Arch. Rational Mech. Anal. 240 (2021) 327-381
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-021-01613-y

l‘)

Check for
updates

Small Data Global Well-Posedness for a
Boltzmann Equation via Bilinear Spacetime
Estimates

THOMAS CHEN®, RYAN DENLINGER & NATASA PavLoviC

Communicated by C. MOUHOT

Abstract

We provide a new analysis of the Boltzmann equation with a constant collision
kernel in two space dimensions. The scaling-critical Lebesgue space is Liv; we
prove the global well-posedness and a version of scattering, assuming that the data
Jo is sufficiently smooth and localized, and the L)zc’v normof fj is sufficiently small.
The proof relies upon a new scaling-critical bilinear spacetime estimate for the
collision “gain” term in Boltzmann’s equation, combined with a novel application
of the Kaniel-Shinbrot iteration.
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1. Introduction and Main Results

1.1. Background

Boltzmann’s equation describes the time-evolution of the phase-space density
f(t, x,v) of a dilute gas, accounting for both dispersion under the free flow and
dissipation as the result of collisions. We are interested in the Boltzmann equation
with constant collision kernel in the plane, Rﬁ X ]R%, which is written as follows:

(at +v- V)C)f(ta'x5v)

=/ da)f2 du{f(t,x,v*)f(t,x,u*)—f(t,x,v)f(t,x,u)}, (1.1)
St R

with prescribed initial data f (0, x, v) = fo(x, v),and (¢, x, v) € [0, c0) X RZxR2.
Here the symbols u*, v* are defined by the collisional change of variables

W=u+(w-v—u)ow

Vi=v—(0w-(v—u)w

and w € S!' € R? is a unit vector. We may also write

G +v-V) f = O )= O (. /) — 0~ (f. ). (12)
where
0+ (/. g)(x.v) = /S d“’/Rz duf (x, v)g(x, u”) (13)
0 (f, )(x, v) = 27f (x, V)py () (14)
and

o) = [ dortrw.
R2
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The PDE (1.1) is scaling-critical, independently in x and v, for the L? (R?c X R%)
norm of fp.

The Cauchy problem for (1.1), specifically with the constant collision kernel,
is by now a mature subject and many different techniques are available. One of
the oldest known techniques is the Kaniel-Shinbrot iteration [14], which will be
explained in detail in Section 2; this is a monotonicity-based technique for pro-
ducing a non-negative solution of Boltzmann’s equation. Strichartz estimates have
been used in [3] to solve equations related to (1.1) but containing a cut-off in the
interaction at large velocities. Scattering was subsequently addressed in [13], again
using Strichartz estimates. Global well-posedness has been proven near equilib-
rium by a variety of techniques [1,11,12,22], all of which rely somehow on a
notion of Dirichlet form (and sometimes requiring the long-range version of (1.1),
e.g., true Maxwell molecules). For more background on Boltzmann’s equation we
refer the reader to [6]. Weaker notions of solution are available globally in time
due to DiPerna and Lions [9], but uniqueness remains an open problem for such
solutions.

The difficulty with solving (1.1) at critical regularity is actually more challeng-
ing than appears to be customarily acknowledged, because though the two terms on
the right hand side (known as “gain” Q" and “loss” Q™ respectively) both scale
the same way, they do not share the same estimates. In fact, the gain term exhibits
a convolutive effect (similar to f %, g) which is not observed with the loss term.
This problem was acknowledged in [3] and dealt with by introducing a cutoff in
the collision kernel at large velocities, thereby breaking the scale-invariance of the
problem.

In the present work, we take the point of view that the data fj should be suffi-
ciently localized and regular enough (in the sense of weighted L?-based Sobolev
spaces) to makes sense of both “gain” and “loss” terms, but that the theorem should
only depend on the smallness of the critical norm, in this case L?. The advantage
of this approach is that the local iteration relies purely upon energy estimates in
L2-based spaces. In particular, we will prove a bilinear estimate of the form

L%,v X Lyzc,v - LtleRL)zc,v
for the QT operator (acting on the free flow), which is new to the best of our
knowledge. Once this bilinear estimate is in hand, any space of mixed integrability
in x,v, eg. LY L7 with p # r, arises only as the result of Sobolev embedding
applied to an L>-based Sobolev norm.

In our analysis, we will invoke the approach that we introduced in [7,8], based
on the Wigner transform of the Boltzmann equation, which makes the problem
naturally accessible to a combination of techniques from both kinetic theory, and
dispersive nonlinear PDEs.

1.2. Summary of the Present Work

The subject of this paper is a new treatment of the Boltzmann equation with
constant collision kernel in d = 2, which is scaling-critical for the space Liv. We
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prove global well-posedness and scattering for solutions with small norm in the

.. 1 1
critical space L? ,,, whenever H )zt (v,)zt fo‘

L2 is finite but not necessarily

small. o

Our proof relies on the Kaniel-Shinbrot iteration, as recommended in the intro-
duction to [3]. As far as we are aware, this is the first time that the Kaniel-Shinbrot
iteration has been implemented outside Maxwellian-weighted L spaces. More-
over, auniqueness result will be proven which does not require either non-negativity
or Sobolev regularity of solutions. Therefore, the existence of a non-negative solu-
tion from Kaniel-Shinbrot will imply that any other local solution in the correct
integrability class is automatically non-negative and coincides with the Kaniel-
Shinbrot solution. From there, the extra regularity is propagated a posteriori, glob-
ally in time (with possibly large growth rate), by constructing sufficiently regular
local solutions and employing standard commutation rules.

Our proof relies on the Wigner transform and endpoint Strichartz estimates due
to Keel-Tao [15] for hyperbolic Schrodinger equations in the doubled dimension
2d = 4. We point out that endpoint kinetic Strichartz estimates are false [4] in
all dimensions. For this reason, there is no obvious analogue of our proof which
employs the kinetic picture exclusively.

1.3. Main Results
Our main results are summarized as follows:

Theorem 1.1. There exists a number no > 0 such that all of the following are
simultaneously true:

Supposing that fo(x, v) : R?> x R? — R is a non-negative, measurable, locally
integrable function such that

| @ (v foc v (1.5)

< 0
L2(R*xR?)

and

| focx v

) 1.6
L2(R2 ) < 1o (1.6)

then there exists a globally defined (for t=0) non-negative mild solution f €
C ([0, 00), L)%’U) of Boltzmann’s equation

O +v-Vy) f(t,x,v) = 0(f, ), (L.7)
where

O(f. /H= 0" (f. /=0 (f. P,

with Q% and Q~ given in (1.3) and (1.4), respectively, such that f(0) = fy and the
following bounds (1.8), (1.9), (1.10) hold for any T € (0, oo] (noting that T = +00
is included):

WIS f) € Ligor L (1.8)
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2 2 4
of € Licio.rLs m Licro Ly (1.9)
1
W)2T f e L0 L3 ﬂLfg[O’T]LiL%. (1.10)

The solution f(t) is unique in the class of all mild solutions, with the same initial
data, satisfying the bounds (1.8), (1.9), (1.10) for each T € (0, 00). In particular,
any mild solution with data fo satisfying (1.8), (1.9), (1.10) is automatically non-
negative (since it is equal to f).

The solution f(t) also satisfies

£ 130 2 + 10T DOl 2 SCHSIG (1.11)
,20 X,V ’ZU X,v X,v

Moreover, f(t) scatters in Liv ast — +oo; equivalently, fioo = lim;_ 4

T (—t) f (¢) exists in the norm topology in L%’v. Here T (1) = e~V Vx,
Finally, f(t) carries (a posteriori) the same regularity as the initial data

VT > 0, H (0)3F (V)2 f(t)‘ < . (1.12)

2
L?g[O,T]Lx,v

Remark 1.1. We note that no claim is made regarding the injectivity or non-
injectivity for the map fy — fioo. Moreover, no claim is made as to whether
or not the bound in (1.12) is uniform as 7" — o0.

Remark 1.2. The constant C appearing in (1.11) is absolute, requiring only the
imposed condition that || foll;2 < no for another absolute constant 7o. The exis-
tence of such an absolute C indicates that the behavior of Boltzmann’s equation
is effectively linear on long timescales if the LJZC)U norm of fj is sufficiently small.
Note that the bound (1.11) appears to be new.

Remark 1.3. It is an easy consequence of the QV(f, f) estimate (1.11), of
Duhamel’s formula, and Minkowski’s inequality, along with the homogeneous
Strichartz estimates, that the solution of (1.7) satisfies f € L{ L’ LY ([0, 00) x
R? x R?), whenever p, r>1,q > 2, % + % =1, and é = % - % This is the full
range of homogeneous Strichartz estimates expected for L? solutions of the free
transport equation in d = 2. We do not mention estimates of this form in Theorem
1.1 because they are not relevant to the method of the proof.

1.4. The Local Well-Posedness Theorem

We will also prove a local well-posedness theorem, following a similar line of
reasoning. We point out that while the data is required to have %—i— regularity, the time
of existence depends only on regularity at the s level for an arbitrary s € (0, %) We
are not aware of any analogous theorem in the literature which works at arbitrarily
small fractional (but non-zero) regularities for any Boltzmann equation; the proof
relies on a novel interpolation strategy which would be difficult to implement in the
usual framework of inhomogeneous Strichartz estimates. We also remark that the
theorem is optimal because s = 0 is scaling critical, so we cannot expect a local
theorem depending only on the size of the L? norm of the data.
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Theorem 1.2. Fix a numbers € (0, %) Then there exists a function Ag(-) : RZ0

RZ0 such that all of the following is true:
Suppose fo : R x R? — R is a non-negative, locally integrable function such
that

H (v)%‘" (Vx)%*‘ fo(x, v)‘ LR < 00 (1.13)
Then, for some Ty satisfying
T > s (1000 (V0 foll 2 gz ) (1.14)

there exists a non-negative mild solution f € C ([0, To), LJZC,U) of Boltzmann’s
equation

O +v-Vy) f(t,x,v) = Q(f, ), (1.15)
where

Of, )= 0% (f, /)= O™ (f, P,

with QF and Q= given respectively in (1.3) and (1.4), such that f(0) = fo and
the following bounds (1.16), (1.17), (1.18) hold for any T € (0, Tp):

Wt ot(f el co.11L2 (1.16)
of eLlE[OTL () Lico.r Lt (1.17)
T feLlon vaﬂLze[OT LyL;. (1.18)

The solution f(t) is unique in the class of all mild solutions, with the same initial
data, satisfying all the bounds (1.16, 1.17, 1.18) foreach T € (0, Ty). In particular,
any mild solution with data fy satisfying (1.16, 1.17, 1.18) is automatically non-
negative (since it is equal to f).

We are not able to show that the %—i— regularity assumed at t = 0 is propagated,
but we expect this to be true and state it as a conjecture.

Conjecture 1.1. In the notation of Theorem 1.2, the local solution f(t) carries the
regularity of the data up to time Ty. More precisely, for any T € (0, To), it holds
that

H(v)f ot f(t)‘ <0 (1.19)

te[() T]

Remark 1.4. It is possible to show that the regularity is propagated for a time that
depends on the size of the %+ norm at time + = 0. The point of the conjecture is
that the %—l— regularity persists for a time depending on a lower regularity norm,
namely the s norm.
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Remark 1.5. In view of Theorem 1.2, where the time of existence depends on a
norm which s very close to L?, it is natural to ask whether it is possible to prove local
well-posedness in a space like L or L?> N L! (note that the L' norm is conserved
for Boltzmann’s equation). Since L? is a critical norm for the Boltzmann equation
with constant collision kernel, the best we can hope for is a local well-posedness
time which depends on the profile of the initial data. Unfortunately, so far we have
not been able to extract such a result using our method, though there is no obvious
obstruction. Several a priori estimates are available in complete generality for L2
solutions on a short time interval (assuming that a certain spacetime integral is finite
in which case it is bounded quantatively), and they are presented in Appendix C.

2. Technical Preliminary: The Kaniel-Shinbrot Iteration

In this section, we present a brief review of the Kaniel-Shinbrot iteration method
(see [14]) for proving existence of solutions for Boltzmann equations, and describe
its typical use. Then we give a short preview of the new approach based on of the
Kaniel-Shinbrot iteration method that we introduce in this paper.

2.1. The Method of Kaniel and Shinbrot in a Nutshell

The method of Kaniel and Shinbrot is based on three main steps:

(1) Construct a pair of functions satisfying the so-called beginning condition.

(2) Develop sequences of functions which act as barriers (above and below) which
converge monotonically to upper and lower envelopes of a (hypothetical) true
solution.

(3) Prove that the upper and lower envelopes coincide, hence defining a solution to
the Boltzmann equation itself.

We note that there is no claim of uniqueness in the Kaniel-Shinbrot iteration, though
the third step (convergence) is typically as hard to prove as uniqueness. Usually,
one views Kaniel-Shinbrot as a proof of existence by construction, followed by a
separate proof of uniqueness in a class of solutions containing the Kaniel-Shinbrot
solution.

We start with two functions g, &1, which are supposed to be upper and lower
bounds (respectively) for a true solution of Boltzmann’s equation. The first iterates
g2, hy are defined by the formulas

(0 +v- Ve +2mpn,) 82 = 0F (g1, 81)
(3 + v Ve +2mpg ) ha = O (hy, hy)
gt =0) = hy(t =0) = fo. 2.1)

Kaniel and Shinbrot [14] assume that g1, / are chosen to guarantee the following
inequalities (for all times on the interval of interest):

0=h1Shy<gr<g1; (2.2)
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this is the so-called beginning condition of the Kaniel-Shinbrot iteration.
The beginning condition (2.2) secured, Kaniel and Shinbrot define the rest of
the iteration (here n=2) as follows:

(8, +v-V,+ Z”Phn) gni1 = 0" (gn. gn)
(3, +v- Vx + ang’l) hn+l - Q+(hnv hn)
g1t =0)=hp1 1t =0)= fo (2.3)

They prove by induction that, as long as the beginning condition (2.2) is satisfied,
the following inequalities hold for each n:

Oéhlghnghn—'r1§8n+1§gn§gl~ 2.4)

In other words, there is a sequence #h,, increasing from below and a decreasing
sequence g,, all bounded above by the fixed function g;. This allows us to apply
monotone convergence pointwise and conclude the existence (under mild regularity
assumption) of limits g, & with 0Sh<g<g; satisfying the following equations:

O +v-Ve+2mpp) g =07 (8. 8)
(0 +v-Ve+2mp) h = QT (h, h)
gt =0)=h(t =0)= fo. (2.5)

This system is satisfied, of course, if g = h = f is the (supposedly unique) solution
of Boltzmann’s equation; hence, if the system has a unique solution (g, 2 = g),
then that solution is exactly the unique solution of Boltzmann’s equation. Thus
the question of convergence of the Kaniel-Shinbrot scheme is closely related to a
uniqueness question.

Remark 2.1. The method of Kaniel-Shinbrot [14] is applicable to the Boltzmann
equation under an angular cutoff condition (Grad cut-off). We note that the Boltz-
mann equation with constant collision kernel satisfies Grad’s cut-off (it is enough
to note that Q% and O~ = fp + each make sense taken separately, if f is nice
enough).

Usually we do not prove that the system (2.5) has a unique solution, since this
requires more effort than is actually necessary. In fact, if we can only prove that
g = h (forinstance by a Gronwall argument), then the function g (or equivalently /)
is itself a solution of Boltzmann’s equation, but there is no guarantee of uniqueness.
In that case, uniqueness is usually proven by an independent argument. This is
indeed the strategy employed in the present work.

The Kaniel-Shinbrot iteration has been applied to “large” initial conditions
which are “squeezed” between two nearby Maxwellian distributions. This was first
achieved by Toscani [21], using a clever choice of (locally Maxwellian) functions
g1, h1 satisfying the beginning condition of Kaniel and Shinbrot. The approach
was later adapted to soft potentials (with Grad cut-off) by Alonso and Gamba. [2].
Unfortunately, it is not clear to us how to adapt Toscani’s proof to the scaling-
critical (Li’v) setting; the lower envelope /| should presumably be a Maxwellian,
but the upper envelope g must be some L? function which tracks the singularities
of the data. There does not appear to be an obvious choice for upper envelope g1
(satisfying the beginning condition) when the data fy is not small.
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2.2. The Method of Kaniel and Shinbrot Revisited

The beginning conditions for Kaniel-Shinbrot is traditionally satisfied by taking
g1 to be a Maxwellian distribution which bounds fjy from above, with #; = 0; or,
by “squeezing” f between two Maxwellians g1, 71 which need not be small (but
must be close to each other). However these ideas do not work in our setting since
fo does not need to be bounded above pointwise; indeed, the only quantitative
estimate we are allowed is that f € Li,v'

Instead, our strategy is to solve the gain-term-only Boltzmann equation using a
bilinear estimate, and subsequently apply the Kaniel-Shinbrot iteration to the solu-
tion of the gain-only equation in order to develop a solution of the full Boltzmann
equation. Thus, for us, /1 is identically zero and g satisfies

@ +v-Vy) g = 0% (g1, g1).

with initial data g;(t = 0) = fp. It would seem that the Kaniel-Shinbrot iteration
gains us nothing, since we are initiating the iteration with the solution to a nonlinear
equation. However, it turns out that at critical regularity, the gain-only equation is
easier to solve than the full Boltzmann equation, as was observed by D. Arsenio, [3]
In particular, the gain term Q7 satisfies bilinear estimates which are not available
for the loss term.

Remark 2.2. The suggestion to apply Kaniel-Shinbrot at low regularities is due to
Arsenio in [3], who discussed the possibility in the introduction. However, Arsenio
did not implement the Kaniel-Shinbrot iteration, instead relying on a compactness
argument, apparently due to the lack of uniqueness in his formulation. We have
overcome this limitation by propagating some auxiliary regularity and moment
bounds for the gain-only equation, to the point that a uniqueness theorem for the full
Boltzmann equation is indeed available, thereby allowing us to prove convergence
of the Kaniel-Shinbrot iteration.

3. An Abstract Well-Posedness Theorem

In this section we present an abstract well-posedness theorem, which is inspired
by “space-time" methods that are often used in the context of dispersive PDEs.

Let H be a separable Hilbert space over R or C, and let k=2 be an integer.
Suppose that we have a map

A% > LY (R, H) (3.1)

such that A is linear with respect to each factor of H (keeping the others fixed),
and an estimate of the following form holds:

k

LA - x0Oll 19 SCo [ %715 X1y .o, X € M. (3.2)
j=1
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We will say that A is a bounded k-linear map H** — Ll1 'H, and we will generally
write it equivalently as A(z, x1, ..., xx). We are interested in properly defining,
and then solving, the equation

d_x = A(t, x(@),...,x(1)), (3.3)

dt
when x(0) = xo € H is a given element of H with small norm. As we will see, the
bound (3.2) along with the k-linearity is sufficient to solve (3.3) globally in time for
small data; scattering will also follow automatically, in the sense that lim;_, ;o0 X ()
exists in the norm topology of H. We will find that x(¢) € wll (0, T), H) for
any 7 > 0, so equation (3.3) holds in a strong sense. The theorem, along with its
proof, is inspired by certain methods due to Klainerman and Machedon for solving
dispersive PDE [18,19].

Remark 3.1. In the complex case, it is acceptable for A to be conjugate linear with
respect to some or all entries; the changes to the proof are trivial so we only discuss
the linear case.

Note that a priori we can only evaluate A(t, x1, ..., xx) for a.e. ¢ given fixed
elements xi, ..., xx of H; in particular, the exceptional set in # may depend on
X1,...,x;. However, if x(t)isa C I curve, then near any given time #(, x is almost
a constant. This observation motivates the following result:

Lemma 3.1. Let H be a separable Hilbert space and suppose A : H** — L,IH is
a mapping which is linear or conjugate linear in each entry; furthermore, suppose
that the estimate (3.2) holds. Then, for any T € (0, 00), there exists a unique
k-linear map

~ 11 xk |
A (whho.1.10) " = 1.1, 10 (3:4)
which satisfies
. k
A, fixi, .. fo) = [ [T HO | AG x1, - ox0) (3.5)
j=1
forany xy, ..., xx € H and any smooth bounded real-valued functions fi, ..., fx

on [0, T1; here, fjx; denotes the function (fjx;)(t) = fj(t)x;. It holds as well
that

[ 2@ 0,

1
Lico.n™

k
<1 +K0C[] (||xf(f) Iz

dx]'
1 reo.n Tt
j=1

dt

) (3.6)
Ltle(O,T)H

forany x1(-), ..., x;(-) € w0, 1), H).
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Proof. (Sketch.) It is possible to prove this result by expanding each x; via

Duhamel’s formula and using k-linearity. However, it is much easier to simply
differentiate A directly as follows, denoting ¢; = ddit’

ad
gA(faxl(U),--ka(U)) =A@, 51(0), x2(0), ..., xk(0))
+ - +A(t,.x1(0'), cee 7xk71(01)7 é‘k(a)) . (37)

We can integrate both sides in o from O to #, in order to relate the diagonal o = ¢
in terms of quantities off the diagonal:

A1 (@) (0) = At x10), - .. x(0)
t
+/0 A(t, ¢1(0), x2(0), ..., x¢(0)) do
t
+~-.+f0 A x1(0). . 351 (0). E(0)) do. (3.8)

The first term is obviously bounded in L,IH due to (3.2). We demonstrate how to
estimate the first integral term (the others are treated similarly):

t
H/O A, ¢1(0), x2(0), ..., xx(0)) do

1
Lico,nH

1
= H/o A, £1(0), x2(0), ..., x;(0) ||y do

L!

te(0,T)
T

< H/ A 61(0). 320 ... 1) 3¢ do

0 LtIE(O,T)

T
§f IA @, S1(0), x2(0), ..., xk (@)1 4y do

0 1e(0,T)
T
écofo 1) I Ix2(@)l¢ - - - llxk (@) [l 3¢ do
SCollCullpy oow e2llige e Ixille g e -
Gathering terms together, we are able to conclude. O

Remark 3.2. The map A clearly extends A, in the sense that we can view any
X0 € 'H as a function of time by calling it a constant function. Since there is no
ambiguity, we will refer to both operators using the common notation .A.

Theorem 3.2. Let H be a separable Hilbert space, fix an integer k=2, and let
A H* = LY (R, H) be a mapping which is linear or conjugate linear in each
entry, and satisfies the estimate

k

LA 1, -0l g Co [T %54 X1y .o, X € M. (3.9)
j=1
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1 1/(k—=1)
M= :
<4kk(1 +k)Co>

we find that for any xo € H with ||xolly EM there exists a global solution x(t) €
MNr=0 whio, 1), H) of the integral equation

Then, defining

t
x(t) = xo +/ Ao, x(0),...,x(0)) do, (3.10)
0

and this solution is unique in the regularity class (7. WzléEO,T]H' Moreover, for

the solutions arising in this way, the following estimate holds:
lx o g+ IACX@, 2O 3 SCrllxolly, G

for some constant Cy depending only on k and Cy. In particular, (3.11) implies that
limy—, o X (¢) exists strongly in H (i.e., the solution scatters).

Proof. (Sketch) We will use the following norm on W11 ((0, T), H):

(3.12)

dx
x(- 1.1 = [|lx(¢ ) =+ || —(z
IOyt 0= KONz, , H il
te(0,T)

This norm is equivalent to the usual norm on W'! for fixed finite 7 by Sobolev
embedding, but exhibits better scaling properties in this context for large 7.
Define the map § : W1 (0, T), H) — W1 ((0, T), H) by the formula

t
[Sx(N]@) =xo0 +/0 Ao, x(0),...,x(0))do. (3.13)

This is well-defined by Lemma 3.1.
Using Lemma 3.1, we easily derive the following boundedness and locally
Lipschitz estimates:

IBET Oy g Sllxoll +2(1 + k)Co ”x(')”];\/fe’io,nﬁ

and
168 (2 () = Fx1 (D] () ”Wr]ézo,ﬂH
k—1

< : —
<2k(1 +K)Co 4212 I Ol o] @O =2 Ol g
=1,

Therefore, defining the closed ball
B =1x()ewhlo, 1), Dy, <oM ¢,
{x( ) e WH (0. 7). ) ‘ IOl 5 < }
with M as in the statement of the theorem, we find that B C B and § is a strict

contraction of 8. Hence, we may apply the Banach fixed point theorem and thereby
extract a unique fixed point of § within B. O
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Theorem 3.3. Let H, A, M, k, Cy be as in the statement of Theorem 3.2. Consider
the integral equation

t
x(1) = xo —l—/ Ao, x(0),...,x(0)) do (3.14)
0

with unique solutions x € [y Wl (=T, T), H), x(0) = xo, as given by
Theorem 3.2 for any xo € H such that ||xo|ly SM. Define the map

S:BlHO0) > (VWM (-T.T). H) (3.15)
T>0

such that
t
[S(x0)] (1) = xo +f0 Ao, [S(x0)] (0), ..., [Sx0)] (o)) do. (3.16)

The map S is well-defined by the statement and proof of Theorem 3.2. For any
r € (0, M) define the maps S, &,

r

&F: BM0) - H (3.17)
67 (o) = lim [S(x0)] (1), (3.18)

where the limit is taken in the norm topology of 'H, this is possible by Theorem 3.2.
Let IF denote the image of &£, and note that 0 € S+ (4.

Then, there exists ro = ro(k, Co) > 0 such that if 0 < r < ro then $47, 4~
are each open in the norm topology of H, and &}, &, are each bijective and
bi-Lipschitz. As a consequence, the composite maps
S o(6,) ! U -yt (3.19)

r

Sy o (&) Ut -y (3.20)
are bijective and bi-Lipschitz.

Proof. (Sketch.) The key estimate states that xo expresses a Lipschitz depencence
oN Xjoo = limy—s 1o [S(x0)] (¢), at least within sufficiently small neighborhoods
of 0 € H.

Let T > 0 and consider the solution x (1) = [S(x¢)] (t) fort € (0, T'). As long
as ||xpll4¢ is sufficiently small (depending only on k, Cp), we can guarantee that
lx(T)|l¢ < M, so that Theorem 3.2 can be applied backwards in time with data
x(T). Considering two solutions x(t) = [S(x0)] (¢), y(t) = [S(yo)] (¢), we can
apply this procedure to each of them and derive the following identity:

T
x(t)—y@)=x(T)— y(T) — / Ao, x(0),...,x(0)) do
t

T
—i—/ Ao, y(0),...,y(0))do.
t
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Hence, using the norms defined in the proof of Theorem 3.2, along with Lemma
3.1, we have

() = YO i 0.1y < 15 (T) = (Tl
k—1

+ 2k(1 + k)Co Z 2@ i o,7),7) X (@) — y@Ollwio,7),H) -
zefx,y}

(3.21)

In view of the statement and proof of Theorem 3.2, under the above assumptions
we can deduce the quantitative estimate

lx(@®) =yl o, 7)1y S21x(T) = (Tl (3.22)

as long as [lxoll% , llyoll¢ are sufficiently small (depending on only &, Cp). This
immediately implies that

lxo — yollgg S2 1x(T) — y(T) Il - (3.23)

Taking strong limits in H as T — +o00, we obtain

0 = Yol S2 1X400 = Y4oollpy » (3.24)

which is the desired Lipschitz estimate.
The last claim is the following: for all ¢ € (0, M), G;t [BZ{‘(O)] contains a

neighborhood of 0 € H. This is routine to check by adapting the proof of Theorem
3.2. m]

Remark 3.3. If, instead of the “critical” estimate (3.2), A satisfies a “subcritical”
estimate of the form

k
LA, x1, - x0ll e SC T T x5 Xl,....xp €H (3.25)
j=1

for some p > 1, then we can always convert .4 into a form suitable for the applica-

tion of Theorem 3.2 by multiplying .4 by a bump function in time which is equal

to one on an interval [0, T']. In that case, the constant Cy in the theorem would be
1

Co ~ C T ¥, so that the allowable size of the data tends to infinity as T tends to
zero. Hence, Theorem 3.2 can be used to prove a wide range of local well-posedness
results in the large for the strictly scaling-subcritical case.

Remark 3.4. There is a version of Theorem 3.2 when k = 1, i.e. linear equations,
but only if Co < 5.
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Remark 3.5. Local well-posedness for arbitrary xo € H is not recovered under the
sole assumption (3.2); this is because the equation for x(¢) = x(t) — xo contains
linear terms, and we can only solve the linear case when Cy < 3—1 per the previous
remark. (The forcing term A(z, xo, ..., xg) can always be made negligible, for
fixed xg, by localizing to a small time interval depending on xq.) If, forany 7 > 0
and any xop € H, estimates of the following form are satisfied for open intervals
1 C(-T,T):

] 1
lim sup sup sup ——— LA, yo, X0, - -, X0)ll )34 =0
80T IC(=T.T): |[11<68 yoeH\{0} yoll#

(and similarly for the other entries of .4), then large data LWP can be recovered in
the limited sense that the time of existence depends on xg € H instead of [|xqll7.

4. Example: Cubic NLSind =2

In this section we illustrate how Theorem 3.2 can be used to recover small
data global well-posedness and scattering for the L? critical nonlinear Schrodinger
equation in spatial dimension d = 2. Furthermore, we illustrate an approach to study
propagation of regularity for the same equation. Although these results themselves
are well known, we illustrate how they can be recovered using the tools of Section
3. This will form a footprint for our study of the Boltzmann equation in subsequent
sections.

Consider the nonlinear Schrédinger equation (NLS)

(i +Me=lplP¢ ot x):RxR*—C, (4.1)
where A = A, and ¢(0, x) = ¢o(x) € L?(R?). The nonlinearity can be written
@@, so it is either linear or conjugate linear in each entry.

4.1. Small Data Global Existence and Scattering

We wish to solve this equation for small data ¢o(x) in the scaling-critical space
LZ(RZ). We point out that the method as formulated in the statement of Theorem
3.2 yields no conclusion for (4.1) given initial data outside a small ball of the origin
in L?; this is expected due to the fact that (4.1) is L?-critical with respect to scaling.

We impose the unitary change of variables

V(D) = e Re(0), (4.2)
which implies ¥ (0) = ¢(0) = ¢p and
By () = —ie g (10 (43)
where g(u) = uuu. Let us define the more general nonlinearity

glu, v, w) = uvw,
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and estimate, for given u, vo, wo € L* (R?),

He—ttAg <€”AM(), e”Avo, ettAw()) — Hg (6”Au0, e”Avo, ettAw())‘

H L2

LiL3
= [(¢"2u0) (7o) (" 2wo)
L2
< ‘eitAuo‘ Ay, itAwO‘
LILS LILS LILS
<C luoll 2 llvoll 22 llwoll 2 - (4.4)

We have used the unitarity, the Holder, and the Strichartz estimates, in that order.
In other words, we have shown that

—itA , (itA,  itA itA <
e (2o, €00, " *un) | SClluoluz woluz Twollz - 45)
Applying Theorem 3.2 with
A(t, ug, vo, wo) = —ie "¢ <€”AM0, 'Sy, eimwo) , (4.6)

we find that solutions of (4.1) are globally well-posed and scatter, as long as the
data g € L? (Rz) has sufficiently small norm. Theorem 3.2 guarantees that, at
the very least, uniqueness of small solutions holds within the class of all mild
solutions satisfying the bound g(¢) € L }E[O’T]Li; this uniqueness criterion can be

equivalently written ¢ € L?E[O’T]Lg by definition of g.

Theorem 4.1. There exists a number n > 0 such that, for any ¢y € L? (Rz)
satisfying

lleoll L2(r2y < m,

it follows that equation (4.1) has a global solution which scatters in L* (Rz). The
solution is unique in the class of all L* mild solutions for which ¢ € L? loch
Remark 4.1. It is crucial to remember that the space W!-! (in time) appearing in
Theorem 3.2 is not the usual Sobolev norm of the solution. This is because we
only have W!-! affer intertwining with the free evolution. For this reason, to avoid
confusion, in practice it is often better to use unitarity in order to state the uniqueness
criterion in terms of an equivalent estimate on the nonlinearity, cf. (3.11).

4.2. Regularity

Regularity is a subtle question because it hides two separate questions.

e The first, which is easy to answer, is whether any ¢ € H'! (Rz), say, yields a
global solution when the H' norm is small enough. The answer is yes because,
by Leibniz’ rule and standard commutation formulae, and A as in (4.6), we
have ~

A (2, uo, vo, wo)llL) ) =C lluoll gy lvoll g1 llwoll gy - 4.7)
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Now as long as |l¢o|| 1 is smaller than some number which depends explicitly
on C, the cubic NLS will have a global solution which scatters in H' (Rz), as
a direct consequence of Theorem 3.2 and Theorem 3.3.

e The second, more difficult, question is whether H! regularity is propagated for
smooth solutions which are only small in L*. This can be seen as a persistence
of regularity question, since we know that any small L?> data will lead to a global
L? solution. The answer, perhaps surprisingly, is yes, as we now show.

The key is to introduce a new norm, Hgl, parameterized by ¢ € (0, 1], which is
equivalent to H' up to an e-dependent factor, but tends to the L2 norm as ¢ — 0.
The goal is to prove a bound of the form

A (2, uo, vo, wolll 1 1 C lluoll gy voll g lwoll s - (4.8)

where the constant C is independent of &. Now as long as ¢g € H' has L? norm
smaller than some constant depending explicitly on C (not the original C from
(4.5)), we can pick a value of ¢ depending on ¢( so that the Hfsl norm is small
enough. The key here is that the constants appearing in Theorems 3.2 and 3.3 are
quantitative.

The simplest norm which makes the above argument work seems to be the
following one:

lgollzy = llwoll 72 + & lpoll: - (4.9)
Now if |l¢oll;2 < nandgg € H ! then there exists a value of ¢ (depending explicitly
on [lgoll ;2 and [|@ol| 1) such that [|¢g ”Hgl < 1. We have only to choose 1 according

to the constant C instead of the constant C; unfortunately, the “gap” between C
and C seems to be unrecoverable by this approach.

In order to establish (4.8) for the norm (4.9), we estimate the L2 and H'! norms
separately, tracking the location of ¢ throughout. The important observation is a
power of ¢ is always accompanied by a single derivative on one of the factors (uo,
vo or wp), while the remaining factors remain in L?. Thus we may estimate as
follows, where < allows an arbitrary constant which is independent of ¢:

A @, uo, vo, wo)ll 11 1
S A w0, vo, wolll 1,2 + & 1A (2, wo, vo, woll 1 g1
S lluollz2 lvoll 2 llwoll 2 + & lluoll g1 llvoll 2 lwoll 12
+ e lluollz2 lvoll g1 lwollz2 + € lluoll 2 llvoll 22 lwoll g1
S luoll gz llvoll gy llwoll g1 - (4.10)

As a result of this calculation, we can conclude the following:

Theorem 4.2. There exists a number 11 > 0 such that all of the following is true:
Let o € H! (Rz) be such that
lpoll2(m2y <1

Then equation (4.1) has a global solution which scatters in H 1 (]RZ). The solution

is unique in the class of all L* mild solutions for which ¢ € Lt3 loch'
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5. The Gain-Only Boltzmann Equation

In this section, we focus on the gain-only Boltzmann equation.! We employ the
inverse Wigner transform which converts this kinetic equation into a hyperbolic
Schrodinger equation, a technique we explored in [7,8]. Subsequently, we can
prove a certain bilinear Strichartz estimate (stated in Proposition 5.2), based on
which we can use Theorem 3.2 to establish small data global well-posedness for
this hyperbolic Schrodinger equation. The bilinear Strichartz estimate is obtained
from a certain bilinear estimate based on Lorentz spaces, and the validity of the
endpoint Strichartz estimate for the hyperbolic Schrodinger equation (which is
crucial for our argument, since the endpoint Strchartz estimate fails on the kinetic
side). However, once we obtain the bilinear Strichartz estimate on the dispersive
side, we can convert it to a bilinear Strichartz estimate on the kinetic side, see
Proposition 5.4. Consequently, this proposition combined with Theorem 3.2 provide
us with small data global well-posedness for the gain-only Boltzmann equation,
which is the main result of this section.

Everything below only applies to the gain-only Boltzmann equation with con-
stant collision kernel in dimension d = 2.

5.1. Hyperbolic Schrodinger Equation Associated with the Gain-Only Boltzmann
Equation

We will require the Wigner transform, which we shall now define. Given a
function f € Li’v, the Wigner (or Wigner-Weyl) transformation is defined by the
following formula:

/
y (x,x') = / f <x J;x , v) V=) gy, (5.1)
Rd

Up to a linear change of variables, this is equivalent to a partial Fourier transform
accounting for only the velocity variable. The inverse transformation is defined by

1 y Y\ —ivy
f(x,v)_WfRdy<x+§,x—§)e Y dy. (5.2)

One of the main interests driving the use of the Wigner transform is that it converts
the free transport generator —v - V, into the hyperbolic Schrodinger generator
iAy —iA,. Aside from being the starting point for semiclassical limits (up to
scaling), the Wigner transform allows for the transfer of ideas from the literature
of nonlinear Schrédinger equations (NLS) into the kinetic realm. For the present
study, the big ideas which we wish to adapt are largely related to X**? spaces (also
known as Bourgain spaces), which are well-studied for NLS and hyperbolic-NLS,
but have not been fully utilized in the kinetic theory literature. We note that the
spaces used in this paper are not actually Bourgain spaces (which are typically L?

' The gain-only Boltzmann equation refers to the Boltzmann equation having the O
term only.
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in time), but rather, they are scale-invariant spaces (which are L' in time) inspired
by Bourgain spaces; see Section 3.

In our situation, namely the Boltzmann equation with constant collision kernel
ind =2, L)zc’x, is a scaling critical space for y, and corresponds to Li’v for f.

Remark 5.1. The use of the Wigner transform is necessary for the type of proof
used here. Indeed, if one were to execute the corresponding steps on the kinetic
side (and thereby produce the needed bilinear bound for QT acting on the freely
transported solution), the proof would fail because the endpoint kinetic Strichartz
estimates are false in all dimensions. [4] By contrast, we will be using the usual
endpoint Strichartz estimates for the free hyperbolic Schrodinger equationind = 4
(note the dimension doubling!), which are indeed true by Keel-Tao, [15].

We use the notation 1 = P,n and n, = n — P,n where for any vector  and
any unit vector o in the plane,

P,n=oww-n.
Then
0F(f o)) = / do / duf (v*)g ) (53)
st R2
0 (f.9)(v) = / do / duf (g (w) (5.4)
g] R2
(0" (r.0) = [ dof o). 55

The Wigner transform of the Boltzmann gain operator Q7 is

B+(V1,J/2)(x,x/)=i/ dw

Sl
xy1<x—%Pw(x—x’),x’—l—%Pw(x—x’))
x+x 1 x+x 1
(e Ih o) S - dhe-). 6o

Theorem 5.1. For any yy € Li o (R2 X Rz) with sufficiently small L)ZC . norm,
there exists a unique global mild solution to the equation

(0 + Ay — Ay) y (1) = BT (y (1), y (1)) (5.7
with y(0) = yo such that y € CIL?C o and BT (y,y) € Lt1 locLch - For this
solution, it holds that y € LngLi o and BT (y,y) e LtleRLﬁ » and the solution

scatters in L)zc L ast— +o0.

Theorem 5.1 follows from Theorem 3.2 along with the following estimate for
the gain term B™:
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Proposition 5.2. There is a constant C > 0 such that, for any yo.1, 0.2 €
L2 (R x ),

it A itA
o (e )],

L2 /(Rxﬂ@ZxRZ)* Il HVOIHLZ o (R2xR2) 2

i=1,2
(5.8)
where AL = Ay — Ay,

We will need the Lorentz spaces L”-9 defined by the following quasi-norm, for
any function £(¢) : R* — C:

A SETCIENIL (5.9)

1
A Gl ragny = P :
GO Lo(re )

Note that L”? = L? for 1 < p < oo. In all cases of interest here, the Lorentz
quasi-norm above can be shown to be equivalent to a Banach space norm.

Lemma 5.3. For any Schwartz functions f, g : R?> — C, it holds that

[(er(r9)" @)

H fa

Hg(ﬁ) ” L42 (RZ) (510)

2 RZ) 42 (R2)

Also, if yo.1. v02 € LY, (R? x R?), it holds that

I1B* (vo.1. V02)||L2 (R2xR2) = =C 1_[ ”VOIHL“ (R2xR2) * G.1D
i=1,2

Proof. (Lemma 5.3)
We apply Minkowski, Holder, and Fubini (twice), as follows:

”/ do f (m)g(nn)” p

g/Sl do | f g ()],

[(e*(f.)"

Hg (m)l2z,

||g ('7||)||L2 2

L
T8 ()

1f(n)
[n|2

[n|2

L
Then again, because || ~' € L> (R?), we may apply the duality (L>')'=L>>
([10] Theorem 1.4.17 (v)), combined with the “power property,” to deduce that

[

i H\f(")\zu;,l < |7

1 4
—fm| =
In|2 L2

4.2 ’
Ly~ (R?)
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hence we obtain

[(e*(r.9)" an|

S Hf(n)‘

L2(R2) ™

ey MU LRSS (5.12)
which s (5.10). Remark: The full duality of Lorentz spaces is not actually necessary
at this stage; in fact, a simple application of the Hardy-Littlewood rearrangement
inequality is sufficient.

Using the change of variables

x +x x —x

v 2 ¢ 2

we find that (5.11) follows immediately from (5.10) and Holder’s inequality, as
long as we can show that

L2 (RZ x RZ) cLt (R2, L2 <R2>> . (5.13)

The L?UL?’Z norm of a function F(w, z) can be controlled directly from the defi-

nition of L?-9 as follows:

O da
{/Rz dw/O TszzeRz : IF(w,Z)IZ/\}

x /oo r (A/)ZHZERZ : |F(w,z)|§k’]
0

1
2

1

17
2}

Now the idea is to move the dw integral to the inside and apply Cauchy-Schwarz
in w, followed by Fubini; this leads us to the quantity

{/Ooo d%kz H(u},z) eR* : |F(w,2)] i)»”%

g

00 / 1
X/ di,(k’f\{(w,z)eﬂ%“ L IF(w, 2] 23} } :
0o A

but this is comparable to the Li;?z norm of F, so we are done. O
Finally we are ready to prove our main result for this section.

Proof. (Proposition 5.2)
We estimate by Lemma 5.3, combined with Holder’s inequality in time, to get
that

LiL} ,(RxR?xR?)

HBJr (eilAiVO,lv eizAiym) H
C eilA:t

[

i=1,2

A

Y0, (5.14)

L2 (R2xR?)
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We apply Theorem 10.1 of Keel-Tao [15], with H = L? ,(R* x R?), By =
L2, (R* xR?), By = L} , (R? x R?), and (g, 0,6) = (2,2, 3) to deduce the
Strichartz estimate (see Appendix A)

ltAi

10 2150 gy S 10022 oy (5.15)

Here we have used the real mterpolatlon space

’ 4 /
2 ! 32 42 .
((Lx,x/’ LX'X/)é,2> = (L;,x/) = Lx,x/’ (5.16)

e.g. see Chapter 5 of the book [5].
Combining (5.14) and (5.15), we are able to conclude. |

5.2. Back to the Gain-Only Boltzmann Equation

Combining Proposition 5.2 and Plancherel’s theorem, and defining 7'(r) =
e~1"Vxwe easily deduce the following bound stated in the spatial domain:

Proposition 5.4. There is a constant C > 0 such that, for any fo,g0 €
L2, (R* x R?),
[0 @@ fo. T80 1112 (mrrrey SC Iolliz, (r2xm2) g0l L2, (R2xR2)
’ (5.17)

The following theorem is an immediate consequence of Proposition 5.4 and
Theorem 3.2:

Theorem 5.5. For any fy € L%,v (]R X Rz) with sufficiently small Lx , horm,
there exists a unique global (t € R) mild solution to the equation

0 +v- Vo) f(1) =0T (f(1), f(1)), (5.18)
with f(0) = fo such that f € C,L2, and QF (f, f) € Lt IOCL)%U For this

solution, it holds that f € L;’gRL2 and QT (f, f) € LteR . and the solution
scatters in L)%,v ast — Foo.

Remark 5.2. Itis not necessary in Theorem 5.5 for fj to be non-negative. However,
assuming fj is non-negative, we can show that the solution f (¢) of the O+ equation
(5.18) is non-negative for a.e. (¢, x,v) € (0, 00) X R? x RZ. Indeed, there is a
globally convergent expansion of f(¢) in terms of fy, which comes from iterating
Duhamel’s formula:

t
f@) =T@®)fo +/0 T(t—t)0T (T () fo, T(t) fo) dny

t 131
+/0 /0 Tt —1)Q" (Tt — 1) Q" (T(12) fo. T(2) fo) . T(11) fo) diadty + ...
(5.19)

If fo=0 then all the terms in the series are non-negative for 7 >0; hence, the solution
f () is non-negative at positive times.



Small Data Global Well-Posedness for a Boltzmann Equation 349

5.3. Short-Time Estimates

The bilinear estimates above will not be suitable for every result we wish to
prove, e.g. uniqueness, where we must rely upon integrability properties instead
of regularity. For this reason we will require the following “short-time” estimates
which follow essentially from the dominated convergence theorem.

Proposition 5.6. Let fy € L2, (R? x R?). Then it holds that

lim sup sup ot @ fo, Twe) |, 1o =0 (520)
T—0% goel3,, llgoll,2 =1 tel=r.Tmx
lim sup sup 0T (T ()go. T (1) fo) ||L}€[7T it = 0, (5.21)

T—0% goel? ,, llgoll,2 =1
X

where we note that T (t) is an operator whereas T > 0 is real valued.

Proof. We only prove the first bound; the second proceeds similarly. By the proof
of Proposition 5.2, for any two density matrices .1, 0,2 € L)zc o BT (the Wigner

transform of Q) satisfies the bilinear estimates

itA itA
HB+<€' y0,1, €' iVo,z)‘

Ltle[ T, T]L2
< ltAi
<c IT |e R (5.22)
ie{1,2) te[-1.11
Apply Strichartz in the second entry only to yield
HB+ (e”Aiyo LS 2)

Licir,ril3 v

<c ‘ IS ‘ o e w2l - (5.23)
te[—=T,T1 " x,x" XX

Now observe that since yp,1 € L2 by assumption, it follows that e/’2+yy | €

L2 by Strichartz; therefore, by the dominated convergence theorem,
: itA
timsup |25y . L, =0 (5.24)
T—0t Lte[fT,T]Lx’X’

We take the sup in yp 2, followed by the limsup in 7, and then conclude by
Plancherel. m|

6. Tools for the Analysis of the Full Boltzmann Equation

In this section, we present key tools that will allow us to treat the full Boltzmann
equation in subsequent sections.



350 T. CHEN, R. DENLINGER & N. PAvLOVIC

We start this section by presenting Strichartz estimates for the spatial density

prx) =/ fx,v)dv (6.1)
R2

in Section 6.1.

The main challenge for solving Boltzmann’s equation (with a constant collision
kernel) in L2  (R? x R?) is that the spatial density ps is not necessarily well-
defined when f € L)ZC’U; therefore, since the loss term has the form Q7 (f, f) =
fpy,wefind that O~ might not make sense. The ideal way to deal with this situation
would be to realize that O~ subtracts from f, and therefore view the loss term as
an unbounded operator at least when t — 07. However, it is not clear to us how
to implement this strategy, nor whether it would produce enough integrability to
prove uniqueness (and we are not aware of any full treatment of this problem in
the literature). The simplest way to avoid the issue of unbounded operators is to
introduce an auxiliary norm; one natural possibility would be the L )1“) norm of f
(since it is conserved if fo has enough smoothness and decay), but we have instead
elected to impose moment and regularity bounds on fy so that we can employ
Strichartz estimates in the auxiliary space, which we introduce in Section 6.2.

6.1. Strichartz Estimates for the Spatial Density

The following lemma follows from a velocity averaging argument. We present
the details following the dispersive context [18] for the reader’s convenience.

Lemma 6.1. Fix a sufficiently small number 8 > 0. Let I € R be an open interval
and let f(t,x,v) : I x R2 x R? — R be a measurable and locally integrable
function. Then the following estimates hold whenever the respective norms are
finite:

losliz, 10 565 (| b

el L?glL,%.v
+ H<”>%+5 (V)21 (3 + v - V) fHLl L2 ) ©2
tel=x,v
| 1
< 148 7+ .
||pf||Lt2€1Li <Cs (”(v)2 f ng,L,%,v+ ’ ()27 @ +v-Vy) f L}g%).

(6.3)
The constants Cg, C’,; do not depend on the interval I.

Proof. Observe that (6.2) follows immediately from (6.3) due to Morrey inequal-
ities [20] and the fact that (V,) commutes with the operators (d; + v - V) and
f + py. Therefore, we will prove only the estimate (6.3); moreover, up to possi-
bly increasing the constant Cs by a fixed factor, we are free to assume that / = R
by standard approximation arguments. If the right hand side of (6.3) is finite, then it

immediately follows that (v) 2+ fecC (I , L)%’U), so we can assume f is as regular
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as necessary by standard approximation arguments. Finally, by Duhamel’s formula,
we have

t
f@O =e Ve fy + /O eV, + v V) £ (0) do.

Using Duhamel, along with the linearity of the map f + p, and Minkowski’s
inequality (first in x, then in ¢), we obtain

lorllz0s = Hp [e"”‘v*‘ fo]

+ [ e[ i+ 0-v0 1@

L2r4

do

L2r4
and therefore we immediately deduce (6.3), once the same inequality holds with
O +v-Vy) f=0.

In words, we can assume f is a solution of the free transport equation.
Altogether, we only need to show that if fy(x, v) is smooth and compactly
supported in R? x R?, then

(6.4)

3+8
lor0 50l 1213 (Rxmzy SCo H(”>2 ol (R2xR?)’

where T(t)fo = e 'VVrfy. By the fractional Gagliardo-Nirenberg-Sobolev
inequality [20], it suffices to show that

H (v) 2+ Jo

H (_Ax)% PT®) fo (6.5)

LZLZ(JRX]RZ) = L2, (R2xR2)’
whenever f is smooth and compactly supported in R? x R2.2 We will establish
(6.5) using the spacetime Fourier transform to conclude the lemma.

To prove (6.5), we apply Plancherel in (¢, x) on the left-hand side, and in x on
the right-hand side; hence, an equivalent bound is

|7 {caotoronf @], s wi? Am e, (6.6)
Let us define
H(E,v) = Fe {fo} (€, v). (6.7)
Then (6.6) may be re-cast as the following inequality:
2
H gt [ aservoncy| < witme (6:8)
R? L2} v

2 Note that if f; is smooth and compactly supported, then for any fixed t € R, T'(¢) fo is
also smooth and compactly supported.
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The quantity on the left can be equivalently written as

/d‘L’/ d& dv/ dus(t+v-&S5(t+u-&)IEH(E,v)H(E,u),
R R2 R2 R2
which is the same as

/df/ de dv/ dud (t +v-§)8(t +u-§)|&]
R R2 R2 R2

1 1 1 | P—
X ((u)i” ()7 H (&, v)) <<v>5+“ <u)z+5H(g,u))

The idea of [18] is to apply the Cauchy-Schwarz inequality, AB< &~ A + 2 , but
pointwise in (t, &, v, u) (not in the integral sense!) to the two terms in the large
parentheses. Thus we will end up with the sum of two terms, one involving only
H (&, v) and the other only involving H (£, u); under the obvious symmetry u < v,
we can discard one of them up to a factor of 2.

Thus we now only need to prove that

/df/ d dv/ dus (v +v-£)8(c +u-8) £
R R2 R2 R2

1
x ( T ()T |H (&, v)|2)

<ci|wim e,

(we can assume H vanishes for £ close to the origin, so that the integral on the left
certainly makes sense). Hence if we can show that

€1
sup X /R2 dud (t +u - é)( 1729 < 00, (6.9)

(r.£)eRXRL,
then we will be done (note that the other §-function, § (v + v - &), is absorbed by
the integral in 7, but only affer using the supremum bound).
Let us define |

I(t,&):/}R dus (v +u - E)( =
If we denote the line
P(r,é):{ueRz |t+u-§=0},

then it follows that |
I(t,8) =/ de(u) ———>5,
UeP(.8) (u)+2

where d{(u) is the induced linear measure. We can only increase the value of
the integral of () ~'~?% by translating the line P (z, &) toward the origin of R2.

Therefore, J
sup 1<r,§>§/ — Y -,
o eR (

1
(v.£)eRxRZ, 1+ q2)2+5
so we are able to conclude. O
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6.2. Weights and Regularity
Let e € (0, 1] and define the norm

1foll5,00 = 1ol 72 +e* lvfollfs +e* IVafollzs +e* v ® Vefoll7; - (6.10)

Note that the space H;’l is independent of ¢ > 0, but the norm of a fixed element
foe Hgl’1 does depend on ¢ in general. The norm on HEI’1 is equivalently written
as

, 6.11)

I foll oo = H(l +e2?)” (14 %16P) " Fofoe. )|
4 LE,U

where Fy fo is the Fourier transform of fy in the spatial variable only. This may
also be written as

I foll gr.v = li{ev) (e Vi) follr2 (6.12)

1
where (v) = (1 + |v|2)2. We will use the notation H!'! = Hll’1 when the depen-
dence on ¢ is unimportant.

More generally, we also define the norms

1 foll o = [(e)? €V) fo 12 - (6.13)

where the exponents «, =0 are chosen independently.
The following commutation relations are standard:

ViOT (fig) = 0 (Vafi )+ QF (f, Vig)
VT (1) fo = T()Vx fo
vT(1) fo =T () (vfo) -
Additionally, from conservation of energy, we have
vOT (f 9] £ QT (ufl. 18D+ QT (If1. gD
Using the commutation relations and Proposition 5.4, we have
[VeQT (T fo. T00) | )12, S IVxfollrz, Ngollzz, +11follzz, 1Vxgollr2,
(6.14)
[vo* @) fo. TOgo) | 112 S Iwfollzz, gollzz, + I follz2, lvgoll.z,
1 (6.15)

and
[v® V0™ (T) fo. T(Og0)| 112 S llv® Vafolliz, lgolliz,

+ 1V follzz, Ivgollzz, + Nofollzz, IVegollzz, + I follzz, v ® Vigollz, -
(6.16)

Using (6.14), (6.15) and (6.16), and the definition of Hel’l, we obtain the following
estimate:
[ 0% (@@ fo, T@go) | 1y ZC L foll o gol - (6.17)

Here, the constant C does not depend on ¢ € (0, 1].
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Proposition 6.2. For any fo, go € H"', it holds that
+ <
| 0™ (@) fo. T@go) 1111 SC I foll a1 goll 1 (6.18)
where T(t) = e~"V"Vx. The constant C is independent of ¢ € (0, 1].
Similarly, we also have

Proposition 6.3. For any fo, go € H®', it holds that
[ev) @* (T fo, TN 11,2 SC Mew) follz, Iew) oz, (6.19)

where T(t) = e~"V"Vx. The constant C is independent of ¢ € (0, 1].

The bounds in the preceding two propositions can be interpolated against Propo-
sition 5.4, using Theorem 5.1.2 of the book [5], to obtain

Proposition 6.4. Let « € (0, 1). For any fy, go € H*%, it holds that
| Q" (@) fo. T1)g0))] 11 e SC N foll e N80l e (6.20)
where T(t) = e~"V"Vx. The constant C is independent of €, .

Proposition 6.5. Let o € (0, 1). For any fo, go € H®?, it holds that
[{ev)* 07 (T @) fo, T@WgoD | 11,2 ZC [(e0)* fof 12 [ tev)* g0 12 6:21)

where T (t) = e~"V"Vx. The constant C is independent of €, a.

6.3. A Useful Lemma

The next lemma is a consequence of Section 3; we record it here to help clarify
the main ideas underlying the present work. Note that the theory of Section 3 cannot
be applied “out of box” to the Boltzmann equation accounting for the loss term. For
this reason, it is crucial to observe that the theory of Section 3 rests upon a single
bound which can be applied to the QT term in any estimate.

Lemma 6.6. Let I = (a,b) C R be a nonempty open interval with —oco<a <
b< + oco. Furthermore, for i = 1,2, suppose fi(t,x,v) : I x RZxR?2 > R
is a function such that f; € Lfé’IL%’U and (0; +v-Vy) fi € L}GIL)%’U. Then the
following estimate holds:

o™ (ho, LDy 12,
<c [T (16Ol 2, + 1@ +v- 90 0l 2 ). 622)

el ~xv
i=1,2

for some constant C which does not depend on f1, f> or the interval I.
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Proof. We may assume without loss that I = (0, T') for some 7 > 0. The lemma
then follows from Proposition 6.4 and Lemma 3.1, under the following assignments:

H=L2,, x;(t) ="V fj(t), and
At x1, x) = ¢!V o+ (e—tv-Vxxl’ e—tv»Vxx2> )
Here we have used that e*V"Vx is an isometry on L2 , for any ¢ € R. |

Similarly, we deduce the following result as a consequence of Proposition 6.4
and Lemma 3.1:

Lemma 6.7. Let ¢ € (0, 1] and let ¢ € (0, 1). Let [ = (a,b) C R be a nonempty
open interval with —oo<a < b< + oo. Furthermore, for i = 1,2, suppose
fit,x,v) : I x R? x R? — R is a function such that f; € Lf‘E’IH““ and
(0 +v-Vy) fi € LI H®® Then the following estimate holds:

tel

|2t (i) o)1 e
=C l_[ (||fz(t)||Loo e 110 +v-Vy )f,(t)IILl aa), (6.23)
i=1,2
for some constant C which does not depend on f1, f2, a, € or the interval I.

The following result is similarly straightforward to prove by omitting spatial
derivatives throughout the argument:

Lemma 6.8. Let ¢ € (0, 1] and let « € (0, 1). Let I = (a, b) C R be a nonempty
open interval with —oo<a < b< + oco. Furthermore, for i = 1,2, suppose
fi(t,x,v) : I x R? x R2 — R is a function such that (v)* f; € L;’é’IL2 and
(W@ +v-Vy) fieL! Lz,v. Then the following estimate holds:

tel

[tev)* 0T (A ®, o) 1142,
<C [T ([ 0], 1z, + [e0)* @0V i 142 ),

i=1,2
(6.24)

for some constant C which does not depend on f1, f>, «, € or the interval I.

7. Uniqueness

In this section, we present our main uniqueness result.

Theorem 7.1. There is at most one mild solution of the full Boltzmann equation on
an interval [0, T1, with given initial data fy, such that the estimates

)2+ O (£, ) eLiqorli, (7.1)
4

ps € Lo L ﬂ L2o.rLs (7.2)

U>7+ fe L?;[O,T]Lx,v m L?g[o,T]LiL% (7.3)

are all verified.
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Remark 7.1. Theorem 7.1 makes no assumptions about the non-negativity of either
f(@) or £(0) = fo; in particular, neither f nor p; needs to be non-negative any-
where on their respective domains of definition.

Remark 7.2. A similar statement is discussed in [13]. We note that the analysis in
[13] does not cover the case studied in our work (constant collision kernel in d =
2) because the parameter range (in their notation) r, < p, needed for Lemma 2.4
in [13] does not match the required parameter range r, > p, for the Strichartz
estimate controlling the loss term.

7.1. Proof of Theorem 7.1

Let f, g be two mild solutions of Boltzmann’s equation on the given interval
[0, T'] (each satisfying the bounds stated in the theorem), and consider the difference

w=f—g. (7.4)
The function w satisfies the difference equation
O +v-Vow=0"(f,w)+ 0" (w.g) —wps — gou. (1.5)

with w(0) = 0. Now we apply the lemma to follow (it is not hard to check that all
necessary bounds follow from the hypotheses of the uniqueness theorem and the
fact that f, g solve Boltzmann’s equation with w being their difference).

Lemma 7.2. Assume that f;, i = 1,2, 3, 4, satisfy the bounds

1
(Wt fi € LgorLa, ﬂ LZo.mLaLy (7.6)
1
(W2t @ +v- Vo) fi € LigonL?, (7.7)
2 2 4
Pf € Lze[o,T]L?co mLte[O,T]Lx' (7.8)

Also assume that w is a mild solution of the equation
O +v-Vow=0"(fi,w) + 0" (w, /2) + wos + fapw (7.9)

fort € [0, T), and satisfies the bounds

()2 w e Ligo Ly, (7.10)
1
(U)2+ (at +v- vx) w e L}E[O,T]L)zc,v' (71 1)

Then if w(t = 0) = 0 then w = 0 for 0<¢t<T.

Proof. The bounds imposed on w immediately imply that (v)2* w € C([0, T,
L2 ). Let us suppose that the conclusion fails and define

to = inf {t e [0, T ’||w(t)||L§,u > 0} . (7.12)
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Then 05ty < T, and w = 0 for all 057t by continuity.
Let us define the error, for 0Ss<T —

e (s) = ” 2+w‘ . (7.13)

+H Vit (3, + v - V)w’ .

t€[t0 t0+s] te[to tg+s]7x,v

and note that e, (s) < 400, by hypothesis. We re-write the equation for w as
follows:

0 +v-Vyw
= Q" (fi = T(t — 10) f1(t0), w) + QT (T (t — 10) f1(10), w)

+ 0% (w, fo =Tt —10) f2(10)) + QT (w. T(t — 19) f>(t0))
+wop + fapw. (7.14)

The most dangerous terms are

Q" (Tt — 10) f1(10), w) (7.15)
and

0" (. T(t —10) 2(10)) . (7.16)
because a quantitative estimate will always be proportional to

1 fi o)z, x e (),

which is not necessarily a small multiple of e, (s) (unless || f; (to)l 2, is small).
We will address this problem using the short-time estimates from Proposmon 5.6.

We will show how to estimate (7.15); the alternative term (7.16) is dealt with
similarly. To begin, let us define

= (0 +v-Vyw,

and then use Duhamel’s formula to write
t
w(t) = / T (t—o0)¢(o)do, (7.17)
1o
since w(fg) = 0. Due to the bilinearity of O, we can now write

t
O (T(t — 1) filty), w) = / O (T(t —19) fi(ty), T(t — 0)¢(0)) do
1o

t
=/ O (Tt —10) fi(to), T(t — 10)T (tg — 0)¢(0)) do. (7.18)
0

Now, by Minkowski’s inequality, we have

Q" (Tt = 10) fitw), ) s 12

tely,1p+s1—xv

o+
§f |m+00—mﬁonU—me—onDL1O+U do.
o t0.10+s1

(7.19)
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Apply Proposition 5.6 to obtain

|o* (Tt — 1) fi(t0), )| ;1

telry,10+sl AU

to+s
< / 810 () 1T (o = )5 (@) 12, do
0 ,

to+s
= f 8 fito) ) 1@ 2 do =8 f0) () 15Dl 11
0 X,V teltg,19+s]

S8 £ (10) (8)ery (5), (7.20)

L,

where, for each f1(ty) € Lx v

lim sup § 7, (4p)(s) =0
s—0F

The same argument can be applied with a weight (v) 2* to yield

[ 0 (7 - A w)| | <5 ©enl.  721)

2
te[!o 19+s] Ly

where for each fi () with ( 2+ fi() € L , it holds that

lim sup 8 £, (1) () = 0.
s—>0t

Next we consider the term

0" (fi = T(t — 1) fi(t0), w) (7.22)

(the corresponding term involving QO and f; is dealt with similarly). Here we use
Lemma 6.8 to write

[ ot (=T~ Ao, w)| |

2
re[to,r()Jrs]Lx.u

—SC H(Uﬁ (i—=T@ -
telt. +s]L)2c,v
0-10

+H )2 (3 + v - V)f‘H 2)
L
tex0t0+v] X,V

(lorul, s Aleftesveon],
te[r ’()‘HJ xu te[ro to-HJLxu

< | @ +v- Vo i X e (s).

szv

1
LtE[tO to+s]

Now let us consider the term

W f.
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We have, by Holder’s inequality,

1

3+ o +
”(v)z wogs |, <”<v 2 w‘ 12 ||Pf3||L}€t ol
teltg, t0+v] \v te[zo f9+s]xv l1g.10
<s2 e ().
o1 ”LemT L €0 (8)
Finally, consider the term
Japw.
We have, by Holder’s inequality, and Lemma 6.1,
1
[ fapu I (Rl PN lowllyy, s
LtIE[tO t0+5] tE[to t0+S]L4L121 telro.fo+s1x
1 1
<s2 |[(v)2t 4 4
= (V)27 f. L35 LA L2 ”Pw”L A .
1 1
<Cs2 |(v)2T ‘ X e (S). 7.23
O Sl g X ) (7.23)

Altogether we can conclude the bound
eto (S)gc(s)eto (5)7
where
c(s) =C Y <5f,(to)(s)+H RECESR AT i )
i=1.2 te [79, to-H]L

st logl,s o tCst

t€l0, T]

(7.24)

)3 fil

472"
Ligo.mLxLs

Clearly, c(s) — 0 as s — 0T; hence, taking s small enough, we shall have
c(s) < 1. This implies that e;, (s) < e, (s); since e, (s) is finite, we can conclude
that e;,(s) = O for some s > 0 sufficiently small. This contradicts the definition of
to, so we are done. O

8. The Kaniel-Shinbrot Iteration

The problem we encounter in trying to solve Boltzmann’s equation is that we
are unable to prove Proposition 5.4 with O~ in place of Q. Indeed, it is not even
clear whether Q~ (f, f) is meaningful, in general, when f is a mild solution of the
gain-only equation obtained from Theorem 5.5. On the other hand, it is definitely
possible to solve uniquely the full Boltzmann equation (with constant collision
kernel in d = 2) locally in time if we assume that

Wt (V)T fpeL?, (]R2 x R2> .

The challenge, therefore, is to propagate sufficient regularity for the gain-only
equation, assuming a smallness condition only for the Liv norm. To this end, we
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will need to employ a small parameter ¢ € (0, 1] to encode the fact that higher
derivatives may be much larger than the L)%’U norm of fj.

We proceed by first establishing regularity of the gain-only equation in Section
8.1. Then, in Section 8.2, we present a novel application of the iterative method of
Kaniel-Shinbrot to establish existence of global solution to the Boltzmann equation.

8.1. Regularity for the Gain-Only Equation

Theorem 8.1. There exists a number n € (0, 1) such that of all the following is
true:

(i) Forany fy € H**, a € (0, 1), with ||f0||L§ L <M there exists a unique global
(t € R) mild solution to the gain-only Boltzmann equation

@ +v- Vo) f(1) = QT (f(0), f(1)) 8.1)

with f(0) = fo such that f € C, j,H** and ot (f, f) e LtlleCH“'“. For

this solution, it holds that f € L{°H%“ and Ot (f, f) e Lt1 H%% and the
solution scatters in H*“ as t — =o0.
(ii) For any fy € H*“ with ||f0||L§ L < we have the estimate

G 22, +1QF D iz, SCISIT, (82)

for the solution f of the gain-only Boltzmann equation (note, this bound
only depends on the L?c’v norm of fy). Also, if fo(x,v)=0 a.e. — (x, v) then
f(t,x,v)20 for a.e. — (t, x, v) such that t20.

(iii) If o > %, then we have (v)%+f € LPLYL? and py € L2LP (N L?LY.
Combining these estimates, the loss term Q™ (f, f) = pyf (although not
appearing in the equation for f) satisfies

(W) Q7 (f, f) € LAgL? .

Proof. Parts (i) and (ii) are direct consequences of Proposition 6.4, combined with
Theorem 3.2 taking H = H® where ¢ = ¢ (fo) is sufficiently small; here we
have used the fact that the constant C in Proposition 6.4 does not depend on €. Note
that L2 | C H*, so the uniqueness in Liv implies that Li,v and H*“ solutions
coincide globally in time (as long as the Li’v norm of fj is small enough).

1
For part (iii), to see that (v)2T f € LfoLiL%, we may observe that

()2t (V)2 + f € L{°L2, and apply the Sobolev embedding theorem in the
x variable. On the other hand, the estimate py € L2L% () L2L# follows directly
from Lemma 6.1 and the estimates from part (i). The estimate on O~ (f, f) then
follows from Holder’s inequality. Note that, contrary to part (ii), all the bounds

from part (iii) depend explicitly on the H** norm of fy. O
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8.2. The Full Equation via Kaniel-Shinbrot Iteration

The iteration of Kaniel and Shinbrot constructs a decreasing sequence
gn(t, x, v) and an increasing sequence h, (¢, x, v) with 0<h,<g,. The goal is to
show that lim, g, = lim, h,, = f, with f being a solution of the full Boltzmann
equation. One can view the functions g, h, as being “barriers” which progressively
limit the possible oscillation of f, until eventually there is no room left in which to
wiggle.

Recall the convenient notation

pr(x) =f f(x,v)dv. (8.3)
R2

The iteration is as follows:

(at +v-V,+ 27T,0g,,) hpy1 = Q+ (hn, hn)
(3, +v-Vy+ 27T,0h,1) gn+1 = Q+ (&n» &n)
&n+1(0) = hy41(0) = fo.

For each n, observe that we are simply solving linear differential equations (with
the initial data always fixed at f), so the existence of the iteration is typically not
a big problem. It is possible to show (see e.g. [6]), using monotonicity, that if

0§hn71§hn§8n§gn71 (8.4)

holds globally, then
0=hn=hut1=gn+1=8n- (3.5)

Hence, in order to exploit monotonicity, we must at least have
0shiShy=g25g1, (8.6)
where

(3 +v- Vi 4 2mpg ) ho = QT (hy, hy)
(3 +v- Ve +2mpop,) g2 = O (g1, 81)
82(0) = h2(0) = fo, (8.7)

and this is the so-called beginning condition (note that no initial conditions are
imposed for (h1, g1)). Note that the beginning condition has to be verified for all
time (or at least on the full time interval for which the iteration is to be employed).
For this reason, establishing the beginning condition is considered the most difficult
part of the Kaniel-Shinbrot iteration.

We choose & as follows:

and we choose g to solve the gain only equation

@ +v-Vy)gi=0"(g, 8. £1(0) = fo. (8.8)
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Then we compute /> and g»> according to (8.7) to obtain
ha(t) = [T(1) fol e~ o T (07 (8.9)
and

t
&) =T () fo +/0 T(t =)0 (g1, g1)(v) dr. (8.10)

Therefore, the condition
0=hi(1)=hy()<g2(1) (8.11)

is satisfied for all =0. On the other hand, since #; = 0 we see from (8.7) and (8.8)
that g> and g1 solve the same initial value problem. Therefore

82(1) = g1(1) (8.12)

for all 20, for which we can make sense of the gain only equation. We conclude
that for our choice of i1 and g1, the beginning condition follows (8.11) and (8.12).
Since all the g, h,, are bounded by g, under the conditions of Theorem 8.1

. 11 .
with fo € H27 2% we automatically have
sup ”hn”LfCL% ) <sup ”g””L?OL)% , <
n ’ n ’
sup [ QT (k)| 1 12 Zsup [ QT (gns )1 a0 <00
n zolxe T, ol

sup [ @7 (s k) |1 1o Ssup Q7 (gnsg) |1 g0 < 00,
n tel0,T]~x,v

n t€l0,T] 7 x,v

assuming the iteration makes sense. Moreover, since the functions £, are increasing
and the g, are decreasing, we can define their pointwise limits

g =limg, h =limh,.
n n

Since 0<h,<g,<g1, and 0% (g1, g1) € (Lz],x,v) an easy application of the

dominated convergence theorem shows that

loc®

OF (hy, hy) — QF(h, h) 0% (gn, gn) — 0% (g, 2),

in the sense of distributions. Mixed terms such as Q™ (h;,, g,) are handled similarly.
Altogether we conclude that the limits g, 4 satisfy

(8; +vi+,0g)h = Q+(hah)
B +v-Vitpg=0"(g.8
g(0) = h(0) = fo,

in the sense of distributions.

We have yet to show that 7 = g in order to conclude the convergence of the
Kaniel-Shinbrot iteration. Let us define

U.)(t,x, U)Zg(t,x,v)_h(t,x,v)z(), (813)
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and note that w<g). The function w satisfies the following equation in the sense
of distributions:

B +v-Vow=0" (g, w)+ 0" (w, h) + puh — ppw
w(0) = 0.

The goal is to show that w = 0 globally in 7=0. This follows from Lemma 7.2 as
long as we can show

1
()27 07 (g1.81) € Ltle[o,T]L)zc,v (8.14)
2 2 4
Pgy € Lte[O,T]LgomLte[O,T]Lx (8.15)
1
()2* g € Lzog[O,T]L)Zc,v m Lfg[o,T]LiLiv (8.16)

but these bounds follow from Theorem 8.1 since we assume fy € H 2+2F, We can
conclude that the Kaniel-Shinbrot iteration converges to a solution of Boltzmann’s
equation.

As a final crucial remark, let us note that since 0= f<g; (by construction),
and fo € H %+’%+, by Theorem 8.1 we have the following estimates for the full
Boltzmann equation with small L%’v norm:

W)t Or(f e LlL?,

W)t O (f f)e L2,

(3t ferer?, (Lt

pre LiLE () LILY

11 pera, + Q7 Dz, SCUAN -

Let us emphasize that we have not established that f € L7 7 H 2t g0 it
is not valid to apply Lemma 6.1 directly to the solution f of Boltzmann’s equa-
tion in order to deduce that ps € Ltze[O,T]Lgo' Rather, we are using the fact that
0=ps=pg, combined with the propagation of regularity for the gain-only equa-
tion, g1 € L?"H%J“%*, and applying Lemma 6.1 to g1. Indeed, to obtain the best
possible bounds, we are required to convert all regularity information on g; into
integrability information via the Sobolev embedding, at which point it becomes
useful information for the solution f of the full Boltzmann equation. This is a

o . . o 1,1
strange situation because we are using the regularity condition fy € H21 27 to

construct global solutions f (¢) for which a priori the H 5+:3% norm could blow
up to 400 in finite time (we will show later by an independent argument that this
blow-up scenario cannot happen).
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9. Scattering in L?

The idea is to use the non-negativity of f in a rather strong way. We can write
the solution of Boltzmann’s equation as follows:

t
T(—1)f (1) + /0 T(=0)Q™ (f(0), f(0)) do

= fo+ /O 110" (f(0). f(0)) do ©.1)
Everything on either side is non-negative (we are assuming #0), 5o we can write
/0 ()0 (f(0). (o) do<fo + /0 T()0* (f(0). (o)) do. ©2)
which implies
fo 1010 (f(0). f(0)) do<fo + /0 T I 0)0" (F0). o)) do. 93)
Then, by monotone convergence in ¢, for almost every (x, v) we have
/0 T T(-0)0 (fo), flo) do< ot fo T T-0)0t (f0), f(0)) do. 94)

Taking the Lf’v norm of both sides and applying Minkowski on the right hand side
only, and using the fact that 7'(¢) preserves L>

Xx,v°

|70 @, fD 2 1 Slollez, + [0 GO, fF g2, ©5)

we obtain

‘We have
Q" (f(1), f(1) € L5 L3 . (9.6)

because (9.6) holds for the solution of the gain-only Boltzmann equation (with
small data fo € L2 ), and the solution of the full Boltzmann equation is bounded
above by the solution of the gain-only Boltzmann equation as a result of the Kaniel—
Shinbrot construction.

We can combine (9.5) and (9.6) to conclude

T(=0Q0* (f(), f(1) € L3 ,L}5, ©.7)
and this implies that the limit in norm
1
,Jm A T(=0)Q (f(0), f(0)) do 9.8)

exists in Lx,v,

is bounded by

by the dominated convergence theorem. Indeed, the L)%,U remainder

/ dx dv / do / do’ (T(=0) |Q (£ (). foN {T(=") |0 (£, F(0)]].
9.9)
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and this clearly tends to zero as t — +o00.
As a result of the convergence argument detailed above, if we define

t
froo = fo +t—1>iI—|I-loo/(; T'(=0)Q (f(0), f(0)) do, (9.10)

then it follows that f € L)%,v and
lim |[T(=0)f () = frooll 2, = 0. O.11)
t—+00 X,V

The same argument implies the following slightly more general result (which does
not require uniqueness, nor that fy necessarily have small L%,v norm):

Theorem 9.1. Suppose f € (\r-g L?g[o T]L)ZC’U is a non-negative mild solution of
the full Boltzmann equation,

O +v-Vo) f=0"(f )= for, (9.12)

such that, along the solution f(t), the gain operator Q" satisfies
T(=0Q" (f(1), (1) € L} ,L}5,. (9.13)

Then f(t) scattersin L2  ast — 00, that is, there exists a function fio € L2,
such that the limit

t_l)lllloo If (&) =T () frooll2, =0 (9.14)
holds.

. . . 1,1 .
Remark 9.1. The gain-only Boltzmann equation scatters in H2127F, assuming

1 1 2 .. . . .
only that fy € H2t2T N B,7L ; of course, this implies that solutions of the gain-

. . . . 1.1
only equation remain uniformly bounded in H2" 2% ast — +o0. However, we do

. S SR S
not know whether the full Boltzmann equation scatters in H 2 2% indeed, whereas
we show in Section 10 that the solution of the full Boltzmann equation propagates

1,1 . 141
H2% 2% for small L2 solutions, we do not even know whether the H 22" norm
(for the full Boltzmann equation) remains bounded in time as t — +o0.

Remark 9.2. Due to the lack of Lt1 L)zc,v bilinear spacetime estimates for Q~ (f, f),
we cannot use Theorem 3.3 (or its proof) to describe qualitatively the correspon-
dence between fy and f for the full Boltzmann equation (though Theorem 3.3
clearly applies to the gain-only equation).
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10. Propagation of Regularity for the Full Equation

Recall that some extra regularity for the gain-only equation was required to pro-
duce enough integrability to close the Kaniel-Shinbrot iteration and prove unique-
ness. However, so far we have said nothing about the regularity of the full Boltzmann
equation. The point of this section is to prove that, for all the regularity which we
required to construct a solution, such regularity is indeed propagated by the solution
itself.

Remark 10.1. It is important to observe that it is not necessary to propagate regu-
larity for the full Boltzmann equation in order to close the Kaniel-Shinbrot iteration.
Thus, the regularity for the full equation is propagated a posteriori.

10.1. Loss Operator Bounds

Recall the loss operator

0" (f.8) = fps- (10.1)

Lemma 10.1. Let o € (;, 1] For any two measurable and locally integrable func-
tions fo(x,v), go(x,v) such that (v Y fo, (V) (V)% go € Lx v the func-
tion Q~ (T'(t) fo, T (t)go) is in L,’x’v (R x R2 x ]Rz) and the following estimate
holds:

() T TO)] 2
§CU<U Vi) fOHL;U | ) (V.)° gOHLz,v' (10.2)

Proof. We will assume o € (%, 1); the case o = 1 follows in a similar manner by

using the Leibniz differentiation rule (note that H 1= 12N H], and that |V,| can
be replaced by V, in defining the Hx1 semi-norm).
We begin with the L2 estimate. We have

[ 0™ @ fo. T0g0) |2, = [ (T W fo) priell 2,
S [T fo ”L;ﬁL%v | o750 ”L,ngo
<[ fo ”Lz [ () (V) goll 2,
< [ ()« f0||L2 [ w)* (Vi) g0||L2 )

where we have used that o > % in order to apply Lemma 6.1.

Let us now turn to the H)‘C" estimate; by Theorem B.1 (due to Kenig-Ponce-Vega
[17]) we have

[ 191 0™ @ fo. TO0) |2 = | 191 ({0)* T fo} prne )|,
<[ (= T £) 121" 1100

+
L
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+C llora | o [0V 1V TW fo 12 -

Now we take the L,z’v norm of both sides, and then apply Holder’s inequality and
Lemma 6.1 (which is justified because o > %) to get

[ @ Ve @™ (T fo. T80 12

< H ( (v)® T(t)fo) V2% 11150

2
Lt,x.v

+¢) Iorom e |0 19,8 70 0]

< [ T fol| L®LAL2 (INAanr| L2t
+C | prag ”L%Lg@ [ @) 1Vl T(t)fOHLFCL;U
< T foll gz 100 190 g0 12
+C " (Vi) gofl o [0 IV T fo| oy
<@ (V0 T foll oz 10 (90 gl 2
+C [ (Vo) goll 2 [0 (Va)* T fo o2 -
Note that |V,| commutes with p(.), and we have used the Sobolev embedding

i
H? (R?) c L} (R?) in the last step. We finally use the fact that 7'() preserves
H®# to obtain

[ IVxI* @™ (T 1) fo. T)g0) | 12
<C " (V) fol iz 100 (V) gol] 2 -

Combining the L)ZC and Hf‘ estimates allows us to conclude. O

The next lemma is a refinement of Lemma 10.1 which only places a spatial
gradient on one argument at a time.

Lemma 10.2. Let @ € (%, 1], and let I C R be an open interval (either bounded
or unbounded). Let f(t,x,v) : I x R? x R? — C be a measurable and locally
integrable function such that

(V) (V) f e L® (1, Lﬁ’v) (10.3)

and
(V) (V) (0, +v-Vy) f € L! (I, Lf’v> . (10.4)

Then the following estimate holds:
H <U)Ol |Vx|01 Q_(fv f) ||L2(1,L§ v)

=C x {”Pf ||L2(1,L;0) |y 191 f”LOO(I,L'Zm)
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+ ” (v)® f” Lo°(1,LEL3) ” (V) Vx| f” L®(1,L2 )
+ ” (U>a f”LOO(I,LiL%) ” <U>a va|a (81‘ +v- VX) f”Ll(I,L/% v)} . (105)
The constant C does not depend on the interval 1, but it may depend on «.

Proof. As in the proof of Lemma 10.1, we will assume o € (%, 1). The case o = 1
may be checked directly in a similar fashion.
We begin by applying Theorem B.1, which is due to Kenig-Ponce-Vega [17]:

o 19,1 01 Ny = 190 (i)

L}
<[ £ 190 ps ]2 + € sl 1001900 £

We take the LtzE IL% norm of both sides, followed by Holder’s inequality, to get

[ Vel (D22,

<0 19 gl iz, + €| Dol T 1920 71,

tel v

g [N P

tel ~v

= Iosl I 9.8 11,

Finally we apply Holder’s inequality, followed by Lemma 6.1 since « > %; we are
using the fact that |V, |* commutes with p.). This yields

[ 19 0™ Dl 121
<Cllorlz e 100 0 £l
R CORNA VY
<Closlys i 10 940 £l .
+ C 10 Fpze panz 1OVl Fl e 12
+C [ w)” f“L;’g,LiLg [ @) 191 @ + v - Vo) f”Lfle[L?u ,

Vel or]l 12 1a

hence the conclusion. O

10.2. Gain Operator Bounds

The proof of Lemma 10.2, which allows us to apply spatial gradients to one
entry at a time in Q™ (f, f), does not work for the gain operator O (f, f) in our
formulation. The difficulty is that we do not have an exact commutation rule for
[V.|% and QF(f, f), and the multilinear Riesz—Thorin theorem does not apply.

Nevertheless, it is possible to recover a useful inequality in “Peter-Paul” form
(before optimizing) which estimates fractional spatial derivatives of the gain oper-
ator, which will be essential for the global propagation of regularity to be proven
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in Section 10.4. The strategy is to apply the multilinear Riesz—Thorin theorem to
well-chosen inhomogeneous norms with a suitable e-dependent weight; then, we
divide out powers of ¢ from both sides, and optimize over ¢. In this way, we are
able to avoid any problem-specific commutator estimates, which would not be in
keeping with the spirit of our approach.

Lemma 10.3. Let « € [0, 1], and let I C R be an open interval (either bounded
or unbounded). Let f(t,x,v) : I x R2 x R2 — C be a measurable and locally
integrable function such that

() (Vo fe L™ (112,) (10.6)
and
W) (V) 3 +v- V) f e L' (L 12, (10.7)

Then, for any q € (0, 00), the following estimate holds:

[tqy* 1V 07 (£ Dl ez
<C a0 oz ) 1@ 1Vl £l porr2 )
+C gy @+ VO] ) a0 IVl fl iz
+ C4q) fll poogr 2,y 1a0Y 1Vl @40 Vi) iz
+C (g @ + v V) e,y [ Vel @40V e, -
(10.8)

The constant C is independent of 1, q, «.

Proof. Adapting the proof of Proposition 6.4 as necessary, by using the multilinear
Riesz—Thorin theorem we are able to show that, for any fy, go € H**, « € [0, 1],
and ¢, ¢ € (0, 00),

[(qv)* V)" @ (T fo. T00) 12
<C [[(qui* 6V foll 3 [(av)* 6V g0l - (10.9)

where the constant C does not depend on ¢, ¢, €. It suffices to check the endpoints
o =0and o = 1, viewing ¢, g € (0, 0o) as arbitrary constants.

Having verified (10.9), let f, g be time-dependent functions as in the statement
of the lemma. Combining (10.9) and Lemma 3.1, and using the fact that 7' (¢) is an
isometry on L%,v foreacht € R, we deduce the following estimate, up to increasing
the constant by an absolute factor:

” <qU>a (€VX>a Q+(f= g) HLI(I,L%YU)

<c ] <H<qv>" (V) Bl o112,

helf, g}
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a0 9 G0 bl ) 00.10)
Now may we specialize to the case g = f:
[av* V) @ (f Dl sz

gc(n@wa@va“fﬁm@@n

+ [ (qv)* (eV)* (B + v - vx)f”i](u%v) ) (10.11)

At this point we need to estimate &% [V, |* < (¢V,)* on the left, and (¢V,)* <
1+ &% |V |¥ on the right (and note the squares!), and finally, divide throughout by
&%. Hence we obtain the following “Peter-Paul” inequality:

} (qv>a |Vx|a Q+(f7 f) “LI(I’L)Z('U)

C
gg—a( |(qv) f||im(,,L3_v) + [ (qu)® 3 +v - Vi) f!lil(,,p%_v) )

+ Ce“< @) 12l £z, + 1av) 19:0% @ + v - 92 f|}il(,,L%vv))
(10.12)

The conclusion then follows by optimal choice of ¢ and trivial manipulations. O

10.3. Local Propagation of Regularity

The idea for proving local propagation of regularity is to construct a local
solution in the more regular space H** with o > % and then appeal to uniqueness
via Theorem 7.1 to conclude that the H%? solution coincides with the small Li,v
solution obtained from Kaniel-Shinbrot. The various estimates required to apply
Theorem 7.1 to H** solutions follow immediately from the local well-posedness
theory in H*“ for @ > %, combined with the Sobolev embedding theorem and
Lemma 6.1.% The local theory presented here relies on the L)Zc’v norm remaining
small, which is parallel to the assumption for the uniqueness theorem, Theorem 7.1;
however, the H*“ norm may be very large and the local theory will still be valid.
The time of existence for local solutions given fo € H** N B,fz is determined
solely by the magnitude of the H** norm. A separate argument (discussed in
Section 10.4) is required to obtain the propagation of regularity on arbitrarily large
time intervals.

Recall the H** norm with ¢ dependence

If 1l e = || (€0)* (£ V) f||L§‘v. (10.13)

3 Interestingly, it was the local H%® theory with o > % which served as the inspiration
for Theorem 7.1 in the first place (and, by extension, the proof of convergence of the Kaniel—
Shinbrot scheme).
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We know that the gain term Q™ obeys, by Proposition 6.4, the following estimate:
|0 (T @) fo, T(1)g0) ||L e SCILfoll g llgoll e (10.14)

and the constant does not depend on «, ¢ € (0, 1]. With respect to the loss term,
we cannot expect bounds independent of ¢, but we can use Lemma 10.1 to prove
the following:

|Q™ (@) fo. T(1)g0)| 12 yee SCe Il foll e N80l e (10.15)

Hence, by Holder’s inequality,

1
lo™ (T fo. T(t)go)ULrlelO e SCT 2 follgee Ngolyee . (10.16)

Note that the size of the constant C, in (10.16) is irrelevant for our analysis, but it
can be estimated as C, < £~** when & — 0. The point is that the large factor of

~

C, can always be balanced in (10.16) by letting T be small. Since the parameter &
reflects (in this instance) the size of the H*“ norm at a given time #(, we can apply
Theorem 3.2 using (10.14) and (10 16) to deduce local well-posedness for the full

Boltzmann equation in H*“ N B, L (for some constant > 0), with existence
time depending only on the H%* norm.

Remark 10.2. We can say nothing for f; outside the n-ball of L? by the above
logic, due to the fact that the constant C in (10.14) remains fixed regardless of any
localization in time.

As a result of the preceding discussion, we may conclude as follows:

Theorem 10.4. There exists a number n > 0 such that all of the following is true:
Leto € (%, 1] and fo € H**, and, further, suppose that

I fol. )l , <. (10.17)
Then there exists atime T > 0 such that, fort € [0, T, the full Boltzmann equation
@ +v-Vo) f=07(f, /)= for (10.18)

has a unique mild solution f(t) such that f € Lfg[O,T]H“"", Ot(f, f) €

LtlE 0.7 H** and f(0) = fo all hold. The solution is continuous, in the sense
that f e C ([0, T], H*%). Additionally, the time T may be chosen to depend only
on the H*% norm of fo; that is, the lower bound

=Ty (”f()”Hot,a) >0 assuming Il fo(x, v)”L)Zc,v <

may be assumed.
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10.4. Global Propagation of Regularity

The key observation to round out our discussion of regularity is that we do not
have to propagate the entire H*“ norm, because part of it is given to us for free by

the Kaniel-Shinbrot iteration. Indeed we already know that (v)* f € L?goLi v

and similarly (v)* QT (f, f) € Lt>0 wwand () O7(f, f) € Lt>0 xo- (See
Theorem 8.1 and Section 8.2.) Hence, we have only to show that

VT € (0,00),  [()* |vx|0‘f||L?g[0 2, < (10.19)

and
VT € (0,00),  [()*|Vil* Q*(/. f)||Ll < 00. (10.20)

reto.11t

Note that Theorem 7.1, combined with Sobolev embeddlng, implies that the local
H** solution from Theorem 10.4 coincides with the solution obtained via Kaniel—
Shinbrot. (This is due to the fact that Theorem 7.1 refers only to integrability prop-
erties, not regularity properties, in the (x, v) domain.) Therefore, we can assume
that the H%* norms are finite on small time intervals. We can then use continuity
arguments, combined with Lemma 10.2 and Lemma 10.3, to extend the H** time
up to a larger small time interval which now only depends on controlled quantities
which do not contain |V, |*. Finally, a standard iteration in time provides the desired
result.

Theorem 10.5. There exists an absolute constant n > 0 such that the following is
true:

Let T € (0,00) and o € (2, l], and suppose f(t) € C ([0, T], L}%’v) is a mild
solution of the full Boltzmann equation satisfying all of the following estimates:

ey ez, + 17 Dz, <7 (10.21)
(v)* Q+(.f7 f) e L[e[O’T]Lx)U (10.22)
Py € Lt2€[0 LN Lzze[o T Ly (10.23)
W) f € Lo L3, N L0 1 LILS (10.24)
and f(0) = fo. If in addition fo € H*?, then [ € L <[0. T] H*% and Qi(f, f) e
1
Licio,H*

Remark 10.3. We emphasize the ordering of quantifiers: A single n > 0 works
simultaneously for all T > 0. Also, the supplied estimates automatically imply
()* Q™ (f, f) € Li_o ryL% ., by Holder’s inequality.

Proof. In view of Theorem 10.4, Theorem 7.1, and the Sobolev embedding
theorem, we only need to formally estimate (v)* |V,|* f € LZE[0 T L)zw and
W) |V |* QF(f, f) € L)%’v. Additionally, due to Lemma 10.1, Proposition 6.4,
Lemma 3.1, and Duhamel’s formula with fo € H*%, it will be enough to show
that

(W) [Val* (3 +v - V) f € Lico.r1 L3 .0 (10.25)
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Suppose that 0579 < T and 0 < s<T — f, and let e, (s) denote the quantity

e (s) = [ (qu)¥ Vel @ +v- Vo) £,

teltq.tg+s]

2, (10.26)
whenever it is well-defined, or +00 otherwise. Note that eg(s) < 400 for some
s > 0 by Theorem 10.4 and Theorem 7.1. Additionally, if e;(s) < o0, then
limg_, o+ e;,(s) = O by the dominated convergence theorem. We want to show that
eo(T) < 4o0.

We define, for convenience,

M =0 flloey oz, T Pl sz tlorle oetlorlie,
(10.27)
Pick a number g € (0, 1) such that
[@v)® Flze, 2, + Haw @ (Dl 2, < (10.28)

where 7 is as in the statement of the theorem (the size of 7 may be determined by
tracking constants through the proof).

Suppose 7y, s are such that eg(s + f9) = eg(fg) + e (s) < +oo (here the
allowable values of 1y, s are determined by the solution f itself, not necessarily by
the statement of Theorem 10.4). Since f solves Boltzmann’s equation, we clearly
have

eto (S )

= gy 1V QF (£, O 2, + (@) 1Vl @7 (£ )] 2,

tel1g,19+s] telg,1g+s1

(10.29)

We have, as an immediate consequence of Lemma 10.2, the estimate

gy 1V:1* Q™ (f2 )|

teltg, t0+¥]

1 1 1
SCMs: (llfo“m-a + q—aeo(lo) + q_aefo(s)) . (10.30)

Note that s can be chosen, depending only on the parameters M, ¢ fixed as above,
to make the prefactor on e, (s) as small as we like.
By Lemma 10.3, we have

[ (@) 1V:1% 0* (£, ),

telt, t()-HJ x v

<const. x (n + Mﬁ) ( Il foll gew + eo(to) + €4 (s)). (10.31)

Combining estimates (and picking 1 small enough once and for all), we find that
there exists a number § > 0, depending on the solution f only through M, g,
with the following property: if eg(f9) < oo, then e;,(s) < oo. This is sufficient to
conclude the theorem. O
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11. The Local Well-Posedness Theorem

In view of the Kaniel-Shinbrot iteration, in order to prove Theorem 1.2 it suf-
fices to prove a suitable local well-posedness theorem for the gain-only Boltzmann
equation. This theorem will require o = %—i— regularity on fj but the time of exis-
tence will depend only on the H*>* norm for given s € (0, %).

Let us define the norms, for o € (%, 1),0<6 <lande > 0,

%)

11 s
= [+ e T (14 28R 2 (1 ) (14 16P) Y Fer 6,

Ev

(11.1)

The H.';’ norm is equivalent (up to powers of &) to the H* norm, but for small &
the H_'," norm is nearly equal to the H** norm where s = a6. Also note that

(Hze, 1), = HE

with equality of norms.
The following bilinear estimate is proven in [7]:

Proposition 11.1. Let o« > % Then there is a constant C = C(«) such that, for the
constant collision kernel in dimension d = 2,

|27 @0 fo. T80 12 e SC 1 foll e 180l e (11.2)

On the other hand, from Proposition 6.4 we know that
0" @@ fo, T0g0) |11 o SC UL foll e ligoll e (11.3)

where the constant C is independent of €.
Interpolating these two estimates yields

[ @ fo. T8 110, yes SC 1 foll g Ngoll e (114

where C is independent of ¢ and 1/pg = 1 — %9; note that pg > 1 for each
0 € (,]1).

The chain of reasoning is as follows: let ¢ = %4— and fix a desired regularity
s € (0, 2) then, 0 is fixed so that s = «f. Let fo € H*“ be an arbitrary initial
datum. By choosing ¢ very small, we can let the H, ga norm approach the H*>*
norm of fy, while the constant C remains fixed. ThlS implies that the local time
of existence depends only on the H** norm of fy, by an application of Theorem
3.2 (we have localized in time using that pg > 1). Altogether, we will be able to
conclude as follows:
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Theorem 11.2. Let fo € Hitot and fix s € (0, %). The gain-only Boltzmann
equation

@ +v-Vo) f=0"(f ) (11.5)
has amild solution f € C ([0, T1, H%J“%J“) suchthat QT (f, f) e L}G[O’T]H%+’%+
and f(t = 0) = fo. The solution is unique in the class of all mild solutions with
the same initial data satisfying Q" (f, f) € Ltle[O,T]H%—h%—h The existence time
T depends only on s and the H*® norm of fy.

Once we have Theorem 11.2, we repeat the Kaniel-Shinbrot iteration as in
Section 8.2 to conclude Theorem 1.2.
Proof. (Theorem 11.2) Since s € (0, %) and ¢ = %—F, we can fix 6 € (0, 1) so that
s = a0; then, we have pg > 1 where 1/py = 1 — %9.

Under the change of variables

f) =T f@),

the equation (11.5) is transformed into

070 =T0* (T 0. T 1)

Fix a smooth, even function ¥ (¢) : R — R, which is decreasing on (0, 00), equals
1 on (0, T), and equals O on (27, co). Then consider the equation

& f() = A, f1), f(1)), (11.6)

where

A, fo, g0) = ¥ (T (=) Q™" (T (1) fo. T (1), go)

and f (t =0) = fo.By (11.4), the definition of ¥, and Holder’s inequality, it holds
that

A, fo. 80l 1 e SCT | foll e ol e (1.7)

where the constant C is independent of €. By Theorem 3.2, equation (11.6) is
well-posed as long as
I foll e SCT 072, (11.8)

where the constant C is again independent of ¢. Letting ¢ tend to zero, this condition
becomes
I foll s SCT™O/2, (11.9)

which is what we wanted. O
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Appendix A. An Endpoint Strichartz Estimate

We recall Theorem 10.1 from [15].

Theorem A.1. [15] Leto > 0, H be a Hilbert space and By, By be Banach spaces.
Suppose that for each time t we have an operator U (t) : H — B such that

WOy S 1 (A1)
U@ @) |, Sl =517 (A2)

Let By denote the real interpolation space (Bo, B1)g ». Then we have the estimates

U@l S W lu (A3)
H f UG Fs)ds| SIFI, (A4)
H 0
/ U@) (U()" F(s)ds SN g s (A.5)
s<t LB} 7

whenever 0S0<1,2<q = %, (q,0,0) # (2,1, 1), and similarly for (§, 0). If the
decay estimate is strengthened to

lu@) (U(S))*”B]—>B’f SA+E=shD7, (A.6)

then the requirement q = % can be relaxed to qzé, and similarly for (g, 6).

For our application, we will need to think of 3 (x, x’) as an arbitrary measurable
complex-valued function of x, x’ € R?. Let us take H = L)ZC v (R* x R?), By =

Lix, (Rz X Rz), and B| = L)lc’x, (R2 X Rz). We employ the notation AL = A, —
A,. The energy estimate

itA
éteml Sl (A7)
Lx,x’ XX
is immediate. The dispersive estimate
i(1—5)Ax =2 /
e yoﬂm S =57 o) (A8)

follows from writing the fundamental solution of (id; + A+) y = 0, that is

L i)

tz
for initial data § (x)8 (x"), and applying Young’s inequality. The relevant parameters
for Theorem A.l1 are ¢ = 2,0 = % and o = 2. The real interpolation space

4
(Bo, B1)g.2 is the Lorentz space L; 'j, ([5] Theorem 5.3.1), and its dual is Li’i/
([10] Theorem 1.4.17 (vi)), so we obtain

itAL

e (A.9)

< 2
)/0‘ L2 (R2xR?) HVOHLH/(RZXRZ) ’

which is the desired inequality.
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Appendix B. Fractional Leibniz Formulas

Theorem B.1. Lets € (0, 1) andn € {2,3,4,5,...}. Then if f(x), g(x) : R" —»

R are measurable functtons such that f € H (R”) and g € L™ (R"), then

(=A) p (fg)and f (—A) p g are canonically identified with well-defined tempered

distributions, and their difference is in L*> (R") and the following estimate holds:

=C (n,s) gl ooy -
(B.1)

[CISEVIENECINLF (ISR

L2 (R") 2 (R")

Proof. The estimate follows formally from [17], Appendix A, Theorem A.12, in
the one-dimensional case, for Schwartz functions f, g. (Also see [16] problem 5.1
and pp. 105-110 for the multidimensional case.) The objective here is to ensure that
the result remains true in suitable inhomogeneous Sobolev spaces; the argument is
broken into three parts.

(i) For f, g in the Schwartz class, the estimate (B.1) is true due to [17].

(ii) Keeping f fixed in the Schwartz class, we can pass to the distributional
limit g, — g € L*° (R") in (B.1), where each g, is Schwartz and uniformly
bounded in L*°. Every term makes sense because g is a tempered distribution and
f is Schwartz.

(iii) We need to pass to the limit f, — f € H® (R") in (B.1), where the f,
are Schwartz and uniformly bounded in H®, but g € L°° (R") is now fixed. Now
fan, f are uniformly bounded in H® (R"), hence uniformly bounded in L" (R")
where % -5 = 1 by the Sobolev embedding theorem. Hence f,g and fg are
uniformly bounded in L" (R™), so they are well-defined tempered distributions, as

is (—A)% (fg). For any Schwartz function v, the estimate

[ vt goscleaiv], L 1l gl

L (R

<c|miy|

(i s] o el (B2

L (R L2(Rm)

where % —-&= %, follows from duality, Holder’s inequality, and Sobolev’s inequal-

ity.
Finally we deal with the term f (—A)% g. The idea is to re-write it as

fEnig=—{0 - f0igl+ 0. B3
so it is a difference of two things which apparently make sense. Using this differ-

ence formula and the commutator estimate of Kenig-Ponce-Vega from the theorem
statement, we can prove the estimate

/vff (—A)7 g

<c (||w||Lz<Rn)+ [GINER" Igllzeqeny . (BA)

Lr’(R")) H (_A)% f’

L2(R")
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where ¢ € L (R") and f, ¢ are in the Schwartz class. We conclude (by
density of Schwartz functions in H* (R")) that f (—A)% g is canonically iden-
tified with a well-defined tempered distribution whenever f € H°® (R") and
g € L* (R™); moreover, we can take distributional limits in f;,, where needed
(keeping g € L*° (R") fixed) to derive the desired estimate in this class. |

Appendix C. Some general estimates in L2 () L'
Assume throughout this appendix that 0= f € L)Zw N L}C’U. As is typical for

a kinetic equation, we will consider a suitable mollification (with the same, i.e.
unmollified, initial data fjy), which takes the following form:

n n
(8,+U-Vx)f"=—Q(f l’f ). (C.1)
l+ Epf”
Here n = 1,2,3,... and f"(t = 0) = fo. Note that we are not allowed to

mollify the data in general, because that would change the profile of the data, and
we are looking for local well-posedness in the critical space L? (with an auxiliary
L' estimate). It is well-known that the mollified equation (C.1) is globally well-
posed for initial data fy € L'; the proof is by a Picard iteration and time-stepping
procedure. [9]

Since Q = Q% — Q™ (both non-negative) and p 120, we can conclude

@ +v- Vo) [P SOT (M M, (C2)
which implies

1
FOST@f+ [ =008 . @ ar (€3)
0
where T'(1) = e~"V"Vx. In particular, for 0<¢<T,
T
f"O=T @) fo + [ T@—1)Q (f", fM.(t)dr (C4)
0
Apply Q7 (-, -) to both sides of this inequality and apply monotonicity to obtain

O (f", fMHZ0T (T ) fo, T() fo)
T
+f0 O (T(®) fo. Tt —tH QT (f", fMH")) dt’

T
+/0 O (Tt —HO  (f", fMHU), T fo) di’

T T
+fo /O O (T —HOr(f", W), Tt — O (", fH(")) di’ dt”.
(C.5)



Small Data Global Well-Posedness for a Boltzmann Equation 379

Now we take the L}G[O’T]L?C’v norm of both sides (noting that this quantity might
be infinite), and apply Minkowski’s inequality to get

[ M, sletaofromly,,,

1€l0, T]

T
+ /0 |o* (T(z)fo, T =0 " SO r2, 4

T
+ [ et (re=ner i @ TR, iz,

T T
+ / / dr’ dt”
0 0

x [ QT (T =HO (", fHE), T = )07 (", fHE) | 11

t€l0, T]

(C 6)

Apply Proposition 5.4 to the last term, and Proposition 5.6 to the first three terms,
to obtain

[ ™y, 12, S ol
2 [0 55,(T) HT(—r’)Q+<f", e d

T T
+ /0 /0 CITEORT S W, [TDHOT S DA, | di' de”,

(C.7

where lim supy_, o+ 8 1, (T') = O (note that § ; (T') depends on the profile of the data

for any fixed 7' > 0).
Overall, we conclude that

1O My, 0z, S50 Ifollz,
+ 25" a2, + NG N s €D

where lim supy_, o+ 8 7, (T') = 0. In the case that H ot (fr, H 15 ;2 s finite
1€[0,Ty] = x.v

for some Ty > 0, a standard continuity argument allows us to bound this quantity

uniformly in n up to some other small time 7 > 0 which depends on fj. We can

state this is an alternative: there are numbers C(fp), T (fo) such that, for each n,

exactly one of the following holds:
(1) Case I: ||Q+(f” f”)“L. ;2 =ocforeveryo >0

[0,0]7x,v
(2) Case 2: | QT (f", f”)nLl Loraite SCU0
In particular C(fp), T (fo) are independent of n; hence, as long as Case 2 holds
for infinitely many n, we can hope for a compactness argument. Note that once
O (f", f™ is placed uniformly in L the method of Section 9

€[0, T(fo)] X v’
implies that

o (" fMH®

T(—1) 1
L4 opmw)
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is uniformly bounded in L)ZC’UL}E[O’T(]CO)]; in particular, (3; + v - Vy) /" is locally
integrable in (¢, x, v), boundedly with respect to n. Moreover, on [0, T'(fo)], f"
satisfies the full range of Strichartz estimates expected for L? solutions of the free
transplort equation, uniformly in 7.

Remark C.1. The classical L! velocity averaging lemma used in [9] requires that
both f" and (3; + v - V) f" are relatively weakly compact in L' (K) for compact
sets K C [0, 00) x Ri X R%. However, a refinement cited as Lemma 4.1 in [3]
states that, under the condition that f” is relatively weakly compact in L' (K) for
compact sets K, it suffices for (d; + v - V) f” to be uniformly bounded in LY(K)
for compact K.
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