Arch. Rational Mech. Anal. 239 (2021) 599-678
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-020-01582-8

l‘)

Check for
updates

Torus-like Solutions for the Landau-de Gennes
Model. Part I: The Lyuksyutov Regime

FEDERICO DIPASQUALE, VINCENT MILLOT & ADRIANO PISANTE

Communicated by A. BRAIDES

Abstract

We study global minimizers of a continuum Landau-de Gennes energy func-
tional for nematic liquid crystals, in three-dimensional domains, under a Dirichlet
boundary condition. In a relevant range of parameters (which we call the Lyuksyu-
tov regime), the main result establishes the nontrivial topology of the biaxiality sets
of minimizers for a large class of boundary conditions including the homeotropic
boundary data. To achieve this result, we first study minimizers subject to a physi-
cally relevant norm constraint (the Lyuksyutov constraint), and show their regularity
up to the boundary. From this regularity, we rigorously derive the norm constraint
from the asymptotic Lyuksyutov regime. As a consequence, isotropic melting is
avoided by unconstrained minimizers in this regime, which then allows us to anal-
yse their biaxiality sets. In the case of a nematic droplet, this also implies that the
radial hedgehog is an unstable equilibrium in the same regime of parameters. Tech-
nical results of this paper will be largely employed in Dipasquale et al. (Torus-like
solutions for the Landau- de Gennes model. Part II: topology of S!-equivariant min-
imizers. https://arxiv.org/pdf/2008.13676.pdf; Torus-like solutions for the Landau-
de Gennes model. Part III: torus solutions vs split solutions (In preparation)), where
we prove that biaxiality level sets are generically finite unions of tori for smooth
configurations minimizing the energy in restricted classes of axially symmetric
maps satisfying a topologically nontrivial boundary condition.
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1. Introduction

Nematic liquid crystals (NLC) are mesophases of matter between the liquid
and the solid phases. Nematic molecules typically have elongated shape, approxi-
mately rod-like, and can flow freely, like in a liquid, which forces their long axes
to align locally along some common direction. This feature is the key for the ex-
treme responsivity of nematics to external stimuli, which in turn is the reason why
they are so useful in technological applications. Macroscopic configurations of ne-
matics are usually described by continuum theories, the most successful being the
phenomenological Landau-de Gennes (LdG) theory [3,15,48,65] which accounts
for the most convincing description of the experimentally observed optical defects
[33,38]. In the present article, the first in a series of three, we study minimizing
configurations of the Landau-de Gennes energy functional in three dimensional
domains under a Dirichlet boundary condition (or strong anchoring condition in
the NLC terminology [3]). Our primary objective (and main result) in this first
part is to show the emergence of topological structures in minimizers according
to the (topological) non-triviality of the boundary condition (Theorem 1.6). Here
the topology is sought in the so-called biaxial surfaces, level sets of an indicator
function, the signed biaxiality parameter, associated with any (smooth, non vanish-
ing) configuration, see (1.1) and the discussion below. The non-triviality of those
surfaces provides the first mathematically rigorous result on the nature of defects
which, at least in model geometries, are expected to be of torus type [21,34,35,53].
Toroidal structures will be found in our companion articles [17, 18] where the LdG
energy is minimized over a restricted class of symmetric configurations. The sec-
ondary objective here is to prepare the analytical ground for [17,18]. Before going
further, let us now describe the mathematical setting in details.

According to the LdG theory, configurations of NLC are represented by an
order parameter which is a second order tensor called Q-tensor. It takes values in
the 5-dimensional space

S0i={0 = (0i)) € M3 ®) : 0 = 0", (@) =0),

where .#3,3(R) is the real vector space made of 3 x 3-matrices, 0! denotes the
transpose of Q, and tr(Q) the trace of Q. The space Sy is endowed with the
Hilbertian structure given by the usual (Frobenius) inner product. Since the matrices
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under consideration are symmetric, the inner product and the induced norm are
givenby P : Q:=)", ; P;jQ;j = t(PQ) and | Q|> = tr(Q?). Upon the choice
of an orthonormal basis, Sy can be identified with the Euclidean space R>. In
particular, {Q €S0 = 1} = S*, the 4-dimensional sphere.

In this way, a NLC configuration contained in a domain € R? is represented
byamap Q : @ — Sy. At a given point x € €2, one can distinguish three mutually
distinct phases: (i) the isotropic phase, Q(x) = 0; (ii) the uniaxial phase, Q(x) has
a double eigenvalue; (iii) the biaxial phase, Q(x) has three distinct eigenvalues. A
convenient way to measure biaxiality among configurations away from isotropic
points has been introduced in [36]. It relies on the (classical) biaxiality parameter

| A l(g‘ﬁ) € [0, 1], which vanishes exactly on the uniaxial phase. In turn, the value
1 characterizes the maximal biaxiality with maximal gap between the (normalized)
eigenvalues. A drawback of this parameter comes from the fact that it does not
distinguish two different phases within the uniaxial phase (see e.g., [16,34,35]): (i)
the positive uniaxial phase where the lowest eigenvalue is double; (ii) the negative
uniaxial phase where the highest eigenvalue is double. For this reason, we shall use

a modified notion of biaxiality parameter that we now define.

Definition 1.1. For any Q € S \ {0}, we define the signed biaxiality parameter of
Q as

~ w(Q?)
Bo=v6T=) 1,1 (1.1)
10|

With this definition at hand, if a matrix Q has aspectrum o (Q) = {1, 22, 23} C R
with eigenvalues in increasing order, then E (Q) = =1 iff the minimal/maximal
eigenvalue is double (purely positive/negative uniaxial phase), ,B~ (Q) =0iffx, =0
and A1 = —X3 (maximal biaxial phase), and Q = 0 iff A; = Ay = A3 (isotropic
phase).

Let us now assume that the occupied region €2 € R? is a bounded open set with
smooth boundary. We consider the Landau-de Gennes energy with the so-called
one-constant approximation for the elastic energy density, see e.g. [3]. In this case,
it takes the form

L
Fi6(Q) = /Q SIVQP® + Fa (Q)dx, (1.2)
and it is defined for configurations Q in the Sobolev space W!-%(Q2; Sp). The pa-

rameter L > 0 is a material-dependent elastic constant, and the bulk potential Fp
is the quartic polynomial

2
Fg(Q):=— %tr(Qz) tr(Q )+ < (tr(Q )) (1.3)

where a, b and ¢ are also material-dependent strictly positive constants. As usual,
it is convenient to subtract-off an additive constant and introduce

Fg(Q):=Fp(Q) — min F, (1.4)
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so that the new potential becomes nonnegative. It turns out that the potential is
minimal when the signed biaxiality is maximal and the norm equals a characteristic
value s+ > 0 determined by a, b, and c. More precisely, FB(Q) = 0iff Q € Omin
where Qnin the vacuum-manifold made of positive uniaxial matrices

1
Qminzz{QeSO:Q=s+<n®n—§l>, neS2}, (1.5)
and s
b* + Vb* + 24a%c?
Syi= 102 (1.6)
is the positive root of the characteristic equation
207 — b*t — 3a* = 0. (1.7)

Notice that, up to a multiplicative constant, Qp;, is the representation of the real
projective plane RP2 = S?/{=1} through the Veronese immersion into S* (see e.g.
[2, p. 80]). Therefore Qp;i, has nontrivial topology, and there are nontrivial homo-
topy groups 2 (Qmin) = Z and 71 (Qmin) = Z3, which are relevant for the presence
of topological defects. We replace Fi g by the energy functional corresponding to
the new potential

~ L ~
fLG(Q)5=/SZ EIVQI2 + Fg(Q)dx, (1.8)

which is now the sum of two nonnegative terms, one penalizing spatial variations,
and the other deviations from the vacuum manifold Qpiy.
To reduce the dependence on the parameters, we rescale tensor maps by setting

2
Qx) =: S+\/2Q(X). (1.9)

Under this normalization, the vacuum manifold becomes exactly the real projective
plane RPZ, where RP2 C S*is precisely embedded (and from now on identified
with) through the Veronese immersion (provided by (1.5) with 4/3/2 in place of
s+). In turn, the energy functional rewrites

~ 2
Fic(Q) = gsiL Fan(Q), (1.10)
with 1
FM(Q)::fQEIVQ|2+/\W(Q)+%(1 —101%)%dx. (1.11)

The reduced parameters A and p are given by

2 b2 2
)»::\/i s > 0, Mzza— > 0,
3 L L

and the reduced smooth potential W : Sp — R is nonnegative and vanishes exactly
on RPZ. More precisely, in view of (1.6)-(1.7), the potential W is explicitly given
by

_ b 3_ 3 1 2 _1)?
W(Q) = ——=(10°=Ver(@h) + (e +2101+1)(101-1)%, (1.12)
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or equivalently,

1
10* — ~tr(Q? )+1 (1.13)

f 2V6

The structure relations (1.11) and (1.12) suggest that, in a regime where p is large
compared to A, the energy F;, ,, favours rescaled configurations of approximatively
unit norm.

The functional .%LG has already been studied in several parameters regimes.
We emphasize the articles [4,11,14,30,31,46,47,51] as somehow directly related
to the present paper, and we refer to [3,20] for further references. To the best
of our knowledge, the reduction (1.10)-(1.11) seems to be new, and in turn, the
regime where p is large compared to X has not been addressed in the mathematical
literature. This is precisely the range of parameters we want to focus on.

Following [44] (see also [20,34,35,53] for further discussion on the physical
ground), we first make the fundamental assumption that the norm of an admissible
configuration Q is given by the constant value proper of the vacuum manifold, i.e.,

w
(Q) = 1

2
Qx)| = \/g Sy (Lyuksyutov constraint). (1.14)

Under the Lyuksyutov constraint, the energy functional takes the form

~ 2 2

FLc(Q) = §S+LSA(Q)
for rescaled tensor maps Q € W2(Q; S*), where

1
S;L(Q):=/ §|VQ|2+AW(Q)dx. (1.15)
Q

The restriction of the potential W : Sy — R to S* is given by

W(Q) = -B@) voest, (1.16)

i
where E (Q) is the signed biaxiality from Definition 1.1. In particular, W is non-
negative on S*, {W = 0} N'S* = RP2, and Vi W(Q) = 0 for any Q € RP2.
As a consequence, when further restricted to the subspace of positive uniaxial con-
figurations Wl2(Q: RP?), the energy functional (1.15) reduces to the Dirichlet
integral, i.e., the Frank-Oseen energy in the one-constant approximation. For an
account on the qualitative properties of defects in the Frank-Oseen model, we refer
the interested reader to e.g. [1,10].

A critical point Q3 € W12(Q; S*) of £, among S*-valued maps satisfies in the
sense of distributions in €2 the Euler-Lagrange equation

AQi +IVQiI2 05 = AVean W(Q)), (1.17)

with the tangential gradient of W along S* C S given by

1
VW (Q) = —(Q* = 31 ~ (@) 0).
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The left hand side of (1.17) is usually called tension field of Q. It is a tangent field
along Q in S*, and equation (1.17) is nothing else but a perturbed harmonic map
equation for S*-valued map with the extra term A Vi, W (Q) as a source term. Any
tensor field Q which is weakly harmonic among S*-valued maps and lying in the
subspace W2(Q; RP?) is also weakly harmonic among maps in W' 2(Q; RP?),
and provides a solution to (1.17)." Since everywhere discontinuous weakly har-
monic maps among maps in WL2(Q: RP?) do exist (see [55]), we expect smooth-
ness of solutions to (1.17) to fail in general, and their regularity should rely in an
essential way on energy minimality.

We consider the minimization of the energy functional £, among maps in
W12(Q; S*) satisfying a Dirichlet boundary condition in the sense of traces. We
fix a smooth boundary trace Qy : Q2 — S*, and we consider the set of admissible
configurations

Ag,(R):={0 e W'(@: 80) : Qs = 05, 10| = Lae.in @ < W'2(@; %),

(1.18)
which is nonempty by [27]. Hence, one can fix a reference extension Qy, € Ao, (),
which, as a matter of fact, can be chosen in C° (Q; 84), or even smooth in the interior
since 17 (84) = 0 (so that density of smooth maps in Ao, (2) holds, see e.g. [7]).
By the direct method in the Calculus of Variations, it is routine to show that there
exist minimizers Q; € Ag, (€2) of &,.. Concerning regularity, such minimizers are
smooth in €2, and up to to the boundary if 9€2 and Qy, are regular enough. The energy
&, being a 0-order perturbation the Dirichlet energy, regularity can be recovered
through the well established theory of minimizing harmonic maps, starting from
the pioneering papers [59-61] where Holder continuity up to the boundary for
minimizers for a class of energies including (1.15) was first established. For details
on this theory, we refer to the books [23,41,50,62]. The precise regularity statement
we shall rely on is the object of the following theorem:

Theorem 1.2. Assume that 3$2 is of class C> and Qy € CH1(9€2: S*). If Oy is
a minimizer of &, in the class Ag,(2), then Q) € C*®(Q) N C1(Q) for every
a € (0,1). If in addition Qp € C>%(dRQ) for some § > 0, then Q) € C>*(Q),
and, finally, if Q is a domain with analytic boundary and Q, € C®(0S2), then
0 € C?(Q).

Besides the fact that Theorem 1.2 cannot be truly considered as new, we shall
present a detailed proof, for essentially two reasons. The first and main reason is that
it gives us the opportunity to develop a full set of estimates (and identities) available
for more general critical points of &, keeping track of the data (domain, boundary
condition, parameters). With this respect, it paves the way for our companion articles

I Observe that the converse implication is not true in general, because the Veronese im-
mersion is minimal but it is not totally geodesic, and the tension field of Q in S* could be
purely orthogonal to R P2 but nonzero. Thus, if Q is weakly harmonic among map in the
space W1’2(§2; RP2), ie., it is a critical point of the Frank-Oseen energy, then it does not
solve (1.17) in general. Hence it is not a critical point of the Landau-de Gennes energy under
norm constraint.
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[17,18], where we consider minimizers of £, in a restricted class of symmetric
maps for which [59-61] do not apply, and we perform some asymptotic analysis
with respect to those data, see Remark 1.7. To effectively apply our estimates in
[17,18], we had to rely as less as possible on energy minimality, and we made
explicit estimates coming from the regularity theory for stationary harmonic maps
(see e.g. [19,41,50]) which will be crucial to obtain compactness properties for the
corresponding solutions to (1.17). Our second reason is to present a proof which is
self-contained and elementary (even if rather long), aiming to popularize tools from
harmonic maps theory, and hoping that it could be useful to the NLC community.

The proof follows somehow a classical scheme, but it presents some differences
we want to comment on. The crucial point is to obtain Lipschitz continuity, as higher
order regularity can be then deduced from linear elliptic theories. For both interior
and boundary regularity, the main steps are: (i) monotonicity formulae; (ii) strong
compactness of blow-ups; (iii) constancy of blow-up limits (Liouville property);
(iv) continuity under smallness of the scaled energy (e-regularity); (v) Lipschitz
continuity. The monotonicity formula here is not obtained by inner variations, but
instead by a (regularizing) penalty approximation for which we can use the classical
Pohozaev multiplier argument (see e.g. [13], or [47] in the LdG context). More
precisely, we relax the norm constraint, and passing to the limit in the monotonicity
formulae for approximated problems, we obtain interior and boundary monotonicity
formulae. Strong compactness of blow-ups is obtained as usual by construction of
comparison maps based on the Luckhaus lemma [43], see e.g. [62]. The constancy of
blow-up limits follows from [61] at interior points, and from [39] at boundary points.
Our approach to e-regularity treats in a unified way the interior and the boundary
case, adapting for the latter the clever reflection trick devised in [57] for harmonic
maps. Holder-continuity under smallness of the scaled energy is not deduced from
Hardy-BMO duality as in [19], or from integrability by compensation as in [56].
Here we adapt to our context the elementary iteration approach introduced in [12],
as already done in [52] for a similar minimization problem. Finally, Lipschitz
continuity is obtained using a harmonic replacement argument in the spirit of [58].

With Theorem 1.2 at hand, we now remove the norm constraint (1.14), and
we consider the unrestricted energy functional (1.11). We minimize F; , over
maps in W12(Q; Sp) still satisfying a Dirichlet boundary condition. Given Qy €
CH1(9€2; S*), existence of minimizers Q? of F, . in Wé’bz(Q; So) follows again
from the direct method in the Calculus of Variations. In addition, the usual inte-
rior and boundary regularity for semilinear elliptic equations applied to the Euler-
Lagrange equation satisfied by critical points of Fj , (see (4.1)), implies that
Qf e Ch¥(Q; Sp) N C¥(Q; Sp) for every a € (0, 1). At this stage, we are in-
terested in the asymptotic behaviour of minimizers Qf in the range of parameters
(that we call Lyuksyutov regime)

= 2 b5y t @ + (1.19)
=,/=———= = const, = — — +oo. )
3L =T

Particular cases are given by a’? - oo, b* ~ |a|’1 or L — 0, b®> ~ L. These
regimes resemble the low-temperature limit and the small elastic constant limit,
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respectively. For further discussions on this aspect and related asymptotic limits,
we refer to Remark 4.12 and [20].

Under these restrictions on the parameters, the last term in ), acts as a penalty
approximation of the norm constraint (1.14). The family {F; ,}, converges to the
functional &, (in the sense of I"-convergence, see e.g. [9]), and minimizers of F;,
converge to minimizers of &£, in the energy space. Then Theorem 1.2 comes into
play to prove that, in the Lyuksyutov asymptotic regime, the norm of minimizers of
F;.,u converges uniformly to one, hence providing a mathematical justification of
the norm constraint (1.14) originally introduced in [44]. As a byproduct, minimizers
do not exhibit the isotropic phase for u large enough compared to A, the fundamental
point of our (upcoming) discussion.

Theorem 1.3. Assume that 9Q is of class C> and Qp, € C11(dQ; S*). There exist
minimizers Qﬁf of F.,u in the class Wé’bz(Q; So), and any such Qﬁf belongs to
C?(Q) N CH¥(Q) for every a € (0, 1). In addition, as 1 — oo with ) constant
(Lyuksyutov regime), the following holds:

(1) there exist a (not relabeled) subsequence and Q) € W'2(; S*) minimizing
&y in the class Ag, (2) such that Q;f — Qy strongly in W2(Q; Sp);

(2) Fopu(Q5) = E.(Q3) and p [o(1 — 10517 dx — 0;

(3) |Q’;| — 1 uniformly in Q.

In particular, for each A > 0, there exists a value ) = [, (A, 2, Qp) > 0 such
that for L > [y, any minimizer Qf\‘ of Fi,u satisfies |Qﬁf| > 0in Q, i.e., minimizers
do not exhibit the isotropic phase.

This theorem is very much inspired by the important paper [47], where mini-
mizers of Frg (see (1.8)) are studied in the regime L — 0, the other parameters
being fixed. It is proved that they converge towards minimizing harmonic maps
into Qmin (see (1.5)), hence recovering the Frank-Oseen model of NLC in the one-
constant approximation. Under our normalization (1.9)-(1.10), the analysis in [47]
corresponds to the regime A — oo and u — oo with A ~ u, and limits of minimiz-
ers are minimizing harmonic maps into R P2. The Lyuksyutov regime (1.19) is thus
different, and even if Theorem 1.3 shares some features with [47], it complements
the result in [47] giving in the limit another asymptotic theory.

In Theorem 1.3, claims (1) and (2) can be seen as a standard consequence of
the I'-convergence of the family {F) .}, to &, although for the reader’s conve-
nience such notion is not explicitly used in the proof (but just mentioned here for
readers familiar with it). As a matter of fact, the two claims rely on a sharp two-
sided bound on the energies {F, M(Qg )}, the lower semicontinuity property of
the energy functionals, the construction of trial sequences, and the standard weak
compactness in W12 coming from the equicoercivity of the energies. Then min-
imum points strongly converge to minimum points in W2, and the two claims
follow as the upper and the lower bound mentioned above coincide. As already
emphasized, claim (3) is the most important conclusion here as it guarantees that
the isotropic phase is avoided in the Lyuksyutov regime (as proved in the different
low-temperature regime in [11] and [14,30], in 2D and 3D respectively), and uni-
form convergence of the norm to one provides a mathematical justification of the
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Lyuksyutov constraint. The proof of claim (3) is reminiscent from Ginzburg-Landau
theories as in [47]. Itis crucially based on Theorem 1.2 where the smoothness of the
limiting minimizer Q; together with the strong W !:2-convergence yields smallness
of the scaled energy of Q;‘ at a sufficiently small scale. Then, elliptic regularity
combined with monotonicity formulae in a way similar to [47, Propositions 4 and
6] leads to the uniform convergence of |Q’; |

To illustrate our discussion so far, let us now consider the model case of a
nematic droplet, i.e., when = {|x| < 1} is the unit ball. The outer unit normal

to the boundary is Z(x) = x/|x|, and a natural boundary datum is the so-called
radial anchoring, namely

3/ x X 1
Qb(x):\/;<m®m—§l> (1.20)

Since 7 : 9Q — S? s harmonic, the homogeneous extension H(x) = Op (x/]x])
(called the constant-norm hedgehog) is a weaklg harmonic map from €2 into RP2,

and it is an energy minimizer of &, over Wé’b (Q: RP?) by the lifting property

of Wl’z-maps in RP? in [4] and the celebrated result in [10]. Moreover, a direct
computation shows that H is also a weak solution to (1.17), i.e., it is a critical point
of £,. As H is singular at the origin, Theorem 1.2 tells us that H is not minimizing
&) in the class Ap, (€2). We shall prove in Proposition 4.7 that H is in fact strictly
unstable in many directions, employing an argument similar to [61], an explicit
computation of the second variation of energy, and a perturbation localized near
the origin.

Still in the case of a nematic droplet subject to radial anchoring, the energy
functional F; ,, has an O(3)-equivariant (radial) critical point commonly known
as radial hedgehog

]
H' =" (—® — —=I1), 0<x| <. (1.21)
x|~ |x| 3

This solution is obtained from a unique function s ,); (|x]) increasing from O to +/3/2
solving an ODE with the prescribed values at [x| = O and |x| = 1, see e.g. [32,46]
and the references therein. It turns out to be the unique uniaxial critical point of F}
w.r.to arbitrary (not necessarily uniaxial) perturbations, see [37]. As the origin is an
isotropic point, Theorem 1.3 shows that H)f‘ does not minimize F} , in the class

WlQ’bz(Q; So), at least for u large enough compared to A. Hence minimizers cannot
be purely uniaxial, and biaxial escape must occur. Using the strong convergence of
H)’f to H as 1 — 00, we pass to the limit in the second variation of 7}, at H,
and we deduce in Theorem 4.8 the instability of Hl{‘ w.r.to biaxial perturbations
for u large enough. Both properties are the counterpart in the Lyuksyutov regime
of the instability of the radial hedgehog in the low-temperature limit (essentially
a? — 00) already proved in [31] (see also [22,46]) together with the (infinitesimal)
biaxial escape phenomenon obtained there (see also Remarks 4.10 and 4.11).
Once the smoothness of Q, and the absence of isotropic phase for Q’A‘ are

established, we can discuss for both cases the topological properties related to the
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presence of the biaxial phase, and the way they are connected with the topology of
the vacuum manifold R P2, The starting point is that Q; and Qf are configurations
satisfying

(HPy)) Qe C' (28 \(0) N C?(2; So).

The first assumption at the boundary that we impose on a configuration Q : Q —
So \ {0} is the following:

(HPy) B:=;gggﬁo 0(x) > —1.

The case B = 1 occurs for the main and most natural example of positive uniaxial,
i.e., RP2-valued, boundary condition, which is

Op(x) = \/g (v(x) Qv(x) — %1) forall x € 0Q, ve ChHl(9Q;S?).
(1.22)
In particular, the choice v(x) = Z(x) (the outer unit normal to the boundary 9€2)
corresponds to the so-called homeotropic boundary condition (or radial anchoring).
Since € R3 is a bounded open set with smooth boundary, we know that 92 is
a finite union of embedded smooth surfaces (in fact, C'-regularity is enough). More
precisely, 02 = UlN: 1Si where the surfaces §; are smooth, embedded, connected,
orientable, and boundaryless. The second (topological) assumption we make on €2
is

(HP;) R is connected and simply connected.

Under this assumption, each surface S; has zero genus, so it is an embedded sphere
(see Lemma 5.1). The domain 2 is thus a topological ball with finitely many
disjoint closed balls removed from its interior. By assumption (H P;), the maximal
eigenvalue Amax(x) of Q(x) is simple for every x € 9. Hence there exists a
corresponding well defined eigenspace map Viax € C'(3€2; RP?), and this map
has a (nonunique) lifting vyax € C 1(8Q; S?) since each surface S; has zero genus.
To enforce the emergence of topology in the minimizers, we finally make a third
assumption:

N
(HP3) deg(vmax, 0€2) = Z deg(vmax, Si) is odd.

i=1

Notice that this property only depends on the map Viax, and it does not depend
on the choice of the lifting vyax. In case of radial anchoring (i.e., Qy, of the form

(1.22) with v = n = Umax), it is satisfied whenever N is odd, that is whenever
a$2 has an odd number of connected components (or, equivalently, if the domain
Q2 is a topological ball with an even number of disjoint closed ball removed from
its interior).

In order to emphasize the consequence of assumptions (H Py)—(H P3) on a
configuration Q satisfying Q = Qy, on 9€2, let us assume for a moment that Qy
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is R P2-valued. Then Oy admits a lifting by (H P»), i.e., Qyp is of the form (1.22).
Moreover, any lifting v € C'(9Q; S?) of Q}, admits an extension v in W 12(€2; S?)
(see e.g. [27]), but no continuous extension because of (H P3). As a consequence,
Oy admits an extension Qp, € W12(Q2; RP?) of the form

B} 3 1
Op(x) = \/; (a(x) ® v(x) — 5’) . (1.23)

In view of [4] and (H P3), any extension of Qy, in WL2(Q; RP2?) is in fact of the
form (1.23) for a suitable (necessarily) discontinuous map v € W12(Q; S?). The
configuration Q being smooth and without isotropic phase by (H Pp), it cannot be
R P2-valued, i.e, positive uniaxial, and biaxial escape must occur again for purely
topological reasons.

To describe the way a configuration Q encodes some topological information,
we shall make use of the biaxiality parameter as follows.

Definition 1.4. Given Q € CO(2; Sp \ {0}), we define its biaxiality function
B:=p o Q and for each 1 € [—1, 1] the associated biaxiality regions as the closed
subsets of €2 given by

{B gt}::{x eﬁ:,go [0]69) gt} and {f }t}::{x eﬁ:ﬁo o) >t},
(1.24)
where E is the signed biaxiality parameter (1.1). The corresponding biaxial surfaces
are defined as

B=t)={xeQ: o0 =t} (1.25)

Observe that if + € (—1, 1) is a regular value of 8, then biaxial surfaces are
smooth surfaces inside ©, possibly with boundary which is anyway smooth and
contained in 9€2. Moreover, the regions in (1.24) are homotopically equivalent to
their interior { < t} and {8 > t}, since the biaxial surfaces are actually smooth
and serve as their common boundary.

We now introduce a notion of “mutual linking”, a property that will (partially)
encode the topological nontriviality of the biaxiality regions.

Definition 1.5. Let A, B € Q be two disjoint compact subyits. The sets A and
B are said to be mutually linked if A is not contractible in €2\ B and B is not
contractible in 2 \ A.2

To illustrate this definition, let us discuss again the case of a nematic droplet.
If © is the unit ball and Qy, is the hedgehog boundary data (1.20), we expect the
minimizers O, or Q‘f to be axially symmetric around a fixed axis (in a sense
made precise below). In particular, we expect their biaxiality regions (1.24) to
be axially symmetric as well. More precisely, {8 < ¢} with t € (—1, 1) should
be an increasing family of axially symmetric solid tori, and the complementary

2 As an example, if €2 is the unit ball, A is an unknotted embedded copy of S! into €,
and B = Q\ As with As a sufficiently small tubular neighborhood of A, then A and B are
mutually linked.
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regions {8 > t} should be kind of distance neighborhoods from the boundary 92
with cylindrical neighborhoods of the symmetry axis added. In the extreme case
t = %1, we expect {§ = —1} to be a circle with axial symmetry, and {f = 1}
to be the sphere <2 with the segment connecting the two antipodal points lying
on the symmetry axis added. Clearly sub and superlevel of the biaxiality function
should be mutually linked in the sense of Definition 1.5 above. This conjectural
picture is supported by numerical simulations as already detailed in [21,34,35,53],
where authors refer to it as the “torus solution” of the Landau-de Gennes model.
For the nematic droplet with radial anchoring, the situation clearly reminds the one
corresponding to the Hopf fibration

CxC2S -5 SPCCxR, @1 2) = Rz ) — 122,

where the subsets {|z1]> — |z2|* > } and {|z1|> — |z2]> < ¢} witht € (—1,1)
form a decomposition of S? into two disjoint mutually linked solid tori (a so-called
Heegaard splitting).

Once again, Theorems 1.2 and 1.3 makes assumption (H Py) available for Q;
and Qf with p larger than the constant w) = uy(x, 2, Qp) (provided by Theorem
1.3). This allows us to prove a weak counterpart of the conjectural picture described
in the example above, which is therefore the main result of this paper.

Theorem 1.6. Assume that 92 is of class C* and Qp € C-1(3Q; S*). Let Q be
either a minimizer of &, over Ag, (), or a minimizer of F;, ,, over Wé’bz(Q; So)
with i > [, sothat (H Py) holds. If assumptions (H P1)—(H P3) also hold (e.g., Q2 is
connected and simply connected, 92 has an odd number of connected components,
and Qp(x) = M(; (x) ®71> (x)— %1) is the radial anchoring), then the biaxiality
regions associated with the configuration Q satisfy that:

1) the set of singular values of B = E o Q in [—1, B] is at most countable, and
it can accumulate only at B; moreover, for any regular value —1 <t < f of
B the set {B = t} C Q is a smooth surface with a connected component of
positive genus;

2)forany —1 < ) < < ,3 the sets {f < 11} € Qand { > n} C Q are
nonempty, compact, and not simply connected;

3) ifin addition Q € C®(RQ) and B = 1, then the set of critical values is finite and
(B = 1} C Q is nonempty, compact, and not simply connected; in particular
{B = 1} N Q is not empty;

4) forany —1 <) <t < ,3 if the interval (t1, ty) contains no critical value,
then {B < 11} and {B > 1} are mutually linked.

Claim 1) on discreteness of the set of singular values is a consequence of the analytic
Morse-Sard theorem from [63]. The rest of the claim together with claim 2) is
proved by contradiction using a degree-counting argument. The key observation is
that on each spherical component of a biaxial surface {8 = ¢}, the pull back bundle
E = vma*F of the tangent bundle F = T S? — S? under the lifting vmax of
the eigenspace map Vmax must be trivial (hence its Euler number vanishes). Then
the contradiction coming essentially from (H P3) ensures that some S; has positive
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genus. The argument for 2) and 3) above holds for regular values t € (—1, B), and
the extension to arbitrary values is based on the analytic regularity of Q and the
Lojasiewicz retraction theorem [42] (it is the only instance where this property is
used). Finally, the linking property in 4) follows easily by contradiction using a
deformation of the biaxial regions along the positive/negative gradient flow of §.
We expect analogous properties to hold also for ¢ € (8, 1), but this case seems to
be more subtle since the biaxial surfaces meet the boundary 02, and we do not
have rigorous result in this direction at present.

As the conclusions of the theorem are weak counterparts of the properties
conjectured for the torus solution on a nematic droplet, we refer to such solutions
on a general domain as “torus-like solutions”. It is a very challenging open problem
to obtain a precise estimate on the genus of the surfaces S;, if any. Any control on
it should depend on a subtle role of the genus in giving a possible lower order
correction term in the energy expansion of the minimizing configurations.

Remark 1.7. In our subsequent papers [17] and [18] of the series, we continue this
analysis focusing on axially symmetric configurations. Letting S! act by rotation
around the vertical axis on an S!-invariant domain 2 € R3, and on S by the
induced action Sy > A — RAR' € Sy, R € S!, we consider Sobolev maps
Q € Wh2(Q; Sy) satisfying the equivariance property

O(Rx) = RO(x)R' VReS". (1.26)

Minimizing the energy functional (1.15) or (1.11) in the appropriate class of equiv-
ariant configurations will provide minimizers which are either smooth and nowhere
vanishing, or with singularities/isotropic points, depending on the geometry of the
domain and on the chosen boundary data. In case such defects are not present,
we will be able to show that the level sets of the signed biaxiality parameter are
generically finite union of axially symmetric tori. On the other hand, when singu-
larieties/isotropic points occur, the regularity/absence of isotropic phase results of
the present paper will show that axial symmetry of minimizers is not inherited from
the boundary condition, and axial symmetry breaking and nonuniqueness phenom-
ena must occur. Such phenomena were already proved in [1] for minimizers of the
Frank-Oseen energy, and our results are the natural counterpart for the Landau-de
Gennes model, in agreement with the numerical simulations in [16].

2. Small Energy Regularity Theory: A Tool Box

The aim of this section is to provide several regularity estimates, both in the
interior and at the boundary, for weak solutions of (1.17) under certain general
conditions. We emphasize that the material developed here is not restricted to min-
imizers of the energy functional &, but it applies to rather general critical points
satisfying suitable energy monotonicity formulae. In this respect, we shall make
a crucial use of the results of this section in our companion papers [17,18] where
we considered solutions obtained by minimization of &, in restricted (symmetric)
classes.
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Before going further, let us specify for completeness the (usual) notion of critical
point of &, over the nonlinear space WI'Z(Q; S4), and show that critical points are
exactly the distributional solutions of (1.17) belonging to wh2(Q; 84).

Definition 2.1. A map Q; € W!2(Q; S*) is said to be a critical point of & if

d td
[_g)\ <Q’\;)] =0
dt |Ox +1®/ 1,
for every @ € Cg (2; Sp).

The Euler-Lagrange equation for critical points of £, reads as follows:

Proposition 2.2. A map Q) € W'2(Q; S*) is a critical point of &, if and only if
/VQA:VCDdxz)»/ 0? : ddx 2.1)
Q Q

for every ® € W2(Q; Q,*TS*) compactly supported in Q (i.e., for every ® €
W12(Q: So) compactly supported in Q2 and satisfying ®(x) € TQ,\(X)S4 for a.e.
x € Q), or equivalently, if and only if

1
~AQ = VO Qs +4(0F — 1 —(QDQ:) mP'@). @2

Proof. Step 1. Given Q € W12(Q; S%), let us consider ® € CS.(SZ; Sp), and set
for ¢ small enough,

_0+1®
10+t

Classically (see e.g. [62, Section 2.2]), we have

O e Wh2(Q; Sy).

[i/ l|VQl|2dx] :/ (VO : VO —|VQO]*Q : ®)dx.
dt Jg 2 =0 Q

On the other hand, a straightforward computations yields

[di/ W(Qt)dx} =—f (Q*: @ —tr(Q)Q : )dx,
rJa =0 Q

and thus

do (L2+10 _ . _ 2.

[dt&(|Q+tq>|)l_o_/ng'v®dx /Q|VQ| 0 : ®dx

—A/ (Q*: @ —tr(QH Q0 : ®)dx. (2.3)
Q

Step 2. Assume that Q; € WI2(Q;S*) is a critical point of &,. We consider
® € W2(Q; Q;XTS* compactly supported in 2, and prove that (2.1) holds. By a
standard truncation argument, we can assume that & € L°°(2). By a usual approx-
imation argument, we can find a sequence {®;} C Cc1 (2; Sp) such that & — &
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a.e. in © and strongly in W'2(Q), and satisfying Pkl < 1P Le (). Then
we deduce from Step 1 and the criticality of Q; that

/VQA:Vde:/ |VQ,\|2QA:<I>kdx+)L/ (07 : @x—tr(Q3) 0y, : Pr)dx.
“ “ “ (2.4)
Since Q) : ® = 0 ae. in 2, we deduce by dominated convergence that
IVOs>Q5 : & — 0and (Q? : & — tr(Q3) 01 : Dx) — Q7 : @ in LY(Q).
Hence, letting k — oo in (2.4) leads to (2.1).

Step 3. Assume that Q) € WL2(Q: S satisfies (2.1), and fix an arbitrary ® €
CHQ; 4575 (R)). Define ®g:=® — (@ : )] € CL(2; Sp). Noticing that

Do — (05 : Do) Qs € Wy (2 0¥ TSY),

we infer from (2.1) that

‘/QVQA:V@odxz/s;WQﬂsz:@odx+A/Q(Qi:OO—tr(Qi)QA:CDO)dx.

(2.5)
Since 0, : I =tr(Q;) = 0and |Q;|* = tr(Qi) = 1, this last identity leads to

2 2 1 3
f VQ, : Vddx =/ V0,20, : ddx —|—A/ <QA - —tr(QA)QA> : ddx,
Q Q Q 3

and (2.2) follows.

Step 4. Finally, if O, € W12(Q; S* satisfies (2.2), then (2.5) holds for every
g € C Cl (2; Sp). In view of (2.3), it implies that Q; is indeed a critical point of
Es. O

Remark 2.3. If a map Q) € W'2(Q;S*) is a minimizer of £, among all Q €
W12(Q; %) such that Q — Q; is compactly supported in €, then Q; is a criti-
cal point of &, by the first order condition for minimality. In particular, if Q, is
minimizing &, over Ag, (£2), then Q, satisfies (2.2) (or equivalently (2.1)).

2.1. Monotonicity Formulae for Approximable Critical Points

In this subsection, our goal is (essentially) to derive the afore mentioned mono-
tonicity formulae for certain critical points of &,. Concerning minimizers, such
formulae can be classically obtained by inner variations of the energy. However
this argument can not be used when considering energy minimizers over symmet-
ric classes as we do in [17,18]. To circumvent this difficulty, we consider critical
points of &, which can be (strongly) approximated by critical points of a suitable
Ginzburg-Landau functional in which the constraint to be S*-valued is relaxed. In
this way, the approximate solution is smooth enough to derive the monotonicity
formulae from the Euler-Lagrange equation, and we conclude by taking the limit
in the approximation parameter. This procedure applies of course to minimizers (as
we shall see in Sect. 3), but also to the symmetric solutions of (1.17) considered in
[17,18]. Let us now describe this in detail.
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Given a bounded open set 2 C R3, a reference map Qrf € Ap,(2) and a
small parameter ¢ € (0, 2712y we consider the energy functional GL; (Qref; +)
defined over W!-2(Q; Sp) by

1 1
GLe(Quet: Q:=Ex(Q) + 1 2/(1—|QI2)2dx+—/ 10 — Ot Pdx. (2.6)
& Q 2 Q

If Qref can be achieved as a (strong) limit of critical points of GL,(Qyef; -) When
e — 0, then Qs satisfies the monotonicity formulae stated in Proposition 2.4
below. Its proof involves of course some very classical computations, see e.g. [13],
as implemented in [47] for the minimizers of the energy functional (1.8) without
norm constraint. Here, the computations follow closely [47], but they also provide
some explicit dependence of the constants with respect to the data, a property which
will be used in the subsequent papers [17,18].

Proposition 2.4. Assume that 32 is of class C3 and Qp, € C1(3K2; S*). Let Qref €
Ag, (). Foreache > 0, let Q, € Wé;z(Q; So) be a critical point of the functional
GL:(Orefs ). If

O :} Oref In L2(Q) , and gﬁs(Qref; O:) :} 5A(Qref)a (2.7)
then Qrer satisfies

1) the Interior Monotonicity Formula:

1 1
;5A(Qref, By (x0)) — ;gk(Qrefa Bp(xo)) =

2 r
dx + 21 / <iz / W(Qref)dx> @ (238
p N7 JB(xo)

forevery xo € Q and every 0 < p < r < dist(xgp, 0€2);
2) the Boundary Monotonicity Inequality: there exist two constants Cq > 0 and
rqo > 0 (depending only on Q2) such that

8Qref
d|lx — xo|

/ 1
B, (x0)\By(x0) 1¥ — X0

1 1
;5A(Qref, By (x0) N 2) — ;‘S’A(Qrefv By (x0) N 2) =2 —(r — p) K (Qb, Oret)

+ / 1 aQref
(B, (x0)\B, (x0))ng X — X0l | ]x — xo
"1
+24 / (—2 / W(Qref)dx> dr (2.9)
o \I7 JB (xp)nQ

for every xo € 02 and every 0 < p <r < rq, where

KA(Qba Qref)3:CQ<||VtanQb||%oc(3gz) + )\”W(Qb)”Ll(aQ) + ||VQref||iz(Q))~
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Proof. Step 1: Euler-Lagrange equation, regularity, and convergence. Since Q. is
a critical point of GL.(Qrer; -) Over W(lzf(Q; So), it satisfies the Euler-Lagrange
equation

1 1
—-A 52)\ 2 821__ 52 s)
0 (Qs 3IQI ﬁIQIQ

+5 (1= Qe Qe — (Qc — Orer) inQ,
Q.= 0y on 9Q2.

(2.10)

This equation can be easily derived from outer variations noticing that the term
% |Q¢|?I corresponds to the Lagrange multiplier associated with the traceless con-
straint and using the expression (1.13) for the potential W. By the Sobolev embed-
ding W2(Q) — L°(Q), wehave Q, € L°(Q), whichimpliesthat AQ, € L*(R).
Note that the regularity assumption on Qp, and 32 ensures that Qy, admits a C!!
extension (with values in Sp) to the whole domain €2 (see the material in Sect. 2.2).
By elliptic regularity, we thus have Q. € W>2(Q), see e.g. [24, Theorem 8.12].
In particular, Q. € W16(Q) and thus Q, € L®(Q) by the Sobolev embedding
Wo(Q) < L®(). Hence, A Q. € L>®(L2), and by elliptic regularity again, we
have Q. € cle(Q) for every a € (0, 1), see e.g. [24, Theorem 8.34].
We now claim that assumption (2.7) implies that

1
Q¢ —> QOrer strongly in WI’Q(Q), and = / (1— |Q€|2)2dx — 0.
e—0 e“ Ja e—0

Indeed, we first infer from (2.7) that {Q.}.~o remains bounded in wl2(Q) as

& — 0. Therefore, given an arbitrary sequence ¢, — 0, we have Q,, — QOrer
weakly in Wl2(Q). In particular, Q;, — Qrer in L) by the compact Sobolev
embedding W!(Q) — L*(Q). Asaconsequence, [, W(Qs,)dx — [, W(Qref)dx.
On the other hand, by (2.7) and lower semi-continuity of the Dirichlet integral, we
have

E1(Qrer) < liminf £,(Qs,) < limsup £(Qs,)

n— oo

1
< lim (€000 + 1 /Q (1= 106, )2dx) = E,(Qrer).

Hence ;—Zfﬂa —1Q¢,1H%dx — 0, and [VQ,,l;2) = IV Qretll 2. This

latter fact, combined with the W' 2-weak convergence, implies the W!-?-strong
convergence of Qg toward Qef.

Step 2: Interior Monotonicity Formula. Without loss of generality, we may assume
that xo = 0. Let us take the inner product of (2.10) with (x - V) Q,, and integrate
by parts over the ball B; of radius ¢ € (p, r). This yields

1 t
—= \Vstde—/ VO dH? =2 | W(Qe)dx + 2t | W(Q)dH?
2 JB, 2 JaB, B 3B

1 t
b 1— 2,2 7/ 1— 212 32,2
o /B,( QPP+ 15 | (1100 an
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1
2

:t/ 20,
on, | o1x]

+ 5 Qe — Qref‘zdx _‘/;; (Qe — Oref) : ((x : V)Qref)dx-

1
1Qe — Qrerl?dx + =
By

2/ 1Qe — Qrerl* dH?
JB;

2, 1 212
dH? + 20 | W(Qe)dx + = | (1 —[Q¢|")%dx
B, 2e B:

Dividing both sides by 72, we obtain

d /1 . L
a(?gﬁs(Qrefa QS’ Bf)) - t /3'31‘ ’ 8|—x|

+L/ (1 —|Qs|2>2dx+l/ 10s — OrerlPdx
282[2 B, l2 B,

2 2
dH? + =5 | W(Qe)dx
t B,

1
_t_sz (Q¢ — Oref) : ((x : V)Qref)dx.

Integrating this identity between p and r yields

2

90,
dlx]

(4 O o
+2Afp <t2 N W(Q.;)dx) dr + 2 |, <t2 B’(l 10:1%) dx) dr
r 1 p )
+ / (7 Qs — Qref|2dx> dr —/ (—2 (Qr — Oret) : ((x - V)me)d)t) ar.
4 t By 0 t B,

In view of the convergences established in Step 1, letting ¢ — 0 in this last identity
leads to (2.8).

Step 3: Boundary Monotonicity Inequality. We first claim that there exists a constant
Cq > 0 depending only on €2 such that

/ 00
a ! dv

IV Qell7a i) + IV Qretll}2 ) + 10 — Qrefniz(m). 2.11)

1 1 1
—GL:(Qref; Qc, Br) — —GLe(Qret; O, Bp) = / *)
r p B\B, |xl

2
dH* < CQ<||VtanQb||iZ(39) + AW (@)L v

To prove this estimate, let us introduce ®q € C 2’O‘(ﬁ) the unique solution of

—Adg =1 inQ,
o =0 on 0%2,

see e.g. [24, Theorem 6.14]. We consider V : @ — R3 the C%-vector field given
by V:=—Vdgq. Notethat V = (V-v)v on 92 (since D, is constant on 9€2), where
v is outer unit normal on 9€2. Taking the inner product of (2.10) with (V - V) Qq,
and integrating by parts over 2 leads to
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v) dH?

! an
z/Q

- 1 _ 252 l _ 2\ 4;
( VOl + AW (Qe) + 5 (1 = 1Q:) + 510x = Quer”)div(V)d

f |Vian Qb2 (V - v) dH* + A/ W(Qb)(V - v) dH?
o
/QZw 0. +8000,Vidx + [ (0c = Q)+ (V- V) Qurd
i,j=1

since Q; = Qref = Op on 3 and |Qp| = 1. Using div(V) = 1 in Q, we deduce
that

/ ‘3Q52
IN ov

+||VQ£”L2(Q) + ”VQI'Cf”LZ(Q) + ”QS - Ql'ef”%Z(Q))

(V-v)dH? < C||V||c1<m(nvtananiz(aQ) + AW (@0 11 9

for some universal constant C > 0. On the other hand, by the Hopf lemma, there
is a constant c?z > (0 depending only on Q such that V - v > cgz on €2, and (2.11)
follows.

We now fix xo € 9. By the smoothness assumption on €2, there are two
constants ro > 0 and cgz > 0 (depending only €2) such that for every ¢ € (0, rg),

H(Bi (x0) N3RQ) < eht?, and |(x —xo) - v(x)| < eht? on By (xo) NIQ. (2.12)

In what follows, we assume without loss of generality that xo = 0. Let us fix
0 < p < r < rq. Taking once again the inner product of (2.10) with (x - V) Qg,
we integrate the result by parts in B, N Q2 with ¢ € (p, r). In a fashion similar to
Step 2, this yields (after dividing by ¢2) that

d 1 00 |2
L ref » s,B neQ A
dt< b (Crets O, B )> tfmag, olx|

1
272 2
+282t2/;t(1—|Qe|)dx—i—t—z/;mtle Oref|?dx

, 2%
H+ 5 W (Q,)dx
= Jans,

) (Qe — Orer) : ((x : V)Qref)dx

_L 2. 2 l 00, . 5
272 /BmaQWQg' (x-v)dH +t2/B S - V)Qe) dH

nag OV

W(0Ob)(x - v) dH>. (2.13)

12 BN

Note that we used once again Q; = Qrer = Qp 0n 9%, and | Qp| = 1. Next, if we
denote by (71, 72) an orthonormal basis of the tangent space of 92 at x, we have
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—1/ IVQalz(xw)deJr/ 00 ((x - V) Q,) dH?
2 JB,nag BnaQ v

~ 1/ 90,
2 Jprag ! dv

1 0 2 1 d 2
——/ —Qb‘(xw))d?'(z——/ —Qb)(x-v)de
Bnag | 0TI 2 Jpran! 02

+/ 90: :%(x-n)dH2+/ 90 : 90y ) dH>.
B Ty

LY
o AV Brae v 0T

2
(x - v) dH?

Then we infer from (2.12) that

1 3
——/ |VQ8|2(x~v)dH2+/ 90: . ((x-V)Q,) dH? >
2 JB,nog BnaQ v

= Car*(10y Q172 0y + Vean Qo 17 (50 (2.14)

for a constant Cq > 0, depending only on the constants rq and c}z. Still by (2.12),
we have

/ W(Qp)(x - v) dH? < ngﬂ/ W (Qp) dH2. (2.15)
B,NI 30

Inserting (2.14), (2.15), and (2.11) in (2.13), and integrating the resulting inequality
between p and r yields

1
;gﬁs(QrefQ Q¢, Br NQ)

1 ~
—;g/v‘s(Qref; Qs, By N Q) 2 —(r — p) K (O, Oref, Oc)

1190, 2 T
+ 7) de+21 | (= W(Qe)dx | dr
(BA\B,)NQ 1X]13]x] o \t* JB,no
t55 > (1 —1Q¢|")"dx | dt + 5 [Qe — QOrefl“dx ) dt
282 Jp \t= JB,nQ p \I7JBNQ

"1
- f (ﬁ L OQ(QS — Oref) : ((x : V)Qref)dx> dz,
4 '

where

K3.(Qv. Oret. Qs>:=cg(||vm Obll7~a) + MW QL 6o

IV Qell7a i) + 11V Qretll 2 ) + 10 — Qrefuiz(g)),

and Cq > 0 is a constant depending only on rq, céz, (c?z)’1 V®allc(g), and the
(2-dimensional) measure of d€2. In view of the convergences established in Step 1,
letting ¢ — 0 in this last inequality leads to (2.9). O
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Remark 2.5. (Specific geometry [18]) In our companion paper [18], we consider a
domain €2 and a boundary condition Qy, for which the following situation occurs:
0e€ 0, BiNQ = ByN{x3 > 0},and Qy is constanton B1 NI = By N{x3 = 0}.
In this situation, the boundary monotonicity inequality (2.9) for points on B} N 92
becomes an equality of the following form: for every point xo € B1 N 92 and every
O<p<r<1-—|xol,

1 1
;5A(Qrefv By (x0) N ) — ZSA(Qref, Bp(x0) N Q) =

1 3 2 r i1
/ 0t Ty ZA/ (7/ W(Qref)dx> dr.
(Br (x0)\B, (x0) )N 1¥ = Xol [ d]x — xo o \1% JB,(xp)NQ

Indeed, it suffices to notice that (x — xg) - v = 0 and Viu, Op = 0 on By N 92, and
then use this facts in identity (2.13).

One of the main consequences of the monotonicity formulae in Proposition 2.4
is a uniform control of the energy in small balls. Recalling that Oy, € A, (2) is a
given S*-valued extension to the domain € of the boundary condition Qy, we have

Lemma 2.6. Assume that 02 is of class C3 and Oy € chloQ: sh. If Orer €
Ao, () satisfies the monotonicity formulae (2.8) and (2.9) with

K3.(Qv, Qrer) < Ca (1l Vian Obll e 30y + HIW(Qb)ll 1 (a0 + E1(O1))
for some constant Cq > 0 depending only on <2, then
(1) for every xo € Qandr € (0, dist(xo, 89)),

1 2
sup _gk(Qref» Bp(x)) < —5A(Qref» Br(XO)) )
B, (x)SBy/2(x0) P r

(2) there exist two constants rg) > 0 (depending only on 2) and C)éb (depending
only on 2, Qv, M|[W(Qb)llL1 ) and E,.(Qv)) such that for every xog € 992
andr € (0,13,

1 4
sup _gk(Qreﬂ By(x) N Q) < _5A(Qrefs By (x0) N Q) + C)ébr-
B, (x)SB,/6(x0) P r

(2.16)

Proof. Step 1: proof of (1). We assume without loss of generality that xo = 0, and
we consider an arbitrary ball B,(x) C B, 2. By the interior monotonicity formula
(2.8), we have

gA(Qrefv Bp(x)) <

1
P+ x|

o+ |x|gA(Qrefv Bp+\x|(x))

2
gA(Qrefa BZ(p+|x\)) < ;EA(Qrefa Br)»

N D=

and the claim is proved.
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Step 2: proof of (2). We choose rg ) e (0, rq) (where rq is given by Proposition
2.4) in such a way that the nearest point projection o on 9€2 is well defined in the
rg )_tubular neighborhood of 2. Once again, we may assume that xo = 0, and we
consider B,(x) € B,/s. We now distinguish different cases.

Assume first that x € 9<2. Then, we deduce from the boundary monotonicity

inequality (2.9) that

1
;&(me, B,(x) N Q) < Ex(Qrets Bprix|(x) N Q) + Cp, |x]

1
<
P+ Ix|

Next, for x ¢ Q2 and |x — wqo(x)| < p, we have 2p + |Tq(x)| < r/2 so that

o+ x|

2
EA(Qrefa Bap+1xp) N Q) + C)Qbr < ;EA(Qref» B, N Q) + C)ébn

1
Ei(Oret, Bp(x) N Q) < ;Ex(Qref, Byy(ma(x)) N Q)

N D=
SRS

5)L(Qref’ B, N Q) + C)ébrs

by the previous inequality.
Finally, for x € Q and |[x — wq(x)| > p, we have B,(x) € 2 and thus

1

1

;gk(Qref: Bp(x)) < mg}»(Qref, B\x—ng(x)l(x))
4

< ;EA(Qrefa B, N Q) + C}ébr’

where we have used again the previous inequality, |[x — wq(x)| < r/6, and
lmQ(x)| < r/6. O

Remark 2.7. (Specific geometry [18]) As already mentioned in Remark 2.5, we
consider in our companion paper [18] a situation where 0 € 92, Bi N Q2 = B1 N
{x3 > 0}, Qpisconstanton BiNI2 = BiN{x3 = 0}.Inthiscase,if Qrer € Ag, (2)
satisfies the boundary monotonicity formula in Remark 2.5, then we can repeat the
argument in Lemma 2.6 above to obtain

1
sup _gA(Qrefv Bp(x) N Q) < 45A(Qrefs BN Q)’ (2.17)
By (x)SBi/6

instead of (2.16) (with xo = O and r = 1).

2.2. Reflection Across the Boundary

To obtain regularity estimates at the boundary for critical points of &, in the
class Ag, (€2), we rely on general arguments and results developed by C. Scheven
in [57]. Here we make them fully explicit in our case where the target manifold is a
sphere and the boundary is not flat. We even obtain a slight improvement compared
to [57] as we only require C!!-regularity for the boundary condition (compared to
C%® in [57]). The main idea is to construct a suitable reflection across the boundary
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taking into account the prescribed boundary condition Qy in such a way that the
reflected critical point satisfies an equation similar in nature to (2.2) in a larger
domain. Boundary regularity can then be treated as an interior regularity problem.
The aim of this subsection is to construct such reflection and to derive the resulting
equation in the extended domain. We proceed as follows.

We still assume that the boundary of the bounded open set 2 C R3 is of class C?.
In this way, we can find a small number g, > 0 such that the nearest point projection
7o on AL is well defined and of class C2 in the (28)-tubular neighborhood of 92
(see e.g. [62, Chapter 2, Section 2.12.3]). We set for § € (0, 28q],

Us:={x e R : dist(x, 3Q) < 8},
U(;ex::{x elUs: (x —mqx)) -vitgk)) > 0},
Uy":=Us \ US%,

where v denotes the outer unit normal vector field on 2. Choosing g smaller if
necessary, we can assume that

QN Basg (x) = U, N Basg(x) Vx € 9.

The geodesic reflection across d€2 is the involutive C 2-diffeomorphism oQ
Uss, — Uasg, given by

oo(x):=2mq(x) — x.
This satisfies
aQ(Ugn) =Us* V8 €(0,28q), and oq(x) =x Vx €0Q.
Being involutive, its (matrix) differential satisfies
Dog(oq(x))Doq(x) =1 Vx € Ups,,. (2.18)
Moreover, for every x € 92 we have
Dog(x)v =2p,s(v) —v Yv e R3,

where p, denotes the orthogonal projection of R? onto the tangent plane T, (9<2),
i.e., in this case Do g (x) is the (linear) reflection across the tangent plane 7 (9€2).
In particular,

Doo(x)(Dog(x)' = Dog(x)Dog(x) =1 Vx € 9Q, (2.19)
where [ is the identity matrix. We now extend the domain €2 to the domain
Q=QUUs, = QUUS, (2.20)
and we simplify the notation by setting

U:=Us,, U=USY, U™=Uj.

=Usqs
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On the extended domain ﬁ, we consider the Lipschitz continuous field of symmetric
3 x 3-matrices

|/ (0o (x))] DUQ(UQ(X))(DUQ(UQ(X)))t ifxeQ\Q,
Alx) = (akl (x))k 1= 1 { I otherwise,
2.21)

where J (0 q) denotes the Jacobian determinant of o . Note that the continuity of
A across 9<2 follows from (2.19). In addition, (2.18) implies that A is uniformly
elliptic, i.e.,

mol < A(x) < Mgl Vx e Q

in the sense of quadratic forms for some constants mg > 0 and Mg > 0 depending
only on Q.

Let us now consider for any given (Q1, Q»2) € Sp x Sp their tensor product
01 ® Q> as the linear mapping Q1 ® Q»: Sp — Sy defined by

(Q1® Q2)P:=(P : 02) 01

forany P € Sy. The geodesic reflection on S* C Sy with respect to a point N € S*
is given by the linear mapping (2N ® N — id), where id denotes the identity map
on Sy. Note that (2N ® N — id) is simply the orthogonal symmetry with respect to
(N) which is the identity along (N) and minus the identity along any orthogonal
direction to N. In particular, it is involutive, isometric, and symmetric. Given a
boundary data Q, € C'1(3%2; S*), we consider the mapping X : U — GL(Sy) of
class C!'! given by

T (x):=20p(1a()) ® Ov(ra(x)) —

Notice that by construction 9,2 = 0 on 92, as d,ro(x) = 0 for any x € 9€2.

With the help of X, we define the extension procedure of maps in .AQb (2) to
the domain  as follows: to a map Q € Ag, (2) we associate Q e wh 2(9 B
given by

PN 0(x) ifx € Q,
O():= B (222)
YX(x)Q(oqlx)) ifx e\ Q.
Note that Q indeed belongs to Wl'z(ﬁ) since XQoog=X0Q = XQp = Qpon
Q2.
/\ If no confusion arises, we shall simply write Q instead of O the extension
of amap Q.
In what follows, we also denote for P, Q € Wl*z(Q; So),

3
(VP,VQO)4 Z AVP;)-VQi; = Z a kP : 9,0

k=1
and |VQ|A:=(VQ,VQ)A,

where A is the matrix field defined in (2.21).
We are now in position to present the equation satisfied by the extension to €2
of a critical point of &, in the class Ag, ().
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Proposition 2.8. Assume that 92 is of class C3 and Qp, € CV1 (92 SY). If Q5. €
Ao, () is a critical point of &y, then

—div(AVQ;) = VO[3 Qs + Ga(x. 5. VQ5) in 7'(Q), (2.23)
where G, : Q x S* x (S0)3 — Sy is a Carathéodory map, and
(Gi(x. Q.6)| < Co, (1 +A+E]) Y(x, 0.8 e @ x 8 x (S0’ (224)
for a constant C g, > 0 depending only on 2 and Op.3
The proof of Proposition 2.8 essentially rests on the following lemma:
Lemma 2.9. Assume that 3$2 is of class C3 and Qy, € CH1(92;SY). If Q) €
Ag, () is a critical point of &y, then
fA(VQA, V) sdx = /\/ 0? : ddx
Q Q
+A/l]ex (2205 : <1>)f(x)dx+/Uex F(x, Q;,VQ;) : ®dx (2.25)

for every ® € W1'2(§; QXTS*) compactly supported in Q, where the function
f: U — Ris continuous, the map F : U* x S* x (Sp)> — Sy is Carathéodory,
and for all (x, Q, &) € U™ x S* x (Sp)3,

0< f(x) <Cq and |F(x,Q,8)| < Co,(1+[§])

for some constants Cq > 0 (depending only on 2) and Cg, > 0 (depending only
on Q and Qy).

Proof. If ® € W2(Q; 0,*TS*) is compactly supported in €2, then (2.25) reduces
to (2.1). Therefore, it suffices to consider the case where ® is compactly supported
in U. Following the argument in [57], we decompose ® into its equivariant and anti-
equivariant parts with respect to the involution ®(x) — X (x)®(cq(x)), defined
forx € U by

1 , 1
lbe(x):zi(fb(x)+Z(x)lb(og(x))> and <I>“(x):=§(fl>(x)—E(x)@(ag(x))).

Here equivariance is understood in terms of the joint reflections across the boundary
and on S*. Thus, one simply obtains

P (aa(x) = T(x)P(x) and P*(oox)) = —Z(x)P*(x) Vx e U.

We shall prove (2.25) for ®¢ and ®? separately, starting with ®2. To this purpose,
we consider Q; as extended to the whole U as in (2.22) and we also introduce for
xelU,

05 (1):=0,(0a(x)) = X(x) Q1 (x).

3G, 0, &) is measurable for every (0, &) € S* x (80)3, and G(x, -, ) is continuous
forae. x € Q.
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We start from the identity

/USX(VQ,\,VCD yadx = Z/ ar Ok (T QF) : 9 d¥dx

k=1

Z / a (20 QF) + 8 *dx
Uex

k=1

Py | au(@2)03) : 50tax
ki=1"U%
—I+11. (2.26)

To compute the /7-term, we integrate by parts. Since A is the identity matrix on
902 and 9, X = 0 on 92, the boundary term vanishes, and we are left with

2/ I [an (3 2)0F] : d*dx = — 2/ I [an ()T 0;] : dUdx

k=1 k,l=1

=— Z | 1) ()2 Q;) : P*dx — Z/ aw (07 )T Q;) - Pdx

k=1 k=1

- Z/ aw ((kZ)(A)Q;) : ddx — Z[ ay (R X)X Q) : Pdx.

k=1 ki=12U%

(2.27)
Concerning the /-term, we use the anti-equivariance of ®? to derive

I = Z/ auh QF 1 (X9 d")dx

k=1

_y f w0}z — 3 f audk 0} : ((0%)d%)dx

k=1 k=1

=- Z / a(Qy 00q) : 9(P* 0o g)dx

k=1

- Z/ aw (20 (£ Q5)) : Pdx

k=1

=- Z/ axi0k(Qx 0 0Q) : 9 (P* 0 o g)dx

k=1

- Z / akl (312)(3kZ)Q,x) : ddx

ki=17U"
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3

-2 /ex ai (B Z)TQy) : Pdx.

k=1
(2.28)

Next we change variables in the first term of the last identity, and by (2.18) we
obtain

_i/

a9 (Qx 0 0q) 1 (P 0o g)dx
ki=17U"

3
=— 2/ AV (Qy.ijo0@) - V(P 0 6g)dx

ij=1"Y"

3
-- 3 /U _[Poa@A@ (Do o)V 011 @a) - VOl @ a)dr

i,j=1
3
== /l]eXVQA,ij(UQ(X))'V¢?j(09(x))|1(09(x))|dx
i,j=1

3

= — Z / VQA,ij oVCD?/dx
ij=1 yin

__ / (V05 VOO dx. (2.29)
Ull"l

Since X2 = id, we have the identities everywhere (resp. a.e.) in U,
(kX)X + X(0rX) =0and (8,3,2)2 + (X)) X) + (X)) (0 X) + 2(8,312) =0,
so that gathering (2.26), (2.27), (2.28), and (2.29) yields

/ (VQj, V&) pdx = —f_ (VQ;., V&) pdx
UeX Ul]'l

3
+ Z/ E((aklafl)l+81ak18kZ)Q,\+2ak1(3k2)81Q;L):CDadx.
ki=17U

Consequently,

/(VQA,VCD"‘)Adx:/ F(x, 0;,VQ;) : ®*dx (2.30)
U UeX

with
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F(x, 03, V0;)

3
Z 23()6)( (ar ()G E (x) + dar () (x)) Qs + 2akl(X)3k2(X)31Qx)-

Clearly, F : U™ x $* x (Sp)3 — Sy is Carathéodory and it is sublinear in its third
argument because ¥ € C! and |Q;| < 1in U.

It now remains to perform the computations with the equivariant part ®°. First,
we observe that ®¢ = 0 on 9. Indeed, since the function (Q; : ®) belongs to
WLL(U), it has a trace on €2, and this trace is equal to the inner product of the
traces on dL2. Since (Q; : ®) = 0in U, and Q; = Qp on 92, we infer that
(Qp : @) =0o0n 0. Hence Y®d = —d on 92, which ylelds ®¢ =00n0R.Asa
consequence, ®°¢ € W (U in: Sy). Moreover, for a.e. x € U™,

PE(x) 1 Qa(x) = (m(x)) (E(X)QA(X)) P(oa() : Qi(oal) =

and thus ®° € W01’2(Ui“; 0,*TS*). Thanks to the regularity of €2, (2.1) holds for
every test function in Wol’z(Q; Q,*TS*) by approximation. Therefore,

/. (VQA,che)Adx:f VQ, :Vodx =4 | QF:9%x.  (231)
mn m Ull"l

Next, from the definition of Q} we have an identity analogous to (2.26), namely

f (VQy, VO©) 4dx = Zf a (T QF) : §P°dx
UCX

k=1

4 Z | au(@2)03) : 0tax

ki=17U"
— 1T+ 1V. (2.32)

The computations of 1V are identical to the ones of /7 in (2.27), with ®° instead
of ®?. Similarly, we can compute /77 in a way similar to (2.28), thus using the
equivariance of ®¢ and the change of variable as in (2.29) we obtain

111 = Z/ adk(0r 000) : (P 0 ag)dx

k=1

- Z/ ai () (3 X)Q5) : P°dx

k=1

_ Z / au (0 Z) X0 Q5.) : Pdx,

k=1

=/U,H(VQA,V<D€ )adx, — Z/ a (T (0 X)Qy) : P°dx  (2.33)

ki=1U"
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3
-y /U a (I Z)Ta Q) : @dx, (2.34)

k=1

Summing up the contributions for /77 and IV, in view of the identities for X
and its derivatives we infer

/ (VOi, VO) adx =/_ <VQ)”V©6>Adx+/ F(x, 0;,VQ;) : dx,
UeX Ull'l UeX

(2.35)
with the same F as in (2.30).
Combining (2.31) and (2.35) leads to

/U(VQ,\,VCDe)AdeZA Q§:¢edx+/ F(x, 05, VQy) : ®dx.

yin ex
(2.36)

Finally, summing (2.30) with (2.36), we are led to

/ (VOi, VO)adx =24 | Qi : ®%dx —i—/ F(x, 0,,VQ,) : &dx
U Uln UCX

= Q? : ddx + 2 0} : (Zdoogq)dx
Uin Uin
+ / F(x, 0,V 0Q,) : ®dx. (2.37)
UeX

Changing variables once again, we derive

0} : (Zdoogq)dx =/_ [Z0%(0a()]: @laa(x))dx

yin yin
=/ (Z0D) : @) f(x)dx, (2.38)
UCX
with f:=|J (0 q)|.- Combining (2.37) and (2.38), the conclusion follows. O

Proof of Proposition 2.8. Starting from Lemma 2.9, we proceed as in the
proof of Proposition 2.2. Given & € CSO(Q; ///;ZE(R)), we consider

Po:=P — 1(P: I € C(; Sp) and
D=0y — (Q; : P0)Qx € W (Q: 0 TSY).

Since &, is compactly supported in Q, (2.25) applies. On the other hand, direct
computations yield

/ﬁ(VQx,VdJ*)Adx :[Q(Vkav¢0>Adx_[§|va|iQk : Podx
=/§(VQA,VCI>)Adx—/§|VQA|iQA:CIDdx, (2.39)

and
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A/ Qi;q>*dx+x/ (():Q%):q>*)f(x)dx+/ F(x, 0;,V0,) : ®.dx
Q U Uex

ex

_ / G (x. 05, VO,) : ®dx, (2.40)
Q
with

2 1 3
Gax. @2, VQ2) 1= hxa(0)| @F = 31— (@) 0; ]
1
+ ks (0 (0| 20} — (NI — r(20]) 04
1
0= (| Fx. 02,V 05) = 3u(F(x. 0,V Q)1

—u(F(x, 05,V 01)0:) ;]
Combining (2.25), (2.39), and (2.40) leads to the conclusion. |

Before closing the subsection, we provide a counterpart to Lemma 2.6 for
reflected maps.

Lemma 2.10. Assume that 92 is of class C> and Qp € CH1(92; SY). Let Qref €
Ao, (2) satisfying conclusion (2.16) in Lemma 2.6. There exist two constants

rg) > 0and k = kg € (0, 1) depending only on Q2 such that for every xo € 092
andr € (0, rg)),

sup — [ IVOutlPdx < —2E(Quer, B, (x0) N Q) + Chyr, (241)
By(x)S By (x0) P J By(x) r

where Co > 0 only depends on Q, and C)éb > 0 only depends on 2, Qy,
MW (W)l (50 and E.(Ob).

Proof. Set k:=¢ min(| Dogl %y, 1), and rS:=minr]’, 8g), where rly) > 0

is given by Lemma 2.6. Given a point xo € 92 and a radius r € (0, rg)), we apply
(2.16) to estimate in a ball B, (x) C By (xo),

1 ~ 1 1 _~
—/ IV Qref|*dx = —/ |V QrefPdx + —/ |V Qrer|*dx
P JB,(x) P JB,(x)NQ P JB,(x)NU

4
< ;SA(Qref» B, (x0) N )
1

+ - f IV Oret[2dx + CP, 1. (2.42)
P JB,(x)NU

Using the facts that X (x) is isometric for every x € U and |Qref| = 1, we estimate
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-~ 2
f IV Orer Pdx = / V(2 Qrer 0 52
B, (x)NU® B, (x)NU®

2
<2 VQurooa)idr+ Cop’
B, (x)NU®

§CQ/ , |V Qret|?dx + Co, p°,
aq(By(x)NUu™

where the last inequality follows from a change of variables. Setting y:=oq(x),
we observe that (B, (x)) N U™ C By 6y (y) N U™ and By 61y (y) € Byrje(x0),
and consequently

1

—~ Co
- / |V Qe *dx < — / IV Qret*dx + C g, p?
p Bp(x)mUex P Bp/((,,c)(y)ﬂQ

(&
< —PE(Quer, By (o) Q) + Chyr. (2.43)

thanks again to (2.16). The result now follows from (2.42) and (2.43). |

Remark 2.11. (Specific geometry [18]) Recall from Remark 2.7 that we shall con-
sider in [18] the following situation: 0 € 92, By N 2 = By N {x3 > 0}, and
Qp is constant on By N 92 = By N {x3 = 0}. In this case, X is constant in
Bi, and 0 (x) = (x1,x2, —x3) =: x for every x = (x1,x1,x3) € Bj. Hence
|V§ref()c)|2 = |V Qpef (¥)|?* for every x € By N {x3 < 0}. As a consequence, if
Qe satisfies conclusion (2.17) in Remark 2.7, then

1 ~
sup _gA(Qref, Bp(x)) < SgA(Qrefs BN Q)s
B,(x)CBy6 P

instead of (2.41) (with xo = O and r = 1).

2.3. The g-Regularity Theorem

In this subsection, we present the main regularity estimate which provides local
Holder regularity for weak solutions of (2.2) under a smallness assumption on the
energy. To treat interior and boundary estimates in a unified way, we consider the
case of a general system with diagonal principal part, corresponding to the scalar
operator Lv = —div(AVv), as it appears in Proposition 2.8.

Theorem 2.12. Let ro € (0,1] and A : B,, — //I;ir;l(R) be a Lipschitz field of
symmetric matrices, and assume that A is uniformly elliptic (i.e., mI < A < M1 for
some constants m > 0 and M > 0). Let Q € Wl'z(BrO; SHY and G € L2(Br0; So)
be such that

—div(AVQ) = |VQ|?4Q +G in 9 (By). (2.44)

There exist two constants € 4 > 0and C 4 > 0, and an exponent o = a(A) € (0, 1)
depending only on the Lipschitz norm of A in By, and the ellipticity bounds m and
M such that the condition

1
sup <—/ |VQ|2dx+r/ |G|2dx> <eq (2.45)
B (X)S By, r JB.(x) By (x)
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implies Q € C**(Byy2) with [Qlcoa(p, ,) < Carg ™.

We postpone the proof of this theorem as we require some preliminary lemmas.
To this purpose, let us first recall the notion of function of bounded mean oscillation.
Given an open ball B € R¢, a function u € L'(B) belongs to the space BMO(B)

if
u— ][ u
By(y)

lullBMO(B):= sup ][
B,(y)SB By (y)

where the supremum is taken over closed balls B, (y) as above. Analogously, for
p > 1 afunction u € L?(B) belongs to the space BMO? (B) if

||u||§Mop(B):=7sup ][ ‘u—][ u
B,(»CBY Bp(y) B, (y)

where as above the supremum is taken over closed balls Ep (v). It is well known
that taking closed cubes inside B or closed balls Ep (y) such that By, (y) C B gives
equivalent definitions where the previous quantities are equivalent norms (see [64]).

A first ingredient coming into play is the classical John-Nirenberg inequality,
see e.g. [28, Chapter 19].

dx < +o0,

p
dx < 400,

Lemma 2.13. (John-Nirenberg inequality) For every 1 < p < 00, there exists a
constant C, > 1 depending only on p and the dimension such that

p p p
C_p”MHBMO(B) < ”u”BMOP(B) < CP”““BMO(B)
for every u € BMO(B).

The second result is a standard scaling-invariant local regularity estimate for
solutions of linear elliptic PDE’s. Since the result is standard but we were not able
to find a reference in the literature we sketch the proof for the reader’s convenience.

Lemma2.14. Ford > 3, let A : @ € RY — #yq(R) be a Lipschitz field of
symmetric matrices, and assume that A is uniformly elliptic (i.e, mI < A < M1
in S~2f0r some constants m > 0 and M > 0). Let f € LZ(Q; Rd), g€ Lz(ﬁ) and
for each B, C ﬁ, 0 <r <1, consideru € WOI’Z(B,) the (unique) weak solution

of

—div(AVu) =div f + g in B,,
u=~0 ondB,.

For every q € (ddTl’ 2), there exists a constant C4 = C(q) depending only on q,
d and the Lipschitz norm of A in Q (i.e., not on the radius r) such that

IVullpas,) < CA(”f”L‘l(Br) + gl aq )
L7+ (B,)
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Proof. (Sketch) Since all the norms in the inequality have the same scaling prop-
erties and the Lipschitz norm of A is decreasing under scaling with factor r < 1
we may assume r = 1. Then the estimate for ¢ = 2 just follows testing with u,
integrating by parts and using Sobolev inequality. The case ¢ € (2, d) follows from
the case ¢ = 2 and the combination of [24, Theorem 9.15] for the case f = 0 with
[25, Theorem 10.17] for the case g = 0. Finally, standard duality arguments give
the desired conclusion in the dual range of exponents g € (ddTl’ 2). O

The final ingredient is the following local gradient estimate for A—harmonic
functions.

Lemma2.15. Ford > 2, let A : @ € RY — #y4(R) be a Lipschitz field of
symmetric matrices, and assume that A is uniformly elliptic (i.e., mI < A < M1 in
S~2f0rs0me constantsm > 0and M > 0).If B, C S~2, 0<r<landu e Wl’z(Br)
satisfies in the weak sense

—div(AVu) =0 in B,, (2.46)

then u € CY(B,) and

C
sup [Vaul? < —g‘][ lu —£%dx V£ R,
By/a = JoB,

for some constant C 4 > 0 depending only on d and the Lipschitz norm of A in Q
(i.e., not on the radius r).

Proof. Since u — & also solves (2.46), we may assume that £ = 0. By standard
elliptic regularity theory, u is of class C® locally inside B,, and the following
estimate holds (see e.g. [23, Theorem 5.19])

sup |Vu|?> < cA][ |Vu|?dx.
By 4 B2

On the other hand, Caccioppoli’s inequality (see e.g. [23, Theorem 4.4]) yields
C
f |Vul2dx < —;/ |u|dx,
Br/Z r By

C
sup |Vu|? < —f][ lu|?dx. (2.47)
Br/4 r B,

so that

Next we observe that [u|2 € W!1(B,) satisfies (in the W~11-sense)
—div(AV|u|?) = =2(AVu) - Vu <0 in B,. (2.48)
According to [24, Theorem 9.15], there exists a unique strong solution ¢ of

—div(AVe) =1 inB,,
=0 ondB,,
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which belongs to W27 (B,) forevery p < oo. Inparticular, ¢ € C'(B,) by Sobolev
embedding whenever p > d, and an elementary scaling argument (using r < 1)
leads to

IVl < Car (2.49)

for some constant C4 > 0, depending only on d and the Lipschitz norm of A in Q
(and independent of r). Moreover, ¢ > 0 in B, by the maximum principle.

Next we write |u|2 = —|u|2diV(AVg0), and we integrate by parts over B, to
obtain
lul?dx = | (AV|ul?) - Vodx —f lul?>(AVy) - vdx < CArf lu|?dx,
B, B, 3B, 9B,
(2.50)
thanks to (2.48) and (2.49). Gathering (2.47) and (2.50) yields the announced con-
clusion. o

Proof of Theorem 2.12. We start with some useful pointwise identities which hold
a.e. in the domain and which allow to perform the so-called Hélein’s trick and
rewrite the quadratic term in the right hand side of (2.44) in divergence form.

From the identity |Q|> = 1, we first infer that Q : 3;Q = 0 for each k €
{1,2, 3}. As a consequence,

3
> Ou(AVQij) - VQu =0 Vi, je{l,2,3},
k=1

which in turn implies that

3

3
IVOIRQij = Y Qij(AVQu)-VOu =Y B -VQu,

k,l=1 k,l=1
with the vector fields
Bfj:=0ij(AV Q) — Qu(AVQij) € L*(Bryi R, i, j k1 € {1,2,3). (2.51)

We now claim that in view of the previous pointwise identities for every i, j, k, [ €
{1,2,3},
div Bf] = GuQij — GijQu inZ'(Byy). (2.52)

Indeed, given a test function ¢ € Z(B,,), we integrate by parts using equation
(2.44) to obtain

/BB,-’;?-de:/B(AVQk1>-V<Q,-,-<p>dx—fB(AVQ,-ﬂ-kam)dx
1 1 1

:/ leQij‘de_/ GijQuedx,
B B

and the claim follows.
We may now write in the sense of distributions

Bikjl VQOu = diV(leBikjl) + 0%Gij — G QuQij,
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in such a way that for each 7, j € {1, 2, 3}

—div(AVQ;j) = div(Q : Bij) + (Q : 0)Gi; — (G : 0)Q;; in W~ 2(B,),

where B;; € L?(By,; (Sp)*) are matrix-valued vector fields given by B;; :=(Bl.kjl )2’ -1
as defined in (2.51).
Finally, if T € Sy is a constant matrix, we have for every i, j € {1, 2, 3},

—div(AV Qi) = div((Q — T) : Bjj) + Fi; inW~"%(B,), (2.53)

with Fj;:=(Q : (Q — T))Gij — (G : (Q — T))Qij € L*(By,).

Let o € (0, 1/8] be a constant to be specified later. We fix xo € By,/2 and
t € (0, r9/2) such that B;(xp) C By, and then arbitrary x € By;(xo) andr € (0, 1)
suchthat B;,(x) € By (xp). Notethat B, (x) € B;(xp) C B,,,and thus assumption
(2.45) yields

1
sup —/ |VQ|2dx+pf |G|%dx | < ea. (2.54)
0<p<r \ P By (%) By (%)

Define

thf Qdx € 8p.
By (x)

By a standard average argument based on Fubini’s theorem, we can find a good
radius 7 € (r/2, r) for which

4
/ |0 — TPPdH? < —/ |0 — T|%dx. (2.55)
9 B; (x) T JB.(%)
Since Q € Wl/z*z(aB;()E); 80), there exists a unique H € W'2(B;(x); Sp) satis-
fying
{—div(AVH) =0 inB-(X), 256

H=0 on 8 By ().

In addition, applying Lemma 2.15 with Q = B, we infer that H belongs to
C'(Bj(¥)) and that

c
- |H — T2 dH?
= JoB(x)

sup |[VH|* <
Bi /4(X)
c c
:—f][ 10— TPdH? < —f][ 10— TPdx,  (2.57)
= J9B(x) = JB.(%)

thanks to our choice of 7 made in (2.55).
By (2.53) and (2.56), the map Q — H has components which solve

—div(AV(Q;; — Hi))) =div((Q — T) : Bij) + Fij in W~ 12(Br (X)),
Q,‘j —H,‘j =0 onaB;()E),
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and our aim now is to apply Lemma 2.14. To this end, let us fix the exponents

3q

q €(3/2,2) and s:= € (1,6/5).
344

(One can choose for instance ¢ = 7/4.) Using the identity |Q| = 1 and Holder’s
inequality, we estimate, with the help of (2.54),

Q@ = T) = Bijllicas;) < IBijll2gan1Q — T 20
L==4 (B; (X))

< CalVQl2panQ =TI 2
LB L? = (B; (X))

SCaead I =TI 20
X

as well as

I Fijlizs i)y < CNG 28 ep 1@ — Tl 60

L6-4 (B (%))
< Clea/M'?0 - T”L%",(B o
! X
< Clean)'?)10 — T”mw .
- X

According to Lemma 2.14, we thus have

IV(Q — H)llLas;y) < Ca(€ad) ?1Q =TI 24
L24 (B7 (x))

Sincer € (r/2, r), the previous estimate and the Sobolev inequality in Wé P(B; (%))
yield

l/p C
—HIP < L B B
<]€R;(2) €= Hi dx) =3 IV(Q — H)llLa 87

2—q
< Caell? 10— T|74dx ) (2.58)
X LAE Y 5.5 ) .

where p:=¢* = 3Bqu > 2 is the Sobolev exponent. Next we set

H::][ Hdx and @::][ Qdx
By (X) Bor (X)

and we infer from (2.57) and Holder’s inequality, as 7 € (r/2, r) and i_qq > 2, that

_ 1/p =
(][ |H—H|”dx) < Cor sup |[VH| < Cao (][ 0 —T|™ qu) "
By (x) By /4 (x) - (X)

(2.59)
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In view of (2.58) and (2.59), asr € (r/2, r) we may now deduce from Minkowski’s
inequality and the John-Nirenberg inequality in Lemma 2.13 that

o 1/p
(o)
Bgr (X)

1/p o 1/p
< Co 3P <][ |0 — H|de) + <][ |H — H|de)
Br (%) By (X)

2—q

2 2
< Ca(o™Pell? + o) <][B . = T|2”qu> !
(X
< Caq (0’73/”6‘}4/2 + o)1 QlBMO(B, (x0)) - (2.60)

It now follows from (2.58) and (2.60) together with Holder’s inequality and the
John-Nirenberg inequality again that

]{3 100l <f lo-H+A-T

By (X)

g][ |Q—ﬁ|dx+][ |Q — H|dx
Boy (%) Bor (%)
. 1/p
< (][ |Q — H|pdx)
By (%)

1/p
+ Co3/P <][ |0 — H|de>
B (%)

- 1/2
< Calo rell? 4 o)1 QlIBMO(B, (xo))-
Finally, taking the supremum over x and r, we conclude that

_3/p 1)2
IO lBMO(By (x0)) < Calo 3/p€A/ + 0) 1 QIBMO(B, (x0)) -

We then choose o € (0, 1/8] and &4 > 0 small enough (depending only on A) in
such a way that

1
| QlIBMO(B,, (x0)) < 3 | OlIBMO(B (xo)) -

In view of the arbitrariness of ¢ € (0, ro/2), the inequality above holds for every
t € (0,r9/2). A classical iteration argument on the function ¢ — || Q|lBMO(B, (x¢))
then shows that
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1QllBMOB; (x0)) < 1 QlIBMO(B, 2 (x00) 27T “1% < 225 Y € (0,70/2),
(2.61)
where « € (0, 1/3) is determined by ¢ = 1/2 (note that we have used the fact
that | @] = 1 in the second inequality). In particular, (2.61) leads to

‘ﬁt (x0)

In view of the arbitrariness of xg € B2, it implies that Q € C O (E,O /2) with the
announced estimate by Campanato’s criterion, see e.g. [45, Theorem 6.1]. O

0 _][ Qdyldx < Crg®® Vi e (0.10/2).
By (x0)

Applying Theorem 2.12 to our main equation (2.2) yields the following interior
regularity estimate:

Corollary 2.16. Let Q5 € W'2(B,,; S*) be such that

1
—80, =1V Qs +4(Q} = 31~ w(0))Qs) in T (Byy).

There exist two universal constants €, > 0 and rin, > 0 such that for every ball
B, (x0) € By, of radius 0 < r < rip(1 + 2)~V2 the condition

1
sup —[ IV Qs *dx < éin
B,(x)SB;(x0) P JB,(x)

implies Q; € CO’“(Er/z(xo)) with [QA]COﬂ(B,/z(xo)) < Cr™¥ for some constants
a € (0,1) and C > 0 independent of A.

Proof. Since Q) is a weak solution of (1.17), it solves (2.44) in B,(xo) with the
matrix A = I, and G::)L(Q% — %I — tr(Qi)Qk). The map Q; being S*-valued,
we have

442
rin < crt

2
sup /?/ |Gl"dx < C < Crjp,
B, (x) (14 2)2 "

By (x)S By (x0)
for some universal constant C > 0. Hence, we can choose €, and rj, small enough
in such a way that (2.45) holds (with e4 = &), and the conclusion follows from
Theorem 2.12. ]

Concerning boundary regularity estimates under a Dirichlet boundary condi-
tion, we apply the refection procedure of the previous subsection, and then Theorem
2.12 to equation (2.23).

Corollary 2.17. Assume that 32 is of class C3 and Qp € CH1(3Q; S*). Let Q). €
Ao, () be a critical point of &, and /Q\,\ its extension to given by (2.22). There
exist two constants €pq > 0 andrpg > 0 depending only on Q and Qy, such that for
every ball B, (xo) C Q with x0€0Qand0 < r < rpg(l + )»)71/2, the condition

1 ~
sup  — / V0 |%dx < epa
B,(x)SBy(x0) P JB,(x)

implies Q\A e COe (Er/z(xo)) with [QA]C0=“(B,~/z(x0)) < Co,r ™~ for some constants
a € (0, 1) and Cg, > 0 depending only on Q and Qy, (and not on A).
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Proof. By Proposition 2.8, QA solves (2.44) in B, (x()) w1th the matrix field A
given by (2.21), and the map G given by G:=G, (-, Q;H VQA) where G, satisfies
the growth condition (2.24). In particular,

sup o / IGldx < Cg, sup / (1 +2)? + V05 *)dx
B, (x)S B, (x0) By (x) B, (x)S By (x0) Bp(x)
< Co, Ty (r3q + €ba)

for a constant Cp, > 0, depending only on €2 and Qy. Hence, we can choose &pq
and rpg small enough in such a way that (2.45) holds, and the conclusion follows
from Theorem 2.12. d

2.4. Higher Order Regularity

In this subsection, we improve Holder continuity estimates from the previous
ones into Lipschitz estimates. Finally, we deduce analytic regularity both in the
interior and at the boundary, whenever boundary data permit.

Proposition 2.18. Let r € (0, 1] and let A : B, — ;ir; (R) be a Lipschitz field
of symmetric matrices. Assume that A is uniformly elliptic, i.e., mI < A < M1
for some constants m > 0 and M > 1. Let G : B, x S* x (Sp)? = Sy be a
Carathéodory map satisfying

1G(x,q,8)] < Cu(A+E[D)  Y(x,q,8) € B x S* x (Sp)? (2.62)
for some constants A > 0 and C, > 0. Let Q € WI’Z(B,; S4) be such that
—div(AVQ) = G(x, Q,VQ) inP'(B,).

If 0 € C%¥(B,) for some a € (0,1) and [OQlcoe(p,) < kr™ % then Q €
WL(B, ) and

1
PV, < c(; / IVOPdx + Ar2>
By
for some constant C > 0 depending only on IAllLipB,), M, M, Cy, o, and k.

Proof. Letus fix an arbitrary point xo€ B, /2, and set Ag:=A (x¢), r1:=r/ 2V M) <]1.
We change variables by setting for x € B, (so that A(l)/ 2x +x0 € Byj2(xp)) to get

Q(x):=Q< o 2x + xo>

Then Q € W12(B,,; S*) N C%¥(B,,) satisfies [Q] lcoa(s, ) < M* Pr;®, and it
solves o B B B

—div(AVQ) = G(x, 0. VQ) inZ'(B,), (2.63)
with

AGy=Ag P A(AYx + x0) A7 2
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and

—1/2

~ 1/2
G(x,q,8):=G(Ay*x + x0. ¢, A, '%¢).

We observe that A is Lipschitz continuous in B,,, and

m - M -
— I <AL —I and A0)=1.
M m

Concerning G, it satisfies
IG(x.q.6) < Cu(A+[E)  VY(x.q.8) € By xS*x (S)’.  (2.64)

for some constant Cy, > 0 depending only on C, and A.
\LVe now fix an arbitrary radius p € (0, r1],and we consider H € w2 (Bp; So)N
c'(B o) the (unique) solution of
—AH =0 inB,,
H=Q indB,.

Representing H through the Poisson integral formula, one easily obtains

osc H=o0sc O < Cri%p%,
5, o8, Q<Cri"p

for some constant C > 0 depending only A and k (and osc is meant for oscillation).

Since H — Q = 0 on 9B, we deduce that

supIQ—H|<%ch+%scH<Crf°‘p“, (2.65)
p P

By

with C > 0 depending only A and k.

On the other hand, concerning the harmonic function H, we have H € C*°(B,)
andalso A|VH|? = 2|D?H|? > 0.Hence the function p — p 2 le|=p |VH|2dH?
is nondecreasing, and in turn p — p 3 f B, |V H|?dx is nondecreasing as well. As

a consequence, since H is equal to Q on 0B,, this satisfies

J

We are now ready to estimate

1/2 1/2
<][ |vQ|§dx) < (f |VH|i;dx>
By B2

1/2
+C <][ V(O — H)ljdx) =124 cI1'?, (2.67)
BP

|V H |*dx <][ |V H |*dx <][ IVO|’dx Vo' € (0, p). (2.66)

¥ B, B,
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and we shall treat separately the two terms / and //. Since A is Lipschitz and
A(0) =1, wehave |A — I| < Cap in B, and we infer from (2.66) that

I <(1+Cap)f |VHPPdx < (14 Cap)f |VH[*dx
Bpp2 By

<A+ Car e 4 IVOIdx,
By

where we have used that 0 < p < r1 < 1. Using again this property together with
the ellipticity bounds on A and |A — I| < C4p in B, we conclude,

VI<(a+ CArl_a/zp“/z) <][

B,

1/2
|VQ|§dx> ) (2.68)
Next we write

11 =][ (VO,V(Q — H)) dx +][ (VH,V(H — Q)) zdx. (2.69)
B B

p p

Since Q — H € W(}’Z(Bp) N L°°, we can apply (2.63) and then deduce from (2.64)
and (2.65) that

][B (VO,V(Q — H)) zdx =]g G(x,0,V0): (0 — H)dx

< Cri%p” (][
B

Since H is harmonic and O — H = 0on  B,,, we have pr VH :V(Q—H)dx =0,
and consequently

IVO|2dx + A) ) (2.70)

P

][ (VH,V(H — Q)) 7dx <][ |A—1||VH||V(H — Q)|dx
By

By
< Cap ][
B

where we have used again [A — I| < Cap in B,, (2.66),and 0 < p < r; < 1.
Combining now (2.69), (2.70), and (2.71) leads to

IT < Cyary“p* (][
B

As 0 < p < ry < 1, in view of the ellipticity bounds of A and |A — I < Cypin
B, we conclude

|V H |*dx +][ |VQ|2dx) < Cr;“p“][ IVO|*dx, (2.71)
o By B,

|VQ|2dx+A>.

P

VII < C,Lxrfw/zpo{/2 (][

1/2
IVOl5dx + A) . (2.72)
B/J
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Combining (2.67) with (2.68) and (2.72), we obtain

172 1/2
<][ |VQ|§dx) < (14 Car;*?p%/?) <][ |VQ|§dx>
By By

+CaVAr 2 po2, (2.73)

for a constant C4 > 0 depending only on A, C, and k and forall0 < p < r; < 1.
In view of the arbitrariness of p, we can apply (2.73) with p;:=2"%rj and k € N.

It leads to
(£

+CAVA2™/2 Wk e N.

1/2 1/2
Ivélidx) < (14 Ca27/2) (][ |vQ|§dx)

By,

Now if {6} € (1, 00), 0 = 12,6k < 00, {ox} € (0, 00),0 = L2 0k < 00, and
{vk} <€ [0, 0o) satisfy yry1 < Ok yr + ox for each k > 0, then a simple induction
argument gives yx+1 < 6(yo + o) for each £ > 0. As a consequence, if we let

= (,

then we obtain

(pr |VQIi;dx>l/2 <cC (fB

k
for some constant C > 0, depending only on A, Cy, k, and «.
Finally, if xo was chosen to be a Lebesgue point of [V Q |2 (which holds for a.e.
X0 € By, by the Lebesgue differentiation theorem), then 0 is a Lebesgue point
for |VQ|%, and letting k — oo in (2.74) yields (recall that A(0) = I)

VOO < C (f
B,

Changing variables again and using the uniform ellipticity of A, we deduce from
the definition of r; that

1 1
Vol <c (L [ vopar+a)<c (s [ vorarta)
1 J By j2(x0) r= Js,

for some constants C > 0 and A > 0, depending only on A, C,, k, and « and the
conclusion follows. O

12
|VQ|12§dx) , O = (1 4 CAzfak/Z)’ op = CA\/XZﬂXk/z,

k

1/2
|vQ|§dx> +VA| VkeN (274

1

|vQ|§dx+A>.

1

Once Lipschitz continuity is obtained, one can derive higher regularity from linear
elliptic theory.
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Corollary 2.19. Let Q;. € W12(B,(x0); S*) be such that
1
—AQ;, = V0.0, + A(Qi - 31— tr(Qi)Q,\) in 7' (B, (x0)).

If0 <r <rin(1 +2)"Y2 and
1 2
sup — VO, |"dx < €,
B,(x)SBy(x0) P JB,(x)

where i, and €, are given by Corollary 2.16, then Q; € C®(B,/4(x0)). In addition,
Q. satisfies, for each k € N,

vk OllLo(B,3(x0)) < Cor ¥, (2.75)
for a constant Cy > 0, depending only on k.

Proof. Step 1. By Corollary 2.16, Q) € CO’“(Br/g(x())) with [QA]CO’“(Br/z(XO)) <
Cr~* forsome « € (0, 1) and C > 0 independent of 1. Applying Proposition 2.18
with A = I and

1
G(x,0,VQ):=|VQ[*Q +A(Q* - 3= tr(Q*) Q)

(so that G satisfies (2.62) with A:=A + 1) yields O, € W1’°°(B,/4(x0)) and

1

r

1
< c(—/ VO, Pdx + 1) <c
r Br(XO)

for some universal constant C > 0. Asaconsequence, wehave A Q; € L (B, /4(xp)).
By linear elliptic regularity theory (see e.g. [26, Theorem 3.13]), it follows that
0, € Cllo’g (By/a(x0)) for every a € (0, 1). A classical bootstrap argument based
on Schauder estimates then shows that Q; € C*°(B,4(xo)) (see e.g. [24, Chapters

6 & 8]), and standard results in [49, Chapter 6] give analytic regularity.

Step 2. In this second step, our aim is to prove the remaining estimate (2.75)
for k > 2. Let us fix a point y € B,/g(xp), and rescale variables setting

~

O(x):=0;(y +rx). Then,
~ ~o~ ] —r ~
_AQ=|VQ|2Q+?»<Q2—§I—tr(Q3)Q) in By /s, (2.76)

with :=r2) € (0, rin). Let us fix j € {1, 2,3}, and set v:=0; Q Differentiating
(2.76) with respect to the j-th variable, we obtain that v satisfies a linear system of
the form

—Av+b-Vv+c-v=d inByys,
where the coefficients b, ¢, and d satisfy

61100 By jg) + lcloo(Byg) + Nl Loo(B, 5) < Cs
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since |§| = 1 and ||V§||Leo(31/8) < C. By elliptic regularity (see e.g. [24, Chapter
8, Section 8.11]), v satisfies the estimate

sup [Vl < C(vllzee(sys) + 1dllL(s,/5) < C.
Bi/16

From the arbitrariness of j, we conclude that V2 Q| L=(B16) < C. Now we can
proceed by induction on k following the same strategy (differentiating (k — 1)-
times equation (2.76)) to prove that ||VkQ|| L®(By_442) S Cy, for a constant Ck

depending only on k. Scaling variables back, we obtain that VKO, (»)| < Crr*,
and (2.75) follows from the arbitrariness of y. O

A similar argument then yields higher regularity near the boundary when the
boundary data are sufficiently regular.

Corollary 2.20. Assume that 39S is of class C? and Qy € C"'(9Q; §*). Let ;. €
Ao, () be a critical point of &, Q,\ its extension to S given by (2.22), and
B, (x9) C Q with xo € IS If0 < r <rpa(1 +2)""2 and

1
sup —f IV 0, [%dx < e,
B, (x)CBy(x0) P JB,(x)

where rvg and evg are given by Corollary 2.17, then ||V Q;, Lo (B, ja(x0)) < Copl™
for some constant Cg, > 0 depending only on Q and Qy. As a consequence
0;. € C(Br/a(xg) N2) N Cllo’g(B,M(xo) N Q) for every o € (0, 1).

In addition,

(i) if 92 is of class C*P and Qp € CHP(3Q2;S*) with k > 2, then Q) €
Crol (B ja(x0) N 9); B
(ii) if 92 is real-analytic and Qp € C?(9S2; S*), then Q) € C?(B,4(x0) N ).

Proof. By Corollary 2.17, /Q\;L € CO’“(Br/z(xo)) with [Qk]c"ﬂ(Br/z(xo)) < Cour™
for some exponent & € (0, 1) and a constant Cp, > 0 independent of A. By Propo-
sition 2.8, we can apply Proposition 2.18 with the matrix field A given by (2.21), and
G(x, Q, VQ) given by the/:\right—hand side of (2.23) (once a/gain, G satisfies (2.62)
with A=A+ 1). Ityields Q5 € W (B, 4(x0)) and r2||VQA||iOO(Br/4(XO)) < Cop,
(as in the proof of Corollary 2.19, Step 1). From the equation (2.23) satisfied by
Qk, we deduce that div(AV Q,\) € L°°(B,/4(x0)). By elliptic regularity (see e.g.
[26, Theorem 3.13]), it implies that Q;L € Cllo’g (By/4(x0)) for every o € (0, 1),
and consequently Q; € Cll()‘g(Br/4(x0) N Q) for every o € (0, 1). Since |[VQ,| €
L (By4(x0) N 2), we can argue as in the proof of Corollary 2.19, Step 1, to show
that Q; € C?(Bya(x0) N Q).

Finally, under the assumption that 9Q is of class CK# and Qy, € CKA(3Q; S
with £ > 2, the fact that 0, € CloC (Byrja(x0) N ) now follows from equation
(2.2) and standard elliptic regularity at the boundary, see e.g. [24, Chapter 6]. The
corresponding conclusion within the analytic class follows again from the results
in e.g. [49, Chapter 6]. O
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2.5. Bochner Inequality and Uniform Regularity Estimates

In this subsection, we refine the previous analysis and clarify the dependence
of the regularity estimates for the smooth solutions Q; of (1.17) on the parameter
A. The results of this subsection are not used in the present paper but they will be
a fundamental tool in the subsequent paper [18] of our series where we will study
(axially symmetric) minimizers in the asymptotic limit A — oo.

Proposition 2.21. Let Q) € Wl’z(Br; SY be a smooth solution of (1.17) in B,.
There exists a universal constant &eg > 0 such that the condition

1
;E)L(Q)u By) < €reg

implies

1
sup (—|VQA|2 + /\W(Qx)> <Cr
Br/a 2

for a further universal constant C > 0.

The result presented in Proposition 2.21 is reminiscent from Ginzburg-Landau
theories, where the main ingredient is a Bochner type inequality on the energy
density in the spirit of the classical inequality for harmonic maps (see e.g. [13,58]).
In general, Bochner inequality is available as soon as the potential is not degenerate
and the solution of the GL-equation under consideration takes values in a sufficiently
small neighborhood of the well. In the Landau-de Gennes context, this is precisely
the path adopted in [47, Lemma 6]. In our context, half way between Landau-de
Gennes and harmonic maps, we are able to prove a new global Bochner inequality
with no restrictions, which is the main ingredient in the proof of Proposition 2.21.

Lemma 2.22. (Bochner inequality) Let Q, be a smooth solution of (1.17) in B,.
Setting e;;:%WQ;LIZ + AW(Q,), we have

—Aey < Ceél inB,
for some universal constant C > 0.

To prove Lemma 2.22, we first need to establish the following elementary but
quite tricky (new) estimate:

Lemma 2.23. There exists a universal constant ¢, > 0 such that for every Q € S*
and T € Sy satisfying T : Q =0,

2t(TQT) < (L

W T2,
JEJFC (Q))I |



644 F. DIPASQUALE ET AL.

Proof. Let u3 < o < up be the eigenvalues of Q. Using that jy 4 o + 3 =

tr(Q) = 0 and u% +,u% ~|—,u§ = |0|* = 1, we deduce that 0 < u; < % and

_«/16 < 3 < 0. We now consider a matrix P € SO(3) such that Q = PD P!
with D = diag(pi, uo, u3) € ~S4. Setting T:=P'TP, we observe that

T:D =T:0 =0, |T| = |T|, tr(TDT) = tr(TQT), and W(Q) = W(D).
Hence, it suffices to show that

~ o~ 1 ~
2tr(TDT) < (— + cﬂ/W(D)> 1T, (2.77)
V6

for some universal constant ¢, > 0, i.e., that the claim holds when Q = D is a
diagonal matrix. To this end, let us first recall that

W(D)=0 < — 2 and |
= U2 = U3 n1=—= and py = pu3 = —.
NG

NG

Let us fix a small constant 0 < tg < 1 to be choosen later, and set

£y:=min {W(diag(vl, V2, v3)) vy =wm>=v3t+ty, vi+vy+v3=0, v12 + vg + v32 =1;>0.

If 115 — 3 > to, then (2.77) clearly holds for ¢, > 2€; '/* since |D| = 1. Hence it
remains to prove the inequality in the case > — 3 < to. To this purpose let us set
t:=py — 3 € [0, ty). Choosing to small enough ensures that o < 0, and direct
computations yield

2 o1
2 :—(1—;2 2)1/27 =———(1—t2 2)1/2’
'= 7 / m=3- % /
t 1
=—=——=(1-r*/2)'2
H3 5 JE( /2)
and, as t — 0,
- =27 22 _ 3 2
WD) = (== 2 o).
3/6 2V6 / 476

In particular, if ty is sufficiently small, then ¢ € [0, to) yields

t
WD) > —.
v W(D) 2
Let us now write

X1 X4 Xg
T=|x4x2x5],
X6 X5 X3

so that |T|2 = x12 + x22 + x% + 2x§ + 2x52 + 2x62, and

2tr(TDT) = 2u1x12 + 2u2x% + 2/13)6%
F2(p1 + p2)xq + 2(ua + w3)xd 4+ 2(un + p3)xg
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Since w1 + 2+ 3 =0, u3 < up < 0and ul f’ from the previous formulas
for the eigenvalues we easily get —2uo < f’ —2u3z <t + f and

2t(TDT) < 2pqx? + 2(p1 + p2)xg + 2(uy + pz)x?
= 2p1x] — 2u3xF — 22 X¢

4 5 1 2 2 5

< —x7 +2(—= + 2y W(D))x5 + — x¢.

\/6 1 (\/6 ) 4 \/6 6

On the~0ther hand x{ +xp +x3 = 0 since tr(f) =0, and pw1x; 4+ prx2 + p3x3 =0,
since T : D = 0. This implies that

(%(1 — 22— §>x1 — tx3,

and consequently, x12 < tzxg < %x32 for tp small enough. Back to (2.78), we
conclude that

(2.78)

2t(TDT)

1 1 2
1 ~
< —=+2/wWD) )ITP,
(%+ m)| |

which completes the proof for a (small) universal constant ty > 0 and ¢, =
1/2
max{2, 24, '}. |

Proof of Lemma 2.22. First compute
—A l|VQ ) =—IV20,>+ V0, :V(-A
SIVOilT ) = AT+ VO V(=AQ;).
From (1.17), we derive that

R (=AQ0;3) =2(VQ5 : V(3 Q1)) Qs + VO O
+A<(aka>Qx + 030 05 — 3tr(QI3 03) Q5 — tr(Q3) Qx)~

Since Q5 : % Q5 = 0 and tr(Q3) = —3W(Q,) + 1/+/6, we obtain

(! 2 4 2
A( VO, ) <|VO|T +3AW(0)|V O,

+ Z <2tr (% 01) 010k Q1) — —|3kQA|2>
k=1 f

It then follows from Lemma 2.23 (applied to Q = Q; and T = 9, Q;) that

1
—A <5|VQA|2> < IVOL*H3AW(Q)IV O +e/W(Q3) VO, 2. (2.79)
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Next, we compute

3
—A(W(Qn) = —tr(Q5(=A0) + Y 2tr((3%k Q1) 1.0k O1)

k=1

and it follows from (1.17) that
1
—A(W(Q1) = —IVOs[*tr(Q3) — A(tr o* - = (tr(Qi))2)

3
+ Z 2tr (9 Q1) @10k Q3.)-

k=1
Noticing that tr Q* = 1/2, we obtain from Lemma 2.23,

—A(W(05) =3W(QVIVOi* +9AW2(Q5) — A6 W(Q5)

3
1
+ (2tr((akQA>Qxak 0:) — —=Id Qm)
2 7
<3W(O)IVOL? +9AW2(0;) — a6 W(0))
+ e/ W(01) VO (2.80)

Combining (2.79) and (2.80), we are led to

—Aey < [VQi* + 6AW(Q1) IV Qs> + 92 W (Q5)

— V6 W(Q,) + 2¢,0/W(Q5) IV |2
(1+c2/V6) VO I* + 6AW(0:)IV Qi 1> + 922 W2(Q;)
ce?

NN

for a universal constant C > 0. O
Remark 2.24. If Q) is a smooth solution of (1.17) in B,, then Q, satisfies the

interior monotonicity formula (2.8) in the ball B, (see the proof of Proposition 2.4,
Step 2, or [62, Chapter 2, Sections 2.2 and 2.4]). As a consequence, Q) satisfies

1 2
sup =& (Qx. Bp(x)) < =E1(Qa Br).
B,(x)CB, s P r

exactly as in Lemma 2.6.

With Lemma 2.22 at hand, Proposition 2.21 follows from the original argument
in [13,58] that we provide for completeness.
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Proof of Proposition 2.21. We argue as in [13], where the scaling argument first
presented in [58] for harmonic maps is adapted to the harmonic heat flow. Since
Q. is smooth, we can find o; € (0, r/2) such that

r 2 1 r 2
(— - GA) supey = =  sup (— - 0) supe;.
2 By, 2 9<o<r)2 B,

In addition, by continuity we can find x; € EUA such that

supe; = e)(x;):=€;.
B,

Set py:=(5 — 03)/2 > 0, and notice that By, (x;) S Bs,+p, S Byj2. Since
o=py+oy<r/2andr/2 —oc = %(r/Z — 0,.), by definition of o, we have

sup e) < sup ey < 8e;.
By, (x2) Ba;ﬁrp;\

We define r,:=px+/€;, and, as By, (xp) € By/2, we also define
X
Ve

Then é is smooth in B,,, and it solves (1.17) in B,, with =A /€, in place of A.
Setting

Q(X)I=Qx(xx + ) forx € By,.

U PSR
7:=5 V0P +2W(0),

we infer from our choice of o and x; that €;(0) = e, (x3)/€, = 1, and & < 8in
B,, . We now claim that r;, < 1. Indeed, assume by contradiction that 7, > 1. Then
we infer from Lemma 2.22 that

—A% < CE<8CE in By,

for a universal constant C > 0. By Moser’s Harnack inequality (see e.g. [26,
Theorem 4.1]) and Remark 2.24, we have

1 =%;(0) < C/ Crdx = C\/E,\/ endx < 2Cereg,
By Bl/\/a(x)‘)
for a universal constant C > 0. Here we have used that B, / \/a(xk) C B, since

1/ €. < py. Therefore, 1 < 2Ceé e whichis clearly a contradiction if &g is small
enough.

Knowing that r, < 1, we may now deduce from our choice of o; and the
definition of p, that

r 2 2— 2
sup (— — a) supe, < 8pj e, = 8ry < 8.
Bs

O<o<r/2

Choosing o = r/4 now yields e, < 128772 in B, /4, and the proof is complete. O
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3. Regularity of Minimizers Under Norm Constraint

The aim of this section is to prove Theorem 1.2, and the proof is divided ac-
cording to the following subsections. Recall that in the statement of Theorem 1.2,
we assume that the boundary 92 is of class C3 and Op € CH1 (0% 84).

3.1. Monotonicity Formulae

We start establishing the monotonicity formulae for minimizers of &, over
A, (€2) applying the general principle in Proposition 2.4. First, let us recall that
Qb € A, () is a given (S*-valued) reference extension to €2 of the boundary
condition Qp.

Proposition 3.1. If Q) is a minimizer of &, over Ag, (), then Q) satisfies the
Interior Monotonicity Formula (2.8) and the Boundary Monotonicity Inequality
(2.9). Moreover the quantity K, (Qy, Q) in (2.9) satisfies

K(Qb, Q1) < cg(nvabn%mm) + WO L1 o) + &(Qb)). (3.1)

Proof. We first notice that, due to (1.12) and (1.1), the potential W is nonnegative
for every Q € Sp. Hence, for each ¢ > 0 the functional GL.(Q;; -) defined in
(2.6) is well defined and coercive on Wh2(Q: Sy). Moreover, using the compact
Sobolev embedding W12(Q2; Sg) — L*(Q), we easily obtain that GL,(Q;; -) is
lower semi-continuous with respect to the weak W !?-convergence since all the
terms not containig derivatives of Q are weakly continuous. It then follows from
the direct method of calculus of variations that GL.(Q;; -) admits at least one
minimizer Q. over Wé’bz(Q; So).

By Proposition 2.4, it now suffices to show that Q. satisfies (2.7) (with O, in
place of Qrr). In addition, observe that (3.1) follows from the minimality of 0 A
Indeed, since Qy, € Ap, (£2) is an admissible competitor, we have ||V O, 12

26,(03) < 26,(0v).
Now, let us consider an arbitrary sequence &, — 0 satisfying ¢, € (0, 27172y,
First, we infer from the minimality of Q,, that

LZ(Q)

%/Q IV Qe 1> +1Qs, — Q17 dx < GL:, (0 Q) < GLe, (015 Q1) = E(Q).

(3.2)
Hence, the sequence {Q;,} is bounded in WIQ’bZ(Q; Sp), and we can extract a (not
relabelled) subsequence such that Q,, — Q. weakly in wL2(Q) for some 0, €
Wé’bz(Q; So). Up to a further subsequence, we can assume that Q,, — Q. strongly
in L*(Q) (and therefore in L2(2)) since the embedding W!2(Q) — L*(Q) is
compact. As a consequence, fQ W(Qg,)dx — fQ W (Q,)dx which, combined
with (3.2), implies that [ (1 — |Q, [*)?dx — 0. Therefore, | Q4| = 1 a.e. in Q,
and thus Q. € Ag, (2). Now we infer from the minimality of O}, the weak lower
semicontinuity of &, the L?-convergence and (3.2) that
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1
£(00) < &0+ 5 /Q 10, — 0, 2dx

. 1
< liminf (&(an) + —f [Qe, — QA|2dx)
n—00 2 Jo
S liminf G L, (025 Qe,) < limsupGLy, (015 Qe,) < E(Q5)-

n—o0

Consequently, Q. = O, and lim, GL;, (Ox; Q) = Er(Q)), which completes
the proof. O

3.2. Compactness of Blow-ups and Smallness of the Scaled Energy

When proving regularity the main issue is to analyse the asymptotic behavior
of minimizers at small scales, and the key property is the compactness of rescaled
maps. When rescaling around an interior point, we have the following statement:

Proposition 3.2. Let Q). be a minimizer of £, over Ag, (). Givenxy € Qand0 <
r < ro such that By (xo) C 2, consider the rescaled map Q) , € Wl’z(BrO/r; sH
defined by

Q.r(0):=0x(x0 + rx).
For every sequence r,, — 0, there exist a (not relabeled subsequence) and Q. €
ML’CZ(R3; S such that Ox.r, = Qs strongly in Wll)’cz(]R3). In addition, Q, is a
degree-zero homogeneous energy minimizing harmonic map into S*.
To prove Proposition 3.2, we need two auxiliary lemmata.
Lemma 3.3. Let Q5 ,, be as in Proposition 3.2 and p > 0. For each n € N such

that pry, < rg, let v, € W1’2(Bp; S4) be such that v, = Q5 , on 3B, in the sense
of traces. Then,

n—o0 n—oo

limsup/ IV Oy, |2dx < limsupf |V, |*dx.
B, B,

Proof. By minimality of 0, and achange of variables, Q; ,, isminimizing er,% (-, By)
among all maps in WI’Z(BP; S4) having the same trace Q; ,, on dB,. Since v, is
an admissible competitor and the potential W is bounded on S*, we have

1 1
3 f IV Qi Pdx < £,,2(Qary- By) < 5 f Vo, Pdx + Cip’ry
B, B,

for a constant C depending only on W. Then the claim follows letting n — oo. O

The following interpolation lemma is due to S. Luckhaus [43]:
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Lemma 3.4. Let u,v € WLE(S2:'SY. For each o € (0, 1), there exists w €
WL2(S? x (1 — o, 1); So) such that W2y (1) = V> Wig2yqq) = Us

/ |Vw|2dx < CO'/ (|Vt2m“|2 + |Vtanvl2) dH?
S2x(1—0,1) §?

+co—1/ lu — v|? dH?, (3.3)
§2

and

1 1
2 2
dist* (w(x), 8% < Co 2 (/ (IViantt* + [Vianvl?) de) (/ lu — v|2dH2>
S2 S2
+CU*ﬁ/|u—uFdH2 (3.4)
S2

forae. x € S? x (1 — o, 1), and a universal constant C > 0.

Proof of Proposition 3.2. We essentially follow the proof of [41, Lemma 2.2.13]
with minor modifications. By Proposition 3.1, O satisfies the interior monotonicity
formula (2.8). Rescaling this formula yields

2

1 1 11005,
6 Qe Br) = 162 QunBr) > [ o

3.5
BR2\BR1 |)C|

forevery 0 < R; < Ry < ro/ry,. As a consequence, for every 0 < R < ro/r,, we
have

1 T 1
_5Ar2(QA,rn, BR) < _ng}LrZ(Qk,rnv Bro/r,,) = _g)\.(Q)\.9 Bro(XO))~
R " ro ro

Consequently, we can find a (not relabeled) subsequence such that 0, ,, converges
to a map O, weakly in WlL’f (R3) and strongly in L2 _(R?). Up to a further subse-

loc
quence, Q;, ,, — Qs a.e.in R3, and thus 0. € WIL’CZ (R3; S4). By the monotonicity
formula (2.8) satisfied by Q;, we have

.1 . 1
nli)rgo ngr%(Qk,rn’ BR) - nli)néo R

1
. 1(Qx. Brr, (x0)) = lim ;EA(QA, B, (x0))

for every R > 0. Consequently, letting n — oo in (3.5) yields by W!-2-weak
convergence and lower semicontinuity,

/ 1
BRZ\BRI |X|

for every 0 < Ry < Rj, which shows that Q, is 0-homogeneous.
Now we aim to prove that, for every radius R > 0, Q) ,, — Qs strongly in
W12(Bg), and that

2

0
L

dlx|

f|VQ*|2dx</ VO Pdx
Br Br
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for every competitor O € W12(Bg; S*) such that Q — Q is compactly supported
in Bg (i.e., Oy is a minimizing harmonic map into S* on the whole space R3
w.r.to compactly supported perturbations). By homogeneity of Q., the value of the
radius R does not play a role, and it is enough to show strong W !-2-convergence
and energy minimality in a ball B,, for some radius p € (0, 1).

We fix a competitor Q € W12(By; S* and § € (0, 1) such that QO = Q, ae.
in By \ B—s. Extracting a further subsequence if necessary, by Fatou’s lemma and
Fubini’s theorem, we can select a radius p € (1 — §, 1) and a constant C > 0 such
that

lim |Qsr,— 04> dH> =0 and f

"= JaB, 3B,

(IVQmI2 + IVQ*|2> dH* < C.

(3.6)
We apply Lemma 3.4 with a choice 0 = o, € (0,6), u(x) = Qy ,(px) and
v(x) = Qx(px), x € S?, fora sequence of numbers o;, — 0 to interpolate between

Q,..r, and Q. For n sufficiently large, we choose 0,,:=(| Q5 ,, — Q*||1L/23(63 ) < 6,

and in this way, we obtain w, € Wl’z(Bp; So) satisfying

A X
wn(x) = Q <1 _ Un> f0r|x| p(l _ O_n)
Q)‘arn(x) f0r|x| =p,

with the estimate

/ IV Pdx < € (o f (IVian @i, > + [ Vian Q) dH?
BP\BP(I on) 33/)
1
b [ 100, - 0P 0) — 0 (3.7)
Op BB,) n—oo

and dist(w,, S*) = O(s,) — 0 uniformly on B, \ By(1—0,) as n — 00 because
of (3.6), (3.4) and our choice of g,.

For n large enough we have |w,| > 1/2 on B,, hence we can define a sequence
of comparison maps v,, € Wl'z(Bp; S%, so that v, = Q;..r, On B, by setting

- X

Q(l > if x| < p(1 — o),
p

ifp(1 —oy) < x| < p.

Uy (x):= (3.8)
[wy (x)]

Notice that, since |w,| > 1/2, we have |Vv,| < C|Vw,| a.e. in the annulus
{p(1 —0,) < |x| < p}. In view of Lemma 3.3, combining (3.7) and (3.8) together
with the weak W]’z—convergence of Q. ,, towards Q,, we obtain

/|VQ*|2dx<liminf/ IV Qj.r, |dx
Bp n—0oo B

n—oo n— o0

< limsup/ VO ,n| dx < hmsup/ |V, |2dx
B, B,
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= limsup | (1 — a,) |VQ|2dx +/ |an|2dx
n—00 B, By\By(1—0y)

< lim | (1 —o0y) WQ&u+c/ [Vw,|*dx :/|V@%L
B, Bp\Bp(1-on) By

n— 00

Since Q and § are arbitrary, this chain of inequalities provides both the strong
Wl’z-convergence QOi..r, = 04« (using Q = Q) and the energy minimality of Q.
in the ball B,,. O

We now aim to perform a similar blow-up analysis around a boundary point.
To this purpose, let us recall that d€2 is assumed to be of class C 3 and Oy €
Cl1(32; S*). We consider the enlarged domain Q defined in (2.20), and we extend
Qp to Q \ © by setting Qb(x):sz(nQ(x)) forx € Q \ 2, where 1 ; is the nearest
point projection on 9€2. By the regularity assumption on 92 and Qy, we have
O € CLLQ\ Q).

Proposition 3.5. Let 0, bea minimizer of EA over Ag, (), and denote by Q s the
extension of Q) to Q  given by QA = Qb in Q \ €. Given xp € 32 and 0 <r < rg
such that By (xg) C Q consider the rescaled map Qk e wl 2(Bro/r, s* ) defined
by

05, (x) = 05 (x0 + rx).

For every sequence r, — O there exist a (not relabeled ) subsequence and Q. €
lOC (]Rq S* such that Q)\ r. — Qs strongly in Wl (R3) In addition, Q is

homogeneous of degree zero, and up to a rotation of coordmates, Q. is a minimizing

harmonic map in the upper half space {x3 > 0} and Q. = Qp(x¢) in {x3 < 0}.

Proof. Up to a translation and a rotation, we may assume that {x3 = 0} is the
tangent plane to d€2 at xo and the vector (0, 0, —1) is the outward unit normal. By
Proposition 3.1, Q, satisfies the Boundary Monotonicity Inequality (2.9), and by
rescaling variables,

1 ~ 1 ~
EArZ(QA,rna BRZ n Qn) - gArZ(QA,r,la BR1 N Qn)
R2 n R] n

. / 11005, |
(Br,\Bg)N2, X1 31x]
—rp(Ry — R1) K3 (Qv, O1) (3.9

for every 0 < Ry < Ry < ro/rn, where we have set anzrn’l(Q — Xx0). As a
consequence,

1 ~ 1
ngrg(Q/\,rn, BrNy) < r—g/\(QA’ By (x0) N 2) + roK(Qv, 01)

forevery0 < R < ro/ry.Since Qb ech ](Q\Q) and QA (X)) = Qb(x0+rnx) for
x € Bp\Q,and 0 < R < ry/ry, in view of (3.9) the sequence {QA r, } 18 bounded
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in WIOC (]R3) Consequently, there exists a (not relabeled) subsequence such that
0;.., converges to a map 0« weakly in Wl1 2(R3; S*) and strongly in LlOC(R3) Up
to a further subsequence, QA,r,, — Qs a.e.in R3, and thus Q. € WloC (IR3 S4)
Now observe that €2, — {x3 > 0} locally in the Hausdorff metric. Since Qb
is continuous at X, @ arm — Ob(xo) locally uniformly in the open half space
{x3 < 0}. Therefore, Q.(x) = Op(xp) in {x3 < 0}, and it has constant trace on the
plane {x3 = 0}. Arguing essentially as in the proof of Proposition 3.2, we can let
n — o0 in (3.9) to infer that

30, |
3|

/(BRQ\BRl Nixs>0) X

for every 0 < R; < R3. Since the map Q. is constant in {x3 < 0}, it follows that
Q. is 0-homogeneous in the whole R>.

Now it remains to show the strong convergence of Q; ,, in Wloc (R3) and the
local energy minimality of Q, in {x3 > 0}. As in the proof of Proposition 3.2, by
homogeneity, it is enough to show strong W'-2-convergence in a ball B, € By
(perhaps up to a subsequence), and energy minimality of Q. in B, N {x3 > 0}. We
first notice that, Qb being C1! in Q \ 2, we have

—~ 1 —~
/ VO, [Pdx = — |V Qp|*dx —> 0 =/ IV Q. [%dx,
B\ B, (x0)\2 =00 B,N{x3<0}

and we only need to show that
| V0P V0. Pdx
B,NQy, ByN{x3>0}

to establish the strong convergence of Q/\,r,, in Wl’z(Bp). The rest of the proof is
quite similar to the one used for the interior case discussed in Proposition 3.2. For
this reason, we only sketch few differences in the construction of comparison maps
when gluing different maps near the boundary.

The starting point of the construction is to flatten the boundary 92 near x.
Assuming {r,} suitably small (depending only on xo and the curvature of 92 at
x0), there exists a sequence of diffeomorphisms {®,} C C*(By; R?) satisfying the
following properties:

Q,NB, = ®,(BF), 9Q,NB, =D, (B, N{xz3=0}) YO<r<I,

and || @, — idll 2 ;) — 0. (3.10)

where we set B :=B, N{x3 > 0},0 <r < 1.Wefix0 < 3§ < 1/4and a
competltor 0 e Wl1 Z(Rg S*) such that O = Q, a.e. in R3 \ BI"_(S. Notice that
Qx,rn od, —~ Q. Weakl)_/m wl 2(Bl+, 84) asn — oo.Inaddition, /Q\;hrn(@n(x)) =
Op(xo + 1, D, (x)) and Q(x) = Qp(xp) for x € By N {x3 = 0} because of (3.10).
Consequently, since O, € C11(9Q; S*) we get

lim 10.r,, 0 @y — Q12 dH? =0

=0 J B N{x3=0}
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and  lim Vian(Q.r, © Pu)|* dH? = 0.

=00 J B1N{x3=0}

Hence we can argue as in the interior case: by Fatou’s lemma and Fubini’s theorem,
extracting a further subsequence if necessary, we can select p € (1 — 4, 1) and a
constant C > 0 such that

lim [ |0s.r, 0 Py — QP dH> =0
P

and / + (|Vtan(ék,r,l o CDn)|2 + |VtanQ|2> dH2 < C
3B

We then choose the sequence o, — 0 with 0 < 0, < § as o,,:=]|| @;L,,n o d, —

501/3
Q”LZ(aB;)'

Before going further, let us notice that we can argue as in Lemma 3.8 (using
the weak convergence of Q; ,,, its energy minimality on 2, N B, , and (3.10))
to prove the following: for any bounded sequence {v,} C Wl'z(B;f; S* such that

Uy = Oj.r, © P, On 8Bp+, we have

/ IV Q.|%dx < liminf/ IV O, [2dx < limsup/ IV 0..r, |*dx
+ QnﬁBﬂ Qntp

Bp n—oo n—o00

<limsup&;,2(Qi.r,. @ N By) < limsup&,,2(vy 0 07", 2, N B,)
n—oo

n— oo

= lim sup/ [Vv,|*dx, (3.11)
B+

n— 00 o

where the last equality follows from a change of variables and (3.10).
Now, to construct an effective sequence of comparison maps, it is convenient

to introduce a biLipschitz map W: B; — Bl+ . By means of W, the comparison
maps can be constructed as in the interior case. More precisely, we apply Lemma
3.4 to the pair of maps from the two-sphere S?, namely u(-) = Q\,r,, o0 ®,(p¥())
and v(-) = Q(pW¥(-)). As in the interior case, the lemma produces a sequence
{w,} € WH2(By; Sp) satisfying

_ X .
o(ru(,)) itmi<i-a

Qx,rn o (Dn(plll(x)) if|x| =1,

wy(x) =

with the estimate
f [V, dx < € (o / (IVan (D, © @) + [Vian O1%) 7
Bi\Bi—o, aBf

i ) AR a2
+ |5, 0 ®p = QI7dHT) — 0, (3.12)

On BB:,r

and dist(w,,, S*) — 0 uniformly in B \ Bi_g, asn — oo.
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Since |wy,| > 1/2 for n large enough, we can define a sequence {v,} C
wl2(B;; SH by setting

Q(p\p<1 - )) iflx] < 1— oy,
Up(x) = wy (x) " ' 3.13)
ifl —o, < Ix| <1,
|wy, (x)|
and it satisfies
/ [V, |2dx < C/ [Vw,|?dx —> 0. (3.14)
B1\Bi—0, B1\Bi—0, =00

Now we pull-back v,, on B;‘ by setting v, (x) = v,(¥~'(x/p)), so that v, €
Wl’z(B;{; SY and v, = Qk,m o @, on B} in the sense of traces. Then, a simple
computation using the biLipschitz property of W together with (3.13) and (3.14)
yields

lim sup/ |an|2dx < lim sup |Vv,,|2dx
B+

n—00 " n— 00 /B;'\(p‘l"(Blon))

+ lim sup/ Vv, |2dx
PV (Bi—¢,)

n—o0o

n—oo

< lim supC/ |V, |>dx
B1\Bi—q,

+limsup/ |V O[*dx g/ |VO|%dx. (3.15)
n—00 JpW(Bi_q,) Bf
Combining (3.11) and (3.15) with 0 = Q.. we infer that anme |V§/\,r,, [2dx —
fB; |V Q. |*dx, while for an arbitrary Q, it yields fB; [V Qy|?dx < fB; |V O|*dx.

The limiting map Q. is thus a minimizing harmonic map in B, and the proof is
complete. O

All possible limiting maps Q. obtained by either Proposition 3.2 or Proposition
3.5 are often referred to as (minimizing) tangent maps to Q;, atthe given point xo. By
the monotonicity formulae and the strong compactness of rescaled maps, triviality
(i.e., constancy) of all tangent maps implies smallness of the rescaled energy at
sufficiently small scale. In our setting, triviality of tangent maps together with
smallness of the scaled energy are established in the following propositions:

Proposition 3.6. If O, is a minimizer of &, over Ag, (), then

o1
Lim, ;SA(Q)” B, (x0)) =0

for every xo € Q.
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Proof. Let us fix an arbitrary point xo € Q2 and a sequence r,, — 0. According
to Proposition 3.2, up to a subsequence, the rescaled maps satisfy Q; ,, — O
strongly in WIL’CZ (R3) as n — oo for some Q. € le’f (R3; 84). Moreover, Q, is
a degree-zero homogeneous energy minimizing harmonic map, so that there exists
a smooth harmonic sphere o : S? — S* such that 0.(x) = a)(lj—l) On the other
hand, according to [61, Theorem 2.7] the map Q. is smooth. In particular, Q is
smooth at the origin which implies that @ must be constant, and thus Q, itself is
a constant map. Then the interior monotonicity formula (see Proposition 3.1) and
the strong W!-2-convergence yield

1 . 1
lim —&,(Q0;., Br(x9)) = lim &,,2(Q5 5, B1) = —/ IVQ.|?dx =0,
r—=0r n—oo n 2 Bi

which completes the proof. O

Proposition 3.7. Ler @ C R3 be a bounded open set with 92 of class C> and
Op € CH1L(Q; SY). If Q. is a minimizer of £, over Ag, () then

1
lin}) =&.(Qx, Br(x0) N2) =0
r—>0r

for every xo € 022

Proof. As in the previous proof, by the strong W !-2-compactness of rescaled maps,
itis enough to prove that any limiting map Q. obtained from Proposition 3.5 applied
at a point xo € 9€2 is a constant map, i.e., O« = QOp(xp). Indeed, by the Boundary
Monotonicity Inequality (see Proposition 3.1), we have

.1 :
lim —&,(Qs. By (x0) N Q) = lim &,2(Qs.r,. Bi N Q)
r—=0r n— 00 n

1
=—/ IVQ.[dx =0,
2 B1N{x3>0}

where we have set Qn:zrn_1 (2 — x9).

Let us now consider a degree zero homogeneous map Q. € Wlh’cz(ﬂ@; %
which is an energy minimizing harmonic map in {x3 > 0}, and such that Q, =
QOp(x0) =: ep in {x3 < 0}. Setting Si::S2 N {x3 > 0}, the homogeneity of Q.
implies that Q. (x) = a)(ﬁ) in {x3 > 0} where w € lez(Si; SY is a weakly
harmonic map on Si satisfying w = ep on BS?|r in the sense of traces. It now suffices
to show that w € C*® (Si). Indeed, by Lemaire rigidity theorem [39, Theorem 3.2],
a smooth harmonic map on the (closed) half 2-sphere which is constant on the
boundary has to be constant. In other words @ = e, whence Q. = ep.

The smoothness of w in the interior Si follows from Hélein’s theorem [29].
Smoothness up to the boundary 883r could be asserted directly from [54], but we
prefer to give a short argument illustrating in this simple case the reflection principle
in Sect. 2.2.
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Consider the map Q* € WIL’C2(R3; 84) defined by

O.(x) ifxz >0,

Qs (x):= {ZQ*()E) ifxs <0,

where x = (x1, x2, —x3) is the reflection of x = (xy, x2, x3) across the plane

{x3 = 0}, and X:=2¢¢ ® ¢p — id is the geodesic reflection on S* with respect to the

point eg. Following the proof of Proposition 2.8 with A = 0 (see also Remark 2.11),

we infer that the reflected matrix A(x) is the identity and Q* is weakly harmonic in
X

R3. Since Q* clearly inherits homogeneity from Q., we have Q* (x) = a(m) for

a weakly harmonic map @ € W'2(S?; §*). By Hélein’s theorem [29], @ is smooth
on S?, and the conclusion follows since ® = w in Si. O

3.3. Full Regularity

Combining the results from the subsections above with the ¢ —regularity theo-
rem and the higher regularity theorem from Sect. 2.1, we are finally in the position
to prove the first regularity result of the paper.

Proof of Theorem 1.2. Let Q) be a minimizer of &, over Ag, (2). First, we prove
interior regularity of O, by showing smoothness in a neighborhood of an arbitrary
point xg € 2. In view of Proposition 3.6, we have %S;L(Q)L, B, (xg9)) — Oasr — 0.
Combining Proposition 3.1 and Lemma 2.6 (with Ot = Q3) with Corollary 2.19,
we infer that Q; € C“(B,(xo)) for some radius p > 0 possibly depending on the
point xg. Since xo € 2 is arbitrary, we conclude that Q, € C“(R2).

To prove boundary regularity, we now fix an arbitrary point xo € 9. By
Proposition 3.7, we have %EA(Q)\, B, (x9) N Q) — 0asr — 0. Then we combine
Proposition 3.1 and Lemma 2.10 (with Qref = Q;) with Corollary 2.20 to conclude
that Q) € Cl’“(Bp (x0) N Q) for every a € (0, 1) and some radius p > 0. Since
xo is arbitrary, a covering argument yields Q; € C'*(Q) for every a € (0, 1).
Under the further assumption that 9<2 is of class C*# and Qy, € CF#(3Q2; S*) for
some B > 0 and k > 2, then Corollary 2.20 with the same covering argument tells
us that Q; € CKP(Q). Finally, if 92 is real-analytic and Q, € C®(32; S*), then
Corollary 2.20 again implies that Q; € C*(R). O

4. LdG-Minimizers in the Lyuksyutov Regime

The main objective of this section is to prove Theorem 1.3, and in particular
to prove that isotropic melting (i.e., presence of the zero phase) is avoided by
minimizers of the energy functional F; , in (1.11) for values of the parameters in
the Lyuksyutov regime u — oo. More precisely, our main goal is to prove that the
pointwise norm of any minimizer Qéf of Fj,, subject to an S*-valued boundary
condition is uniformly bounded from below by a positive constant whenever p is
large enough (and A of order one). As a consequence we deduce that the radial
hedgehog (1.21) is not energy minimizing and in Theorem 4.8 below we will show
that it is not even a stable critical point of the energy functional F; .
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Throughout this section, we assume again that the boundary 9€2 is of class
C3, and that the boundary condition Qy belongs to C LLgQ: S*). Given & > 0
and ¢ > 0, we shall consider critical point of F) , over the class wh2(Q; So),
including as a particular case solutions of the variational problem

min {7,,,,(0) : 0 € W5k (@: S .
whose resolution follows from the direct method of calculus of variations. We may
denote by Qﬁf a critical point of Fj ., or simply by Q* (if no confusion arises)

hiding the dependence on the fixed parameter A to simplify the notation. We start
with elementary/classical considerations and a priori estimates on Q*.

4.1. A Priori Estimates

In view of the explicit expression (1.13) of the 5otential W, the Euler-Lagrange
equation characterizing a critical point Q" € Wé’b (2; Sp) reads as follows:

_ 2 Yooy L oup _ oM i
—AQ"_/\((Q“) 3|Q"| I \/élQﬂl Q“>+u(1 |Q*9) Q" inQ,
QM:Qb OnaQ,

4.1

with the term %lQ" |2 due to the traceless constraint.
Let us start the analysis by establishing the regularity of critical points.

Lemma 4.1. If Q" is a critical point point of F;, ,, over Wéf(Q; So), then QM €
C®(Q) N CHY(Q) for every a € (0, 1). In addition,

(i) if 9Q is of class C*F and Qy, € C*F (9: %) for some B > 0 and k > 2, then
Q" e CHP (), _
(ii) if 02 is real-analytic and Qy € C®(02; 84), then Q" € C®(Q).

Proof. In view of equation (4.1), the fact that Q* € C1%(Q) for every « € (0, 1)
follows exactly as in the proof of Proposition 2.4, Step 1. Then, a classical bootstrap
argument based on Schauder estimates shows that Q* € C*°(R2) (see e.g. [24,
Chapters 6 & 8]), and the standard results in [49, Chapter 6] give interior analytic
regularity. Assuming that 3 is of class CX# and Qy, € C*#(992; S*) with k > 2,
we have Q; € C*# () by standard elliptic regularity at the boundary, see e.g. [24,
Chapter 6]. The corresponding conclusion within the analytic class follows again
from the results in [49, Chapter 6]. O

We now prove an a priori estimate on the modulus and on the gradient of a
critical point reminiscent from the Ginzburg-Landau theories.

Lemma 4.2. If Q" is a critical point point of F;, ;, over Wé‘bz(Q; So), then |Q"] < 1
in Q.
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Proof. Consider the scalar function u:=1 — |Q*|%. In view of the previous lemma
and equation (4.1), u is continuous in €2 is a classical solution to

21
6

—Au+2u| 0" Pu > f(|Q“|4—J6tr<(Q”>3)) inQ. (4.2)

Let xo € Q be a minimum point for u, and assume by contradiction that u(xp) < 0,
(in other words, |Q*(xp)| > 1). Since u = 1 — |Qp|? = 0 on 2, we must have
xo € Q. Consequently, Au(xp) = 0, and (4.2) leads to

0> |Q"(x0)[* — V6ur((0")*) (x0) = 10" (x0)|* — V6rr ((0")?) (x0).  (4.3)

However, (1.1) tells us that the right-hand side of (4.3) is nonnegative, a contradic-
tion. |

Lemma 4.3. If Q" is a critical point point of F; . over Wé’hz(ﬂ; So), then
IVO*| < C(VA+pu+1) inQ,

for a constant C depending only on Q2 and Qy,.

Proof. Consider H to be the harmonic extension of Qy to the domain €2, i.e.,

AH =0 ing,

H = 0y ondQ.
By our regularity assumption on 92 and Qp, we have H € C'*(Q) N C?(Q) for
every o € (0, 1). Setting U,;:=0" — H, we deduce from (4.1) and Lemma 4.2
that [|AU || L) < C(A 4+ 1), and U, = 0 on 9€2. By interpolation (see e.g. [6,
Lemma A.2]) and Lemma 4.2 again, we conclude that

172 172
VUl @) < CIAU oy 10l % gy < CV/A+ 1,

for a constant C depending only on € and Q. Since |V O# || =) < [VUullLx @)+
IV H] 1), the conclusion follows. |

The last ingredients we need are the following monotonicity formulae:

Lemma 4.4. If Q" is a critical point point of F; ;. over Wé’bz(Q; So), then
(i) for every xg € Q and every 0 < p < r < dist(xp, 9€2), we have

1 1
;J”:A,u(Q“, By (x0)) < ;fA,M(QM’ B, (x0)) ; (4.4)

(ii) there exist a radius rq > 0 (depending only on 2) and a constant ch >
0 depending only A, 2, Qv, and on (an upper bound of) ||VQ“||L2(Q) but
independent of |1, such that

1 1
(0" By0) < L Fu(Q8 B ) +Ch = p)  43)

for every xo € 0Q2 and every 0 < p <r <rq.

The proof of this lemma follows word by word the one in Proposition 2.4 (Step 2
& Step 3), and we shall omit it. We just observe that the constant Cgb in (4.5) is
independent of  because Qp has always unit norm on 9€2.
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4.2. Lyuksyutov Regime and Absence of Isotropic Melting

We now complete the proof of Theorem 1.3 analyzing the asymptotic behavior
as (t — oo of minimizers of F;_ , over the class Wé’bz(Q; So). The heart of the
matter is Proposition 4.5 below. We emphasize that Proposition 4.5 does not rely
on energy minimality but on the a priori strong convergence towards a smooth
limiting map. Even if not surprising, this statement allows for some flexibility in its
application, and we shall indeed use it in our companion paper [18] when discussing
the Lyuksyutov regime in the class of axially symmetric maps.

Proposition 4.5. Given a sequence |, — +00, consider for each w, a criti-
cal point Q" of Fi u, over Wé’bz(Q; So). Assume that Q%" — Q; weakly in

W12(Q; Sp) as n — oo for some Q;, € Ao, ()N C'(;'S*), and that
Tim F,, (04") = £.(05).

Then,

(1) Q" — Q; strongly in W'2(Q; Sp);
@ [[(1= 1047 PPdx = 0,

(3) |QA"ST — 1 uniformly in Q.

Proof. Step 1. We start proving items (1) and (2). First, notice that Q)" —
Q). strongly in L) by the compact embedding Wh2(Q) — L*(S). Hence
Jo W(Q{"dx — [ W(Q3)dx and by lower semicontinuity of the Dirichlet in-
tegral we get £,(Q;) < liminf, o £,(05").

Hence, we have

£.(05) < liminf & () + limsup =2 [ (1 — 0" ?)2dx
n— 00 4 Jo

n—o00

< lim Fy 0, (05") = E(Q5).
n—oo

Therefore i, [o,(1 —|Q4"[*)*dx — O and |V Q)" ”im) - ||VQA||%2(Q). Com-

bined with the weak W!2-convergence, this latter fact implies that Q)" — 0O
strongly in W12(Q).

Step 2. It now remains to prove that |Qi‘ "| = 1 uniformly in Q. Given 8 € (0, 1)
arbitrary, we thus have to prove that | Qﬁf "| > & on Q for n large enough. We argue
by contradiction assuming that, along a (not relabeled) subsequence, there exists
X, € 2 such that |Q§ "(x,)] < §. Extracting a further subsequence if necessary,
we can assume that x,, — xp as n — oo for some xo € €. In view of Lemma 4.3
(and the fact that |Q#| = 1 on 9€2), we can find a constant ¥ € (0, 1) independent

of n such that for ry,: =k, /2 _5 0 and for all n we have

5 1+68%,
Brn(xn) C Q and |Qu,l| < 2 m Br,,(xn)- (4.6)

We now distinguish two cases:
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Case 1: xo € Q. The limiting map Q; being of class C', we can find a radius
ro € (0, dist(xp, 0€2)) such that

7K2(1 — §%)2

1
%&(Qx, By (x0)) < 7

From Step 1, we deduce that for n large enough,

Ti2(1 — §%)2

0 4.7

1
5fx,un(Qf", By (x0)) <

On the other hand, still for n large enough, we have |x,, —xg| < ro/2andr, < ro/2.
Then we infer from (4.6) and (4.4) that

2 2,2
k(1 —69) n N2 1 :
—5 < (1= 104" 2)%dx < —F., (4" By, (xa))
12 4}’n Brn(xn) n

2 2
< %f)\,p.n(an» Bro/Z(xn)) < %}—A,un(QiLna Bro(XO))a

which contradicts (4.7).

Case 2: xo € 9L2. Once again, since Q; € CL(Q) and 92 is of class C3, we can
find a small radius ro € (0, rq) where rg is given by Lemma 4.4 such that the
nearest point projection on 92 is well defined in the ro-tubular neighborhood of
0€2, and

Ti2(1 — §%)2

1 s
T EM(Q By 0) N Q) + Chyro < —— o,

where the constant Cgb is also given by Lemma 4.4 (notice that [V Q;" [|l;2(q) 18
bounded by Step 1). From Step 1, we deduce that for n large enough,

Tic2(1 — §%)2

13 (4.8)

1
o P (03 Bro(x0) N ) + Chyro <

If we denote y, € €2 the projection of x,, on 92, we have for n large enough (by
(4.0)),

ro

1

so that |y, — xo| < ro/2. Arguing as in Case 1 and setting d,,:=|y, — x,|, we infer
from (4.6) and (4.4)-(4.5) that

rn < |yn — xp| = dist(x,, 02) < |x, —xo| <

721 =852 1
- < -
12 I'n

1 4
< g P Q4" Baiy, On) N Q) <~ Fi iy (1 By () N 9) + Cy o
n

1
fk,un(ans Br,, (xn)) < d_]:)\,p.n(Q)L”s Bdn (xn))

4
< aﬂ,w(g’;", By (x0) N Q) + Cp, o,

which contradicts (4.8). |
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Proof of Theorem 1.3. Letus consider an arbitrary sequence j, — =00 and corre-
sponding Q;" minimizing F}_,, over Wé’bz(Q; Sop). Since the map Qy, € Ag, ()
is an admissible competitor to the minimality of Q’f ", we have

Foopn (O4™) < Fi iy (1) = E1.(Qb). (4.9)

Therefore, the sequence {Q;"} is bounded in Wh2(Q; Sp), and we can extract a
(not relabeled) subsequence such that Q" — Q; weakly in W12(Q) for some
0, € WlQ’bz(Q; So). By the compact embedding W!-2(Q) — L*(RQ), we have
Jo( = 105" »)%dx — [(1 — [Q;]*)%dx, and it follows from (4.9) that

1
/ (1-10;1%%x = lim / (1 — Q)" )2dx < lim —F ,, (0% = 0.
Q n=oe Jo 00 Un

Hence | Q)| = 1 a.e. in , so that 0 € A, ().
Since any Q € A, (Q) is in fact admissible to test the minimality of Q%", we
can proceed as in (4.9) and use the lower semicontinuity of &, to infer that

E(Qn) < liminf &,(Q;") < liminf 7 4, (Q;") < E,(Q) (4.10)
n—oQ n—oo

for every Q € Ag,(€2). Hence Q) is a minimizer of &, over Ag, (€2), and we
deduce from Theorem 1.2 that Q; € C'%(). In addition, using Q = Q,; as
competitor in (4.10) we obtain that F; ,,, (Qﬁf "y — &£,(0Q;.). The conclusion now
follows from Proposition 4.5. O

4.3. Instability of the Melting Hedgehog

In this subsection, we discuss instability of the melting hedgehog H )fL given in
(1.21) in the Lyuksyutov regime 1 — oo. The (in)stability property here is similar
to the one in [31], where the low-temperature regime a> — oo is considered. The
main resultin [31] is in fact the stability of the melting hedgehog in a different range
of parameters. Stability is obtained through a careful spectral decomposition, which
also gives as a byproduct instability as a> — co. Here we shall use a different and
more direct perturbation argument. More precisely, the instability property of H){L
will essentially follow from the corresponding one for the constant norm hedgehog
H seen as a degree-zero homogeneous harmonic map into S*.

First we recall that the constant norm hedgehog

F_I( ) 13 ( x 2 X 11
X)=4/-|—& — — =
2\ |x| x| 3
satisfies H € WIL’CZ(]I@; RPQ) N C®(R3 \ {0}; RP?). 1t is a critical point of &,

both for A = 0 (i.e., a weakly harmonic map into S*), and a critical point for A > 0
since Vign W(H) = 0. In order to discuss its stability properties, we first set for any

® e C°(B1; So),
v, - 2 H+1td
& (@) H)i= [d—25l (Lﬂ .
dr |H +1P[/ 1=
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The second variation formula for harmonic maps (see, e.g., [41, Chapter 1]) yields

& (®; H):/ VOr|> — |[VH?|®7 > + AD2 W(H)® : ®dx,  (4.11)

tan
By

where ®7:=® — H(H : ®) is the tangential component of ® along H, and

s - d? H+1®
Do WH)D - @ = w

—w(="" = D*W(H)®7 : O
dr? |H+z<1>|)],:o

- L6 (2(1{7 c D7) 4 |07 — \/Etr(I:IGDZT)>

- % (|<1>T|2 - JEtr(ch%)) . (4.12)

Due to the O (3)-equivariance of H, the second variation 56(@; H) takes a
particularly simple form whenever @ is a radial vector field.

Lemma 4.6. For any v € S* and any radial function n € C(B1 \ {0}), we have
" - 4 3

& (nv; H) = —/ Va2 — —5lnlPdx. (4.13)

° 5Jm, NE

Proof. Leti = (1,0,0), j = (0,1,0)', k = (0,0, 1) be the canonical basis of
R3. From these vectors, we construct a distinguished orthonormal basis of Sy by
setting

3 1 1 1
eQ :\/;<k®k—1), eq :—2(i®k+k®i), 62:—2(j®k+k®j),

3 V2 V2
1 1

In terms of the l_atitude 6 € [0, r] and of the colatitude ¢ € [0, 27) on S2, the
components of H with respect to this basis are easily seen to be

_ 3 1 - 3
H:ey= 5(00520—5), H:e = %sinZ@code

- 3 - 3
:ezsziHZQSinqﬁ, H:e3=§sin29c052¢,
- 3.5 0.
Teq = TSIH 0 sin 2¢.

Therefore a straightforward calculation gives

_ _ 4
/SZ(H Le)(H : e;) dvolg = ?”aij (4.14)
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forany i, j = 0,...,4. As a consequence, if we write v = Zi v;e; with |17|2 =

> ﬁiz = 1, then h: H v satisfies

4
4 _ 4
/S h* dvolg: = Z / (H :e)(H : e)v;0; dvolg = Z 00 =
i,j=0 i,j=0
_ (4.15)
Next, we notice that H is a degree-zero homogeneous harmonic map and |VH |> =

| Vian H | =k |2 , hence

Agh = — |VanA[* = —6h,

and in view of (4.15) we obtain
_ - _ _ 6
/ h?|Vian H | dvolg =/ |Vh|* dvolg = 6/ h*dvolg = — - 4. (4.16)
§2 Sz S2 5

Finally, evaluating £J in (4.11) for ® = nv and integrating by parts, since 7 is
radial and (4.16) holds, we conclude that

Eo (ni; H)=/B<1—ﬁ2)|w|2 e (2|Vh} (1= ) [V ] dx
1

1
= ( / (l—hz)dvolsz) / () 2r2dr
s? 0
72 72 712 ! 2
+</ 2|Vh|" = (1 = h*) |VianH| dvolgz)/ n’dr
§? 0

:i‘.4nf1<n’)2r2dr—2‘4”fl dr = 3 oY nl® - |n|2dx

and the proof is complete. O

The instability property of H for the Dirichlet energy & along some vector field
can be derived from the general instability result for harmonic tangent maps from
R3 into $* proved in [61] and [40], whence the existence of at least one direction
of instability can be obtained through a contradiction argument which yields a
negative second variation along some conformal vector field on S* localized on
the domain by a radial function. Here, exploiting the O (3)-equivariance of H and
using Lemma 4.6, we obtain a stronger and more explicit instability result for H
as a common critical point of all the functionals &, along any suitably localized
conformal vector fields on S*.

Proposition 4.7. Let H be the constant norm hedgehog. There exists a radial func-
tion & € C2°(B1 \ {0}) such that for any vector v € S* H is a critical point of &
which is unstable along the vector field ®:=£v, i.e., Sg(CD; I:I) < 0.

As a consequence, for each ). > 0 there exists a radial function &, € CZ°(B1 \
{0}) such that for any vector v € S*, H is a critical point of £, which is unstable
along the vector field ®,:=§v, i.e., SX(QD;L; H) < 0.
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Proof. As already proved in Lemma 4.6 above, we have
" - 4 3
gt i) =3 [ 1vaP = s,
° 5/, 2

for any radial function n € CZ°(Bj \ {0}). In view of the standard Hardy in-
equality in R>, the quadratic form is not bounded from below and there exists
a radial function n € Cg°(Bp \ {0}) such that 5(;/(171_); H) < 0. Indeed, set-
ting 0, (x):=[min{n|x|, |x|~1/2} — 2], we have a sequence of radial functions
n, € Lip(B1) compactly supported in B; \ {0} satisfying

1 d 1 2
[vmpar=3 [  Svom=y[ I
B 4 2/3<|x\< |x| 4 B |)C|

whence Sg(nnl—); H) — —oo0asn — oo. In particular, & (1,; H) < 0 for n large
enough. Finally, as n, = 0 for |x| < 1/n and |x| > 1/4, taking & = 7, * p; a
regularization by convolution with ¢ < 1/n and {p;} a family of radial mollifiers,
we have a (family of) radial function & € C2°(By \ {0}) satisfying 5(; (E0; H) <0
for ¢ > 0 small enough, which proves the first claim of the theorem.

In order to discuss the case A > 0, we rescale the radial function & above
setting £s(x):=&(x/8) for 0 < 6 < 1 to be chosen later. Computing the second
variation of £y along the vector field ®°:=£50 € C 2°(B1; So), equation (4.11) with
dD‘ST = ®% — H(H : ®°) (the tangential component of ®° along H) yields

E (D H) = £y (D0 H) + A/ D2 W(H)®® : ®%dx .
By
As H is degree-zero homogeneous, a simple rescaling gives

£ () H) = ’ VOS2 — VA2 |5 > + D*W(H)DS : d%dx
1

=3 (5{)’@; H) + ASZ/ D*W(H)®r : <I>de> .
By

Since by construction 5(;(d>; H ) < 0, the conclusion follows for § > 0 small
enough. O

Finally we consider the radial hedgehog H. )fL as the uniaxial critical point of the
functional F} ; of the form (1.21) discussed in the introduction. Recall that such
critical point is the unique minimizer of F; ,, in the class of O (3)-equivariant maps
in wh 2(B1 Sop) which agree with H on the boundary (see [32, Theorem 1.4]).
Moreover, arguing as in the proof of Theorem 1.3 above, it is not difficult to show
that H; " H strongly in W2 as u — oo (convergence of minimizers in the
class of O (3)-equivariant maps). In addition, the convergence is locally uniform
away from the origin because | H )’f | =2/3 sf — 1 locally uniformly away from
the origin as u — 0.

Exploiting the aforementioned convergence of H)f‘ to its constant norm coun-
terpart, we are going to infer the instability property of Hf from the corresponding
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one for H passing to the limit in the second variations of the energies Fj. w»> and
using Proposition 4.7. With this respect, we first set for any ¥ € C2°(B1; Sp),

, d
F (s HY):= [Efw (H]" + z\p)] .
1=l

, d?
Fru(W; HY )= [@fw (H' + t\lf)] )
1=

Simple calculations based on (1.11) now yield

f;,ﬂ(qj; H'Y = / VH! : VW +AVW(H") : ¥+ w(H)? - HH" : Wdx,

B
“4.17)
and

FoaWiHY = | VO +AD*W(H W : W
B

i (2(Hf )2 4+ (|HM? - 1)|\1/|2) dx. (4.18)

We have the following instability result for the radial hedgehog in the Lyuksyu-
tov regime.

Theorem 4.8. Let A > 0 be fixed and for each u > 0, let H “::H)’f be the radial
hedgehog. There exists a radial function & € C°(B1 \ {0}) such that the following
holds. Given a vector v € S*, if ®r denotes the tangential part along H of the
vector field ® = v € C°(B; \ {0}; So), then dr € CX°(B \ {0}; So) and
.7-';’ 1 (P73 H)’f ) < Oforall ularge enough. As a consequence, the radial hedgehog
H)fb is an unstable critical point of F;, , for all ju sufficiently large.

Proof. Given » > 0 and v € S*, we fix the radial function & € CX(B1 \ {0})
as constructed in Proposition 4.7 (which depends on A, but not on v). Then we
introduce the vector fields ®:=£v and ®7:=® — H(H : ®). Since O € C(B1\
{0}; Sp), it is admissible for the second variation formula (4.18).

Since by construction Hl{‘ : &7 = 0, we obtain

Fy (@7 HY) = f IVOr|> + AD*W(H! YD1 : @7 + (| H > = 1)|®7|dx.

B
(4.19)
Recall that H}' — H strongly in W!2(By; So) and locally uniformly away
from the origin as © — 00. As a consequence, the dominated convergence theorem
yields

lim / IVOr|* +AD*W(H Y ®r : d7dx :/ Vo712 + AD>W(H)Dr : drdx.
U—> 00 Bl Bl
(4.20)
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On the other hand, since H{‘ is a critical point of ¥, ,, computing (4.17) with the
vector field W:= il H/' € C°(By \ {0}; Sp) yields

THLP T
1) 2
VHf:V(' 7| H“)

0=7, , (¥ HY) = /

B |H)lf|2 -
|o7 P w2 >
A
whence
|D7|?
u(|H"|2—1)|¢T|2dx=—/ \VH]? dx
/Bl * B * |H)lf|2
1) 2
—/ VHf:HfV' i'z
B |H, |

|7 ?

+ A
|Hj'|?

VW (H) : H)'dx.

Since VA : H=0,VW(H) : H = (1 — B(H))/v/6 =0, H' — H strongly in
W12(By; Sp) and uniformly on the support of £, letting u — 00 in the previous
formula leads to

lim / u(lH/{‘|2—l)|CbT|2dx=—/ |VH|*| &7 dx, . 4.21)
n—>0 J g, B,

Combining (4.19) with (4.20)-(4.21) and taking into account (4.11) and (4.12), we
infer that

. /! . Yy " s
Mlimoof)"“((bT’ H)L ) = g)L(CDa H),

and the conclusion follows, since the right hand side is negative by construction of
& and . |

Remark 4.9. As Hf is O(3)-equivariant, it is also S'-equivariant in the sense of
condition (1.26). Hence, if we choose v € S* such that RoR’ = ¥ forany R € S!,
then each map H){‘ + t&v is S'-equivariant for any ¢ € R. As a consequence,
according to Theorem 4.8 the radial hedgehog is an unstable critical point of F;_ ;,
also in the restricted class of S'-equivariant maps (a similar conclusion is valid for
H as critical point of &, in view of Proposition 4.7).

Remark 4.10. Besides the difference in the range of parameters observed in the
introduction, our instability result in Theorem 4.8 differs from the one in [31, The-
orem 1.2] because of the different choice of destabilizing perturbations. Indeed, in
[31] such a perturbation has only one component with respect to the reference mov-
ing frame {E; (0, ¢)}i—o.... 4 used there, which in polar coordinates has specifically
the form w(r) E3(6, ¢). It follows from the definition of E3 that the destabilizing
perturbation is a vector field along the image of Hf in Sy that at every point is
tangent to the sphere passing through Hf but is however orthogonal to the tangent
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space of cone over RP? at the point Hf . In our case the perturbation along Hf
has instead the form of the tangential component &7 to the sphere thorough HA"
of a radial vector field ® = &(r)v for any fixed nonzero constant vector v € Sy.
As a consequence our perturbations may have (and for suitable choices of v indeed
have) nontrivial components along all the vector fields Eq, ..., E4 of the frame
(but always zero component along Eyp).

In the next remark we discuss the role of the biaxial phase in the instability
results.

Remark 4.11. Let ® € C§°(B1; Sp) be fixed and @ its tangential part along H.
Simple calculations using (1.1), (1.16), (4.12) and Lemma 2.23 give

d?> -/ H+1d d? H+1td
—p <L) = -3J6 —W (L>
dr |H +t®|/ |,—

de2 " \|H + 19|
- 3
= =3 (10712 = VoA o})) < —Slor [,

and in turn,
d2 - H+t H)l,l - 3|CDT|2

ST <-= )
o dr? |H~|—t|HM| . 2 |HJ'|?

Expanding around the value r = 0 and using stationarity of H and H){‘ both for B
and for the energy functionals, as t — 0 we infer
~( H+1td 3
(L> < 1= 2107 P + o),
|H 4t | 4
( H+1®

- e _ 2
=& H)+E (D H)— . 4.22
|H+t¢|> W(H) + & ( )2+0(t) (4.22)

together with

~ 3|':I)T| 2
H' +10)<1—->——1>+o(
ﬂ( A ) 4|H;L|2 o(t7),

y 12
T (H +1®) = F u(HY + F,_, (Pr; H{‘)E +o(?). (4.23)

As a consequence of (4.22) and (4.23), we see that for ¢ sufficiently small biaxial
escape occurs for the perturbed maps in the set where 1 # 0. Moreover, if ® = £v
with © € S* and p is large enough, then Proposition 4.7 and Theorem 4.8 show
that this escape is energetically more favourable because the second variations of
the energy functionals in (4.22) and (4.23) are negative.

As a final remark in this section, we further comment on the actual range of
validity of our results in the Lyuksyutov regime (1.19).
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Remark 4.12. When studying asymptotic limits from a physical perspective, it is
important that all quantities to be compared have the same physical dimensions. Ex-
perts often rescale the energy in such a way to recast it in a new fully adimensional
form (see, e.g., [20]). Our energy (1.11) is only partially non-dimensionalized, be-
cause the terms under integral sign (including the volume element) are not pure
numbers. In fact, recalling that Q-tensors are adimensional by definition and notic-
ing that A and p have the dimension of the inverse of a length square, we see that the
resulting energy F; ,, has the physical dimensions of a length; in addition, the ratio
/X is adimensional and we are allowed to compare them in a physically meaning-
ful way, considering in particular the case ; >> A. Thus, in the Lyuksyutov regime
(1.19) we are requiring that on a fixed domain €2 the parameter A is constant, hence
of the same order of (diam )2, whereas u is much larger.

On the other hand, we could obtain a fully non-dimensionalized energy func-
tional by first choosing a reference length and then rescaling the domain with respect
to it. In the present situation there are at least three natural choices of length, namely,
\/LX’ ﬁ, and diam €2, where the first two choices, up to an harmless numerical factor,

correspond to the biaxial coherence length and the nematic-isotropic correlation
length respectively, see [20,34,53]. Calling £ the chosen reference length, the orig-
inal energy functional F 16 (Q, ) under the further rescaling x = £x turns into
the non-dimensionalized functional .7-"1’ ﬂ(Q, ) as in (1.11), where = £ and

the new parameters are given by X = €2x, L = €3p, with A and p as in (1.19).
Thus, the adimensional energy F3 i is formally identical to F} ,, and our results

continue to hold without any change in the regime A ~ 1 and & > 1 on a fixed
reference domain €. It turns out that the second choice, £ = 1/,/i, amounts to
w ~ A and @ = 1, so it is not covered by our results. However, the first and the
third choices both correspond to diam £ ~ 1/ /A and m~ w/x > 1,ie., to the
following generalization of (1.19) to domains of unconstrained size, namely

diam € 1 L 1 ( 1 )‘1 a2 - 424)
1am ~ —_— = —_, _ | — — _ . .
VA b2sy Voo \Jr b2sy

As a consequence, we see that the diameter diam £ must be comparable to the
biaxial coherence length, while the nematic correlation length must be negligible
with respect to them. Finally, notice that the second condition in (4.24) holds in
particular in the low temperature limit a®> — oo but in domains € of smaller and
smaller size because of (1.6), or, alternatively, in the limit » — 0 but on domains
2 with suitably expanding diameter. For a more detailed discussion of this non-
dimensionalization procedure and related issues, the interested reader is referred to
[20] and the references therein.

5. Topology of Minimizers
In this section, we discuss topological properties of field configurations Q sat-

isfying assumptions (H Py) — (H P3) and, restricting to energy minimizing config-
urations, we will obtain as a particular case the proof of Theorem 1.6.
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In connection with assumption (H P»), we start recalling the following auxil-
iary result which characterizes simple connectivity of any smooth bounded domain
Q C R3.

Lemma 5.1. /5, Thm. 3.2 and Corollary 3.5] Let 2 C R3 be a bounded connected
open set with boundary of class C'. Then Q is simply connected if and only if its
boundary can be written as 02 = UzN=1 S; and each surface S; is diffeomorphic to
the standard sphere S? C R3.

As already mentioned in the Introduction, by assumption (H P;) the maxi-
mal eigenvalue Amax(x) of the matrix Q(x) is simple for every x € 9, and
there is a well defined smooth eigenspace map Viax: 92 — RP2. In addi-
tion, as 2 is simply connected and in view of Lemma 5.1, there exists a smooth
lifting vmax € C 1(852; 52) such that, under the inclusion RP?2 C S*, we have
Vinax (1) = v/3/2Wmax (¥) ® vmax (x) — 31) for all x € 9%2.

Notice that, asin (1.22), thecase 8 = 1in (H P1) correspondsto Q/|Q|: 92 —

RP? C S*. In this case we have Amax = \/ngl on 0€2. Still in view of (H P>)

there exists a map v’ € C!(3€2; S?) such that Q = |Q|/3/2(v' ® v/ — %1) on
02 (under the inclusion RP2 C 84). Hence, under the assumption ,5 =1, one has
0 = |Q|Vmax on 0€2.

Recall also that assumption (H P3) on the lifting vpmax of the map Vipax: 02 —
RPZ, namely that the total degree deg(vmax, 02) = ZlNzl deg(vmax, Si) is odd,
does not depend on the chosen lifting. Indeed, since on each spherical component
S; of a2 the lifting exists by simple connectivity of S;, and it is unique up a sign,
each deg(vmax, Si) may only change by a sign when passing to a different lifting.

Now we discuss properties of the biaxiality regions defined in (1.24). The first
result below shows that the biaxial escape observed in the introduction is indeed
topological in nature, and that every possible value of the biaxiality is attained.

Lemma 5.2. Let Q@ C R> be a bounded open set with boundary of class C', and
Q0 : Q — So. If Q and Q satisfy (H Py)—(H P3), then the subset {f = —1} € Q
is not empty. As a consequence, { =t} C Q is not empty for every t € [—1, Bo],
where Bo:=maxyq B. In particular, if B = 1, then the range of B is [—1, 1].

Proof. The consequence follows trivially from the definition of By, as the set Q2
(hence Q) is connected, and furthermore By = 1 whenever 8 = 1.

To prove the first statement, we argue by contradiction assuming that
ming B > —1. Then the maximal eigenvalue Ayax(x) of Q(x) is always sim-
ple for every x € ©Q, hence of class C!, and there is a well defined eigenspace map
V e C1(Q; RP?) which extends Vipay from the boundary of Q to its interior. Since
Q is simply connected this map can be lifted to 7 € C'(R2; S?) which has to satisfy
deg(v, 02) = 0 by Stokes’s theorem. On the other hand, as both vy, and v are
liftings of the same map Vpax at the boundary, we have vymax = £ on each S;,
whence deg(vmax, S;) = £deg(v, S;) foralli = 1,..., N. Summing up over i
and passing to mod 2, we have
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N N

deg(vmax, 0Q) = Zdeg(vmax, ;) = Zdeg(f), S;) =0 mod2
i=1 i=1

which contradicts (H P3). d

‘We now further investigate properties of the biaxiality regions {8 < ¢}, {8 > t}.
The following lemma and its corollary below represent the key points where the
analyticity assumption is used:

Lemma 5.3. Let @ C R be a bounded open set with boundary of class C', and
0:Q— 8. IfQ and Q satisfy (H Po) — (H P3), then the set of singular (critical)
value of B = ﬂ Q in (—1, B) is at most countable and can accumulate only at f.

As a consequence,

1) for any t € (—1, B) there exists a regular value t' € (—1,1t) such that {B >
t} C Qisa deformation retract of {B > t'};

2) foranyt € [—1, B) there exists a regular value t' € (t, B) such that { < t} C
Q is a deformation retract of {B < t'}.

Proof. Since B = E o Q € C?(R2), by Sard’s theorem for analytic functions (see
[63]) the set of singular value is finite on each compact set K C €2, hence all but
countably many r € (—1, ) are regular for A in Q. For such r, the level set {8 = t}
is contained in © by definition of 8 and it is a finite union of analytic, connected,
orientable and boundaryless surfaces. However, since the singular values are finite
on compact sets and in view of the definition of 8, the only accumulation point for
the singular values can be . Indeed, otherwise there would be a countably many
distinct singular value 8, — B+ € [—1, ) and corresponding distinct critical
points x,, € {8 = B,} C 2 such that up to subsequences x,, — x, € {8 = Bs}.
Notice that x, € 92, otherwise x, would be a critical point as well and 8, would
be a singular value, with coutably many singular values attained in a neighborhood
of x,, which contradicts Sard’s theorem. Thus x, € {8 = B} N IR, which is
however impossible by definition of B. To conclude the proof, we observe that the
set of regular value is open. Then, given a regular value ¢, choosing ¢’ sufficiently
close to ¢, the conclusion 1) (resp. 2)) follows by a standard retraction following the
gradient (resp. negative gradient) flow associated with § in € in a neighboorhood
of { =t} C Q. Actually the same argument applies for any singular value ¢, such
value being isolated by the discussion above, and the conclusion follows from real
analyticity and the retraction theorem of Lojasiewicz (see [42, Theorem 5]). |

Corollary 5.4. Let Q C R? be a bounded open set with boundary of class C', and
Q:Q — So. If Qand Q satisfy (HPy) — (HP3) with p = 1 and Q € C*(2; Sp),
then the set of singular (critical) value of B in (—1, 1) is finite, and there exists
a regular value t' € (=1, 1) such that { = 1} C Q is a deformation retract of
B=ryca

Proof. The proof is similar to the one of Lemma 5.3, so it will be just sketched.
In view of the analytic regularity up to the boundary, the tensor Q has an analytic
extension Q (simply by power series) to a larger open set Q D Q. Then the function
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E::E ) @ is analytic in Q with finitely many critical values in & again by Sard’s
theorem. Clearly 1 is a critical value (maximum) of E Hence, choosing a slightly
smaller regular value ¢, the conclusion still follows from [42] retracting the set
{B >1t'} € Qonto {B = 1} by the gradient flow of B\in Q. ]

The first information on the topology of the biaxiality regions is contained in
the following result:

Proposition 5.5. Ler 2 < R3 be a bounded open set with boundary of class C',
and Q : Q — Sp. If Q and Q satisfy (H Py) — (H P3), then the biaxiality regions
satisfy

1) {B > t} is not simply connected for any t € (—1, ,8:);
2) {B < t} is not simply connected for any t € (—1, B);

3) the negative uniaxial set { = —1} is not simply connected; )
4) {B = t} contains a surface of positive genus for any regular value t € (—1, B)
of the function B;

5) if in addition B = 1 and Q € C®(Q; So), then the set { = 1} C Q is not
simply connected.

Proof. In view of Lemma 5.3 it is enough to prove claim 1) and 2) for a regular
valuet € (—1, ﬁ) since (non)simple connectivity passes to deformation retracts. A
similar argument applies to claim 3). Indeed, # = —1 is a singular value (minimum),
and it is isolated by Lemma 5.3. Hence, combining claim 2) for regular values ¢’
close to —1, the set {8 < t’} is not simply connected, and thus its deformation
retract {§ = —1} is also nonsimply connected.

Let us now prove claims 1) and 4). We assume that r € (—1, ,5) is a fixed
regular value of 8 € C®(£2). Then the set {8 > t} is the closure of the open set
Q N {B > t} which is bounded with smooth boundary. In addition, {8 > ¢} and
Q N {B > t} are homotopically equivalent (by inward-retracting both sets along
the normal direction in a small neighborhood of the boundary). So it is enough to
show that &:=Q N {8 > t} is not simply connected. Observe that in view of the
regularity of ¢ and the smoothness of the boundary, we can write dQas a disjoint
union

IR=0QU(p=1)= (uf"zls,-) U (Uj”zjj) :

where each S; is diffeomorphic to S? and each §j is compact, analytic, connected,
orientable and boundaryless surface because {8 = ¢} € Q. Now we claim that
there exists an index j, such that the surface §j* has positive genus. In other words,
claim 4) holds and the open set € is not simply connected in view of Lemma 5.1,
i.e., claim 1) also holds.

To prove the existence of the distinguished surface S j,» We argue by contra-
diction assuming that the genus g(S j) = Oforeach j = 1,..., M. Hence the
Euler characteristic X(S. ) = 2 — 2g(S.) = 2 for each j = 1, ..., M, and
we shall derive a contradiction from this fact. Indeed, notice first that the max-
imal eigenvalue Amax(Q(x)) is simple for every x € {8 > 1} C Q. Therefore,
there is a well defined smooth eigenspace map V: (B >t} - RP?, V(x) =
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Ker (Q(x) — Amax(Q(x)) ). Since each §j are assumed to be of zero genus, both
Q and {8 > t} are simply connected by Lemma 5.1. Therefore the map Ve
C'({B > t}; RP?) has alifting v € C' ({8 > t}; S?) as in the proof of Lemma 5.2.
From Stokes’ theorem we infer that

N M
deg(¥, Q) = Y deg(. S;) + Y _ deg(¥, S;) = 0.
i=1 j=1

Then assumption (H P3) yields Z§W= | deg (v, 5/) # 0, so that there exists 1 < j, <
M such that deg (3, S;,) # 0.

Now consider F = T'S? — S? the (real, oriented, rank-two) tangent bundle of
S? with its Euler class e(F) € H*(S?; Z). With respect to a normalized volume
form on S?, we can write e(F) = 2dvolg: € HL%R (S%; R), and its Euler number
(i.e., Euler characteristic) is x (S?) = sz e(F)=2.

Using the map U we can consider the pull- -back bundle PF > S; i, which is a
smooth real oriented rank-two vector bundle over S ; .- By functoriality of the Euler
class (see e.g. [8]), we have

f~ e(*F) = /~ Fe(F) =2 /N Tdvolg = 2deg(@. 5,,) # 0,
S Sk Jx
hence the pull-back bundle TF > S j, 1s nontrivial. On the other hand, since
S]* C{B=t}andt € (—1,1) is aregular value, each e1genvalue reo(Qx)) =
{Amax (X), Amid (x), Amin(x)} is simple for every X € S . Therefore there are well
defined elgenspace maps Vinid. me e CI(5; I RP?) and corresponding liftings
Drmids Umin € C! (Sj*, S?) (since S 51mply connected, i.e., g(S]*) = 0). By the
spectral theorem we have Fy) = v(x)S = {v(x)}J- RUmia (x) @ Rvmm (x) for
every x € S, .- Hence the bundle TF - S; j, 1s trivial and Tmid, Umin € C! (S i )
provides a trivializing frame (up to orientation), which is a contradiction.

To prove claim 2) we fix a regular value € (—1, ,3), and we recall that {8 <
t} = {B =1t} C Qis a finite union of surfaces of class C' (in fact analytic) which
are disjoint, embedded, connected and boundaryless. Notice that {8 > t} =
dQ U {B = 1} is also a finite union of C!-surfaces which are disjoint, embedded,
connected and boundaryless. Moreover, since €2 is simply connected and {8 > t} is
not (because of claim 1)), one of the components of {8 = ¢} has positive genus by
Lemma5.1. Applying again Lemma5.1to {8 < t} € @, weinferthat {8 < ¢} isnot
simply connected because the total genus of its boundary is positive. Hence {8 < ¢}
is also not simply connected since the two sets are homotopically equivalent.

Finally, the proof of claim 5) follows from claim 1) for regular values € (—1, 1)
combined with the homotopic equivalence property stated in Corollary 5.4. O

As a direct consequence of the previous proposition, we have the linking prop-
erty between biaxiality sets.

Proposition 5.6. Ler Q@ C R3 be a bounded open set with boundary of class C?, and
0 : Q — Sy. Assume that Q and Q satisfy (H Py) — (I;IP3). If[t1, ] € [-1,8)
is such that (t1, t2) contains no singular value of B = B o Q, then { < 11} C Q
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and {B > 1t} € Q are nonempty compact and disjoint subset of Q, and they are
mutually linked.

Proof. In view of Lemma 5.2 the sets {8 < #1} € Q and {8 > 1} C Q are
nonempty compact and disjoint subset of Q. Since [, ] C [—1, B) we clearly
have {8 <11} € Q\{f =2 n} ={f <nland{f = n} C Q\{B <n}={B > n}.
As (11, 1) contains no singular value, these two sets are homotopically equivalent
to {8 < 11} and {8 > 1}. Indeed, the gradient flow of =8 gives a deformation
retract of each larger set onto the corresponding smaller one (this is standard if
t1 and 1, are regular values, and otherwise, it follows from [42, Theorem 5] as in
Lemma 5.3 thanks to real analyticity). Thus {8 < 1} is contractible in Q\ {8 > 1}
if and only if it is contractible, and {8 > 1o} is contractible in Q \ {8 < t} if and
only if it is contractible. On the other hand, the sets {8 < #1} and {8 > f;} are not
simply connected by Proposition 5.5. Hence both of them are not contractible and
therefore mutually linked. O

In the final result of this section, which contains Theorem 1.6 as a particular
case, we summarize the topological information obtained as a straightforward com-
bination of Lemma 5.2, Lemma 5.3, Corollary 5.4, Proposition 5.5 and Proposition
5.6.

Theorem 5.7. Ler Q@ C R3 be a bounded open set with boundary of class C', and
0 : Q — 8. Assume that Q and Q satisfy (H Py)—(H P3) (e.g. 02 has an odd

number of connected components and that Q(x) = «/3/2(7 ) ;(x) — %1) on
9%, so that B = 1). Then the biaxiality sets satisfy:

1) the set of singularvalues of B in[—1, Bl is atmost countable and can accumulate
only at B; moreover; for any regular value —1 < t < B, the set {f =t} C Q
is a smooth surface with a connected component of positive genus;

2)forany —1 < ) < h < B, the sets {f < 11} € Qand { > n} C Q are
nonempty, compact, and not simply connected;

3) if in addition Q € C®(Q) and B = 1, then {B = 1} C Q is also nonempty,
compact, and not simply connected; in particular {§ = 1} N Q is not empty;
4) forany —1 <t <th < ,3 such that (t1, tp) contains no singular value, the sets

{B < t1} and {B = 1o} are mutually linked.
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