (4), R is given by R(Q) = ss(n ® n — %Id) .

Proof. The first part follows from [19, Lemma 1.3.1] for s = 2A; + A> and r =
(A1 + 2A2)/s, where A1 = Ay are the two leading eigenvalues of Q. The second
part is a consequence of the definition of s, r in terms of the eigenvalues and [19,
Lemma 1.3.5]. The last part is a reformulation of Lemma 1.3.6 and Lemma 1.3.7
in [19], together with Lemma 2.2.2. |

The decomposition (4) provides us with a very useful tool to perform calcula-
tions, for example in Proposition 4.16, Proposition A.1 or Proposition A.2. In the
second statement we introduce C, a subset of the uniaxial Q—tensor, sometimes
referred to as "oblate uniaxial" [26,43]. One can think of C as a cone over R P2. If
a Q—tensor is not oblate uniaxial, there exists a retraction onto A/ which coincides
with the nearest point projection and is given by the element of A corresponding
to the dominating eigenvector of Q.

In the remaining part of this chapter we are concerned with the magnetic energy
term, which will be modelled by a function g. We require g : Sym; — R to be of
class C? away from 0 and to satisfy the following properties:

1. The function g does not grow faster than f, that is there exists a constant C > 0
such that for all Q € Sym,

9IS Ca+121h, ®)
IDg(Q)I < C(1+10P). (6)

2. The preferred eigenvector of Q for g is e3 in the following sense: g is invariant
by rotations around the e3—axis and the function O(3) > R > g(RTOR) is
minimal if e3 is eigenvector to the maximal eigenvalue of R T Q R. Decomposing
Q asin (4) with n = e3 and keeping s and m fixed, then g(Q) is minimal for
r = 0. For a uniaxial Q € N, thatis Q = s,(n ® n — %Id) for s, = 0 and
n € S? we have

g(Q)=ci(1-m3). ()

3. There exist constants 81, C > 0 such that if Q € Sym,, with dist(Q, N) < §
for 0 < & < &1, then

18(Q) — g(R(Q))] = Cdist(Q, N). ®)

The first and last conditions are technical assumptions. The former allows us
to dominate g by f. This is necessary, since g may be negative. The latter states
the Lipschitz continuity of g in a neighbourhood of A/ in normal direction. The
second requirement contains the mathematical translation of the physical model.
The homogeneous magnetic field parallel to e3 should favour the alignment of the
dominating eigenvector of Q parallel to e3. Equation (7) expresses the compatibility
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of our Q—tensor analysis with the classical formulations for director fields. From
a mathematical point of view, it is possible to replace (7) by (7°)

g(Q) > cX(1 —nj), 7)

and to obtain a similar limit energy, see Remark 4.18.
We note that the functions g; and g;, defined as

2
21(0) = —s* — 03 and Q) = { V3 oe Symo\{‘)} ©)
0 0=
satisfy the above assumptions on g (see “Appendix”). The function g1 (with ci = Sx)
is the natural (physical) term to model a magnetic field [47, Ch. 10], we have used
it to derive our scaling in (1), the constant %s* being part of Cy. Another possible
choice is g, which is a useful approximaﬁon to g1 introduced in [27] and used

example in [3]. In this case ci = \/g

We finish this section by two propositions. Note that if g = 0 (for example in
the case g = g»), then both propositions are trivial. The first proposition shows that
under the above assumptions on f and g there exists a unique minimizer Qoo ¢ 5
of glzf(Q) + n—lzg(Q). This allows us to characterize a constant Cq (£, 1) such that
the bulk energy density becomes non-negative and vanishes only at Qo ¢, ,. The
second proposition expresses that if Q is close to A/ but the dominating eigenvector
n far from ez, then g has to be strictly positive.

Proposition 2.4. For &£, n > 0 with § < n, there exists a unique Qo g, € Sym
such that

1 1
Qoo,g,n = argmin f_zf(Q) + Fg(Q)’

QeSym,
given by S4,£2 /2 (e3®e3 — %Id), where |sy; — si| < Ct with s, as in Proposition

2.2. Hence, for Co(£,n) = —;—zf(Qoo,E,n) - n]—zg(Qoo,s,n) 2 0 it also holds true
that Co(§, 1) = C&%/n*.

Since S 82/ > Sx,0 = S« for £, 7 — 0 in our regime, we denote Q =
s«(e3 ® e3 — 51d).
In the physically relevant case of ¢ = g1, we have the expansion s, ¢2 /2 =

Sx + —ga bs*+ csz) lS2+O(E4)

Proof. Let Q € Sym be of norm %s* and let ¢+ = 0. Then we can estimate

1
2§2f(tQ)+ 2g(tQ)_ZEZCf(t —1)? - §(1+t4).
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2 C 2
So if we choose [t — 1] = 7y > 0 and 52 < 2Cf max, >, (tt4+11 , the above

expression is positive. Let || Q| — \/;s*| < § and dist(Q, ) > 8. Then f(Q) =
Smin := min{f(Q) : Q € Sym, dist(Q, N) > §} > 0 and

: ( 4 > Jmn € 0,
@f 0) Fg(Q)_ZSZ 77_( ) >

for £2/n> < #J‘:ag) By invariance of f under rotations and property 2. of g
we know that a minimizer Q has the dominating eigenvector e3 or —e3 and has to
verify r = 0. This allows us to write Q; = s(e3 Q@ e3 — %Id) fors € (—C$, C9)
for a constant C > 0. Taking the derivative with respect to s in the energy of QO

we get

d 1/ 2 2, 4
§2f(Q3) + zg(Qs) = 5—2 —gas — §bs + §cs >
1 1

- ?Dg(Qs) : <e3 ®e3 — 5Id) =0.

We multiply by &2 and since | Dg(Qy)| is bounded and £ < 7 this equation admits a
unique positive solution corresponding to a minimum in the energy density, which
we call s, z2/,2. This gives the existence of a unique minimizer Qoo g,y and the
claimed representation. By a standard perturbation theory argument we get the
estimate |s,; — 5| < Ct.
Since s, z2/,2 —s«| £ CE%/n*, wehave the estimates f(Qoo.t.y) = C(E2/n%)?
and [g(Qoo,e. )| < Céz/n2 from which we get
54 2 ¢
Proposition 2.5. There exist a, §9 > 0 such that if 0 < § < &, then
min{g(Q) : Q € Symg with dist(Q, V) £ 8, |Q — Qool = av/8} > 0.

Proof. Let 0 < § < min{d;, 1}, where §; is from (8). Let Q € Sym, such that
dist(Q, N) < 8. We can apply (8) to g(Q) to get

2(0Q) = g(R(Q)) — Cdist(Q, N) = 2(1 —n3) - C8,

where n3 is the third component of the dominating unit eigenvector of Q, see
Proposition 2.3.
Since |Q — R(Q)| = dist(Q, N) < § and |n| = |e3| = 1 we can estimate

10 — Qool> £2|0 — R(Q)I* +2IR(Q) — Qo> £28% +252In®n — &3 @ e3°
<28% 4 4s2(1 —nd),

and thus

2 c2
8(0) 2 510 — Qwl? =4Cs = (50— 4C)s > 0.
Sk *
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if |0 — Qool = a8 for a > 0 large enough. In order to conclude, it
remains to choose 0 < 8y < min{d;, 1} in such a way that the set {Q €
Symg with dist(Q, N) £ 3§, |0 — Ol = a+/8} is non empty for all § € (0, 8p).

Setting §op = min{l, 81, _2} we have a\/— < \/>s* + & for all § € (0, §p),
that is the set is non-empty. O

As we have seen in Proposition 2.4, the minimizer Qo ¢, of the bulk term is
not part of A (which has order parameter s..). We will introduce a slightly modified

manifold \V; ¢ suchthat Qoo £ € N, ¢ and suchthatf(Q)+i—zg(Q)—i—EzCo(S, n)

controls the squared distance of Q to this new manifold, in analogy to f(Q) =
yidist?(Q, ) from Proposition 2.2.

Proposition 2.6. If 2 /n*> < 1, then there exists a smooth manifold N, n,e C Symy,
diffeomorphic to N such that

2

Q)+ %g(Q) +E2Co(E, ) = yr dist? (O, Ny e) (10)

for a constant y> > 0. In particular Qoo g,y € Ny . Furthermore, there exists a
constant C > 0 such that
52
sup dist(Q,N) < C (11)
QeN, ¢

Proof. We introduce the notation f, ¢(Q) for the LHS of (10).

Step 1: Definition of N ¢.Let Qo € N and { Py, P», P3} a orthonormal basis
of(TQOJ\/')L. Fort € R> we define F(Qo,t) := D, fe(Qo+11 P +1P,+13P3),
where D,, denotes the derivative normal to . From perturbation theory it follows
that there exists a 1y € R3 with |rg] < Ci—z such that F(Qg, t9) = 0. From
Lemma 2.4 (F)) in [20] we get that if P € Sym, orthogonal to Tp, N, then
P (sz(Qo))P > y||P||2. Hence, for Q; = Qo + t1 P1 + t2 P> + t3 P3 it holds
that

D,F(Qo,10) = D f(Qz)+$ D2g(0))

§

2
> D2f(Qo) — Clolld + 2 D0y = L

Id,
2
since ng is bounded in a compact neighbourhood of NV, |fy] < C i—i and i—z < 1.
By the Implicit Function Theorem we conclude that there exists a smooth function
¥ : N — R such that F(Qo, ¥(Qp)) = 0. Thus, Ny ¢ := {Qy : Qo €
Nandt) = ¥(Qp)} is a smooth manifold, diffeomorphic to A/. Furthermore,
since v is continuous and N is compact, we deduce that (11) holds.

Step 2: Control of the distance. Since £2/7? is small and fu,& grows faster than
the RHS of (10), we can use (11) and argue similar to Proposition 2.4 to deduce that
(10) holds if dist(Q, NV, &) = & for some small but fixed § > 0. Because of this, it
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is enough to show that (10) holds for all Q € Sym, with dist(Q, NV, ¢) < 8. For
such Q, we first define Qo = R(Q). Let Q1 € N, ¢ be the element corresponding
to Qo according to step 1. Then Q — Q1 € (T, N )* and by Taylor expansion it
holds that

Fe(0) = f.6(01) + Dy f6(Q1) : (Q — Q1)
1
+;Q—QowﬂnaQMQ—Qo—CMQ—Qm.

Note that f; £(Q) = 0 and by construction D, f;, £(Q1) : (Q — Q1) = 0. Evoking
again Lemma 2.4 in [20], we get

e @z (5 —co)io-oi.

Choosing § > 0 small enough there exists a y» > 0 such that % —C§ 2y >0
and since dist(Q, V&) =< |Q — Q1] (10) follows.

From Proposition 2.4 we know that f; ¢(Qco.t,,) = 0 and hence by (10) it
follows that dist(Q oo .y, Ny,e) = 0, thatis Qoo g € Ny z. m

3. Statement of Result

From equation (2) and using the notation introduced in the last section, we write
our energy

1 1 1
Ene(Q) =/Q§|VQI2+g—zf(QH-Fg(Q)ﬂLCo(S, n)dx, 12)

which is the dimensionless free energy that was announced in the introduction. The
natural space for this energy to be well defined is H'!(Q, Sym,) + Ooo,e,n With
Ooo,£,n as in Proposition 2.4. Minimizing the first term would lead to a harmonic
map; the second term prefers Q to be uniaxial with a certain scalar order parameter
and hence norm, while the third term takes its minimum when the director is aligned
parallel to e3. Thus the (spatially) constant uniaxial map Qoog,n = sy, £2/n2 (3 ®
ez — %Id) would be a minimizer of our free energy. However, this will violate the
strong anchoring conditions we are going to impose on the boundary, namely we
want Q¢ € H'(Q, Symg) + Qwo ¢,y to satisfy

0,6=0p on 2, (13)

where Qp(x) = s, (x ®X — %Id). The system is therefore frustrated and we expect
the minimizer to be close to s (€3 ® e3 — %Id) everywhere, except for a transition
zone near the boundary. In this boundary layer, which will turn out to be of thickness
n, we will find tubes of cross sectional area &2 containing the regions where O.¢
is biaxial.

Since the problem is equivariant with respect to rotations around the e3—axis,
it is natural to consider only rotationally equivariant maps. We say that a map Q
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is rotationally equivariant if Q is equivariant with respect to rotations around the
e3-axis. In other words, using cylindrical coordinates, one has

cosp —sing 0
Q(p,(p,z)zR;Q(,o,O,z)R(p, where Ry, = | sing cosg 0
0 0 1

For uniaxial maps Q = s,(n®n— %Id) this is equivalent to the usual notion of equiv-
ariance for vectors n(Ry,X) = R; n(x). We define the set of admissible functions .4
to be the set of rotationally equivariant functions Q¢ € H L@, Symg) + Qco.t,n
satisfying the boundary condition (13). This motivates the definition for Q €
Hl (Q, R3X3) + Qoo,é,n

£ e(Q) ifQe A,
00

otherwise.

(0 = {

We believe that minimizers of &, ¢ are also rotationally equivariant, although this
does not follow from our work and remains an open issue. We will remove the
hypothesis of rotational equivariance in a work in preparation.

The following theorem is the main result of the paper:

Theorem 3.1. Suppose that
n|InE)| - B (0,00) asn— 0. (14)

Then n 5545 — & in a variational sense, where the limiting energy &y for a set
F C S? is given by

Eo(F) = 2s4¢4 / (I —cos(@))dw + 25*0*/ (1 4 cos(h)) dw
F Fe

+ 251D 2r I (15)

More precisely, we have the following statements:

1. Compactness: For any sequence Q, ¢ € A such that n €, (Qy.e) = C, there
exists a measurable set of finite perimeter F C S* that is invariant under
rotations with respect to the e3—axis, measurable functions 0" : Q@ — S? and
a set wy C Qwith lim, ¢ |wy| = 0, Q\w, simply connected, such that for all
o > 0t holdsn" € CY(Q\(Z, U wy), S?) and for all R > 0

s (n” ®n" — %Id) — Ot

lim =0, xg, — xr pointwise, (16)
n—

n

L2(BR(O\Zo)

where Zy = {x € R3 : xlz +x§ < o?} and Fy={xe€dQ :nlx) v(x) =
—1}.

2. T'—liminf: For any sequence Qn¢ € A and any measurable set of finite
perimeter F C S?, measurable functions n" : Q — S and a measur-
able set w, C Q that satisfy lim,_,¢ |w,| = 0, Q\w, simply connected with
n” € CUQ\(Zy Uwy), S?) and (16) hold for all R, o > 0, we have

liminf 0 £,6(0n.) 2 E0(F). (17)
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3. T —limsup: For any measurable set of finite perimeter F C S? that is invariant
under rotations with respect to the es—axis there exists a sequence Qn ¢ € A

with || Qyellr= < s* and measurable functions n" : Q@ — S* withn €

CO(Q\wy, $?), lim, ¢ |w,| = 0, Q\w, simply connected, such that (16) holds
forall R,o > 0and

lim sup Eng(Qne) = Eo(F). (18)
n—

Remark 3.2. 1. In view of (14) we can replace the bound 1 &, £(Q,.¢) < C, by

Ene(Qne) =C (1+|In@E))) . (19)

2. The convergence we show is not a I'—convergence in the classical sense since
the limit functional is defined on a different functions space.
3. The compactness can also be formulated globally: It holds

lim dist?(Qy.6, Nyg)dx = 0
n—0 Q\Z,

for the manifold NV, ¢ as in Proposition 2.6 which is a small perturbation (at

2
distance at most CE—Z) from the manifold V. In addition if g is non-negative
(for example in the case g = g2), ;¢ = N and we have the convergence

= 0.

. 1

lim ||s;|n"®@n" — -Id | — Q¢
10 3 L2(@\Z,)

Remark 3.3. If 8 = oo in (14), then Theorem 3.1 holds for F = S? or F = ¢, that
is no Saturn ring structure can occur in the limit. In the case of g being non-negative,
this follows easily: For O, ¢ € H'(Q, Symg) + Qoo With n&, £(0ne) < C we
can introduce $ such that n| ln(&‘ ) — B e (0, 00), that is this new sequence E
decreases more slowly than £. Hence 577 S < &,.&. Applying Theorem 3.1 to this

new energy we get the existence of a set Fg C S? such that

Eo(Fp) = 1imi(1)1fn Eng(Qne) = C.
)7—)

Since the RHS is independent of B € (0, 00), we find | D x [(S?) — Oas B — oo.
From this we conclude F = S? or F = ( which have the same energy &. For the
case of general g one cannot apply this trick, but using (42) it is possible to show
that the perimeter of F), converges to zero and that E0(S?) is indeed a lower bound.

4. Lower Bound
In this section we prove the lower bound of Theorem 3.1. Our strategy to obtain

the lower bound starts by approximating the sequence Q¢ by a more regular one
named Q.. We use € := & to meet the notation in [3,18,19] and let out n in our
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notation since 7 and & are related via (14), that is n ~ |1nﬂﬁ We also write &

instead of &, ¢. We find that away from the e3-axis the sequence Q. has only finitely
many singularities in the neighbourhood of which Q. is far from . Then we can
estimate the energy of Q. nearby these points from below by balancing |V Q.|?
and f(Q¢). In the region where Q. is close to N, we will use the optimal radial
profile found in [3] by balancing |V Q.| and g(Q.).

4.1. Preliminaries

The construction of the approximation Q. of Oy ¢ follows several steps. First,

we are going to show that O, ¢ can be approximated by another function @\,7_;
which verifies an additional L° —bound.

Proposition 4.1. Let Q¢ € HY(Q, Symg) + Qcc.e,y Such that (19) holds. Then

there exists a constant C1 > 0and /Q_;/g e HY(Q, Symg)+Qoo,¢,y Which decreases
the energy &, ¢, verifies

10n.ellLe@ = C (20)

and@;—Qn’gaomLzasn,éaO.

Proof. Let N > %s* to be chosen later. We can define é;g as

0y = NGE if 1Qnel > N,
" Q&  otherwise.

This function is clearly admissible and has lower Dirichlet energy. Since we cannot
conclude that g(/Q;;) < g(Qy.£), we need to show that the (possible) increase of
the energy in g is compensated by the decrease in f. So if Q € Sym; of norm 1
and r > N, we get, by (6) and Proposition 2.2,

d (1 1 r 1+1
— | — _ >0 >
ar (g2f(’Q)+,72g(’Q)>ng C 7 >0

if N 2 N; with a certain N; large enough, depending on f and g. Hence, the

sum of bulk and magnetic energy of Q, ¢ is smaller than the one of O, ¢ and we
conclude &, £(Qy¢) < &, £(Qy¢). The L% — bound is obvious, so it remains to

show that [|Qy ¢ — Op.¢llp2(q) converges to zero as 1, § — 0. We decompose 2
into two sets,

Q={x: |Qpe@®)| = N}U{x : [Qpe(x)| > N},

and note that f |/QT7; —Qne 12 = 0if | 0,6l = N.Hence, we only need to estimate
the difference | Q) : — Oy ¢| on the second set. By Proposition 2.2 and (5) we get
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that there exists C, N > 0 (depending on f and g) such that if N = N, then for
Q € Symg with |Q| = N it holds that

22— 10nf <2<( ~lor[ - 2|Q|4+§ Co(é, n))
2
<c (f(Q)+ =80+ ECotE, n))

For |Q| = max{Nj, N,} we additionally have [Q, ¢ — Qyel = IN — [Qy¢ll.
Taking N even bigger if necessary it holds that

/ 1Qne — Opel®dx
|Onel>N

= [ w-lguPacsc [ o108
[Qys1>N IQné|>N

2
< Cf £(0) + ig(Q) +&2Co(¢, m dx < C(1 + | In€]E?,

which converges to zero as & — 0. This proves our claim for C; = N. O

Since g may not be regular in Q = 0 (for example if g = g»), we will replace
g by g¢, with a cut-off function ¢ such that g¢ is smooth, but keeps the relevant
information from g. In order to replace g in the energy, we just need to show that
f(l — ¢)g(Qy.¢) dx tends to zero in the limit &, » — 0. This is made precise in
the next proposition.

Proposition 4.2. Let ¢ € C°°([0, 00), [0, 1]) be a cut-off function with ¢ =
on [qo, 00) and ¢ = 0 on [0, %qo], where qo € (0, \/gs*). Then the function
0 +— g(Q)p(|Q)) is smooth and there exists a constant C > 0 such that

2

1= 600401800, 0 dx < c%.

Proof. The smoothness of g¢ is obvious, since ¢ is smooth and we supposed g
smooth away from 0. So it remains the energy estimate. First note thatif Q € Sym,,

2
with| Q| < go. thenfor &, n small enough £(Q)+78(Q)+57Co(§. 1) Z 3 fmin >
0, where fimin = min{f(Q) : Q € Sym, |Q| < go}. Indeed, by Proposition 2.2
fmin > 0 and by (5) we can choose 52 small enough such that 52 g(0) < i fmm

Since £2Cy(£, n) converges to zero as &, 7 — 0, this can equally be bounded by
4—1‘ fmin- Hence

n
£2 Jixeq:10, - 0)1<q0)

2fm1n|{x € Q2 : |0pe()] = qo}l.

C

1\

2
f(Qne) + i_zg(Q”f) +E7Co(&, ) dx

> -
=2E
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Now we use this estimate to bound

2
/Q(l —¢(105,61)8(Qye)dx = Cl{x € 2 & [0y (X)] = qo}] = C%-
O

From now on, we simply write g(Q) instead of g(Q)¢(|Q1). We will also
replace 1, £ in our notation by e, that is Q; = é;g For the sake of readability,
we introduce the notation f.(Q) := f(Q) + ;—ig(Q) + €2Cy(e, ). The next step
will be defining the more regular sequence Q. replacing @: In view of the lower
bound for the claimed I'—limit we still want Qe to be rotationally equivariant and
that it converges to the same limit as Q, while decreasing the energy.

We thus define the three dimensional approximate energy for 0 < y < 2 and
o C L2

3D (1 2, |1 1 ~
E] (Q,w)—/wEIVQI F 5@+ 5510~ Ol dr.

We seek Q. by minimizing ESD(Q, 2) among rotationally equivariant fields
Q. Because of the equivariance, the problem can be stated as a two dimen-
sional problem. Indeed, calculating |3, Q |? for a rotationally equivariant map Q €
H! (2, Symg) + Qco,¢,, and using the equivariance, we can write Q(p, ¢, z) =
R;Q(p, 0, z)R, and thus

2
10,0 =|@R)TOR, + R] 00, R,)| =10 +6(0% — 011022).

This expression does no longer depend on ¢. In order to shorten notation, we
introduce the matrix

P 2(Q11 — 02) 4012 013
—|8¢QI2>

1
022 = = ( = 4071 2(02 — 011) 023
2\00; ij 031 O3 0

Note that, Q42 : Q = %|3¢, Q|?. So the whole energy does not depend on ¢ any

more and using cylindrical coordinates, it can be rewritten as

3D o 2D 2D

EZ7(Qe, Q) = / EZ7(Qe, Q) dp =21 EZ7(Qe, ),
0
where EEZD is the two dimensional energy given by
P 1 P P ~
EZP(Q, o)) = f SIVOP 4+ =002 0+ 5 (@) + =10 — OcPdpdz.
o 2 P € 2¢Y

where V' = (9, 9;) denotes the two dimensional gradientand ' C Q" = {(p, 2) €
R? : p > 0, p?>+z> > 1}. In order to shorten notation, we are going to write
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%|VQ|2 instead of %|V’Q|2 + %szz : Q whenever we make no use of this
division of the gradient. Now we define Q. to be

¢ == argmin E2P(Q, Q) (21)
QeA

where A’ = (Q € H'(Q, Symg) + Qoog.y : (13) holds for p? 4 22 = 1}. We
eventually extend Q. to a map in H'(S2, Sym)+ 0O o,¢,7 Which we will also call
Q€ by deﬁning Qf(p5 @, Z) = R(;FQE(IO5 Z)R(p~

Remark 4.3. 1. Note that ’Q; | 1s an admissible function in (21), so that Q. does
exist. _
2. The function Q. has lower energy than Q..
3. Thanks to the energy bound in (19) we know that

1Qc — Ocllj2() < Clllnel+ De¥ - 0 ase — 0,

that is the two sequences have the same limit for vanishing €.
4. The minimizer Q. solves the two dimensional Euler-Lagrange equation

1 0 P ~
— pAQc + ;Qe,2x2 — 0,0 + E_sze(Q) + G_V(Qe — Qo) =Ald.
(22)
Note that the equation contains an additional term (RHS) due to the fact that
Symy, is a subspace of the space of real matrices, that is a Lagrange multiplier

A is needed to ensure the tracelessness constraint.
5. The function Q. also solves the three dimensional Euler-Lagrange equation

1 1 ~
_AQ€+6_2Df€(Qe)+E_V(Qe — Q) =A3pld, (23)
despite the fact that it does not need to be a minimizer of E SD . To see this, write
1 1 ~
Aspld=—-AQ, + ZDfe(Qe) + ET(QG = 0e)
5 1 1, 5 1 1 ~
= _8er - ;aer - pane - az Oc + ZDfe(Q) + J(Qe = Qo)
1 1 ~
=R, (—3§Qe — 2 0Qc - 02Qc + —(0c - Qa) R,
1 1
- ;a;(RJQGRw + 5 Dfe(R; QcRy).

One can explicitly calculate that Bé(R(I OcRy) = R;,r 02x2.e Ry and since f,
is invariant under the change Q < RJQR(/,, for symmetric matrices Q, we
also have Dfe(R;— OcRy) = R;—DfE(QG)R(p. This implies that a rotationally
equivariant extended solution of (22) is also solution of (23).
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The last part of this subsection will be the following proposition which quantifies
the regularity we have gained by replacing Q. with Q.. This result relies on the
three dimensional Euler-Lagrange equation. In fact, this is the only time we use
(23) and cannot use (22) due to its singular behaviour near p = 0.

Proposition 4.4. Let || Ol < C for a constant C; = %s* > 0 and let Q¢ be
the rotationally equivariant extended minimizer of (21). Then Q. € C' (R, Symy),

c
[QcliLe = C and |V QellLe = =

Proof. From equation (23) and by elliptic regularity we deduce that for Q. € H!
we have Q. € H?3, thatis Q. € C L3 since we are in dimension 3. Note that the
boundary of €2 is smooth. To prove the L°°-bounds we take a constant C; > C|
such that Df(Q) : Q = 0 for all Q € Sym, with |Q] = C3. This is possible due
to Proposition 2.2 and (6). We define a comparison map

o- .= |GG i1 > &,
Q¢ otherwise.

Then [VOc| £ [VQel. |0c — Ocl £ 1Qc — Qcl and fc(Q) < fe(Qe) by Propo-
sition 2.2 and our choice of Cy. Hence EXP(Qc, Q) < E}P(Q.. Q) with strict
inequality unless Q. = Q.. The estimate |[VQ¢| e = % follows from [14,

Lemma A.2], using (23), (20) and y < 2. |

4.2. Finite Number of Singularities Away from p = 0

We introduce the notation Q, := {x € Q : x? +x = %} = Q\Z, for
o > 0, with Z, defined as in Theorem 3.1. In the same spirit, we define the two
dimensional analogue Q. = {(p,z) € Q' : p > o}, that is Q, can be obtained
from /. through rotation around the ez —axis.

The main theorem we want to prove in this subsection is the following:

Theorem 4.5_. Forall 0,8 > 0 there exists Ay, €9 > 0 such that for € < € there is
a set X¢ C Q' which satisfies:

1. The set X is finite and its cardinality is bounded independently of €.
2. Ifx € Q. and dist(x, X¢) > hoe, then dist(Q(x), N) < 6.

The general idea behind this subsection is the same as in [18,19], where the
analysis has been carried out for the case of minimizers of the energy [ |V Q. 12+
eLZ f(Q¢) and uses ideas from [13]. We will show that in our situation with the

modified bulk potential f. and the additional term ély |Qe— @; ||2L2 the same results
hold. There are two main ingredients for the proof of Theorem 4.5: Proposition 4.11
that tells us that a singularity has an energy cost of order |In €| and Proposition
4.7 that allows us to deduce that Q. is close to N (and hence being uniaxial)
provided }2 [ fe(Qe) is sufficiently small. While the second ingredient uses only
the regularity of Q., the first one makes use of equation (22) in the form of the
following proposition:
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Proposition 4.6. (Pohozaev identity) Let Q. be the minimizer of (21) and o’ C Q'
open with Lipschitz boundary, x € '. Then

- Lvorse Ligoprs] 1 512
/(;w/l)((x_x)'v) §| Ocl +ﬁ| o Oel +€7fe(Qs)+267y|Qe_Qé|

—lf |V’Q|2+1/1|8Q|2+3/ f(Q>+i/ |0c — Ocl?
=3 w,,O € 2/, 0 e 2 w/pe € 2ev w/P € €

1 ~ ~
+€7//P(Qe — 0 ((x —f)-V/QH—/8 ,p((x—f%V/Qe) V0o,
where v denotes the outward unit normal vector on dw'.

Proof. Toimprove readability, we drop the subscripts € in the proof. Our calculation
only requires that Q is solution of equation (22).

Let ' C €' open with Lipschitz boundary and let X € o’ be an arbitrary point.
By translation and without loss of generality we may assume that x = 0. Testing
the ij-component of equation (22) with x4 d; Q;; and summing over i, j, k we find

b
0= Z/ —pAQijixk0k Qij + / 35 X0k Qij
ij

+ = L/ p(Qij — éij)xkainj (24)

1
—/ 0pQijxidk Qij +/ —02x2,ij Xk Qij
154 o' P
=I+I1I+1Il+1V +V.

Note, that the RHS of (22) vanishes since Q;; is traceless, that is

> [ wdgmagy =3 [ v (Y8505 | =3 [ Anaon =0
kU i,j kv

i,jk”®

For the first term (/) we calculate, using integration by parts

Z / —p 81 Qijxior Qij = Z [ P 01 Qijdu ok Qij +/ 0 01 Qijxr 010k Qi
(25)

—/ PalQijxkainle+/ 8101 Qi 0k Qij Xk,
' o'
where v is the outward-pointing normal vector on dw’. Note, that the last term reads

fw, (3,0) : ((x - V) Q) and thus is cancelled by (IV). We apply another integration
by parts to the second term on the RHS of (25). This yields

Z / o0k 0y = 5 [ pud@0,00.)

i,j,k,l

=-3 Z// P QijdQij
ij.1ve
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+ Z / )Oath]alQljkak
i,j,k,l

1
——/ 8ok Xk 01 Qij 0 Qij-
2 Jo

Combined with (25), this gives

2 1 12 1 12
[+1V=(1-5—-3 pIVOIF+5 | pIVOIT(x-v)
2 2 o 2 Jow

_/a P @x-V'Q):(v-VQ. (26)

The second integral (/1) simply gives

1 1 1
I = Z _2/ 0 (£ (0))xx = ——2/ 3p fe(Q) + —2/ P fe(Q)(x - v).
p € o € 2% € e’
@n
__For (III) we need to add (and subtract) the same integral with derivatives on
Qij- Then
1 ~
111 = 7 ) ,O(Qij— Qij)0k Qijxk

2 v ;0 8k(Ql] Ql]) Xk + _/ 1Y (Qlj Ql])alejxk
3 (28)
= 2 ” lo(Qlj Ql])2+

+ = fw/ p(Qij — éij)ainjxk~

1
o7 /0 (Qij — Qij) Xk Vk
The fifth integral (V) simply gives
1 1
f/ —02x2: ((x-VHQ) = // —(@-V)(Q2x2:0)
o P 0] (29)

1
:_5,/ <0+ )|8¢Q| + = / (- x)—I3¢Q|

Combining (26), (27), (28) and (29), the equality (24) reads
/ 1 V' OPR+ 1 3,0 + 1 + 1 12
aw/;O(x-V) §| ol 2_p2| ny 6—2fe(Q) 2€_y|Q_Q|)
1 iz, L 2, 3 3 512
5 [ pver+ inor+ 3 [ o5 [ p10-8
1 ~ ~
+E—},//,0(Q—Q)I(X~V/Q)+/ p(x-V'Q):(v-V'Q),

90’

which gives the result. O
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Since almost all term in consideration contain a p factor due to the passage
from € to 2/, it is natural to introduce

Poin(x0. 1) :=inf {p : (p,z) € Bi(x0) N}, (30)

for a point xop € Q and / > 0. Note that if we write xo = (0o, z0), then
P (X0, 1) = max{pg — [, o'}. In particular, p7. (xo,1) = 0.

The following proposition is a key ingredient in the proof of Theorem 4.5.
Proposition 4.7. For all § > 0 there exist constants Ao, o > 0 such that for all
o>0x€ Q;, € small enough and l € [Ao€, 1] the following implication holds:

1

— / 0 fe(Qe) £ po p%in(x0,2) = dist(Qe, N) < 8 on Bi(xo) N, .
€7 J By (xo)NQY,

Proof. We claim that Aq, ;o can be defined as

) T,
Ao = 2’ o = g)tofmin >

where C is a constant such that €||VQ¢| .~ < C (see Proposition 4.4) and fiin

is the minimum of f on the set (Q € Symy : Q] < /25, dist(Q.N) = 5/2).
Note that fri, > 0 since on this compact set f is strictly positive. Furthermore,
for € small enough, we also have f, = % Jfmin on this set.

In order to show that the definition indeed gives the desired implication, we
argue by contradiction. Therefore we assume that there exists xo € Q2 and [ €
[Lo€, 1] such that there is an x € Bj(xp) N 2, with elz fBzz(xo)ﬂQg o fe(Qe) <
popSs, (xo, 21) and dist(Qe (x), N) > 8.

This implies that By e (x) C Boj(xo) N (RZ\BI (0)). Indeed one can show that
dist(x, Q) > Age. Otherwise one would have dist(Q¢(x), N) < ||V Q|| eodist
(x,02) £ Crp = % by definition of Ag. This clearly contradicts the assumption
that dist(Qe (x), N') > 8. Then, forall y € By c(x) N2, by the triangle inequality

. . 8
dist(Qc(y), N) = dist(Qe(x), N) = |Qe(x) — Qe (V)| > 8 — 1o€ [V QellL~ = 5
By definition of fi,;, this implies fc(Qc(y)) > %fmin. Since Bje(x) N QL C
By (x0) N, and |Bjge (x) N Q| = 37 (hoe)? we know that

1 1,
) p fe(Qe) 2 6—2pmin(xw2l) Je(Qe)

2
€7 J By (x0)N<, Biye ()N

1\

1 o il 2 1 o
22 Pmin (X0, 21) 2 (A0€)" 3 fmin = 2440 Prmin (X0, 20) ,
which contradicts our assumption. O

The next lemma basically tells us that for « € (0, 1) there has to be some
radius » < €%/2 so that we can control the energy on 3 B, in terms of the energy on
B.o/2. It will become important later on when we will use it to bound the energy
contributions of the boundary terms from Pohozaev identity (Proposition 4.6).
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Lemma 4.8. For all xg € Q' there exists r € (€%, E%) (depending on xo and €)
such that

! 1 1 .
/ P _|VQ€|2+_2f€(Q€)+_|Q€—Qe|2 dx
IB ()N \2 € eV
< 4E52D(Qe, B_ap2(x0) N Q)

ar|lne|

Proof. The proof consists of an averaging argument. Assume that no such r exists.
With the notation B’ = B_«/2(x0) N €/, this would imply

ca/2
, 1 1 1 ~
E3D<QG,B>=/ / P 5IVOl? + = fe(Q) + 5—10c — Ocl* ) dxdr
B ()N \2 € 2ev

a/2
1 1 1 —~
f / <f|VQe|2+—2fe<Qe>+—|Qf—Qe|2> dx dr
9By (x0)N’ € eV
4E2P(Q.. B') / el

o|lne|
4EZP(Qc, B)

T allne]
=2E2P(Q., B)).

v

H\/

*Il()l

This gives that EED(QG, B’) = 0 and thus Q. is constant on B’ and Q. = QN6 =
Qo,¢, but since the constant map Qo ¢ satisfies the lemma, we get a contradiction.
O

The following two results (Lemma 4.10 and Proposition 4.11) are similar to
[13], see also [19, Lemma 1.4.8, Proposition 1.4.9]. Lemma 4.10 states that we
can derive a better bound (independent of €) than (19) on balls B« for the energy
contribution of f.. Then Proposition 4.11 tells us the cost in terms of energy for
such a ball if Q is not close to A/. Both results rely on the Pohozaev identity
(Proposition 4.6) and Lemma 4.8. We start with a proposition that will help us in
the proof of Lemma 4.10 to obtain estimates at the boundary of 9<2’.

Proposition 4.9. There exist constants Cq, € > 0 such that for all 0 < € < ¢y,
re (e €?) and y € Q' there exists z € B,(y) N Q' such that

v(x) - (x —z) = Cqr Vx € 0Q N B.(y),
where v is the outward unit normal on 9$2'.

Proof. Let us start by considering the domain R = {(x{, x2) € R2: x1,x0 > 0}.
Let y € R and r > 0 such that B,(y) N dR # ¢ (otherwise the result is trivial).
Let L1 = [{x2 = 0} N B,(y)| and L, = [{x; = 0} N B,(y)|. Then we define
z=y+5(Ri/LO, DT +Li/L(1,0)T), where L? = L? + L3. We will show
that this definition of z indeed satisfies our claim. Without loss of generality we
may assume that y; = y,. We consider the following cases:
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1. (0,0) € By(y). Inthis case, L1 = y; +,/r2 — y3 and Ly = yp +,/r? — y?.

Let x = (x1,0). Then v(x) = (0, —1)T and
v(x) - (x —2) = (yz—xz)Jr——1 2 ——.

Analogously, for x = (0, x3) we find v - (x —z) = %% Since y; = y, we
have also the inequality L; = L. Minimizing Ly /L subject to the constraint
y| = yo we get y; = yo and thus L| = Ly, thatis v(x) - (x — ) =

2. Ly #0and (0,0) ¢ B,(y). Then L; = 2,/r? —y2 and L, —2,/r —y1

similar calculation as in the first case shows that v(x) - (x —z) = 3 ﬁ

3. L, = 0. The lengths Ly, L, are given as in the second case, but since L, = 0
r

L
we get directly v(x) - (x —2) = 57 = 3.

Now we consider the domain Q’. For a radius 0 < r < % the angular difference
between the normal vectors of " and R is smaller than arccos(1 — r). Thus, for €|
small enough, 0 < € < €1, r € (%, €2), we can find Cq > 0 such that

1\

v(x) - (x —2) ~ cos (% + arccos(l — r))

2
> %cos (% + arccos(1 — 6?/2)) >Cqr>0.

\V

O

Lemma 4.10. Let xg € Q'. Then there exists a constant Cq > 0 which depends
only on a, y, 2, the energy bound in (19) and the boundary data in (13) such that
if € is small enough

1
- pfe(Qe)dxéca-
€ o (x0)NY

Proof. By Lemma 4.8 there exists r € (e, e%) and a constant C > 0 such that
for € small enough

1 5 1 1 ~ 5
Pl z1VOel +_2fe(Qe)+_|Qe_Qe| <
3B, ()N \2 € 2eY

where we also used the energy bound (19).
Now assume in a first step that B, (xg) C €2'. Using the Pohozaev identity from
Proposition 4.6 with @’ = B, (x¢) and X = x¢, we find

C
)
or

if f(Q)<[ ((x—x)w)(le \2+if<Q>+i|Q—§|2>
€ Br(xo)p cEI= BBr(xo)p 0 2 ¢ 2’ Ee 2ev ' <€ €

1 ~ ~
+— p1Qe = Qell(x = x0) - V' Oc| (32)

€ JB,(xo)

—/ p((x—x0)-V'0): (v-V' Q).
3B (x0)
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Notice that since x € 3B, (xg) we have (x — xo) - V/Qc =rv - V'Q,, that is
2
(x—x0) -V Q):(v-V'Q)=r|v-VQc| 20,

and (x — xg) - v =rv2 =r. Substituting this into (32), one gets
3 1 , 1 1 ~ 5
) P fe(Qe) <r o | 31VOel +_2fe(Qe)+_|Qe_Qe|
€ JB.(x) 9B, (x0)  \2 € 2¢

1 ~ _

+— P10 — Qell(x —x0) - V'Ol .
€ By (x0)

By (31) and Cauchy-Schwarz inequality this entails

— 1
3 C r ~ 2 ~ 2
. pfe<Qe>dx§r—+—(f pIQe—Qe|2> (/ pw’QEP)
€ JB(x) ar € \JB,(x) B, (x0)
T e ¢
o o

s -+ (A Imep?er)’ <
provided @ > y and € small enough. This proves the claim in the case where
B, (xg) C .
In a second step we show that the result also holds if B (xq) Q Q'. We define

' = B, (x¢) N 3’ which is now non-empty. This enables us to write d(B; (xg) N
Q) =T U (3B (xg) NQ'). Again we apply Proposition 4.6 with @’ = B, (xo) N &’
but this time we set X = z, where z € Q' N B, (xp) is given by Proposition 4.9 for
y = xo. By Proposition 4.6 we get

3

- P fe(Qe) dx

€ JB, one

S/ p((x—f)-v)(lwg P+ Lo+ L \Q—@'F)
= JaB (xo)ne 2 ¢ 27ENF T gy 1€ €
+/p<(x—f)-v><1|vg Prtroo+ Lo —§|2)

T 2 € 62 € € 2€y € €

—~ 1 —~ ~
p|Qe—Q42——/ p(Q—00): (x—7)-V'D)
By (x0)NQ’

2e” Jp, (xo)ne €’

—/ p((x=%)-V'Qe): (v-V'Qc) —/ p((x=%)-V'Q):(v-V'Qo),

r 3B, (x0)NQ’

where we denoted v the unit outward normal. For the integrals on 8 B, (xo) N &'
and B, (xo) N €' we proceed as before using |(x —X) - v| < 2r. Note, that this time
(x —X) - T does not necessarily vanish. Nevertheless, the integral involving this term
can be estimated from above by f 9B,NS 2rp |V' Q¢ |? and then be estimated using

(31). Now we estimate the integrals involving I'. First note that Q. = Q; = 0p
on I' N 8Q with £(Qp) = 0, that is [ry00 £(Q) = 0 .fraqp fe(Qc) <
Co,€?/n* and [1. 30 p |0 — Ocl?> = 0.0n T\ C {p = 0} we find that all
integrals vanish because of the bounds in Q. established in Proposition 4.4. We
are left with the two integrals on I' N 92 with gradients. The idea is now to split
the gradient into a tangential and a normal part. The tangential part depends only
on the boundary data Qj, the normal part needs to be estimated. So let T be the
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unit tangent vector on I". Decomposing V' Q. = (v - V' Qv + (t - V' Q¢)T and
substituting this into [1.,q p(x —X) - v% V' Q. |? yields

3
-5 P fe(Qe)dx

€2 JB ongy

c
S 4=+ CeTE 4 Co et — / p((r—%)-V'0):(v-V'Qo)
o rnag

1 1
+—/ p((x—f)-V)IV-V/QeI2+—/ p((x — %) -v)|t- V' Qc|?
2 Jrrog 2 Jrrog

< 4€ fcel@ g Co,e/* — %/
o

p((x = %) - v)|v- V' Q|
I'no

—/ p (=T T)T- V'O : (v V00,
rno

where we used that (x —X) = ((x —X) - v)v+((x —X)-7)-tand that t - V' Q. =
7 - V'Qyp only depends on the given boundary values. We apply the inequality
ab < a*/(2C?) + C?b?/2 with C = /Cq/2 from Proposition 4.9 to get

3

€2 Jp.0one

P fe(Qe) dx

<48 Jcew it 4oy - % /
o

p((x —%) - v)|v- V' Q|
rno

1 _ Cq _
+ = p|<x—x>-r||r~V/Qb\2+—/ plx =% tllv- V' Q|
Cq Jrrog 4 Jrnaq

Then we apply Proposition 4.9 to get

1 C 1
- / p fe(Q)dx S4— + Ce@ /4 4 Cp, e/t — = / Carp |v-V'Qc|?
€ JB. (0 )ne o 2 Jrroq
C
+=2 | opv VO
4 Jrooa

c
=4—+ Ce@™M 4 Cp, et
0

We have now all the necessary tools to prove the second important ingredient
for the proof of Theorem 4.5.

Proposition 4.11. For all §, o > 0 there exist €3, £y > 0 such that for 0 < € < €
and xo € Q2. the following implication holds:

dist(Qc(x0), N) > 8 =  E2P(Qc, Bea(x0) N Q) 2 Lo (| Ine| + 1)p%, (x0, €%)

with pg.. 2 o defined as in (30). The constant ¢, can be chosen to be dependent
only on o and 8, while €3 depends on §, o, a, y.
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Proof. Let’s assume that the conclusion does not hold at xo € €, that is
E2P(Qc, Bea (x0) N ) < Lo(|Inel + 1) (x0, €%). Then there exists a radius
r € (€2, €%) such that

1 1 1 ~ 284 P (X0, €%)
/ p (*IVQ5|2+7fe(Qe)+f|Qe—Qelz) dy £ =S 2
3B, (x)N<Y 2 € 2ev

ar

(33)

Indeed, otherwise

€ 20402 (x0, €%)
EézD(Qev Bea(x0) N Q) = / Emin T - C dr = 2Ly plin (X0, €)|1In(€)] ,

20 or

which clearly contradicts our assumption for € < é

Replacing (31) by (33) in the proof of Lemma 4.10, thatis C = 280 P (X0, €%),
we find

1 _
- p fo(Qe) < el

8Ca Ppmin (X0, €%)
€2 JB, oney o

where the constant C can be chosen to be independent of o and €. We choose € small
enough such that it satisfies the estimate lpex < %eg . Now choose ¢, < % and

4
e < (’gg )@=7 ,where [ is the constant from Proposition 4.7. These bounds imply

that 11007, (x0, €%) = w +C 65017;/)/ 4 that is we can apply Proposition

4.7 with [ = %e“. This implies dist(Q (xo), N) < 8, which proves the claim. O

Now we can finally prove Theorem 4.5 and define the set of singularities X..
To do this, one can proceed as follows: In a first step we cover 2 with balls of size
€” and look for balls where the energy is large. The number of such balls has to be
finite because of the energy bound. In view of Proposition 4.11, Q. will be almost
uniaxial outside of these balls. In the second step we improve our estimates to the
scale €. We cover the balls with high energy from step one with balls of size € and
determine balls where f is large. By Lemma 4.10 this number will be finite too
and Proposition 4.7 implies that Q. is indeed close to A on all other balls. We can
then take X, to be the set of all centers of balls with large energy.
Proof of Theorem 4.5 Let 8, 0 > 0 be given and choose « € (0, 1). Let {Bee () :
y € @'} be a covering of Q. By Vitali Covering Lemma there exists a countable
family of points {y;};es. such that

Q[ JBer(). BiaO)NBya(y)) =0ifi # .

iele
Let ¢, > 0 be given as in Proposition 4.11. We define
Jo= i€ de : E2P(Qc Bae (3 N ) > a1 + [ Ineyar |
Then by the energy bound (19),

o(1 4+ |Inel)o#J.
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dist(Qe, V) <8

Fig. 1. First covering argument: Find balls B, where the energy is large

< Y E2P(Qc, Bra(y) N Q) S CEZP(Qc, @) £ C(1 + | Inel). (34)

iele

Indeed, note that there is a constant C depending only on the space dimension
such that each point in Q' is covered by at most C balls. This implies the second
inequality in (34). From (34) we directly infer that the cardinality of J, is bounded by
aconstantdependenton d, o, « as well as the space dimension and the energy bound,
but independentof €. Leti € I\ Je and xg € Bee (y;) N2, If dist(Qe(x0), N) > §
we deduce by Proposition 4.11 that EGZD(QG, Bree (y)NQ') 2 E?D(QE , Bea (xp)N
Q') > ¢,(|In(e)| + 1)o, a contradiction to i € I\ J.. Hence

dist(Qe(x), N) =8 Vx € Ber (i) N Q0 € [\ Jes

see also Figure 1. Note, that this estimate is not good enough since we announced
the radius around points in X, to be of order € instead of €“.

Now fix i € J.. Again by Vitali Covering Lemma we can consider a covering
of Bea(yi) N Q2. of the form

Bee(yi) N2 © (U Bige@)) . Buyo(2)) N By, (1) =0if j # k.
jEIf,i

with all z; € Be«(y;) and where A¢ is given by Proposition 4.7. Furthermore, we
define

, 1
Jei=qJ€li: —2/ p fe(Qe) Z poo ¢,
€7 JBige ()N

with o again from Proposition 4.7. By Lemma 4.10, recalling that 2Age < €%,

1 C
o< Y % [ pr0os5 [ pfQIECa  (39)
€7 JBarge(z))N €7 JBea (y)NQ/

j€]€1,'
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dist(Qe, N) <6

T dist(QeN) <8 L

Fig. 2. Second covering argument: find balls, where 6% [ pfe(Qe) is large

so #J¢ ; is also bounded independently of €. Applying Proposition 4.7 to the sets
Boyye(z)) for j € Ic i\ Je; we get that dist(Qe (x), N) S §forallx € Bjge(zj) N
2, see Figure 2. Thus, setting X¢ := U{z; : j € Uiy, Je.i} yields the result. O

4.3. Lower Bound Near Singularities

The goal of this subsection is to precisely determine the cost of a singularity. The
plan is to use estimates as in [21, Chapter 6] which generalize the idea of [35,49].
The general idea is to decompose the gradient of a function into a derivative of its
norm and of its phase as for example

u 12
Val? = V1l + |V o)
u
for any vectorial function u that does not vanish. Following [19], we replace the

phase u/|u| by the projection of Q. onto A. As a substitute for the norm, we
introduce the auxiliary function ¢.

Definition 4.12. We define the function ¢ : Sym; — R by

+£5(Q) (1= r(Q)) Q € Symy\{0},

¢(Q)={O o o

where s, is given as in Proposition 2.2 and s, r are the parameters from the decom-
position of Q in Proposition 2.3.

Proposition 4.13. The function ¢ is Lipschitz continuous on Symg and C ! on
Symo\C with ¢(Q) = 1 for all Q € N. Furthermore, for a domain o C
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and Q € CY(w, Symy), the function R o Q is C! on the open set Q7! (Symgy\C)
and it holds that

voPR = = |V(¢ O+ @oQ?IV(Ro Q) inw,

where we use the convention that (¢ o Q)*|V(R o Q)| :=0if Q(x) € C.

Proof. The proposition follows directly from Lemma 2.2.3 and Lemma 2.2.7 in
[19]. ]

The next theorem gives the desired lower bound close to a singularity on a two
dimensional unit disk. A proof of this can be found in [20, Proposition 2.5]. Observe
that we work here with the function f, not fe.

Theorem 4.14. There exist constants k., C > 0 such that for Q € H 1 (B1, Symy)
satisfying Q(x) ¢ C for all x € By \B% and (R o Q)|sB, being non-trivial, seen as
element of w1 (N), it holds that

1 1
/ §|V’Q|2+—2f<Q)dx > 1.¢2(Q, B1\B1)|In¢| — C (36)
B € 2

Mlti

for a number ¢o(Q, Bl\B%) :=essinfp\p, #(Q) > 0. Furthermore, Ky = f
2

The constant «, can be calculated as in [20, Lemma 2.9] or [19, Lemma 1.3.4]
and is specific for A" = R P2. For other manifolds, there are analogous results with
different constants, see [21]. For our purposes, we will use the following version
of Theorem 4.14:

Corollary 4.15. Let xo € Q' such that B, (xo) C Q. Let Q € H! (B (x0), Symg)
satisfying Q(x) ¢ C for all x € B,,\B%)7 and (R o Q)|yp, is non-trivial, seen as
element of w1 (N). Then, with the same constant C > 0 as in Theorem 4.14

/B( )2|v 0P + 2f(Q)dx <930 By\By,)(Ine| — | Iny]) -
X0
(37)

where K, = sf 5

Proof. By translating ' we can assume that xo = 0. In order to apply The-
orem 4.14, we define x = %x and Q(xX) = Q(nx) = Q(x). Therefore Q €

HY (B (0), Symy) and verifies the hypothesis of Theorem 4.14 with € = en, that is

\v4 + d / \vA + dx
fB(XO)2| 0P 2f(Q) x Bm)z' 0P 22f(Q) %

1\

kx5 (Q. B1\By)|In?| —
kx®5(Q. By\By,)(|Inel — |Innl) -

v
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4.4. Lower Bound Away from Singularities

The following proposition shows that we can uniformly bound the functions ¢
and ¢ from the previous section if Q is close to NV.

Proposition 4.16. Let dist(Q, N) < § on w C Q. Then

1—£5§(¢0Q)(x)§1+£5-

* *

Proof. Let QO € Sym, with dist(Q, N) < §. In other words, |Q — R(Q)| < 4,
since R is the nearest-point projection onto A/. We use Proposition 2.3 to write

Q:s((n@n—%ld)+r(m®m—§ld)) and R(Q) = s, <n®n—§ld> ,

for n, m orthonormal eigenvectors of Q, s > 0 and r € [0, 1). We can estimate

2

|Q—R@W=(wﬂwm®n—§@+nm®m_§m

2 2 2
= 3l = sul? 4 Jlor? = Zsr(s = 5. (38)
1 1 1
zgu—MF+wa+§m—u—wP,

2
thatis 82 > 1|s(1 —r) — 5> = 3¢ (Q) — 1|*. Hence |¢(Q) — 1] < {—fa. O

Away from singularities the main contribution to the energy comes from the
Dirichlet term and the external field since Q. is close to /. More precisely, we
only need the energy in radial direction, that is |V Q. |* can be replaced by |3, Q. |?
and the problem becomes, essentially, one dimensional. We formalize this thought
by introducing an auxiliary problem as in [3],

o 1 "~ Ss2<|”/3|2 2 _ 2
I(r1,r2,a,b) = inf S+ —ndydr, (39)
n3eH ([r1,m).00.1) Jr; 1 —n3
n3(ry)=a, n3(ry)=b

for0 < ry £rp £ 00,a,b € [—1, 1]. Note, that this is equivalent to minimizing

f (%lBrle + g(Q)) dr for a function Q taking values in N\ subject to suitable
boundary conditions. For the infimum we have

Lemma 4.17. Let0 < r; <rn <ry < oocanda,b,c € [—1, 1]. Then

1. I(r1,r2,a,b) +1(ry,r3,b,¢) 2 1(r1, 13,0, ¢).
2. 1(r1, 1, —1,1) 2 4sycy.
3. Let6 € [0, ]. Then

1(0, 00, cos(0), £1) = 2s,c(1F cos()) .
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Furthermore, the minimizer n(r, 0) of 1(0, oo, cos(0), 1) is C! and |89n|2,
|9,1|2, [n — e3| decay exponentially as r — 0o. The minimizer can be explicitly
expressed as

J1-n A@O) — exp(—2¢/sur) _ 1+cos(6)

nrf=1"0 00 = e 2e s O T T s@)

n3

Proof. The first part follows directly from definition, since any function that is
admissible for I (ry, rp, a, b) combined with one for I (r, r3, b, c¢) is admissible
for I(rq, r3, a, c). For the second claim, we use the inequality X2 4 y? = 2XY

with X = s,[n|/,/1 —nf and ¥ = c¢,,/1 — n3 to get
r2 r2
I(r1,r,—1,1) 2 ZS*C*/ [n5|dr = 2s.cy / n;dr
r r
= 2sycx[m3(r2) — m3(r1)| =1 AsCs . 1
The third part follows from Lemma 3.4 and Remark 3.5 in [3]. a

Remark 4.18. 1. A close look at Lemma 4.17 reveals that it is enough to con-
sider a rotationally symmetric function g which has a strict minimum on N at
0 =s,(e3R0e3 — %Id). Indeed, then for Q = s,(n ® n — —Id) we can write

g(n3) = g(Q) and I becomes I(r;,r,a,b) = 1nffr2 : ln" + g(n3)dr.

Taking a minimizer n3(r) for n3(0) = 0 and llmr_>oon3(r) = t we can

define G (1) = 2s, f / (”3) |n3| dr. One can then derive estimates analogous

to Lemma 4.17, for example I(r1,rm, —1,1) 2 2G(1).

2. Lemma 4.17 and (39) only uses the form of g on N. As we have seen in
Proposition 4.2, we can neglect the behaviour of g far from N for smaller
norms of Q due to the dominating character of f in our asymptotic regime.
With the same argument one could also introduce a cut-off for higher norms as
long as the growth assumption (5) is satisfied. Thus the essential information
about how g contributes to the energy is g| s, that is (7).

Now we can combine all our previous results to prove the lower bound of
Theorem 3.1. The idea consists in replacing ,Q: by its approximation Q. and use
the equivariance to write the energy as a two dimensional integral. By Theorem
4.5 we can exclude regions in Q[ where Q¢ is far from A. Extending the sets if
necessary, we can assure that the union has vanishing measure in the limitn, ¢ — 0
and that the complement €2 is simply connected. The scaling of n and € allows to
apply Corollary 4.15 to each of these extended sets where the boundary datum is
nontrivial. The expression we calculate here can later be identified as the perimeter
term in &. In the simply connected complement €2 there exists a lifting n€ of Q.
which fulfils the compactness (16). We then want to apply Lemma 4.17 to the rays
in Qo for the lower bound. We consider the rays with high energy (that we can
estimate easily) and those with low energy where we need to be more precise about
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Fig. 3. Construction made in the proof of Theorem 3.1. The arrows represent a lifting n€.
In the region €21 the director field n€ has non-trivial homotopy class, around the region €27,
n€ has a trivial one

their behaviour far from the boundary 9€2. Using a diagonal sequence, we can pass
to the limit o — 0.

Proof of the lower bound (17) of Theorem 3.1 Let §, 0 > 0 be arbitrary. We define
Q¢ as in (21) and extend it rotationally equivariant. From Theorem 4.5 for € < ¢
we know that there exists a finite set X, of singular points x7, ..., vae inQ).Ina
first step, we suppose that all these points are included in the set ', = Q[ N Bg(0).

Since SZ/R is bounded, there exists another finite set X, such that each sequence
x; converges (up to a subsequence) to a point in X as €, 7 — 0. Note that there
may be more than one sequence converging to the same point in X and we a priori
only know that X C Q' N Bg.

We first assume that the set X is contained in 2/ \d<2. Since n|lne| — B €
(0, o) we know that ¢ < Cexp(—%). Assume that 7 is small enough such that
200€ < %n.

For x; € X we define ﬁf’ = conv{B,(x;) U {0}} N ". If x; is the only point
of the set X that lies on the ray from 0 through x; we define Qf’ := Qf’. If x; for
J € J C I define the same ray, that is lie on a common line through 0, then we set
Q;’ = Ukes 2. After relabelling, we end up with a finite number N of sets Qf’,
k=1,...,N.Wedefine Qf := Q[ \ U,ICV:I Q' (see Figure 3). Since all points in
X converge to some point in X, we may assume that € is small enough such that

N
U Broe@) € ([ Baroe) c | J @' € 2. (40)

xeXe xeX k=1
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We drop the € in the notation of Q¢ for simplicity and call £ the three dimensional
set defined by rotating €2 around the e3—axis.
Using (21) and Remark 4.3 we can write

~ 1 1 1 _~
N E(Qe) = n/ SIVO? + 5 fe(Qo) + 5 10c = Ol dx

1 ~ 2
>n/ SO+ 50+ 510~ Dldx

2 1 {

For x € Qp we know by Theorem 4.5 that dist(Qc(x), ) < §. Since €, and
thus € is simply connected there exist liftings +n€ : Q¢ — S? such that

1
Ss (né @n¢ — gld) — Qe

In particular, Q.(x) € Symy\C for all x € 9%, forall k = 1,..., N. Let
M c {l1,..., N} be the set of elements k € {1, ..., N} such that (R o Q€)|39/
is non- tr1v1al as an element of m{(N). On B (xk) we apply Corollary 4.15 t0
o, 31V Qel® + 5 /(Qe). The term n an(m 518(Qo)l + Cole. ) is seen to
be bounded by C#. On the remaining )\ B, (x;) we use that the energy density
%|VQ6 12 4+ eisz(Qe) = 0 is non-negative. Hence we get

nZ/ (—|VQ6|2 zfe(Qe)>dpdz

<§ onyp.

oo

1
S (n6 ®@n¢ — §Id> =RoQc and

. 1 1
> anfp/ (—|VQ6|2+ —zf(Qe)) dpdz — Cy
=l Q) Q) 2 €

20 ) Kf(Qe. By(i)\By o) il | g T ineln
keM Yk (42)
= C93(Qe. By(x)\By, (xi) 0l Inn| —

2
V3 pg—nm
2 | 1===8) Y “——Zsinlln(e)
gl 2

K
* keM

2
3
—C<1+£8) nlnn| —Cn,
s

*

where we also applied Proposition 4.16 to estimate ¢y from below.

Before estimating the energy coming from €2y, we need an additional informa-
tion, namely we want to show that n€(rw) approaches +e3 and —n€ (rw) approx-
imates —e3 (or vice versa) as r — oo for almost everywhere w € S?. However, it
will be enough for our analysis to just show that n€ is close to either +e3 or —e3 up
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to some factor times +/3. To start with, we show that the vector n¢ (rw) forr > o0
is close to +e3 or —e3 almost everywhere. By (21) and the energy bound we know,
that for almost everywhere w € S? the integral

o0 1
/R E%f(Qg) +8(0c0) + nCofe, ) dr < oo, (43)

We argue by contradiction, that is assume that there exists some w € S? satisfying
(43) such that limsup, , o, [[m§(re)| — 1| > 2¢ay/8 fora ¢ > 0to be specified
later and a is the constant from Proposition 2.5. This implies that there exists a
sequence ry such that r;, — oo as £ — oo and [n§(ryw)| < 1 — 2¢a+/$ for all
£ € Norinother words | Q. —s.(e3®e3 — %Id)l > 2a+/8 fora suitably chosen € (A
calculation shows that € = Z \}2&5 is sufficient). By Lipschitz continuity of Q. this

implies | Q¢ — s, (e3 Q€3 — %Id)l > av/$forallr € Iy := (rg— fcg‘/g, re+ 663‘/3).
This implies that g(Q¢) = gmin > 0 for such points in Iy, where we used gmin =
min {g(Q) : Q € Symy, dist(Q, N) £ 38,0 — su(e3 ® €3 — 31d)| = a/5} > 0
by Proposition 2.5. With this estimate in mind it becomes clear that we have the
lower bound

1 n 1 1 1 2¢Cay/8
*/ = [(Qe) + =g(Qc(rw)) +nCo(e, n) dr Z = gminlLe| = = gmin >0
nJi € n n n C

Summing over disjoint intervals yields a contradiction to (43).

This implies that either lim sup, _, ., n§(rw) = 1—2¢a+/Sorliminf,_, o n§(rw)
< -1+ 2¢a+/8. Indeed, n§ (rw) cannot alternate between %1 since by continu-
ity this yields a contradiction for 8 small enough such that 2¢€a/§ < % Next,
consider the lifting n€ and suppose that there exist directions o, , w_ € S* such
that n€ (rw. ) is close to +e3 (resp. n (rw_) close to —e3) as r — 00. Since our
previous analysis holds almost everywhere, we can assume that the angle between
w4 and w_ is smaller than 7 and that w4 are not parallel to e3. Let v = w4 — w—
and w = w4 +w_. We estimate the energy in new coordinates (r, s) in the segment
between the rays defined through w4 and w_ to get that

rivl/z v w 1 v w
C>/ / < r—+s—‘+ -glo +5— )dsdr
R1—rul2 (|v| |w|> (< vl |w|))
rlvl/2
>c<1-ca)/ / ( 52|~
(R+1) Jr|v|/2

Lemma4.17 gives thelowerboundfrlrvl‘v/i2 (U%ﬂﬁ -V'né|? + 4 Le2() — ng)) ds =

4cysy — CA/8. 8. Using p = r min{sin(0.), sin(6_)} for 6+ being the angular coor-
dinate of w+, we end up with

V’Ez
-V'n

1
+ —c2(1 —nf) — CB) dsdr.
n

R
c=ca- ca>2/ Fewss — CV/B)dr = Ca(l — VOIR = 0,
R+1
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provided 8 > 0 small enough. Sending R to infinity, we get a contradiction. Hence,
n¢ has to approach either +e3 or —e3 almost everywhere and thus we can distinguish
the two liftings by their asymptotics far from 9€2.

We now introduce sets Fy ¢, 77;: which we use later to prove the compactness
result. First choose one of the two possible liftings n€ € CY%(, S?). Without loss
of generality we choose the lifting such that n€ (rw) is close to +e3 as r — 00. The
boundary conditions (13) imply that n€ (a)) +v(w), where v is the outward normal
on S? forall w € 9929 NS?. We define FU ¢ ={weS?NaQ : nf(w) v(w) = 1}.
Conversely,/:,_zls then given by F(,6 ={weS*NiIQ : n(w) - v(w) = —1}.
The remaining part of S> N Q, is denoted Soe = (S* N Qo )\(Foe U ?’;:) =
U 1 (82 N 92). Note that the sets Fg,e,f;;and So.e are rotationally symmetric
with respect to the ¢ coordinate. Since the # —angular size of all 2 converges to zero
(thatis |Syc| = Oase — 0)and S2NQ, is compact, we get that (up to extracting
a subsequence) xr, . (resp. X/E;:) converges pointwise to a characteristic function

XF, (resp. x 7 )- By triangle inequality we get dist(O, M) < dist(Qe, No)+|Qc—
Q6 |, where N is the manifold V; ¢ introduced in Proposmon 2.6. By Remark 4.3,
Proposition 2.6 and the energy bound (19) we get that f % dist? (QG , N dx — Oas
€, 7 — 0.0Onbounded sets additionally use (11) to get the claimed L>—convergence
in (16).

As alast step, it remains the energy estimate on £2g. We split the integral over £2¢
in (41) in several parts Forw € F; ¢ such that the energy on the ray in direction w is

large, thatis [ 2|V Qe >+ 2% f(Qc)++ 7 8(0)+nCo(e, M+ 5510 — Qcdr =
4s.cy, W can use Lemma 4.17, which 1mphes

“n > N 1
/ EIVQGI + 5 f(Qe) + —g(Qe) +nCole, n)
1 € n

+2€iy|Qe — 0.2 dr = 4s,e, = 1(1, 00, v3(w), +1). (44)

Analogously, for points w € 77;: with energy greater than 4s.c, we use
1(1, 0o, v3(w), —1) as alower bound. Let’s consider the set of points @ € S2Nag
such that the energy on the ray through w is smaller than 4s..c,.. We clailn that there
exists a constant C > 0 independent of @ and a radius R, ,, € (R — Cn, R] such
that |[n§(Ry )| — 1| £ 2€av/§ < 1. Indeed, if [In§(R,, )| — 1| > 2€a/s
on (R — Cn, R] then on this set |Qc — sy(e3 @ €3 — %Id)| > 2a+/8. Hence for
C large enough this contradicts 4s.c = [ 5f(Qa)+ %g(Qe) +nCole, n)dr 2

(R—(R— En))%g. In order to conclude that the energy from 1 to R;, ,, is (up

to some small contributions of size +/8) close to (1, 0o, v3(w), £1) we need to
show that for @ € F, the vector n°(R,; ) is close to +e3 and not —e3 (and
vice versa for w € F;,e). Again we argue by contradiction, that is we assume that
n (R, o) +e3] < 2¢a+/5. We subdivide the ray in direction w from R to infinity
into segments of length 1, identified with the intervals J, = [£, £ 4 1] for the radial
variable, for integers £ = R. On every segment, the energy bound on the ray implies
the existence of two points ag, by € Jy with |a; — €] < Cn, |by — (£ +1)| £ Cp
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such that |[n§(ag)| — 1] = 2Cav/é, IIn§(be)| — 1| = 2¢a+/8. Since we assumed
n¢ (R, ;) close to —e3 and n approaches +-e3 for £ — o0, there exists some integer
¢ > R such that [n§(ag) + 1| < 2€a/8, [n§(be) — 1| < 2€a+/5. Together with (8),
this implies

1

/;%VQ42+;ﬂQadr§1m€+Lnﬂw%nﬁMD
¢

—C(Ca+ VS = ds,c — CVS.

In order to show that for § and € small enough this contradicts the assumption of the
ray having energy smaller than 4s,c,, we prove that the energy coming from the
segment [0, R] has to be positive with a uniform lower bound. Since w € F,; ¢ C

092, one can show as in 2. in Lemma 4.17 that on such a ray f]R %IVQE|2 +

% g(0)dr = 4s*c>,<(%a2 —8¢a+/$). So combining this result and the estimate for
Jik, we get

1
454y = dsycy — CVS + 25‘*6*(502 — 8€a«/¢§) ,

which yields a contradiction for 8, € small enough. For @ € F,;  we then use the
change of variables r = 1 + 7, (8), Proposition 4.13 and Proposition 4.16 to get

(R=1)/n

R
/1 gIVQeIZJr%g(Qe)drifo %|VQ6|2+g<RoQe)—CdisaQe,N)df

L [R=Dm g )
z(1-C3) / EIV(’Ro Q)" +g(Ro Q) dr = C3
0

Z 10, (Ry,o — D/n, v3(@), n5((Ry, o — D/m) — C8
210, (Rp,w — 1/n, v3(w), +1) — C8,
(45)

where we also used Proposition 2.6 to get

dist(Qc, ) < dist(Qe,N;>

2 2 i 2
+5 2 0(1@0+5e@0+en) + 5

and thus by Cauchy-Schwarz inequality and the energy bound on the ray
SO dist(Qe, N dF < cﬁﬁ + CR;—i. So by (44) and (45) we get that
for w € Fy  we have

o0 1
/ gWQEP + —g(Q0) dr
1 n
2 mln{I(O, o0, U3(a))a +1)’ 1(07 (Rr),a) - 1/7), VS((I)), +1) - CS} .
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Furthermore, by compactness, xr, . converges point wise almost everywhere to
XF,-Since (Ry , —1)/n — oo asn — oo we can apply Fatou’s Lemma to get the
energy contribution from 2 related to F; by

e,n—0

>/ lim inf
S2NaQ € n—0

min{/ (0, 0o, v3(®), +1), 1(0, (Ry.» — 1/n, v3(®), +1) — Cé}xF,, (@) dw

o0
.. 1
timint [ [7 2190 + 2 (00 + (00 + nCote m drdo
Foe /1

> / 10, 00, v3(w), +1) dw — C8..

Now combine this estimate, the analogous result for E:, the formulae for
1(0, 00, v3(w), £1) from Lemma 4.17 and (42) to get

liminf n&, £ (Qy.¢) 2/ 2s.cx (1 — cos(9)) dw —i—/ 254¢4(1 4 cos(f)) dw
e,n—0 Fy I:“;
+-co? Y B A228 s,
oy o

for the points x; = (px, 6x) € X.

It remains to show that for all k € M, the point xi /| x| corresponds to a jump
between F,, and F, . For this it is enough to show that the orientation of n¢ relative
to the normal on 92 changes when following 32, N Q' for all k € M. So let
k € M and consider the curve I' : 0Q; — S? deﬁned by n€| 2, BY definition
of M, the curve is non-trivial in 71 (N ) that is I jumps an odd number of times
from one vector to its antipodal vector on the sphere. Hence, the orientation has to
change. In the limit €, n — 0, this implies that

2 ) = IDxs | N (o > o).
keM |

This implies our result in the case X, X C (22’ N Bg(0))\9%2.

We now explain the changes in our construction if there are some x; € X N S?.
Basically, we use the same construction as before, but we need to take care that the
lower bound involving Corollary 4.15 stays applicable. To see this, we extend the
map Q. outside of 2 using the boundary values. We define

— Oc(x) x € By(x)) NQ,
COI= (@ - 410) v € By N BIO).

Then f(Qc) = 0and |[VQ,|?, 1g(Qc)| < C on B, (x;) N B1(0), that is

— 1 I
/ SIVOLL + 5 (@) + 8@ + Cole, mdx £ €.
By (x))NB1(0) n
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Thus, if (R o Q¢)|y¢ is non-trivial as element of 71 (N), we can apply Corollary
4.15 to the extension E, that is

1 2 1 12 1 A
n EIVQGI + =5 f(Qa)dx 2 IV'Qel” + — f(Qe)dx —n Cy
B (x;)N’ € €

By (x)NR2
2
3 T
> (1 - fs) 2 s2nllne| - C nlinny| -
Sk 2

If (R o Q¢)|yq is trivial, then we just estimate as before, using that the energy is
non-negative. l

It remains one last case. Assume that there is a point x,j € X, such that |x,§| —
oo as € — 0. This causes two modifications to our previous results: This time, we
define Qi/ = conv{B, (x;) U{0}} N Q". Doing so, we risk to exclude a region from
Qo that is too large for proving the compactness, namely when we define the set
wy afterwards. However, this is not really a difficulty, for two reasons. First, it is
possible to extend n€ continuously in Q“\Qf’, with Q¢ = (By(xp)U[0, x, N,
where [0, x; ] is the line segment between the points 0 and x; . Second, in order to
conclude that the measure of S/Z\z is also bounded, we need to show that p,ﬁ cannot
grow to infinity. To see this, note that x;; € Q, and by applying Proposition 4.11
one gets from the energy bound that pg. (x;, €%) is indeed bounded. All estimates
for the lower bound that we have done before stay valid in this setting.

So far, we have established the inequality

lim inf n&; & (Qy.¢)
7.§—0
T
2 (1= C8)*2siBIDXR, I8 N{p 2 o)) (46)

+ f 254 (1 — cos(9))dw + /N 254¢4(1 4 cos(0)) dw — CVs.
Fy Fo
We now deﬁne the set wg,¢ as proxy for the set w, from Theorem 3.1. Let
Uk>1 Qk , where the sets QE’ = Q' for bounded sequences |x; |, and
given as in the second construction if |x; | diverges. This is well defined for € (and
therefore 1) small, depending on o and §. Recall that since | Ine| — B € (0, 00),
we have the asymptotic n ~ |lne|_1 Let wq ¢ be the corresponding rotational

symmetric extended set. Then |w;, .| = C|U,cx, By(x)| = Cn?|X| £ 5402,
that is choosing 1 small we can force the measure of w,, . to vanish in the limit.
Note that this also implies that the measure of w,  vanishes because we have an
upper bound on the p—component of points in X,.

We now want to send 0 — 0 and choose a diagonal sequence with the properties
announced in the theorem. From our previous construction, for a sequence o; \, 0
there exist corresponding sequences §x \ 0, nx N\, 0and € \ 0 such that from (46)

! —
a)me =

b
NEne(Qn) 25 5iBIDXE, NS N ip 2 o))

1
+ / 2545 (1 — cos(9)) dw + /N 254Cx(1 4+ cos(9)) dw — T
F, F,

O 1€ O .€
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and, furthermore, |wg, . < %, |S2\(ng,€Ung,6)| < % andfgak\waiédistz(@;, No) dx

< kiz for € < ¢ and n < 0. The sequences € and 1, depend on oy and §; and are
related via ng| Inex| — B as k — oo.

Thus we can define the function n” : € — S? announced in the theorem as
n’ := n® on Q,, \w, for n € (Nry1, M), Wy ‘= wg,  and extend it measurably
to a map  — S2. This definition assures that n” & CO(QJk \@y, S?) and the
convergence in (16) holds. Furthermore, we define the set F;, := Fy,  for n €
(Mk+1, k). Then our analysis shows that the sequence xp, has the point wise
almost everywhere limit x, for F = | ;.| Fo, since |xr — XF,| < \xF— XFo, |+
|XF,, — XF,,|and the measure of the set on which these two terms are nonzero is

smaller than C crkz + %
This finishes the proof of the first part of Theorem 3.1 and (17). O

5. Upper Bound

In this section we are going to prove the upper bound from Theorem 3.1, namely
(18). Since all functions are rotationally equivariant, it is useful to introduce the
two dimensional energy for sets o’ C Q'

£2°(0, ) =‘/

[}

1 1 1 1
p(5IV'OP + —02x2: @+ — £(Q) + —8(Q) + Co6.m) ) dpde.
/ 2 0 € n

First, we prove the next lemma, which gives the upper bound in the case where
there are no singularities near the axis p = 0.

Remark 5.1. 1. The energetically relevant part of the construction in Lemma 5.2
away from defects is carried out with uniaxial Q —tensors of scalar order param-
eter s,.. One could also carry this out by using the physically motivated order
parameter s, z2,,2 to obtain a sharper upper bound for §, > 0. In our regime
of the limit &, n — 0, both constructions yield the same upper bound.

2. In the construction of the singularities in (55), we use an isotropic core Q = 0.
Other choices, such as a oblate uniaxial state surrounded by a biaxial region,
are possible and would yield a sharper upper bound for &, n > 0 for certain
parameters. However, our upper bound for £, 7 — 0 is independent of this
choice.

Lemma5.2. Let ¢ > 0 and F C S? be a rotationally symmetric set of finite
perimeter such that S*N{p < 0,z > 0}, S*N{p < o, z < 0} are contained in one
of the sets F, F€. Then there exists a rotationally equivariant sequence of functions

Q. € H(Q, Symy) such that the compactness claim (16) holds, || Q¢|lp < \/gs*

and

limsupn &y £(Qe) = E(F) .

e—>0
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Byiy \ B | Bty \ By

Fig. 4. Partition of &’ into regions for the construction of Q¢ (arrows represent n¢)

Proof. The proof consists in providing an explicit definition for Q., generalizing
the construction made in [3]. The idea is the following: let F € S> N {p = o} be
rotationally symmetric. Since we assume F to be of finite perimeter, | D xr|(S? N
{p=0)) <oo.Let FNF<N QL ={6,...,0m} for some M € Nand 0; < 6,4,
foralli =0, ..., M—1. Wenow define the map Q. on the two dimensional domain
Q. We divide €' into several regions and define Q. on each region separately (see
Figure 4). After that, we derive the estimates that are needed to ensure that the
rotated map R; Q¢ R, satisfies the energy estimate.

Let Q' be parametrized by polar coordinates (r, 8). As usual, we denote by
F' =FNQ and F* = F° N Q. Note that p = r sin§. Let R > 2 be fixed.

Step 1 (Construction on F,’l and (F");]): We define F,; = F'\ Uiﬁio By, (6;) C
S! c @ and (F°), = F'\ UM B2y (6;) C S' C . For (r,0) € [1.R] x F] we
define

I J —n3<(r —1)/n.6)
Qc(r,0) == 54 (n ®n— §Id) with n(r, ) = ,

n3((r — 1)/'7,9)
(47)

where nj3 is given by Lemma 4.17. Analogously, for (r,0) € [1,R] x (F°); we
define

! —1 =13 = D/n. 7 ~0)
0c(r, 0) := s, (n ®n— gId) with n(r, ) = 0 (48)

3 ((r—1/n, 7 —0)
Since the defined Q¢ is uniaxial of scalar order parameter s, we have f(Q.) =0

and by (7) we can estimate the energy on QF;] ={(r0) :0¢ F,/] r € [1,R]}

€2 (Qe, Qpy)
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? 2 2 53 2
=n/'/’;>6g&m + % m
F)J1 r
1 ci 5
+?Q2><2,e D Qe+ ?(1 - n3) + Co(¢,n) ) rdrdo
=D/ 2 2 2 2 2 .
= / / (s*|8,n| +c;(1 —n3) + Co(§, 77)) (1 + nt)“sin@ dr do

(R-D/n 2.2
f]m % | oagn|? +
. (14 n1)?

where we set r = 1 + nt and used that Q242 : Q = |0c|? — 65,(1 — n%)s*ng =
2s2(1 — n3). Estimating C by Proposition 2.4 and using Lemma 4.17 we get

} (1+nt)*sinO dr do ,

0 EP(Qe. ;) < [ 10, (R —1)/n, cos6, 1)sin6 dd + C n
< 254c4 [ (1 —cos0) sin6 df + C 1. (49)

Applying the same steps to (F¢)’ , we get
0 ng(Qa Q(F%) < 2s*c*/ (1 +cos@)sinfdd + C n. (50)
FL‘/

Step 2 (Construction on (SZ+ )' and (2, n)’)‘ Next, we construct Q for

(r,0) € [1 4+ 4n,R] x U o B2y (6;). Without loss of generality, we assume 6 €
B2, (6p) and that smaller angles belong to F’, while larger values lie in F¢'. We
define (2 b. ,)’ ={(r0) : 6g—2n <0 < Oy, r €[1+4n,R]} and (Q;o,n)/ =
{(r,0) : 6o E 0 = 60+ 2n,r € [1+4n, R}

Since we want Q. to have H'-regularity, we need to respect the values of Q.
that we already constructed at 0 = 6y — 2n and 6 = 6y + 2n. We do this by
interpolating between these given values and s, (e3 ® ez — %Id) at 0 = 6y. More
precisely, for (r, 0) € (5200 n)/ we define

| Sin( (r, 0))
Qc(r,0) = s« <n ®n— —Id> with n(r, 0) = 0 ,
3 cos((r. 0))

where the phase ¢ is given by

¢(r,0) = —f arccos (n3 (r, 6y — 21)) . n

Similarly, the phase for (r, 0) € (§24, n)’ is given by

b, 0) = —— % arceos (s (r, T — (6o +21))) . (52)

Note that Q. is indeed continuous for & = 6y and that Q. coincides with our
previous definition at @ = 6y — 2n and 6 = 6y + 21.
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Now we calculate the energy coming from the two regions. We assume that
(r,0) € (QJ; )’, the estimates for (Q )’ are similar. Since Q. is takes values in
N, f(Qe) = 0 and furthermore by (7)

2(Qc) = c2(1 — cos’ (¢ (r, 0))) = ¢ sin* (¢ (r, 0)) < ¢ sin* (@ (r, 6 — 2n)) .
For the gradient, we note that
Lo, 2_ 2 2 5 2_ 2 2 52 2
EW Qc(r, 0)|” = s;10,n(r, 0)|” + rjlaen(r, " = s;10-0(r, )" + 7|39¢(r, 0)|

0 —60\>
= (2—) 219, (r, 6o — 2m)|* +
n

2
S
< s219,n(r, 6o — 20)|* + el Gl 2.

o 2|qf>(r b —2m|

Note, that for n — 0 the phase ¢ stays bounded. Furthermore, all terms decrease
exponentially in » by Lemma 4.17 and are thus integrable. Since %|8¢ 0% =
Orx2 1 O = 2s$ sin2(¢> (r,0)), this term converges to zero exponentially and
is bounded for n — 0. So finally we use the estimates on Co(&, 1), the above
calculations and the usual change of variables t = 1 + nt to get

n&P(Qe, (f ))=Ch. (53)
Analogously,
nEXP(Qe. (2 V) = Cy. (54)

Step 3 (Construction on B' and D’): Throughout this construction, we assume
that we are in the same situation as in Step 2, namely that we are switching from F’
to F¢' as the angle 0 increases. In this situation, we are going to construct a defect
of degree —1/2. Otherwise, one would need to define a defect of degree 1/2, that
is one needs to switch the sign of the angle in the definition of Q(«).

e We first define a map Qp on the two dimensional ball Bj(0) using polar coor-
dinates as follows

0 r €[0,¢€)
Op(r,a) = (£ — 1) O(a) r € [e, 2¢) (55)
Q@) re€2e1),
where
1 sin(c/2)
Oa) = sy <n(oz) ®n(a) — —Id) with n(a) = 0
3 cos(a/2)

e On B\ By we calculate

1 , ) 1 2 1
IV Opl7dx = < 19, Qp|* +t3 |3 Qpl* ) rdadr
B1\32€2 2 0 3
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1 11 2
=-f —dr/ |04 O 5% dax
2 Joe ¥ 0

2
—In(2e) / sfi(cosz(a/z) + sin(a/2)) da
0
InQ2)7 ,
> Sy -

Furthermore, f(Qp) = 0 on B;\Bzc and fBl\BZe lg(0p)|dx < C|Bi\Bael.
This implies

T2
= Es*|ln(e)| —

1 1 1
/ 51V O8I + 5 £(Q8) + —52(Qp)dx < —s2|1n<e>| + S |B1\Bac| .(56)
B1\Bae € n

e On B\ B we find

/ 2|V Qpl*dx =
Bae\Be

l\)\'—‘

m—

2 2e

/ / <\3rQB|+ IBO,QB|>rdadr

0
2 3

-5/ /( 1) 0@)Pr

0

r

<7—)|%Qmﬁmm

€

+

2 L, (1 2 1, (1 \2
§ s*<g—l> /g rdr+5ns*/€ ;(E_l) dr
= 75> l71 ze +—s ln(2)f1

T e 2 2

<C.

1
r

In addition, f(Qp) = 0 and fBzE\Be lg(0p)|dx £ C|By\Be|. Together, we
get

1 1 1 1
/ 31V 08P + 5/ (Q8) + —2(0p) dx < €2 (1 + —2) | Boc\Be| .
BZG\BE € n n
(57)

Finally, the gradient of Qg on B (0) is zero. The contributions from f and g
are easily seen to be bounded by C|Bc]|, so that

1, ., 1 - 1 1
[ 31V08F + 7@+ e @ndx €5 5+ ) 1Bl 59
Combining (56), (57) and (58) we get
fgl@z'v 0P+ 5 F(0w) + 2g(QB>dx
< T2 )| +C (1 + %) |B1(0)| + C. (59)
2 n

Note that we have the same bound for Q. (r, ®) = Qg (r/F, @) on Bz(0), where
7 < 1. In addition, this bound is invariant under rotations and translations of the
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domain. Again we assume that € B, (6p). We use the construction of Q g to define
Q¢ ontheset B := B, (14 2n,60p) C [1,1+4n] x [0y — 27, O + 27] via

Qe(r,0) = Roy Qp(r/n, ), (60)

where Ry, is the rotation matrix around the p—axis with angle 6y, o= (r—
1 —2n)2% + (0 — 6p)? and « being the angle between the vectors (0, DT and
(6 —6,r —1—2n)T". Note, that the term | B1(0)| in (59) transforms to | B|, which
can be estimated by C nz. For the remaining term of SED we notice that Q2x2.¢ : Qe
is bounded on B and that p = o — 1, thus [, p 1022610 £ Ce —n)~ .
Then, using p < (1 + 2n) sin(By) + n, we get from (59) together with the estimate
on Co(&, n) from Proposition 2.4, that

. 4 C
n€2°(Qc, B) < (1 +2m) sin(@) +n) sl In(e)] + Crp + 5" ©D

We now want to construct the map Q. on the set D = {(r,0) € [1, 1 + 4n] x
[60 — 21, 60 + 2n]}\ B by interpolating between the values given by Steps 1 and 2
on the one hand, and the values on d B on the other hand. We use the same polar
coordinates (7, ) as for the definition of Q¢ on B to parametrize D. Let &4/, be
the phase associated to the director of Q. (1, @) and ® («) the phase of the boundary
values on (D U B). We set

pr )= 2D T TN g
r,a) = —— — P (),
R —n 7 R@) -1

where

if o € [—7/4, w/4] U [3/4, S /4],

21 otherwise .

2n
R(a) = { [ cos(a)]
[ sin(a)|
In particular, |R(a)| < 24210 and |3, R ()| < 2+/2n. Then we define
. sin(g (7, @)
Op(r,a) = sy <n(7, o) ®n(, o) — §Id> with n(7, @) = 0
cos(¢(r, a))

Then f(Qc|p) = 0since Q|p is uniaxial and of scalar order parameter s, and
|g(Qc|p)| is bounded. We can estimate the gradient

1 1 1
/EIV’QEIZdX=/ 5<|arQE|2+—2|aeQE|2)rdrde
D D r
2 R(O{)l ’ l 2\ =
§(1+4n)/ f E(I&Qel + =100 Q| )rdrda
0 n r

5 2 R(x) 5 1 5
= (1+47])s*/ / <|Z#q)| + =109 >7d7da.
0 n r
(62)
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Since @42 and P () are bounded and d7¢p = W)l—nq)“/z + mCD(a),
we can easily infer that |3-¢|> < % Furthermore it is clear by definition that
|0 <I>a/2|2 < C. So it remains to derive bounds on 3, ® (). For « € [0, /4] we

2_4n2

have ®(a) = arccos(ns(1 4 47, 6) — 2m) Y24 hat is |9, (@) < C.
Similarly, 9, ® is bounded for « € [—r/4,0]. For @ € [7/4,37/4] and r (o) =
1+ \/Rz(a) + 812 — 4v2R(c)n cos(3w/4 — ) one can show that ®(x) =
arccos(nz(r(«), 6p — 2n)). An explicit calculation yields |80,<I>(oz)|2 < C. By the
same argument, dy P is also bounded for @ € [—3n /4, — /4] For « € [37/4, 7]
we have ® (o) = —2ntan(r — o) + 6y — Z, so that |80[<I>(oe)|2 is also bounded by
a constant. We plug this result into (62) and use the fact that Q2x2 ¢ : Qe is also
bounded, 0 < 14 45 and Cy < C&E%/n? to get

2 R(a) C
£20(0.. D) < 2<1+4n)s§/0 / (C—i—;)ada da
n

c
+ <C+ : (63)
o —cn o —cn
Hence by (61) and (63)
. T
1 E27(Qe. BUD) = ((1+2m)sin@0) +2m 3 sinlInel + Cn+ —— i1
(64)

This finishes our construction of Q. (p, 9).

Step 4 (Transition to Qo (€, n)): So far, we have constructed the sequence Q.
inside a ball of radius R around 0. Because of the exponential convergence of the
optimal profile from Lemma 4.17 , the function Q. is close to Qo on d Byz. We
will now construct a transition zone from Q. to Q for r € (R, R + 1) and then
from Qoo to Qoo(€,n) for r € (R + n, R + 2n). Since O (R, 0) € N for all
6 € [0, 7] we can linearly interpolate the phase between Q. (%R, #) and Q as in
Step 2. We estimate as in Step 2 and thus the cost of this interpolation in terms of
energy is given by

1 EXP(Qc, Briy\Bx) < C 1. (65)

Forr € (R 4+ n, R + 2n) we linearly interpolate between Qo and Qo (€, 1), that
is we define

1 1
Qc(r,0) = ;((9‘{+ 2n—=r)se+ (r =R —m)s, 22,2) (03 ®e; — §1d> :

Since [, g2/,2 — 54l < C&2/n? and by Proposition 2.4 we get

D ) %-4 %-2 §2 52
nE7(Qe, Boigan\Boty) = C 1 (ﬁ + o + o} + ?> .

(66)

Finally, if r = R + 21 we set O = Qo (£, 1), which has energy 0.
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If we now extend Q. to 2 by using the rotated function Q.(p, ¢,0) =
RJ QOc(p,0)R, and integrate SED in @-direction, we get from (49), (50), (53),
(54), (64), (65) and (66)

2
N€e(Qe, Q) < 2s*c*f / (1 — cos(8)) sin(0) d6 de
0o Jr
2
+ 2s54Cx / / (1 + cos(9)) sin(#) d6 de (67)
O F(.‘!

Cn
o—cn’

M—1 27
+ Zs2nine Y f (1 +2m)sin(@) + 2n) dg + Cn +
2 i=0 70
Taking the limsup 1, € — 0 in (67) yields the inequality

limsup &, £ (Qc) < 25404 / (1 — cos(0)) dw
n,e—~>0 F

F2s5eh | (14 cos@)) do + %sfﬂleFl(Sz)
FC
=& (F).

It remains to show the claimed convergence. It is clear by definition of Q.
that Un>0 F, = F and Un>0(FC),, = F¢ which implies the convergence for .
The continuity of n€ as a function with values in S? outside a set w, is clear by
construction if we choose w, to contain all balls B, we used in step 3. Taking w,, as
the union of all sets B and D from step 3. we can also achieve that 2\ w,, is simply
connected. Extending n€ inside B measurably, yields the compactness claim. O

Proof of the upper bound (18) of Theorem 3.1 We choose a sequence oy > 0 which
converges to zero as k — 0o. We approximate the set F by sets Fj such that the
domains SN {p < ox, z > 0} and S>N{p < oy, z < 0} are fully contained in Fj or
F,f. By Lemma 5.2 there exist sequences Q¢ x such that lim SUpP,, 0 Ene(Qei) S
Eo(Fy) and (16) holds. We observe that

IDxF|(S?) = IDxp|(S* N {p 2 ox}) = IDxrl(S* N {p = ok})

and

3

/ (1 —cos(9)) dw—f (1 —cos(6)) dw
F

Fy

/.(l+cos(9))da)—/ (1 +cos(®)) dw| < Co?.

F¢

k

Hence limsup, ., &y, (Qe k) < Ey(Fr) S Ey(F) + C0k2 and taking a diagonal
sequence Q¢ = Qe k(e) WE get

limsup €, &(Qc) < E(F).

n,e—0

The compactness (16) follows by triangle inequality. O
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6. Limit Problem, Transition and Hysteresis

Physicists have successfully manipulated the Saturn ring configuration by using
electric fields [33] and observed a transition between dipole and Saturn ring by
changing the strength of the field (see [6, p. 190ff] and [39,40]) or the radius of the
particle [54]. In [40, Fig. 1] a series of images shows the accelerated shrinking of
a Saturn ring defect loop around a spherical particle towards a dipole defect, once
the applied electric field is switched off. The configurations intermediate between
dipole and Saturn ring are observed to be unstable. Similar transitions from Saturn
ring to dipole have been observed by accelerating a droplet inside a liquid crystal
[36,57].

In [50] physical reasoning, scaling arguments and numerical simulations are
conducted to explain this type of transition and the occurrence of a hysteresis
phenomenon. To our knowledge the hysteresis has not yet been observed, but cannot
be excluded [54]. Our limit model provides an analytical setting, in which we are
able to reproduce the findings derived by H. Stark from physical arguments and
numerical simulations. The reduced magnetic coherence length £y introduced in
[50] corresponds to our parameter 1 in the one constant approximation. As pointed
out in the first section, our limit £,  — 0 corresponds to an increasing particle
radius ro — oo and asimultaneously decreasing field strength 2 — Osince& ~ ry !
and n ~ h’lé. The slower the decrease of £, the stronger is the influence of the
magnetic field in | In(&)| and thus in B. It is therefore reasonable to say that small
values of B correspond to strong magnetic field, relative to the size of &|In(§)|.
This translates the assumption of high magnetic fields &y < 1 (while keeping rg
fixed) in [50] to smaller values of B in our limit. Although the calculations in [50]
are based on the Oseen—Frank model rather than the Landau—de Gennes that we
are using, we are able to reproduce the behaviour of the energy & as a function
of 64, compare Figure 5 and [50, Fig. 11]. From our calculation, we also find the
hysteresis for changing values of Bs.. For 8 > 1, that is small external fields, the
dipole is the only stable configuration. Increasing the field, the system will maintain
the dipole, until we reach 8 = 0, where a transition to the Saturn ring takes place.
Decreasing the field while starting from a Saturn ring, we will retain the structure
until we reach i—: B = % ~ 2.546 and the Saturn ring closes to a dipole.

The rest of this section is devoted to the calculation of the minimal energy
configurations of the limiting model which we have explained above.

In a first step, we claim that if F is a minimizer of &, then F and F€ are
connected. Indeed, assume that one of the two sets, say F, is not connected. Then
there are two possibilities: If F¢ is connected, then F also contains the point § = 7
and we can decrease the energy & by handing over this set to F€. If F€ is also
not connected, then we can similarly exchange points between F and F¢ while
decreasing the energy until both sets are connected.

Now that we know that F" and F¢ are connected, we deduce that there can only
be one angle under which the defect line separating F and F¢ occurs. Let us name
this angle 6; € [0, 7] and let F C S? be the set corresponding to 0 < 6 < 6.
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Then we can express the limit energy as
b4
Eo(F) = 2s*c*/ (1 —cos(9)) dw + 2s*c*/ (14 cos(9)) dw + EsmeXFl(SZ)
F Fe
2 Oq
= 2854Cx f (1 — cos(0)) sin(0) d6 dg
0o Jo

2 T
+ 254Cy / (1 4 cos(0)) sin(9) d6 de
0 7%}

T .
+ Esfﬂ(Zn sin(6y))
_ 8ns*c*( sin?(04/2) + cos* (04 /2)) + 7282 sin(8y) .
Setting the derivative of this expression to zero gives the equation

T S cos(@d)(n,Bs* — 8¢y sin(@d)) =0,

which yields the two families of solutions §; = 77/2+Z and 6, = arcsin( ”S’SC i £) 4
27w Z. We note that

1. For i—iﬂ = % ~ 2.546, the two families are equal. We conclude that for

i—’; Bz % the only stable configuration is a dipole at 6; = 0, 7 (see Figure 5).
2. The energy of the Saturn ring 6; = 7 /2 and the dipole 6; = 0 are equal for
i—: B = % A 1.273, which means for greater values of f,—’; B the dipole is the
globally energy minimizing configuration, while for smaller values the Saturn
ring is optimal.
3. The case where 6; = /2 is the only (local) minimizer corresponds to § = 0,

that is 6, = 0.

In particular, we see that the only stable energy minimizing configurations are the
dipole (which corresponds to F = ¢} or F = S?) and the Saturn ring (where F is
the upper half-sphere).

The available experimental and theoretical results are in agreement with these
findings. Nevertheless, the conducted experiments mostly use an electric field to
manipulate the orientation of the liquid crystals and were not yet able to observe
the hysteresis phenomenon, described in [50] and in this work.

We hope that our analysis stimulates further research into this direction.

7. Conclusion

The goal of this article was to derive an effective energy of the Landau—de
Gennes model for a spherical particle immersed into a nematic liquid crystals under
the influence of a homogeneous external magnetic field, stated in the framework of
variational convergence. We imposed strong anchoring conditions at the boundary
of the particle and investigated the interplay of elastic, bulk and magnetic free
energy in an intermediate regime parametrized by B that exhibits singularities of
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Fig. 5. Plot of the energy & for different values of 8 2—: as a function of the angle 6,
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Fig. 6. Left: Plot of the energy of the dipole and Saturn ring as a function of ‘Z,—:/S. Right:
Hysteresis induced by changing ‘Z,—’;ﬁ

both dipole and Saturn ring type. Studying the limit energy, we show that there
are no stable minimizers other than the dipole or the Saturn ring and we determine
ranges for § in which either of the two is energy minimizing. We calculate values of
B where a transition between the two takes place, finding a hysteresis phenomenon.
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A. Appendix

In this section we check that the two functions g; and g» as defined in (9) ver-
ify the assumptions on g, in particular (5), (6), (7) and (8). All calculations are
straightforward.

Proposition A.1. (Properties of g;) Let g1 be given as in (9). Then

1.IfQ e Nisgivenby Q =s,(n®n — %Id) withn € S?, then

g1(0) =s. (1-nd) .

that is ci = Sy
2. There exists a constant C > 0 such that for all Q € Sym,

181(Q) — g1 (R(Q))] = Cdist(Q, N). (68)

3. The function g satisfies the growth assumptions (5),(6) and is invariant by
rotations around the ez—axis. For fixed |Q|, g1(Q) is minimal if e3 is the
eigenvector corresponding to the maximal eigenvalue of Q. For Q = s((e3 ®
e3 — %Id) +r(m®m — %Id)) (using the notation of (4)), g1(Q) is minimized
forr =0.

Proof. For Q = s,(n®n — %Id) with n € S? and s, = 0 one easily checks that
, 1

2
§1(Q) = Ssx —su(nd = 3) = 5. — sund.

For the second assertion, we take a Q € Sym, and use Proposition 2.3 to write

Q:s((n@n—%ld>+r(m®m—%Id)) ,

with s > 0,0 < r < 1 and n, m orthonormal eigenvectors of Q and R(Q) =
Sk (n ®n — %Id). Then we can estimate

£1(Q) — g1 RN = [s (0 = 3) +5r(m3 — ) —se(n3 - 5)
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1 1
< Is = sl = 3|+ Lsrl|m3 - 5.

On the other hand, as in (38),
1 1
dist?(Q, ) =0 = R(Q)I” Z 3l = sul* + 3 lsr1”.

Combining these two expressions, we find that

1£1(0) — g1 (R(Q)] < % dist(Q, ) |

which completes the proof of the second assertion for the choice C = %.

The function g; is smooth and obviously satisfies (5) and (6). Furthermore, since
g1 only depends on (33, it is invariant under rotations around the e3 —axis. Writing
once again O € Symy in the form of Proposition 2.3, we get

g1(Q) = %S* - S(<n§ - %) - r(m% - %)) .

For fixed s, r, m this is minimized by n% = 1, which corresponds to the principal
eigenvector n equal to e3. We also see that for n = e3 and s fixed, g becomes
minimal if » = 0, sincem L n. O

Proposition A.2. (Properties of g») Let g» be given as in (9). Then

1. g2(Q) 2 O forall Q € Sym, with equality of and only if Q = t(e3 ® e3 — %Id)
for some t 2 0.
2.IfQ e Nisgivenby Q = s,(n®@n — %Id) withn € S?, then

£2(0) = @(1 —n}).
that is ¢2 = \/g

3. There exist constants 81, C > 0 such that if Q € Symg with dist(Q, N') < §
for0 < 8 < 681, then

182(Q) — 2(R(Q))| = C dist(Q, N) . (69)

4. The function gy satisfies the growth assumptions (5),(6) and is invariant by
rotations around the ez—axis. For fixed |Q|, g2(Q) is minimal if e3 is the
eigenvector corresponding to the maximal eigenvalue of Q. For Q = s((e3 ®
e; — %Id) +r(m @ m — %Id)) (using again the notation of (4)), g2(Q) is
minimized forr = 0.

Proof. Minimizing g, under the tracelessness constraint, we get the necessary
conditions

1 2 ..
__+%—x=0, 0330); —A=0forj=12,

ol 0P 0P

0330
|0

=0fori #j
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for a Lagrange multiplier 1. For Q = 0 the claim is clear by definition. So let
Q € Sym\{0}.If Q33 = 0 we get a contradiction. Hence we can assume Q33 # 0.
Then the third equation from above implies Q;; = 0 for i # j and the second
011 = 0». By r(Q) = 0, we have Q33 = —2Qq;. Then the first equation

reads 0 = %Q§3 — | Q[ that is Q33 = /2/3|0|. Inserting this into g» we get
mingym, g2 = 0. Our conditions also imply the claimed representation Q = #(e3 ®

e; — %Id). Reversely, it is obvious that g» = 0 for such Q.
For the second claim, it is straightforward to check that for Q = s.(n®n— %Id) enN
we have | Q]2 = %sz. Thus

- 1520 -

For the next property we use the same notation as before (from Proposition 2.3) to

write
1 1
Q=s((n®n—§ld>+r<m®m—§ld)) ,

with s > 0,0 < r < 1 and n, m orthonormal eigenvectors of Q. From the second

part of this proposition, we infer that g2 (R(Q)) = \/g (1— n%). In order to calculate

22(Q), we note that

2 2
+25%r

1
|0 = 2 n®n—§ld

1 1
—-Id|: —-Id
(nen-310): (mom- )

22 2
== — 1).
3s (r r+

This implies

2 2_1 + 2 _ 1
12(0) — g2(R(Q))| = \/;_ s(ny —3) +sr(imy — 3)

2, se(nf — 1)

O

2 1 2 1
Sn3—§< 1 _l)+m3 3 r
- \/g N1 —r+r2 f V1—r+r?

1
Note, that the Taylor expansion atr = Ois givenby ——= — 1 = %+O(r2)

V1 —r 472

and - r + O@?). Hence

A—rir
[£2(0) — g2(R(Q)| = < 5" +0@?). (70)



The Saturn Ring Effect in Nematic Liquid Crystals 1455

As in Proposition A.1 we get that dist>(Q, N) = %Is — s>+ %Isr2| and hence

3 dist(Q, 1
Is — 55| < /3 dist(Q, N) and |r| < M We define §; = ——=s, and

K 23

together with (70) we get

‘/_dlsr;Q M ¢ ‘/_dlst(Q N).

lg2(0) — g2(R(O)| £ Cr <

It remains to prove the last assertion. Again the growth assumptions (5) and (6)
are trivially satisfied. With the same arguments as in Proposition A.1 (since |Q] is
fixed), we get that g»(Q) is minimal for n = e3. Finally, we can compute

82 (s <<e3®e3—%Id)—i—r(m@m_%ld))) \/7 3\/S>+Sr mj;f)

and see that this is indeed minimal if » = 0. ]
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