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Abstract

We consider the global existence and large-time asymptotic behavior of strong
solutions to the Cauchy problem of the three-dimensional (3D) nonhomogeneous
incompressible Navier—Stokes equations with density-dependent viscosity and vac-
uum. After establishing some key a priori exponential decay-in-time rates of the
strong solutions, we obtain both the global existence and exponential stability of
strong solutions in the whole three-dimensional space, provided that the initial
velocity is suitably small in some homogeneous Sobolev space which may be op-
timal compared with the case of homogeneous Navier-Stokes equations. Note that
this result is proved without any smallness conditions on the initial density which
contains vacuum and even has compact support.

1. Introduction

The nonhomogeneous incompressible Navier—Stokes equations ([26]) read as
follows:
9 p + div(pu) =0,
or(pu) + div(pu ® u) — divQeu(p)d) + VP =0, (1.1)
divu = 0.

Here, t > 0 is time, x € Q C R3 is the spatial coordinates, and the unknown
functions p = p(x,t),u = !, u?, u3)(x,1),and P = P(x, 1) denote the density,
velocity, and pressure of the fluid, respectively. The deformation tensor is defined
by

1
d=3 [w + (vu)T] , (1.2)
and the viscosity w(p) satisfies the following hypothesis:
e Cl0,00), u(p) > 0. (1.3)
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We consider the Cauchy problem of (1.1) with (p, u) vanishing at infinity and
the initial conditions

p(x,0) = po(x), pu(x,0) =mo(x), x € R’ (1.4)

for given initial data py and m.

There is a lot of literature on the mathematical study of nonhomogeneous in-
compressible flow. In particular, the system (1.1) with constant viscosity has been
considered extensively. On the one hand, in the absence of a vacuum, the global
existence of weak solutions and the local existence of strong ones were estab-
lished in Kazhikov [4,23]. Ladyzhenskaya—Solonnikov [24] first proved the global
well-posedness of strong solutions to the initial boundary value problems in both
two-dimensional (2D) bounded domains (for large data) and 3D ones (with ini-
tial velocity small in suitable norms). Recently, the global well-posedness results
with small initial data in critical spaces were considered by many people (see
[1,10,11,18] and the references therein). On the other hand, when the initial den-
sity is allowed to vanish, the global existence of weak solutions is proved by Simon
[31]. The local existence of strong solutions was obtained by Choe—Kim [8] (for
3D bounded and unbounded domains) and Lii—Wang—Zhong [27] (for 2D Cauchy
problem) under some compatibility conditions. Recently, for the Cauchy problem
in the whole 2D space, Lii—-Shi—Zhong [28] obtained the global strong solutions for
large initial data. For the 3D case, under some smallness conditions on the initial
velocity, Craig—Huang—Wang [9] proved the following interesting result:

Proposition 1.1. ([9]) Ler @ = R3. For positive constants p and 1, assume that
w(p) = pin (1.1) and the initial data (pg, mo) satisfy

0<po<p, poe€ L3R} NHY(RY,

. 1.5
ug € H'2(R%) N Dj (R N D*2(R?), mo = pouo (-

and the compatibility condition
—uAug+ VP =py’g. in R, (1.6)

for some (Py, g) € DI(R3) X L2(R3). Then, there exists some positive constant
& depending only on p such that there exists a unique global strong solution to
the Cauchy problem (1.1) (1.4) provided ||ug|| 12 < pe. Moreover, the following
large time decay rate holds fort > 1:

IVuC, Dl 2@ < €172, (1.7)
where C depends on p, w, and ||pé/2u0||Lz(R3).

When it comes to the case that the viscosity ©(p) depends on the density p,
it is more difficult to investigate the global well-posedness of system (1.1) due
to the strong coupling between viscosity coefficient and density. In fact, allowing
the density to vanish initially, Lions [26] first obtained the global weak solutions
whose uniqueness and regularity are still open even in two spatial dimensions. Later,
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Desjardins [12] established the global weak solution with higher regularity for 2D
case provided that the viscosity wu(p) is a small perturbation of a positive constant
in L°°-norm. Recently, some progress has been made on the well-posedness of
strong solutions to (1.1) (see [2,3,7,20,21,29,32] and the reference therein). In
particular, on the one hand, when the initial density is strictly away from vacuum,
Abidi—Zhang [2] obtained the global strong solutions in whole 2D space under
smallness conditions on || (09) — 1|z, and later for 3D case, they [3] obtained
the global strong ones under the smallness conditions on both ||ug|| ;2| Vug| ;2 and
lit(po) — 1]|zec. On the other hand, for the case that the initial density contains
vacuum, Huang—Wang [20] obtained the global strong solutions in 2D bounded
domains when ||V (po)||z» (p = 2) is small enough; Huang—Wang [21] and Zhang
[32] established the global strong solutions with small || Vugl|;2 in 3D bounded
domains. However, as pointed by Huang—Wang [21], the methods used in [21,32]
depend heavily on the boundedness of the domains and little is known for the
global well-posedness of strong solutions to the Cauchy problem (1.1)—(1.4) with
density-dependent viscosity and vacuum.

Before stating the main results, we first explain the notations and conventions
used throughout this paper. Set

/fdx é/R3 fdx.

Moreover, for 1 < r < 0o,k > 1, and 8 > 0, the standard homogeneous and
inhomogeneous Sobolev spaces are defined as follows:

L = Lr(RS), Wk,r — Wk’r(R3), Hk — Wk,2’

Il - llBng, =1l - llB; + 1l - I B,, for two Banach spaces B and B,

Dk = DRI (R3) = (v € L) (RY)|VFv € L (RY)},

D' = {v e LOR?)|Vv € L>(RY)},
Cow ={f € Cy° I divf =0}, Dé,g = Cg, closure in the norm of D',

1f 1156 = f|s|2ﬂ|f<s)|2ds < oo},

Hﬂ={f:R3—>R

where f is the Fourier transform of f.
Our main result can be stated as follows:

Theorem 1.2. For constants p > 0, g € (3,00), and B € (%, 1], assume that the
initial data (po, mo) satisfy

0<po<p, poel**NH" Vu(po) € LY, ug € H? ﬁDé,g, mo = poug.
(1.8)
Then for

pE min u(p), oL max u(p), M= (Vo)L
—  p€l0,p] p€l0,p]

there exists some small positive constant gy depending only on q, B, p, i, id,
looll 32, and M such that if

llwoll s < €0, (1.9)
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the Cauchy problem (1.1)—(1.4) admits a unique global strong solution (p, u, P)
satisfying that for any 0 < t < T < oo and p € [2, po) with po 2 min{6, ¢},

0<peC(0,T]: L¥* N H"), Vu(p) € C([0, T]; L9),

Vu e L®0,T: LYHNL®(, T; Whroyn c([r, T1; H' n whp),
PeL®, T;W-rynC(r, T]; H nwhr), (1.10)
Jour € L20, T; LY N L®(z, T; L?), P e L2(z,T; LN L),

Vu, € L®(t, T; L) N L3(t, T; L), (pu;); € L*(z, T; L?).

Moreover, it holds that

sup [Vpllp2 = 2IVpoll2, sup [Vu(p)liee = 21Vi(po)lize,  (1.11)
0<t<oo 0<t<oo
and that there exists some positive constant o depending only on ||pol 132 and p
such that, forall t > 1,

IV G52 4+ 1V G D1 qwme + PG O s < CeT% (1112)

where C depends only on q, B, p, llpoll 32, i, it, M, |Vuoll g2, and ||V poll 2.

As adirect consequence, our method can be applied to the case that u(p) = wis
a positive constant and obtain the following global existence and large-time behavior
of the strong solutions which improves slightly those due to Craig-Huang—Wang
[9] (see Proposition 1.1).

Theorem 1.3. For constants p > 0 and pu > 0, assume that w(p) = w in (1.1)
and the initial data (po, uo) satisfy (1.5) except ug € D%2 . Then, there exists some
positive constant € depending only on p such that there exists a unique global strong
solution to the Cauchy problem (1.1) (1.4) satisfying (1.10) with po = 6 provided
luoll g1z < pe. Moreover, it holds that

sup [[Vpll2 < 2[IVooll 2, (1.13)

0<t<oo

and that there exists some positive constant o depending only on ||po| 32 and |
such that, fort > 1,

IVur CoONT 2 4+ VUG O s + TPC O Aps < Ce ™ (1.14)
where C depends only on p, [, ||pollz32, [Vuollz2, and |V ol 2.
A few remarks are in order.

Remark 1.1. To the best of our knowledge, the exponential decay-in-time proper-
ties (1.12) in Theorem 1.2 are new and somewhat surprising, since the known
corresponding decay-in-time rates for the strong solutions to system (1.1) are
algebraic even for the constant viscosity case [1,9] and the homogeneous case
[6,15,16,22,30]. Moreover, as a direct consequence of (1.11), [[Vo(-, t)|| 2 re-
mains uniformly bounded with respect to time which is new even for the constant
viscosity case (see [9] or Proposition 1.1).
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Remark 1.2. It should be noted here that our Theorem 1.2 holds for any function
w(p) satisfying (1.3) and for arbitrarily large initial density with vacuum (even
has compact support) with a smallness assumption only on the HP-norm of the
initial velocity ug with 8 € (1/2, 1], which is in sharp contrast to Abidi-Zhang [3]
where they need the initial density strictly away from vacuum and the smallness
assumptions on both |[lug|l ;2| Vuoll ;2 and || (po) — 1] zoe.

Remark 1.3. For our case that the viscosity (p) depends on p, in order to bound
the L?-norm of the gradient of the density, we need the smallness conditions on
the H#-norm (B € (1/2, 1]) of the initial velocity. However, it seems that our con-
ditions on the initial velocity may be optimal compared with the constant viscosity
case considered by Craig-Huang—Wang [9] where they proved that the system (1.1)
is globally wellposed for small initial data in the homogeneous Sobolev space H'/?
which is similar to the case of homogeneous Navier—Stokes equations (see [13]).
Note that for the case of initial-boundary-value problem in 3D bounded domains,
Huang—Wang [21] and Zhang [32] impose smallness conditions on || Vug|| 2. Fur-
thermore, in our Theorems 1.2 and 1.3, there is no need to imposed additional initial
compatibility conditions, which is assumed in [9,21,32] for the global existence of
strong solutions.

Remark 1.4. It is easy to prove that the strong-weak uniqueness theorem [26,
Theorem 2.7] still holds for the initial data (pg, ug) satisfying (1.8) after modifying
its proof slightly. Therefore, our Theorem 1.2 can be regarded as the uniqueness and
regularity theory of Lions’s weak solutions [26] with the initial velocity suitably
small in the H#-norm.

Remark 1.5. In [7], Cho—Kim considered the initial boundary value problem in
3D bounded smooth domains. In addition to (1.8), assuming that the initial data
satisfy the compatibility conditions

—div (,u(,oo) (Vuo + (VMO)T)> + VP = Pé/zg

for some (P, g) € H' x L2, itis shown ( [7]) that the local-in-time strong solution
(p, u) satisfies

pu; € C ([0, Tl L2) . (1.15)
However, to obtain (1.15), it seems difficult to follow the proof of (1.15) as in [7].
Indeed, in our Proposition 3.7 (see [29] also), we give a complete new proof to

show that pu, € H' (r, T; LZ) (forany 0 < t < T < oo) which directly implies
[29]

pu; € C ([r, T]: L2) . (1.16)
In fact, (1.16) is crucial for deriving the time-continuity of Vu and P, that is (see

(1.10)),
Vu, P e c([r, T]. H' le’l’). (1.17)
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We now make some comments on the analysis in this paper. To extend the local
strong solutions whose existence is obtained by Lemma 2.1 globally in time, one
needs to establish global a priori estimates on smooth solutions to (1.1)—(1.4) in
suitable higher norms. It turns out that as in the 3D bounded case [21,32], the key
ingredient here is to get the time-independent bounds on the L' (0, 7'; L°)-norm
of Vu and then the L>°(0, T'; L9)-norm of Vu(p) and the L>°(0, T'; L?)-one of
Vp. However, as mentioned by Huang—Wang [21], the methods used in [21,32]
depend crucially on the boundedness of the domains. Hence, some new ideas are
needed here. First, using the initial layer analysis (see [17,19]) and an interpolation
argument (see [5]), we succeed in bounding the L 10, min{1, T'}; L*)-norm of Vu
by |luoll 75 (see (3.34)). Then, in order to estimate the LY (min{1, T}, T; L*)-norm
of Vu, we find that || p'/2u(-, t)||i2 in fact decays at the rate of e " (o > 0) for
large time (see (3.21)), which can be achieved by combining the standard energy
equality (see (3.25)) with the fact that

2
1/2 2 2
u 2 = lellipsnlulys = ClIVul,.

lo

due to (1.1); and the Sobolev inequality. With this key exponential decay-in-time
rate at hand, we can obtain that both ||Vu(-, t)||i2 and || p"%u, (-, t)||%2 decay at
the same rate as e °’(o > 0) for large time (see (3.22) and (3.23)). In fact, all
these exponential decay-in-time rates are the key to obtaining the desired uniform
bound (with respect to time) on the L' (min{1, 7'}, T'; L°)-norm of Vu (see (3.35)).
Finally, using these a priori estimates and the fact that the velocity is divergent free,
we establish the time-independent estimates on the gradients of the density and the
velocity which guarantee the extension of local strong solutions (see Proposition
3.7).

The rest of this paper is organized as follows: in Section 2, we collect some
elementary facts and inequalities that will be used later. Section 3 is devoted to the
a priori estimates. Finally, we will prove Theorems 1.2 and 1.3 in Section 4.

2. Preliminaries

In this section we shall enumerate some auxiliary lemmas.
We start with the local existence of strong solutions which has been proved in
[29].

Lemma 2.1. Assume that (pg, ug) satisfies (1.8) exceptug € HP . Then there exista
small time Ty > 0 and a unique strong solution (p, u, P) to the problem (1.1)—(1.4)
in R3 x (0, To) satisfying (1.10).

Next, the following well-known Gagliardo—Nirenberg inequality will be used

frequently later (see [25, Theorem 2.2]).
Lemma 2.2. ([25]) Forr € (6/5, oo] and

[2. 251, ifr € (6/5.3),
pEq2,00), ifr=3, (2.1

[2,00], ifr € (3, o0],
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there exists some generic constant C > 0 that may depend on p and r such that
forall f e {f|f e L>,VfelL")

1 « I 1
Iflice < CUFIGLIVAILS. ===+ -a) (— - —)- (2.2)
p 2 r 3
A direct consequence of Lemma 2.2 is the following inequality which will be
useful for the next regularity results on the Stokes equations (Lemma 2.4):

Lemma 2.3. Forqg > 3andr € [2q/(q+2), q], there exists some generic constant
C > 0 that may depend on q and r such that for all f € L1 and g € {g|g €
L* VgelL")

Ifglier < Cllfleallgls2lvel . (2.3)

2r(q—3)
q(5r—6)°

with o =
Proof. On the one hand, Holder’s inequality shows that for 1 <r < g

Ifgller = Clifllcallglizr, (2.4)

with

a 49
P = >
q-—r
where we agree with p = oo provided r = q.

On the other hand, since r € [2g/(q +2), q] € (6/5, g] due to g > 3, noticing
that

- =00, ifr=gq>3,
. <oo if 3<r«<ugq,
9=r <— if 6/5<2q/(g+2)<r<3,

—r’

which implies that p satisfies (2.1), after using the Gagliardo—Nirenberg inequality
(2.2), we have

1 1
Iglee < Cligh$ Vel ;=—+(l—a) (——§)~ (2.5)

Putting (2.5) into (2.4) leads to

I gl < Cliflizaligly 2”vg”Lr ) (2.6)
where
1 1 +(1 ) 1 1 27
F g2 o ) .
It thus follows from (2.7) that
2r(g — 3
_ra=3 o,
q(5r —6)

which together with (2.6) proves (2.3). We thus finish the proof of Lemma 2.3. O
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Next, the following regularity results on the Stokes equations will be useful for
our derivation of higher order a priori estimates:

Lemma 2.4. For positive constants s i, and q € (3,00), in addition to (1.3),
assume that p(p) satisfies

Vu(p) e LY, 0<p <plp) <pi <oo. (2.8)

Then, if F € L N L" with r € [2q/(q + 2),q], there exists some positive
constant C depending only on |, [, r, and q such that the unique weak solution

(u, P) € D(]M x L? to the Cauchy problem

—divu(p)d) + VP = F, x e R3,

divu = 0, X € R3, 2.9)
u(x) — 0, |x] = o0
satisfies
IVull 2 + 1Pz < CIF | Loss, (2.10)
> = 211
IV2ullr + IV Pl < CIF L + CIV () 5 1 F s (2.11)

Moreover, if F = divg with g € L> N\ L' for some ¥ € (6q/(q +6), q], there exists
a positive constant C depending only on p, i, q, and  such that the unique weak
solution (u, P) € D(l)’a x L? to (2.9) satisfies

3q(F=2)

2F(q

IVull 207 + 1PN p2rr < Cligllzzngs + CIVR G gl (2.12)

Proof. First, multiplying (2.9); by u and integrating by parts, we obtain after using
(2.9), that

E/M(p)ldlzdx =/F~udx < FNpssllullpe < ClFpesslVull 2,
which, together with (2.8), yields
IVull,2 < CIlF |65, (2.13)

due to

2/ |d|?dx = / [Vu|?dx. (2.14)
Furthermore, it follows from (2.9); that
P = —(—A)"MdivF — (—=A) N divdiv(2u(p)d),
which, together with the Sobolev inequality and (2.14), gives
IPll2 < 1(=2)"'divF 2 + 120(0)dl 12 < CIIF || oss + C|[ Va2
Combining this with (2.13) leads to (2.10).
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Next, we rewrite (2.9); as
P ) __F 2d-Vu(p)  PVu(p)
w(p) n(p) n(p) n(p)?

Applying the standard L?-estimates to the Stokes system (2.15) (2.9), (2.9)3 yields
that, for r € [2g/(qg +2), q],

—Au+V< 2.15)

P PVu(p)

IV2ullr + VPl < IV2ullr +C Hv (—) H—f
w(e) )l pr n(e)*
< CIFl +Cl2d - Vi)l r + C IPYR() 1

2rig=3) 1_2rg=3)
< C||Fllr + ClIVu(p)llLa ”Vunz(er—é) ||V2”||Lr 7Gr—6)
2r(g=3) _2r(g-3)
+ CIVi) e |1 PIS IV P, o7
q(5r—6)

< CIFlr + CIIVr)I " AIVull2 + 1Pl 22)

1
+5 (IV%ullr + 191

where in the third inequality we have used Lemma 2.3. Combining this with (2.10)
yields (2.11).

Finally, we will prove (2.12). Multiplying (2.9); by u and integrating by parts
leads to

4/M(p)|d|2dx = —Z/g - Vudx < p|Vul3, + Cligli7»
which, together with (2.14), gives
Vullp2 < Cligllz2- (2.16)
It follows from (2.9); that
P = —(—A)"Mdivdivg — (—A)~'divdiv2u(p)d),
which implies that, for any p € [2, 7],
IPliLr < C(P)IVullLr + C(p)liglLr- (2.17)
In particular, this, combined with (2.16), shows that
IPllp2 4+ [IVull2 = Cliglz2- (2.18)

Next, we rewrite (2.9); as

(i) =9 (365 +6
—Au+V|— ) =div(—=—)+G, (2.19)
n(p) m(p)

where

g-Vulp)  2d-Vu(p) PVu(p)
n(p)? n(p) n(p)?

G-
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Holder’s inequality thus gives

g Vu(p) S R =

R L <Vl gl P el

H w(p? | L2 L
39(F-2)

<elgllr + CEIVrI 7 lIgl 2
Applying similar arguments to the other terms of G, we arrive at

"é"L% < e(lgllyz + IVullz + I1Pll7)
3q(F=2) (2.20)
+ CONVII L UIgl2 + IVl 2 + 1Pl 2).

Using (2.19) and (2.9)3, we have
Vull 7 < CIV xull
—C H(—A)—lv « div (g(u(p))_l) F (=AY x G‘

L7
= Cligllys +¢ 6] .

3+7

which, together with (2.17), yields

Vul||;z Pl <C F CHGH P
(Vullgr + 11PN, gl 7 + i

Combining this, (2.20), and (2.18) gives (2.12). The proof of Lemma 2.4 is finished.
O

3. A Priori Estimates

In this section, we will establish some necessary a priori bounds of local strong
solutions (p, u, P) to the Cauchy problem (1.1)-(1.4) whose existence is guaran-
teed by Lemma 2.1. Thus, let 7 > 0 be a fixed time and (p, u, P) be the smooth
solution to (1.1)—(1.4) on R3 x (0, T'] with smooth initial data (po, up) satisfying
(1.8).

We have the following key a priori estimates on (p, u, P):

Proposition 3.1. There exists some positive constant gy depending only on q, B, p,
My [y lpoll 372, and M such that if (p, u, P) is a smooth solution of (1.1)~(1.4) on
R3 x (0, T] satisfying

T
sup IViu(o)le < 4M. [ IVuladt <2uol G
1€[0,T] 0
the following estimates hold:
’ 4 2
sup [[Vu(p)liLe < 2M, / IVull;2de < lluoll s, (3.2)
tel0,T] 0

provided that |uo| s < €o.
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Before proving Proposition 3.1, we establish some necessary a priori estimates,
see Lemmas 3.2-3.5.

We start with the following time-weighted estimates on the L°°(0, min{1, T'}; L?)-
norm of the gradient of velocity:

Lemma 3.2. Let (p, u, P) be a smooth solution to (1.1)—(1.4) satisfying (3.1). Then
there exists a generic positive constant C depending onlyongq, B, p, s 1l poll 372,
and M such that

¢
sup ('l ) + / 7P p Purllade < Clluollgyy.  (3.3)
t€[0,¢(7)] 0

with ¢ () = min{l, ¢}.
Proof. First, standard arguments ([26]) imply that
0<p=p, el =IlpollLsm. (3.4)

Next, for fixed (p, u) with p = 0 and divu = 0, we consider the following
linear Cauchy problem for (w, P):

pw; + pu - Vw —div (u(p) [Vw + (Vw)T]) + VP =0, x € R3,
divw = 0, xeR3} (35
w(x, 0) = wo, x € R3.

It follows from Lemma 2.4, (3.5)1, (3.1), (3.4), and the Garliardo-Nirenberg in-
equality that

IVwligr + 1Pl < C (llpwr + pu - Vwll g2 + lpw; + pu - V| po/s)
< CG'2 + ol (10wl 2 + 52 - Vw2 )
<Clp" w,an+C||W||Lz||Vw||”2||v2 5
< Cllp"?willz2 + CIVul 7. I Vwll 2 + Euv w2,
which directly yields that

IVwll g1 + 1Pl g1 + lpws + pu - Vol posny2 36
< Clp" w2 + ClIVull72 [ Vwll 2.

Multiplying (3.5)1 by w; and integrating the resulting equality by parts leads to

15 [ 1o [V + w? i dx+/p|wz|2dx

1 2
—/pwVw-wtdx—i-Z/u(p)u~V‘Vw+(Vw)T dx

512012

will 2l s IVwll 13 + Cillull s Vwll 31 V2wl 2
1/2 1/2 1/2
ZIV2w s+ ClIVul 21V wl 5 1V wl s

o
1/2 32

= Clip “wll 2Vl 2 Vwll 2

172

3
=7lle w72 + ClIVull}, | Vwll7,,

(3.7)
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where in the last inequality one has used (3.6). This combined with Gronwall’s
inequality and (3.1) yields

¢(T)
sup /le|2dx+/ /p|w, dxdr < C|[Vwol3,. (3.8)
€10.£(T)]

Furthermore, multiplying (3.7) by ¢ leads to

2
(%(t/,u(p))Vw—}-(Vw)T‘ dx) —I—t/,olw[lzdx

< Ct|Vwl L IIVul§, + Cl[ Vw3 ,.

Combining this with Gronwall’s inequality and (3.1) shows that

(1)
sup /|Vw|2dx+/ /p|w, Pdxdt < Cllwoll3., (3.9)
€[0,5(T)]

where one has used the simple fact that

¢(T)
sup Mmm@+/ IVwl2,de < Cllwoll..
t€[0,¢(T)] 0

which can be obtained by multiplying (3.5); by w and integrating by parts.
Hence, the standard Stein-Weiss interpolation arguments (see [5, Theorem 5.4.1])
together with (3.8) and (3.9) imply that, for any 6 € [8, 1],

¢(T)
sup t‘*9/|Vw|2dx+/ z‘*Q/p|wt|2dxdt < CO)lwoll3-
1€10.£(T)] 0
(3.10)

Finally, taking wg = ug, the uniqueness of strong solutions to the linear problem
(3.5) implies that w = u. The estimate (3.3) thus follows from (3.10). The proof
of Lemma 3.2 is finished. m]

As an application of Lemma 3.2, we have the following time-weighted estimates
on ||p"?u, ||i2 for small time:

Lemma 3.3. Let (p, u, P) be a smooth solution to (1.1)—(1.4) satisfying (3.1). Then
there exists a generic positive constant C depending onlyongq, B, p, i, ii, || poll 13/2,
and M such that

(1)
sup Q*%M”m@)+/ PV 7,dt < Clluoll . (3.11)
1€[0,¢(T)] 0

Proof. First, operating d; to (1.1); yields that

puy + pu - Vu, —divQ2u(p)d;) + VP

. (3.12)
= —prity — (pu); - Vu + div(2(u(p)):d).
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Multiplying the above equality by u;, we obtain after using integration by parts and
(1.1)1 that

33 [ pluPar+ [ 2o Pax
= —2/,014'Vu1 ~utdx—/,0u'V(u-Vu-u,)dx (.13)

4
—fpu, -Vu - udx —}—2/ (- Vu(p)d- Vu,dx & ZJi‘
i=1

Now, we will use the Gagliardo—Nirenberg inequality, (3.1), and (3.4) to esti-
mate each term on the right hand of (3.13) as follows:

11+ 1551 < Cllo 2ucll 3 1IVuell 2 lull o + Clp" 2uell 3 1Vull 2 el o

V2 IVl |5 V2

S C”p L2 L2

|

1
< Zgnwzniz + Cllp"u 3 1 Vull,
(3.14)

| 2| = ‘/pu -V(u-Vu - u;)dx

< c/p|u||ut| (|Vu|2+|u||v2u|)dx+/p|u|2|w||w,|dx

2 2 2
< Cllullzellusll s (IIVMIILs + llullzsllV M||L2> + Cllull7slVullps | Vurll L2

< ClIVull 2 IV2ull 2| Vull7
1
< gguwtniz + CIV2ul2, | Vull} .
(3.15)
and
[ Jal < CIVR() Lol | Vull 21 Vull - 2
L12
12 1/2 =3 2 2
< Clq. M) lull /s IVull s IVu 2 1Vull 4 1V2ullf, (3.16)

IA

1 2 213 4
gglIVuzlle + ClIVull2IVoull72 + ClIVull .

Substituting (3.14)—(3.16) into (3.13) gives

d 2 2
g7 | Pluldx+p [ [Vu["dx

<C (np”zutniz - ||v2u||iz) IVul}2 4+ ClIVull 21 V2ull} 2 + ClIVull]

< Clp"2us 13,11 Vull}2 + Cllp"uddl 2 VUl 2 + ClIVull}% + ClIVull3 .,
(3.17)
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where in the last inequality one has used
IVullgr + 1Pl g1 + o +u - Vi)l persnp2
(3.18)
= C (10" urll 2+ IVull2 )

which can be obtained by taking w = u in (3.6). It thus follows from (3.17) and
(3.3) that, for r € (0, ¢(T)],

d 2 2
= | plucldx + g [ |Vu,Pax

= Cllo" 2wy (IVal}s + 110" 20 21 Va2 )

+ CPED VT, + €l Vull7,.

(3.19)

Since (3.3) implies

o(T) 12
/0 10" 20 2 | Vil 2l

s 116 V2 e
=C sup (r7IVul2) / P oy |22 de / 2P 241
0=<1=<¢(T) 0 0

2.
HB’

1/2

< Clluoll

we multiply (3.19) by r2~# and use Gronwall’s inequality, (3.1), and (3.3) to obtain
(3.11). The proof of Lemma 3.3 is finished. O

Next, we will prove the following exponential decay-in-time estimates on the
solutions for large time, which plays a crucial role in our analysis:

Lemma 3.4. Let (p, u, P) be a smooth solution to (1.1)—(1.4) satisfying (3.1). Then
for
o = 3p/@lpollLn), (3.20)

there exists a generic positive constant C depending onlyongq, B, p, (i, L, || poll 13/2,
and M such that

T
sup e [|p"2ull7, + f e’ / [VulPdxdt < Clluol3,. (3.21)
tel0,T] 0

T
sup e<”/|W|2dx+/ e‘”/p|u,|2dxdt < Clluol%. (3.22)
te[¢(T),T] ¢(T)

T
sup e‘”f,o|u,|2dx+/ ef”f|w,|2dxdt < Clluol%,.  (3.23)
te[g(T),T] (1)

and

sup e (Il + P12 ) = Clluoly,. 24
e T H! H! ap (3.24)
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Proof. First, multiplying (1.1), by « and integrating by parts leads to

1d
S 1o 2l + [ 2uGelaax <o, (3:25)

It follows from the Sobolev inequality [14, (I.3.11)], (3.4), and (2.14) that

4 _
o' 2ull72 < llollsnlulle < §||po||L3/2||VM||i2 <o 1/2u(p)|d|2dx,

(3.26)
with o as in (3.20). Putting (3.26) into (3.25) yields

d
0 Rl + ollp Rl + / 2u(p)ld dx <0,

which together with Gronwall’s inequality gives

T
sup ¢”'[lp"2ull?, +f e‘”/qu|2dxdt
0

1€[0,T1] (3.27)

1/2 2 2
= Cllpy "uoll;2 < CIIpoIIL% luoll® s = CIIMoIIHﬁ,
LTF

dueto g € (1/2,1].
Next, similar to (3.7), we have

d
o / 2u(p)ld | dx + / plus|*dx < C| Va2 | Vuel 7. (3.28)

which combined with Gronwall’s inequality, (3.27), (3.3), and (3.1) gives (3.22).
Furthermore, multiplying (3.17) by e°’, we obtain (3.23) after using Gronwall’s
inequality, (3.11), (3.1), (3.21), and (3.22).
Finally, it follows from (3.18), (3.22), and (3.23) that (3.24) holds. The proof
of Lemma 3.4 is completed. O

We will use Lemmas 3.2-3.4 to prove the following time-independent bound
on the L1 (0, T'; L°°)-norm of Vu which is important for obtaining the uniform one
(with respect to time) on the L°°(0, T'; L?)-norm of the gradient of p(p):

Lemma 3.5. Let (p, u, P) be a smooth solution to (1.1)—(1.4) satisfying (3.1). Then
there exists a generic positive constant C depending onlyonq, B, p, |1, [, [|poll 372,
and M such that

T
/0 Vullpoedr < Clluo|l - (3.29)

Proof. First, it follows from the Gagliardo—Nirenberg inequality that for any p €
[2, min{6, ¢}] N [2, 6),

llous +PM~VMIILP
’; —

lel IIP ull s +C||M||L6||VM|| L& (3.30)

6
5 6 ?p —6 P 5 4p—6
1 5p—6 5p—6
Pug) 7 IIV 2"+ CIVull 2 Va5 1Vl

1/2 172

<Clp

<Cllp
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Moreover, the Gagliardo—Nirenberg inequality also gives

lous + pu - Vull e
< Cllurllps + Cllull ol Vul Lo

1/4 3/4
< ClIVugll 2 + ClIVull 2| Va5 1V2ull

L6
which implies (3.30) holds for all p € [2, min{6, ¢}]. Combining (3.30), (2.11),
and (3.18) yields that for any p € [2, min{6, ¢}],

IV2ullr + IVPILe < Cllpus + pu - Vull possqpr
6— 3p —6 6p—6

< Cllio"udl 7 1Vull 3" + ClIVull, (3.31)

1
+ §||V2M||Lp + Cllp"Pudllp2 + ClIVull3,.

Then, setting

Al 35-2 . 6
r:zmln{q—l—?) (3_2;)}e<3,m1n{q,3_2ﬁ}>, (3.32)

one derives from the Sobolev inequality and (3.31) that

Vil < ClIVull2 + ClIV2ullLr

< ClIVull2 + Clip"ucll 2 + Clip" Mz|| ||w,|| (3.33)
6(r—1)
+ClVul,,

Finally, on the one hand, it follows from (3.3) and (3.11) that for ¢ € (0, ¢(T)],

—6

ﬁ7
Vil = Clluol ot ™% + Cluall 15 (2F19ur12,)
+ Clluoli%, 2" =07 4 €| Vull;.,

which, together with (3.1), (3.11), and (3.32), gives

¢(T)
/ Vullpoods
0
r+6 3r=6

= Y ) o
< Clluoll o + Clluol (/ e dt) (/ ‘ ||Vut||L2df>
0 0

< Clluollgs-
(3.34)
On the other hand, using (3.33), (3.22), and (3.23), we obtain that for ¢ €
[¢(T), T1,

IVullzee < Cllio"?usll 2 + CliVugll 2 + ClI Vull 2 + Cl[Vull$,
< Cluol gee™"* + ClIVul 12,
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and thus

T T 12 , .r 12
[ iutimar = Cluoge + ¢ ([ etar) ([ enivuidar)
() ¢(T) ¢(T)

< Clluoll gs-
(3.35)
Combining this with (3.34) gives (3.29) and finishes the proof of Lemma 3.5. 0O
With Lemmas 3.2-3.5 at hand, we are in a position to prove Proposition 3.1.
Proof of Proposition 3.1. Since 1 (p) satisfies
(m(p)e +u-Vu(p) =0,

standard calculations show that

d
3 1Vio)liLe = qliVul=Vio)|La, (3.36)

which together with Gronwall’s inequality and (3.29) yields

T
sup IV()lle < 1V0(po)lze exp{q / ||w||Loodr}
0

1€[0,T] (337)
< IVipo)liza exp {Clluoll g6}
<2[IVu(po)llLe,
provided that
luoll s < &1 2 C~'n2. (3.38)
Moreover, it follows from (3.3) and (3.22) that
T 2 8
/ IVuljde < sup (tl—ﬂnwniz) f 126=2d;
0 t€[0,¢(T)] 0
2 (7 3.39
4 sup (eol”Vu”%z) / e—2Uldt ( )
te(s(T),T] ¢(T)
<Clluoll s < lluolls
provided that
luoll g < &2 2 C7/2. (3.40)

Choosing &g £ min{l, &1, &2}, we directly obtain (3.2) from (3.37)—(3.40). The
proof of Proposition 3.1 is finished. O

The following Lemma 3.6 is necessary for further estimates on the higher-order
derivatives of the strong solution (p, u, P):
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Lemma 3.6. Let (p, u, P) be a smooth solutionto (1.1)—(1.4) satisfying (3.1). Then
there exists a positive constant C depending only on q, B, p, My i, M, looll 132,

and ||Vuol| 12 such that for po £ min{6, ¢},

T
sup e’ (||Vu||iz+c||w||§,1 +z||P||i,1)+/ ce”! | V|12, de
tel0,T] 0 (3 41)

T
+/0 e (nwn%,l 1P + SVl 1 +¢||P||3Vl.,,0)dr <C.

Proof. First, multiplying (3.28) by €', we get after using Gronwall’s inequality,
(3.21), and (3.2) that

T
sup IVl + [ e ol < C. (342
tel0,T] 0

Combining this with (3.17) gives

d
5/p|uz|2dx +g/ \Vu, [dx < Cllp'Pugll}> + ClIVul3,

which along with Gronwall’s inequality, (3.42), and (3.21) implies that

T
sup ¢e”' oM Pusll3, + / £ | Vugl|3,dt < C. (3.43)
te[0,T] 0

Combining this, (3.18), and (3.42) gives

T
sup e (lqulli,. + IIPlli,.) +/ e’ (||Vu||§ll + ||P||§,.)dt <C.
0

1€[0,T]
(3.44)
Finally, it follows from (3.18), (3.31), (3.42), and (3.4) that, for py £ min{6, ¢},

IVull giawiro + 1Pl giawtre < CliVugllg2 + CliVull 2, (3.45)

which, together with (3.43) and (3.21), implies

T
[ e (19t + 1Py )b < .

This combined with (3.42)—(3.44) gives (3.41) and completes the proof of Lemma
3.6. m]

The following Proposition 3.7 is concerned with the estimates on the higher-
order derivatives of the strong solution (p, u, P) which in particular imply the
continuity in time of both V2x and V P in the L? N L?-norm:
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Proposition 3.7. Let (p, u, P) be a smooth solution to (1.1)—(1.4) satisfying (3.1).
Then there exists a positive constant C depending onlyongq, B, p, |2 s llpoll e, M,

Vuoll 2, and ||V poll 12 such that for po £ min{6, g} and qo £ 4q/(q — 3),

sup 06" (I1Vul py + 1Py 10 + IVue13: )

1€[0.T] wl.ro wl.po
T (3.46)
+ / g0+ g0t (||(pu,>t||iz Vil 7 + 1P ||izmm) dr<cC.
0
Proof. First, in a similar way to (3.36) and (3.37), we have
sup [[Vpllz2 =2IVpollg2,
Ozt<T L L (3.47)
which together with the Sobolev inequality and (3.42) gives
lorll2nz3e = llu - Vollp2agse2 45)
172 1/2 1/2 :
< CIIVpll 2 IVull 2 IVull))? < ClIVull ).
Next, it follows from (3.12) that u, satisfies
—divQu(p)d;) + VP, = F + divg,
divu, =0,
with
F & —puy — pu-Vuy — pg = (pu), - Vu, g = =2u-Vy(p)d.
Hence, one can deduce from Lemma 2.4 and the Sobolev inequality that
IVurlizznr + IPillzogm < CIEIL s +Cliglzenzm.  (3.49)

L6/5N [ P03

Using (3.1), (3.4), (3.48), (3.41), and (3.45), we get by direct calculations that

al g
L6/5nL ro+3
1/2
<Clol'? 5 10 Punli2 +Cllol o lullzoollVugll 2
L3/2AL %P0 L3NL %P0
+ Cllpell 2z (”Mt” o VUl + ||Vu||H1||w||W1.po)
LSNL6=Po
+ Cllollzzapro lull s IVl s
3/2 5/2
< Cliy/pusll 2 + el Vurllro + C@NIVull 2 (1 + [Vul 2D + ClIVul 7,
(3.50)
and that
gl z2nzre < CIVR( e lull ponzoe IVl 2010 351)

< ClIVurll 21 Vull g + ClIVul3,,

where in the second inequality one has used the following simple fact that

IVulle < ClIVull giawrrg < CliVurlizz + CliVull 2, (3.52)
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due to the Sobolev inequality and (3.45). Then, putting (3.50) and (3.51) into (3.49),
we obtain after choosing ¢ suitably small that

Vurll p2apeo + 1Pl L2AL00

(3.53)
< Cll/pusllp2 + ClIVue |l 2 (1 + IIVulli,l) + C||Vullgr + CIIWIISHI.

Now, multiplying (3.12) by u;; and integrating the resulting equality by parts
lead to

d
/ phuPdx + 5 / w(p)ldy Pdx

= / div(ue(p)u)d,|*dx — / p(u - Vus +us - Vu) - updx — / peul uydx
. : . . 5
- / putt - Vuluydx — 2 / 0 (ka3 el dx 2 3 .
i=1

(3.54)

We will use (3.41), (3.53), and the Sobolev inequality to estimate each term on
the righthand side of (3.54) as follows:

First, it follows from (3.1), (3.41), and (3.53) that

2(1706(1*17027)2@ (2170 5
q(po— q(po—
111 < Cllullee V(o) Lo Ve ]l " IVuellfpo
q<17072)2
2 -po— 2
< ellVuellzpp + CENVull ™ I Vully2 (3.55)

< Cell s+ C@) (1+ 1Vul®, ) [Vuq 12,
+ C@IVul) + @Vl
where in the last inequality we have used

q(po—2)
poq — po — 2q

Next, Holder’s inequality gives

€ [1, qo0l.

L) < / plue|*dx + C(&) | Vull7,1 | Vur |17 (3.56)

Then, direct calculations show
1

=35 [oiuax+ [Guaudula
2dt | Ut Uty Uy

1d ) )
< —s— [ peluel"dx + Cllpli gl Vuell g2 lluell 76
2 dt
+ Clloell 2 lull oo (I Vug |l 3 e || 6 (3.57)

d ..
== / pu - Vululdx + Ce)(1 + [[Vuyll 2 + I Vull 3 ) Vuell3 2

+e / plug*dx + C(&) | Vul3, + C) | Vul,,.
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where in the last inequality one has used (3.48) and (3.53).
Next, it follows from (1.1); and (3.48) that

Iy =— & ot - Vud ul dx + /(pu’),ai(u - Vudul)dx + / or (- Vul)ul dx
==q | P Vululdx + / oul (u - Vu! dju] + 8; (u - Vu! yu )dx

+ f ptui(u . Vqu)iu,j + 0; (u - Vuj)utj)dx + / JAUR Vuj),u,jdx
d o
== / prt - Vuduldx + Cllugll s |Vl (IVuell 2 + luell o)

1/2
+ Cllocl 2 1Vully? (190l 2 IVl 190l g1y + el o1Vl )
+ Clloull 2wl e (el oIVl 1 + Vot 31Vl 1)

d -
- / putt - Vululdx + C(@) (1+ Vgl 2 + 1 Vuly ) 19012,

+e / plusel*dx + C(&) | Vull2,, + C(e) || Vul,,.

(3.58)
Finally, direct calculations lead to
Is =24 / 0 (u* o () Y dxe — 2 / 0 (u* p(p) 3 )uy dx
+2 / 0 (u* 0k (14 ()} ) 1] dx
d . . . .
— 25 / uF e (p)d! d;u dx +2/(M(p)ukakdi]),8iu{dx
(3.59)

-2 / @t p(p)a! ) dgu dx — 2 / uf0; (1 (p)d) ) gu] dx

-2 / uk (0; ((p)d! ) Bpue] dx
d . . 4
2 25 / ke (p)d] djul dx + 215,,.
i=1

We estimate each I5;(i = 1, --- , 4) as follows:
First, integration by parts gives

Isy =2 / (o))t yud dx +2 / sk oy ()3l dx
— —2/u~VM(p)uk8kdij8iu{dx+2/u(p)ufakdijaiu{dx

- / div(ue(p)u)|d,|*dx

< Clull? ogiq-5 IV 1 Lo V20l 13Vt | 3 (3.60)
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+CIIV2ull 21V 117 + 111 ]
< Cellp"Punllys + CE A+ [Vul®, + [Vurll ) Ve ll3
+C@VullSy + C @I Vul?,
where in the last inequality we have used (3.41), (3.45), (3.53), and (3.55).
Then, it follows from (3.1) and (3.52) that
Is.2] < CllullL IV (o)l | Vaell p3aria-5 | Vaell 6 | Vit || .2

+ C||Vull L= Vi |17,

5 5 (3.61)
< ClIVull grawtn (||Vu||H1 IVl 2 + cnwtan)
< ClIVullfy + CA+ [VulZy + Va2 Va2
Similarly, combining Holder’s inequality and (3.45) leads to
15,31 < Cllull 261 Vol 2 (Vi (o) | Lo IVl 3aria—n + 11Vl 13) 362

< ClIVug (1 Vurll 2 + 1Vl o).

Finally, using (1.1)> and (1.1)3, we obtain after integrating by parts that
Isy = —Z/Mkathaku{dx —2f uF(ou! + pu - Vul),dpu! dx
=2f8juth8ku{dx —2/ukpu{,8ku,jdx

2/uk(p,u{ + (ou - Vuj)t)aku{dx

< CIVull sl Pl 3 IVl 12+ Cll/prtee 2 IVull g | Va2 (3:63)
+ Cllull o IVur 2l ol g2 (e oo + [Vl g | Ve o0 )
+ Cllull oo Vg 2 (Vg |l 2 + g o) Ve g1

<Ce f plug*dx + C@)(1 + [|Vugll 2 + [ Vull 30l Vi 17
+ C@IVul7: + C@Vul,.

where in the last inequality one has used (3.53) and (3.48).
Substituting (3.55)—(3.63) into (3.54), we get after choosing ¢ suitably small
that

d 1
—fu(p)ldzlzdx+w’(t)+—/plunlzdx

< CU+ I Vullzz + IVul BDIVu 172 + ClIVullyy + ClIVa)$,,

(3.64)

where

W) 2 —/pu.Vu,ju,jdx—/ptu~Vuju,jdx+2/ ko (p)d! dpul dx
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satisfies
()| <ClIV/pull 2 1IVuell 21 Vull g + Clipell 2 lull ol |l o Vaell
+ CIVi(o)llze | Vuell 2| Vuel| 3, s,
< WV 2, + CIL B IVl + CIVuly

due to (3.1) and (3.48).
Then, multiplying (3.64) by ¢90¢°" and noticing that (3.41) gives

cO1 + | Vag 2 + IVl DI Vig 172 < CCOH Vg |72 + CZI Vg7,

we get after using Gronwall’s inequality, (3.65), (3.41), and (3.43) that

T
sup {qoemHVu;IIiz—i-/ {qoem/p|ut,|2dxdt <C. (3.66)
0<t<T 0

Furthermore, it follows from (3.48) and (3.41) that
ICoun)i N2 < ClUVull g IVuell 20, 00 + Cllo" ul3 2,

which together with (3.66), (3.45), (3.53), and (3.41) gives (3.46) and thus completes
the proof of Proposition 3.7. O

4. Proofs of Theorems 1.2 and 1.3

With all the a priori estimates in Section 3 at hand, we are now in a position to
prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. First, by Lemma 2.1, there exists a 7, > 0 such that the
Cauchy problem (1.1)—(1.4) has a unique local strong solution (p, u, P) on R3 x
(0, Ty]. It follows from (1.8) that there exists a 77 € (0, T4] such that (3.1) holds
forT =T.

Next, set

T* £ sup{T|(p,u, P) is a strong solution on R x (0, T1 and (3.1) holds}.
4.1
Then T* > T} > 0. Hence, forany 0 < 7 < T < T™* with T finite, one deduces
from (3.41) and (3.46) that

Vi, PeC(lr. 71 L2) N (B x [r.71), (4.2)
where one has used the standard embedding
L®, T; H'n W) 0 H' (¢, T; L?) < C([z, T1; L*) N C(R3 x [z, T).
Moreover, it follows from (3.1), (3.4), (3.47), and [26, Lemma 2.3] that

peC(0,TL; L**NH", Vu(p) e C(0, T]; L9). (4.3)
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Thanks to (3.42) and (3.46), the standard arguments yield that
pu, € H'(t, T; L?) = C([t, T]; L%,
which, together with (4.2) and (4.3), gives
puy + pu - Vu € C([t, T1; L?). (4.4)

Since (p, u) satisfies (2.15) with F = pu; + pu - Vu, we deduce from (1.1), (4.2),
(4.3), (4.4), and (3.46) that

Vu, P e C(t,T]; D' n D"P), 4.5)

forany p € [2, po).
Now, we claim that
T" = o0. (4.6)
Otherwise, T* < oco. Proposition 3.1 implies that (3.2) holds at T = T*. It follows
from (4.2), (4.3), and (4.5) that

(p*, u*)(x) £ (p,u)(x, T*) = lim (p, u)(x, 1)
t—T*
satisfies
p* e L’*NH', u*eDj,nD""

forany p € [2, po). Therefore, one can take (p*, p*u*) as the initial data and apply
Lemma 2.1 to extend the local strong solution beyond 7*. This contradicts the
assumption of 7* in (4.1). Hence, (4.6) holds. We thus finish the proof of Theorem
1.2 since (1.11) and (1.12) follow directly from (3.47) and (3.46), respectively. O

Proof of Theorem 1.3. With the global existence result at hand (see Proposition
1.1), one can modify slightly the proofs of Lemma 3.4 and (3.47) to obtain (1.13)
and (1.14). O
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