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Abstract

Let us consider the motion of a viscous incompressible fluid past a rotating
rigid body in three dimensions, where the translational and angular velocities of
the body are prescribed but time-dependent. In a reference frame attached to the
body, we have the Navier—Stokes system with the drift and (one half of the) Coriolis
terms in a fixed exterior domain. The existence of the evolution operator 7 (¢, s)
in the space LY generated by the linearized non-autonomous system was proved
by Hansel and Rhandi (J Reine Angew Math 694:1-26, 2014) and the large time
behavior of T'(¢, s) f in L" for (t —s) — oo was then developed by Hishida (Math
Ann 372:915-949, 2018) when f is taken from LY with ¢ < r. The contribu-
tion of the present paper concerns such L7-L" decay estimates of VT (z, s) with
optimal rates, which must be useful for the study of stability/attainability of the
Navier-Stokes flow in several physically relevant situations. Our main theorem
completely recovers the L9-L" estimates for the autonomous case (Stokes and Os-
een semigroups, those semigroups with rotating effect) in three dimensional exterior
domains, which were established by Hishida and Shibata (Arch Ration Mech Anal
193:339-421, 2009), Iwashita (Math Ann 285, 265-288, 1989), Kobayashi and
Shibata (Math Ann 310:1-45, 1998), Maremonti and Solonnikov (Ann Sc Norm
Super Pisa 24:395-449, 1997) and Shibata (in: Amann, Arendt, Hieber, Neubran-
der, Nicaise, von Below (eds) Functional analysis and evolution equations, the
Giinter Lumer volume. Birkhiuser, Basel, pp 595-611, 2008).

1. Introduction

This paper is the continuation of the previous study [34] on large time behavior
of a generalized Oseen evolution operator 7 (¢, s), which is the solution operator
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u(-,s) = f — u(-,t) to the initial value problem for the linear non-autonomous
system

ou =Au+ i) +w() xx)-Vu —w(t) xu—Vp,

divu =0,
ulyp =0, (1.1)
u— 0 as|x| - oo,
u(-,s) = f,

in D x (s,00), where D is an exterior domain in R3 with C l'l—boundary oD,
{u(x, 1), p(x, 1)} withu = (uy, ur, u3) ' is the pair of unknowns which are the ve-
locity vector field and pressure of a viscous fluid, respectively, while the solenoidal
vector field f(x) = (fi1, fo, f3) " is a given initial velocity at initial time s > 0
and {n(t), w(t)} € R3*2 will be explained soon. Here and in what follows, o7
stands for the transpose of vectors or matirices. Problem (1.1) is a linearized sys-
tem for the Navier—Stokes problem modeling a viscous incompressible flow past
an obstacle R3\ D (rigid body) that moves in a prescribed way. One usually makes
a transformation of variables in order to reduce the problem to an equivalent one
over the fixed domain in a frame attached to the obstacle, see Galdi [16] for details.
Then the resulting system is (1.1) (with s = 0) in which the LHS of the equation of
motion should be replaced by d;,u + u - Vu and the fluid velocity attains the rigid
motion 1 + w X x (no-slip condition) at the boundary d D, where 7 (¢) and w(t)
respectively denote the translational and angular velocities of the rigid body (after
the transformation mentioned above). This paper develops methods of analyzing
the large time behavior of T'(t, s) for (+ — s) — oo when both translational and
angular velocities are time-dependent. Our conditions on this dependence are

n, o € C?([0, 00); R?) N L™®(0, oo; R?) (1.2)

with some 6 € (0, 1), which are the same as in the previous study [34].

The well-posedness of (1.1), that is, generation of the evolution operator
{T'(t,5)},>,>0 1n the space L9 for 1 < g < oo was successfully proved by Hansel
and Rhandi [27] under the condition

1, w e C ([0, 00); R?) (1.3)

with some 6 € (0, 1). It is reasonable not to need the global behavior (1.2) just for
the well-posedness of (1.1) and for regularity of the solution. They also derived a
remarkable L?-L" smoothing action near the initial time, that is,

IT(t, ) fll, £ C(t — )~ Sa302) £, (1.4)
IVT(t,$)fll, £ C(t — )~ /47302712 £ (1.5)

for0<s <t <7Tandl < g < r < oo with some constant C > 0 that depends
on7 e (0, 00), where | - ||, denotes the norm of the space L9 (D). Later on, the
present author [34] developed the L9-L" decay estimate of T (¢, s), namely, (1.4)
forallt > s 2 0and 1 < ¢ £ r < oo with some constant C > 0 independent
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of (¢, s). A duality argument is one of ingredients of the proof, so that the L9-L"
estimate of the adjoint evolution operator T (z, s)* has been also deduced in [34]
simultaneously with (1.4). Note that the adjoint 7 (¢, s)* is the solution operator
v(-, ) = g > v(-, s) of the backward problem for the adjoint system subject to the
final condition at ¢ > 0, see (2.6) below. However, the decay estimate of VT (¢, s)
with optimal rate has remained open [34, Remark 2.1].

The purpose of the present paper is to develop the gradient estimate of the
evolution operator for (r — s) — 00. Our main theorem (Theorem 2.1, particularly
the first assertion) provides us with (1.5) forall > s =2 0and 1 < ¢ < r < 3. The
rate of decay of VT (¢, s) for the other case 1 < g < r € (3, 00) is also discussed
and it is given by (t — s)~3/?4_ In addition, we obtain the L9-L> decay estimate of
T (¢, s) as well, that is, (1.4) with 1 < g < r = oo forall ¢ > s = 0. Our theorem
completely recovers the L7-L" estimates for the autonomous case developed by
[38,43] (both for the Stokes semigroup n = @ = 0), [7,8,40] (those three for the
Oseen semigroup with constant  # 0, @ = 0), [37] (semigroup with constant
w # 0, n = 0) and [45] (semigroup with constants n # 0, @ # 0). Therefore,
analysis in this paper can be regarded as a unified approach not only to all the
cases of uniform rigid motions but to several cases of time-dependent ones. Our
result cannot be improved in general because Maremonti and Solonnikov [43] and
the present author [30] observed that the rate of decay of VT (z, s) in our theorem
is optimal when n = w = 0 (case of the Stokes semigroup). Nevertheless, there
might be a chance of improvement when n # 0; for further discussion about the
optimality, see Remark 2.1.

In view of the celebrated paper [39] by Kato, it is clear that we have several
applications of the complete L9-L" estimates (1.4)—(1.5) forall > s = 0 obtained
in this paper. In [34] (see also [35] for further development) the present author has
proposed a new way of constructing a unique Navier—Stokes flow globally in time
by use only of (1.4) combined with the energy relation (see [34, Lemma 5.1]), but
the solution constructed in such a way possesses less information about the large
time behavior; in fact, an improvement of Theorem 5.1 of [34] by using (1.5) with
r = 3forallz > s 2 0is obvious. Since the same estimate for the adjoint T'(¢, s)* is
available in the Lorentz spaces as well, see (2.25) in Theorem 2.2 below, we must
have even more applications with the aid of interpolation technique developed
by Yamazaki [53]. Once we have (2.25), his insight brings us the sharp estimate
(2.26), which is quite useful to study the stability/attainability of several physically
relevant background flows (not only steady flow but also time-dependent flows
such as time-periodic one) being in the scale-critical Lorentz space L3> (weak-L3
space). This is indeed the case if, for instance, the obstacle is purely rotating or at
rest without translation, where the optimality of the decay rate |x|~! for generic flow
is interpreted in terms of asymptotic structure at infinity, see [9,10,41] and [33].
Several applications of our main theorems will be discussed elsewhere. Let us just
mention, as one of them, a problem of attainablity of a (small) steady flow around a
rigid body rotating from rest (that was raised by [31, Section 6]). This is called the
starting problem and was proposed first by Finn [13] in the case when the rotation
was replaced by translation of the body. Finn’s problem was successfully solved by
Galdi, Heywood and Shibata [19] by making use of the L7-L" estimate of the Oseen
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semigroup [40], see also [36] for further contributions, however, the same approach
with the aid of the L7-L" estimate due to [37] no longer works for the question
above because of unbounded coefficient w x x of the drift term. The right approach
seems to be use of the results obtained here for the non-autonomous system, see
[50]. Another application [20] of our theorems is the attainability of a time-periodic
flow induced by time-periodic translation with zero average (oscillation like back
and forth), whose existence has been recently proved by Galdi [18].

The proof of our main theorem consists of two stages: one is the so-called local
energy decay estimates over a bounded domain D N By (near the obstacle), see
Propositions 6.1 and 6.2; the other is a decay estimate outside By (near inifinity),
where B denotes the open ball centered at the origin with radius R > 0. Indeed this
combination itself was adopted by several authors ([8,37,38,40] for 3D, [5,6,32,42]
for 2D) for the autonomous case, but what is new is to deduce the former without
spectral analysis. In fact, our assumption (1.2) is too general (without any specific
structure such as time-periodicity) to carry out the spectral analysis. Note, however,
that analysis of the resolvent near A = 0 is the essential and hard step for the
autonomous case in the literature above, where A denotes the spectral parameter.
We also refer the readers to a recent work [47] on the autonomous case by Shibata,
who has developed even more in the resolvent side to furnish the L9-L" decay
estimates. In this paper, (1.4) for all t > s = 0 plays a role to obtain the local
energy decay estimates (note that it is the opposite way to the argument in the
literature mentioned above in which (1.4) was a conclusion of the local energy
decay estimates), but such estimates of VT (¢, s) are not enough since we have
to control the behavior of the pressure at the other stage of deduction of decay
estimates near infinity. The natural idea is to analyze the asymptotic behavior, both
for (t —s) — oo and for (¢ — s) — 0, of the temporal derivative 9,7 (¢, s) in
the Sobolev space of order (—1) over the bounded domain D N Bg. To this end,
we need to develop more analysis of regularity of the evolution operator 7 (¢, s),
see Proposition 5.1, than the one done by Hansel and Rhandi [27]. Analysis of
a;T (¢, s) is in fact very nontrivial since the corresponding autonomous operator is
no longer generator of an analytic semigroup in the space L? unless w = 0, see
[11,28,46] and the references therein, and it can be regarded as a substitution of
Section 5 of [37] for the autonomous case (semigroup with constant @ # 0), in
which the authors made full use of precise behavior of parametrix of the resolvent
with respect to the spectral parameter.

It is worthwhile summarizing the method developed in the present paper to-
gether with the previous study [34]. The clue at the beginning towards analysis of
large time behavior of (1.1) would be

(i) L7-L" estimates (3.10) for the same system in the whole space;
(i1) energy relations [34, (2.15), (2.23)] for T'(¢, s) and its adjoint;

both of which are clear because the equation in (1.1) is derived only from the trans-
formation of variables concerning (i) and because the additional terms arising from
this transformation are skew-symmetric concerning (ii). Those are fine, however,
we would say that the only fine things for (1.1) are them. Note that, except for
(i1), one does not have useful higher energy estimates (which play an important
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role in [43] for the Stokes semigroup) unless = @ = 0. In [34] some devices
by use of the energy (ii) enable us to show the uniform boundedness of 7 (¢, s)
and T(t,s)* in L" with r € (2, 00) by duality argument with the aid of (i) via
cut-off procedure. With this at hand, the deduction of (1.4) forall z > s = 0 can be
reduced to computations of a differential inequality [34, Lemmas 4.1, 4.2]. Then,
in this paper, (1.4) combined with a detailed analysis of 9,7 (¢, s) leads us to (1.5)
foralls > s =2 0and 1 < g < r < 3 as explained in the previous paragraph.
To sum up, with the approach proposed in both papers, once we have (i) and (ii)
above, we are able to deduce the large time behavior of V/T'(¢, s) with j = 0, 1
in three dimensional exterior domains. In the more involved 2D case, however, the
method developed in [34] unfortunately does not work well, see [34, Remark 4.1]
for the difficulties. Concerning the L9-L" estimate for the autonomous case in 2D
exterior domains, we refer to [5,6,43] (for the Stokes semigroup) and [32,42] (for
the Oseen semigroup, where the latter is a significant refinement of the former). For
the case of rotating obstacle, the desired decay property has still remained open in
2D even if w # 0 is a constant vector.

This paper is organized as follows: in the next section, after summarizing the
knowledge from [27,34], we present the main theorems. We need further analysis
of the same system in the whole space and the one in bounded domains, which are
not covered by the literature. They are performed in Sections 3 and 4, respectively.
By way of constructing the evolution operator due to [27], in Section 5, we develop
more analysis of its regularity, in particular, smoothing rate as well as justification
of the temporal derivative 9,7 (¢, s) f for general solenoidal vector field f being
in the space LY. Local energy decay estimates of the evolution operator near the
obstacle are established in Section 6. The final section is devoted to completion
of the proof of the main theorems by showing the decay estimate of the evolution
operator near spatial infinity.

2. Results

Let us begin with introducing notation. Given two vector fields u and v, we
denote by u ® v the matrix (u;v;). Let A = (A;;(x)) be a 3 x 3 matrix-valued func-
tion, then the vector field div A is defined by (div A); = > j Ox; Aij. By following
this rule, the drift and Coriolis terms in (1.1) can be expressed as

(n+wxx)-Vu:div[u®(n+a)xx)], wxu:div[(a)xx)@u],

the latter of which follows from div # = 0. Those expressions appear in (3.16),
(4.8) and (5.21) below.

Given a domain G C R3, q € [1, oo] and integer k = 0, the standard Lebesgue
and Sobolev spaces are denoted by L7(G) and by WX4(G). We abbreviate the
norm || - |lg,¢ = Il - lLeg) and even || - ||; = || - ll4,p, where D is the exterior
domain under consideration with C!-!-boundary 3 D.

Throughout this paper, we fix a number Ry > 0 so large that

R3\D C Bg,, 2.1)
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where Br denotes the open ball centered at the origin with radius R > 0. We set
Dgr = DN Bg for R € [Ry, o0).

The class C3°(G) consists of all C* functions with compact support in G, then
W(l){ *1(G) denotes the completion of Cgo (G) in W54 (G), where k > Oisan integer.
We set W~ 14(G) = W(}’q,(G)*, where 1/g’+1/q = land g € (1, 00). By (-, -)g
we denote various duality pairings over the domain G. In what follows we adopt
the same symbols for denoting scalar and vector (even tensor) function spaces as
long as there is no confusion.

Let X; and X, be two Banach spaces. Then £(X, X») stands for the Banach
space consisting of all bounded linear operators from X into X». We simply write
L(X1) = L(X1, X1).

Consider the boundary value problem

divw = f inG, wlsg = 0,

where G is a bounded domain in R? with Lipschitz boundary dG. Let 1 < ¢ < oo.
Given f € L7(G) with compatibility condition fc fdx = 0, there are a lot of
solutions, some of which have already been found, see Galdi [17, Notes for Chapter
IIT]. Among those solutions a particular one discovered by Bogovskii [2] is useful
to recover the solenoidal condition in a cut-off procedure on account of some fine
properties of his solution. The operator f > his solution w, called the Bogovskii
operator, is well defined as follows (for details, see [3, 17]): there is a linear operator
Bg : C3°(G) — CSO(G)3 such that, for I < g < oo and k = 0 integers,

IV ' B6 fllg.c < CIVFE fllg., 2.2)

with some C = C(G, ¢q, k) > 0, which is invariant with respect to dilation of the
domain G, and that

divBgf) = f if / f(x)dx = 0. 2.3)
G

By continuity, Bg extends uniquely to a bounded operator from Wg 1(G) to
W(])( g (G)3. In [23, Theorem 2.5] Geissert, Heck and Hieber proved that Bg
can also extend to a bounded operator from Wl*q,(G)* to L9(G)3, that is,

IBg fllg.c = Cllfllwia Gy 2.4)

where 1/¢’ + 1/q = 1. Note that this is not true from W~14(G) to L4(G)?, see
Galdi [17, Chapter III], who nevertheless proved that

IBgldiv Flllq.c = CllFlig.c (2.5)

holds true for F € L9(G)? satisfying the vanishing normal trace condition v -
Flsg = 0aswell asdiv F € LY(G) [17, Theorem I11.3.4]. Instead of (2.4), one
can employ (2.5) to discuss some delicate terms arising from cut-off procedures.
Let us introduce the solenoidal function space. Let G C R3 be one of the
following domains; the exterior domain D under consideration, a bounded domain
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with C!!-boundary dG and the whole space R>. The class C&"U(G) consists of

all divergence-free vector fields being in C8°(G). Letl < g < oco. By LL(G) we
denote the completion of C(‘)’OU (G) in L9(G), then it is characterized as

LI(G)={ue L1(G); divu =0, v-ulyg =0},

where v stands for the outer unit normal to G and v - u is understood in the sense of
normal trace on G (this boundary condition is absent when G = R3). The space
of L4-vector fields admits the Helmholtz decomposition

LY(G) = LL(G) @ {Vp € LY(G); p € L}, .(G)},

loc

which was proved by Fujiwara and Morimoto [15], Miyakawa [44] and Simader and
Sohr[48].By PG = PG4 : LY(G) — Ly (G), we denote the Fujita-Kato projection
associated with the decompostion above. We then see that Pg € LWE(G)) as
well as Pg € L(LY(G)). Note the duality relation (PG 4)* = Pg 4 as well as
LI(G)* = LZ/(G), where 1/q’+1/q = 1. We simply write P = Pp, for the exterior
domain D under consideration. Finally, we denote several positive constants by C,
which may change from line to line.

We are in a position to introduce the generators which are related to (1.1) and to
the backward problem for the adjoint system subject to the final condition at¢ > 0:

—dsv = Av—(n(s) +w(s) xy)-Vv+w(s) X v+ Vo,

divv =0,

vlgp =0, (2.6)
v— 0 as|y| - oo,

v(, 1) =g,

in D x [0, t), where {v(y, s), o (y, s)} is the pair of unknowns. Let us define the
operators L4 (t) by

Dy(L+(t)) ={u e LI(D)N Wé’q(D) NW>9(D); (w(t) x x) - Vu € L1(D)},
2.7
Li(t)u=—P[Au=x (n(t) + o) xx) - VuFw(t) X ul.

Then we have
(Le(Du,v)p = (u, Lx(H)v)p (2.8)

forallu € Dy(L+(t))andv € Dy (Lx(1)),see [34,(2.12)], where 1/g'+1/q = 1.
Since the domain is time-dependent, as in Hansel and Rhandi [27], we need the
regularity spaces

Y,(D) = {u € LL(D) N Wy (D) N W>9(D); |x|Vu € LY(D)},

2.9
Z,(D) = {u € LL(D) N W"I(D); |x|Vu € L1(D)}, @9

which are Banach spaces endowed with norms

lully, 0y = lullwzapy + NxIVullg, lullz,) = lullwrapy + 11x[Vullg,
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respectively. Note that Y, (D) C D, (L+(t)) for every ¢ 2> 0 and that, differently
from [27], the homogeneous Dirichlet condition at d D is not involved in the space
Z4(D). The reason why this modification is actually needed will be clarified in
Section 5.

Hansel and Rhandi [27] proved the following:

Proposition 2.1. [27] Suppose that n and o fulfill (1.3) for some 6 € (0, 1). Let
1 < g < oo. The operator family {L.(t)};>( generates an evolution operator

{T(t,s)},>>00n LL(D) such that T (¢, ) is a bounded operator from LL(D) into
itself with the semigroup property

T, OT(t,s)=T(t,s) ¢t21t=2520); T(s,5)=1, (2.10)
in L(LL (D)) and that the map
{t=s20}>(t,s)—> T(t,s)f € LL(D)

is continuous for every f € L& (D). Furthermore, we have the following properties:

I.Let ¢ £ r < o0. For each T € (0,00) and m € (0, 00), there is a constant
C=C(T,m,q,r,0,D) > 0such that (1.4) and (1.5) hold for all (t, s) with
0<s <t<Tand f € LL(D) whenever

sup (In()] + o)) + In(@) = ()| + o) — w(s)]

7 < m.
0<I<T 0<s<i<T ()

2.Let3/2 < q < ooandfixs 2 0. For every f € Z,(D) and t € (s, 00), we
have T (t,s) f € Y, (D) and

T(-,5)f € C((s, 00); LL(D))
with
orT(t,s)f +Ly(®)T(t,s)f =0, t € (s, 00), 2.11)

in LL(D).
3. Fixt > 0. For every [ € Y, (D), we have

T(t,-)f € C'([0,1]; LL(D))
with
osT(t,s)f =T(t,s)L4+(s)f, s € [0, 1],

in LL(D).
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Among the assertions above, the second one tells us that 7' (¢, s) f provides a
strong solution without assuming f|;p = 0 nor V2f € L4(D). This is a slight
improvement of the corresponding resultin [27, Theorem 2.4 (b)], which claims the
same for f € Y, (D). The proof of this improvement only in the second assertion
will be given in Section 5. The restriction g € (3/2, c0) stems from Lemma 5.2
(and it seemed to be overlooked in [27]). Thus the corresponding part of Propo-
sition 2.1 of [34] should be replaced by the second assertion above. Nevertheless,
we observe that the semigroup property (2.10) in £(LZ (D)) holds still for every
q € (1,00). In fact, given f € C&OU(D), it follows from the second and third
assertions that 9, (T(t, )T (t, s)f) = 0in LI (D) with ¢ € (3/2, 00), yielding
T(t,©)T(z,s)f =T(t,s)f.Once we have that for all f € C&OU(D), a continuity
argument leads to the same equality for all f € L (D) with ¢ € (1, 00).

We should mention that the results obtained in the previous study [34] are still
valid in spite of the restriction ¢ € (3/2, 0o0) above. Let S(¢, s) be the evolution
operator generated by the backward problem

— 0sv(s) + L_(s)v(s) =0, s€]0,1); v(t) =g (2.12)
in LZ (D), which corresponds to (2.6); it is given by
St,s) =T —s5,0;1), t=5=0, (2.13)

where {T'(, s 1)}o<s<<; 18 the evolution operator generated by the related initial
value problem

orw(T)+L_(t—1tw(r) =0, 71€(s,t]; w(s) =g, (2.14)

see [34, Subsection 2.3]. For (2.14), note that # > 0 is just a parameter appearing in
the coefficient of the equation. We then have the duality relation [34, Lemma 2.1]

T(t,5)* = S(t,s), St s)*=T(@ts) inL(LI(D)) (2.15)

fort = s = 0, which plays an important role in [34]. In fact, given f, g € Cg%, (D)
(instead of f € Y, (D), g € Y,(D) in the proof of [34, Lemma 2.1], where
1/q' + 1/g = 1), we obtain

(T(t,9)f.8)p=(f. S, )¢ D (2.16)
by computing 9, (T (z, s) f, S(t, t)g)p = 0 with use of (2.11) as well as
—0sS(t,8)g+ L_(s5)S(t,s)g =0, s €1[0,1), 2.17)

in LY (D), where (-, ) p should be understood for the pair of L2 (D) and L (D)
with ¢ € (3/2, 3). Once we have (2.16) for all f, g € Cgf’g(D), we have only to
perform a continuity argument to justify (2.15) for every ¢ € (1, co). In addition,
as emphasized in Section 1, one of key ingredients in [34] is the energy relation
which we certainly have since the second assertion of Proposition 2.1 is available in
L(ZI (D). Finally, as described in [34, Section 4] for the proof of decay estimates, it
suffices to carry out a cut-off procedure for fine initial velocities being in Cgf’o (D),
so that the restriction g € (3/2, 0o) does not cause any problem.
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We recall the L7-L" estimates globally in time developed by the present author
[34, Theorem 2.1, Proposition 3.1]. Let us introduce

|(n, @)]o = sup (In()] + |w (D)D),

t20
_ () — n(s)| + | () — w(s)] (2.18)
|(n, w)|g = sup s
t>x§0 (t —S)
for 6 € (0, 1) and
Alry) ={(t,8);t>520, t —s < 13} (2.19)

for 7, € (0, 00).

Proposition 2.2. [34] Suppose that n and o fulfill (1.2) for some 60 € (0, 1). Let
1 <g £r < oo Then,

1. For each m € (0, 00), there is a constant C = C(m, q,r, 0, D) > 0 such that

1T, $)fll, £ Ct—s)" 9302 £,

(2.20)
IT(t, $)*glly < C(t —5)"F1302)g |,
forallt > s > 0and f, g € LE(D) whenever
|(n, @)lo + |(n, ®)|g = m (2.21)

is satisfied.
2. Given t, € (0,00) and m € (0, 00), let A(ty) be as in (2.19) and assume
(2.21). Then there is a constant C = C(t4,m, q, 1,0, D) > 0 such that

IVT(t,8)fll, £ C(t — )~ /47302712 £
IVT (2, )*gll, £ C(t —5)"Fa173/02712 )10

(2.22)

forall (t,s) € A(ty) and f, g € LL(D).

The point of the second assertion is that the constant C > 0 in (2.22) can be
taken uniformly in (7, s) with  — s < 7,. This must be the first step toward (2.22)
for all 1 > s = 0. It was not covered by [27] but shown by [34, Proposition 3.1]
under the condition (1.2), however, only for VT (¢, s). The same result for VT (¢, s)*
follows from the one for V?(r, s; t), which is the solution operator to (2.14) and
can be constructed along the procedure adopted by [27], see also Section 5 of this
paper. To this end, as clarified in [34, Subsections 3.1-3.3], it suffices to investigate
the initial value problem for the same equation as in (2.14) over a bounded domain
Dpg with R > 0 large enough by following the Tanabe-Sobolevskii theory [51].
Taking a look at the generator L_(# — t) together with the condition (1.2), we
observe that all the constants in several key estimates can be taken uniformly in
(t,s) with T — s < 14, see the proof of Lemma 3.2 of [34], which implies

IVT (z,5;0)gll, < Cx —5)~G/a=3/0/2=172) 411
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forall (z,s) witht —s S ryaswellasO <s <7 <rand 1 < g < r < 0o, where
C > 0O depends on 7, € (0, t) but is independent of # > 0. By (2.13) and (2.15) we
conclude that VT (¢, s)* also satisfies (2.22) for all (¢, s) € A(Ts).

We are now in a position to present the main result of this paper.

Theorem 2.1. Suppose that n and o fulfill (1.2) for some 6 € (0, 1).

l.Let 1 < g < r < 3. For each m € (0,00), there is a constant C =
C(m,q,r, 0, D) > Osuchthat (2.22) holds forallt > s = Oand f, g € LL(D)
whenever (2.21) is satisfied.

2. Let1 < g S raswellasr € (3, 00). For eachm € (0, 00), there is a constant
C=C(m,q,r 0, D) > 0 such that

INT(t,) fll» < Ct — )" fllgs

B (2.23)
IVT (2, 5)*gll, £ C(t —5)>"|gll,,

forall (t,s) with
t—s>2 aswellasO0 < s <t

and f, g € LY(D) whenever (2.21) is satisfied.
3. Letl < g < 0. Foreachm € (0, 00), thereisaconstantC = C(m, q,0, D) >
0 such that (2.20) with r = oo holds true, that is,

IT(t, ) flloo < C(t — )73 Iy,

B (2.24)
IT(t, $) glloo < C(t —5)">"%|1gll,,

forallt > s > 0and f, g € LL(D) whenever (2.21) is satisfied.

Remark 2.1. Maremonti and Solonnikov [43] first pointed out that the restriction
1 < g £r <3 = n (space dimension) for the desired rate (2.22) of decay is
optimal whenn = w = 0. Later on, in this case of the Stokes semigroup, the present
author [30] gave another proof of the optimality, where a key observation is that the
issue is closely related to summability of the steady Stokes flow near spatial infinity.
From this point of view, it is also conjectured by [30, Section 5] that the desired
rate (1.5) of decay could be obtained for 1 <g <r <6 =n(n+1)/(n—1) when
the translation of the body is present, that is, n # 0. For the Stokes semigroup, the
optimality of the rate (2.23) of decay was also proved by Maremonti and Solonnikov
[43] in the sense that better rate (f —s) ~>/24~¢ with some & > 0 is impossible when
r > 3.

Having several applications to the Navier—Stokes system in mind, we next pro-
vide useful estimates especially for the adjoint evolution operator. Let us introduce
the Lorentz spaces which are usually defined as Banach spaces in terms of the
average function of the rearrangement, see [1] for details. For simplicity, we just
define the solenoidal Lorentz spaces by

Lg* (D) = (LP(D), LY (D)), ,
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with

1 1-6 6
l<gy<g<gq <00, —= +—, 15 p=Z 00,
q q0 q1

where (-, -)g,, denotes the real interpolation functor. Then the RHS above is inde-
pendent of choice of {go, g1}, so that the space L&’ (D), whose norm is denoted by
Il - llg,p, is well-defined. It is obvious by interpolation to obtain (2.20) and (2.22)
for all # > s = 0 in which the Lebesgue spaces are replaced by the Lorentz spaces
except for (2.22) with 1 < ¢ < r = 3. But we do need this end-point case for the
adjoint evolution operator to study the large time behavior of the Navier—Stokes
flow around a background flow (such as steady flow and time-periodic one) that
decays with scale-critical rate at spatial infinity, see [37,53]. For completeness, it is
worse while providing (2.25) below including the nontrivial case r = 3. Once we
have (2.25), we can get (2.26) by following the argument developed by Yamazaki
[53].

Theorem 2.2. Suppose that n and w fulfill (1.2) for some 6 € (0,1). Let 1 < g <
r<3andl < p < oo. Letm € (0, 00) and assume (2.21). Then there is a constant
C=C(m,q,r, p,0, D) > 0 such that

IVT (1, $)*gllp S Ct — )~ Fa3NR2 g, (2.25)

forallt > s > 0and g € LL" (D). If, in particular 1/q — 1/r = 1/3 as well as
1 < g < r £ 3, then there is a constant C = C(m, q, 0, D) > 0 such that

t
/ IVT(t,5)"gllr1ds = Cligllg (2.26)
0

forallt >0and g € LZ’I(D).

3. Whole space problem

In this section we consider the non-autonomous system

oru=Au+ Mit)+w() xx)-Vu—w(t) xu—Vp,

3.1
divu =0 ©-1)

inR? x (s, 00) subject to

u— 0 as|x| - oo,

32
M(',S):f. ( )

Indeed the system was studied by [4,21,25-27], but we have to supplement a couple
of regularity properties: Lemma 3.1 on some smoothing actions and Lemma 3.2 on
the time derivative for general f € LL(R3).
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Aslong as f fulfills the compatibility conditiondiv f = 0, we see that Vp = 0
within the class Vp € L9(R?) and that the solution is just the heat semigroup in
which a change of variables is made in an appropriate way, because

divin+wxx) - Vi—oxul=0+wxx) -Vdivu =0. (3.3)
In fact, the solution to (3.1)—(3.2) is explicitly described as

u(x, 1) = (U(t,9)f)x)

. (34
— (. 5) (e(’_s)Af) ((b(t, 57 (x n fl a1, r)n(r)dr)) ©h

where
(" £) ) = @y ™2 (7 f ) o,

while 3 x 3 orthogonal matrix (¢, s) stands for the evolution operator for the
ordinary differential equation %QD = —w X @, see the literature above for details.
By I'(x, y; ¢, s) we denote the fundamental solution, that is, the kernal matrix of
(3.4):

wGr 1) = /R C(x, v, $) £ () dy.

Then the adjoint of U (t, s) is given by

(U )"8) () = /]R DGyt gl dr. (335)

Given t > 0 (final time) and a suitable solenoidal vector field g (final data), the
velocity v(s) = U(t, s)*g together with the trivial pressure gradient Vo = 0
formally (even rigorously for fine g, see [34, third assertion of Lemma 3.1]) solves
the backward system

—0sv=Av—(n(s) +w(s) xy) - Vv+w(s) X v+ Vo

3.6
divv =0, (3-6)

in R x [0, ) subject to

v—> 0 as|y| — oo,

3.7
v(-,t) = g. 3.7)

The initial value problem corresponding to (2.14) is given by

drw=Aw—Nt—1)+ow(t—1)Xxy)-Vw+owlt—1)Xw+ Vp,,
divw =0,

(3.8)
w— 0 as|y| - oo,

U)(', S) =4,
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in R3 x (s, t] (with V p,, = 0 under the compatibility condition div g = 0), where
t > 0 is just a parameter. The solution to (3.8) is described as

w(y, v) = (U(z,5:08) ()

3.9
=0 —1,t—5) (V%) () G2
with

(...):CI)(t—‘[,t—s)T(y—fr¢(t—t,[—0)n(t—0)dd>

N

where the orthogonal matrix ® (-, -) is the same as in (3.4). It is verified that the
relation

Ut,s)"=U@t—s,0:1), t=52=0,

recovers (3.5) as in (2.13).

Although we will provide the results (Lemmas 3.1, 3.2) only on the evolution
operator U (¢, s), those for the adjoint U (¢, s)* or U (z, s; t) are also available and
will be needed to obtain the assertions for the adjoint 7'(¢, s)*.

Let 1 < g < oo. Correspondingly to the auxiliary spaces (2.9) for the exterior
problem, let us introduce the Banach spaces

Z,(R?) = {u € LLRY) N WH(RY); |x|Vu € LI(RY)},
Y (RY) = Z,(R?) N W4 (RY),

endowed with the corresponding norms to describe the regularity of the solution. We
note that, under the condition (1.3) solely, the regularity deduced in the following
lemma holds true subject to estimates (3.12)—(3.13) below for0 < s <t < T
with C > 0 that depends on 7 € (0, 00). Nevertheless, for later use, we will show
those estimates for (¢,s) € A(ty), see (2.19), under the additional assumption
n € L*(0, oo; R3) [even under (1.2)].

Lemma 3.1. Suppose that n and o fulfill (1.3) for some 0 € (0, 1). Assume in
addition that n € L*°(0, oo; R3) for the second, third and fourth assertions below.
Let 1 < g < 0o. Then {U(t, 5)};>,>( given by (3.4) defines an evolution operator

on LY(R3) and on LL(R?). Furthermore, we have the following properties:

1. Letq = r < oo. Forevery integer j 2 0, there is a constant cj = cj(q,r) > 0,
independent of n and w, such that

VU, s)f € C((s, 00); L' (R%)),

4 i (3.10)
IV U 8) flly s  cj(t — ) CHAT3DRZIR| £l s

forallt > s > 0and f € L1(R>).
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2. Letq < r < ooandm € (0,00). For every f € Zq(R3) andt € (s, 00), we
have |x|VU(t,s) f € L"(R3) subject to
IxIVU, $)f ) r3
S C(t =) YaBIIRY x|V £l e (3.11)
+ Ot — )" CaBIEARG L ot — ) PHIVF Il w3
forallt > s 2 0 with some constant C = C(q,r) > 0, whenever |n|y =

sup, o [1(0)| < m.
3. Forevery f € Zq(R3) andt € (s, 00), we have U(t,s) f € Yq(R3) and

u:=U(,5)f € C'((s,00); LLRY)

with (3.1)—~(3.2) in LL(R3). Let t, € (0, 00) and m € (0, 00). If in addition
(1.2) is assumed, then there is a constant C = C(ty, m, q) > 0 such that

U, ) flly, @) + 18U ) fllgr < CE =571 fllz, @) (3.12)

forall (t,s) € A(ty) and [ € Z, (R3) whenever (2.21) is satisfied, where
A(ty) is given by (2.19).

4. Letqg S r < 00, T4 € (0,00) and m € (0, 00). For every f € Zq(RS) and
t € (s, 00), we have U(t, s) f € Z,(R3) subject to

U@, ) fliz, @) S Ct =)~ IDRY £l gs) (3.13)

for all (t,s) € A(ty) with some constant C = C(ty, m, q,r) > 0 whenever
Inlo = m.

Proof. The first assertion follows from the corresponding properties of the heat

semigroup. The third assertion is a slight improvement of the one in [26,27], but it

follows from knowledge obtained there (see Proposition 3.1 (a) of [27]). The second

and fourth assertions for the case r > ¢ are new and preparations for Lemma 5.4.
As in the proof of (3.11) with r = g by [26], we have

[x|IVU (&, s) Hx)]
_ e =yl /4—s)
A /IR<3(|X -yl + M)W

=14 J,

V) (@697 +hi)| dy

where h; s := f; ®(t, T)n(t) dr. We then find that
1l s S C(t —5)”OaDRHZYG £ s
and that
1l < € =)™ 173021 (v 1) (90,9 + o))

Hq,R3
SCt—s5)" IRV Flly g + Il — DIV f g3 }-
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They thus imply (3.11). It is easily seen that
IV U@ 5) fllpgs S Ct = )" IRV f| ) s

forallt >s 20,1 <q <r <ooandj =0, I, which together with (3.10)—(3.11)
(and by using the Equation (3.1) for d,U (¢, s) f) leads to (3.12) as well as (3.13).
The proof is complete. O

It is natural to expect that U (¢, s) f is a weak solution in a sense together with
a reasonable estimate of 3, U (¢, s) f even if f € L{(R?) rather than f € Z, (R?).
The next lemma gives an affirmative answer. Indeed the assumption (1.3) is enough
to obtain the assertion, but the constant in (3.15) below depends on 7 € (0, co) for
0 < s <t £ 7. For later use, it is convenient to show the following form when
assuming (1.2):

Lemma 3.2. Suppose that n and w fulfill (1.2) for some 6 € (0, 1). Let 1 < g < 00
and R > 0. Given f € LL(R3) and s = 0, we set u(t) = U(t,s) f. For each
e € (0,00) and m € (0, 00), there is a constant C = C(ty,m,q, R) > 0 such
that

u € Cl((s, 00); W™ 4(Bg)), (3.14)
10Ut 9) fllw-1a(8p) < Ct = )72 flly g3 (3.15)

forall (t,s) € A(ty) and f € LL(R3) whenever (2.21) is satisfied, where A(t,)
is given by (2.19). Furthermore, we have

Brtt, ¥ + (Vi +u ® (7 + 0 X X) — (0 X X) @, Vi) =0 (3.16)
forallt € (s,00) and r € Wol’q’(BR)3, where 1/q" +1/q = 1.

Proof. Given f € Cgfg (R3) and s = 0, we set u(r) = U(t, s) f, which satisfies
(3.16) for every ¥ € CS"(BR)3. From this together with (3.10) we see that

10w, W) Bl < {IVully s +m(+2R)ully g IV llgr B
SCl{t+m+2RVT ) =) 21 fll, w3 IV g8y

as long as t — s < t,. We thus obtain (3.15) for f € COO?G(R3). Given f €
LL(R?), we take f j € C(‘)’f’g (R3) which converges to f as j — oo in the norm
I llg r3- Then 0,U (¢, s) fj goes to some Wg(t,s)f € W14 (Bg). Since the
convergence is uniform with respect to ¢ belonging to any compact interval in
(s, 00), we have Wr (-, s) f € C((s, 00); W’l"l(BR)). From this convergence with
(3.10) we observe

t
Ut,s)f =Us+e8)f + Wgr(t,s)fdr
s+
in W—149(Bg), where ¢ > 0 is arbitrary. This implies (3.14) and Wr(¢, s) f coin-
cides with 0;U (¢, s) f for every R > 0. Hence, we obtain (3.15). Equation (3.16)
is easily verified by approximation procedure above. 0O



Decay Estimates of Gradient of a Generalized Oseen Evolution 231

4. Interior Problem

This section is devoted to the study of the initial value problem for the non-
autonomous system

u=Au+ ) +w@)xx)-Vu—wl) xu—Vp,

divu =0, @.1)
ulypgr =0, ‘
u(-,s) = f,

in Dr x (s,00) with R € [Rp, o0) being fixed, where Ry is as in (2.1). Let
1 < g < oo. Let us introduce the Stokes operator

1,
Dy(A) = LL(Dr) N Wy (Dg) N W>4(Dp),
Au = —Ppy Au,

and the operator

Dq (Lr()) = Dq (A),
Lr(Hu = —Ppi[Au+ (nt) + o(t) x x) - Vu — w(t) X u]
=Au— () +w(@) xx)-Vu+ w(t) X u,
where Pp, denotes the Fujita—Kato projection associated with the Helmholtz de-
composition [15], see Section 2. The last equality above follows from (3.3) and the
fact that the normal trace of the drift term vanishes, see [34, (3.22)].

For the interior problem one can apply the general theory of parabolic evolution
operators developed by Tanabe, see [51, Chapter 5], to find that {L z(¢)},>( gener-

ates an evolution operator {V (¢, 5)},>,>( on L% (Dg). For every f € LI(Dg), we
know that u(t) = V (¢, s) f is of class

u € C'((s, 00); LL(DR)) N C((s, 00); Dy(A)) N C([s, 00), LL (D)),

4.2)
Vp € C((s,00); LY(Dg)),

and satisfies (4.1) in L (Dg). If, in addition, the pressure p is chosen such that
/, py P dx = 0 for each time 7, then

p € C((s,00); LY(Dg)) (4.3)

by the Poincaré inequality together with (4.2) for V p.
We start with the following lemma [27,34]:

Lemma 4.1. Suppose that n and o fulfill (1.2) for some 0 € (0,1). Let 1 < q <

r < oo. For each t, € (0,00), m € (0,00) and j = 0, 1, there are constants
C;j =Cj(ty,m,q, 1,0, Dg) > 0and C; = Co(t4,m, q, 0, Dr) > 0 such that

IVIV (. $) fllrpg < Cjt — )" 3MPZIR £l b, (44)

1P llg.pg < Calt —5)" VD) £y by (4.5)

18,V (£, 5) fllw-1a(pgy < Cat =)~ VD2 £ by (4.6)
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forall (t,s) € A(ty) and f € LI(Dg) whenever (2.21) is satisfied, where A(ty)
is given by (2.19). Here, p(t) denotes the pressure associsted with V (t, s) f and it
is singled out subject to the side condition fDR pdx =0.

Proof. L4-L" estimate (4.4) was shown by [27] for0 < s <t < 7 withC; > 0
that depends on 7 € (0, co) under the condition (1.3). The present author [34,
Lemma 3.2] verified that the constant C; can be taken uniformly in (¢, s) satisfying
t —s < 14 as long as (1.2) is fulfilled. Set u(z) = V (¢, s) f. Estimate (4.5) for the
pressure was also proved by [34, Lemma 3.2] via

1 1-1
1P@)llg.05 < CIV2u@ )G NVu@ L M + CIVu®lg.py @)

and it is a slight improvement of the one obtained by [27, Lemma 4.3]. The remark-
able rate (1 — s)~(1H1/9)/2 for the pressure near the initial time was discovered first
by [37] for the autonomous case (even for the Stokes system) and the proof relied
on analysis of the resolvent. Estimate (4.6) immediately follows from

(aﬂ/l, ‘/f>DR
=—(Vu+u®@+wxx)—(wxx)Qu,V{¥)pp +(p,diviy)p, (4.8)

for every ¥ € C3°(Dg)? together with (4.4)-(4.5). O

We next deduce the asymptotic behavior of V (¢, s) f neart = s in some Sobolev
spaces when f € LI(Dgr) N Wl’q(DR). It should be emphasized that f does not
satisfy the boundary condition f|jp, = 0, and the reason why we have to discuss
this case is related to the function space Z, (D), see (2.9), in which the boundary
condition at d D is not involved. In fact, the following lemma plays a role in the proof
of Lemma 5.3. Estimate (4.9) below should be compared with [27, Corollary 4.2],
where less singular behavior (r — s)~!/? is deduced for f € LL (Dg) N Wol’q(DR)
satisfying f|sp, = 0.

Lemma 4.2. Suppose that n and w fulfill (1.2) forsomed € (0,1). Let1 < g <r <
oo and § € (0, 1/2q). For each 1, € (0, 00) and m € (0, 00), there are constants
C1 = Ci(t4,m,q,6,0, DR) > 0 and C, = Co(t4,m,q,r,8,0, Dg) > 0 such
that

1V, ) fllweapg + 10V, 5) fllg.pr + IIVP(D gDk

< Cit =) fllwrapg
Ip®)llg.pp < C1(t =)~ VDI £llyi0 (4.10)
IV, 9) fllwirpgy < Calt —5)~ /47307240 £l ey (411

(4.9)

forall (t,s) € A(ty) and f € LL(Dg) N Wh4(Dg) whenever (2.21) is satisfied,
where A(ty) is given by (2.19). Here, p(t) denotes the pressure associated with
V(t,s) f and it is singled out subject to the side condition fDR pdx =0.
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Proof. As in the proof of [34, Lemma 3.2], there is a constant k = k(m) > 0 such
that k + Lz (¢) is invertible in L (Dg) forallz > 0 subject to

sup [|(k + LR) ™l 219 (pgyy < 0©-
t=0

Indeed one can take even k = 0 by a compactness argument (see, for instance, [37,
Section 3], [32, Section 5]), but this refinement is not needed here. We then know
that

ILR@OV (. ) fllg.pr = Cllk+ Lr() fllg.px = Cllflip,a).  f € Dg(A),

and

ILROV (t,8) fllgpg S CE =) N fllgpg,  f€LLDR),

forall (z, s) € A(t,). Infact, the latter was shown in [34, (3.20)], while one verifies
the former (particularly the first inequality) if one follows the argument of general
theory [51, Chapter 5, Theorem 2.1] under the conditions (1.2) and (2.21).

By complex interpolation we have

ILR@V (t,5) fllg.pp = Ct =) P flip, a0)
forall (r,s) € A(ty) and

f € Dy(A®) = [LL(Dg), D(A)]s
= LI(Dg) N[L(Dg), Wy (Dg) N W9 (Dg)]s

where [-, -]s stands for the complex interpolation functor and the characterization
of D, (A?) is due to Giga [24]. As a consequence, we get

IV (. 8) fllwaapgy + 10: V(. 5) fllg.px + IVP@)llg.Dg
S CILROV(t,9) fllg.pr +CIV (. 5) fllg.Dp (4.12)
SC =N flp,an

for all (z,s) € A(ty) and f € Dq(A‘S) provided 0 < § < 1.

Ifin particular 8 € (0, 1/2q), then the space D, (A?%) does not involve the bound-
ary condition, to be precise, Dq(A’S) = Li{(Dp)N qua (DRg), where qu‘S(DR) =
[L(Dg), W>9(Dg)]s is the Bessel potential space, see Fujiwara [14, Section 2,
Theorem 5] (this theorem asserts a characterization of some complex interpolation
spaces). We thus have LI (Dg) N W4 (Dg) € D,(A%) for § € (0,1/2q) and,
therefore, (4.12) leads us to (4.9).

‘We next observe

IV, $) fllwiiapg < CE =) fllwriapg (4.13)

for all (z,s) € A(ty), f € LL(Dr) N Wol’q(DR) and j = 0, 1. In [27, Corollary
4.2] Hansel and Rhandi proved (4.13) for such data satisfying flyp, = 0 and
0 <s <t <7 with C > 0 that depends on 7 € (0, co) under the condition
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(1.3), however, we need to show that the constant C > 0 can be taken uniformly in
(t,s) € A(ty) aslongas (1.2) s fulfilled. In fact, using (4.12) with § = 1/2, we find
(4.13) j—; since we know from [14,24] that D, (A'/?) = LE(Dg)N Wol’q (Dg). We
also have (4.12) with§ = 1 as well as (4.4) ;o withr = g, which implies (4.13),;_q
by interpolation. The interpolation argument once more by use of (4.13);_g and
(4.4) with r = q yields

IV () fllwrag < C@ =921 fllgas o
for all (¢, s) € A(ty) and
1,
f € [LL(DR), LL(Dg) N Wy (Dr)las = LE(Dg) N H,*(Dg)

provided 6 € (0, 1/2¢q), where the last equality follows from the reiteration the-
orem for the complex interpolation [1] combined with the Fujiwara theorem [14]
employed above; thereby, we infer

IV, ) fllwrapg < C =)0 fllwraog (4.14)

for all (r,s) € A(zy) and f € LL(Dg) N WH4(Dpg). This together with (4.9)
concludes (4.10) by virtue of (4.7).
It turns out that

IV, $)glwirpg < Ct— )12 ellyigpe (4.15)

forall (t, s) € A(ty)and g € LZ(DR)HWOI"](DR),Wherel <q <r < oo.Infact,
this follows from (4.13) together with the Gagliardo-Nirenberg inequality provided
that 3/g — 3/r < 1.If r is not close to ¢, then one has only to use the semigroup
property. Note that g = V ((s +1¢)/2, s) f fulfills the boundary condition g|sp, = 0
sothat g € Li(Dp)N W(;’q(DR) even though f € LI(Dg) N W4(Dg). Hence,
by the semigroup property, (4.14) and (4.15) imply (4.11). The proof is complete.

O

5. Regularity of the Evolution Operator

Some regularity properties as well as construction of the evolution operator
T (¢, s) were proved by Hansel and Rhandi [27], nevertheless, we need more anal-
ysis, especially,
— The smoothing effect of 7'(¢, s) : Z4(D) — Y4(D) when 3/2 < g < oo;
— The smoothing effect of T (¢, s) : Z,(D) — Z,(D) when3/2 < g <r < 00;
— The justification of 3, T (¢, s) f in W14 (Dg) for f € LE(D)when 1 < ¢ < o0;
which are not covered by [27], where Y, (D) and Z, (D) are defined by (2.9). We
will also show the second assertion of Proposition 2.1, that is related to the firstissue
above since it slightly improves the corresponding result of [27]. The restriction
q > % = -5 (n denotes the space dimension) stems from Lemma 5.2 below on
some weighted estimate of the Fujita-Kato projection. The third issue above is quite
important to proceed to analysis of large time behavior of 7' (¢, s).
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Let us recall the idea of [27] for construction of a parametrix of the evolution
operator by use of evolution operators in the whole space R> and in the bounded
domain Dg,+6, Where Ry is as in (2.1). We fix three cut-off functions

¢ € C°(Bry+4), ¢ =1 inBgyy3,
¢0 € C3°(Bry+2), ¢ =1 in Bgy4i.
@1 € CC(Bry+s), ¢ =1 in Bgyys,

and set
A={Ry+2<|x| <Ro+4}, Ao={Ro < |x| < Ro+2},
A ={Ro+4 < |x| < Ro + 6}.
By B = By, Bp = B4, and By = B4, we denote the Bogovskii operators, see

(2.3), in the bounded domains A, Ag and Aj, respectively. Given f € Li(D),
1 < g < oo, let us set

fo=0—¢o)f +Bolf - Vel € LL(R?),
fi=¢1f —Bilf - Véil € LL(Dgy+6),

where fj is understood as its extension to R? by putting zero outside D, then we
see from (2.2) that

I follg.rs + 1 fillg.pryrs < Cll fllg,
IV follg. w3 + IV fillg.ngyrs = Cllf llwra(py (5.1)
X1V follgrs = CllIxIV fllq + Cll fllg,

where V f € L9(D) is additionally assumed for (5.1), and even |x|V f € L9(D)

is assumed for (5.1)3. Thus, fo € Z, (R3) follows from f € Z,(D).
It is reasonable to start with

W, s)f =0 =d)U(,s) fo+ oV, s)fi +BLUE,s)fo—V(E,s)f1) Vol
(5.2)

as a fine approximation of the evolution operator, where U (z, s) is the evolution
operator for the whole space problem (Section 3) and V (¢, s) is the one for the
interior problem (Section 4) over Dy t¢. Note that W(s, s) f = f. In what follows,
let us fix 7, € (0, 00) as well as m € (0, 00), and suppose (2.21). By (3.10), (4.4)
and (5.1); together with (2.2), we easily observe

IVIW(t,8)fllg £ Ct — )£l (5.3)

for all (¢,s) € A(ty), j =0,1and f € LI(D) with C = C(ty, m, q,0,D) > 0.

By p1 we denote the pressure associated with V (¢, s) f1 for the interior problem

over Dg,16, and it is singled out subject to the side condition f Dross P1 dx = 0.
0

Then the pair of

u:=W(,s)f, p:=¢p



236 T. HISHIDA

should obey
u=Au+ M) +w()xx) - Vu—w(t)xu—-Vp—K(,s)f,
divu =0,
ulagp =0,

u— 0 as|x| - oo,

u,s) = f,
in D x (s, 00) (the equation is actually understood in L9 (D) for f € Z,(D)) with
K, s)f

=2V -V(Ufo—Vf) —{A¢+ (n+ o xx) Vol(Ufo—Vfi) (5.4)
—(Vo)p1 = BLB:Ufo — 3V f1) - Vol + AB[(Ufo — Vf1) - V] '
+ (4w xx) - VB[(Ufo— Vi) Vol —w xB[(Ufo— Vfi)- Vo],

where we abbreviate Ufy = U(t, s) fo and Vf1 = V(¢,s) f1. Asin [27, (5.3)], it
follows from (2.2), (2.4), (3.10), (3.14), (3.15), (4.2), (4.3), Lemma 4.1 and (5.1);
that

PK(,s)f € C((s,00); LL(D)),

5.5
IPK(t,s)fllg < Ct—s)~ITVD2) 71, 62

for all (¢,s5) € A(ty) and f € LL(D) with some C = C(zy, m, q,0,D) > 0,
where A(t,) is given by (2.19).

The approach adopted by [27] is somewhat similar to the one for construction of
parabolic evolution operators, see [51, Chapter 5], although the first approximation
(5.2) is completely different from general theory. In fact, the idea of [27] is to solve
the integral equation

t
T, s)f =Wt s)f +/ T(t,7)PK(z,s)f dr. (5.6)

To this end, consider the iteration scheme
To(t, ) f =W, ) f,

t
Tj+1(t,s)f=/ T;(t,))PK(r,s)fdr  (j=0,1,2,---). 67
s
One can expect that (5.9) below provides a solution as long as it is convergent.
The argument of [27] is based on the next lemma on iterated convolutions, see [22,
Lemma 4.6], [26, Lemma 3.3] and [27, Lemma 5.2] (the same idea was essentially
employed in [51, Chapter 5, Sections 2 and 3], too). In those literature the operator
families are parametrized by (¢, s) with 0 < s < ¢ < 7 for fixed 7 € (0, 00),
but we need to discuss the ones parametrized by (7, s) € A(ty), see (2.19), and
what is important is that the constant in (5.8) below can be taken uniformly in
(t,s) € A(try). This is easily verified by following the proof in the literature above.
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Lemma 5.1. [22,26,27] Let X1 and X» be two Banach spaces, and fix t,. € (0, 00).
Suppose that there are constants «, B € [0, 1) and k > 0 such that

{Ao(t,5); (t,5) € A(T)} C L(X1, X2),  {Q(,5); (1,5) € A(ty)} C L(X1)
with
Ao, )i, x) Skt —5)"% N0, e, S« — s)F

for all (t,s) € A(ty). For f € Xy and (t,s) € A(ty), define a sequence
{Aj(r.5)f152, C X2 by

t
Aj_H(t,s)f:/ Aj(t,71)Q(,s)fdr  (j=0,1,2,---).

Then
At.s)f =Y Aj(t.5)f inX,
j=0

converges absolutely and uniformly in (t,s) € A(ty) witht — s = & for every
g € (0, ). Moreover, there is a constant C = C (1, k, o, B) > 0 such that

IAG ) fllx, £ D 1A ) fllx, < C =) fllx, (5.8)

j=0

forall (t,s) € A(ty) and f € Xy. If in particular o = O, then the convergence of
the series above is uniform in (t,s) € A(te) = {(¢,5); 0 s <1, 1t —s5s < 7).

With (5.3) and (5.5) at hand, Hansel and Rhandi [27] applied Lemma 5.1 with
1 1
Ap=W, Q=PK, X;=X,=LI(D), a=0, ,B:—(1+—>

to (5.7) and succeeded in construction of the evolution operator

T(t.s)f =) Tjt.9)f. (5.9)

j=0

which solves (5.6). This was quite successful. In order to show that 7 (¢, s) leaves
Y, (D) invariant, they first intended to prove T'(t,s)Z4 0(D) C Z4,0(D), where
Zy0(D) ={f € Z,(D); flap = 0}, see (2.9). Note that Z, o(D) is denoted by Z
in their paper, see [27, p. 17]. To this end, they applied Lemma 5.1 with X; = X, =
Zg0(D) as well as Ag = W and Q = PK, however, PK(t, s) f cannot always
belong to Z, o (D) because PK (¢, s) f does not satisfy the homogeneous Dirichlet
boundary condition at d D no matter how fine f is. Indeed this is unfortunately an
oversight of [27], but their argument can be corrected in the following way.

The idea of correction is to replace Z, o(D) by Z,(D), which does not in-
volve the homogeneous Dirichlet boundary condition, and to employ the following
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weighted estimate of the Fujita-Kato projection. For the weighted estimate, one
needs the restriction g € (3/2, 00), however, this is not an obstacle for later argu-
mant. See [28, Proposition 4.3] for similar consideration in the case ¢ = 2. Note
that the next lemma holds true even for g € W14 (D) (without boundary condition)
with [x|Vg € L9(D) if the second term of the RHS of (5.10) is replaced by ||V g]l,.
Since we will use this lemma only with g = K (¢, s) f, see (5.4), it is given in the
following form:

Lemma 5.2. Let 3/2 < g < oc. Then there is a constant C = C(q, D) > 0 such
that

I1xIVPglly = Cl1xIVglly + lIdiv glly + llgllg) (5.10)
forall g € Wy (D)3 with |x|Vg € L1(D)>3.

Proof. Consider the Neumann problem

Aw=divg inD, 2V lap = 0
—Aw =divg in D, — =—v- =0,
& ov lap &lap
where v stands for the outer unit normal to d D. It then suffices to show
xIV2wly < CUlIx|(div g)llg + lIdiv glly + llgllg), (5.11)

which implies (5.10) since Pg = g + Vw. We fix L € (Rg, o0) and take a cut-off
function ¢ € C3°(Dy) such that ¢ = 1 in Bg,, where Ry is as in (2.1). We choose
a solution w satisfying || p, W dx = 0, so that

lwlg,p, = ClVwllg,p, = ClIVwlly = Cligllg, (5.12)
where the last inequality is due to [44,48]. Then ¢w obeys
—A(pw) = ¢(divg) —=2Ve - Vw — (Ap)w inDr, v-V(pw)lsp, =0,
which leads to

IV2(¢w)llg,p, < Clidiv gllg + Cllwllwrap,), (5.13)

where, this time, v denotes the outer unit normal to d Dy,. On the other hand, (1—¢)w
obeys

—A{(1 —p)w) = (1 — ¢)(div g) +2V¢ - Vw + (Ap)w =: h inR>.
By R = V(—A)~'/2 we denote the Riesz transform, then we know
lxIRAl, g3 < Clilx|hlly g3
from the Muckenhoupt theory for singular integrals as long as .= = % < q < o0;

in fact, for such g, the weight |x|? belongs to the Muckenhoupt class A, (R3), see
Farwig and Sohr [12, Section 2], Stein [49, Chapter V], Torchinsky [52, Chapter
IX] for details. We thus obtain

11X V2(1 = d)wlll, s = IXI(R @ RIAll, g5 < Cllixlhll, rs
= Clllx|(div @)llg + Cllwllwrap,)
for 3/2 < g < 0o. We collect (5.12), (5.13) and (5.14) to conclude (5.11). O

(5.14)
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Since the functions being in our class Z, (D) do not satisfy the Dirichlet bound-
ary condition, we have to replace [27, (5.4)] by (5.16) of the following lemma. The
smoothing rate (¢t — 5) 119 below stems from (4.9) for the interior problem.

Lemma 5.3. Suppose that n and w fulfill (1.2) for some 6 € (0, 1). Let 1 < g < 0o
and § € (0, 1/2q). Given 7, € (0,00) and m € (0, 00), let A(ty) be as in (2.19)
and assume (2.21). Then,

1. There is a constant C = C(t4,m, q,§,0, D) > 0 such that, for every [ €
Zy(D) andt € (s, 00), we have W(t,s) f € Y, (D) subject to

W, $)flly,) < Ct =N fllz,m) (5.15)

forall (t,s) € A(Ty).
2. There is a constant C = C(t4, m, q, 6,0, D) > 0 such that

1K ¢, 9) fllwrapy S C =)~ Fllz, (5.16)
Sorall (t,s) € A(ty) and f € Z,(D). Ifin particular g € (3/2, 00), then there
is a constant C = C(t4,m, q, 8,0, D) > 0 such that

IPK(t.8)fllz,0) < Ct — )" fllz,0) (5.17)
forall (t,s) € A(ty) and f € Z,(D).

Proof. We collect (2.2), (3.10), (3.12), (4.4), (4.9), (4.10) and (5.1) to obtain (5.15)
and (5.16). Since K (¢, s) f € Wol’q(D) with |x|VK (¢, s) f € LY(D), one can use
(5.10) to obtain (5.17). O

Proof of the second assertion of Proposition 2.1. Let 3/2 < g < o0. In view of
(5.7), (5.15) and (5.17) one can apply Lemma 5.1 with

Ao=W, Q=PK, Xi=2Z,D), Xo=Y,(D), a=p=1-$§
to see that T'(¢, s) f € Y, (D) with

1Tt 5) flly,m) < Ct ="M fllz,m) (5.18)

for all (z,s) € A(ty) and f € Z,(D). Note that [27, (5.9)] is now replaced by
(5.18). The proof of the other parts by [27] is correct and there is no need to repeat
it. Here, the assertion has been proved under the condition (1.2) in order to deduce
all the estimates with constants uniformly in (¢, s) € A(t4); in fact, such estimates
are needed for Proposition 2.2. But one can show Proposition 2.1 under the same
condition (1.3) as in [27] subject to the corresponding estimates for0 < s <t < 7,
where 7 € (0, 00) is arbitrarily fixed. O

The following lemma on smoothing effect in the framework of the space Z, (D)
is needed in the proof of Proposition 6.1.

Lemma 5.4. Suppose that n and o fulfill (1.2) for some 6 € (0, 1). Let3/2 < g <
r < oo. Forevery f € Z,(D) andt € (s, 00), we have T(t,s) f € Z,(D).
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Proof. Let 7, € (0,00) and 6 € (0, 1/2¢q). By (2.2), (3.13) and (4.11) together
with (5.1) we find

IW (. 5) fllz,py S Ct — )~ a3 g2 )

for all (z,s) € A(ry) and f € Z,(D) evenif 1 < ¢ < r < o0. By virtue of this
combined with (5.17), we apply Lemma 5.1 with

Ag=W, O0=PK, X|1=2,D), X>=2.(D),

(L] +] 6, B=1-96
O[_2 q r 2 ’ N

to get the conclusion subject to

1T, 5) fliz,oy = Ct =) I fllz,p)

for all (¢,s5) € A(ty) and f € Z,(D) provided @ < 1 as well as g € (3/2, 00).
The condition o < 1 with some § € (0, 1/2q) is always accomplished for every
r € [g, 00) when g 2 2. Otherwise (3/2 < g < 2), one needs a restriction that r is
not too large. In this latter case, T (¢, s) f € Z,(D) forr € (q, 2] is always possible
and then we have only to use the semigroup property to obtain 7'(¢, s) f € Z,(D)
even for r € (2, 00) as follows:

T, ) fliz,py < C(t —5)"C2TMEZ2TNT (1t 4 5)/2,5) fll 2o(Dy
<C@t— S)7(3/q73/r)/271+§+8”f”Zq(D)

forall (z,s) € A(ty) and f € Z,(D), where max{1/4 —3/2r, 0} < § < 1/4 and
5 € (0, 1/2q). The proof is complete. O

The following result justifies the derivative with respect to time variable with
values in W19 (Dg) for general data being in LY (D). This is indeed a key observa-
tion in the present paper and can be regarded as a substitution of [37, Theorem 5.1]
for autonomous case. Here, a bounded domain Dg can be independent of Dg,1¢
in which the solution V (¢, s) f; was found in constructing the parametrix (5.2).

Proposition 5.1. Suppose that n and o fulfill (1.2) for some 6 € (0, 1). Let 1 <
g < ooand R € (Ry+ 1, 00), where Ry is as in (2.1). Given f € LL(D), we set
u)="T(t,s)f. Givent, € (0,00) andm € (0, 00), let A(ty) be as in (2.19) and
assume (2.21). Then,

1. There is a constant C = C(t, m, q, R, 0, D) > 0 such that

u e Cl((s, 00); W L4 (Dg)), (5.19)
18T (1, 5) fllw-1a(py = C(t — )" ITVD2| £, (5.20)

forall (t,s) € A(ty) and [ € L%(D). Furthermore, we have the pressure p(t)
subject to fDR p dx = 0 such that the pair {u, p} satisfies

(Ou, Y)pp + (Vu+u® (n + @ xx) — (@ X X) @u, V{)py

, (5.21)
—(p,divy)p, =0
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forallt € (s,00) and € Wol’q/(DR)3, where 1/q' + 1/q = 1, that
IPOllg.pr = Clu®)lw-1app) + Clu® llwiapg (5.22)
forallt € (s, 00) with a constant C = C(m, q, R, D) > 0 and that
Ip)llg.pp < C(t — )~ TFVO2) £l (5.23)

for all (t,s) € A(ty) with a constant C = C(t«,m, q, R,0, D) > 0, where
both constants above are independent of f € LL(D).

2. If in particular q € (3/2,00) and f € Z,(D), then there is a constant C =
C(ty,m,q, R,0, D) > 0 such that

IL+OT (@, $) fllw-10(pg = Ct — )~ THVD2) £, (5.24)

forall (t,s) € A(Ty).

Proof. From Lemma 3.2, (4.2) and Lemma 4.1 we infer that
W(.s)f € Cl((s, 00 W4(Dp))
with
18, W&, ) fllw-1a(pp) S Ct =)~ FVO2| £,
for all (¢, s) € A(ty) and f € LL (D). Here, notice that
aBI(U (2, 5)f) - Vol =B, U(t,5)f) - V]

holds evenin LY (Dgp), which follows from (2.4) and (3.14). Starting from W (¢, s) f
together with (5.5), we use (5.7) to show by induction that

Tj(-.s) € C'((s, 00); W4 (Dp))
for every j with
8, To(t,s)f =, W(t,s)f,

t
oT(t,s)f = PK(t,s)f +f W(t, T)PK(t,s) f dr,

t
atTjH(r,s)f:/ #T;(t, HPK(z,s)fdr  (j=1,2,---).
S
and that
1Tt 8) fllw-1a(ppy < wjt — )" ITVO2) £, (5.25)

for all (¢, s) € A(ty) and f € LI (D) with

( R.0,D) coc G=1,2-")
/\‘L‘ZI\L‘Tam’Qa » Uy = = < .< ]= g Ly T
SR T'(1—a)j)
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where « = (14 1/q)/2, T'(-) denotes the Gamma function, and positive constants
cp, c1 are independent of j, so that 27021 pj < oo. This can be verified along
the same way as in the proof of Lemma 5.1, see [26, Lemma 3.3], [51, Chapter
5, Section 2]. Hence, for each s = 0, the series Z?O:o 0, T;(t,s)f converges in

w—L4(Dg) uniformly with respectto ¢t € [s + ¢, s + 7] for every ¢ € (0, 7). We
thus conclude (5.19) with

0T, ) f =) Tt 5)f

Jj=0

in W—14(Dg), which yields (5.20). This combined with the second assertion of
Proposition 2.1 implies (5.24) as well. Formally, the result obtained here is observed
by applying Lemma 5.1 with

Ao=&Ti, Q=PK, X\=L%(D), Xo=W 19(Dp),

1 1
“:ﬂ:z@+a>

however, the differentiability of T} (¢, s) f with respect to ¢ is verified simultane-
ously with (5.25); thus, we should take the way explained above.
Suppose f € C(‘)’f’a (D) and setu(t) = T (¢, s)f. By p(t) we denote the associ-

ated pressure which is singled out such that |’ D P dx = 0. Combining the Equation
(1.1) with

Ipllg.px = CIVPOllw-10(Dp)

(see, for instance, [29, Remark 4.1] for its proof with the aid of (2.2)), we find (5.22)
for f € C&OU(D) as well as p € C((s,00); L1(Dg)). Thus, (5.23) follows from
(5.20) together with the second assertion of Proposition 2.2 when f € Cng(D).

We next take general f € L (D), then by approximation we get the function pg €
C((s, 00); L1(Dg)) which together with u(¢r) = T'(¢, s) f enjoys (5.21) as well as
the same estimates (5.22)—(5.23) and f D PR dx = 0. In this way, for every integer

k > 0, we obtain the pressure pgrir over Dgy satisfying f Droy PRAE dx = 0,
however, we see from (5.21) that

(PR4&(t) = pr4j (1), AV Y)pp, s =0

forevery ¥ € C(‘)><’(D1e+]-)3 andk > j = 0.Consequently, pgri(x, 1)—pg(x,t) =
¢k (¢) almost everywhere D g with some ¢k () independent of x € Dpg. Letus define

pR(-xvt)’ xGDR,

, 1) =
P D) {pR+k<x,r>—ck(r>,xeDM\DM1 h=1,2,--),

which is the desired pressure over D satisfying
peC(soonLi D). [ pdx=0
Dg

as well as (5.21)—(5.23) for all f € LL(D). O
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_ Analysis in this section can be also carried out for the evolution operator
T (z,s;t) generated by the initial value problem (2.14) with use of U(z, s;t)
given by (3.9) and the corresponding evolution operator in the bounded domain
Dp,+6- Although the latter one is not explicitly given, we do have it by the Tanabe-
Sobolevskii theory [51, Chapter 5] and it possesses the same properties as described
in Section 4. All the constants in several key estimates can be independent of  and
taken uniformly in (z,s) witht —s <ty aswellas 0 < s < 7 < 1. In view of
the relations (2.13) and (2.15), the corresponding results for the adjoint 7 (z, s)*,
especially (6.3) and (6.10) in the next section, are available.

6. Local Energy Decay of the Evolution Operator

In this section we deduce local energy decay estimates of the evolution operator:
Proposition 6.1 for initial velocity with bounded support and Proposition 6.2 for
general data. The former is a step to get the latter. In Proposition 6.1 we have a bit
less sharp rate of decay than the desired one (f —s)~3/2, but this does not cause any
problem. If we took the same way for general data as in the proof of Proposition 6.1,
we would obtain less decay rate (r — s)~3/29%¢ than the one in Proposition 6.2.
This never implies Theorem 2.1, and thus we should take the following way:

Proposition 6.1. Suppose that n and o fulfill (1.2) for some 0 € (0, 1). Let R €
(Ro + 1, 00), where Ry is as in (2.1). Let € > 0 be arbitrarily small. Then,

1. Let 1 < q < oo. For each m € (0, 00), there is a constant C = C(m, ¢, q,
R, 6, D) > 0 such that

IT (2. 9) fllwrapg < Ct — )24 £lg,
IT(t, $)*gllwrapg < Ct — )¢l
forall (t,s) with

6.1)

t—s>2 aswellas0 < s <t
and f, g € LL(D) with
f(x) =0, g(x)=0 almost everywhere R3\B3R0

whenever (2.21) is satisfied.
2. Let3/2 < q < oo. For each m € (0, 00), there is a constant C = C(m, ¢,
q, R, 0, D) > 0 such that

10: T (2, 8) f llw-1.9(Dp) SC@t— S)_3/2+6||f||q,
85T (2, $)* gllw-1a(ppy < C(t — )/ gll,
forall (t,s) with

6.2)

t—s>2 aswellas0 < s <t
and f, g € LL(D) N WL4(D) with
f(x) =0, g(x) =0 almost everywhere R3\B3R0

whenever (2.21) is satisfied.
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Proof. Given ¢ > 0 arbitrarily small as well as g € (1, 00), let us take pg and go
suchthat 1 < pgp < g < qo <ooand (3/po —3/q0)/2 =3/2 —¢.

Setu(t) = T(t, s) f and suppose t—s > 2. By both assertions in Proposition 2.2
we find

IVT(t,t — Du(t — Dllgo.pp S Cllut — Dllgy < Ct —s — D> £l o

which implies (6.1) for VT (¢, s) f. As for T (¢, s) f itself (without derivative), the
argument is straightforward without using semigroup property.

To show the second assertion for d,u (), we note that f € Z, (D) and, thereby,
ou(t) = —L4(t)u(t) provided g > 3/2, see Proposition 2.1. By Lemma 5.4 we
know that T(t — 1,s)f € Z4,(D) for every qo € (q,00) and t € (s +1,00). It
then follows from (2.20) with (5.24) that

1L (OT 2,1 = Dult — Dlly-1ao(pyy < Clluelt — Dllg,
S Ct =5 = D7 fll .
which proves (6.2) for o; T (¢, s) f .
Set v(s) = T(t,s)*g, then we have v(s) = T(s + 1,s)*v(s + 1) by the
backward semigroup property. We then take the same way as above; to be sure, we

just describe several lines only for (6.2). As mentioned at the end of the previous
section, we have

IL_()T (t,5)*gllw-14(pg < Ct — )~ TH/D 2|, (6.3)

for all (¢,s) € A(zy) and g € Z,(D) with g € (3/2, 00), which corresponds to
(5.24) for T (t, s). Furthermore, similarly to Lemma 5.4, we have

s+ D) =T, s+ 1)'g=T(—s5—1,0;1)g € Zy(D)

for every go € (g, 00), see (2.13). Therefore, we combine (6.3) with (2.20) to
obtain

IL_()T (s + 1.9 (s + Dlly-1a0pgy < Cllves + Dllgy
SCt—s5s— D7 gl

which leads to (6.2) for 9,7 (¢, s)*g. O

Letus proceed to the second stage of the local energy decay properties, in which
we intend to estimate the evolution operator still over the bounded domain Dg near
the boundary for general data being in f € LI (D).

Proposition 6.2. Suppose that n and w fulfill (1.2) for some 0 € (0, 1). Let R €
(Ro + 1, 00), where Ry is asin (2.1). Let 1 < g < oo. For eachm € (0, 00), there
is a constant C = C(m, q, R, 0, D) > 0 such that

IT (2. 8) fllwrapg) + 18T (. 8) fllw-1apgy < Ct — )" g,

B (6.4)
IT () gl wiapgy + 10T (8, ) glw-1a(ppy = Ct — ) |gllg,
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forall (t,s) with
t—s>2 aswellas0 < s <t

and f, g € LL(D) whenever (2.21) is satisfied. Here, the temporal derivatives are
understood as in Proposition 5.1.

Proof. By (2.20), (2.22) and (5.20) it suffices to prove (6.4) for all f, g € Cgf’o (D).
Concerning the temporal derivatives d; T (¢, s) f and 9, T (¢, s)* g, it is also sufficient
to show the assertion for ¢ € (3/2, 00); in fact, once we have that for such g (for
instance, g = 3), (2.20) yields

13T (¢, ) fllw-1a(pgy S CIL+OT(t,5) fllw-13(pg)
SC—)"2ITW +9/2, 93
SC -1,
evenifq € (1,3/2].

As in the previous study [34, Section 4], given f € Cg%, (D) C CF, (R3), we

regard the solution T'(, s) f as the perturbation from a modification of the R3-flow
U(t, s) f as follows:

T, s)f =0=-pUE s)f +BLUE s)f)- Vel +v(),

where v (1) denotes the perturbation, ¢ € C§°(B3g,) is a cut-off function satisfying
¢ = 1on Bog,and B = B4 R is the Bogovskii operator on the domain Ag, =

B3R0\B_RO, see (2.3). From (2.2) and L9-L estimate (3.10) (together with the
Equation (3.1) for 0, U (¢, s) f), it follows that (1 — ¢)U (¢, s)f + B[(U(t,s)f) -
V¢] and its temporal derivative (even in LY(Dg)) possess the desired decay rate
(t — s)~3/24. Our task is thus to estimate

t
v(t) = T(z,s)f'+/ T(t,7)F(r)dt (6.5)
and
t
du(t) = 8,T(t,s)f + F(t) +/ &T(t, T)F(r)dr (6.6)

where f = ¢f — B[f - V] and
Fx,t) ==2V¢ - VU@, s)f —[A¢+ () +w(t) xx) - VeIU(t,5) f
=Bl U, ) f) - Vol + AB[(U(t, ) f) - V@I
+ () + @) x x) - VB[(U(t,s)f) - Vol
— () xBU@,s)f)- Vel
The forcing term F fulfills, (see [34, (4.2)])

(V2 0<ios <,
IF @)l < Con+ DI Flg { IR R 67)
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as well as div F = Ap = 0 (so that PF = F) which follows at once from
the equation that {v, p} obeys, where p is the pressure associated with T'(¢, s) f.
Given g € (1, 00), let us take ¢ > 0 so small that 3/2 — & > 3/2q. Suppose
t —s > 2. By Proposition 6.1 with such ¢ and by (6.7) it is seen that 7' (¢, s)fand
o, T(t, s)f—i— F (1) satisfy the desired decay property.

Let us consider the last terms of (6.5)—(6.6). Concerning the latter one for
the temporal derivative we can apply (6.2) since F € L% (D) N Wh4(D) with
F(x,t) = 0almost everywhere |x| = 3 Ry (note that estimate of V F is not needed).
It follows from Propositions 6.1, 5.1 and 2.2 together with (6.7) that

1T OF (Ollwiapg < Clm+ DIl fllg a(o),
19: T, T F(D)llw-1.4(pgy = Clm + DIl fllq B(D),

with

(X(T) — (t _ T)71/2(1 + t _ .L.)*l‘l’é‘(_”_ _ s)71/2(1 + T — S)73/2q+1/2’
ﬁ(f) — (t _ T)_(1+1/q)/2(1 +t _ r)—l+1/24+8(r _ s)—l/Z(l + T — s)—3/2£]+1/2’

for t € (s, t). Then we see that

(s4+1)/2 1, q <3/2,
/ a(r)dt £ C@t — )73 Llog(t —s), ¢ =3/2,
K (t — s)1—3/2q, q>3/2,

as well as

t
/ a(r)dr < C(r — )73/
(s+1)/2

and that the same estimates as above hold for B(t), too. We have completed the
proof of (6.4),.

It remains to discuss the adjoint T'(¢, s)*. Given g € Cgf’ﬂ (D), we describe the
solution 7T (¢, s)*g in the form

T(t,9)'g=0—-U(t, )" +BUU, 5)*g) - VoI + uls),

where ¢ and B are the same as before, while U (¢, s)* is the evolution operator for
the backward problem (3.6)—(3.7) in the whole space and the first two terms above
possess the decay rate (¢ — $)73/24 Given vector field /S C8°(D)3, we know
from Lemma 5.2 that Py € Z,(D) for every g € (3/2, 00), which implies (2.11)
with f = P for such g. With this at hand, as in [34, (4.17)], we utilize (2.8) and
(2.15) to compute

I (PY, T(r,5)"u(t))p
= (T (7, s) Py, u(z))p
= (T(z, )Py, du(r))p — (L4 ()T (7, 5) Py, u(7)) p
= (T(t, )Py, dcu(r) — L_(7)u(r))p.
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This implies the Duhamel formula in the weak form
t
(You(®))p =, T, )8 p+ / (Y. T(r,$)"G(v))pdr (6.8)
N

for all € Cf)’o(D)3 on account of Pu(s) = u(s). Here, g = ¢pg — B[g - V] and

G(y,s) = =2V -VU(t,5)"'g — [Ap — (n(s) + &(s) x y) - VLU (t,5)"g
+ B3 U(t,5)"8) - Vol + AB[(U (2, 5)"g) - VoI
= ((s) + w(s) x y) - VB[(U(t,5)"g) - V]
+w(s) x BI(Ut, $)*g) - Vo,

both of which are solenoidal. It follows from (6.8) that

t
(W, dsu(s))p = (Y, 0T (t, )8 p — (¥, G(s))p +f (W, 9T (1, 5)*G(v))pdr
(6.9)

for all ¢ € C(‘)’O(D)3. Since we intend to derive estimates over Dg, let us consider
the test functions ¥ € C§° (Dg)? in (6.8)—(6.9). Suppose t — s > 2. We know that
IG(s)lly enjoys exactly the same estimate as in (6.7), see [34, (4.16)]. By use of
this combined with Propositions 6.1, 2.2 and

85T (2, $)* gl w14y < C(t — )" TFVD2 g, (6.10)

for all (¢,5) € A(ty) and g € LL(D), which corresponds to (5.20) for 7T'(¢, s),
we find the desired estimates for |[u(s)|4,p, and ||8su(s)||w_|,q(DR), in which
computations are essentially the same as those for the last terms of (6.5)—(6.6)
although we employ the duality. One can get the desired estimate of [|Vu(s) |4, pg
as well by taking test functions of the form v = div ¥ with W € C$°(Dg)>** and
then by adopting the same argument as above after integration by parts in (6.8).
The proof is complete. O

As a corollary to Proposition 6.2 as well as Proposition 5.1, one can derive
the following asymptotic behavior of the pressures associated with 7'(¢, s) f and
T(t, s)*g (this plays an important role in the next section):

Corollary 6.1. Suppose that n and o fulfill (1.2) for some 0 € (0,1). Let R €
(Ro + 1, 00), where Rq is as in (2.1). Let 1 < g < oo. Given f € LI(D), we
denote by p(t) the pressure associated with T (t, s) f subjectto |, pp P dx = 0, which
is determined by Proposition 5.1. Let ¢ € C{°(BR) satisfy ¢ = 1 in Bry+1, and
B = Ba, the Bogovskii operator on the bounded domain Ar = {Ry < |x| < R},
see (2.3). Then, foreachm € (0, 00), thereis a constantC = C(m,q, R,0, D) > 0
such that

IPOllg.pg + IBLO T, 5)f) - Vlllg g
(t—s) VD2 0 <t —5<2, (6.11)

§C||f||q{(t_s)—3/2q’ t—s>2,



248 T. HISHIDA

forall f € LL(D) whenever (2.21) is satisfied. Here, the temporal derivative is
understood as in Proposition 5.1. The same assertion holds true for T (¢, s)*g with
g € LL(D) and the associated pressure as well.

Proof. Estimate (6.11) near t = s for the pressure was already obtained in (5.23).
By (2.4) we have

IBIOT (¢ 5).0) - Vllg.ag < CUBTE9) ) Vollyry 4,
< CIAT () f lw-1(Dg)-

which together with (5.22) implies that (6.11) follows from (6.4) for large (r — s)
as well as (5.20) for small (r —s). O

Another corollary to Proposition 6.2 is the L°°-estimate.

Corollary 6.2. Suppose that n and o fulfill (1.2) for some 0 € (0, 1). Let R €
(Ro + 1, 00), where Ry is asin (2.1). Let 1 < g < oo. For eachm € (0, 00), there
is a constant C = C(m, q, R, 0, D) > 0 such that

IT(t, ) flloo,pe < C(t =) £l 612
IT(t,5)*glloo,np < C(t — )" gll,,
for all (t, s) with
t—s>2 aswellas0 < s <t

and f, g € LL(D) whenever (2.21) is satisfied.

Proof. L*-estimate follows directly from (6.4) together with the Sobolev embed-
ding when ¢ > 3. If ¢ < 3, then we have

IT(t,5) flloo,pg < Ct — ) VATt +5)/2,9) f 6,

which leads to (6.12) by the first assertion of Proposition 2.2. O

7. Proof of the Main Theorems

In the final section we complete the proof of the main results on decay estimates
of gradient of the evolution operator T (¢, s) and its adjoint 7' (z, s)* as well as L°°-
decay estimates.

Proof of Theorem 2.1. Let 1 < g < oo (¢ > 3/2 for L*-estimates) and fix
R € (Ry + 1, 00), where Ry is as in (2.1). It then suffices to prove
IVT(t.9) fllypovp, = Ct —s)~ ™32 £

(7.1)
Tt 5) flloorie < C =) fllg.
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and
IVT (&, 5)*gll, z3\5, < C(t —5)~ ™20 01

- (7.2)
1Tt ) gllooriv 5z < Ct =) 1glly.

for all (z,s) witht —s > 2aswellasO < s < rand f, g € Cgf’o(D). From
this combined with (6.4), (6.12), Proposition 2.2 and the semigroup property we
conclude Theorem 2.1. Note that (2.24) for t — s < 2 follows from Proposition 2.2
together with an embedding relation and that (2.24) for g > 3/2 yields (2.24) even
for ¢ < 3/2 on account of the semigroup property and (2.20).

Letus take a cut-off function ¢ € C§°(Bg) and the Bogovskii operator B = B4,
as in Corollary 6.1. Given f € Cgfa (D), we denote by p(t) the pressure associated
with the velocity 7'(z, s) f such that | Dpp Pdx = 0. Set

v() = =T, ) f +BUT (. 5)f)-Vel,  pu(t) =1 —¢)p). (7.3)

Since v(t) = T(t, s) f in R3\ Bg, let us consider IVv(@)ll, rs and [[v(1) [l o g3 Y
using

t
v(t) = U(r,s)f+/ U(t, v)Pgs H(t)dr (7.4)

where Pgp3 = I + R ® R is the Fujita-Kato projection in the whole space, f =
(1 —¢)f +BLf - V§] € C§%, (R?) and

H(x,1) =2V¢ - VT(t,s)f +{A¢p+ (n+w xx) - VPIT(t,5) f
— AB[(T(t,5)f) - Vo] — (1 + @ x x) - VB[(T(1,5) f) - V]
+ o xBIT(z,5)f) - V¢l
+BI@: T, 9)f)- Vol = (V§)p.

Among several terms of which H consists, the last two terms are always delicate
in cut-off procedures, but we have Corollary 6.1 and that is why we have made
effort to analyze 0;T (¢, s) in Propositions 6.1 and 6.2, while the other terms are
harmless. Clearly, H = 0 for |x| = R, and it is seen from (6.4), (6.11) and the
second assertion of Proposition 2.2 that

(t—s)y VD2 0 <t —5<2,

(t—s)" 3%, t—s>2 75

IHOl, g = Cm+ DI fllq {

forevery r € (1, q].

Supposet —s > 2. By (3.10) the first term U (¢, ) f of (7.4) satisfies the desired
estimate. Let us consider the second term of (7.4). To this end, we combine (7.5)
with (3.10) to observe

VU, 7) Prs H(T) |4 g3 = Cm + D fllq @(7),
IV, 0) Py H(D) oo ps = Com+ DI fllg B(D),
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with
)=t -1 V20 41— 1)~ C/r=30/2 (¢ — 5y=U+HVD/2(1 4 ¢ _ 5y~ V/a+/2
Bt)=@—1) M +1—1)"C/r=3/D/12¢¢ — o)~ U+VD/2(| 4 ¢ _ 5)=1/a+1/2

for T € (s, 1), where r € (1, g] will be soon chosen appropriately. Then we have

(s+1)/2 1, q <3/2,
/ a(r)dt S C(t — )~ C/r3D12=12 Pog(r —5), g =3/2,
s (t—s)173% ¢ >3)2

By a suitable choice of r € (1, g], that is,
r=q<3/2, r<32=q, r<3/2<gq,

we find
(s+1)/2
/ a(r)dr < C@t—s)"1?
s

for every g € (1, 00). On the other hand, we observe

! _ 32412 <
a (t—=s) . q =3/2,
a(r)dt £ C _

/(S-H)/Z (0 de = {(f —5)73%, q > 3/2,
< (t—9)7"2 q<3,
(t—s)3, q >3,

where r is chosen to be close to 1 in such a way that 1/r > 1/g + 1/3 for the
case ¢ > 3/2, while it is enough to choose r = ¢ for the other case ¢ < 3/2.
Summing up all computations above, we are led to the gradient estimate in (7.1).
L*>-estimate is discussed similarly by use of ,5 (r) above as long as g > 3/2.

Given g € Cgf’g (D), we next consider T'(z, s)*g together with the associated
pressure o (s) such that /DR ody =0, see (2.6). Asin (7.3), we set

u(s) =10 —=)T(t, ) g +BUT(t,5)"g) - Vol,  ou(s) = (1 —P)o(s).
(7.6)

The same argument as above with use of the adjoint U (¢, s)* being the solution
operator to the backward system (3.6)—(3.7) in the whole space implies (7.2). The
proof of Theorem 2.1 is thus complete. O

Let us close the paper with a brief description of the proof of Theorem 2.2.

Proof of Theorem 2.2. Given g € C(C;,Oa (D), as in the last part of the proof of Theo-
rem 2.1, we still consider the strong solution 7'(¢, s)*g and single out the associated
pressure o (s) satisfying the side condition | Dp O dy =0.

Toward (2.25) with » = 3 (the most important case for us), as was discussed in
[37, Section 8] for the autonomous case, the real interpolation is performed at the
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level of (6.4) and (6.11) for the adjoint 7' (¢, s)* [as well as (2.20) and (2.22)] to
find that

(t—s)7?% 0<r—s5<2,

(t— s)_3/2‘7, t—s>2, (7.7)

IV/T (1, )" gllLanpg) < Cligllg,p {

with j = 0, 1 and that

lo ()l arpg) + IBL@sT (£, 8)*8) - V@Il Lar(ag)

(=)~ 0HUD2 0 < p — s <2, (7.8)
<
= Cligllg.p { (t — 5)~3/%, f—5 =2

where 1 < g < 00,1 < p < ooandg € LE” (D). We then proceed to the final step
in this section to obtain (7.2); in which L4-norm is now replaced by L4-”-norm. To
this end, we consider u(s) given by (7.6) and have only to estimate | Vu(s)|| L40(R3)
by making use of L7-?-L"* estimates of VU (¢, s)* and the estimate of the Bogov-
skii operator B = B4, in L9"” (Ag), which follows from (2.2) by interpolation, as
well as (7.7)—(7.8). The argument ends up with continuity and that is why the case
p = 00 is missing in (2.25).

Finally, following Yamazaki [53], we perform the real interpolation for the
sublinear operator: g — ||VT (¢, -)*g|l,1 (for fixed t > 0 and r € (3/2,3]) to
conclude (2.26). The proof is complete. O
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