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Abstract

In this paper we prove the convergence of a suitable particle system towards
the BGK model. More precisely, we consider an interacting stochastic particle
system in which each particle can instantaneously thermalize locally. We show
that, under a suitable scaling limit, propagation of chaos does hold and the one-
particle distribution function converges to the solution of the BGK equation.

1. Introduction

The BGK model is a kinetic equation of the form

O f +v-VifHx,v, 1) = A(Q(x, HDMyg(x,v,t) — f(x,v, t)) , (1.1)
where
Iy = 1 ( |v—u(x,t)|2)
rev D= e a2 P\ T G

and
olx,t) = /dv f(x,v,t), ou(x,t)= /dv flx,v, v,

ow? +Td)(x, 1) = /dv fx, v, 0.

Equation (1.1) governs the time evolution of the one-particle distribution func-
tion f = f(x,v,t), where (x, v) denotes position and velocity of the particle
and ¢ is the time. Here, d = 1,2, 3 is the dimension of the physical space. The
BGK model describes the dynamics of a tagged particle which thermalizes instan-
taneously at Poisson random time of intensity A > 0. The Maxwellian M ; has
mean velocity and temperature given by f itself.
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This model was introduced by BHATNAGAR et al. [1] as a simpler substitute
to the fundamental and physically founded Boltzmann equation. Clearly, the BGK
model preserves local mass, momentum, and energy, so that it shares many physical
properties with the Boltzmann equation. Moreover, it satisfies the H-Theorem, and
therefore it exhibits the usual hydrodynamic behavior in the limit of vanishing mean
free path.

Roughly speaking, the BGK model was introduced to handle situations where
the mean free path is very small (but positive) so that the hydrodynamic picture
is inadequate. To fix the ideas, we consider a stochastic particle system like the
DSMCM (the Bird Montecarlo method), thus equivalent to the Boltzmann evo-
lution, when the intensity of the interactions is very large and the free motion is
finite. The BGK leading idea is that it is useless to compute in detail the very
many interactions taking place locally, since we know a priori that the system
is locally thermalizing. This means that we can replace the true dynamics with a
jump process in which position and velocity of a given particle are instantaneously
distributed according to the local equilibrium. Inspired by these arguments, in this
work, we present a stochastic system of N interacting particles yielding the BGK
equation in a suitable scaling limit. In this microscopic model, each particle moves
freely up to some random instant in which it performs a random jump in position
and velocity. The outgoing position and velocity are chosen according to a given
distribution and a Maxwellian respectively, both determined by the actual particle
configuration; (see) Section 2.2 for details.

In the limit N — oo, we expect that the one particle distribution function
converges to the solution of the BGK equation, provided that, at initial time, the
particles are independent (i.e., their distribution factorizes).

Obviously, the dynamics creates correlations because of the jump mechanism,
which depend on the state of the full particle configuration. Note that the interaction
is not binary in the present context, so that we do not use hierarchical techniques
to obtain propagation of chaos.

Actually, the convergence follows from the fact that the action on a given particle
produced by any other particle is small (as in the mean-field limit), so that we can
expect to recover the propagation of chaos in the limit N — oo.

We mention the recent work [4], where the one dimensional homogeneous
linear BGK equation has been obtained as a limit of a suitable particle process in
which the thermalization is driven by the Kac’s model. Therefore, the context and
the approach are different from the ones of the present paper.

We note that in the original work [1], the jump rate is chosen A = o, namely the
jumps are favorite whenever the spatial density is high. This case is mathematically
much more involved compared with the case in which the rate A is constant so
that here, we assume for simplicity A = 1. From a mathematical point of view, a
constructive existence and uniqueness theorem for the BGK equation was given in
[7]. Previous non-constructive existence results, in the spirit of the Di Perna—Lions
theorem for the Boltzmann equation, were obtained in [6] (see also [3]). Regarding
the hydrodynamic limit we mention, e.g., [8]. Actually, we are not aware of any
constructive existence theorem for the solutions of the BGK equation when A = o
and this makes difficult to approach the particle approximation problem. However,
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the particle system yielding, at least formally, this BGK kinetic equation makes
perfectly sense as we shall discuss briefly in Section 5.

The plan of the paper is as follows: the next section is devoted to notation, pre-
liminary material, and statement of the results. The remaining sections are devoted
to the proofs. More precisely, the convergence follows from two separate results:
the convergence of a particle dynamics towards a regularized version of the BGK
equation, and the removal of the cut-off to recover the true BGK equation from
its regularized version. The former requires the main effort and it is the content of
Section 3, while the latter is proven in Section 4. Finally, some concluding remarks
are given in Section 5.

2. Preliminaries and Statement of the Results
Let T¢ = (R/(§ + Z))d be the d-dimensional torus of side length one. We

denote by M, v = M, 7(v),v € R4, the normalized Maxwellian density of mean
velocity u € RY and temperature T, i.e.,

M _ ! v —ul? 2.1
u,T(U)—WeXp<_ T > 2.1)

In particular,

1
u:/deu,T(v)v, ng/‘deu,T(v)|v—u|2.

2.1. The BGK equation and its regularized version

We denote by f = f(t) = f(x,v,1t), where (x,v) € T¢ x R and t € R4 is
the time, the solution to the BGK equation

Of+v-Vif=0rMy—f, (2.2)
where ¢y = 07 (x, t) is the local density defined by
or(x,1) :/dv f(x,v,1), (2.3)
while My = My (x, v, t) is the (local) Maxwellian given by
Myg(x,v, 1) = My x,0,75 (6,0 (V) 5 (24)

where uy = uy(x,t) and Ty = Tyr(x, t) are the local velocity and temperature,

Qf(x,t)uf(x,t):/dvf(x,v,t)v, (2.5)
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or(x,)Tr(x,t) = %/dv f,v, D) v —up(x, t)|2. (2.6)

We also consider the solution g = g(¢) = g(x, v, t) of the “regularized” BGK
equation
dg+v-Vig = oMY g, 27)

where
M;f’(x, v, 1) = Muﬁ(x,z),Tg“’(x,z)(v)~ (2.8)

In Egs. (2.7) and (2.8), 0% = 0f(x.1), uy = uy(x,1), and Tg = Tg (x,1t) are
smeared versions of the local density, velocity, and temperature. More precisely,

05 (x,1) = (9 *00)(x, 1) = /dy px —y)og(y, 1), (2.9)

Qg(x, t)ug(x, 1) = /dy dve(x —y)g(y,v, v, (2.10)
1

Qg(x, t)T;(x, 1) = 7 /dy dve(x —y)gly,v, 1) |v— ug(x, nlZ, (2.11)

where

Og(x, 1) = /dvg(x, v, 1), (2.12)

and g is a strictly positive, even, and smooth smearing function, i.e.,

9 e CO(TERY), o) =p(—x), /dy p(y)=1. (2.13)

Well-posedness of the BGK equation together with L°° estimates for the hy-
drodynamical fields can be found in [7]. In particular, the following proposition
follows immediately from [7, Theorem 3.1]:

Proposition 2.1. Let fy be a probability density on T x R and suppose there are
a functiona € C (R and positive constants C1, o > 0 such that

a() < folx,v) < Cre "’ v (x,v) e T¢ x RY,
(2.14)
a>0, Cy:= /dva(v) >0.

Then there exists a mild solution f = f(t) = f(x,v,t) to Eq. (2.2) with ini-
tial condition f(x,v,0) = fo(x,v).! Moreover, there are a non-decreasing finite

! This means that f solves the integral equation,

t
Flx, v 1) =e " folx — vt v) + f dse ™ (0 Mp)(x — v(t —5), v,5).,
0

which formally derives from Eq. (2.2) via Duhamel formula.
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functiont — K, ; = K;:(f0), ¢ € N, and a non-increasing positive function
t — A, = A;(fo) such that, for any (x, 1) € T? x R,

lup(x, 0+ Trx, 1) + Ny (f (1) < Kgs (2.15)

o0r(x,1) > Core™", Ty(x,1) > A, (2.16)
where

Ng(f):= sup  flx,v)(d+[v]7). (2.17)

(x,v)eT9d xR

Finally, the above solution is unique in the class of functions f = f(t) = f(x,v,t)
such that, for some q > d + 2, sup, ., Ny (f (1)) < 400 forany T > 0.

The analysis in [7] can be extended straightforwardly to the regularized BGK
equation, in particular the L estimates do not depend on the smearing function
¢. This is the content of the following proposition, whose proof is sketched in
Appendix A:

Proposition 2.2. Let g = g(t) = g(x, v, t) be the solution to Eq. (2.7) with initial
condition g(x, v, 0) = fo(x, v), fo as in Proposition 2.1. Then, similar estimates
hold for the corresponding hydrodynamical fields, namely,

(e, O] + T (x, 1) + Ny (1) < Koot (2.18)
0g(x.1) = Coe™" . Qf(x,1) = Coe™", (2.19)
TS (x,1) > A, (2.20)

(with Ky 1, A, independent of ¢).

2.2. The stochastic particle system

We consider a system of N particles moving in the d-dimensional torus T¢.
We denote by Zy = (Xy, Vi) the state of the system, where Xy € (T?)N and
Vy € (RN are the positions and velocities of particles, respectively.

Recalling ¢ denotes a smearing localizing function with the properties detailed
in Eq. (2.13), setting Xy = (x1,...,xy) and Vy = (vy, ..., vy), we introduce
the (smeared) empirical hydrodynamical fields Qﬁ,, uj'(,, and T1$ (depending on Z )
defined by

N N
1 1
Q%(x)=ﬁ E px —xj), Q%M(ﬁ;(x)=ﬁ E px —xj)v;,
j=1 j=1

N
1
ONTN () = 5= Dot = xplvj —uf (.
Jj=1

The system evolves according to a Markovian stochastic dynamics, whose gen-
erator Ly is defined as

LyG(Zy) =[(Vy - Vxy — N)GI(Zy)
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N . ~ ~
+ 2 [ad g - xomg, G i0GE) @2
i=1

where Z;\’,(""w) = (X}, Vy") is the state obtained from Zy = (Xy, Vy) by
replacing the position x; and velocity v; of the i-th particle by y and w respectively;
G is a test function on the state space, and M ;N (x, v) is the Maxwellian constructed
via the empirical fields,

¢
MZN (x,v) = Mu‘K,(x),Tﬁ(x)(v) .

We emphasize that the process is well defined since, as ¢ is strictly positive, the
smeared hydrodynamical temperature T;(; (x, 1) is vanishing only if v; = u% (x,1)
forall j = 1,..., N, and this is a negligible event, and even if T;(;(x, t) =0,
we could replace the Maxwellian by a Dirac mass in ujf, (x,1), and the N particle
dynamics will be well defined in any case.

The generator Eq. (2.21) is associated to the process named Zy (1) = (Xn(2),
Vi (¢)) in which at each Poisson time, of intensity N, a particle chosen with proba-
bility 1/N performs a jump from its actual position and velocity (x;, v;) to the new
ones (¥;, v;), extracted according to the distribution ¢ (- — x;) for the position and
then to the empirical Maxwellian M;N (X, -) for the velocity. In the sequel, we will
denote by Fy () = Fn(Zy, t) the density of the law of Zy (¢) (but we will often
refer to it as simply the law of the process).
A notation warning. In what follows, we shall denote by C a generic positive
constant whose numerical value may change from line to line and it may possibly
depend on time ¢ and initial condition fp.

2.3. Results

The particle approximation of the BGK equation is achieved in two steps. We
first show that, for fixed smearing function ¢, the stochastic dynamics defined above
is a particle approximation to the BGK regularized equation Eq. (2.7). This is in
fact the main result of the paper and it is the content of Theorem 2.3, below. We next
consider a §-approximating sequence {¢, } of smearing functions and show that the
corresponding BGK regularized equations furnish an approximation to the BGK
equation. From these results we deduce that the stochastic dynamics constructed
with smearing function ¢ = ¢, , for a suitable choice of ¢y (converging to 0 slowly
as N — 400), gives the required particle approximation of the BGK equation.

Theorem 2.3. Suppose that the law of Zn(0) is Fy(0) = f0®N , where fy satisfies
the assumptions detailed in Eq. (2.14). Let g = g(t) = g(x, v, t) be the solution to
Eq. (2.7) with initial condition g(0) = fo and smearing function ¢ as detailed in
Eq. (2.13). Define also

Iy = (14 CHA+ I+ 1V, €= (minpw) . @22)
@ @ S oo/ @ - xe’ﬂ“1¢ . .
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Let ij (t), j €{l,..., N}, be the j-particle marginal distribution function of the
(symmetric) law Fy(t),i.e.,

ij(xl,...,xj,vl,...,vj,t) = /de+1-~-dede+1-~-dUN Fy(Xn, Vn,0).

Then, the 2-Wasserstein distance Wz(ij (1), g(t)®-/) vanishes as N — —+00 for

any j € Nandt > 0.2 More precisely, there exists a non-decreasing finite function
t — L; = L;(fy) such that, forany j € {1,...,N}andt > 0,

Wa(fN @), g0)®) < %L,Fw exp(L;T,). (2.23)

In particular, the one particle marginal distribution function le (t) weakly con-
verges to g(t) as N — o0 foranyt > 0.

Now, we fix a sequence {¢.}, ¢ € (0, 1), of smearing functions such that, in
addition to Eq. (2.13), fulfil the conditions,

Igelloo < Ce™ . I Vgelloo < Ce~“tD ¢, < cCe™!, (2.24)
lge % J — Jlloo < C(J)e VJ eCY(TY), (2.25)

with Cy, as in Eq. (2.22) and C(J) is a constant multiple of (||/[loo + IV J [l00)-
For example, given a smooth function @: RY — R, with f dz®(z) = 1 and
compactly supported inside the ball of radius 1/2 centered in z = 0, it is readily
seen that the functions ¢, on T¢ defined by setting

e+e 4P (x/e) 1 1\¢
= ' el—=,=), €€(0,1 2.26
P (X) T x ) € (0, 1) (2.26)
satisfy the conditions in Egs. (2.13), (2.24), and (2.25).
We next denote by g° the solution to the regularized BGK equation with smear-
ing function ¢;. Our goal is to compare g with the solution f of the BGK equation
which satisfies the same initial condition.

Theorem 2.4. Assume f(0) = g®(0) = fo, where fy is a differentiable density
satisfying the condition in Eq. (2.14) and such that, for some q > d + 2,

Ny (Vi fol) < 4o0. (2.27)

2 1f 41 and v are two probability measures on a metric space (M, d) with finite second
moment, the 2-Wasserstein distance between p and v is defined as

172
Wh(u, v) = ( inf / dy (x, x") d(x,x’)2> ,
yEP(,v) JMxM

where P(u, v) denotes the collection of all measures on M x M with marginals u and v.
Here, M = (T%)/ x (R%)/ and Wz(f]N (1), g(t)®1) denotes the 2-Wasserstein distance

between the probability measures with densities f ]N (1) and g(r)®/ respectively.
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Then, for any t > 0,

fdx dv (1 + ) [ f(x,v, 1) — g5(x,v,1)] < Ce. (2.28)

It is now easy to construct the particle approximation to the BGK equation.
First of all, we observe that, in view of Eq. (2.22), I,, < Ce™ " withn = 10(d +1)
for any & small. Then, let Zy (¢) be the process constructed with smearing function
@ = @gy, ey — 0 to be chosen. Suppose also that the law FN(t) of ZN(t) has

initial value Fiy (0) = f0®N , where fj satisfies the assumptions of Theorem 2.4. Let
f = f@) = f(x,v,t)bethesolution to Eq. (2.2) with initial condition f(0) = fo.
Then, from Theorems 2.3 and 2.4, for any N large enough we have

Wa(FN @), FO) < (FY @), g OF) + Walg™ )%, f()®)

<C %8;,77 exp(Cey’) + jCey .

From this estimate we deduce the aimed result, which is the content of the following
theorem:

Theorem 2.5. With the above notation, choose ey = (log N YUY with y > 1.
Then, letting f /N (), j €{l,..., N}, be the j-particle marginal distribution func-
tion of the (symmetric) law IZ“N (t), the 2-Wasserstein distance VV» (ij (1), f(t)®j)
vanishes as N — +o0 for any j € N andt > 0. In particular, the one particle
marginal distribution function le (t) weakly converges to f(t) as N — 400 for
anyt > Q0.

3. Particle Approximation of the Regularized BGK Equation

In this section, we prove Theorem 2.3. For reader convenience, the section is
divided in several subsections corresponding to the different steps of the proof.

3.1. Heuristics

Because of the mean field character of the interaction among the particles, we
expect that the propagation of chaos property holds as the size N of the system tends
to infinity. We claim that if this is true then the one particle marginal distribution
function le = le (1) = le (x, v, t) of the law F (¢) does converge to the solution
to Eq. (2.7). Indeed, from Eq. (2.21),

d d
T /dxl dvy £¥ (x1, v1, OV (x1, v1) = I /dZN Fn(Zn, )Y (x1, 1)
- fdxl dvy £ (er v D1 - Vi — D, v1)

+ [azu Pz [aidn o - xoMg Growa. ).
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where 1 is a test function on the one-particle state space. Now, due to the law of
large numbers, if Zy is distributed according to F (¢) & f]N ()®YN then

1
NZB(x—xi)(S(v—vi) ~ fN(x,v) (weakly),

whence
M§N(i1, v) A M;fl/v(fl, vp) .
Therefore,

[azu ucz.n [andn o - xoms, Groowa. o)
A fdm dvg le()¢1, v, t)/dil dvy (X1 —X1)M2N(J?1, v Y (X1, 01)
- / 4 A1 6% MY G, 50 G 1),

and the claim follows.

Our purpose, Theorem 2.3, is to prove rigorously this fact. This will be achieved
by showing that the dynamics remains close to an auxiliary N-particle process,
constituted by N independent copies of the non-linear jump process associated to
the kinetic equation.? The thesis of the theorem then follows by applying the law
of large numbers to the auxiliary process.

3.2. Coupling

The auxiliary process, named Xy (1) = (Yn (1), Wy (1)) € (THN x (RHV, is
defined according to the following construction.

Let g = g(¢) = g(x, v, t) be as in Theorem 2.3 and denote by (x(¢), v(z)) €
T x R the one-particle jump process whose generator is given by

Efl//(x, v) =[(v-Vy — Dy¥l(x,v) + /di dv p(x —x)M;f(i, Y (x,v), (3.1)

where ¥ is a test function and M g is defined in Eq. (2.8). We remark that if the initial
distribution has a density then the same holds at positive time and the probability
density of (x(7), v(¢)) solves the regularized BGK equation (2.7). The auxiliary
N-particle process X'y () is then defined by N independent copies of the above
process. Otherwise stated, it is the Markovian dynamics on (T9)Y x (R9)N with
generator

3 This process is called non-linear since its generator is implicitly defined through the law
of the process itself, see Eq. (3.1) further on.
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L5,G(Zy) = [(Vy - Vxy — N)GI(Zy)

N
+ f A% dii (F — x) MY (5. )G (Zy ™). (3.2)
i=l1

We emphasize on the fact that the only difference w.r.t. Eq. (2.21) is that M;N has

been replaced by M g .

In proving the closeness between Zy(#) and Xy (t) we find convenient to
introduce the coupled process On(t) = (Zn(t), Xn(t)) given by the Markov
process whose generator Lg is defined in the following way. Denoting Zy =
(XN, VN), Xy = (YN, Wp), with Xy = (x1,...,x5), VN = (v1,...,0N),
Yn=O1,...,yn),and Wy = (wy, ..., wy), and letting G = G(Zy, X'y) atest
function, we set

LoG(Zn, En) =[(VN - Vxy + Wy - Vy, = N)GI(Zy, Xn)
N
+ Z/dfi dv; dy; dw; Dy, y, (Xi, i)
i—1
x MY (%, i3 5y 0 G(ZHT, gR00E) - (3.3)

where, for given %, § € T, M¥(X, v; ¥, w) is a joint representation (to be fixed
later on) of the Maxwellians M;N (x,v) and M g (¥, w), and, for given x, y € T4,
D, (X, y) is the joint representation of the probability densities ¢y (¥) = (¥ — x)
and ¢, (y) = @(y — y) defined as

¢x,y(iv f) = @x(f)a(i —X — 9 +Y) s (34)

where 8(x) denoted the Dirac measure on T¢ centered in x = 0. We remark that in
particular, for any integrable function J on T¢,

[asaion, GG -5 =0 - . (3.5)

In term of process, (Zy, Xn) performs jumps at random Poisson time of inten-
sity N: at each jump time, i is chosen uniformly and (x;, v;, yi, wij) — (x; +
&, vi + &, v;, w;), where the common position jump & is distributed according to
¢ and (v;, w;) according to the aforementioned joint representation of the two
Maxwellians M;N (%i,-) and M{ (3;, ) to be specified later.

Now let Ry(t) = Ry(Zy, Xy, t) be the law of Qy () and assume that, ini-
tially,

RN(0) = 8(Xy — YN)S(Vy — W) fEN (X, Vi) .

Then, setting

In() = /dRN(tmxl P o= wiP),
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and noticing that, as Ry (¢) is symmetric with respect to particle permutations,

1 J
In() = ;deNmZuxl- —yilP v —wil)  Vjefl,... N},

i=1

the proof of Theorem 2.3 reduces to show that

Ccr,
IN() < =5 exp(CTy). (3.6)

Indeed, from the definition of the 2-Wasserstein distance it follows immediately

that Wa (f}Y (1), g(0®7) < /JIN (D).
To prove Eq. (3.6) we compute,

d
SN = deNm Lo(xt = yil? + o1 — wi?)

= /dRN(f) (1 - Vi, +wp - Vy)lx — yi

= 4Ry G = 3P o1 = )
N

+ Z/dRNm (et = 1P+ lor —wi ) + deN(o 1 =yl
i=2

+/dRN(t>fdw<5) /dfn diby MGy + &, B1; y1 + &, i)t — 1.

Here, the first two terms in the right-hand side arise from the stream part (Vi -
VxyG + Wy - Vy, G) and the loss part (—N G) of the generator L, respectively.
The loss part is largely compensated by the third term, which is the sum over all the
particles but particle 1; see the last term in the right-hand side of Eq. (3.3). The last
two terms are those arising from the remaining term i = 1, separating the position
and velocity contributions and having used Eq. (3.5) in the former and Eq. (3.4) in
the latter.
We observe that the stream part is equal to

2/dRN(t) (v —wp) - (x1 —y1) < /dRN(t) (Ix1 = yil* + v — wi %),
while, concerning the last term, we choose M? the optimal coupling that realizes

the 2-Wasserstein distance between the marginals, whose square is given by (see,
e.g., [5])

2
WM, (e, ). MYy, )" = ) — uf P +d|y T 0 = TE |

Collecting together the above formulas, we find that

d
v < v + / dRy (1) D(Z. En). 3.7)
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where

D(Zyn, XN) = /d$ Q&) |uf, (x1 + &) —uf (1 + &)

+ [age@al\Tiw o - oo 6w

Our goal is to estimate from above the integral in the right-hand side of Eq. (3.7)
with a constant (independent of N) multiple of Iy (¢) plus a small (order 1/N) term.
Then, Eq. (3.6) will follow from Grénwall’s inequality.

3.3. Estimates
In estimating the function D defined in Eq. (3.8), it is convenient to replace Qg,
u?, T; with the fields @j{,, ﬁ}f,, f;(; given by
1 & 1
o) = ) e =y, RN =1 ) e —y)w),
j=1

j=1

N
0 1 - 2
04T (x) = WZ¢<x—yj>|wj — gy (07

j=1
i.e., the empirical fields constructed via the variables Yy = (y1,...,yny) and
Wy = (wy, ..., wy), distributed independently according to g(r)®V. By the law

of large numbers, the error due to this replacement in estimating the right-hand side
of Eq. (3.8) will be shown to be small (order 1/N).
More precisely, since, from Eq. (2.20),

PN _ ¥ PN T
‘VTﬁ(x)—,/Tf(y)‘: Ty =17 0) s'TN(x) o)l
JTE@+ T T + VA

|TY () — TS )|
VA; ’

we have
D(Zy, Zn) < Di(Zy, Zn) +E(ZN), (3.9)

where
Di(Zy, Xn) = /dé @) 20ufy (x1 + &) — a% (v + £

TY(x1 + &) — Th(y +6)

JTh +8) + VA,

2
(3.10)

+ /d$ ¢(§)2d

and

&) = [[d o® 2,01+ 6) — g + )7 G.11)
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T +6) — T +8))
+/d$¢(é)2d| v E)A R (3.12)
t
Lemma 3.1. Recall the definition of I'y in Eq. (2.22). Then, for any t > 0,
Di(Zn, Xn)
1 2 (XN = YN+ |V — Wy 2
§CF¢<1+NZjijI>< v +lx1 —yi*).
(3.13)

Proof. Before evaluating the difference between the empirical fields, we introduce
the normalized weights

p(x1 +& —xj) ' e +8—yj)

pPj = ’ qj = .
T Y e +E —x) T e +E— )
Recalling the definition of Cy, in Eq. (2.22), we have

Colloll
max{pj;qj}f(pToo. (3.14)
Moreover, since
px1+&—x;) —on1+& —yj)
Pj—4j= —
D1 +& —xp)
[p(x1 +& —xp) — (1 + & — yi)]
+<P(Y1+$—yj)2k ,
droxr+E—x) Y e +E—w)
it also follows that
CollVoll
lpj —aqjl < %uﬂ —yil+Ixj = y;D
C2@lloo Voo
+ (pT D (x = yil+ b — D)
k
CollVolloo CollVolloo
< T(l + Cyllglloo)lxt — yil + Tlxj = yjl
C2 v Xy —Y
ollolocllVelloo | XN — Yl 3.15)

N vN
where in the last bound we used that, by the Cauchy—Schwarz inequality, ) ", |xx —

el < VNI Xy = Yyl.
Regarding the first term in the right-hand side of Eq. (3.10), we notice that

uf, (x1 + &) —af (1 +8)| < Uy + Uz,
where, by Egs. (3.14) and (3.15),

Collgll
Uy :ij|vj —wj| < %Z'Uj —wjl|,
J i
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Col gou
Z|p, —qjllw;] = =214 Cyliglloo) lxt = yil D |wjl
J
c IVl YN| 1
+TOOZ' J —y,||w1|+Cz||<p||oo||Vga||oo Z| wl.

Therefore, again by the Cauchy—Schwarz inequality,

|Vy — Wy l?
uf (1 + &) — i (y1 + &) <207 + 203 < 2C2o)1% T

IWnI? (1XNy — YnI?
12 +1lx1 —yil?). (3.16)

c( 02 C2V
+C(+ ||90||) Vel N N

The estimate of the second term in the right-hand side of Eq. (3.10) is more tricky
and requires some effort. We first notice that

TY(x1 +&) — TH(n +6)

JTE@ +6) + VA

where (omitting the explicit dependence on x; + & and y; + &)

<Th+T,

1 lvj — uf )P —lw;—ik? 1 lwj — |
Ti=— ; . Dh=- - g ——=="
R N s gLy
Now,

1 vi—uf —w;i+a%) w; —ut +w; —a%

_EZPJ(] N jruy) -y —uy j —Uy) <Ti1+Tis.

J

with

,/T;Vp-i-vAt
(/)

(lvj — wj| + uly —ayDlv; —ufy
Tiy = - Z/ JT Wi N~ UNDW Z Uy
\/N+Vt

Tio=—=—=) pj(vj—wj|+ufy —ayDlw; —af|.
d\/A_;; J J J N N J N

By the Cauchy-Schwartz inequality with respect to the weights {p;} and Eq. (3.14),

@
| — T
TI’ISE E I.Pj(|Uj_wj|+|”N_uN|) _—

! T1$+«/At

1 /2C ~
< P = w2 -

and

1
Y _ i ~9
Ny = d—\/A_t\/ijj(h}j —wjl+luy — MN|)2\/ijj|wj —1,£N|2
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2C, lI¢llo e e [Coliels s
_d\/_/ |V — Wa |2+ 2[uf, — % szmj—um :

On the other hand, in view of Eq. (3.15) and by the Cauchy—Schwarz inequality,

Coll Vol o
N Z[(Hc(pngonoo)m—y1|+|x,-—yj|]|wj—u‘;;|
c2||<o||oo||w||oo |XN—YN| 1 X
* Z' — iyl
d/A;
C¢||V§0||oo|: [ XN — YN|i|\/ ~
< ——F|(1+C X1 =yl + ——— w; — iy l*
Nen (14 Cyliplloo) Ix1 = y1 T > lwj =il
cznsonoonwnoo |xN_yN| 1 Zl 2
—u .
d/A, N

We finally observe that, as |ii% | < Cyll@lloc|Wn|/+/N,

1 . |W |2

5 2w —E P =200+ CRllglR) —;

1 o4 _ 4 4 4y s WALt
ﬁ;m—um = 2wl HaClel 5 G

From the above estimates on T 1, 77,2, T2, and inequalities Eqgs. (3.16) and (3.17),
we conclude that

B 2
TN +8) — Ty +§) <C1"¢,<|WN|4+ Z lw;| >|)c1—y1|2
e 104 V8

Wyl Wyt 1 Xy — Yy|?
+CF¢(| Nl +| Nl +_Z-|w/|4)| NN Nl

N N2
IWNI2\ [V — Wy ?
N N . (3.18)

+cCr, <1+

Since %|WN|2 < ‘/%Zjlwﬂ“, Eq. (3.13) follows from Egs. (3.16) and (3.18)
(recall [d& @(§) =1). O

Lemma 3.2. Recall the definition of I', in Eq. (2.22). Then, for any t > 0,

1
/dRN(t)NZ(|vj|8+ lw;1'%) < Cexp(CTy). (3.19)
j
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Proof. From the estimate on ./\/q (g) in Eq. (2.18) and the symmetry of Fy(t) we
have,

1 8 16 8
[ 5 3 0y + 10, = [z Fvzyon ol +c.
J
so that we only need an upper bound on the first term in the right-hand side. To this
end, recalling the explicit expression of the generator Eq. (2.21), we compute

d
E/dFNwmg
= —/dZN FN(ZN,t)|v1|8+deN Fn(Zy, 1) /déw(é)
x fdﬁl MY, (o1 +&, )0 ®
:—/dZN FN(ZN,I)Ivllg—}-/dZN Fx(Zn. 1) /d&o(s)

x /ano,l(n) ufy(x1 + &) — JTH (1 +&)n

where My 1 is the Gaussian centered in 0 with unitary variance. Since, in view of
Eq. (3.14),

8

, (3.20)

Coligl Cyligl
e+ &1 < =223 vl TR 8 < == TP
J J

the Gaussian integral in the right-hand side of Eq. (3.20) is bounded by a constant
multiple of (Cy ||¢ lloo)® % Zj v |8, so that, by using again the symmetry of Fy (1),

d
5 /dFNa) [n11® < C(Cyllpllo)® /dFN(o o,

from which the lemma follows by Gronwall’s inequality and the assumption on the
initial distribution function fy given in Eq. (2.14). O

3.4. Conclusion (proof of Eq. (3.6))

Our task is to estimate from above the integral in the right-hand side of Eq. (3.7)
with a constant multiple of Iy () plus a small (order 1/N) term. To this end, we
use Eq. (3.9) and decompose

/dRN(t) D(Zn, Xn) =K1+ K>, (3.21)
with

K= / dRy(t) D1(Zn, Zn), Ko = / dg()®N E(Zy).
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Recalling the definition Eq. (3.11) of &, from the law of large numbers we have
that

C
¥
Now, we want to use Lemma 3.1 to bound K| by means of Iy (¢). This is not
immediate, due to the factor (1 + %Z j |w; |4) appearing in the right-hand side of
Eq. (3.13). The strategy is to decompose the domain of integration, by introducing
the “good set”

Ky < (3.22)

=z, =y I+ < Nal. 0,
Ga {( Ns ZN) Zjlw,l <Na{, a>
where the right-hand side of Eq. (3.13) is under control, and show that for a suffi-

ciently large the contribution of the integration outside G, is order 1/N (due to the
law of large numbers). With this in mind, we decompose

Ki=Ki1+Kipz, (3.23)
with

K= /g dRy(t) D1(Zy, XN), Kip= /gBdRN(l) Di(Zn, Xn) .

In view of Eq. (3.13), if C;(a) = CIy(1 + a) then, for any (Zy, Xy) € Gq,

XN — Yn|?>+ |Vy — Wy ?
+ |x1 — 1

Di(Zn, Xy) = G (a)< N

so that, noticing that the law Ry (¢) is symmetric,

Xy —Yn[>+|Vy — Wy|?
K1,1§Ct(a)/dRN(t)<| v = ¥yl N| N vl +|x1—y1|2>

<2Ci(a)InN(2). (3.24)

In estimating K 2, we first observe that

1/2 12
Kis< ( / dRy (1) Dy (Zy. EN)2> ( / dg(r)®”)
Zjle\4>Na

1/2
<CT, exp(CI"(p)< / dg(t)®N> , (3.25)
>ilwil*>Na

where, in the last inequality, we first used that the square of the right-hand side
in Eq. (3.13) is bounded by a constant multiple of F(p% Zj (Ivj 1+ |w; Ilé), and
then we applied Eq. (3.19). We now show that, by the law of large numbers, if a
is large enough then the integral in the right-hand side of Eq. (3.25) is vanishing
as N — +o0. More precisely, from the estimate on N (g) in Eq. (2.18), there
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is M = M (¢, fo) such that fdy dw g(y, w, t)|w|4 < M. Therefore, letting &y =
v 2 lwjl* and E¢y) = [dg()®Néy, if a > 2M we have

/ dg(1)®V < / dg(n)®V .
> jlwjl*>Na [EN—EEN)I>M

Therefore, by the law of large numbers (i.e., Chebyshev’s inequality),

C
/ dg®®" < =,
Z_l-le|4>Na N

so that
Cr,
K2 =< A exp(CTly) . (3.26)

In view of Egs. (3.7), (3.21), (3.23), (3.24), (3.26), and (3.22), we conclude
that, forany 0 < s <1,

d Cr,
aIN(S) =[1+2C@]In(s) + N exp(Cly), (3.27)

which implies Eq. (3.6), by Gronwall’s inequality.

4. Lipschitz Estimates and Removal of the Cut-Off

In this section we prove Theorem 2.4. A preliminary result is the following
lemma, where we provide L° bounds on the spatial derivatives of the solutions
to either the BGK equation, Eq. (2.2), or its regularized version, Eq. (2.7). We
emphasize that, in the latter case, these estimates do not depend on the smearing
function ¢.

Lemma 4.1. Under the hypothesis of Theorem 2.4, for any t > 0,
NIV fOD) + Ny (Vg < C, 4.1)

where f(t) [resp. g(t)] is the solution to the BGK [resp. regularized BGK] equation
with initial condition f(0) = g(0) = fo given by Proposition2.1 [resp. Proposition
2.2].

Proof. We prove the claim for the solution to the BGK equation, the case of the
regularized BGK equation can be treated in the same way.
By differentiating Eq. (2.2) we have,

B +v-Vid+DVif =0rMsQy,

with
\Y D) (v—u v—url? d
0 = x0f | (Dxup) ( f)+<| 2f| B )Vfo.
of Tf 2Tf 47‘[Tf
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Therefore, by Duhamel formula,

t
V, f(x,v, 1) =e 'V folx—t, v)—i—f dse (oM Q) (x—v(t—s),v,5).
0

4.2)
To estimate the AV;-norm of the integral in the right-hand side of Eq. (4.2) we first
observe that

(LD —upf/Mp < CU+|v—upl? +lus|Dv—usl/ My
=T/ PPA+ T +ugty  vj=0.1.2.

Moreover,

Veosl < /dv V2 < CNG (VL fD).

1+ |uf|)Nq(|vxf|)
or ’

Vv 1
Do g| < PIVOs] —fdv V. fl vl < €
or or

TylVioyl n 1

V. Ty < /dexﬂ v —ugl?

S Tt lu £ PHING (Vi £1) ,
or

where we used that if ¢ > d + 2, then

14+ |v|4
V] <CNy(IVxfl) Vj=0,1,2.

/dvIfoIIvlj =/dv|vxf||v|f1+|v|q <

Therefore, in view of Egs. (2.15) and (2.16), from the above estimates we deduce

that NV (0 fM ¢ Q ) < CN,(|Vy f1). The estimate on NV (| Vy f]) then follows from
Eq. (4.2) and Gronwall’s inequality. O

Proof of Theorem 2.4. We introduce the shorten notation o¢, u®, T¢ to denote the
smeared local fields defined as in Eqgs. (2.9), (2.10), and (2.11) with ¢, in place of

Q.
From Duhamel formula,

t
f,v,1) —g°(x,v,1) = / ds ef(tfx)(Qfo —0°Mge)(x —v(t —5),v,5),
0

so that, setting
D) = /dx v (1 + 0P Lf G v, 1) = 8 (s v, )]

we have (after the change of variable x — x + v(r — s) on T4)

t
D(t)f/ds/dxdv(l+|v|2)|(Qfo—QsMga)(x,v,s)|. 4.3)
0
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To estimate the right-hand side in Eq. (4.3) we argue as in [7]. We set, for
A €0, 1],

(Q)u Uy, T)\,) = )“(Qfs ufv Tf) + (] - )“)(st ué‘, TS)’
and let M; (v) = M,, T, (v), so that

1
fdv(1+|v|2> |Qfo_Q€Mg€|§./(; da /dv(1+|v|2){|9f—Q€|MA

e IM,,
+ o VuMy | luy —u”| + 0x T | Ty — Tgel

<Cloy — 0|+ luy —u’| + Ty — Tge),

where, in obtaining the last inequality, we first used that

/dv(l P My <1+ i+ T,

L+ |up|* + Ty
VT, ’
1+ >+ Ts

<C ,
= T,

/dv<1+|v|2)|vuMk| <cC

fdv 1+ v

and then applied the lower and upper bounds on the hydrodynamical fields given
in Propositions 2.1 and 2.2. Now, again from these propositions,

oM,
aT

lup —u®| < Coyfluy —u®| < Closuy — o u’l +ullof — o)
< cfdv<1+ W) If — &1+ Cloy — &l
Ty — T¢] < Coy|Ty — T| < Cllos Ty — 0TI + 1T loy — o°)
< C/dv(1+|U|2)|f—gs|+C|Qf—Q£|-
Finally,
o=l = [dv|ferovin = [yt =g tun
s/dv(1+|v|2)|f—g£|+fdydv¢s<x—y>|g8<y,v,t>—g€<x,v,r>|
S/dv(l+|v|2)|f—g8|+Ca,

where we used Eq. (2.25) and Lemma 4.1 in the last inequality.
Inserting the above bounds in Eq. (4.3) we finally have

t
D(t) < Cf ds D(s) + Ce,
0

which implies Eq. (2.28), by Gronwall’s inequality. O
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Remark 4.2. Note that the convergence part of the particle approximation is carried
out by using a weak topology. Actually, this is natural since such a proof is based on
the law of large numbers. In contrast, in removing the cut-off we used a weighted
L' topology. A direct use of the weak topology could be possible also in this part of
the proof, but in this context it is much less natural, being the proof more complicate
and the result weaker.

5. Concluding Remarks

Let us consider, for the moment, the non-physical particle dynamics introduced
in the present paper as really describing the behavior of the microscopic world.
Then, it makes sense to exploit the scaling and the regime for which the kinetic
picture given by the BGK model is appropriate. Proceeding as for the most popular
kinetic equations, let (X, Vn) € (THN x (RN be the macroscopic variables.
The evolution of the microscopic system takes place in ’I['g, the d-dimensional torus
of side £~!, where ¢ is a scale parameter. In other words, the microscopic variables
are

(e 'Xn, Vy, e 1t)

(velocities are unscaled), and the time evolution of the law Fy of the microscopic
process is given by the Fokker—Planck equation

@1, + Vv - Verix VFn (e Xy, Vv, e7't) = —yyNEn (e ' Xy, Vv e7'1)

N
+ v Z/dfi fdlj,’ S_dw(S_l(xi — )Z,'))M¢71 A (5‘_1xi, v;)
— D SR
X FN(S_IXi\}ji, V,{;ﬁi, ey,

where y modulates the intensity of the jump process suitably and ¢ is not scaled.
Note that X; in the above formula is a macroscopic variable which belongs to the
unitary torus.

Actually ¢ describes the interaction. A possible choice is the characteristic
function of the unitary sphere or a smooth version of it. This means that only the
particles at distance at most 1 from a given particle determine its random jumps.

Denoting by

Fy(Xn, Vi, t) = N EyEe ' Xy, Vi, e ')

the law expressed in the macro-variables, we arrive at

B + Vi - Viy ) Fy (X, Vi, 1) = —V?NNFN(XN, )

N
N ~ ~ ~ i Y. i

+ Z/dxi /dvi Qe (xi — XM oo (i ) Fn (X, VYD)
£ = Xy

(5.1)
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Here, we used that

M@

. v = MY (x: v
(871XN,VN)(8 Xis vl) - MZN(xla vl) ’

with @, (x) = s_dtp(x /¢€), as follows by a direct inspection. Indeed, it follows that
w67 ) = uly () TG x) = T (),

with the convention that the left-hand side is computed via ¢ !Xy, Vy and the
right hand side via Xy, V.

Next, we assume the microscopic density O (1), thus N = ¢~ (hydrodynamical
density). We recall here that the hydrodynamic limit consists in scaling space and
time only, the evolution for the hydrodynamical fields being obtained via the quick
local thermalization toward the local equilibrium. In contrast, the kinetic description
requires a suitable modification of the dynamics to moderate the number of the
interactions per unit (macroscopic) time. In the present context, we do this by
rescaling yy = ¢.

In conclusion, we recover the particle dynamics we have considered, but the
condition ¢ = N~/ is too severe for our approach, as we need & ~ (log N)~¢ for
some positive a.

Moreover, in contrast with the setting discussed in the present section, in our
derivation of the BGK equation we have assumed that ¢ is strictly positive, exclud-
ing the case of the characteristic function of a unitary ball. Therefore, we now face a
new potential divergence related to a possible rarefaction in a given box. However,
this issue could probably be handled via extra probabilistic estimates.

We finally mention that if we consider the Fokker—Planck equation (5.1) with
yn replaced by % > j ¢(xi — xj) we expect, at least formally, to recover the BGK
equation with A = o(x).
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A. Proof of Proposition 2.2

We first observe that the smeared fields, defined in Egs. (2.9), (2.10), and (2.11),
coincide with the usual hydrodynamical fields associated to the smeared distribution
function g% (x, v) := [dy p(x — y)g(y, v), i.e.,

0f = 0gv, Ofuy = o0gvtigr, 05Ty = 0g0Tge.
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Therefore, according to [7, Proposition 2.1], we find the following pointwise esti-
mates for pj, u%, and Ty :

.p?

) T < CNo(g¥);

(ii) p?(T¢ + u¥)*)a=9/2 < CyNy(g?) either forg > d +2orfor0 <q <d;
p|uf |+

(iii) RS VGEYRIE < CyNy(g?) forg > 1.

In the above, C, C, are constants independent of ¢ and
Ng(f) =supl?f(v), ¢=>0
v

for a given positive function f.
As a consequence, following [7], we infer that

sup [v|T MY (x, v) < CyNy(8%),
v
and hence, writing the equation for g in mild form and recallig Eq. (2.17), we obtain

t
Ny (g(1) = Ny(fo) + quo ds Ng (8% () -

The a priori bound N, (g(1)) < N, (fo) exp(Cyt) follows by the obvious inequality
N,y (g%(s)) < N4(g(s)) and the Gronwall’s lemma.

Provided with this estimate, by arguing exactly as in the proof of [7, Theorem
3.1], we construct the solution g(#) by establishing the Lipschitz continuity of the
operator g — pg My — g in L'((1 + v?)dxdv) and using the standard iteration
scheme. Moreover, exactly as in [7], the bounds (2.18), (2.19), and (2.20) follow
from this construction and the previous a priori estimates.
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