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Abstract

We study the exterior problem for stationary Navier—Stokes equations in two
dimensions describing a viscous incompressible fluid flowing past an obstacle. It
is shown that, at small Reynolds numbers, the classical solutions constructed by
Finn and Smith are unique in the class of D-solutions (that is, solutions with finite
Dirichlet integral). No additional symmetry or decay assumptions are required.
This result answers a long-standing open problem. In the proofs, we developed the
ideas of the classical Ch. Amick paper (Acta Math. 1988).

1. Introduction

Let £ be an exterior domain in RZ, that is, & = R? \E, where B is a bounded
open set with sufficiently smooth boundary.! To be definite, we assume that the
origin is 0 € B. Without loss of generality, we also let R> \ B; C &, where By is
the open unit disk centered at 0. This paper studies the stationary Navier—Stokes
equations in £ with a Dirichlet boundary condition on 9£ and nonzero prescribed
velocity at spatial infinity, that is,

Aw—(w-V)w—-Vp =0,

V-w=0, (1.15)
Ao

Wwlpe =0,

w(z) > Woo = A€] as |z] — oo.

The parameter A > 0 will be referred to as the Reynolds number. Here e; = (1, 0)
is the unit vector along x-axis. Physically, the system (1.1, ) describes the stationary
motion of a viscous incompressible fluid flowing past a rigid cylindrical body.

Lag being of class C2+® o > 0 would be sufficient. Such regularity is required in [7]
for the construction of Finn-Smith solutions.
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This problem has its origins in the 19th century, starting with the classical paper
of Stokes [31], where the famous paradox of his name was discovered, that is, that
the corresponding linearized system

Aw —Vp =0,
V-w=0, (D)
Wwlhe =0, ’

w(z) —> e as |z] &> o©

has no solution.” The mathematical nature of the Stokes paradox was the subject
of many investigations, see, for example, [4,26].

The celebrated J.Leray’s paper [23] can be considered as a landmark point in
the study of the nonlinear problem (1.1,). There, among many other results, Leray
suggested an elegant approach which was called “the invading domains method” .
Denoting by wy the solution to the problem

—AwWg + (Wi - V)Wi + Vpr =0 in€EN Bg,,

divw, =0 in& N Bg,,
wi, =0 on d€&, (1.2)
Wi = Wxo for |Z| = Rk

on the intersection of £ with the disk Bg, of radius Ry = k(>> Ry), whose existence
he proved before, Leray showed that the sequence wy satisfies the estimate

/ Vwil? e (1.3)
SQBR,{

for some positive constant ¢ independent of k. Hence, he observed that it is possible
to extract a subsequence wy, which weakly converges to a solution wy, of prob-
lem (1.1;)1,2,3 with fg |IVwz|> < +00.3 This solution was later called Leray’s
solution (see, e.g., [1]).

This achievement of Leray immediately raises two crucial questions:

(1) Is the constructed solution w;, nontrivial, that is, can we exclude the iden-
tity wy = 0?

This question is rather natural, since if we apply the Leray “invading domains”
method to the corresponding Stokes system (1.1) (or even to the simplest Laplace
equation), then the limiting solution will be identically zero.

2 Stokes himself gave the following explanation: the pressure of the cylinder on the fluid
continuously tends to increase the quantity of fluid which it carries with it, while the friction
of the fluid at a distance from the cylinder continually tends to diminish it. In the case of
a sphere, these two causes eventually counteract each other, and the motion becomes uniform.
But in the case of a cylinder, the increase in the quantity of the fluid carried continually gains
on the decrease due to the friction of the surrounding fluid, and the quantity carried increases
indefinitely as the cylinder moves on ([31], p. 65).

3 This convergence is uniform on every bounded set.
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(2) If wy, is nontrivial, what can we say about its behavior at infinity? Namely,
can we guarantee the desired convergence

Wi (Z) = Woo as |z > 00 ? (1.4)

Many useful properties of Leray solutions were discovered in the classical
papers by D. Gilbarg and H.F. Weinberger [11,12]. Further more, in the very deep
paper [1] Ch. Amick proved, under an additional axial symmetry assumption, that
the Leray solutions are nontrivial and they have some uniform limits at infinity, that
is, there exists a constant vector wg € R? such that

wr(z) — wo as |z| — oo. (1.5)

Very recently, in the joint papers by Korobkov—Pileckas—Russo [18-20], this addi-
tional symmetry assumption was removed, that is, they proved that Leray solutions
are always nontrivial and have some uniform limit at infinity (1.5).

Nevertheless, despite the classical papers and the recent progress, the fundamen-
tal question, whether or not the Leray solutions satisfy the limiting condition (1.4),
that is, whether the equality wy = W holds, is still open. In other words, it is not
clear whether one can construct the solution to the initial problem (1.1,) by Leray’s
method.

The brilliant success (for the small Reynolds numbers) was reached in 1967 by
another approach. Namely, using the integral representations with the fundamental
solution to Oseen linear system (see below (1.12)) and a contraction mapping
argument in some suitable Banach spaces, R. Finn and D.R. Smith proved [7] the
following remarkable result:

Theorem 1. (See [7] Corollary 4.2 and Theorem 7.1) There exist constants Ay, My,
g0 > 0 depending only on the geometry of € such that, for any 0 < A < A, there
exists a smooth solution wrs(z; X) to (1.1,) in € satisfying the pointwise estimate

|wrs — he1)i ()| < Mollog Al ™' Ak (A2), i = 1,2 (1.6)
for all z € E. Moreover, if w is a smooth solution to (1.1,) in £ satisfying
[(w— rep)i(2)| Seorhi(Az), i =1,2 (1.7
forallz € &€, thenw = wrg.

(In fact, their construction allows nonzero small boundary data w = a on 9&€
with |a — W | small enough, even without zero total flux condition.)
Here the majorant functions #; (£) are taken as

2.
0<|€|=1: hi(E)zlogE,tzl,Z, (1.8)

hi(§) = IEI_?

1
2 e = teion,

(1.9)
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with0 < p < % chosen arbitrarily and then fixed. To be definite, we simply take
n= g

We briefly describe the approach taken by Finn and Smith [7]. (The reader may
also consult Galdi [10] Section XII.5 for another approach based on Sobolev norms
instead of pointwise bounds.) Let v(z) = 2~ 1w(z) — e;. To find a desired solution

w(z), it is equivalent to finding v as a solution to
AV — Ld1v—Vg =Av-Vy,
V.-v=0,

Vige = —ei,
v— 0 as |z] = oo.

(1.10)

In turn, this is reduced to solving the integral equation
V(z) = Ve(z: A) — A/ (V@) - V) Gz, 25 1) - v(Z)dx'dy =: Tyv, (1.11)
&

where G is the Green tensor with Dirichlet boundary conditions for the linearized
problem

Av —A0;v— Vg =0,
! v (1.12)

V.v=0

in £ and vy(z; A) is the linear solution to (1.12) with the same boundary conditions
as v (both G and v, were constructed and studied in [6]). It is proved in [7] that,
when A is sufficiently small (so that a crucial smallness estimate on v, is valid,
see [7, Lemma 2.1] ), T} is a contraction mapping for v belonging to a small ball
centered at 0 in the Banach space

2y . __ i (2)]
X = {v e C(E,RY) : |vllx, = Zeg;liajm o) < oo}. (1.13)
Then, using standard perturbative arguments, the existence and (local) uniqueness
for fixed points of 7, under the conditions of Theorem 1 can be obtained.

Despite many other efforts (see, e.g., [8,10,21]), the existence problemin (1.1,)
at high Reynolds numbers (for arbitrary A > 0) remains open. In the famous lecture
by professor V.I. Yudovich, which he gave at the University of Cambridge and
published in [32], this task was included in the list of the most important open
problems in mathematical fluid mechanics.

Since the work [7], another interesting problem has appeared: whether unique-
ness in Theorem 1 is true globally, that is, without assumption (1.7)? Note, that
for the same flow problem in three dimensions, such a smallness condition is not
needed to prove uniqueness, see, €.g., [5,21]. In two dimensions, the problem ap-
pears to be much more difficult, mainly because the Dirichlet energy alone is not
sufficient to control the behavior of functions at infinity. As shown in [10] Section
XII.2, the usual energy estimate argument would run into immediate difficulties
when applied to prove uniqueness for (1.1;) in the unbounded domain £. We also
point out that, when the Reynolds number A is large, uniqueness is, in general, not
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expected to hold for the Navier—Stokes equations.* When A = 0, uniqueness of
the trivial solution w = 0 is conjectured by Amick in [1, p.99] and still remains an
open problem.

It is well known (see, e.g., [7]), that every Finn—Smith solution has a finite
Dirichlet integral, that is, it is a D-solution. The purpose of our article is to give a
positive answer to the uniqueness problem for small Reynolds numbers in the class
of D-solutions. The main result is as follows:

Theorem 2. There exists a positive constant L1 depending only on the geometry
of 0E such that, for 0 < A < Ay and for arbitrary D-solution w to (1.1,), the
identity w(z) = wrs(z; A) holds. Here wps(z; L) is the Finn-Smith solution given
by Theorem 1.

We prove Theorem 2 by deriving the estimate (1.7) for arbitrary D-solution
to (1.1;) when A is sufficiently small, thus invoking the uniqueness statement in
Theorem 1. More precisely, Theorem 2 is an immediate corollary of the following
lemma:

Lemma 3. There exist positive constants L1 and M depending only on the geom-
etry of 0E such that, for 0 < . < A and for arbitrary D-solution w to (1.1;), we
have

1
|(w — xe1)i ()| = Mi[log A|"2Ah;(hz) S eorhi(Az), i =1,2.  (1.14)
Here Ao and g are those given by Theorem 1.

Remark 4. In fact, we can prove Theorem 2 and Lemma 3 under more general
boundary conditions for w on 9. Namely, if w|yc = Aa and a is a constant vector,
then uniqueness as in Theorem 2 holds and our proof goes through with only minor
modifications. See Remark 10 for further discussions.

Remark 5. The study of general D-solutions, that s, solutions to the Navier—Stokes
system (1.1,)1 2 witha finite Dirichlet integral in £ without any a priori conditions at
infinity, was initialized by the Leray paper [23].> Many useful and elegant properties
of D-solutions were discovered in the classical papers [1,12]. Recently, based on
these ideas, it was proved [18,19] that every D-solution is uniformly bounded and,
moreover, it has a constant uniform limit at inﬁnity.6 Of course, any D-solution w
to (1.1,) satisfies w — Ae; # 0 at infinity by assumption. In the remarkable paper
of L.I. Sazonov [27] it was proved that any D-solution to (1.1;) satisfies rather

4 For example, in the recent paper [15] it was written: “The question of the uniqueness of
weak solutions for small data is even more open in two-dimensional exterior domains... For
two-dimensional exterior domains with nonempty boundary, we would a priori also expect
the existence of infinitely many weak solutions parameterized by some parameter”.

3 Physically, finiteness of the Dirichlet integral means that the total energy dissipation
rate in the fluid is finite.

6 This result is not trivial since in general the finiteness of the Dirichlet integral does not

1
guarantee even the boundedness of the mapping, for example, the function f(z) = (ln(lz I)) 3
has a finite Dirichlet integral in £.
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strong decay estimates at infinity, namely, it is physically reasonable (or in the
class of PR) in the sense of [29, page 350]. In [29], Smith showed that the behavior
of any PR-solution is essentially controlled at infinity by that of the fundamental
Oseen solution (see also [9] and [10, Ch. XII]). In particular, using the results of
[27,29], for any D-solution w to (1.1,) we have

|(w — 2en)i(2)] = M(h, WAhi(Az), i = 1,2 (1.15)

for some constant M (A, w). Thus, the essence of Lemma 3 is that the dependence
of M on wis removed and a smallness factor | log A| -3 is achieved when A is small.

Note, that some uniqueness results concerning the 2d exterior problem were
obtained recently, see, e.g., [15,24,33,34], but in the quite different context and of
quite different nature. Namely, in [24,33,34] it was considered the cases of zero
limit at infinity under additional symmetry and smallness assumptions (including
external force and energy inequality); and in [15] it was considered the case £ = R?
under additional assumptions of type (1.7) and in the presence of external force.

More detailed survey of results concerning boundary value problems for the
stationary NS-system in plane exterior domains can be found, for example, in
[10,13]. The subject is still a source of interest, as evidenced, e.g., by the papers
[14-16].

Now let us describe the main ideas and approaches of our paper. The proof
of Lemma 3 starts with an interesting and very useful result stating that any D-
solutions to (1.1,) have extra small Dirichlet energy when X is small:

D, =/ IVw|> < Ce?2?  with e = (1.16)
&

1
VTog Al
The presence of ¢ is closely related to the Stokes paradox introduced earlier (see
below Remark 10 for more detailed explanation of this fact). Note that similar
logarithmic smallness was proved in [1, Theorem 22] for the Dirichlet energy of
the Stokes solutions in bounded domains.

We now make a crucial observation: outside the critical circle {r = % , pressure
is uniformly small, that is,

Ip(2)] £ Cer?

(see Lemma 12). Also, we have to use a very elegant result of Amick [1] stating
that Bernoulli pressure p + w; - % is increasing and decreasing along two regular
vorticity level sets (curves) {w = 0} which are going from d€ to infinity (see
Lemma 13). The smallness of Dirichlet energy and pressure, along with the help
of Amick’s technique of working with level sets, gives us many initial estimates
concerning the behavior of w outside (and near) the critical circle.

The estimates (1.14) are then considered separately, — inside and outside the
critical circle {r = %}. The inequalities inside the critical circle can be obtained by
applying standard technique based on estimates for solutions to the Stokes system
inside disks, and it is a kind of routine (see the Appendix II).
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Outside the critical circle, our circumstance and the techniques developed in
papers [1,12,18,20] allow to prove the uniform pointwise estimate

[W(z) — (&, 0)| = Cer (1.17)

(see Section 5, Step 2 ). The last estimates open the possibility to apply the technique
of the Sazonov paper [27] on integral operators associated with the fundamental
solution to the Oseen system in order to prove the estimate

W)~ 0L OIS Cerpal 0 V|25,
which coincides with the standard inequality using in the definition of the P R-
solutions. Finally the well-known results of Smith’s classical paper [29] allow
to derive the required estimates (1.14) and to finish the proofs.

The rest of the paper is organized as follows. In Section 2, we introduce some
frequently used notations and lemmas. A brief introduction to two-dimensional
Oseen system is also included. In Section 3, a crucial smallness of Dirichlet energy
is proved which has various interesting consequences. In Sections 4, 5 we prove
pointwise bounds for w inside and outside the critical circle respectively. The final
proof of the main result is summarized at the end of Section 5. For a reader’s
convenience, we moved the proof of the uniform estimates (1.17) (where the subtle
real analysis arguments from [1] are used) into Appendix I.

2. Notations and Preliminaries

2.1. Notational Conventions

We work in the two dimensional setting and z will be a general point with
Cartesian coordinates (x, y) in the plane. By a domain we mean an open connected
set.

Let Q. :={z :r1 < |z| <r}and & :={z: |z| > r}. S, will stand for the
circle {z : |z| = r} and B, for the open disk {z : |z| < r}. We will often use f(r)
to denote the average of a function f on the circle S,, that is,

_ 1 2
f@r) = o f(r,0)do.
7 Jo

We use standard notations for Sobolev spaces Wk4(Q), where k € N, g €
[1, +o0]. In our proof we do not distinguish the function spaces for scalar valued
or vector valued functions, since it will be clear from the context which one we
mean.
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2.2. Properties of D-Solutions

We present some standard facts about the behavior of general D-functions
(=functions with bounded Dirichlet integral). For the proof of the next Lemma,
see, e.g., section 2 in [18].

Lemma 6. Ler [ € WIL’CZ(Q) and assume that

Dy :=/ |V f2dxdy < oo
Q

r1.1
for some ring Q2 , ={z € R2:0 < ry < |z| < 2} C Q. Then we have

1

|f(r2) — fr] = ¢_<Df1n—>2. Q.1

Further more, if ro < Bry, then there exists a number r € [ry, r2] such that

_ 1
sup |f(z) = f(r| =CpD7, (2.2)

lzl=r
with constant Cg depending on 8 only.

The circles S, in Lemma 6 will often be called good circles.

Next, we present an elegant lemma from [12, Theorem 4, page 399] that allows
us to control the direction of the averaged velocity on circles for D-solutions to the
Navier—Stokes equations.

Lemma 7. ([12]) Let w be a D-solution to the Navier—Stokes equations in some
ring Q. =1{z € R?:0 < r; < |z| < r2}. Denote by w the average of w over the
circle S, and let ¢(r) be the argument of the complex number associated with the
vector w(r) = (w1 (r), wa(r)), that is, w(r) = |w(r)| (cos ¢ (r), sinp(r)). Assume
also that |w(r)| Z o > 0 for some constant o and for all r € (ry, r2). Then the
estimate

1 1
sup 10(p2) = p(o1)| £ 1~ / (;|Vw|+|w|2) 23)

ri<pi < pa<ra Q’1<’2

holds. Here, ® = drw1 — d1w> is the vorticity.

2.3. The Stokes Estimates

We recall the following classical local regularity estimate for the linear Stokes
system (for the proof, see, for instance, [10, Theorem IV.4.1 and Remark IV.4.1]):
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Lemma 8. Let wg be a local solution in By to the Stokes system

Aws — Vps =fs,

2.4
V.-ws =0. 24

Then there holds the following regularity estimates fork = 0,1,2,--- and 1 <
s < oo

IV wsllzss,) + IV psllzss, ) < Clk,s) (Iwsllwis sy + Wsllwess,))-
2 2
(2.5)
Moreover, the domains B 1 can be replaced by Bf = B 1 N R%r if we assume that
2
ws =0on aRi NdBT. Here Rf_ is the upper half plane {(x,y) : y > 0}.
2

It follows from this lemma and standard bootstrapping arguments that D-
solutions to (1.1;) are locally smooth.

2.4. The Oseen System

For convenience of our presentation in Section 5, here we summarize some
known results on the Oseen system (1.12) in two dimensions. The fundamental
solution of the Ossen system (E, e), introduced in [25], consists of a symmetric
tensor of rank two E;; and a vector ¢}, such that

AE;; — 01 E;j — d;ej = §;d0,
Z O Eij =0, (2.6)

i=1,2

where i, j = 1,2 and Jy is the delta function supported at the origin. Explicitly,
(E, e) are given by

E— [81(H+L)—L (H + L)

0(H+L) —091(H+ L)} , e=—VH (2.7

where AH = §p and —AL + 91 L = §p. More explicitly, H and L are given by
1 1
H=—1Inr, L=—%2Ky(r/2) (2.8)
2 2

where K( denotes the modified Bessel function of the second kind. Asymptotically,

it holds that
Ko(p) /—” (—1 +0(—1 )) - (2.9)
olp) = e .
2 \pl2 03/2

as p — 00. As a consequence, Eq; exhibits a parabolic wake region {(x, y) :
x 20, |y| £.4/x} in which the decay at infinity is slower than outside. It is also
known that near the singularity of E at z = 0, it holds that

1 1 ziz;
Eij(z) = o <5ij In - + %) +o(1) (2.10)
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asr = |z]| — 0. Here z1 = x, zo = y. The Fourier transform of E is given by
& — |52
£ (112 4 i&1)

More detailed asymptotic behavior and summability of (E, e) are summarized in
[10, Section VII.3]. Next, we write T(u, p) for the stess tensor

Eij(§) = (2.11)

T(u, p) = Vu+ (Vu)T — plL. 2.12)

It is straightforward to check the following Green identity for the Oseen operator
using integration by parts:

/(V-T(u,p)+81u)~V—f(V'T(V,q)—81V)'u
Q Q

:/ v-T, p) - n—u-T(v,qg) -n+ (u-v)(n-ep), (2.13)
Q2

for any pairs (u, p), (v, ¢) such that u, v are smooth solenoidal vector fields and
p, g are smooth scalar functions in Q. Here n = (n1, np) is the normal vector of
0<2 pointing outward with respect to €2. Suppose that (v, ¢) is a solution to the
forced Oseen system

Av —91v—Vq =f,
V-v=0,

in a bounded domain €2 with sufficiently smooth boundary. Using (2.13) for (E(z —
-), —e(z — +)) and (v, ¢) we have

v(z) = f f(HE(z — 7))
Q

— / v(z) - T,(E,e)(z—2)-n

a0
- / Ez—-7) -T(v,¢9)() -n+ / v@)-Ez—2))(m-e)) (2.14)
El9) a0
for any z € Q. Here the integrals are taken over the variable 7’ and T, means that
we take derivative in z when defining T. For any D-solution w to the Navier—Stokes

equations in the exterior domain £ tending to the limiting velocity e at infinity, the
following representation formula holds in £ forv=w — ey:

v(z) = — /g(v VHE(Ez—-2)-v
— / v(iz) - T,(E,e)(z—27)-n
&

— / Ez—7) - T(v,¢)Z)-n —i—/ () -E(z =) m-w(@)). 2.15)
€ A€

In [29], pointwise asymptotic behavior of v is obtained through this representation
formula for solutions of class PR. For more details, we refer to [29, Theorem 5] .
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3. Smallness of D, and the Corresponding Estimates for Pressure and
Bernoulli Pressure

From here and for the subsequent three sections, we shall always let w be
an arbitrary D-solution to (1.1,) with A > 0.

Unless otherwise specified, we use C, M to denote absolute positive constants,
or positive constants that depend only on d€&. It is important that they do not depend
on A. The specific value of such constants may change from line to line.

Denote the total Dirichlet energy of w by D;.. Using the celebrated reductio ad
absurdum argument of Leray [23] or the Leray-Hopf extension method [17], it is
possible to prove that, for any 0 < A < A, the apriori bound D) < M3(A, 9€)
holds for some constant M3. It turns out, however, that when A is small, we can
use a special solenoidal extension of the boundary value in (1.1, ) to prove an extra
smallness of the Dirichlet energy. Note, that such an extension was also used earlier
in [1, Theorem 22] to study the Dirichlet energy of the Stokes solutions in bounded
domains.

The main result of the section is the following lemma:

Lemma 9. There exist constants 0 < Ay < % My > 0 depending only on the
geometry of 9E such that, for 0 < A < Ay, we have

_ M2
/ [Vw|® = (3.1)
= Toghl

Proof. Let T € C*®(R) with 7(r) = 0 for r <1 and t(r) = 1 for r = 1. Define
u(r) = t(logr/log R), so that ;(r) = 0 when r < +/R. The parameter R > 2 has
to be chosen later. Define a solenoidal vector field A = (A, Az) by

Ay =9y (Ayu(lz]), Az = —0:(yu(|z])).

Such A clearly satisfies the same boundary condition as in (1.1;). Set w = w — A,
then w = 0 on 9€ and w — 0 at co. By (1.1,), W satisfies the equation

—AW—AA+ (W+A)-VW+W-VA+A-VA+Vp=0.

Multiplying this equation by W and integrating in £ gives
/ |V€V|2+/ VA.WH/(W-V)A.w+/(A-V)A-v*v=o. (3.2)
& & & &

(Note that we actually first carry out this energy estimate in £ N B, and then let
p — 00. Due to the asymptotic behaviour of w at infinity proved in [29, Theorem
5] (see estimates (1.15) from our Remark 5), the boundary integrals on S, converge
to 0, thus leading to (3.2).)

The constructed extension A satisfies the pointwise bounds

C)2
IA|SCa, |VAPPE S s
|z|*(log R)
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As a consequence, the Dirichlet energy of A is bounded by

Ca?
/ IVA|? < (3.3)
logR’

The second term in (3.2) can be treated with Holder’s inequality and (3.3), while
the fourth term in (3.2) is estimated by

_f(A.v)A.wz/(A~V)W-(A—Woo)

1 .
g—/|Vw|2+/ JAP|A — Weol?
4 r§R

1
< i / |[VWw|?> + CA*R. (3.4)

The use of (3.3) gives a bound for the third term in (3.2),

S CAORE (/ |w|> (/|VA|>

Ch 8 :
Jlog R (/rgR Wl )

Ch
Tee® R? (/ |Vv~v|2) ) (3.5)

In the last step we used the following Sobolev type inequality in Qg = Br N
E, R 22 for functions f defined in Qg with the property that f vanishes on the
boundary 9&:

A

[IA

I fllLap) = CRIV fll 20y

This can be easily checked using Sobolev imbeddings for unit disk, scaling, and
the inequality (2.1).

Now we let R = A~!/4. Choose 1, < % sufficiently small such that for any
0 < A < Xy we have

CR*» 2022 1 AR ot 22
= < -, = < .
JIogR  ./|logi] 4 J1log A

Then, combining the estimates (3.2), (3.3), (3.4), and (3.5), we obtain for 0 < A <
Ay that

CA2
/ VW] < : (3.6)
[log Al

Together with (3.3), inequality (3.6) gives the conclusion. O
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Remark 10. The small factor |logA|~! will be essential for our remaining argu-
ments. Its presence is, in some sense, a reflection of the Stokes paradox. For exam-
ple, it guarantees that for any sequence of solutions w*) to (1.1;) with A; — 0,
the modified sequence )»k_lw(k), which is solution to the system

AW — A (W- V)W —Vp =0,
V-w=0,

3.7
Wlae =0,

w(z) — e as |z| — oo,

converges (on every bounded set) to the zero function which is the only D-solution
to the Stokes system (1.1); 2.3. If, instead of w|3¢ = 0 in (1.1,), one prescribes
a more general boundary condition w|ye = Aa for a general fixed non-constant
function a, then due to [7, Theorem 4.2], one can still construct solutions to the
Navier—Stokes equations when A is sufficiently small. However, for such solutions
only a weaker bound f £ |Vw|2 < M4)\? can be obtained, see [7, Lemma 5.2].
Thus the uniqueness (or non-uniqueness) of solutions under such inhomogeneous
boundary conditions among all D-solutions is a more subtle problem, and lies still
beyond the reach of our methods. Nevertheless, when a is a fixed constant vector
on 9&, the proof of Lemma 9 works by a slight modification in the definition of A.
The rest of our proof (including the uniqueness result) also works in this situation.

Next, using (1.1,), (3.1), Lemma 8, and standard bootstrapping arguments, we
obtain explicit bounds for w near d&, namely, in Q23 = £ N Bz. For simplicity,
we work with infinitely smooth & here. If d€ has only finite regularity, then the
following estimates near the boundary are valid up to a finite k£ (nevertheless still
sufficient for the rest of the paper):

Lemma 11. Let w be an arbitrary D-solution to (1.1,) for some 0 < A < .
1
Then ||wl ckiqq) < C(k, dE)D; for any integer k = 0. Moreover, up to the sub-

traction of a suitable constant, the associated pressure p — 0 at infinity and

1
PNl ckiqy) < Ck, dE) D] for any integer k = 0.7

Proof. The regularity estimate of w is standard. We have used that D, is small,

m 1
so that Df ,m =2 coming from the nonlinear term are dominated by Df. Let us
explain the last statement. It is proved in [12] that the pressure p has a uniform
limit at infinity which, after the subtraction of a suitable constant, may be taken
as 0. Denote p(r) = % 02” p(r,0)d6. It is shown in [12, Lemma 4.1] that

27| p(r2) — pr)| £ / |Vw|*dxdy < Dy, (3.8)

r>ry

7 Throughout the rest of the paper, we always assume that such subtraction of a constant
has been carried out.
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forany 1 <r; <ry < 0o. Sending rp — 00, (3.8) gives, for any r; 2 1,

= (3.9

Zr
2

1
Note that ||V pl|ck(q,) = C(k, 9E) D, follows from (2.5) and bootstrapping argu-
ments. Using (3.9), we get

1
||P||ck+|(93) é C(k, 85)(Df + Dy)
1
< C(k, 9E)DZ. (3.10)
O

The next lemma plays the crucial role in many estimates near and outside the
critical circle |z] = %

Lemma 12. Let w be an arbitrary D-solution to (1.1, ) for some 0 < A < Ap. Then
the pressure p can be decomposed as p = p1 + pa such that

lim pP1 = lim P2 =O, (3.11)

7—> 00 7—> 00
[ p1llco = CD;, (3.12)

1

CD?
P22 £ —2, V|z| 22 (3.13)

|z]

Proof. By equations (1.1;); and (1.1,)2, the pressure solves the Poisson equation
in &:

Ap = —Vw. (Vw)T. (3.14)

Let p; be the potential solution to (3.14), that is,

1
PO =5 / log |2 — £|(Vw - (VW)T)(¢) dz1 dca.
T JE

By the classical div-curl lemma (see, e.g., [3]), VW - (VW)T belongs to the Hardy
space H!(IR?). Hence, by the Calderén-Zygmund theorem for Hardy spaces [30],
V2p; € LY (R?), and Vp € L%(R?). Moreover, p; € C°(R?) and converges to 0
at infinity. In particular,

sup [pil = CIVW - (VW) T 31 = CD;. (3.15)
R2

Let p» = p — p1, a function defined in £. Clearly, p, is a harmonic function and
satisfies

lim p; = 0. (3.16)

r—>o0
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By Lemma 11 and (3.15), we have

sup | p2| = sup(|pl + [p1])
S1 S1

1
< C(D; + Dy)

1
<cD;. (3.17)

Since z +— % is a conformal mapping in the extended complex plane, pz(%) is
a harmonic function in z € By with pg(é) = 0. Then by the classical Schwarz

1
lemma and by estimate (3.17), we have |p2(%)| S CD; |z| for |z| £ % This proves
(3.13). m|

Let & = # + p be the Bernoulli function. To proceed, we need an ele-
gent observation made by Amick [1] for a general D-solution w to (1.1,)1,2,3 in
£. This result concerns topological behaviour of certain level sets of the vorticity
w = dhw — d;wy. Namely, Amick proved that there exist finitely many distinct un-
bounded connected components of the set {z € £ : w(z) # 0}. These components
are denoted by V. and V_ in his paper [1]. Each V. and V_ is a simply-connected
domain not separated from d&, essentially due to the maximum principle for w. Then
one may take the two unbounded components of d V. for some V4 asC;, i =1, 2,
so that the statements in the following lemma are satisfied:

Lemma 13. (See [1] Theorem 11) For any D-solution w to (1.1,), there ex-
ist two unbounded continuous curves C;, parametrized by arc length as C; =
{(xi(s), yi(s) : s € (0,00))}, i = 1,2. The functions x;(-) and y;(-) are real-
analytic on (0, 00) except possibly at isolated points, and they satisfy (x; (0), y; (0))
e {|z| = 1} and |(xi(s), yi(s))| = oo ass — oo. The vorticity w vanishes on these
two curves. Moreover, the maps s — ®(x;(s), yi (s)) are monotone decreasing and
increasing in s € (0, 00) respectively fori =1, 2.

Two immediate consequences of Lemma 13 and the known fact that ® — %
at infinity are as follows: for any r = 1 we have

2
max ®(z) = —, (3.18)
|z|=r 2
and
)\2
min ®(z) < —. (3.19)
|z|=r 2
Hence, using Lemma 12, for any r = |z| 2 21, it holds that
1
max |w|> 2% — CAD?, (3.20)

lz|=r
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and

1
min [w|> < A% + CAD; (3.21)

lz|=r

for arbitrary D-solution w to (1.1;) with 0 < A < X».
Due to Lemma 6, there exists a sequence of “good” radii R,, € [2"A~!, 2111
for n =-4,-3,---,1,2,---, such that

IW(Ry, 0) — W(Ry)| = CD% (3.22)

for all 0 £ 6 < 27. From (3.20), (3.21) and by the triangle inequality we obtain

1
|IW(R,)| —A|SCD]. (3.23)

Hence, by (2.1) of Lemma 6, we have
1
)|v‘v(r)| — ,\‘ <cp:? (3.24)
for any r = %. When A is sufficiently small, this implies, in particular, that

W)l =5, (3.25)

| >

In order to use Lemma 7 to control the direction of the vector w, below we need to
establish some suitable estimates for w in the region r > A~ 1.

Lemma 14. Let w be an arbitrary D-solution to (1.1, ) with 0 < . < min{A;, 11_6}'
Then the estimate |w| < CA holds for all r > (81) ™).

Proof. By Lemma 12, we have |p| < CA?|log k|’% forr > (161)~!. According to
the estimates (3.1) and (3.22), (3.23), we obtain

® < CA? (3.26)
on the good circle Sg_,. Recall, that ® satisfies the classical identity

AD =w? +w-Vo.

. . . 2
Therefore, from the maximum principle for ® and from the convergence ® — %
at infinity, we obtain ® < CA? in the region r > R_4. Combined with the mentioned

estimate of p, this clearly implies |[w| < CA in the region r > (81)~!. O

Lemma 15. Let w be as in Lemma 14, then fg\B | rIVw|? dxdy £ CAD;.
@n-
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Proof. Let p, € (81)~L, (42)~1) to be chosen later. The classical vorticity equa-
tion Aw = w - Vo implies the identity

w? w?
div roVo) = r|Vo|* + wdyo — (W - e)) - +div (rw7). (3.27)
Then we have the energy estimate

2

/ rIVol2dxdy +f w3y dxdy —/ (W - e,) 2 dxdy
>P* V;ﬂ* r ;P* 2
CL)2 (1)2
+ ,0*/ 92 ds — p*f (W-e) 2 ds = 0. (3.28)
Sﬂ* 2 Sﬂ* 2

(Strictly speaking, to obtain the last formula, we have to integrate (3.27) on bounded
domains B, \ B), first and then let p — 400, that is, the outer boundary goes to
infinity. Using boundedness of Dirichlet energy of w, it can be easily checked that
the boundary terms on large circles |z| = p disappear, at least for a sequence of
radii going to infinity.)

The second term in (3.28) can be treated using Holder’s inequality as follows:

/ worwdxdy
2 ps

1
< — / w? dxdy + P 10, |? dxdy
PxJrzp 2 Jrzp,

D 1
<o / r|Vo|?.
P 2 ps

The third term on the left of (3.28) is controlled by CAD, since by Lemma 14
|w| < CA holds true in £ \Bs,)-1- Hence, we just need to treat the boundary terms.

Using
o0
/ 2dxdy_/dr(/ )<2DA
>
P

(with ds := rd#0), it is easy to show that there exists a p, € (8271, (4x0)~1) such
that

/ w’ds < CAD;, —[a, / a)zds:| <CMD; (3.29)
S ; r=p

P =Px

for some constant C. Then (3.29) and Lemma 14 together imply that
w? w?
— s / 8r7ds < CAD;, Os / (W e,)Tds <CAD;. (3.30)
Sﬂ* Sp*

Hence, from (3.28) we deduced frzp* r|Va)|2dxdy < CAD;, for such p.. This
proves the lemma. - o
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Using (3.25) and Lemma 7 with 0 = %, as well as the assumed convergence
w — Xep at infinity, we have

C
|¢(r)|§—/
22 Jen

forany r = ﬁ. Here ¢(r) is the angle of w(7). From Lemma 15, and using Holder’s
inequality, we obtain

C
<5 |
A 5\3(4)\)—1

u Dy Dy
<c(Hy2r 2
< (A+M+A2)

1
<—|Va)| + |Vw|2> dxdy
p

@1
<% +u Vol + |VW|2>

1
2
<cbi
- A
1
forany r = ﬁ (taking . = D; in the penultimate inequality). Together with (3.24),

this implies that

1
|W(r) — Aej| = CD; (3.3
for all r = ﬁ. By (3.22), we immediately have that
1
lw—2e;|=CD; (3.32)
on Sg, forn = —2, —1, ... These estimates on the good circles S, will play

important roles in the next two sections.

4. Pointwise estimates inside the critical circle (Stokes regime)

Let w be an arbitrary solution to (1.1;) with0 < A < min{A,, %} so that all the
bounds in Section 3 are valid. In the present section the pointwise upper estimates
for |[w — Aej| will be derived within the bounded region {r < A~ hne. They imply,
in particular, that the required crucial estimates (1.14) are valid in this region.

We prove the following:

1 1
Lemma 16. The inequality |w(z)—xe| < CD} (log 2)? holdsforallz € {r <171}
ne&.

The method here is quite standard. It is based on the inequality (3.31) and
accurate direct applications of linear Stokes estimates introduced in Section 2.3.
The proof on Lemma 16 contains no surprising methods or ideas, and the reader
can omit it on the first reading. So we moved this proof to the Appendix II.

The combination of Lemmas 16, 14 immediately implies

Corollary 17. |w| < CA throughout E.
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5. Pointwise Estimates Outside the Critical Circle (Oseen Regime)

We assume 0 < A < min{A;, %} so that the estimates in Sections 3, 4 are valid.
In this section, we prove the required decay estimates (1.14) for |[w — Ae;| in the
unbounded region r > A1

To make some notations simpler, we define a rescaled Navier—Stokes solution
u(z) = 2 'wr712), ¢(z) = A72p(A'2) in the rescaled domain AE. Let

V=u-—e and 8=|logkl_%.
As usual, the components of u, v will be denoted by u;, v;,i = 1, 2.

Lemma 18. There exists a constant 0 < A3 < min{A;, %}, such that when 0 <
A < A3, there holds |v; (z)| S Cehi(z) in|z| 2 1,i =1, 2.

Here the majorant functions %; (§) are the same as in Theorem 1, that is,

o1 {m(s):m%

hy(€) = |£]73.

Proof. With slight abuse of notation, in this proof, we still denote the Bernoulli

function for u by ® = ‘“zj + ¢, and denote the vorticity by w = dru1 — 91us.
Hence ® and w here are different from those in previous sections. Define the
stream function v for win A& by the relation Vi = ul = (—up, up).In particular,
we have

w = Ay.

For definiteness, put ¥ (1, 0) = 0.
Let

y =0 —owy.

It is known that y satisfies the two-sided maximum principle [1]. Now we divide
the proof into a few steps.

Step 1: preparations. For convenience, in this step we collect and list some crucial
information that we know on u in the region {r = %}. By (3.1) we have

/ |Vu|?dxdy < Cé?. (5.1)
rE
Further more, by Lemma 15 we obtain

/> 1 r|Vo|?dxdy < Ce?. (5.2)
r<g

As a consequence '[Srl |gw|* < Ce? for some }‘ <r < % Then by virtue of

Newton—Leibniz formula, since w changes sign on any circle surrounding the ori-
gin (see [1]), we get || < Ce on S, . Using convergence w — 0 at infinity and the
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two-sided maximum principle again, we have |w| < Ce in r 2 r;. By Lemma 12,
the pressure satisfies the inequality

lg| = Ce (5.3)

inrz é By the discussion on good circles Sg, in Section 3, in particular (3.32),

we have a sequence of radii r, = AR, € [2", 2”“), n=-2,—-1,---,1,2,---
such that

lu—e;|<Ce onevery S,,. (5.4)

Combining (5.3) and (5.4), we get | D — %| < CeonS,_,.ByCorollary 17, we have
lu/<C (5.5)

in AE. Due to the definition of ¥, we have also [/| < C in Q%A‘ Sincey = ®—wy,

on S,_, we obtain |y — %| <|®d— %| + |oy| £ Ce. Tt is proved in [1, Theorem
14(b)] that y — % By the two-sided maximum principle of y, we find that

1
IV—EIECS (5.6)

for any r = r_,. We also point out here that by (5.1), (5.5) and the local regularity
theory of Lemma 8, we have the pointwise control on derivatives

|Vul, |V2u] £ Ce (5.7)

inrz= %.
Step 2: pointwise smallness of v. In £, we claim that

[v]| < Ce. (5-8)

The proof of this claim is essentially based on the classical works [1,12], and on
the recent work [18]. In [1], Amick proved that the absolute value |u] is close to
the limiting value 1 using the smallness of three quantities: the Dirichlet energy,
ly — %I, and the pressure. We refer to the proof of Theorem 21(a) in [1] for details.
In our situation, such smallness is evidently provided by (5.1)—(5.6). Further, in
[18, Lemma 3.3(ii)] Korobkov et al. proved the smallness of [v| = |u — e;| using
Amick’s result and the additional observation that the angle of velocity is also under
control.

In our situation, we have to modify some of the arguments in [1] so that the

smallness factor € can be fully preserved. The complete proof of (5.8) is presented in
our Appendix I. In fact, many technical moments of Amick’s proof can be simplified
using [18, Remark 4.1].
Step 3: summability of v. For this step, we mainly use the potential estimates for
Oseen system which are developed in [27, Lemmas 1-2] by L.I.Sazonov (see also
[9]1, [28]). As will be shown, the pointwise smallness of v and the smallness of
Dirichlet energy together are sufficient to control certain Lebesgue norms of v in
the exterior domain by the regularity estimates near the boundary.
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We write £, = {r 2 p} and write E; = (Ey;, E2;), i = 1,2, where Ejj is the
Oseen tensor introduced in Section 2.4. Using (2.15) in the domain & and applying
suitable integration by parts (and using d1v; + d2v = 0), we obtain

0(z) = /‘; (vV102E12 — 0101 E2p — v202E + 20201 E12)v)
1

— | ini +2vivm2)Ern — / v(Z) - T:(Ez,e2)(z—2)-m
N

S1
- /S Ex(z—2) - T(v,9)(z) -n+ /S (v(Z) - Ea(z — ) - u(z))
1 1
=: A2(2) + B2(2). (5.9

Here A, and B; stand for the area integrals and the boundary integrals respectively.
The area integrals are taken over the variable z’. Note that E;; appearing in the
integrals should be understood as E;;(z — 7') and the derivatives on E; j act on the
variable z’. For representation of vi, we simply use (2.15) without integration by
parts to get

vi(z) = — : (V101 E11 + v201 E21 +v202E11)v; + vgazEzl
1

- / v(Z) - T;(Ei,en)(z—2)-n
S

- /S Ei(z—2) - T(v,¢)(Z) -n+ /S (v(@)-Ei(z =) - u@))
1 1
=: A1(2) + Bi1(2). (5.10)

As before, A; stands for the area integrals and B; stands for the boundary integrals.
Of course, the key issue here is to estimate the area integrals, because decay of
boundary integrals outside the unit disk can be estimated relatively easily (using
the uniform smallness of v).
Let us recall some estimates of E. By the exact form of E and the asymptotic
of Ky at infinity (see Section 2.4), we have

Ell c L3,00 a) L3+8,
Enn = Ea, Exp € L¥® N L*°

in R? for any finite § > 0, and
3
hE e L2
in R2. Here L* ™ is the weak L*-space. Moreover, by the Fourier transform (2.11)

of E and by the Mikhlin multiplier theorem (see, e.g., [30, Chapter VI,§4-5]) we
have

Ik Eij * flls@2) = Cs | flls w2
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forany f € L*(R?), 1 < s < oo, (i, j,k) # (1,1,2).8 It is also known that
vi € L39(&)) and vo € L?>T3(&) for any § > 0 by the estimates (1.15). With
the above bounds, using weak Young inequality for convolutions (see, e.g., [22,
Section 4.3]), we deduce from (5.9) that

lv2llsg) = 1A20 gy + 1B2llzs @i,y + 1 B2llLs (&)
= 2[|Azllps gy + vallzs i) + I1B2lis &)
< Cs (IVllzoo ey + 192011l 12(gpy) Nv2llzs e
+ llv2llzs @i + I1B2llLssy) (5.11)

for any 2 < s < oo. Using information from Step 1 and Step 2, we have
IVliLg) + 182011l 25,) = Ce
and

lvallzs @) + 1B2llzs ) = Clivlierq, )t ||6]||L°°(Q% ) SCie
1 :

for any 2 < s < oo. Hence, when ¢ is sufficiently small (depending on the choice
of s), or equivalently, when A is sufficiently small, we obtain from (5.11) that

lvallzsg) = Cse (5.12)
for any 2 < s < oo. Similarly, using (5.10), we have

lvillzme) S MNALILn g + 1Bl ) + I1B1llm ey
S20Allpney + villzm@, ) + I1Billim ey

S Cun (IVllLeo(ey) + 2l 3gy) lvillmee) + Cm”UZ”%Zm(g])
+ llvillzm@o) + 1B2llpmgy) (5.13)

forany 3 < m < oo. Using (5.12) and similar arguments as those for v, we deduce
lvillzmg) = Cme (5.14)

for any 3 < m < oo, when A is sufficiently small (depending on the choice of m).
Step 4: pointwise decay of v. First, we prove a pointwise decay estimate for
vorticity using an idea of Gilbarg and Weinberger [12]. By Holder’s inequality,

< dr [ 3, |
/ —/ |09 (r2w”)|d0 = 2] r 2 |wdgw|dx dy
1 Jo &

/a)zdxdy—i—/ r|Vol|?dx dy
& &

< Cé?.

A

8 Similar facts concerning the integrability of E;; are collected in [27, § 2-3].
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Hence, foreachn = 0, 1, 2, - - -, there exists r € [2", 2"T1) such that
2 3
/ 10p (r2>)|do < Ce?.
0

Recall that there are two curves AC;,i = 1,2 with C; given by Lemma 13 such
that @ vanishes on them. Evidently, S, intersects AC; for any r = 1. Hence, for
r € [27,2"F1) given above, we have

3
ra n}?ax|a)| <Ce. (5.15)

r

By the two-sided maximum principle for w, the above estimate holds for any r = 2.
For any disk B,(z) C &, the following standard identity holds:

v(¢) 1 / 0@z -0t

1
y=— | S —
Ve =5 / p © TP
0B (2) B, (2)

de.

Here (z — £)* = (—(z0 — &), z1 — ¢1) € R%. By virtue of this identity, following
[27, Section 5], using [[V][zm( > 1) < Cpe, m > 3 from Step 3, and (5.15), we
immediately reach the pointwise bound

V(z)| £ Cse r 0t (5.16)

in & for any § > 0 (when 2 is sufficiently small). Choose and fix a small § such
that % —§ > 4—1‘. Now the meaning of “A being sufficiently small” in Step 3 is also
fixed.

Next, we use the representation formula (2.15) in £; again to get

V@) = — /g (V- VEG—2)-v
N

—/S E(z—2)-T(v, p)(z’)~n+fs (v(Z)-E(z—2)(m-u())
1 1
= N+L. (5.17)

Here L are the sum of all boundary integrals and N is the area integral. By the
asymptotic form of E, we have

[Li| < Ceh;(z) (5.18)

in r > 2. It is easy to check that [N| < C&? in Q%,z- Hence |L| < |v| + IN| = Ce in
.2, and as a consequence, (5.18) holds in r = 1.

Now it remains to estimate the second term N in (5.17) (area integrals). This
can be done using Lemmas 1 and 2 from the classical Smith paper [29, p.361].
These lemmas give some self-improving estimates for term N, that is, if we assume
a priori that v has the uniform decay of type (5.16), then a posteriori N has better
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decay, etc. So we can use these two lemmas (with parameter o = 0 there) finitely
many times to improve the bound (5.16) until N is shown to be decaying faster than
the right of (5.18). This concludes the proof of Lemma 18. O

Now we are ready to give the

Proof of Lemma 3. Lemma 18 implies that, when A is sufficiently small,
1
[(w(z) — re1)i (2)| S Cllogr|"2Ah;i(Az),i =1,2

in the exterior region &,-1 = {z : r >y By Lemmas 16 and 9, the above
also holds true in the bounded region {z : » <A~'} N £ (with a different positive
constant C). Hence, (1.14) holds throughout £ for some positive constant M. It

remains to take A sufficiently small so that M| log A|_% < gg where g is given by
Theorem 1.
O

Now the assertion of the main Theorem 2 follows immediately from Lemma 3
and from the conditional uniqueness result in Finn—Smith Theorem 1. The proof is
finished.
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A. Appendix I

Proof of Step 2. In this section we discuss the proof of the uniform pointwise esti-
mate (5.8), that is,

lu—(1,0)]=|v|=Ce
forr > 1.
Step 2a. First of all, consider the “good” cone

Kiy::{rgl,W|e(%n,gn)}

which is separated from the x-axis. Here one can simply follow the proof of [1,
Theorem 19]. The key observation is that |y = cr > 0 in such a cone, and this
fact, by virtue of smallness, gives

1 1 1
d— ~|<Ce, — =P - - —wy|SC
| 2|, € ly 2| | > oy|=Ce
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on good circles and by maximum principle for w, implies |w| < Cer~! in £+,
which easily gives the required smallness [u — (1, 0)| < Ce here.
Now consider the more complicated region

Here the previous estimate |w| < Cer~! does not hold in general, so the arguments
should be more delicate and subtle. The main ideas here are due to Amick [1] and
Korobkov et al. [18, Remark 4.1].

Step 2b. We are going to use the uniform smallness of y-function

y =3l =lo—5—ow|<ce

and the level sets of the stream function ¥. On the first step here we show that the
setC = {r= %, ¥ = 0} consists of exactly two smooth curves C. Indeed, from
Step 1, we know that

¥ —yl=Ce (A.1)
in Q% ,. Using (5.1), there exists an angle 6 € [{G, %) such that

+o00
/ |0,u(r, 0)>rdr < Ce?
1/4

for6 =6y, —6;, 7 —6;, — + 0;. Hence, for such 6,

1
Tn+1 Tn+1 d 2
/ 8,u(r, 0)|dr < Ce (/ —r) ,
'n 'n r

<Cs¢
with r,,n = =2, —1, - - - given in Step 1. In view of (5.4), we obtain
[v(r,0)| = Ce

for any r = % and 0 = 60y, —61, T — 01, — + 0. By the definition of ¥ and (A.1),
we have

Iy — yI = Cer (A2)

pointwise on the set

1
N = (Unz—ZSVn) U {l" 5’

1Y

0 =601, 01,71 —01,—7+61}. (A3)

When A is small, this implies that C must intersect A~ within the cone K :=
{r= %, 6] < {5 or|r—6| < {5}. Moreover, by (5.4), C intersects each S, , n = —2
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at exactly two points, one with x > 0 and another with x < 0. On the level set C

we have '“I ‘ =ly—5—4ql= < Ce (see (5.3),(5.6)), hence
’|u| - 1( <Cs onC. (A4)
As a consequence, |V¢/| = |u| # 0 on the set C, that is, C is a regular curve in the

case when A is small.

Further, when A is small, C cannot contain any closed curve £ by an elegent idea
of Amick’s. To explain this, suppose C contains a closed curve L. Let ¢/ denote the
domain bounded by L, then

1
2
(/ a)zdxdy> = V wdxdy‘:
u u
f|VW|dS—/ |ll|dS > —|£|

(Note, that on £ one of the identities 3,y = |V| or 3, = —| V| holds, because
L is regular closed level set of vr.) This implies

3,,1// ds

Ay dxdy‘ =

L] < CelU|2,

which contradicts with the isoperimetric inequality when ¢ is small. Hence C must
consist of two smooth curves starting from r = % and extending to infinity, each
contained in LN {x > 0} and L N{x < 0} respectively. We denote these two curves
by Ci.

Step 2c¢. Here we show that

[v|<Ce along Cx. (A.5)
Take any point z € C4 (C— would be similar) with r = |z| 2 1. By Lemma 6, there
exist good circles Sz, centered at z with 7, € [2_"_1r, 27", n=1,2,---, such
that

lu—a™|<Ce onS;,.

Here " is the average of u on Sz,. Since Sz, must intersect C4 and on C4 the
inequality (A.4) holds, we obtain

‘lﬁ(”)| _ 1‘ <Cs
on each S, . From this, (2.1) of Lemma 6 implies

189 —1] <ce,
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where t®) is the mean value of u on circles S, (z) centered at z with radius p < 3
Let ¢ be the angle of 1. By Lemma 7, we have, for any n, m > 1,

Vo
o™ — < / Vol v agde,
i—z1 <5 18—zl
Vv
<c f VoL 40 dc, (A.6)
112 <5 16— 2
[Vo| 2
+ C dg1dey | + Ce
lc—z1 <1 16— 2
< Ce. (A7)

In this last line we have used (5.2) and (5.7) for the first and second terms in the
penultimate inequality respectively. By construction, the circle S7 must intersect
the set \ (see (A.3)) on which |v| < Ce. Hence, [0 — e;| < Ce. Letting n =
I,m — oo in (A.6), and using (A.4), we get |v(z)| < Ce. Note that this implies
that the slope of C4 is small.

Step 2d. Now take arbitrary point z; = (x1,y1) € {r=1,10] < 5,x > 0} (the
casex <0, |7 —0| < % is similar) and show that

Iv(z1)| = Ce.

Let zo = (x1, y2) € C4. To simplify notations, let’s change the coordinate system,
namely, let’s move the coordinate origin to the point z2, so now
22 =(x1,y2) =(0,0) € Cy, z1 = (x1,y1) = (0, y1).

Consider the case y; > 0, that is, when the point z; is above the C curve, so that
¥ (z1) > 0 (the opposite case y; < 0 case is quite similar). Let

R = y;.
Using Lemma 6, we find two good circles Sg, (z1) and Sg,(z2) centered at z; and
77 respectively, with radii
R, R € (Z—R, 3—R).
3 4
Clearly,
Sri (21) N Sk, (22) # D # C1 N Sgy(22).

As aresult, on both Sg, (z1) and Sg,(z2) we have
V| = Ce. (A.8)

Note that ¢ = 0 on C4. We can integrate V(y — y) = v starting from z5 € C.
alongarcs of C4, Sg, (z2) and Sg, (z1). This process gives |y —y| < Ce R on Sg, (z1).
As a consequence, by virtue of the evident inequalities

1

7
-R< min y< max y< —R,
4 (x,Y)ESR, (21) (x,y)€SR, (21) 4
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we have
‘——1‘§Cs (A.9)

on Sg,(z1) = dBg,(z1).
Now we are going to prove that the last estimate is valid not only for boundary
circle Sg, (z1), but for all points of the disk B, (z1). Recall that

1 ‘| v

|J/—61—§|_

pointwisely holds in the region {r = 1} (see (5.3),(5.6)). Denote ¢ = y(1 + S) in
Bg,(z1). Since C+ N Bg, (z1) = ¥ and v is positive on Bg, (z1), by construction we
have that the values (1 4-§) are positive on Bg, (z1) as well. Assume at the moment,
that S has positive maximum at the interior point of the disk Bg, (z1). Then at this
maximum point V.S = 0 and AS £ 0, therefore,

VY > =2y Ay = (14 5)° = 2¢yAS = (1 + 5)°,
which, by virtue of (A.10), implies (1 + $)2<1+ Ce, and consequently,

S<Cs¢

— YA ¢—-‘: e (A.10)

at any maximum point of § inside the disk Bg, (z1). Similarly, a consideration for
the negative minimal points of S gives S = — Ce. Hence, taking into account (A.9),
we have proved

‘——I‘SCS (A.11)
in B, (z1). In particular,
|y —y[=CeR  in Bg(z1).

Next, one observes that

20 Ay — |V |2 1
A(\/E—ﬁ):w-l——y

v 4y2
Hence, using (A.10) and (A.11), we get
AW = YN ECey 3 SCeR3 (A12)
in the disc Bg, (z1). On the other hand, (A.11) implies
V¥ = V3 <CeR? (A.13)

in Bg,(z1). Now, applying the standard estimates for Laplac operator in the unit
disk and scaling to the function /¥ — ./y with (A.12)—(A.13), we obtain

V(¥ — JPISCsR™3

inside %BRl (z1), thatimplies the required estimate |V (z1) — elL | = lu—e;| < Cs,
see [1, Proof of Theorem 27, page 118].
O
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B. Appendix II

Proof of Lemma 16. Let w, = w - e, be the radial component of w. We need the
following classical inequality:

d 2 2
—/ |w(r, 0) — V_v(r)|2d9 = / 2w, - (W —w(r))do
dr 0 0
2w @ 2
< / I:r|wr|2+ —|w wir)l :|d9
0 r

2
< / |Vw|*rdo. (B.1)
0

By our assumption on the domain &, we have {r = 1} C £. By integrating (B.1)
on the interval [r, 00), and using the fact that w — Aej uniformly at infinity, we
obtain

2
/ \w(r, 0) — w(r)|*do < D, (B.2)
0

for any r 2 1. By (2.1) and (3.31), for 1 <r < %)ﬁ], we have
[W(r) — rei| = [W(r) — W(R))| + [W(Ry) — ey

1 2\ 2 1 1 2\2
<CD; <log ﬁ) +CD; £2CD; <log ﬁ) . (B.3)

Here we have used thatlog % < log % <Clog % and log ;\27 = cforanyr < %A‘l,
for some absolute positive constants ¢, C. Combining (B.2) and (B.3), we obtain

2 2 2
/ |W—Ae1|2d9§2/ |w—v‘v|2d9+2/ |w — Aep|*do
0 0 0
2
<2D; + CD; log —
Ar

2
< CD, log —
Ar
for1<r< %A‘l. Integrating the above in r with respect to the measure rdr gives

2
/ |w — rei|? dxdy < Cr’D; log —
Q4 Ar
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for any 2 <r <A~!. (Recall our notation ,, , := {z : 11 < |z| < r2}.) Now we
use Ladyzhenskaya’s inequality to obtain

/ |W—ke1|4dxdy§C/
Q Q

%r r

Iw — re; |2 dxdy (/ |Vw|? dxdy
Q

r,

(SR

r

=
NI

r

+ —/ lw — Ae1|2dxdy>

Q1,3

N\w

r

=

N

<cr’p? <10g —) (B.4)

for any 2 <r < A~!. By Holder’s inequality and (B.4), we have

r,xr

3 4 2
/ [w- Vw|3 dxdy < f |w|* dxdy / [Vw|“ dxdy
Q) 4 Q) Q
373 3

3

< / lw — Aeq|* dxdy / |Vw|? dxdy
Q) 4 Qo 4

3n3" 3m3"

W

+ f A4 dxdy / |Vw|? dxdy
Q,

2,4, 22,4,
373 33
4 2\3 2
<Crip; <1og—> +CriaiD)
Ar
2.4 2 _2 3
SCriAa3D; max | |logi|™3 logk— 1
2 4 2
<Cr3Aip; (B.5)

for any 2 <r < A7!. Local regularity theory for Stokes system as shown in Sec-
tion 2.3 yields the estimate

1
V2wl §C(—2||W—Ae1|| 4 —||VW|| 4
L3(Q3,5) r L3(Qp, 4,) L3(Qp, 4,)
In3r 353 353"
+ [[w-Vw| 4
L3y, 4)

where C is independent of . Applying (B.4), (3.1) and (B.5) to the above inequality,
we obtain

1 2\?
V2wl e <crip? (log —)
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for any 2 <r < A7, which clearly implies
1

v2 <CD% ] 2y
Il VV”LI(Q3 s )= 5 ng .
angr r

Now, Sobolev space theory (see, e.g., [2, Lemma 4.3] ) gives the following bound
for the variation of w:

diamw(S23, 5,) = C(IVWl 2, . )+ VWL, )
Zr,zr

%r. r

NI= e

1 2
<CD; <log k_> , (B.6)
r

for any 2 < r < A~ L. Together with (B.3), (B.6) gives the desired bound

1 2\2
|w(z) — Aej| = CD; (log )\—) (B.7)
r
in the region 2 <r <1~!. To finish the proof, we point out that for the region
{r £2}N &, due to Lemma 11, (B.7) also holds true. |
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