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Abstract

We provide a mathematical analysis of the effective viscosity of suspensions of
spherical particles in a Stokes flow, at low solid volume fraction ¢. Our objective is
to go beyond Einstein’s approximation pterr = (1+ %d)) . Assuming a lower bound
on the minimal distance between the N particles, we are able to identify the O (¢?)
correction to the effective viscosity, which involves pairwise particle interactions.
Applying the methodology developped over the last years on Coulomb gases, we
are able to tackle the limit N — o0 of the O(¢?)-correction, and provide an
explicit formula for this limit when the particles centers can be described by either
periodic or stationary ergodic point processes.

1. Setting of the Problem

Our general concern is the computation of the effective viscosity generated by
a suspension of N particles in a fluid flow. We consider spherical particles of small
radius a, centered at x; y, with N = 1and 1 < i < N. To lighten notations, we
write x; instead of x; y,and B; = B(x;, a). We assume that the Reynolds number of
the fluid flow is small, so that the fluid velocity is governed by the Stokes equation.
Moreover, the particles are assumed to be force- and torque-free. If 7 = R3\ (U; B;)
is the fluid domain, governing equations are

—uAu+Vp=0, xeF,
divu =0, xeF, (1.1)
ulg, = u; +w; X (x — x;),

where  is the kinematic viscosity, while the constant vectors u; and w; are Lagrange
multipliers associated to the constraints

/ o,(u, p)nds =0, / ou(u, p)n x (x —x;)ds =0. (1.2)
JdB; JdB;

B;
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Here, 0, (u, p) := 2uD(u) — pl is the usual Cauchy stress tensor. The boundary
condition at infinity will be specified later on.

We are interested in a situation where the number of particles is large, N > 1.
We want to understand the additional viscosity created by the particles. Ideally, our
goal is to replace the viscosity coefficient w in (1.1) by an effective viscosity tensor
w' that would encode the average effect induced by the particles. Note that such
replacement can only make sense in the flow region O in which the particles are
distributed in a dense way. For instance, a finite number of isolated particles will
not contribute to the effective viscosity, and should not be taken into account in O.
The selection of the flow region is formalized through the following hypothesis on
the empirical measure:

N
1
Sy = — Sy d kly,
N N,'E:1 x; mf(x) x weakly (HI)

support(f) = O, O smooth, bounded and open, f|o € c'(0).

Note that we do not ask for regularity of the limit density f over R3, but only in
restriction to O. Hence, our assumption covers the important case f = %I lo.

We investigate the classical regime of dilute suspensions, in which the solid
volume fraction

¢ = %Nrra3/|(’)| (1.3)

is small, but independent of N. In addition to (H1), we make the separation hy-
pothesis

11;11) lxi —xj| = ¢cN ~1/3 for some constant ¢ > 0 independent of N. (H2)
i#]
Let us stress that (H2) is compatible with (H1) only if the L°° norm of f is small

enough (roughly less than 1/¢%), which in turn forces O to be large enough.
Our hope is to replace a model of type (1.1) by a model of the form

—uAu+Vp =0, divu =0, xE]R3\(’), (1.4)
—2diu' D)) +Vp' =0, divu' =0, xeO, ’
with the usual continuity conditions on the velocity and the stress
u=u at 90, o, (u, p)n = O'M/(u/, pHn at 90. (1.5)

A priori, 1/ could be inhomogeneous (and should be if the density f seen above
is itself non-constant over O). It could also be anisotropic, if the cloud of particles
favours some direction. With this in mind, it is natural to look for i’ = p/(x) as a
general 4-tensor, with o’ = 2’ D(u) given in coordinates by o; = ,ug j P
By standard classical considerations of mechanics, 1" should satisfy the relations

/ o ) Y
Hijki = Mjiki = ik = Hikjis

namely, i’ should define a symmetric isomorphism over the space of 3 x 3 sym-
metric matrices.
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As we consider a situation in which ¢ is small, we may expect i’ to be a small
perturbation of u, and hopefully admit an expansion in powers of ¢:

W= pdd gy + ¢ ua + -+ ¢+ 0(00). (1.6)
The main mathematical questions are:

e Cansolutions uy of (1.1)—(1.2) be approximated by solutions u. sy = 1R3\O“+
Lou’ of (1.4)—(1.5), for an appropriate choice of 1" and an appropriate topology
?

e If so, does p’ admit an expansion of type (1.6), for some k ?

o If so, what are the values of the viscosity coefficients p;, 1 <i <k ?

Let us stress that, in most articles about the effective viscosity of suspensions, it is
implicitly assumed that the first two questions have a positive answer, at least for
k = 1 or 2. In other words, the existence of an effective model is taken for granted,
and the point is then to answer the third question, or at least to determine the mean

values |
= — (x)d 1.7
Vi |0|/@MZ(X) X (L.7)

of the viscosity coefficients. As we will see in Section 2, these mean values can
be determined from the asymptotic behaviour of some integral quantities Zy as
N — 4-o00. These integrals involve the solutions uy of (1.1)—(1.2) with condition
at infinity
lim u(x)—Sx =0, (1.8)
|x|—4o00
where S is an arbitrary symmetric trace-free matrix.

The effective viscosity problem for dilute suspensions of spherical particles has
along history, mostly focused on the first order correction created by the suspension,
that is k = 1 in (1.6). The pioneering work on this problem was due to Einstein
[15], not mentioning earlier contributions on the similar conductivity problem by
Maxwell [29], Clausius [11], Mossotti [32]. The celebrated Einstein’s formula,

5
W=+ 201 +0(9), (1.9)

was derived under the assumption that the particles are homogeneously and isotrop-
ically distributed, and neglecting the interactions between particles. In other words,
the correction w1 = %,u is obtained by summing N times the contribution of one
spherical particle to the effective stress. The calculation of Einstein will be seen in
Section 2. It was later extended to the case of an inhomogeneous suspension by
Almog and Brenner [1, p. 16], who found that

5
p1 = EIOIf(X)M. (1.10)

The mathematical justification of formula (1.9) came much later. As far as we
know, the first step in this direction was due to Sanchez-Palencia [38] and Levy and
Sanchez-Palencia [28], who recovered Einstein’s formula from homogenization
techniques, when the suspension is periodically distributed in a bounded domain.
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Another justification, based on variational principles, is due to Haines and Mazzu-
cato [19]. They also consider a periodic array of spherical particles in a bounded
domain €2, and define the viscosity coefficient of the suspension in terms of the
energy dissipation rate:

1 / 2
UN = o5 [ _|ID@n)I,
1S12 )7

where u y is the solution of (1.1)—(1.2)—(1.8), replacing R3 by 2. Their main result
is that

5
wN =gt S+ 0(¢*?).

For preliminary results in the same spirit, see Keller-Rubenfeld [27]. Eventually, a
recent work [21] by the second author and Di Wu shows the validity of Einstein’s
formula under general assumptions of type (H1)-(H2). See also [33] for a similar
recent result.

Our goal in the present paper is to go beyond this famous formula, and to
study the second order correction to the effective viscosity, that is k = 2 in (1.6).
Results on this problem have split so far into two settings: periodic distributions,
and random distributions of spheres. Many different formulas have emerged in the
literature, after analytical, numerical and experimental studies. In the periodic case,
one can refer to the works [2,34,37,42], or to the more recent work [2], dedicated
to the case of spherical inclusions of another Stokes fluid with viscosity i 7# u.
Still, in the simple case of a primitive cubic lattice, the expressions for the second
order correction differ. In the random case, the most reknowned analysis is due to
Batchelor and Green [5], who consider a homogeneous and stationary distribution
of spheres, and express the correction p, as an ensemble average that involves the
N -point correlation function of the process. As pointed out by Batchelor and Green,
the natural idea when investigating the effective viscosity up to O (¢?) is to replace
the N-point correlation function by the two-point correlation function, but this leads
to a divergent integral. To overcome this difficulty, Batchelor and Green develop
what they call a renormalization technique, that was developed earlier by Batchelor
to determine the sedimentation speed of a dilute suspension. After further analysis
of the expression of the two-point correlation function of spheres in a Stokes flow
[6], completed by numerical computations, they claim that under a pure strain, the
particles induce a viscosity of the form

W=+ §¢/L+7.6¢2,u+0(¢2). (1.11)

Although the result of Batchelor and Green is generally accepted by the fluid me-
chanics community, the lack of clarity about their renormalization technique has
led to debate; see [1,22,35].

One main objective in the present paper is to give a rigorous and global math-
ematical framework for the computation of

1
vy = @/Ouz(x)dx, (1.12)
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leading to explicit formula in periodic and stationary random settings. We will adopt
the point of view of the studies mentioned before: we will assume the validity of an
effective model of type (1.4)—(1.5)—(1.6) with k = 2, and will identify the averaged
coefficient vj.

More precisely, our analysis is divided into two parts. The first part, conducted
in Section 2, has as its main consequence the following:

Theorem 1.1. Let (x;);<; <y afamily of points supported in a fixed compact set R3,
and satisfying (H1)~(H2). For any trace-free symmetric matrix S and any ¢ > 0,
let uy, resp. uesy, the solution of (1.1)—(1.2)—(1.8) with the radius a of the balls
defined through (1.3), resp. the solution of (1.4)—(1.5)—(1.8) where 1’ obeys (1.6)
with k = 2, w1 being given in (1.10).

Ifuny —uery = o(¢?) in H, > (R3), meaning that for all of bounded open set
U, there exists s € R such that

limsup luy — tersllms@w) = 0(¢?), as¢ — 0,
N—+o00

then, necessarily, the coefficient vy defined in (1.12) satisfies
V8 S = plimy_s 400 VN Where vy was defined in (1.12), and

7510] | 1 /
V=T | v2 ;gm )= [ st f()dxdy
(1.13)
with the Calderon—Zygmund kernel
S:(x®x)x
gs:=—-D <—|x|5 ) S, (1.14)

Roughly, this theorem states that if there is an effective model at order ¢2, the
mean quadratic correction v, is given by the limit of Vy, defined in (1.13). Note
that the integral at the right-hand side of (1.13) is well-defined: f € L*(R3) and
f — gs f is a Calderén—Zygmund operator, therefore continuous on L2 (RR3). We
insist that our result is an if theorem: the limit of (1.13) does not necessarily exist
for any configuration of particles x; = x; y satisfying (H1)—-(H2). In particular, it is
not clear that an effective model at order ¢ is available for all such configurations.

Still, the second part of our analysis shows that for points associated to stationary
random processes (including periodic patterns or Poisson hard core processes), the
limit of the functional does exist, and is given by an explicit formula. We shall leave
for later investigation the problem of approximating uy by u.ss when the limit of
Vy exists.

Our study of functional (1.13) is detailed in Sections 3 to 5. It borrows a lot from
the mathematical analysis of Coulomb gases, as developped over the last years by
Sylvia Serfaty and her coauthors [9,36,40]. Although our paper is self-contained,
we find useful to give a brief account of this analysis here. As explained in the
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lecture notes [41], one of its main goals is to understand what configurations of
points minimize Coulomb energies of the form

N
1 1
Hy = m;g(xi —xj)+ N;V(xi),

where g(x) = ﬁ is a repulsive potential of Coulomb type, and V is typically
a confining potential. It is well-known, see [41, chapter 2], that under suitable
assumptions on V, the sequence of functionals Hy (seen as a functionals over
probability measures by extension by 4-oc outside the set of empirical measures)
I"-converges to the functional

H() =/ g(x — y)da(x)dp(y) +/ V (x)dA(x).
R3xR3 R3

Hence, the empirical measure Sy = % ZlN: 1 8x; associated to the minimizer
(x1,...,xy) of Hy converges weakly to the minimizer A of H.

In the series of works [36,40], see also [39] on the Ginzburg-Landau model,
Serfaty and her coauthors investigate the next order term in the asymptotic expan-
sion of min,, . xy Hy. A keypoint in these works is understanding the behaviour
of (the minimum of)

Hy = / g(x —y)d(éy —A)(x)d(dn — 1) (y) (1.15)
R3 xR3\Diag

as N — 4-o00. This is done through the notion of renormalized energy. Roughly,
the starting point behind this notion is the (abusive) formal identity

1
/ g(x — Ay — 1) (x)d(@y — 1) () = —/ \Vhy[*”,  (1.16)
R3xR3 4 R3

where Ay is the solution of Ahy = 4m(8y — A) in R3. Of course, this identity
does not make sense, as both sides are infinite. On one hand, the left-hand side is
not well-defined: the potential g is singular at the diagonal, so that the integral with
respect to the product of the empirical measures diverges. On the other hand, the
right-hand side is not better defined: as the empirical measure does not belong to
H~Y(R?), hy is notin H!(R3).

Still, as explained in [41, chapter 3], one can modify this identity, and show a
formula of the form

1
= lim [ — Vi |2 - N 1.17
Hy n%<4n /Ral Nl g(n)>, (1.17)

where hnN is an approximation of /2y obtained by regularization of the Dirac masses
at the right-hand side of the Laplace equation: Ah”, = 47 (87\, — 1) in R3. Note the
removal of the term Ng(n) at the right-hand side of (1.17). This term, which goes
to infinity as the parameter  — 0, corresponds to the self-interaction of the Dirac
masses: it must be removed, consistently with the fact that the integral defining
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‘Hx excludes the diagonal. This explains the term renormalized energy. See [41,
chapter 3] for more details.

From there (omitting to discuss the delicate commutation of the limits in N
and 7 !), the asymptotics of miny, . .,y Hy can be deduced from the one of
XN fR3 |Vh"N |2, for fixed n. The next step is to show that such minimum
can be expressed as spatial averages of (minimal) microscopic energies, expressed
in terms of solutions of the so-called jellium problems: see [41, chapter 4]. These
problems, obtained through rescaling and blow-up of the equation on 47, are an
analogue of cell problems in homogenization. More will be said in Section 4, and
we refer to the lecture notes [41] for all necessary complements.

Thus, the main idea in the second part of our paper is to take advantage of the
analogy between the functionals Vy and Hy to apply the strategy just described.
Doing so, we face specific difficulties: our distribution of points is not minimizing
an energy, the potential gg is much more singular than g, the reformulation of the
functional in terms of an energy is less obvious, etc. Still, we are able to reproduce
the same kind of scheme. We introduce in Section 3 an analogue of the renormalized
energy. The analogue of the jellium problem is discussed in Section 4. Finally, in
Section 5, we are able to tackle the convergence of Vy, and give explicit formula
for the limit in two cases: the case of a (properly rescaled) LZ3-periodic pattern of
M -spherical particles with centers ay, ..., ay, and the case of a (properly rescaled)
hardcore stationary random process with locally integrable two points correlation
function p3(y, z) = p(y — z). In the first case, we show that

Jim vy = W(; SV-Gs.p(ai—a;) + KSV-(Gs.L —Gs)(0)>, (1.18)

where G and G 1 are the whole space and LZ3-periodic kernels defined respec-
tively in (3.12) and (5.18); see Proposition 5.4. In the special case of a primitive
cubic lattice, for which M = L = 1, we can push the calculation further, finding
that

3
1SS =p(ad [SilP+ B8 1S5,
i=1 i#j
with @ &~ 9.48 and B ~ —2, 15, ¢f. Proposition 5.5 for precise expressions. Our

result is in agreement with [42]. In the random stationary case, if the process has
mean intensity one, we show that

25 1
li =— 1 — V- —
=g i 2 SVGsied)
z#7 € ANK L
25 . 1 , / /
=— 1 SV .-Gs 1 (z—2)p(z—2)dzdz. (1.19)

m 73
2 L+ L KixKp

These formula open the road to numerical computations of the viscosity coefficients
of specific processes, and should in particular allow us to check the formula found
in the literature [5,35].
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Let us conclude this introduction by pointing out that our analysis falls into the
general scope of deriving macroscopic properties of dilute suspensions. From this
perspective, it can be related to mathematical studies on the drag or sedimentation
speed of suspensions; see [13,23-25,30] among many. See also the recent work
[14] on the conductivity problem.

2. Expansion of the Effective Viscosity

The aim of this section is to understand the origin of the functional Vy in-
troduced in (1.13), and to prove Theorem 1.1. The outline is the following. We
first consider the effective model (1.4)—(1.5)—(1.6). Given S a symmetric trace-free
matrix, and a solution u. sy with condition at infinity (1.8), we exhibit an integral
quantity Z,rr = L.y (S) that involves u.ry and allows us to recover (partially) the
mean viscosity coefficient v,. In the next paragraph, we introduce the analogue Zy
of Z,yy, that involves this time the solution uy of (1.1)=(1.2) and (1.8). In brief,
we show that if uy is 0(¢2) close to u,rr, then Zy is 0(¢2) close to Z,ry. Finally,
we provide an expansion of Zy, allowing us to express v, in terms of Vy. Theorem
1.1 follows.

2.1. Recovering the Viscosity Coefficients in the Effective Model

Letk = 2, u' satisfying (1.6), with viscosity coefficients u; that may depend on
x. Let § symmetric and trace-free. We denote ug(x) = Sx. Letuerr = Ips\ou +

1ou’ the weak solution in ug + H'(R3) of (1.4)—(1.5)~(1.8). By a standard energy
estimate, one can show the expansion

Uepf — U0 = Pleff1 + -+ Puerri +o(@*) in H' (R,

where the system satisfied by ucssi = Ips\oui + lou; is derived by plugging the
expansion in (1.4)—(1.5) and keeping terms with power ¢’ only. Notably, we find
that

—pAu; +Vp =0, divu; =0, x e R\ 0O,

, ) . . (2.1)
—uAuy + Vp; =2div(u; D(ug)) divu; =0, x €O,
together with the conditions #; = 0 at infinity,
up=uy at 30, o, ur, p)n = o, @y, ppn + 2u1D(ug)n at 90.

Similarly,

—uAuly + Vph = 2div(uaD(up)) + 2div(n1 D(u})), divub =0, x € O,
2.2)

{—MAM +Vp, =0, divup =0, xeR>\ O,

together with u, = 0 at infinity,

u, =uhp at 00, oy (uz, p2)n
= o, (uy, p5)n + 2p2D(uo)n + 21 D(un at 90.
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Now, inspired by formula (4.11.16) in [4], we define

Loy = / o, (U — ug, perIn - Sxds — 2,1/,/ (u — ug) - Snds, (2.3)
o 0 30
where n refers to the outward normal. We will show that
Topr = 2|0 ((l)vlS CS+ ¢S S) +2¢2/ wiD@y) S+ o0(p?). (2.4)
o
We first use (1.5) to write

Topf = / o' —ug, p'n - Sxds +/ 0 —pu(ug, 0)n - Sxds
o 30 30
— 2,u/ (' —ugp) - Snds
a0
= /(’) o (Qu) + d)zu’z, ép1 + ¢ po)n - Sxds
d
+2 /ao(qu + ¢ u2)Sn - Sxds — 2u /30(@/1 + ¢%ub) - Snds + 0(¢?)
= /3(9 o (P + ¢2ub, pp1 + ¢? pa)n - Sxds + ¢/a(9 oy, (Puy, O)n - Sxds
+2 /O(dm + ¢?up)Sn - Sxds — 2 /O(qbu’l + ¢?uh) - Snds + 0(¢?).
9 9

Using the equations satisfied by « and u), after integration by parts, we get

/O o (u| + ¢uy, pp1 + ¢ pa)n - Sxds
]
= —/ 2divipu S + ¢2/,LQS) - Sxdx — / 2div(¢2u1D(u’1)) - Sxdx
@] o
+ ZM/ D(¢pu)| + ¢ub) : Sdx
o
=2|0|(¢pv1S : S + $* 1S : S) — 2/ (pu1 + ¢>u2)Sn - Sxds
a0
+ 2/ P*uiDy) : S — 2/ ¢> w1 Du))n - Sxds
(@] a0
+ Z/L/ (pu') + ¢2u’2) - Sndx.
o

Plugging this last line in the expression for Z, s yields (2.4).

We see through formula (2.4) that the expansion of Z, s in powers of ¢ gives
access to vy, and, if ;1 is known, it further gives access to v;. On the basis of
the works [1,33] and of the recent paper [21], which considers the same setting
as ours, it is natural to assume that p; is given by (1.10). This implies v; = % “w.
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With such expression of (1, and the form of f specified in (H1), we can check that
us = (5|O|)_1Meff,1 satisfies

—Aug+Vp =div(Sf) = SVf, divug=0 in R3, | llim us(x) =0. (2.5
X|[— 00
It follows that

Loy = 5¢ulOlISI +24%|0IvS - S — 5004?|OP? /]R Ds)I* +o(¢?). (26)

2.2. Recovering the Viscosity Coefficients in the Model with Particles

To determine the possible value of the mean viscosity coefficient vy, we must
now relate the functional Z, s, based on the effective model, to a functional Zy
based on the real model with spherical rigid particles. From now on, we place
ourselves under the assumptions of Theorem 1.1. Note that, thanks to hypothesis
(H2), the spherical particles do not overlap for ¢ small enough, so that a weak
solution uy € ug + H'(R?) of (1.1)~(1.2)—(1.8) exists and is unique.

By integration by parts, for any R such that O € Bg, we have

Loy = / o (Uerf — ug, pefsIn - Sxds — 2/L/ (Uerr — uo) - Snds. (2.7)
dBpr dBR

By analogy with (2.3), and as all particles remain in a fixed compact K > O
independent of N, we set for any R such that K C Bg:

IN = / ou(un —ug, py)n - Sxds — 2u/ (uy — ug) - Snds, (2.8)
dBr dBg

which again does not depend on our choice of R by integration by parts. Now, if
uery and uy are 0(¢>2)—close in the sense of Theorem 1.1, then

limsup |Zy — Zers| = 0(¢?). (2.9)
N—+o00

Indeed, uny — ucsy is a solution of a homogenenous Stokes equation outside K.
By elliptic regularity, we find that lim supy _, , o llteffr — un |l gsxy = 0, for any
compact K’ € R?\ K and any positive s. Relation (2.9) follows.

We now turn to the most difficult part of this section, that is expanding Zy in
powers of ¢. We aim to prove

Proposition 2.1. Let (x;)<;<y, satisfying (H1)-(H2). For S trace-free and sym-
metric, for ¢ > 0, let uy the solution of (1.1)—(1.2)—(1.8) with the ball radius a
defined through (1.3). Let Iy as in (2.8), Vy as in (1.13), and ug the solution of
(2.5). One has

Iy =5¢ulOlIS? + 20101V — 50/L¢>2|O|2/R} ID@s)I® + 0(¢?). (2.10)
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As before, notation Ay = By + 0(¢2) means limsupy |[Ay — By| = 0(¢2).
Obviously, Theorem 1.1 follows directly from (2.6), (2.9) and from the proposition.

To start the proof, we set vy := uy — ug. Note that vy € H! (F) still satisfies
the Stokes equation outside the ball, with vy = O at infinity, and vy = —Sx +
u; + w; x (x — x;) inside B;. Moreover, taking into account the identities

/ 0, (up, O)nds = 2;1,/ Sn = Z,u/ divS§ =0
J B; dB; B;

and

/aﬂ(uo,O)nx(x—x,-)ds=2p_/ Snx(x—x,-)ds:Zp_/ S(x —x;) x nds

; 0B; 0B;

= Z/L/ curl(S(x — x;)) ds =0, 2.11)
B;
one has for all ;i that

| outomepwmds =0, [ ouom pwm x (x =y ds =0,

i i

From the definition (2.8), we can re-express Zy as

N N
IN:Z/&B GM(UN’pN)n'SXdS_z'“Z/aB vy - Snds. (2.12)
i=1 i i=1 i

To obtain an expansion of Zy in powers of ¢, we will now approximate (vy, py)
by some explicit field (vapp, papp), inspired by the method of reflections. This
approximation involves the elementary problem

—uAv+Vp =0 outside B0, a),
divv =0 outside B(0, a), (2.13)
v(x) = —=Sx, x € B(0,a).

The solution of (2.13) is explicit [18], and given by

TSI = =25 et — s 4 (s r e
v X) i = —— (X X)—/= — I X—— — X X)——=
2 x|5 Ix|> 2 |x|7
= v[S1+ 0@ |x|™), (2.14)
with
5 3
VIS](x) = —28 ¢ (x @ x) (2.15)
2 x|
The pressure is
S:
PISI) = —Spad s8N (2.16)

|x]?



1360 D. GERARD-VARET, M. HILLAIRET

‘We now introduce

N N
Wapps Papp) () = Y _(W*IS], p*ISD(x —xi) + Y _(W*[S;], pPISiD(x — xi),

i=1 i=1 2.17)

where
Si =Y DISH(x; — xj). (2.18)
J#

In short, the first sum at the right-hand side of (2.17) corresponds to a superpo-
sition of N elementary solutions, meaning that the interaction between the balls
is neglected. This sum satisfies the Stokes equation outside the ball, but creates
an error at each ball B;, whose leading term is S;x. This explains the correction
by the second sum at the right-hand side of (2.17). One could of course reiterate
the process: as the distance between particles is large compared to their radius, we
expect the interactions to be smaller and smaller. This is the principle of the method
of reflections that is investigated in [24]. From there, Proposition 2.1 will follow
from two facts. Defining

N N
Lapp = Z 01 (Vapps Papp)nt - Sxds —2u Z Vapp - Snds,
i=1 7 9Bi i=1 7 9Bi

we will show first that

Tupp = SOuIS +202ul0Vy — S0ug?|OP /]R AbwsP,  @19)
and then
limsup [Zy — Zapp| = 0(9?). (2.20)
N—+o00

Identity (2.19) follows from a calculation that we now detail. We define
Ti(v. p) = /ag,. (0. pn ® x) — 2u(v ® )) ds.
We have
Tapp = »_ L [SIC = xi), pLSIC- — X)) : §
i

+ 3 S TWISIC = x), pISIC — %)) ¢ S
i
+ ZL(vS[S,-](- —x), IS —x)) 5 S
20 LIS —x). PISHIC ) 1 S
=1 l+ jlj+ I+ 1.
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To treat I, and I;, we rely on the following property, which is checked easily
through integration by parts: for any (v, p) solution of Stokes in B;, and any trace-
free symmetric matrix S, Z; (v, p) : S = 0. Asforalli and all j # i, v*[S](- — x;)
or v°[§;](- — x;) is a solution of Stokes inside B;, we deduce

Iy =1;=0. 2.21)

As regards 1,, we use the following formula, which follows from a tedious
calculation [18]: for any traceless matrix S,

(' [S1¢- —x)) = 20771#“3& (2.22)

It follows that
Iy = NT'M IS17 = 5¢10|ulSI". (2.23)
This term corresponds to the famous Einstein formula for the mean effective vis-

cosity. It is coherent with the expression (1.10) for 11, which implies v = %u.
Eventually, as regards ., we can use (2.22) again, replacing S by S;:

_ 20 325 S—20—n,ua3ZZD(v[S])(xl xj): S
i j#Ei

_ 7510
1O g 5 S st — 1)
i j#E
, 751012
JT

=200y +

" / gs(r — M F) FO)dxdy,  (224)
R3xR3

with gg defined in (1.14). In view of (2.21)-(2.23)—(2.24), to conclude that (2.19)
holds, it is enough to prove

Lemma 2.2. For any f € L>(R3),
167 2
/ gs(x —y) f(x) f(y)dxdy = ——/ |D(us)|”, (2.25)
R3xR? 3 Jre

with gs defined in (1.14), and us € H'(R3) the solution of (2.5).

Proof. Note that both sides of the identity are continuous over L?: the left-hand side
is continuous as the Calderén—Zygmund operator f — gs * f is continuous over
L?, while the right-hand side is continuous by classical elliptic estimates for the
Stokes operator. By density, this is therefore enough to assume that f € C2° (R3).
We denote by U = (U;;), O = (Q;) the fondamental solution of the Stokes
operator. This means that for all j, the vector field U; = (U;;),<;<3 and the scalar
field Q; satisfy the Stokes equation

~AU; +VQj =8¢j, divU; =0 inR% (2.26)
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It is well-known, (see [16, p. 239]), that

1 1 X ®x 1 x
Ukx) = —(—Id+—), ox)=——=.

8 \ |x]| |x|?

From there, one can deduce the following formula, cf[16, p. 290, equation (IV.8.14)]:

3 (x®@x)x;

oU;,Q;)=——
;. 2) 47 |xPP
Using the Einstein convention for summation, this implies in turn that

S 4
%) = 78t Sudko (U, OD()

gs(x) = —S5p0y, ( 3

8
= ?S 2 DSy, Up = (SV) - (Sk10x, U, (2.27)

where we have used that S is trace-free to obtain the third equality. Hence,
8
//gs(x —»f@)dxf(dy = == /R} ((S: DSy Un) » £)(») f (y)dy

8
- / S 2 DS, (Ur x /() £()dy.
(2.28)

Note that the permutations between the derivatives and the convolution product do
not raise any difficulty, as f € C° (R3). Now, using Si; = Sj, and denoting by
St~! the convolution with the fundamental solution (inverse of the Stokes operator),
we get

Suds, / Uiy — ) f(x)dx = SE SV (). (2.29)

Eventually,
8
//gs(x =0 f) f(y)dxdy = %/S VSTV () f()dy

87T —1
--T / SEHSV () - (SV£)(y) dy

167
Z‘T/ |D(us)|*.
R3

This concludes the proof of the lemma. O

Remark 2.3. By polarization of the previous identity, at least for f, f smooth and
decaying enough, one has

- 8 .
//gs(x—y)f(y)f(X)dx = —%/St*l(SVf)(X)-(SVf)(X)dx

:8?71 (SV) - (STHSV ) (x) f(x)dx. (2.30)
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The last step in proving Proposition 2.1, hence Theorem 1.1, is to show the
bound (2.20). If w := vy — Vapp, ¢ := PN — Papp-

N N
Iy —ZLapp = Z/BB- o, (w, g)n - Sxds _ZMZ/BB- w - Snds
i=1 i i=1 i

Direct verifications show that v, hence w, satisfies the same force- and torque-
free conditions as v. This means that for any family of constant vectors u; and w;,
I1SiEN,

N
IN —ZLapp = Z/{JB op(w, g)n - (Sx —u; —w; X (x —x;))ds
i=1 i

N
—ZMZ/BB w - Snds.
i=1 !

By a proper choice of u; and w;, we find

N N
IN —ZLapp = —Z/{)B‘au(w,q)n~des—2uZ/aB. w- Snds
i=1 i i=1 i

N
= —/ 2uD(w) : D(vy) dx —2MZ/ D(w) : Sdx
F i=17Bi

N N
:—Z/ Jﬂ(vN,pN)n-wds—ZMZ/ D(w) : Sdx
i=170Bi i=1 " Bi

N
=—Z/ (N, pNI - (W + il + @ x (x — x;)) ds
i=179Bi

N
_ZMZ/B D(w) : Sdx (2.31)
i=l1 i

for any family (it;, @; ), using this time that vy is force- and torque-free. Let g = 2.
By a proper choice of (i;, @;), by Poincaré and Korn inequalities, one can ensure
that for all 7,

lw+i; +o; x (x — xi)llw S ClID(w)lLas;)

1
RERNCY:H)

where

1
= f{— IV . Glag = ]
||8||W17$,q(83'_) in alIGlqu(B,)-l-lI Gllzasy. Glog, =8

Note that the factor % atthe right-hand side is consistent with scaling considerations.
Moreover, by standard use of the Bogovskii operator, see [ 16], there exists a constant
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C (depending only on the constant ¢ in (H2)) and afield W € W L4 (FY, zero outside
UINZIB(x,-, 2a) satisfying

divW =0 inF, Wl =W+ +o& x (x—x;))s,

q < i + o; —x)|
DO, ) < Z s o =Xy gy

We deduce, with p < 2 the conjugate exponent of ¢, that

N
|Z/33 ooy, pnIn - (W + it + @ x (x — x;)) ds| = 2p] /}_D(UN) . DW)|
i=1 7B

S 2ullDN) e UB i, 2a) I DW) | La ()
_ 1
< Co P D) 2y (D ID@) 11y 5))

1

By well-known variational properties of the Stokes solution, || D(vy)|| ;2 minimizes
|D(v)|l ;2 over the set of all v in H'(R?) satisfying a boundary condition of the
form v|p, = —Sx +u; + w; x (x — x;) for all i. By the same considerations as
before, based on the Bogovski operator, we infer that

N
ID@M72g5) S C D ID=S0)725, < C'0,
i=1

so that

9B

N
| Z/ o (on, pvIn - (w + il + @ x (x — x;)) ds|
i=1 i
< V(3 IDW) L0 5)"".
i

Using this inequality with the first term in (2.31) and applying the Holder inequality
to the second term, we end up with

1Zn — Zappl < CHP (3 ID@) 140 50) 7. (2.32)

L

To deduce (2.20), it is now enough to prove that for all ¢ > 1, there exists a constant
C independent of N or ¢ such that

2 4
Y ID@) g5, S C@TT oM. (233)

Indeed, taking g > 2, meaning p < 2, and combining this inequality with (2.32)
yields (2.20), more precisely

2 7
1Ty — Zapp| S C@'T7 +¢9).
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In order to show the bound (2.33), we must write down the expression for w|p, =
UN|B; — VapplB;» Where v,p, was introduced in (2.17). A little calculation, using
Taylor’s formula with an integral remainder, shows that

wlp () = w;i (x) = Di(x — x;) — Ei(x —x;) = Fil«(x —xi,x — x;),  (2.34)

with w; being a rigid vector field (that disappears when taking the symmetric
gradient), with

D; ==Y DOIS;D(xi —x). Ei:=» DS+ S;]—v[S+ SN —x))
J#i J#i

and with the bilinear application

1
Fi|y i= Z/ (1 =)V [S + S;1(t (x — x;) + x; — x;) dr.
j#i 70
We remind that v*[S] and v[S] were introduced in (2.14) and (2.15), while the
matrices S; are defined in (2.18). Note that the matrices D; and §; have the same

kind of structure. More precisely, we can define for a collection (A, ..., Ay) of
N symmetric matrices, an application

A (Al Ay) = (AL LAY, Aj=D) DA D (G — x)).
J#
Then, (Si,...,Sy) = A(S,...,S) and (Dy,...,Dy) = A(S1,...,Sy) =
Az(S , ..., S). Note that for any matrix A, the kernel D(v[A]), homogeneous of de-
gree —3, is of Calderén—Zygmund type. Using this property, we are able to prove in

the appendix the following lemma, which is an adaptation of a result by the second
author and Di Wu [21]:

Lemma 2.4. Forall 1 < g < 400, there exists a constant C, depending on q and
on the constant ¢ in (H2), such that, if (A}, ..., A},) = A(Ay, ..., AN), then

N p N
DA S Cpr Y Al

i=1 i=1

We can now proceed to the proof of (2.33). Denoting wl.1 = Di(x — x;), we
find by the lemma that

N
q
D ID@HN 4, S Ca® Y DT < ClaPpr Yy |81
i i i=1

N
2 2
< Cladp Yy IS S ot

i=1
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Then, we notice that for any matrix A, |D(v*[A] — v[A])(x)| = O(a’|x|7>). This
implies that wi2 = E;(x — x;) satisfies

) \ as 1S;1+ 1S
Z”D(“’ Wi, = Ca Z|E|q = Caa q;(g le—xJIS) '

1/3

By assumption (H2), the points y; := N '/°x; satisfy, for all i # j, that

1
lyi —yjl 2 §(C+ lyi =y 2 c.

In particular,

2 54/3 _IEI o
ZHD(U) )”Lq(B)—Ca¢ ZZ(C+|y1_y]|)5) .

We then make use of the following easy generalization of Young’s convolution
inequality: Vg = 1,

YO laijbih? < max (sup Y laijl,sup Y laiil)* D Ibile. (235
i L I i

Applied with ¢;; = m and b; = |S|+ S|, together with Lemma 2.4, this
i—Yj
yields

Z ID@)Fas,) = Ca’>7 (3181 +15;17)
j
< a1+ N < gt

It remains to bound the symmetric gradient of wl?’ = Fj|x(x —xij, x — x;). By
the expression of v*, we get that, in B;

5 a
D <cC S SiD.
1D ;(lxl—x,|5+|xi—x,'|4 (151151

Proceeding as above, we find

Z ID@HIL ) S CaP @51 + 641+ ¢T)N < o+,

As D(w) = D(u)l.l) + D(wiz) + D(w?), c¢f- (2.34), the previous estimates yield
(2.33). This concludes the proof of Proposition 2.1, and therefore the proof of
Theorem 1.1.



Analysis of the Viscosity of Dilute Suspensions Beyond Einstein’s Formula 1367

3. The ¢ Correction Vy as a Renormalized Energy

We start in this section the asymptotic analysis of the viscosity coefficient

_75]0]
VN = 167

1
(32 ;gm —) - /RR gs(x = V() f(y)dxdy).

As a preliminary step, we will show that there is no loss of generality in assuming

1
Vie{l,...,N}, dist(x;, 0% 2> —. (3.1
InN

We introduce the set

. . X 1
IN,ext = {1 é l § N, dist(x;, OC) § ﬁ , and Neyy = Ney(N) := |IN,ext|~

By (H1)-(H2), it is easily seen that Noy; = o(N) as N — +00. We now show

Lemma 3.1. Vy is uniformly bounded in N, and

75|0| 1
% =VN — ( oy
N.ext N Tor \ Vo w2 ;#j gs(xi —x;)
ivj¢1N.€Xt

- [, ste=nrwrody)
R3xR3

goes to zero as N — +o0.

Proof: For any open set U, we denote f,, = ﬁ [y
Letd := §N™1/3 < min;z; Ml by (H2). We write

7
1 1 '
ﬁng(xi—xj)= WZ gs(xi —xj) — gs(xi — y)dy
i#] i#] Bxj.d)
1
ol swena-f g panay
N2 ;( B(xj.d) l B(xi.d) J B(x;.d)

1 : :
TN ][ f gs(x —y)dxdy =1+ 11+ 111.
N? ; BOy.d) B

For the first term, with y; := N'/3x; and with (H2) in mind, that is |y; — y ilZc
fori # j, we get that

|gs(xi — xj) —][ gs(xi — y)dy| < f sup |Vgs|(xi — 2)[lx; — yldy
X B

B(xj.d) (xj,d) z€[x;,y]

d

e
(c+ 1y = ¥;D
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see (1.14). This yields, by a discrete convolution inequality,

NP3 1 < C'NV3g <
N2 dst;pZ— C'N'/°d £C,

] < 7=
I (c+lyi —yiD

N 1

J=1 (et lyi—y;D?
index i thanks to the separation assumption. By similar arguments, |[I7| < C. As
regards the last term, we notice that

where we have used that ) is uniformly bounded in N and in the

1
11| £ —— —VF F d
11| = deﬁ|/R3X]R3 gs(x — y)Fn(x)Fy(y)dy

3

N
- Z/ 8s(x = VM 1B(.a) ()1 B(x;.a) (y)dxdy
i JRIXR3

where Fy = Z,N=1 18(x;.a)- The operator TF(x) = [ gs(x — y)F(y)dy is a
Calderén—Zygmund operator, and therefore continuous over L?. As F 1%, = Fy (the
balls are disjoint), we find that the L2 norm of Fy is (Nd?)'/? and

|/Rg 8= NEN@Ey O SITHIFNIZ: S ITING.

Similarly,

N
Z|/ 8s(x = M 1By () 1B, (dxdy| < N||T|d°.
iz JRIxRS

It follows that [I11]| < %. With our choice of d, the first part of the lemma is
proved.

From there, to prove that Viy .x; goes to zero, as Ney; = o(N), it is enough to
show that

1
m(zgs(xz'—xj')— Z gs(xi —x;)) — 0.
i#j i#],
i’j¢IN,ext

By symmetry, it is enough that

1
~Z Z gs(xi —xj) — 0.
i#],

iEIN,exr



Analysis of the Viscosity of Dilute Suspensions Beyond Einstein’s Formula 1369

This can be shown by a similar decomposition as the previous one. Namely,

1 1
ﬁzgs(xi —X) =17 > (gs(xi _xj)_][ gs(xi —y)dy>
i#] i#] Bxj.d)

P€IN ext

1

+ 52 7[ gs(xi — y)dy — ][ gs(x — y)dxdy
N2 ; ( Bajd) B(x;.d) J B(xj.d)

i€IN ext

1
X ][
iz JBG
P€IN ext

][ gs(x — y)dxdy := lexs + Ioxs + 1 Loyt
) JB(xj.d)

Proceeding as above, we find this time that
< Next
IIexll + |]Iext| + |]Ilext| = CT -0 asN — +o0,

which concludes the proof. O

Remark 3.2. By Lemma 3.1, there is no restriction assuming (3.1) when studying
the asymptotic behaviour of Vy. Therefore, we make from now on the assumption
(3.1).

As explained in the introduction, the analysis of Vy will rely on the mathemat-
ical methods introduced over the last years for Coulomb gases, the core problem
being the analysis of a functional of the form (1.15). We shall first reexpress Vy in
a similar form. More precisely, we will show

Proposition 3.3. Denoting

7510
Wy = 10|

167 Js 5 Diag gs(x — y)(ddy (x) — f(x)dx)(dSn () — f(»)dy),

we have Vy = Wy + e(N) where e(N) — 0as N — oo.

Remark 3.4. In the definition of Wy, the integrals of the form
/ gs(x — y)ddn (x) f(y)dy,
R3xR3\Diag

/ gs(x —y) f(x)dxddy (y),
R3xR3\Diag

which appear when expanding the product, are understood as

N
87 1 _
/ gs(x — y)doy (¥) f(Ndy = — = > SV -St'SV f(x),
R3xR3\ Diag 3 N=

87 1 O
gs(x — ) f(x)dxdsy (y) = —— Y SV - SISV f(x),
R3xR3\Diag 3N o

where St is the Stokes operator; see (2.30) and the proof below for an explanation.
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Proof. Clearly,

7510
yy = B0

gs(r = »)(d8n (0ddN () — £ (0 f (»dxdy),
16w R3xR3\Diag

so that, formally,
75|10

16w R3xR3\Diag

75|10
16' | gs(x —y) f(x)dx(déy(y) — f(y)dy).
7T JR3xR3\Diag

VN =Wn + gs(x — y)(ddn (x) — f(x)dx) f(y)dy

Note that it is not obvious that this formal decomposition makes sense, because all
three quantities at the right-hand side involve integrals of gg(x — y) against product
measures of the form déy (x) f(y)dy (or the symmetric one), which may fail to
converge because of the singularity of gs. To solve this issue, a rigorous path consists
in approximating, at fixed N, each Dirac mass 8, by a (compactly suppported)
approximation of unity p;,(x — x;), where n > 0 is the approximation parameter
and goes to zero. One can then set, for each 7, ‘SX/ (x) == % ZlNzl pnp(x — x;),
leading to the rigorous decomposition

7510|

167 JR3 <R3\ Diag

gs(x — ) f(x)dx (8}, (y)dy — f(y)dy),

Vi =Wy + gs(x — y)(Sy ()d(x) = f(x)dx) f (y)dy

7510)
167 JR3xR3\Diag

where VX,, Wl'z, are deduced from Vy, Wy replacing the empirical measure by its
regularization. It is easy to show that lim; ¢ V}Z, = V. To conclude the proof, we
shall establish the following: first,

N
8m 1
lim gs(x — MY (0dxf (dy = =~ 3 SVSCISV £ ()
n—0 JR3xR3\ Diag 3Nz
(3.2)
the same limit holding for the symmetric term. In particular, (3.2) will show that

Wy = limy_o W}Z, exists, in the sense given in Remark 3.4. Then, we will prove

N

8 1 -~
im Y SUSCISV £ = / gs(x — y) £ () f()dxdy,
N—o4c0o 3 N = R3xR3\Diag

(3.3)
which, together with (3.2), will complete the proof of the proposition.

The limit (3.2) follows from identity (2.30). Indeed, for n > 0, this formula
yields

/ gs(x — )8y (x)dxf(y)dy = —8%/ StTH(SV ) (x) - V8T (x)dx.
R3xR3\Diag R3
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Now, we remark that due to our assumptions on f, by elliptic regularity, & =
St—i(sv Hx)isC Linside O©. Moreover, in virtue of Remark (3.2), we can assume
(3.1). Hence, as n — O,

8 8
-5 R}h(x)-SVS 1 (odx — ——(SVSN, = st h(x;).

It remains to prove (3.3). In the special case where f € C"(R3) for some
r € (0, 1) (implying that it vanishes at 9 0), classical results on Calderén—Zygmund
operators yield that the function ng gs(x —y)f(x)dx = %”S V - h(y) is a contin-
uous (even Holder) bounded function, so (H1) implies straightforwardly that

/ gs(x —y) fx)dx(déy(y) — f(y)dy)
(R3 xR3)\Diag
8
= / LSV - h(y) S (y) — f(y)dy) = 0.
R3 3

In the general case where f is discontinuous across d(O, the proof is a bit more
involved. The difficulty lies in the fact that some points x; get closer to the boundary
as N — +o0.

Let ¢ > 0. Under (H2), there exists ¢’ > 0 (depending on ¢ only) such that for
N3 <,

|{i, x; belongs to the ¢’ neighborhood of 8(9}| <¢N. 34

Let x, : R? — [0, 1]be asmooth function such that x, = 1inac’e/4 neighborhood
of 00, x. = 0 outside a ¢’¢/2 neighborhood of 0. We write

/ gs(x —y) f(x)dx(ddy (y) — f(y)dy)
(R3 xR3)\Diag
= / gs(x — y)(xe f)(x)dx(ddn (y) — f(y)dy)
(R3xR3)\Diag
+ / gs(x — (1 = xe) f)(x)dx(ddn (y) — f(y)dy).
(R3 xR3)\Diag
By formula (2.30), the second term reads as
/ gs(x = y)(I = xe f)(x)dx(ddn (y) — f(y)dy)
(R3 xR3)\Diag
8
= SV ) @ () = £,
R3

withu, = St™! SV((1—xe)f). The source term (1 — x.) f being Cland compactly
supported, SV - u, is Holder and bounded, so that, as N — o0, the integral goes
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to zero by the weak convergence assumption (H1), for any fixed ¢ > 0. As regards
the first term, we split it again into

/ gs(x — y)(xe /) (x)dx(ddn (y) — f(y)dy)
(R3 xR3)\Diag
= / 8s(x — y)(Xxe [)(x)dx xe () (dSn (¥) — f(y)dy)
(R3 xR3)\Diag

+/ gs(x = Y)(xe /H)()dx (1 = xe) () (ddn () — f(y)dy)
(R3xR3)\Diag

_87'[

=3 SV v () xe (SN (y) — f(y)dy)
IR3

8
+ ?n /11@3 SV v (M) = xe) (AN (y) — f(y)dy),

where v, is this time the solution of the Stokes equation with source SV (y, f). It
is Holder away from 9O, so that the last term at the right-hand side goes again to
zero as N — 400, by assumption (H1).

It remains to handle the first term at the right-hand side. We shall show below
that for a proper choice of x. one has

[Vvellpe < C, C independent of . (3.5)

Taking advantage of this fact, we write

8

- / sv.vg<y>xe<y>(daN<y>—f(y)dy)‘
R3

= 8?jTIIS - Vel oo r3) (% I{i, xe(xi) > 0} + ||X8f||L1> = Ce,
where we used property (3.4) to obtain the last inequality. With this bound and the
convergence to zero of the other terms for fixed ¢ and N — 400, the limit (3.3)
follows.

We still have to show that Vv is uniformly bounded in L*° for a good choice of
Xe- We borrow here to the analysis of vortex patches in the Euler equation, initiated
by Chemin in 2-d [10], extended by Gamblin and Saint-Raymond in 3-d [17]. First,
as O is smooth, one can find a family of five smooth divergence-free vector fields
wi, ..., ws, tangent at 3O and non-degenerate in the sense that

see [17, Proposition 3.2]. We take . in the form y (¢/¢), for a coordinate ¢ trans-
verse to the boundary, meaning that 9; is normal at 0. With this choice and the
assumptions on f, one checks easily that x. f is bounded uniformly in & in L°°(R?)
and that for all i, w; - V(x. f) is bounded uniformly in ¢ in CO(R?) ¢ ¢""1(R?)
for all r € (0, 1). Hence, the norm || x¢ f ||, w introduced in [17, p. 395], where
W = (wy, ..., ws), is bounded uniformly in ¢.
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We then split the Stokes system
—Ave +Vpe = SV(xe f), divve =0
into the equations
curlvg = Qg, divv, =0
and
—AQ = curl SV (x: f).

Letus show that 9; 9; A~ (x. f) isbounded uniformly in & in L®. Let x € cx (R3),
x =0, x = 1 near zero. Let forall m € R, A™(£) := (x(£) +|&|%)"/?. It is easily
seen through the Fourier transform that, for all s € N,

18:8; x (DYAT(DYA™ (xe Nl < Cslixe fl12 < C. (3.6)
Moreover, by the calculations in [17, p. 401], replacing w with . f, we get

Il Xe f Nl

18:9; A2(D)(xe H)ll e < Cllxe fllLoe In(2 + T=2=0
e f Il oo

YSC, YOo<r<l.

(3.7)
Combining (3.6) and (3.7), we find that

010,87 (6 =010 (x(DIA2DIAT+ATHD)) (1. f)
is bounded uniformly in € in L®°, and consequently that
2]l = C.
Also, by continuity of Riesz transforms over L”, we have
VI <p<oo, Il = CplixefllLr = C,.

Now, applying wy - V to the equation satisfied by 2., we obtain forall 1 < k < 5,
—A(wg - V) = curl SV(wi - V(xe f)) + [wk - V, curl SV](xe f) + [wi - V, AIQ2,

= 0i0jFijc+ Y 0iGic+ He, (3.8)
iJ i
where F; ., G and H, are combinations of ¢, x. f and wy - V(x. f). In par-
ticular, they are bounded uniformly in ¢ in L N L7, forany 1 < p < oo.
For the first term at the r.h.s., we write, with the same cut-off function x as
before,

(=)D 80 Frje=x (D) (=)' D 810 Fi jet(1 = x (D)) > 80 Fi je.
i,j i,j 6]

By continuity of (—A) 19,9 j over L2, the first term, with low frequencies, belongs
to H* forany s, with uniform bound in &. By the continuity of (1—x (D)) (— ALy, 0;
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over Holder spaces (Coifman-Meyer theorem), the second term, with high frequen-
cies, is uniformly bounded in ¢ in C"~1(R?), forany 0 < r < 1.
For the second and third terms in (3.8), we claim that

=AY " 8Gielle £ C. (=A) " Hell 1~ £ C.

1

This can be easily seen by expressing these fields as ) _; 3; ® » G; . and ¢ x H, with
® the fundamental solution, and by using the uniform L? bounds on G;  and H,.
Eventually, we find that

lwe - VQeller—t SCr, VISKSS5 VO<r <1
We conclude by [17, Proposition 3.3] that Vv, is bounded in L*(R?) uniformly

in €. O

3.1. Smoothing

By Proposition 3.3, we are left with understanding the asymptotic behaviour of

7510
Wy = [

gs(x — y)(ddy (x) — f(x)dx)(ddn (v) — f(»)dy).

(3.9)
The following field will play a crucial role: for U, Q defined in (2.26), we set

167 JR3 xR3\ Diag

Gs(x) == SuoUi(x), psx) = SuokQi(x). (3.10)

From (2.27), we have gg = 8?” (SV) - Gg, and that G5 solves, in the sense of
distributions,
—AGs+ Vps=5V§, divGg=0 in R3. (3.11)

Moreover, from the explicit expression

U( ) 1 1 n X Q( ) l X
x)=—|—e+—5x]), X)=——=,
! 87 \ x| kP ! 47 x)3

and taking into account the fact that S is symmetric and trace-free, we get
3 X 3 X 3 (Sx-x)
Gs(x) = —gsklxlka = —Q(Sx -X)W, ps(x) = i P
(3.12)

Let us note that Gg is called a point stresslet in the literature, see [18]. It can be
interpreted as the velocity field created in a fluid of viscosity 1 by a point particle
whose resistance to a strain is given by —S.

We now come back to the analysis of (3.9). Formal replacement of the function
f inLemma 2.2 by §; — f yields the formula

16 4
d / gs(x—y)(dy (1) — £ (0)dx) (ddn (1) = F () dy) = — o~ / D),
R3xR3 3N R3 (3 13)
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where
N
hy (x) = Z Gs(x —xi) = NSU'(SVf)
N
= 3 Gstr—x) =N [ Gs=nrony G
satisfies
—Ahy 4+ Vgy = SV Z&xi — NSVf, divhy =0 inR>. (3.15)

i

The formula (3.13) is similar to the formula (1.16), and is as much abusive, as

both sides are infinite. Still, by an appropriate regularization of the source term

SV > "; 8, we shall be able in the end to obtain a rigorous formula, convenient for

the study of Wy . This regularization process is the purpose of the present paragraph.
For any n > 0, we denote B,y = B(0, n), and define Gg by

Gg =Gy, pg = ps outside By, (3.16)
—AGZ + Vpg =0, ding =0, Gg|33,7 = Gslypp, in By.  (3.17)

Note that, by homogeneity,
1
Gi(x) = FG}g(x/n). (3.18)

The field Gg belongs to H! (R?), and solves
—AG{+Vp{=15", (3.19)
where S" is the measure on the sphere defined by
§" = —[2D(GHn — pin] s" = — [8,G% — pyn] 5", (3.20)

with n = ﬁ the unit normal vector pointing outward B, [F] := F|aB;r — F|aB,7‘
the jump at 9 B, (with E)B;r ,Tesp. d B, ", the outer, resp. inner boundary of the ball),
and s" the standard surface measure on d B,,. We claim the following:

Lemma 3.5. Foralln > 0, 7 = divW" in R3, where

3 2
W= 5<Sx®x+x®Sx—5uS S>
n 4

— 2D(G )(x) + pS(x)Id X € By,
W' := 0 outside. (3.21)

Moreover, ¥ — S§ in the sense of distributions as n — 0, so that S — SVS.
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Proof of the lemma.. From the explicit formula (3.12) for Gg and pg, we find

3 S x®@x+xQ®Sx 15 (Sx - x)x ®x 3 Sx-x
2D(Gg) =—————F—7—— + — .
Gs) =7 ME ar k7 41 |xp

so that
3
(2D(GHn — PZH)IBB; = @2D(Gs)n — psn)ypt = R 4(Sn -n)n — Sn).
(3.22)

Using that S is trace-free, one can check from definition (3.21) that div¥” = 0 in
the complement of d B, while

[¥n] = —\I’"n|33”—
3 5
= F((Sn ®mn + (n ® Sn)n — —Sn) DG+ pin)ly s
= @DGYn — pin)lygr — QDG+ plm)ly -

where the last equality comes from (3.22). Together with (3.20), this implies the
first claim of the lemma.
To compute the limit of V" as n — 0, we write W7 = \IJ;7 + W with

n_ 3 x> 5 n?
v = Sx®x+x®Sx—5—S+ S
T’ 4

W] = —2D(GH(x) + pl(x)Id..

Letp € C°(R?) be a test function. We can write (W{, ¢) = (W], ¢(0))+(¥/, ¢ —
¢(0)). The second term is O(n), while the first term can be computed using the
elementary formula f B, XiXj dx = ‘i—’;&' 7. We find

3 3
lim (W, ) = ZS¢(0) = (58, ¢). (3.23)
n—0 5 5

For the second term, using the homogeneity (3.18), we find again thatlim,, (\Ilg , Q) =
(\1121, ¢(0)). Note that the pressure pé is defined up to a constant, so that we can
always select the one with zero average. With this choice, we find

(W), o(0) = / (= 2D(GY) + plId)p(0) = /B D(GL) p(0)
n 1
=— | @®G{+Gs@me0)=—[ n®Gs+Gs®n)p(0)
dB; 331
i Sn-nn®@ne) = —S(p(O) ( S§, @), (3.24)
4 9B

where the sixth equality comes from the elementary formula . oB, il jnkn;ds1 =
‘1—75[(8”'51(1 + 8ik8j1 + 8118 jx). The result follows. O
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For later purposes, we also prove here

Lemma 3.6.
n 1 1,2 3 2
Glds"= | GsdS" = — IVGLE + ——|51%).
9B, 9B, n° \Jp! 107
Proof.
/ Glas" = / G (0,GY — psn) Ly 0" — / G (3G — psn) rds”
B, B, B,
VG [ G50.Gs = psen un, 05"
By 0By

By (3.18), an IVGy|*dx = 77—13 fB1 |VGY|?dx. The second term can be computed
with (3.12):

3 3
/ Gs (3:Gs — pser) lap,ds" = / ( = (Sn- n)n) <73(Sn . n)n) ds”
9B, BB,, 8 2y

9 241 2
2 [ (snompdst = — s,
167213 /331( nen)ds 1077| |

3.2. The Renormalized Energy

Thanks to the regularization of SV§ introduced in the previous paragraph, cf.
Lemma 3.5, we shall be able to set a rigorous alternative to the abusive formula
(3.13). Specifically, we shall state an identity involving Wy, defined in (3.9), and
the energy of the function

() _ZG (x —xi) + NSt LSV )

i=l

Il
M= I

Giw =) =N [ Gse=nfoy.  (329)
This function solves
N
—ARY +Vpy =Y _ §"x—x;) = NSV, divh}, =0, (3.26)

i=1

and is a regularization of Ay, cf. (3.14)—(3.15).
The main result of this section is

Proposition 3.7.

25|10 N 12, 3 o2
= VL - = \Y — 5P ). 327
Wy N2 n—>0(/ | 773(/131' Gyl +10ﬂl )] (3.27)
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Proof. We assume that 7 is small enough so that 2 < min;»; [x; — x;|. From the
explicit expressions (3.14), (3.25), we find that &, h?\, = 0(|x|_2), Vhy, h;{,) =
O(|x|™3)and py, P;]v = O(|x|3) atinfinity. As these quantities decay fast enough,
we can perform an integration by parts to find

2
/}R3 VRN 1> = (—ARY, hY) = (—ARY, + Vi, hY)

=()_S§"(x —x;) = NSV £, hy)
+() 8" —x;) = NSVf. hY, — hy)

=Y (ST(x —x;), hiy) + Y (S"(x = xi), Gs(x — x1)) — (NSV f, hy)

+ O S"x—x)) = NSVf. b}, —hy) =a+b+c+d,

l

where we defined h’N =hy — Gs(x — x;).
As h’}\, is smooth over the support of S7(- — x;), we can apply Lemma 3.5 to
obtain

%i_r)r%)a - st - hiy (xi).
1

We can then apply Lemma 3.6 to obtain
N 3
b==(| IVG§*+ ——ISP).
n3(/31| S|+107T||)

As regards the fourth term, we notice that by our definition (3.16)—(3.17) of G,
and the fact that the balls B(x;, n) are disjoint, the function &y — Wl = Zi (Gs(x—
X;)— Gg(x — x;)) is zero over U; d B(x;, 1), which is the support of Zi ST(x —x;).
It follows that

d=—N(SVf,h}, —hy)= NZ/B( )SV CGR(x = xi) (f(x) = f(x;)dx
XisN

i

- NZ/B( SV Gyt —x) ()~ f ) d,
XisN

i

where we integrated by parts, using that Gg — Gg is zero outside the balls. Let us
notice that the second integral at the right-hand side converges despite the singularity
of SV - Gg, using the smoothness of f near x; (by assumption (3.1) and Remark
3.2). Moreover, it goes to zero as n — 0. Using the homogeneity and smoothness
properties of Gg inside B", we also find that the first sum goes to zero with 7,
resulting in

lim d = 0.
n—0
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We end up with

N 3
1 \V4 s \V4 1,2 =~ q2
tim ([ wme =S wese e ooise)

=— st Y (xi) — (NSV £, hy)
It remains to rewrite properly the right-hand side. We first get

—st hy(x) ==Y SV-Gs(x; — x])+NZ/ SV Gs(xi — y)f(y)dy
i#]

3N2

-3 / gs(x — y)déy (x)(ddy (y) — £(n)dy),
T JR3xRR3\Diag

and, integrating by parts,
—(NSVf, hy) = N/ SV - hy(x)f(x)dx
R3

=N/R% (ZSV-GS(X-X,‘)—N/]%} SVGS(x_y)f(y)dy> f(x)dx

3N2
= T gs(x —y) f(x)dx(ddy (y) — f(y)dy)dx.
T R3xR3

The last equality was deduced from the identity g5 = ST” (SV) - Gg, see the line
after (3.10). The proposition follows: O

We can refine the previous proposition as follows:

Proposition 3.8. Let ¢ > 0 the constant in (H2). There exists C > 0 such that: for
alla <n < %N’1/3,

1 1 3
VA ? — VhS )P =N | —= — — VGLZ + —151%)| < CN?.
/| 1P /| @2 (n3 a3)(/B|| 5P+ IS £ O

Proof. One has from (3.25) that

N
Wy =h + > (Gl — GH(x — xy).
i=1

It follows that
/R3 VAT — /IR3 |VhS | = Z/M V(GY — GO —xi) : V(G — GO(x —x))
i,j :

+ 22/}1{3 VhY V(G — GH(x — xp).
1
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After integration by parts,

/}R3 V(GE—GHC —x) : V(GE = GH( —x))
= (8" = 8)( = x). (G§ = GH( = x)),

while

/R3 VY i V(G = G —xi) = (Y S*(- = xi) = NSV £, (G — G(- — x)).
J
We get

/th"N|2 /|VhN|2 <(S°‘+S’7)(-—xi),(G§— DC—x7)
i#]

J

—2) N(SVS, (G§— GH(—x)
+ N((S* + 8", (GE—GY) =ta+b+ec. (3.28)

We note that Gg — G is zero outside B, while S* + S” is supported in Bj,.
Moreover, thanks to (H2), for @« < n < %, the balls B(x;, n) are disjoint. We
deduce: a = 0.

After integration by parts, taking into account that Gg — G¢ vanishes outside
By, we can write b = b;, — by with

bo 1= ZZN/ SV G4 —xi) (f — f(x)

B(xi,m)

ZZN/ S GG —x) (f = f ).

B(xi.m)

By assumption (3.1), for N large enough, forall 1 <i < N andall n < %N’1/3,
B(x;, n) is included in O. Hence, f is Clin B(x;, n), and

C
|/ SV‘GZ('_xi)(f_f(xi)| §—3||Vf|(9||oo/ lx — x;|dx < Cn.
B(x;.n) n B(xi.n)

This results in b, < CN?.
Similarly, decomposing B(x;, n) = B(xj, «) U (B(x,-, n) \ B(x;, a)), we find
that

1 I
| SV -G —x)(f — fax)| SCla+ ———dx ) £ C'n,
B(xi.n) B,y 1X — Xil

using again that f is Lipschitz over B(x;, ). We end up with b, < CN?p, and
finally b < CN?p.



Analysis of the Viscosity of Dilute Suspensions Beyond Einstein’s Formula 1381

For the last term ¢ in (3.28), we first notice that as Gg — Gg is zero outside By:
(8% + 8", (G§ — G)) = (§%, (G§ — GS))
= (S, G{) — (8% Gys)

1 3
=(8".G5) = — </31 IVGEI* + M|S|2), (3.29)

where we used Lemma 3.6 in the last line. By the definition of S%, the remaining
term splits into

(8%, GZ) = —/ (0,Gs — pser) - ngso‘ + / B (8,G§ — p‘;er) . ngs“.
0By 3B

By integration by parts, applied in B), \ B, for the first term and in B,, for the second
term, we get

(8%, GY) = —/ (3,Gs — pser) - Gds” +/ VGs:VGY
aB; By\ By

+/ VG$ : VGY

= —/ (3,Gs — pser) - Gds” +/ VG$-VGY
B

By, ,,

= —/ (3,Gs — pser) - Gds” +/ G5 (8:G§ — pger)

B, 9B,

1 3
= (S". Gg) = — VGL2 + —57).

From there, the conclusion follows easily. O

If we let @ — 0 in Proposition 3.8, combining with Propositions 3.27 and 3.3,
we find

Corollary 3.9. For all n < EN_1/3,

25|(9| n 3 2
_ <
D+ st (19 = S5 1VGYR + 1isP)| < e
where e(N) — 0as N — +o0.

This corollary shows that to understand the limit of Vy, it is enough to study
the limit of

25|00 , N / o3,
- VAW |? — — VG — 1S
2N2 (/R3| N ,ﬁv( B.' 5! +10n| |))

for ny == nN~"13,n < 5 fixed. For periodic and more general stationary point

processes, this will be p0s51ble through a homogenization approach. This homog-
enization approach involves an analogue of a cell equation, called jellium in the
literature on Coulomb gases. We will motivate and introduce this system in the next
section.
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4. Blown-up System

Formula (3.27) suggests to understand at first the behaviour of fR3 |Vh7\,|2 at

fixed n, when N — +o0. To analyze the system (3.26), a useful intuition can be
taken from classical homogenization problems of the form

1 1 —
— Ahg +Vp, =8V <—3F(x,x/8) — —3F(x)> , divh,
& &
= 0 inadomain 2, h.lyo =0, “.1)
with F(x, y) periodic in variable y, and F(x):= fT F(x, y)dy. Roughly, 2 would
be like O, the small scale & like N~'/3, the term - F (x, x /&) would correspond to

the sum of (regularized) Dirac masses, while the term g%f would be an analogue

of Nf. The factor 8% in front of F is put consistently with the fact that ), 8y,
has mass N. The dependence on x of the source term in (4.1) mimics the possible
macroscopic inhomogeneity of the point distribution {x;}.

In the much simpler model (4.1), standard arguments show that ., behaves like

he(x) ~ %H(x,x/s), “4.2)
3

where H (x, y) satisfies the cell problem
—AyH(x, ) + VyP(x,) = SV F(x,-), divyH(x,")=0, yeT

Let us stress that substracting the term g%f(x) in the source term of (4.1) is crucial
for the asymptotics (4.2) to hold. It follows that

86/ |th|2%/ |VyH(x,x/8)|2dx—>// IV, H (x, y)|*dydx.
Q Q e—0 QJT3 i

Note that the factor £° in front of the left-hand side is coherent with the factor
at the right-hand side of (3.27). Note also that

1
N2

1
V,H(x,y)?dy = lim — V, H(x, y)|2dy.
JowHe Ry = tim o [ 9 H Py

Such average over larger and larger boxes may be still meaningful in more general
settings, typically in stochastic homogenization.

Inspired by those remarks, and back to system (3.26), the hope is that some
homogenization process may take place, at least locally near each x € O. More
precisely, we hope to recover limy YWy by summing over x € O some microscopic
energy, locally averaged around x. This microscopic energy will be deduced from
an analogue of the cell problem, called a jellium in the literature on the Ginzburg-
Landau model and Coulomb gases.
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4.1. Setting of the Problem

We will call point distribution a locally finite subset of R3. Given a point
distribution A, we consider the following problem in R3:

—AH+VP =Y SVs_,

ZEA
divH = 0. 4.3)
Given a solution H = H(y), P = P(y), we introduce, for any n > 0,
H":=H+» (G} —Gs)(- +2). (4.4)
z€A

which satisfies, by (3.11), (3.19), that

—AH" + VP =" §"(- +2)
ZEA

divH" = 0. 4.5)

We remark that, the set A being locally finite, the sum at the right-hand side of
(4.3) or (4.5) is well-defined as a distribution. Also, the sum at the right-hand side
of (4.4) is well-defined pointwise, because Gg — Gy is supported in By;.

As discussed at the beginning of Section 4, we expect the limit of fR3 |Vh;7v
to be described in terms of quantities of the form

|2

lim L/ IVH"(y)|>d
R—+o00 R3 Kr Y Vs

where Kg := (—g, §)3, for various A and solutions H" of (4.5). Broadly, the
energy concentrated locally around a point x should be understood from a blow-up
of the original system (3.26), zooming at scale N~!/3 around x. Let x € O (the
center of the blow-up), and ny := nN~'/3, for a fixed > 0. If we introduce

Hy () == NPRY (x + N7'Py) PRy = N7 p (e + N711y),
Zi,N ‘= N1/3()C — xi,N) (46)

we find that

N
—AH) + VP =Y S"(+2zn) = N3V fx + N7'Py), divHy =0.
= 4.7
System (4.5) corresponds to a formal asymptotics where one replaces ZlNzl 8z n
by ¥ 72, 8, with A = {z;} a point distribution. Note that, under (H2), we expect
this point distribution to be well-separated, meaning that there is ¢ > 0 such that:
forall 77 # z € A, |z — z| 2 c. Still, we insist that this asymptotics is purely
formal and requires much more to be made rigorous. Such rigorous asymptotics
will be carried in Section 5 for various classes of point configurations.
We now collect several general remarks on the blown-up system (4.3). We start
by defining a renormalized energy. For any L > 0, we denote K, := (—%, %)3.
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Definition 4.1. Given a point distribution A, we say that a solution H of (4.3) is
admissible if for all > 0, the field H" defined by (4.4) satisfies VH" € L? (R?).

loc
Given an admissible solution H and n > 0, we say that H" is of finite renor-

malized energy if

1 1 3
NVH) :=— lim — VH"> — = |ANK VG + —ISP
WI(VH) Rﬂlmm(/a P siankel ([ IVGHE +1o-Is)

exists in R. We say that H is of finite renormalized energy if H" is for all 1, and

W(VH) := lim W(VH)
7]*)

exists in R.

Remark 4.2. From formula (4.4), it is easily seen that H is admissible if and only
if there exists one n > 0 with VH" € L? (R3).

loc

Proposition 4.3. If H| and H, are admissible solutions of (4.3) satisfying, for some
n > 0, that

: 1 2 : 1 2

lim sup >3 IVH|'|” < +00, limsup >3 [VH, | < 400,
R—+o00 Kg R—+o00 Kg

then V Hy and V H; differ from a constant matrix.

Proof. We set H := H| — H, = H|' — H,. It is a solution of the homogeneous

Stokes equation with

lim sup % |VH|2 < +00.

R—+o00 Kg
By standard elliptic regularity, any solution v of the Stokes equation in the unit ball

—Av+Vp=0, divv=0 in B(0, 1)
satisfies, for some absolute constant C,
IV20(0)] < ClIVVIlL280.1)-

We apply this inequality to v(x) = H(xg + Rx), xo arbitrary. After rescaling, we
find that

5 ¢ 1
IV2H )| £ = (2573 VH G0 +)l2qs0.m0)-
As R — 400, the right hand-side goes to zero, which concludes the proof. O

Proposition 4.4. Let A be a well-separated point distribution, meaning there exists
¢ > Osuchthat forall7 #z € A |7/ —z| Zc Let0 <a <1 < w. Let
H be an admissible solution of (4.3) such that H" is of finite renormalized energy.
Then, H is also of finite renormalized energy, and

W*(VH) = WI(VH).

In particular, H is of finite renormalized energy as soon as H" is for some n €
0, $), and W(VH) = WI(VH) for all < ™™D,
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Proof. Let R > 0. As A is well-separated,
|A N (Krt2 \ Kr—2)| < CR?. (4.8)

From this and the fact that the limit W (V H) exists (in R), it follows that

1
lim — IVH"> = 0. (4.9)
R—+00 R® JKpis\Kg»

Let Qg be an open set such that Kr_1 C Q2r C Kg and such that

dist(0Qg , Uzen B(=z,m) = ¢’ > 0, (4.10)

where ¢’ depends on ¢ only. This implies that G"(- + z), G*(- + z) are smooth at
0Qpg forall z € A, and that H", H¥ are smooth at 9.
We now proceed as in the proof of Proposition 3.8. We write

H"=H*+) (G- GH(-+2),

ZEA
/ |VH'7|2=/ |VH°’|2+2Z/ VH“:V(Gg— g)(-—i—z)
2k Sk zen SR
+ Z/ V(G) = GH(-+72): V(G — GH(+7).
7,7/ €A Qr

After integration by parts, and manipulations similar to those used to show Propo-
sition 3.8, we end up with

/ |VH'7|2—/ |VH°‘|2:Z/ (G — G +2dS*(-+2). (4.11)
$2r g zen R

Let us emphasize that the contribution of the boundary terms at 92y is zero: indeed,
thanks to (4.10), (Gg — G%) (- + z) is zero at IQg for any z € A. Similarly,

> | (GY=GHC+2dS*(+72)
zEANQR Qr

> /R}(GZ— D+ 2DdS (- + 2).

7EANQR

Z/ (G — GD(+2)dS* (- +2)
Qg

zZeA

The integral in the right-hand side was computed above, (see (3.29) and the lines
after):

) /ﬂ@(GZ— D0+ +2)

ZeANQR

= |A N Q| b1 /|VG1|2+ 3 NE
- R\p— &3 B, s 107 ’
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Back to (4.11), we find that

11 3
/ |VH'7|2—/ |VH"‘|2=|AHQR|<—3——3>(/ |VG‘S|2+—|S|2>.
Qpr Qr n o B 107

We deduce from this identity, (4.8) and (4.9) that

. 1 A N KRl 3
lim — VHY? - —— % VGLZ + — 1517 ) ) = WI(VH),
i ([ e (] oy L)) <

and replacing R by R + 1,

1 ANK 3
lim — / IVHY)? — IA0 KRl IVGL> + —— S ) ) = W(VH).
R>+o0 R3 Qri1 a3 B 107

As Qr C Kg C Qp41, the result follows. O

4.2. Resolution of the Blown-up System for Stationary Point Processes

As pointed out several times, we follow the strategy described in [41] for the
treatment of minimizers and minima of Coulomb energies, but in our effective
viscosity problem, the points x; y do not minimize the analogue Vy of the Coulomb
energy Hy. Actually, although we consider the steady Stokes equation, our point
distribution may be time dependent. More precisely, in many settings, the dynamics
of the suspension evolves on a timescale associated with viscous transport (scaling
like a2, with a the radius of the particle), which is much smaller than the convective
time scale (scaling like a). This allows us to neglect the time derivative in the Stokes
equation: system (1.1)—(1.2) corresponds then to a snapshot of the flow at a given
time ¢. Even when one is interested in the long time behaviour, the existence of
an equilibrium measure for the system of particles is a very difficult problem. To
bypass this issue, a usual point of view in the physics literature is to assume that
the distribution of points is given by a stationary random process (whose refined
description is an issue per se).

We will follow this point of view here, and introduce a class of random point
processes for which we can solve (4.3). Let X = Ror X = Ty := R/(LZ) for
some L > 0. We denote by Pointy the set of point distributions in X3: an element
of Pointy is alocally finite subset of X3, in particular a finite subset when X = T .
We endow Pointyx with the smallest o-algebra Py which makes measurable all
the mappings

Pointy - N, w — |ANw|, A borelian bounded subset of X.

Given a probability space (2, A, P), arandom point process A with values in X7 is
a measurable map from 2 to Pointy, see [12]. By pushing forward the probability
P with A, we can always assume that the process is in canonical form, that is
Q = Pointx, A = Px, and A(w) = w.

We shall consider processes that, once in canonical form, are
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(P1) stationary: the probability P on €2 is invariant by the shifts
T, : Q2 —>Q, w—y+to, yeX3.

(P2) ergodic: if A € A satisfies 7,(A) = A for all y, then P(A) = 0 or
P(A) =1.

(P3) uniformly well-separated: we mean that there exists ¢ > 0 such that almost
surely, |z — 7/| = cforall z # 7' in w.

These properties are satisfied in two important contexts:

Example 4.5. (Periodic point distributions). Namely, for L > 0, aj,...,apy in
K, we introduce the set Ag := {ay,...,apy} + LZ4. We can of course identify
Ao with a point distribution in X 3 with X = T;. We then take Q = ’JT3L, P the
normalized Lebesgue measure on T3 , and set A (w) := Ao+ w. It is easily checked
that this random process satisfies all assumptions. Moreover, a realization of this
process is a translate of the initial periodic point distribution Ag. By translation,
the almost sure results that we will show below (well-posedness of the blown-up
system, convergence of VVy) will actually yield results for A itself.

Example 4.6. (Poisson hard core processes). These processes are obtained from
Poisson point processes, by removing balls in order to guarantee the hypothesis
(P3). For instance, given ¢ > 0, one can remove from the Poisson process all points
z which are not alone in B(z, ¢). This leads to the so-called Matérn I hard-core
process. To increase the density of points while keeping (P3), one can refine the
removal process in the following way: for each point z of the Poisson process, one
associates an “age” u;, with (u;) a family of i.i.d. variables, uniform over (0, 1).
Then, one retains only the points z that are (strictly) the “oldest” in B(z, ¢). This
leads to the so-called Matérn II hard-core process. Obviously, these two processes
satisfy (P1) by stationarity of the Poisson process, and satisfy (P2) because they
have only short range of correlations. For much more on hard core processes, we
refer to [8].

The point is now to solve almost surely the blown-up system (4.3) for point
processes with properties (P1)—(P2)—(P3). We first state

Proposition 4.7. Let A = A(w) a random point process with properties (PI)-
(P2)—(P3). Let 1 > 0. For almost every w, there exists a solution H" (w, -) of (4.5)
in Hlloc(X3) such that

VH" (0, y) = Dyj(tyw),

where DI"{ € L?*(Q) is the unique solution of the variational formulation (4.12)
below.

Remark 4.8. In the case X = Ty, point distributions and solutions H" over X 3
can be identified with LZ3-periodic point distributions and LZ>-periodic solutions
defined on R?. This identification is implicit here and in all that follows.
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Proof. We treat the case X = R, the case X = T follows the same approach.
We remind that the process is in canonical form: Q = Pointg, A = Pr, A(w) =
w. The idea is to associate to (4.5) a probabilistic variational formulation. This
approach is inspired by works of Kozlov [7,26], see also [3]. Prior to the statement of
this variational formulation, we introduce some vocabulary and functional spaces.
First, for any R?-valued measurable ¢ = ¢ (w), we call a realization of ¢ an
application

RulP1(y) == ¢(tyw), w € Q.

For p € [1, +00), ¢ € LP(R), as T, is measure preserving, we have for all R > 0
thatIEfKR [R,[#1|” = R3E|$|”. Hence, almost surely, R, [¢]isin L” (R3). Also,

loc
for ¢ € L°°(R2), one finds that almost surely R, [¢] € L;’OOC (R3).Ttisa consequence
of Fatou’s lemma: for all R > 0,

EllRolo]ll Lok z) = E}Dlgfg IRolAINLr (kg = Eglfég EllRu[]1llLr (kg

1/p
C. 14
< timinf (ENRG11] )

.. 1
= liminf (El¢|”)"" = |g]l (o).

p——+00

We say that ¢ is smooth if, almost surely, R, [¢] is. For a smooth function ¢, we
can define its stochastic gradient V¢ by the formula

Vo (@) = VRy[¢]ly=0,

where here and below, V = V, refers to the usual gradient (in space). Note that
Vo (tyw) = VR,[¢](y). One can define similarly the stochastic divergence, curl,
etc, and reiterate to define partial stochastic derivatives 93 .

Starting from a function V € LP(R2), p € [1, 400] one can build smooth
functions through convolution. Namely, for p € C2° (R3), one can define

p*V(w) :=/ PV (tyw)dy,
R3

which is easily seen to be in L?(2), as

p—1
EIP*V(w)I”éE(/ I,O(y)ldy) (/ Ip(y)IIV(ryw)l”dy>
R3 R3

P
=(/ |p<y)|dy) E[V(w)|?,
R3

using that 7, is measure-preserving. Moreover, it is smooth: we leave to the reader
to check

Rolp* V1= pxRolV], Vulo*V)=Vp*xV, p(y):=p(=y).
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We are now ready to introduce the functional spaces we need. We set

D, = {¢ : @ — R? smooth, 3%¢ € L*(Q) Vo, V,, - ¢ =0},
V, := the closure of {V,¢, ¢ € Dy} in L?(Q).

We remind that S7 = divW7”, with W" defined in (3.21). We introduce

M (w) =Y W(2)

IEw

Note that it is well-defined, as W" is supported in B; and w is a discrete subset. It
is measurable: indeed, W" is the pointwise limit of a sequence of simple functions
of the form Zi a;1,;, where A; are Borel subsets of R3. As

w —> ZZailAi(z) = ZailAi Nw|
i

IEW |

is measurable by definition of the o -algebra A, we find that I17 is. Moreover, as A
is uniformly well-separated, one has |17 (w)| £ C||W"| p~ for a constant C that
does not depend on w, so that TT"7 belongs to L°°(2).
We now introduce the variational formulation: find D';I € Vy such that for all
D¢ € Vg,
EDy{;: Dy = —ET" : Dy. (4.12)

As V), is a closed subspace of L?(£2), existence and uniqueness of a solution comes
from the Riesz theorem.

It remains to build a solution of (4.5) almost surely, based on D;’{. Let ¢ =
¢x(w) a sequence in D, such that V¢ converges to D;]I in Lz(Q). Let p €
cx (R3). Tt is easily seen that p x ¢ also belongs to D, and that 95V, (p * ¢i) =
0% (o * V4, ¢r) converges to the smooth function 92 (o * DI"{) in L2(), for all «. In
particular, as V,, x V,(p * ¢r) = 0, we find that V,, x (p » DI"{) = 0. Applying
the realization operator R, we deduce that

V x (p* Ry[Djy]) = p* V x Ry[Dgy] = 0.

We recall that Rw[DI"{] belongs almost surely to L? (R3), so that V x Rw[DI”{]

loc

is well-defined in ngcl (R3). Taking p = p, an approximation of the identity, and
sending n to infinity, we end up with V x Rw[DI"{] = 0in R3. As curl-free vector
fields on R? are gradients, it follows that almost surely, there exists H” = H" (w, y)

with
VH" (@, y) = Ro[DJ1(y) = Dfy(ty (@), Vy € R>.

In the case X = T, one can show that the mean of Rw[D'ﬁ] is almost surely zero,
so that the same result holds. In addition, because the matrices V¢, ¢ € D,, have
zero trace, the same holds for Dj;. Hence,

divH"(w, y) = trace(VH" (w, y)) = trace(DZI)(ty(a))) =0.
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One still has to prove that the first equation of (4.5) is satisfied. Therefore, we use
(4.12) with test function Dy = V,,¢, where the smooth function ¢ is of the form

d=p*x(Vy X)), ¢:Q2— R? a smooth function.
Note that for smooth functions ¢, @, a stochastic integration by parts formula holds:

Ea;)q)(;:ﬂ«:/

[ 0iRol) Ryl = - / Rul¢] 9 Rol§]
1

K

+E / ni Rol] Rol]
0K

- _E / Rul9] 9 Rol@] = —E ¢ 316
K

Thanks to this formula, we may write

E Dg : Vo(p* (Vo x @) =E§* Dfy : Vo (Ve X @)

=-EV, x (Vo - (8% D) - ¢.
Similarly, we find
—ETT" : V,(p x Vy, X @) = EV, X (Vg - (0% TT7)) - ¢.
As this identity is valid for all smooth test fields ¢, we end up with
—Viu X (Vo (§* D) = Vi X (Vo - (8% TT7)).
Proceeding as above, we find that, almost surely,
—V x divR,[Dfj] = V x divR,[11"],

which can be written as

V x (—AH") =V x div)_ W(- +2).
7eQ
It follows that there exists P" = P"(w, y) such that
—AH" + VP =div) "W(-+2) =Y S +72),
€W Zew
which concludes the proof of the proposition. O
Corollary 4.9. For random point processes with properties (P1)—(P2)—(P3), there
exists almost surely a solution H of (4.3) with finite renormalized energy and such

that for all n > 0, the gradient field VH", where H" is given by (4.4), coincides
with the gradient field VH" of Proposition 4.7. Moreover,

m 3
VH)=—lim (E [ |[VH"? - = VGYI*+ —I1S1) ),
W(VH) nli%< /Kl| P2 ([ 19G8R + 1o 15P)

where m := E|A N K| is the mean intensity of the point process, the expression
at the right-hand side being actually constant for n small enough.
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Proof. By the definition of the mean intensity and by property (P2), which allows
us to apply the ergodic theorem (cf. [12, Corollary 12.2.V]), we have, almost surely,
that

. |[ANKg|
lim —————=m (4.13)
R—00 R3
Letno < w fixed, and H™ given by the previous proposition. We set
H(w,y) :=H",y)+ Y (Gs — G{)(y +2). (4.14)

ZEw

It is clearly an admissible solution of (4.3). By Proposition 4.4, in order to show
that H has almost surely finite renormalized energy, it is enough to show that for
one n < w, almost surely, the function H" given by (4.4), namely,

H'(w,y) = H(@,y)+ Y (G§—Gs)(y+2)

ZEW

=H"(,y)+ Y (G{ -Gy +2),

F4S10

has finite renormalized energy. This holds for n = ng, as H" = H" and the
ergodic theorem applies. We then notice that

VH"(w,y) = D}, (1y(®)), D} (w) := D (w) + Z V(GE—G)(2). (4.15)

ZEw

We remark that Gg - Ggo = 0 outside Bmax(y,7) SO that the sum at the r.h.s.
has only a finite number of non-zero terms. In the same way as we proved that
the function IT" belongs to L>°(Q), we get that Y__., V(G§ — G{)(z) defines an
element of L°°(2). Hence, by the ergodic theorem, we have, almost surely, that

1
lim —/ IVH"? — ]E/ IVH"%.
R—+00 R3 Kg K

Combining this with (4.13) and Proposition 4.4, we obtain the formula for W(V H).
The last step is to prove that for all n > 0, VH"™ = VH" almost surely. As a
consequence of the ergodic theorem, one has, almost surely, that

1 1
lim sup — IVH"|> < 400, lim sup — [VH"|> < +00.
R—+00 Kr R—+o0 Kg

Reasoning as in the proof of Proposition 4.3, we find that their gradients differ by
a constant:

VH(w,y) = VH(w, y) + C(w).

Applying again the ergodic theorem, we get that almost surely ED”, = ]EDI"{ +
C(w).As DI'ZI belongs to V,, its expectation is easily seen to be zero. To conclude, it
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remains to prove that ED}, = EY"__ V(G{— G¢')(2) is zero. Using stationarity,
we write, for all R > 0,

EY V(GE- 610 = B [ VG -GG+,

Zew Zew

We remark that for all z outside a max (7, no)-neighborhood of 9 K g, f Kr V(Gg —
Ggo)(z +) = faKR neg (Gg — Ggo)(z + ) = 0. It follows from the separation
assumption and the L bound on V(Gg - Ggo) that

1
FEZ/ V(G? — GP)(z+y)dy = O(1/R) - 0 as R — +oo.
Kg

Iew

5. Convergence of Vy

This section concludes our analysis of the quadratic correction to the effective
viscosity. From Theorem 1.1, we know that this quadratic correction should be
given by the limit of Vy as N goes to infinity, where Vy was introduced in (1.13).
‘We show here that the functional Vyy has indeed a limit, when the particles are given
by the kind of stationary point processes seen in Section 4.

5.1. Proof of Convergence

Let ¢ > 0 a small parameter, and A = A(w) a random point process with
properties (P1)—(P2)—(P3): stationarity, ergodicity, and uniform separation. As seen
in Examples 4.5 and 4.6, this setting covers the case of periodic patterns of points
as well as classical hard core processes. We set N = N (¢) the cardinal of the set

{x eeA, B(x,e) C O} ={xin,..., NN},

where A := —A and where we label the elements arbitrarily. Note that N depends
on w, although it does not appear explicitly. From the fact that A is uniformly
well-separated and from the ergodic theorem (cf. [12, Corollary 12.2.V]), we can
deduce that, almost surely,

IA(w) Ne O]

Ol =m|O|, (5.1
o101 =m0l 6.

lim N(g)e® = lim |eA(w) N O] &> = lim
e—>0 e—0 e—0
so that we shall note indifferently lim,_, o or limy_, 1 . Note that, strictly speaking,

N = N (¢) does not necessarily cover all integer values when ¢ — 0, but this is no
difficulty.
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More generally, for all ¢ smooth and compactly supported in R3, ergodicity
implies

N
Z (xi) = NEIEOO% > o)

X,‘EO

1 1
= 1 d = T3 d 9
N— oo 3N /O‘p(x) STG] /OWC) *

which shows that (H1) is satisfied with f = ﬁl@. The hypothesis (H2) is also
trivially satisfied, as well as (3.1). Our main theorem is

Theorem 5.1. Almost surely,

25
lim Vy = —W(VH),
N—+o00 2m?

with m the mean intensity of the process, and H the solution of (4.3) given in
Corollary 4.9.

The rest of the paragraph 1s dedlcated to the proof of this theorem.
Let 7 satisfying n < mineD - ) and 5 < $(m|O))~ 13 By (5.1), it follows that,
almost surely, for & small enough en < 5N~ 173 By Corollary 3.9,

. 25|O| 5 3 5
Ve YVt N / VA = +Tor 1) =
(5.2)
We denote hY = h;’\f, see (3.25)—(3.26). Let H be the solution of the blown-up
system (4.3) provided by Corollary 4.9, H" given in (4.4), and P" as in (4.5). We
define new fields hg, < by the following conditions: hl e H (R3)

_ 1 1
W, 0 = 5 H(5) - ]{ngm(g), xe0
_ 1 X 1
pg(w,x>:8_3pﬂ(g)_]ég_3pn( ) xe0

— ARl +Vpl =0, divh] =0 in extO.
‘We omit indication of the dependence in w to lighten notations. We claim

Proposition 5.2.

N 3
lim —— VG + —IS? WN(VH
lim —— /| (n8)3</31| 5P+ oz 18P) = 2|0| (VH).
Proposition 5.3.

hma / |V (h] — h”)|

Note that, by Proposition 4.4 and our choice of n, W"(VH) = W(V H). The-
orem 5.1 follows directly from this fact, (5.2), and the propositions.
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Proof of Proposition 5.2.. We know from Corollary 4.9 that

n _ 2 m 12, 3 2
WIH(VH) = (1E/K1 \VH| ;73(/31 VG + 15151 )).

From this and relation (5.1), we see that the proposition amounts to the statement

— Vh" =K VH"
si%m/' /Kl' P

A simple application of the ergodic theorem shows that, almost surely,

Vi /VH" 24 —>IE/ VH"?.
|0|/| = | )Py |

It remains to show that

e—0

lim 86/ |VAT)? = 0. (5.3)
ext O

It will be deduced from the well-known fact that the Stokes solution 4, minimizes

/ VA2
ext O

among divergence-free fields / in ext O satisfying the Dirichlet condition /|0 =
hil30.

First, we prove that the H 12(30)-normof &34 goes to zero. In this perspective,
we introduce for all § > 0 a function xs with x5 = 1 ina %—neighborhood of 00,
xs = 0 outside a §-neighborhood of 0. We write

12 A 20y = I€2RTxs | 2o
3 A 3h
< (IR 20y + 182 Vi xs 20y + 16¥RIV 51l 20) -

By the ergodic theorem and Corollary 4.9, £3Vh{ = VyH'(;) converges almost
surely weakly in L2(0) to EDgn = 0. Let ¢ € L?(O). By standard results on
the divergence operator, cf [16], there exists v € HO1 (O) with divv = ¢ — fO o,
vl g1 o) < Co l@llL2(o)- As by definition h{ has zero mean over O, it follows

that
/83fzg<p:/83l_12(¢)—][g0):—/83Vﬁgv—>0ase—>0.
(@) O O @)

Hence, &3h] converges weakly to zero in H 1(©) and therefore strongly in L2(0).
It follows that, for any given 4,

1R x5l 120y = 00 1ERIV 5120y = O ase — 0.

To conclude, it is enough to show that lim sup,_, €3V x5l L2(0) g0es to zero
as § — 0. This comes from

163V 5122 0y = / VHIC/F ¢ —= EIDYP / RECs (54)
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Finally, ||e3f_127 la1200) = o(1). To conclude that (5.3) holds, we notice that

/ ﬁg-n=/ divh! = 0.
20 @)

By classical results on the right inverse of the divergence operator, see [16], one
can find for R such that O € B(0, R) a solution / of the equation

divi =0 inextONBO,R), hlyo=""30, hlsso.r =0,
and such that
171 51 (exc 0nB0. RYy) = CIR 1230y = 0(672).

Extending / by zero outside B(0, R), we find

/ |VAI? g/ |Vh> = 0(e7). (5.5)
ext O ext O

This concludes the proof of the proposition. O
Proof of Proposition 5.3.. Let h := h] — h{. It satisfies an equation of the form
—Ah+Vp=R;+Ry+R3, divh=0in R,
where the various source terms will now be defined. First,
Ry := o (R, p)nlyext o) So-

Here, the value of the stress is taken from ext @, n refers to the normal vector
pointing outward O and s refers to the surface measure on d0. We remind that
h! € H'(R3) does not jump at the boundary, but its derivatives do, so that one
must specify from which side the stress is considered. Then,

o 1 .
Ry = —o (k. pnlao sy = =0 (H". P - ]{9 P(@.-/))(2)laon sa.

with the value of the stress taken from O, and n as before. Noticing that SV f =
—llﬁlSn sy, we finally set

N
R; = —1p Z ST (x — x;) + |—O|Snsa,
iell
where
I'={i, B(xj, &) ¢ O, B(xi,ne) N O # @B}.

Note that the term R3 is supported in pieces of spheres. From (3.20), we know that
forall n > 0,

/]R3 SN = /R3 (-AGL+Vp))=0. (5.6)
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This allows us to show that the integral of R» 4+ R3 is zero. Indeed,

/ Ry = — /( AH" + VP")(-/e) = / > S (- — x;)
R3 i, B(x;,ne)NO#)
= Z/ STE(-— xi)

iell

so that N
/ (R + R3) = — / Sndsy = 0. 5.7
R3 10| Jao

The point is now to prove that &3[| V|| 2@ — 0asée — 0.From asimple energy
estimate, and taking (5.7) into account, we find

IVh 1225, = (Ri, ) + (R _7€9h> (R, h —]ém. 5.8)

As (h], pd) is a solution of a homogeneous Stokes equation in ext O, we get, from
an integration by parts, that

(Ri,h) = / Vl_z’g-Vh < U(8)8_3||Vh||L2(R3), v(e) > 0 ase — 0, (5.9)
ext O

using the Cauchy—Schwarz inequality and the bound (5.5).
We now wish to show that

((R2 +R3), h — foh) < v(©)e VAl 2@e) (5.10)

for some v(e) going to zero with &. More precisely, we will prove that for any
divergence-free ¢ € H'(R?),

((Ry+ R3), @) S v(@e(IVell 2wy + lellgi o). v(e) > 0ase — 0,

(5.11)
which implies (5.10), by Poincaré inequality. We first notice that

1
<R2 (ﬂ) g (n F2 (0> H- I/2(aO) H1/2(00)> (512)
where
F; = & (2D(fz'€7) — ﬁgld) =2D(H")(w, -/¢) + (P”(w, -/e) — ][ Pl (w, ~/8)) Id.
O

(5.13)
Then, we use the relation S" = divW”, ¢f. Lemma 3.5 and integrate by parts to get

(Rs, ¢) = 32( /. n-w”<x_

61‘c

+/O\w(x_

X
) ~@(x)dsy(x)

X; N
) : V(p(x)dx> + — Sn(x) - @(x)dsy(x).
101 Js0
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For a fixed n, there is a constant C (depending on 1) such that

Z/qu (x _Sx"> - Vo (x)dx

7 £
lel,]

ey | Vel ()dx < €l Uyepp B, 1)1Vl 2eo)
B(x;,ne)NO

iely
< Ce' 2| Vol 2 g3

For the last inequality, we have used that all x;’s with i € I belong to an e-
neighborhood of 30, so that | 1| = O (¢72). Hence,

1 X —X;
(R3,¢) = 8—32—/80"-‘11"< - )-w(X)dSB(x)

/ &
lE]n

+— [ Sn() @@ dsy(x) +v(©)e 2|Vl 20y (5.14)
101 Jao

Let
Fi(@) ==Y W) +mS, Fi(x):= Fy(tye()). (5.15)
ZEA

We claim that E || k, I3 = 0. Indeed, by stationarity, for all R > 0

1
EY W) = FI[-EZ:/K W(y +z)dy
R

ZEA ZEA

1
=3 > /KR (y +2)dy

ZEA,
KrDB(—z,1)

1
N n
twE L [ vieson
ZEA,
OKRNB(—z,m)#Y

1
+ —=E / W(y + z)dy
R3 Z Kx

ZEA,
KrNB(—z,n)=0

1
= —FE ' d
=E Y /KR G+ 2dy

ZEA,
KrDB(—z,1)

1
- D SR Al
€A Kr

IKRNB(—2,0)#0

1 1
= L E|tz. kx5 BO.p) —z}l/ Windy + 0(1), R 1.
R B(0.n) R

We have used crucially the fact that W7 is supported in B(0, ). The 0(%)—term is
associated to the points z € A which lie in a §-neighborhood of d K see the end
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of the proof of Corollary 4.9 for similar reasoning. By sending R to infinity, we
find that, almost surely,

EF; = —m/ w4+ mS.
B(0,nm)

The last step is to compute [ BO.0) W' which is independent of by homogeneity.
Itis in particular equal to lim,_.o(W?", 1), a limit that was already computed in the
proof of Lemma 3.5, cf. (3.23)—(3.24). We get fB(O,n) U = S, which shows that
EF; =0.

By the definition of F3, we can write

1 X —
= E / —n - W (
& dONB(x;,ne)

1

+ i Sn(x)~ (x) dsy(x)
O] ¢ 9

1 N m
7)o n(x) - F5(x) - </J(x)dvza(x)+<|(,)| 83>/BOSH-¢

1
—3/ n(x) - F5(x) - o(x)dsy(x) + V(8)873||</)||H1((9), v(e) —> 0,
€ a0 e—0

’”) - p(x)dsy (x)

A

where the last inequality follows from (5.1). Plugging this inequality in (5.14), and
combining with (5.12), we see that to derive (5.11), it remains to show that almost
surely, for all divergence-free fields ¢ € H'(0O),

|(n . Fg, ¢>(H’l/2(30),1‘1]/2(80)>| é U(:S‘)”(OHHI(O), U(E) — Qase — 0, (516)

where F¢ := F; 4 F5. Notice that div (F; + F5) = 0. We introduce again the
functions ys, § > 0, seen above. We get

(n-F?, ) (H-12(00),H'2(00)) = (n-xsF°, ) (H-12(30),H'/2(30))

=/(VX8~F£)'<P—/ xsF® - Vo
o o

For the last term, we take into account that ¢ is divergence-free, so that the pressure
disappears. We find that

I/OXaFg Vol = (I2xs DH) /Ol 20y + X F3(¢/) 2 (0) 191l m1(0)-

As seen in (5.4), we have

lim 1125 D(H)(-/8) 720y < CB,

and similarly,

: £2 <
;}E}}) ||X5F3 ”LZ(O) = C8
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For the first term, we write
/ (Vs - F&) -9 = 2/ Vs -e>D(h!) - ¢
@ O
—/ (Vs Pl -<p+/ (Vs - F5) - ¢.
@ O

We know that &> D(h]) goes weakly to zero in L>(0), so that it converges strongly
to zero in H~1(0). As Vx5 ® ¢ belongs to HO1 (O), we find that, for a fixed &,

IZ/OVXa -&D(h]) - ¢l £ ClE DD 10y IV X591 1110y £ v©ll@l10)-
Similarly, as EF3 = 0, F§ converges weakly to zero in L?(O) and we get

|/O<VXS~F§)o¢| <v® ¢l o).

The last step is to prove that £3p; converges weakly to zero in L>(©), which will
yield

I/O(an D ol v loll g o)

As above, for ¢ € L*(0), we introduce v € Hé (O) such that divv = ¢ — JC(’) ¢,
vl &, 0) = Coll¢llL2(o)- Then, using the equation satisfied by Pdin O,

—A&h! + Ve p! = divFs,

we find, after integration by parts, that

/83ﬁ3¢=/8352(¢—][¢)=/a3vﬁg;w+/ FS 1 Vo — 0.
(@ @ O O o e—>0

This concludes the proof of (5.16), of Proposition 5.3 and of the theorem. O

5.2. Formula for Periodic Point Distributions

Theorem 5.1 gives the limit of Vy for properly rescaled stationary and ergodic
point processes, under uniform separation of the points. Such setting includes pe-
riodic point distributions, as well as Poisson hard core processes. We focus here
on the periodic case, for which further explicit formula can be given. For L > 0,
we consider distinct points ay, ..., apy in Kz, and set Ag := {a1,...,apy}+ L74,
which can be seen as a subset of ’]I‘3L. In Example 4.5, we explained how to build a
process on ’]I‘3L out of Ag, with A(w) = Ag + w, w € Ti. By a simple translation,
the results above, that are valid for Ag + o for almost everywhere w, are still valid
for w = 0. Thus, for A = Ag, we deduce from Proposition 4.7 the existence of an
L73-periodic solution H” of (4.5) with VH" ¢ leoc' If we further assume that H”
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is mean-free, it is clearly unique. Then, following Corollary 4.9 and Theorem 5.1,
there exists an LZ3-peri0dic solution H of (4.3), such that

251°
i = WV VH) = li (v
NI_I)IEOOVN 2M2W( H), W(H) Jg})W( H),

M 3
NVH) = — VH“——/ VGL? 4+ —151%) ), (5.17
WI(VH) (]{(| ol § A=) ) R

where H" is associated to H by (4.4). We have used that in the periodic case, the
intensity of the process is m = % , while the expectation is simply the average over
K.

To make things more explicit, we introduce the periodic Green function Gy, :
R? — R3, satisfying

_AGS,L'FVPS,L ZSV(S(), diVGS’L =0in KL, GS,L LZ3—p€riOdiC, / GS,L =0.
K

(5.18)
The Green function G, is easily expressed in Fourier series. If we write

ik |\~
GsL() =) et *Gs k),
keZ3

a straightforward calculation shows that, for all k € Zi,

B 16 i Gk Skekk i Lo
= — —_— 0 — | = —— 7 s
S.L L2k \" k| k2 k) T 2w LEkR R

where nkL denotes the projection orthogonally to the line Rk. Note that the Fourier

series for G g 1 converges, for instance, in the quadratic sense as follows:
Proposition 5.4.

li VN = 25L° E SV -G 1( )+ M lim SV - (Gs.(y) — Gs(y))
1m = — . ;i —aj 1m . — .
o N M2 i } s,L\ai —aj ) S,L\Yy sy

Proof. Clearly, the LZ3-periodic field defined on Kz by H(y) := Y| Gs..(y +
a;) is a solution of (4.3), and by Proposition 4.3 V H and V H differ from a constant
matrix. As V(H — H) = V(H" — H") is the gradient of a periodic function, we
have eventually VH = VH. Up to adding a constant field to H, we can assume
that

M
H(y) =Y Gs.(y+a).
i=1
Then, if 5 is small enough so that B(a;, n) C K for all i, H" is the L-periodic
field given on K, by

M
H'(y) =Y (Gs..(y+a)+ (G — Gy +ap)).

i=1
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We integrate by parts to find

M
1
|VH"? F/ Y H'dS"(- + a;)
K

73
L7 Tk, Lj=1

1
ZF/K > Gs.L(+a)dS"(+a;)

L i,j
1
+ﬁ/ > (G = G)(-+aydS"(-+a;)
KL 0
1
= F;/KL Gs.L(-+a;)ds"(- +a;)

1
+ 3 Z‘/KL Gs..(-+a)dS"(- + aj),

where we have used that the last term of the second line vanishes identically. We
then write G5, 1, = Gs + ¢s,1 with ¢s 1 smooth near O to obtain

1

1
5 [ vER =Y 5 [ Gentrapasicra
L3 K. ZLS K, J !

i#]j

1 M
+ FZZ/I;L $s,.(+a)dS"( +a;) + E/R} GsdsS".

Combining this with Lemma 3.6 and (5.17), we get

lim vy = —2F (Zl Gs.L(-+a)dS"( +a;)
Ngnoo N= oM ,71_% oy L3 Jx, S,.L T dj T

1
+E ,Z /KL ¢s..(-+a)dS"(- + ai))~

We conclude by the last point of Lemma 3.5 that

2513

W(ZW Gs.plai —aj) + MSV~¢S,L(0)>.

i#]j

lim Vy =
N—o0

O

Proposition 5.5. (Simple cubic lattice). In the special case where L = M = 1, we

find
lim Vy=a) SE+BY S}
i

N—o0 —
i#]

with a = %(1 —60a), B = %(1 + 40a), and a =~ —0, 04655 is defined in (5.19).
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Proof. When M = L = 1, the formula from the last proposition simplifies into
limy Vy = %SV - ¢5.1(0), with ¢s.1 = Gs,1 — Gs. The periodic Green function
Gs.1 was computed using the Fourier series in the last paragraph. We found

i ko Sk-k kY oo
G = S— — — ) 2k
$100= 2, 2n|k|< TR |k|>e

keZ3
1 2 1 .
= SV kY ) 48 (VR V)V kY
2 a2 k¢ +S: (VOV} T6n kS
keZ3 keZ3
We use formulas from [20], (see also [42, Egs. (64)—(65)]) to get
1 2imk-y 1 1 2 o 4
=—|— - — 0
2 e i (et 3 P +omr
and
1 2ink-y L (Il €, o, T 4 6
— =—— |- —-— — P 0 ,
2. Torm i |5 e e+ gt +aPo) + 00y
(5.19)

where ¢ and ¢, are constants, and
4 /5 15 3
P(y) = T(g(yi‘ +33 49 = 013 + Ty 03 + glyl“)-

Note that the formula (5.19) defines implicitly a. A numerical computation was
carried in [42], see also [34], giving a ~ —0, 04655.
Inserting in the expression for G, 1, we find, after a tedious calculation, that

3 (Sy-y)y
SV-G =S5V (- =22
5.1(y) ( T )
1
+§|S|2 - 12a2ijsl?,. +8a Y 1S+ O(lyD.

i#j
Note that to carry out this calculation, we used the fact that S is trace-free, which
leads to the identity

2
0:(25,‘,‘) ZZSizi+ZSiiSj/'
i i i#]
Moreover, we know from (3.12) that
3 (Sy-yy
G =———"""
s(y) TN

We end up with
1 2 2 2
SV - $5.1(0) = IS] —12aZS,.i+8a§|Sijl :
i i#j

and the right formula for limy Vy. O
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5.3. Formula in the Stationary Case with the 2-Point Correlation Function

We consider here the case of random point processes in R? (X = R), such
that (P1)-(P2)—(P3) hold. We further assume that the mean density is m = 1. We
assume moreover that this point process admits a 2-point correlation function, that
is a function p» = p2(x,y) € L 110 . (R? x R3) such that for all bounded sets K and

all smooth F in a neighborhood of K,

E Z F(z,z’):/ F(x,y)p2(x, y)dxdy.

P KxK

As the process is stationary, one can write p2(x, y) = p(x — y). Our goal is to
prove the following formula:

Proposition 5.6. Almost surely,

25 1
li =— 1 — SV-G -7
=gl 2 SOl
7#7 € ANK
25 . 1 / ’ ’
== lim — SV - Gs,.(z—7)p(z—2)dzdz,
2 L—+oo L- K 1xKp_i

where Gg.1 refers to the LZ3-periodic Green function introduced in (5.18).

Remark 5.7. We remind the reader that the periodic Green function G 5 1. has singu-
larities at each point of LZ4. But as the sum is restricted to points z, ' in ANK _1,
7z — 7/ is always away from this set of singularities. In the same way, the integral
over K;_1 x Ky _1 inthe second equality is well-defined. Under further assumption
on the two-point correlation function p, one could make sense of the integral over
K1 x K and replace the former by the latter.

Proof. Let n small enough so that Proposition 4.4 holds. We have
W(VH) = W'(VH) = — IE/ |\VH"? — i(/ IVGL? + i|5|2) .
K 7]3 B! 107'[

Let H;, = Zf‘il Gs.1(- +a;), where {a1, ...,ap} = AN K. Note that Hy, is
associated to the point process Ay obtained by LZ?-periodization of A N K7 _;.
We shall prove below that

1
IE/ IVH"> = lim —3/ |VHZ|2, almost surely. (5.20)
K L—+oo L° [k,

As % = IAQ# — las L — +o0, it follows from (5.20) that

1 M 3
VH) — lim — [ — n2 12, 3 ep
W(VH) = lim_ (L3 /K v - 255 ([ VG + ise) ).

= lim W'(VHy) = lim W(VH.), (5.21)
L—+00

L—+o00
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where the last equality comes from Proposition 4.4. One can apply such proposition
because the LZd—periodized network Ay has a minimal distance between points
that is independent of L. This is the reason why we used K;_j instead of Ky, in
the definition of Ay . Eventually, by Proposition 5.4,

lim W(VH;)
L— 400
= lim % > SV-GS,L<a,-—a,)+%3lgn SV (Gs.L(y) = Gs())-
L—+oo \L°> | L°> y—0
i#jell,....M}
Using that
1 . 1 .
G510 = 5Gs1 (7). Gs=—5Gs (=),
s.L)= 70517 s =1770s\7
we get that

M fim sv - (G G)()(<C
L3 yl_r)r}) : S,L A\YAR =

lim SV (Gs. ~ G)()

/

< | lim SV G5 - Go)(v/L)| = 0L,
L’ 1y—0
‘We obtain
1
W(VH):LETOOE. Z SV -Gs p(ai —a;). (5.22)
i#je{l,...M}

This is the first formula of the proposition. To prove the second one, one can go
back to formula (5.21) and take the expectation of both sides. The left-hand side,
which is deterministic, is of course unchanged. As regards the r.h.s., one can swap
the limit in L and the expectation by invoking the dominated convergence theorem.

Indeed, both terms % fKL |VH]'|? and (77%)3 (fB' IVGLP?+ %ISIZ) are bounded
uniformly in n and in the random parameter  (but not uniformly on 7): the first
term is bounded through a simple energy estimate, while the second one is bounded
thanks to the almost sure separation assumption.

The final step is to prove (5.20), almost surely. We set ¢ := %, and introduce,
forall x € Ky,

1 X 1 X
hl(x) = ;Hﬁ(gx pl(x) = 8—3p}i(;>,

and similarly, for all x € K1,

- 1 1 .
) = SH'(Z) — ]f( SH'C).
1

1 1 .
Pl = 5P~ PO,
e e K € €

where (H", P") refers to the field built in Proposition 4.7. Clearly,

1
6 2 2
€ |Vh]| ——/ IVH, |,
/Kl ¢ L3 Jk, L
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while, by the ergodic theorem, one has, almost surely, that

_ 1
| VAP =— | |VH">  — E [ |VH"].
K € L3 K e—0 K
1 L 1

It remains to show that

86/ V(! — kD> - 0 ase — 0.
K
We notice that the difference h, = h! — h} satisfies the Stokes equation

1
—Ahs +Vp, = —3diV(R8 —R; 1), divh, =0 inKj,
&

where

R = Z\I/"(x/s +2), R = Z W(x/e + 7),

zZEA ZeEAL

and where we recall that A7 is obtained by LZ>-periodization of ANK; _;. Testing
against s6h8, we find

e® / |Vhe|* = — | (Re — Re.1)e’Vh,
K K

+/ an-£3(h5—][ he) —/ Gen - &3hy, (5.23)
0K K K

where
Fo(x) := VH"(2) — P'(2)1, +/ PT(S)I4 + F(x),
£ &£ K £
Ge(x) = VH](2) = P} (D)la + G,
with

Fx):=) Wi(x/e+2)—S. G)= Y W(x/e+z)—5.

zeA zeAL

Note that both F; and G, are divergence-free.
To handle the first term at the right-hand side of (5.23), we notice that

{z e AAAL KL NB(—z.n) # B} = O(L) = 0(s7?),
resulting in
3 N2 1/2 3
| (R = Rep)Vh S C(e [ 197F) VRl
1

< C81/2||53Vh6||L2(K1)'
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As regards the second term, one proceeds exactly as in Paragraph 5.1, replacing O
by Ki: see the treatment of F2 and F?, defined in (5.13) and (5.15). One gets in
this way that for all divergence-free ¢ € H' (K1),

|/ Fen - 9| = v(@)|IVoll2k,), v(Ee) =0 ase — 0.
9K

As regards the last term, we take into account the periodicity of H 2 and G to write

/ Gen - &h, =/ Gsn~e3ﬁgdx.
K| 0K

As f 9K, hl - n = 0, we can introduce a solution ®, of

divd, =0 in Ky, Pelok, = &0 lok,, 1 Pellgiky) < ClERlok, a1 ok,)-

Proceeding as in Paragraph 5.1 (replacing O by K1), one can show that || ¢34 | H20K))
goes to zero with &, and so || ®°|| 51,y goes to zero as well. Eventually, we write

|/ Gen-3hldx| =| [ G, Vo,
0K K
=| / (2pH])/2) +G) -Vl
K

1 1/2
<c (FIIVHZIIiz(KL) 97, + 1) IV, |2

< Vel 2.

Hence, we find
86/ Va2 < C (e +(e)? + ||v<1>€||2Lz) —0,
K e—

which concludes the proof. O
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A Proof of Lemma 2.4

For any open set U, we denote f,, = Ill/_l Jy- By (H2), we have

d e SN13 < i X
4 i) 4
We write
Ap= A+ AL+ A,
with

i 1= ;fl?(x, o D[A;])(x; — xj) — DW[A;])(x; — x/))dx’

Ajp = Z][ D(U[Aj])(xi —x') - ][ D[A;])(x — x’)dx)dx’
J#i B(xj B;
3= Zf ][ D([A;])(x — x")dxdx".
j;ﬁl B(X/',d) B,‘
Setting y; = N~1/3x;, using that for i # j, [y; — y;| = 3(c+yi — y;]) 2 ¢,

1451
< Cad’ Ajl£C
Ao ;m— FIIS L

From the inequality (2.35), applied witha;; = 7andb; = A;, wededuce

1
(c+lyi=y;l)
ZIA 11 SCe7 ) 1411
J
Similarly,

[Aj]
4jal = Ca®) o Al S e Z
j?fl C+|}’1_)’]

This leads to
4,
ST1ALe ST Y 1A,
i J

The last term is the most difficult. We follow [21]. Let us remind ourselves that

3

5 a
U[A] = —EA . (x ®X)W
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Let x4(x) = x(x/d) a smooth function that is 0 in B(0, d), 1 outside B(0, 2d).
Introducing the function Fo = Y ; Aj1p(y;.a), using that d < min; z; I ijl, we

can write that

13 BPE / / xa (xi — xHK(x — x")F4(x)dx'dx,
where K(x) is an endomorphism of the space of symmetric matrices, defined by

K(x)Az—g(%T) (A (x®x)| |5)

We then split A} ; = M; + N;, with
1
M; = —/ / xa(x — xHK(x — x")Fa(x")dx'dx,
d3 B; R3

1
N; = —/ / (xa(xi = x") = xa(x = x"))K(x — x")Fa(x")dx"dx.
d3 B; R3
By Holder inequality,
1 34
IMil? = —2a 7 |1(K) * Fallfa g,
and so

Z |M;|1 < —a T (aK) * Fall}y s

The kernel x;K enters the framework of the Calderon—Zygmund theorem, see for
instance [31, Chapters 4 and 5]: for all 1 < g < o0, the operator (xdK) * is
continuous from L7 (R3) to L4 (R?), with

I(xaK) * ll £(z4,29) < Cq.

We stress that the constant C,; depends only on g, and not on d, as can be seen from
the rescaling x’ := x’/d. It follows that

ZIM <% ||FA||L‘,(R1

As the balls B(x}, d) are disjoint, |2Aj13(xj,d)|‘1 => |Aj171p(x;.a), so that
IFAl], sy = 5 141943, and

3q
Y = (%) Y A < cot YA
1 i i

l

L4 (R3)

To bound N;, we notice that for all x € B;, the support of x' — xgz(x; — x') —
Xxa(x — x’) is included in

<B(x,-, 2d) U B(x, 2d)> \ (B(x, d) N B(xi, d)) C B(x,2d +a)\ B(x,d — a)
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(remark that by definition of ¢, a is less than d for ¢ small enough). We get

1 3¢
7 q
IN;|7 = i 111 80,2d+a0BO.a-a K| * [Fa|l 745,

so that

DN 7 < —av 1130, 20-+a0BO.4—a) ¥ 7 % [Falll] s,

C' x 2d +a
§dT f"ln(d—)r]” A||Lq(R3)
<c'(5 ) Z|A|q<6¢ Z|A|‘f

using that, for ¢ < 1,a < d and | In (222)| is bounded by an absolute constant.

10.

11.

12.

13.

14.
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