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Abstract

When a Gevrey smooth perturbation is applied to a quasi-convex integrable
Hamiltonian, it is known that the KAM invariant tori that survive are “sticky”, that
is doubly exponentially stable. We show by examples the optimality of this effective
stability.
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1. Introduction

We are interested in effective stability around invariant quasi-periodic tori of
nearly integrable analytic or Gevrey regular Hamiltonian systems. Under generic
non degeneracy assumptions on the integrable Hamiltonian, KAM theory (after Kol-
mogorv Arnold Moser) guarantees the existence of a large measure set of invariant
quasi-periodic tori for the perturbed systems. The invariant tori given by KAM
theory have Diophantine frequency vectors. To study the diffusion rate of orbits
that start near these invariant tori, an important tool is the Birkhoff Normal Forms
(or BNF) at an invariant torus, which introduces action-angle coordinates in which
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the system in small neighborhoods of an invariant Diophantine torus becomes inte-
grable up to arbitrary high degrees in the Taylor series of the Hamiltonian (see for
example [1] or [15]).

Exploiting the Diophantine property of the frequency vector of the invariant
torus, it is possible to collect estimates in the successive BNFs and establish expo-
nential stability of the torus, in the sense that nearby solutions remain close to the
invariant torus for an interval of time which is exponentially large with respect to
some power of the inverse of the distance r to the torus, a power that depends only
on the Diophantine exponent 7 of the torus in the case of real analytic Hamiltoni-
ans, and that involves additionally the degree of Gevrey smoothness in the case of
Gevrey smooth Hamiltonians [13,14].

Combining BNF estimates with Nekhoroshev theory, Giorgilli and Morbidelli
proved in [12] that for integrable Hamiltonians with a quasi-convex Hessian,
the KAM tori of an analytic perturbation of the Hamiltonian are doubly expo-
nentially stable: the exponential stability time exp (r‘l/ (T‘H)) is promoted to
exp(exp (r~1/(*TD)). Invariant quasi-periodic tori with this strong form of effective
stability are termed sticky.

Stickiness of the invariant tori was later extended in [3] to a residual and preva-
lent set of integrable Hamiltonians and to the Gevrey category. It was proved there
that generically, both in a topological and measure-theoretical sense, an invariant
Lagrangian Diophantine torus of a Hamiltonian system is doubly exponentially
stable. Also, for a residual and prevalent set of integrable Hamiltonians, for any
small perturbation in Gevrey class, there is a set of almost full Lebesgue measure
of KAM tori which are doubly exponentially stable.

Our aim here is to give examples showing that doubly exponential stability
cannot in general be strengthened. Loosely stated, our main result is the following:

Theorem. For arbitrary N 2 3, there exist quasi-convex Hamiltonian systems
in N degrees of freedom that can be perturbed in the Gevrey smooth category so
that most of the invariant tori of the perturbed system are no more than doubly
exponentially stable.

The exact statements will be given in Section 3. The diffusion mechanism we
will use in our constructions is the so called Herman synchronized diffusion, which
first appeared in [10] where the speed in Arnol’d diffusion is estimated for a class
of nearly integrable system. In [10], completely integrable systems with twist are
considered and it is shown that it is possible to construct perturbations of size ¢ in
Gevrey class that have orbits diffusing in action at an exponential rate in inverse
powers of . The diffusion rate is shown to be almost optimal due to the Nekhoroshev
effective stability theory.

Our setting here is quite different, in this that the perturbative parameter is not
an extra parameter € but the action variable itself when viewed as the distance r of
the diffusive orbit from the invariant torus. In this “singular perturbative setting”,
the nature of the construction is in fact expected to be different from [10] since the
diffusion rate is at best doubly exponential in an inverse power of r, compared to
the simple exponential one can achieve in the Arnol’d diffusion problem treated in
[10].
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The new difficulties that arise in the singular perturbative setting, as well as the
novel constructions to overcome them will be commented in the next section where
the heuristics of our construction are described in detail.

2. Description of the Construction

The construction of the diffusive flows is obtained by suspension from a pertur-
bative construction in the discrete setting of symplectic maps on M = (T x R)" ~
T" x R", where T denotes the torus R/Z and n > 2.

We now explain the main ideas in the discrete construction in the case n = 2.
We concentrate on the diffusion rate from the neighborhood of a single invariant
torus. We will be dealing with perturbation of a product of two twist maps of the
annulus T x R, denote them by Fy and Go, Fo(01,71) = (61 + w1 +r1 + Z, r1),
Go(0r,12) := Oy +wr+1y+7Z,rp). Set Ty = Fy x Go: M “D. Observe that Ty
has an invariant torus 7o = T2 x {(0, 0)}, on which the restricted dynamics is the
translation of vector w = (w1, wy).

Let us explain how to perturb 7j into a map 7 that is tangent to Ty at 7
and that has pieces of orbits that diffuse away from a neighborhood of 7j at a
doubly exponentially small speed. More precisely, we obtain a sequence p, — 0,
points z, such that dist(z,, 7o) < p, and times ®,, that are doubly exponentially
large in 1/p,, such that dist(7®" (z,), 7o) and dist(7T ~®(z,), 7o) are both doubly
exponentially large in 1/ p,,. It will appear clearly from our diffusion mechanism that
drifting away from 7( by an amount p,,, or by an amount that is doubly exponentially
large in 1/ p,, both require a doubly exponentially large time.

Herman Synchronized Diffusion

The diffusion mechanism we will use is the Herman synchronized diffusion
that first appeared in [10]. Let us explain in some words what is the synchronized
diffusion. It is based on the following mechanism of coupling of two twist maps of
the annulus (the second one being integrable with linear twist): at exactly one point p
of a well chosen periodic orbit of period g of the first twist map in M| = T x R, the
coupling consists of pushing the orbits in the second annulus upin M, = T x R on
some fixed vertical A by an amount 1 /¢ that sends an invariant curve whose rotation
number is a multiple of 1/g exactly to another one having the same property (due
to the linear twist property).

The dynamics of the g™ iterate of the coupled map on the line {p} x A C
M x M, will thus drift at a linear speed : after g2 iterates the point will have
moved by 1 in the second action coordinate r», and after q3 it will have moved
by ¢. The diffusing orbits obtained this way are bi-asymptotic to infinity: their
ra-coordinates travel from —oo to +o0 at average speed 1/¢2.

For this mechanism to be implemented with a Gevrey regular small coupling of
the two twist maps, it is necessary that the periodic point p be isolated from the rest
of the points on its orbit by a distance ¢ that is greater than the inverse of some power
of Ing, since 1/q is the translation amount required from the coupling that must
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be exclusively localized around p. We call such periodic points “logarithmically”
isolated.

Optimal Rates in Arnol’d Diffusion of [10]

In [10], only one periodic point is sufficient to have estimates on the Arnol’d
diffusion rate in the nearly integrable system. In fact, in [10], a completely inte-
grable twist map of the annulus such as Fj is first perturbed to create a hyperbolic
saddle point with a saddle connection (a pendulum). Near the separatrix of the pen-
dulum, one can find periodic orbits of arbitrary high period ¢ and isolation o that
is determined by the hyperbolicity of the saddle point. More precisely, with an ¢
perturbation of the integrable twist, the periodic orbits near the separatrix will then
have an isolation of order £!/2 and choosing ¢ exponentially large in the inverse of
¢ allows to use the coupling mechanism with a second completely integrable linear
twist to obtain diffusive orbits at exponential rate in the inverse of ¢.

Doubly Exponential Diffusion Rates in the Singular Perturbative Setting

In our singular perturbative setting, the main obstacles when one attempts to
apply the synchronized diffusion mechanism are threefold : (1) the diffusion rate
must be calculated from arbitrary small neighborhoods of the invariant torus 7,
hence many perturbations and many diffusive orbits may enter into play as opposed
to the single orbit of [10]; (2) each perturbation must not affect 7y and must allow for
further perturbations; (3) the Diophantine property on the frequency of 7y imposes,
due to averaging, strong restrictions on the period and the isolation properties of
the periodic points that come near the invariant torus.

The main step to prepare for the coupling construction is to be able to perturb Fy
in order to get an annulus map F on the first factor M| = T x R that is tangent
to Fp at the circle » = 0 (we omit the subscript 1 for r; in this paragraph) and that
has a sequence of periodic points p, at distance r,, from the circle r = 0 and that
are o, isolated from their orbits. Since we will work with perturbations of F{ that
are compactly supported away from r = 0, we cannot expect larger isolation o,
than an exponentially small quantity in the inverse of r,,, and the precise exponent
involved in this exponential is dictated by the Gevrey regularity « only. According
to the above description of how the synchronized diffusion mechanism functions,
the period g, of the point p,, that will also determine the order of the diffusion
rate, should not be taken smaller than an exponential in the inverse of o,,. Hence,
the double exponential in % !

Let us now suppose that a map F is constructed with such a sequence p, € M,
and let us show how to obtain the coupling with the map Go which lives on the
other factor M, = T x R. The main idea is to couple F and G separately at
each periodic orbit with compactly supported Gevrey regular coupling functions.
Indeed, while performing locally the couplings around the product of the orbit of
pn With M, we keep the direct product structure of F' with G in the products of
smaller neighborhoods of the circle T x {0} C M with M>. Thus, the couplings
that yield diffusive orbits involving the successive points p, are done inductively
without affecting each other.
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How to Perturb the First Factor to Get a Sequence of Isolated Periodic Points

We turn now to the perturbative techniques that allow us to obtain F. We put
together two tools. The first one allows us to perturb a periodic circular rotation of
period P/ Q while fine-tuning the rotation number so as to create circle diffeomor-
phisms with a o -isolated periodic point p of arbitrary large period ¢, where o is
exponentially small in Q for large Q but otherwise independent of ¢. In particular,
we can choose g exponentially large in 1/0 ( doubly exponentially large in Q).
The second tool is a trick due to M. Herman that allows us to embed the circle
dynamics thus obtained inside the phase portrait of a perturbation of a linear twist
map of the annulus M. In fact, the periodic map will appear in the neighborhood
of the circle of period P/Q of the linear twist. The coupling mechanism will then
yield orbits that diffuse at speed 1/¢> in M| x M,. Of course, to conclude we have
to require that 1/Q be larger than the distance rgp = |w; — P/Q| from the circle
T x {0} to the periodic orbit of the linear twist near which the isolated periodic
point p is embedded. At that stage, we could assume w; irrational or Diophantine
and then impose that 1/Q be of order ,/rg or larger, depending on the Diophantine
exponent of wy, with the hope to refine the estimates on o and thus on the dif-
fusing time. However, since we want to embed, using Herman’s trick, the isolated
periodic point in M at distance r without affecting the circle T x {0}, we must
accept the exponential smallness of the isolation parameter in M to be dictated in
the first place by the Gevrey regularity of our compactly supported perturbations,
thus absorbing the potential gain stemming from arithmetics. This means that by
our technique we cannot tackle the problem of matching the diffusion rate with
the doubly exponential stability lower bounds obtained in [3,12], that are of the

form exp(exp (r_m )), where a refers to the Gevrey regularity class and  is the
Diophantine exponent of the translation vector.

To emphasize the role that arithmetics should play in optimizing the diffusion
speed we may ask the following question that is similar to the one raised in [6,
Question 24] for elliptic fixed points:

Question 1. ive an example of an analytic or Gevrey smooth Hamiltonian that has
a non-resonant invariant torus with positive definite twist that is not more than
exponentially stable in time.

It follows from [2,3,12], that a super Liouville property must be required on
the frequency vector of the invariant torus.

Questions on the Optimality of the Bounds, on Analytic Perturbations and on the
Genericity of Doubly Exponential Diffusion

An interesting way to address the question of optimizing the bounds, as well as
to aim at analytic constructions, is to look for a single analytic (or Gevrey smooth)
perturbation of Fy that yields a map F thatis tangent to F at 0 to some fixed degree,

and that has a sequence of periodic orbits p, with isolation properties related to the

. . . . ~1/(z'+1) .
arithmetics of w; (for instance, with o,, of order e’ , where 7’ is such that o
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is not 7’-Diophantine). However, even if such a perturbation of Fy is possible, it
would still be a delicate task to perform an analytic coupling with G since a single
analytic intervention to couple the neighborhood of the orbit of any periodic point
pn with the second factor will affect the whole map everywhere and we cannot rely
on the nice direct product structure of F' with G for further perturbations as we
do in the Gevrey category. One should probably resort to the theory of normally
hyperbolic invariant manifolds to say that some kind of product structure remains
valid at the periodic orbits of the points p,.. Even then, however, the linear character
of the twist of the second factor will definitely disappear, which will also bring extra
difficulties.

Let us make a last remark concerning the analytic category. In fact, obtaining
examples of analytic Hamiltonians having a topologically unstable invariant torus
with positive definite twist at the torus is a hard task by itself, let alone the control
of the diffusion time that is the object of our investigation here. Real analytic
Hamiltonians with unstable invariant tori and elliptic fixed points (with arbitrary
frequencies in the case of 4 degrees of freedom) were obtained in [4,5], but these
examples do not have positive definite twist.

Finally, besides the analytic question and the question of optimizing the bounds,
one can ask whether the upper bounds on the diffusion rates that we obtain in our
examples are generic for KAM tori, or for invariant quasi-periodic Diophantine tori
in general.

Plan of the Paper

Section 3 contains the main statements for symplectomorphisms and for flows.
In Section 4, we state the main inductive step of the construction, that yields a
diffusive segment of orbit for a perturbation of Fy x G¢ linked to one isolated
periodic point that will be created on the first factor. In Section 4.2 we explain how
the main inductive step is used to result in a diffusive invariant torus. In Section 4.1
we elaborate on this to get simultaneously a large measure set of invariant tori that
are diffusive.

Sections 5 and 6 contain the proof of the main inductive step. Section 5 is devoted
to the perturbation of Fy in order to get the map F with isolated periodic points.
In Section 5.1, we show how to perturb circular rotations to obtain a periodic orbit
with the required isolation estimate and with arbitrary large period. In Section 5.2
we show how this periodic orbit can be imbedded in a perturbation of Fy. Section 6
introduces the coupling lemma of F with G and shows how to use it to get diffusion
using the isolated periodic point of F'.

In Section 7 we provide the suspension trick that allows to transfer the results
from the discrete case of symplectomorphisms to the continuous time context of
Hamiltonian flows.

In the Appendix we collect and prove some necessary Gevrey estimates for
maps and for flows that are used all along the paper.
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3. Statements

3.1. Notations on Diffusive Dynamics and Gevrey Functions
We use the notation
vV
E(W) = Ec,, () := e forv > 0 3.1)

for some choice of C, y > 0 that we will explicit later. We will say informally that
“E(v) is doubly exponentially large for small v”. Notice that

E(®) > E(Av)* asv — 0, for every A > land u > 0. (3.2)

Definition 3.1. Given a transformation 7" (or a flow) on a metric space (M, d) and
v > 0, we say that:

e A point z of M is v-diffusive if there exist an initial condition Z € M and a
positive integer (or real) ¢ such that d(Z,z) < v, t < E(v) and d(T'Z,7) =
EQ2v).

e A subset X of M is v-diffusive if all points in X are v-diffusive.

e A subset X of M is diffusive if there exists a sequence v, — 0 such that X is
v, -diffusive for each n.

In the latter cases, we also say that T is v-diffusive on X, resp. diffusive on X.

Our goal is to construct examples of diffusive dynamics in the context of
near-integrable Hamiltonian systems and exact-symplectic maps. The requirement
d(T'zZ,7) 2 E(2v) might seem exaggerated at first look, but, as mentioned earlier,
there will be no essential difference in the order of magnitude of the time needed
to diffuse by an amount v or by an amount as large as E(2v).

We will also use a variant of the above definition: we say that a point or a set is
v- diffusive-x or diffusive-x if the corresponding property holds with the function £
replaced by

E*(v) := E(v/| In v|) = exp (v”c”_y) forv € (0, 1). (3.3)

Notice that,as v — 0, E(v) < E*(v) < eeC/v " for any y' > y and C' > 0.

We will deal with Gevrey smooth functions and maps in several real variables.
Periodicity may be required with respect to some of these variables, in which case
we will consider that each of the corresponding variables is an angle, which lives
in

T := R/Z.

Recall that, given a real @ = 1, Gevrey-« regularity is defined by the requirement
that the partial derivatives exist at all (multi)orders £ and are bounded by C M¢!|¢|1%
for some C and M; when o = 1 this simply means analyticity, but we shall take
o > 1 throughout the article. Upon fixing a real L > 0 which essentially stands for
the inverse of the previous M, one can define a Banach algebra G% L (K) c C*®(K)



1184 B. Fayap & D. SauziN

when K is a Cartesian product of closed Euclidean balls and tori; the elements of
G%L(K) are the “uniformly Gevrey-(«, L)” functions on K. In the non-compact
case of a Cartesian product RN x K with K as above, we define

GL(RN x K) c G*HRN x K) c C®*RY x K),

where the smaller space is a Banach algebra, with norm || .||, ;. consisting of
uniformly Gevrey-(c, L) functions on RY x K, while G%L(RY x K) is a complete
metric space, with translation-invariant distance d,, 1 , obtained by covering RY by
an increasing sequence of closed balls and considering the Fréchet space structure
accordingly; details are given in Appendix A.1.

3.2. Hamiltonian Flows

Letn = 2. We work in T x R", with coordinates (01, ..., 0, 1, ..., y),0rin
T+ x R**! with coordinates ©@1,...,0,,t,r1,...,r,5). We use the standard
symplectic structures 3}, d6; Adrjor 37, df; Adrj +dt Ads, so thatitis
equivalent to consider a non-autonomous Hamiltonian 4 (6, r, ) on T" x R" which
depends 1-periodically on the time ¢ or a Hamiltonian of the form H (0, 7, r, s) =
s 4+ h(®,r, ) on T"! x R"*!. Given an arbitrary w € R”, we will be interested
in non-autonomous 1-periodic perturbations of

ho(r) = (@, 7) + 5(r, 1) (3.4)
or, equivalently, in certain autonomous perturbations of the integrable Hamiltonian
Hy(r, s) :=s + ho(r), (3.5)

for which we denote by 7, ) the invariant torus T+ x {(r, s)} associated with
any r € R" and s € R (it carries the quasi-periodic motion 6 = w +r, © = 1).

Theorem 3.1. Leta > 1 and L > 0 be real. For any ¢ > 0 there is h € G%L(T" x
R"™ x T) such that

(1) do,.(ho, h) <&,
(2) the Hamiltonian vector field generated by H := s + h(60, r, T) is complete and,
for every s € R, the torus To5y C T x R"™ is invariant and diffusive

for H. Here the exponent implied in (3.1) is y = L

a—1"

Note that if @ is Diophantine then, for any & satisfying (1) of Theorem 3.1,
we know from [3,12] that 7o ) is doubly exponentially stable (because Hp is
quasi-convex). More precisely, it holds that for any initial condition that is at dis-
tance p from 7(g s, the orbit will stay within distance 2p from 7(q 5, during time

exp(exp (r~ T )), where 7 is the Diophantine exponent. Theorem 3.1 shows that
we cannot expect in general a stability better than doubly exponential. Observe that
we do not recover however the factor 1/(1+ 7) in the exponent governing our lower
bound on the diffusion time.

Note also that we know from [12] and [3] that, for H suchthatdy 1 (Ho, H) < ¢,
we have a set of invariant tori that are doubly exponentially stable and fill a set whose
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complement has measure going to 0 as ¢ — 0 (for r in the unit ball for example).
Our next result gives an example where most of these tori are no more than doubly
exponentially stable.

Theorem 3.2. Let « > 1 and L > 0 be real. For any ¢ > 0, there exist h €
GeL(T" x R" x T) and a closed set X, C [0, 1] with Leb(X,) = 1 — &, such that

(1) da,.(ho, h) <&,
(2) the Hamiltonian vector field generated by H := s + h(60, r, T) is complete and,
foreachr € (Xe +7) x R""V and s € R, the torus T 5y C T x R+ s

invariant and diffusive-x for H. Here the exponent implied in (3.3)is y = ﬁ

Both theorems will be proved in Section 7 by suspension of analogous results
which deal with exact-symplectic map and which we state in the next section. In
fact, the union T"t! x (X, + Z) x R” of all the tori mentioned in Theorem 3.2
will be shown to be itself diffusive-* with exponent y = a]Tl

As mentioned in Section 2, the unstable orbits which we will construct to prove
our diffusiveness statements are in fact bi-asymptotic to infinity: we will see that

their rp-coordinates travel from —oo to +00.

3.3. Exact-Symplectic Maps

Let w = (w1, @) € R% Recall that T = R/Z. We set M| := T x R and
M, :=T x R and define Fp: M| O and Go: M> O by

Fo61,r1) =01 +o1+r1+2Z,r1), GoO2,12) =62 +wr+12+7Z,12),
(3.6)

and we set
To = Fo x Go: M1 x My © . 3.7

Using the identification M| x M =~ T2 x R2, we call 7y the torus T2 x {(0, 0)}.
This torus is invariant by Ty and the restricted dynamics on it is the translation of
vector . More generally we set

,T(Vl,rz) = sz{(rl»VZ)} forany (r19r2)€R2.

We say that a function is flat at a point or on a subset, if it vanishes together
with all its partial derivatives of all orders there. Our first result for the discrete
case is that one can find a Gevrey perturbation of the integrable twist map Tj that
is flat at the torus 7 (which thus stays invariant) and for which this invariant torus
is diffusive.

From now on, when a function H on a symplectic manifold generates acomplete
Hamiltonian vector field, we denote by ®*' the time-1 map of the flow (note that
t — ®'H is then the continuous time flow generated by H). Thus, endowing
M x My ~ T? x R? with the symplectic form df; Adry +d6r Adrp, we can write

Ty = q>w1r1+w2r2+%(r]2+r22). (38)
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Theorem 3.3. Let « > 1 and L > 0 be real. For any ¢ > 0 there exist u €
G*L (M) and v € G*L(M; x M>) such that

(1) u and v are flat for ri = 0,

@) Nullg,r + Ivlla,L <&

(3) 7 is invariant and diffusive for T := ®V o ®" o Ty, with exponent y = olel
in (3.1).

Here, when we write ®* with a function u: M; — R, we view u as defined on
M| x M, (and independent of the variables 6, and r;) and thus mean ®*: M| x
My .

Our next result is a strengthening of Theorem 3.3, in which we find a perturba-
tion that keeps invariant most of the tori of 7 while insuring that they do become
diffusive.

We will see that, since the construction of u and v is completely local, one can
insure that in addition they are 1-periodic in r;. If now X C [0, 1] is a closed set
and if u and v are flat for 7| € X, then all the tori of the form 7, ,,), 71 € X + Z,
that are invariant by T, are also invariant by T = &V o ®* o Tjy and carry the same
translation dynamics of vector w + (r1, r2). If moreover u and v are such that there
are diffusive orbits for 7 on sufficiently dense scales in the neighborhood of the
tori 7y ), 11 € X + Z, then all these tori will be diffusive. This is the content
of the next result, in which we also control the measure of the complement of the
invariant tori (in bounded regions).

Theorem 3.4. Let « > 1 and L > 0 be real. For any ¢ > 0 there exist u €
G*L(My) and v € G%L (M| x M>) that are 1-periodic in ry, and a closed set
X. C [0, 1] with Leb(X.) = 1 — ¢, so that

(1) u and v are flat forry € X, + Z.

@ il + 10lar, < .

(3) for each (r1,r) € (Xs +Z) X R, the torus Tﬁrhrz) is invariant and diffusive-
for T := @V o & o Tjy, with exponent y = in (3.3).

a—1

In fact, in (3), the union T x (X, + Z) x M- of all these tori will be shown to
i

be itself diffusive-* for T with exponent y = _— .

Remark 3.1. As immediate corollaries, we get multidimensional versions of The-
orems 3.3 and 3.4, in T" x R" with any n = 3, simply by taking direct product of
the previous discrete systems with factors of the form &' +317 ,i = 3:identifying
T" x R" with My x - -- x My, where M; := T x R for each i, and setting

Ty := ®": T" x R" ©

[with the same h¢ as in (3.4)—this is thus a generalization of (3.8)], the statements
of Theorems 3.3 and 3.4 hold verbatim with this new interpretation of 7y except
that, in condition (3) of Theorem 3.4, 7, ,,) is to be replaced with T" x {r} for
arbitrary r € (X, +7Z) x R" and the functions u and v are to be viewed as functions
on T x R".
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Remark 3.2. To prove the above discrete-time diffusiveness statements, we will
exhibit orbits (T%%)rez which satisfy the first requirement of Definition 3.1,
d(T'z,7) = E(2v) with a certain positive integer ¢+ < E(v), for smaller and
smaller positive values of v. We will see that, in fact, they even satisfy d(T7'Z, z7) >
|j1Ec,y(2v) forall j € Z and are thus bi-asymptotic to infinity, and more precisely
their r-coordinates grow linearly by an exact amount 1/g after g iterates, where
g = t'73 is integer.

4. The Main Building Brick: Localized Diffusive Orbits

We now fix real numbers & > 1 and L > 0 once for all. We also fix » € R?
and work with Ty = pOn+oat i+ . My x M, © as in Section 3.3.

To prove Theorems 3.3 and 3.4, and then the continuous time versions of these,
we will use the following building brick, where we use the notation

V@, v) =TxF—v,r+v)CT xR foranyr e Randv > 0.

Proposition 4.1. Let y = alTl and b = JT There exists ¢ = c(a, L) such that,

for any v > 0 small enough and 7 € R, there exist u € G*L(M,) and v €
GYL (M| x M>) such that

(Du=0onVF,v)°andv=00onV(r,v)" x My,

@) Nullgr + vl S e,

(3) the set V(r, v) x M> is invariant and (31), T, Ib)—diﬁusivefor T .= ®Yod"oTy,
where T := E3¢y , (V).

In Condition (3) of the statement, we have used a refinement of Definition 3.1:
we say that a subset X of M is (, 7, A)-diffusive for T if, for every point z of X,
there exist Z € M and ¢ integer such that d(Z,z) < 9,r S tand d(T'Z,z) = A.

The proof of Proposition 4.1 is in Sections 5 and 6 . (The reader will see that
our choice of b = 41'1 is quite arbitrary; any positive number less than % would do.)

4.1. Proof that Proposition 4.1 Implies Theorem 3.3

We are given ¢ > 0 and, without loss of generality, we can assume that ¢ is small
enough so that we can apply Proposition 4.1 for every n = 1 with the following
values of v and 7:

v = () 7107, FO = 2v,,.

We thus obtain u,, € G%L (M), supported in V(F"™, v,), and v, € G*L(M; x
M>), supported in V(FE™, v,) x Mo, which also satisfy Conditions (2) and (3) of
Proposition 4.1. Observe that for any two different values of n the supports are
disjoint (because 7™ — v, > F®tD 1y ).

Since

e >x and e <x~ ! forallx >0, 4.1)
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we have
e = (e ) < ey )T = e, (42)

hence the formulas u := Y oo u, and v := Y 2, v, define functions u €

G*L(My) and v € G%L (M| x My) with lullgr + llgr = Ze_c"n_y < &.
Moreover, since the u,’s, v,’s and all their partial derivatives vanish for r; = 0,
the same is true for # and v. The functions u and v thus satisfy properties (1)—(2)
of Theorem 3.3.

We claim that 7 = @Y o ®* o Tj also satisfies property (3) of Theorem 3.3.
Indeed, the disjointness of the supports implies that 7' coincides with @V o %7 o T}
on V(™ v,) x M. Now, foreachz € Toandn > 1, wecanpickz € VF™, v,) x
M> such that d(z,z) < 2v,, and then, by (3) of Proposition 4.1, we can find
2 e VFE™, v) x Myandt < 1, = E3¢y.y (vy) such that d(z,z) < 3v, and
d(T'2,7) = 2. We get d(2,2) < Sv, and 7, = Ec,,(5v,) if we use C :=
3cy - 57 in the definition (3.1) of the doubly exponentially large function Ec .
Then, d(T'2,2) > t2 — 2v, > 372 > Ec,(10v,) by (3.2), hence T is 5v,-
diffusive on 7y for every n large enough.

4.2. Proof that Proposition 4.1 Implies Theorem 3.4

We are given ¢ > 0 and, without loss of generality, we can assume ¢ < 1. Let
y = alTl and let ¢ be as in Proposition 4.1.

Here is a definition that we will use from now on: we say that a subset ¥ of
a metric space X is v-dense if, for every z € X, there exists z € Y such that
d(z,7) Sv.
(a) We first define a fast increasing sequence of integers by

Ny := [ xJexp(4x/e), N;:= N;_i
[ exp (exp (C(Ni—1 In N;_1)")) fori =2, 4.3)
where « := max{1, (cy)~!/7} and C := max{6cy, 1/y}. We also set
1 Dj 1

Vi = —, v 1= — = ,
TN "I N InN;

T = E3cyy ().

According to Lemma B.1 in the appendix, one has
2u;N; = ﬁ <272t/ < 1. (4.4)

(b) We now construct a sequence (Y;) i>1 of mutually disjoint subsets of R/Z such
that, for each i > 1,

(i) Y; is a disjoint union of at most N; open arcs y @,
(ii) each of these open arcs can be written Y /) = (@) —y; r@J) 41;) mod Z,
with r@&7) e [0, 1),
(iii) Y; is D;-densein (R/Z) — || Y,
1Si/<Si—1
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(iv) (R/Z)— || Yy isadisjointunion of N; closed arcs of equal length.
1<SiSi
To do this, we start with (/) = % for j = 1,..., N1 and define the
arcs Y49 and the set ¥; by (i)—(ii) (the disjointness requirement results from
2viN; < 1). We then go on by induction and suppose that, for a given i = 1,
(i)—(iv) hold for i’ =1, ..., i. As a consequence of (i)—(ii) and (4.4), we have

Leb(Y;) < 2vp Ny <2 Ve /i <277 fori' =1,...,i. 4.5)

We observe that M; 1 := N]{/JT‘ is an integer = 3. Inside each closed arc mentioned
in (iv), we can place M; 1 disjoint open arcs of length 2v;;; so that the
complement is made of M; 1 closed intervals of equal length. Indeed, on the one
hand 2v;41 (M1 — 1) < 2vi41Niy1/N; < 2_[_1/Ni, on the other hand, the

common length of the closed arcs of (iv) is

i
;= Nl(l - ZLeb(Y,-/)) > 271N,

i'=1

by (4.5). Labelling all the new open arcs as ¥ *1:7) where j runs through a set
of Nj(M;4+1 — 1) < N+ indices, and calling Y; their union, we get the desired
properties (note that Y; 1 is #j’rl—dense in each closed arc mentioned in (iv), and

Wi | S
Mg = NiMign Vig1)-

(¢) Now, for each i and j, we apply Proposition 4.1 with 7 = r /) just constructed
and v = v; (assuming & small enough so that the v;’s are small enough to allow
us to do so0). We obtain Gevrey functions «"*/) and v/ supported in V(r@7), v;)
and V(@D v;) x My, with

. . -y
PNl + 1 g S &, where & := eV < ke,
(incorporating (4.2)), so that V(r"/), v;) x M, is invariant and (3v;, 7, 77)-

. . (i.J) (%)) i, J i, j
diffusive for """ o @ o T We set ubel 01, 11) 1= Y4 ep w61, 1 + k)
and v}(fe’r’)(Ql, 11, 02,12) =Y 4oy V(01,71 + k, 02,72) so as to get functions
which are 1-periodic in r1 and have the same Gevrey norms.
Consider the finite sums u; = Zj ugér/) and v; = Zj v[(,lgr/) foreachi = 1:
the disjointness of the supports implies that

T, == ®Y 0o ®* 0 T is (31),-, T, rib)—diffusive onT x ¥; x M, (4.6)
where Y; is the lift of ¥; in R. Finally, let u := ), u; and v := ) ; v;. These are

well-defined Gevrey functions which are 1-periodic in r| because

il + Wil p S Nigi < Noevy = == <27 e foreachi 21 (47)
1

(by (4.4)), hence the series over i are convergent in Gevrey norm, with [lu|l, ; +
[vlla,.L <e.
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(d) We claim that T := ®V o ®" o Ty satisfies Theorem 3.4 with

X, = (R -] Yl-) n(,1).

i>1

To prove this claim, firstly we note that Leb ([0, 1] — X.) = >, Leb(¥;) < ¢
by (4.5), and X, is closed because 171 contains 0 and 1.

Secondly the functions u and v vanish with all their partial derivatives for
r1 € X, because the functions u[(,'ér] ) and vl(,'e’rj ) and all their partial derivatives do.

Lastly, by virtue of the previous point, for each (r1,m) € (X + Z) x R the
torus 7, r,) is invariant for T, thus it only remains for us to show that the union
T x (X¢ +Z) x M, of these tori is diffusive-*x with exponent y = a]Tl In view of
the definition of X, it is sufficient to show that, for i large enough,

Zl' = M] X M2
— I_l T x Yy x M» is 2;-diffusive-* for T with exponent y.  (4.8)
1<ir<ie1

We will prove this with the constant C := 3V+1cy in the definitions (3.1) and (3.3)
of the functions E = Ec, and E *=F é ,» as a consequence of the fact that, for i
large enough,

Z; is (20, 7, $t)) — diffusive for T. (4.9)
Indeed. 7; = Escyy(v) = EGvi) = E(i%) < E(mitges) = E*@D)
by (3.2), and b > E(Hngjﬁ) = E*(4¥;) still by (3.2), hence (4.9)
implies (4.8). B
(e) To prove (4.9), let z € Z;. We set W; := T x Y; x M;. By property (iii)
of the construction of Y;, we can find Z € W; such that d(Z,z) < 7;, and (4.6)
then yields Z € W; and t < 7; such that d(2,Z) < 3v; and d(T/2,2) 2 rib. We
have |In7;| = In N; > 3 by virtue of (4.4), hence 3v; < ¥; and d(Z,z) < 27;.
Since uy, ..., u;j—1, v, ..., vj—1 and all their partial derivatives vanish on W;, the
restriction of 7 to W; coincides with that of

T, = ®Vitsi o @“iti o Ty, where f; = Z”i" gi = Zvi/. (4.10)

i'>i i'>i

Comparing the definition 7; in (4.6) and that of T; in (4.10), we observe that the
first  points on the 7;-orbit of Z are close to the first # points on its 7'-orbit (which
is the same as its 7;-orbit). More precisely, (4.7) yields

letilla + 1 fillaz + illaz + lgila,r S Nivkir <277,
i'Zi

hence we can use Corollary A.3 from the appendix for i large enough, obtaining

d(T! ), T/ 2) £35Cr1(Il fillar + 18illa.z)
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from (A.11), where C; = C;(«, L), but

I fillo,r + llgiller S Y Ny S2Niji&ip <2370
i'2i+1

by the first part of (4.7) and (B.2)~(B.3), whence d(7}'2, T/%) < 2C < 317 —
d(z,z)and thus d(T'Z, 2) = d(f”fﬁ, 7) 2 %tib for i large enough, and we conclude
that z is (2V;, 7, %rih )-diffusive for T'. The proof of (4.9) is thus complete.

5. Isolated Periodic Points for Twist Maps of the Annulus

Definition 5.1. Given a real o > 0 and a discrete dynamical system in a metric
space, we say that a periodic point is o-isolated if it lies at a distance = o of the
rest of its orbit.

The goal of this section is to prove the following statement, which will be

instrumental in the proof of Proposition 4.1, where a perturbation of Fj is obtained
that has an isolated periodic point in M.
Proposition 5.1. Let y := a—ll There exists ¢ = c(a, L) with the following
property: if we are given real numbers v and o with v > 0 small enough and
0 < o £ exp(—2cv™7Y), then, for any integer £ = 6/v and for any r € R, there
exists u € G*L(My) such that

(Hu=00onV(r,v),

@) llullyr < 5exp(—cv™?),

(3) F := ®" o Fy: My O has a o-isolated periodic point z1 € V(r,3v/4) of
period q € [£,3¢/v],

(4) the set {F*(z1) | s € N, 2/v <5 £ 6/v}is 2v-dense in V(7, v).

The interest of the statement is that, although o is required to be exponentially
small, it can be kept independent of ¢, even if we choose ¢, and thus g, doubly
exponentially large.

The proof will start with the construction of a circle map with an isolated
periodic point.

5.1. Circle Diffeomorphisms with Isolated Periodic Points

We start by constructing a circle diffeomorphism with an isolated periodic point.
For any O € N* we denote by A a function in C°°(T) satisfying

Ag is é—periodic, 0<Ap <1, Ag(0)=0, AQzlon[i,%]. (5.1

Since o > 1, every space G%L (T) contains such a function, and one can choose
it so that

[Aglla,r = L™ exp(€ O, (5.2)
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with ¢ = ¢(a, L") independent of Q according to Lemma A.5 in the appendix (take
for example Ag(6) := 7 mo (35 +6) and & := L'~ + % +2%ci(a, L)
with the notation of Lemma A.5, using the inequalities L'~ < el “and 1 < Q <
1
L QV
er= ).

Proposition 5.2. Let Q € N* and P € 7 be coprime and let o € (0, m)
Qo

Then, for every £ € N¥, there exist an integer q = q¢(Q, P) and a real § =
S¢(o, Q, P) such that

o£§q§ZQand0<8§é,

e the point i + Z is periodic of period q and o -isolated for the circle map

P
0eTr fos5(0) :=9+5+3+0AQ(9) mod Z. (5.3)

If. moreover, £ 2 2Q, then the set {fg,a(i +7Z)|seN, Q<s<20—1}is
1 .
C-dense inT.
Proof. (a) We define ¢ = q,(Q, P) by writing
P+ 1
tl_r with ¢ € N*and p € Z coprime.

40 q

Since 1 is the only common divisor of £ and £P + 1, we must have

(P+1=pD, Q=q'D, q=1tq (54

with D e N*and p Ag’ = 1,hence £ < g < 0.
The condition 0 < o < max(—Ag) ensures that 1 4 aA’Q stays positive hence,

for every § € R, the formula
P
Fos(x) :=x+ o +8+0A0(x)

defines an increasing diffeomorphism of R such that Fy s(x + 1) = Fys(x) + 1.
Formula (5.3) then defines a diffeomorphism f s of T, a lift of which is F, 5. We
will tune § so as to get the rotation number of f; 5 equal to p/q.

(b) To study the dynamics of Fy s and particularly the orbit of xp := i, we perform

the change of variable X = Qx and set X¢ := % and

Gos(X) 1= QF,5(X/Q) =X+ P +80 +00Ao(X/Q),
Gos(X) =X +80+00Ao(X/Q).

Note that also G o.s 1s an increasing diffeomorphism of R for each § € R. For every
¢ € N* we have

Gl o(Xo) < Xo+1=G | (X0) £ G’ | (Xo)
1Y ' L0
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(the left inequality holds because Xo < 1 and 1 is a fixed point of GU 0; the right
inequality holds because 0 QA o (x) = 0 for all x). Therefore, since § Gt 0.s(X0)
is continuous and increasing, we can define § := §y(o, Q, P) as the unique solutlon
of the equation

Gl 5(Xo) = Xo+ 1,

and we know that 0 < §¢(o, Q, P) < i

(¢) We now fix § to be this value é; (o, Q, P) and check that it satifies the desired
properties. First, notice that

400 < 1 (5.5)

(because Ap(3/4Q) = 1 and Ap(1) = 0, hence the mean value theorem implies
max(—A/Q) 2 4Q). Let us denote the full orbits of Xy = % under G4 5 and (N?U,g
by

Xj =Gl (Xo). X;j:=GlXo). jeL
Wehaveon)?0<)~(1 <~-<)~(g,1 <)~(g=X0+1.Infact,
X0+0Q<)~(1<~-~<)~(g_1<X0+1—UQ. 5.6)

Indeed, Ap(Xo/Q) = lhence X; = Xo+0 Q+80Q,andeither X, = Xo+1—1,
in which case Xg + 1 = Ggy,g(f(g_l) = X1 + 60 +80 > Xi_14+00, or
Xy <x0+1—l < Xo+1—0Qby((5.5).

Since Ag is 5 perlodlc we have GU s(X+1) = GUB(X) + 1 and the pat-
tern (5.6) repeats 1 periodically: for every m € Z, X, = Xo + m and

X0+m+aQ<)~(gm+s<X0+m+l—oQ fors=1,...,¢—1.

Since Ag is 5 perlodlc we have G’ os(X) = G/ 2.5(X) + jP forevery j € Z,
hence X ; = X + j P and, for every m € Z,

Xim=Xo+m(AP+1)=Xo+mpD 5.7
Xo+Mus+0Q0 < Xpmys <Xo+Mys+1—0Q fors=1,...,0—1,
(5.8)

with M, s ;= m({P + 1) 4+ sP.
(d) Going back to the variable x = X/Q, we see that the orbit (x;) ez of xo
under Fy s satisfies

m M, s My.s+1
xemzxo—i-q—l,] and xo+%+a<x5m+x<xo+L—o

Q
(5.9)
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form € Zand1 < s < £ (thanksto (5.4)and (5.7)—(5.8)). In particular, Xg = xo+p,
hence it induces a g-periodic orbit of type p/q for f, 5. The o-isolation property
amounts to

dist(xj,xo +2Z) 2o forl < j<q=1q.

This holds because either j = £m with 1 < m < ¢’ and the first part of (5.9) entails
Xem — X0 € Q —Z with dist(x¢,, — xo, Z) 2 % > é > 40 by (5.5),0r j = m+s

with1 < s < £and the second part of (5.9) yields xj —xo € (Mg’x +o, Mst-H —0),
but (Mg’s , M’"é“) N Z = ¥, hence dist(x; — xp, Z) > o.

(e) We now suppose £ = 2Q and prove the é-density statement.

If P =0, then Q = 1 (because of the assumption P A Q = 1) and there is
nothing to prove. We thus suppose P # 0. Using the second part of (5.9) with
1Ss<20—1<¢andm =0, since My s = s P, we get

sP sP

1
X0+ —<x<x0+—+—= fors=0,...,20 — 1. (5.10)
0 ’ o 0

Since P A Q = 1, the Q arcs [xo + %, xo0+ % + é) mod Z are mutually disjoint
and cover T; each of them has length é and, according to (5.10), contains a point
of fxs +Z|s=0,....20 -1} ={f;s(x0+2) | s = Q,...,20 — 1}. This
set is thus é-dense inT. O

5.2. Herman Imbedding Trick of Circle Diffeomorphisms into Twist Maps

We will have to imbed the circle dynamics of Proposition 5.2 into the annulus
via a perturbation of the twist map Fp. For this we will use the celebrated technique
introduced by Herman in [8] to imbed circle dynamics as restricted dynamics on
an invariant graph by a twist map.

Recall that trivial examples of symplectic maps of the annulus are given by

"0, 1) = (O +H () +2Z,r), OO, r)=(0,r —w'®), (5.11)

where the function 7 = h(r) does not depend on the angle 8 € T, and the function
w = w(#) does not depend on the action r. In particular,

h(r) = o1r + %rz = o' = Fy. (5.12)
Proposition 5.3. Suppose that we are given a circle diffeomorphism of the form
0eTr— f(O) :6‘+h/(f+8(9)) mod Z,
where h = h(r) and & = ¢(0) are smooth functions and r € R. Then the equation
—w' =g—¢go f1, (5.13)

determines a smooth function w = w(0) up to an additive constant, and the annulus
map

DY o d": (0, r) > (0 +1 () +Z,r —w' @ +h (1)) (5.14)
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leaves invariant the graph {(9, F+ 8(9)) | 6 € T}, with induced dynamics 6 +—
f(@) onit

Proof. Let us check that the right-hand side of (5.13) has zero mean value:
eof)y= / e(f7'(0))dé = f £(0)f'(9)do and
T T
d N
£l =1+ E[h/(r +e0))].

hence (¢)— (g0 f~1) = —fTe(e)g—e[h/(He(@))] do = [ ' (O)W (F+e(F)) db =
0, since this is the mean value of the derivative of the periodic function & (f + 8(9)).
Consequently, any primitive of & — & o £~ ! induces a smooth function on T.

Now, consider an arbitrary point (6, r) = (9, F+ 8(9)) on the graph mentioned
in the statement. Its image by ®* o ®" is (01, 7)) == (0 + h'(r) + Z,r — w'(6))).
We have

O =0+n(F+e®)+Z=f®

andri =7 4+e@®) —w'@) =F+¢co f71O) —w () =F+e6). O

Let us have a look at the solutions of (5.13) in the case of Gevrey data, with &
asin (5.12), thatis 7' (r) = wy +r.
Lemma 5.4. Let L' > L. Suppose

fO)=0+w+7+¢e0) modZ forall® €T, and & =8+ &y,

where 7,8 € Rand &, € G“*L/(T) satisfies ||exlly.p < & with & = &i(a, L, L")
as in Lemma A.4. Then f is a circle diffeomorphism and Equation (5.13) has a
solution w such that

lwlle,z = (1 +2L%) [lexllg, 1 (5.15)

Proof. We canwrite f = (Id +w)o(Id +&,) with® := w; +7+3. By Lemma A 4,
we obtain that Id 4-¢, is a diffeomorphism of R, which (because of periodicity) can
be viewed as the lift of a circle diffeomorphism. Hence f is a circle diffeomorphism
and the right-hand side of (5.13) is

gi=e—cof =g, —g0f =6, —es0d+e) o (1d—w).

Lemma A.4 yields |le,o(1d +S*)_l||a)L < le«l g, 77> which easily implies || g ||, 1 <

2l ellg, -
Now, we already know that g has zero mean value, and a solution to (5.13) can
be defined by the formula

0
w(9+Z)E—[ g(@n)ddy ford e (1, 1],
0

One has |w||corry = %”g'lco('[) and, for each k = 0,
L (k+Da L k+Da
- ”w(k—H) “CO(T) -
(k4 1)l (k + 1)l

whence ||w(ly , = (% + LY)|glly. .- and the conclusion follows. O

® L
g ||c0(11‘) =LY kTHg ||c0(11*),
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5.3. Proof of Proposition 5.1
(a) We start with an elementary fact.

Lemma 5.5. Suppose x and v are real, with v > 0 small enough. Then there exist
Q € N* and P € Z coprime such that |x — P/Q| <v/2and 1 < % <0< %

Proof. For v > 0 small enough, thanks to the Prime Number Theorem, we can
pick a prime number Q in (2v~!, 3v™!) (for example Q = p; with k := | %
15v~!/2|1nv|, where pi ~ klInk is the kth prime number). The interval (Qx —
%, Ox + %) has length > 2, hence it contains at least two consecutive integers,
one of which is not a multiple of Q and can be taken as P. O

We now define
L' :=2L, c¢:=max{3"T!¢ 27 ¢},

with ¢ = é(a, L") asin (5.2) and ¢; = ¢ (e, L) as in Lemma A.5, and suppose that
we are given v, o, £, r as in the statement of Proposition 5.1, with v small enough
S0 as to be able to apply Lemma 5.5.

Applying Lemma 5.5 with x = w; + 7, we get a rational P/Q such that
PAQ=1and

P
1 <2/v<Q<3/v and E:a)l—i—f with |7 — 7| < v/2.

(b) Let us choose a function A = Ag € Gl (T) satisfying (5.1)—(5.2) and apply
Proposition 5.2. We can do so since 2¢ = 37 ¢, hence 0 < o0 < e 2V < €@ <
1 ) by (5.2). We get an integer ¢ and a real § satisfying

max(—A’
v 1)2

1
< — —
qelL, Q] Cle,3¢e/v], 0<d6= 70 <

[IA

20 = 12°

so that i +Z s a o-isolated periodic point of period g for the circle map f defined
by
P .
0eTrH fO):=0+ 5 + 68+ e4(0) mod Z  withe, :=0A.

Moreover, since £ 2 6/v = 20 and é < %, the set {fs(i +7Z)|seN, 2/v
s < 6/v}is 5-dense in T.
(¢) We are in the situation of Lemma 5.4, with

A

50V —(2e—3Y &Y _ ¢~y
”8*”(1’1‘/ go_L/aecQ gL/ae (2¢—-37Y¢c)v gL/ote 3V )

which is less than ¢;(a, L, L’) for v small enough, thus Equation (5.13) with ¢ :=
§ 4+ &, and i’ = Id +w has a solution w € G""L(T) such that

wllgr < (1420 leullgr < (14205 L% 5V
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Proposition 5.3 now tells us that the annulus map F:=d%o Fo: My © leaves
invariant the graph G := {(0,7 + €(0)) | 6 € T}, with f: T O as induced
dynamics on G. In particular,

71 = (i+Z,f—i—s<i))eTxR

is a o-isolated periodic point of period ¢ for F, with all its orbit contained in G.
Notice that, for v small enough, |[e]| cocr) = 8+ llexllcory = v2/12+L’“e_%”7V <
v/4, hence G C V(F,v/4) C V(F,3v/4) and {F*(z1) | s € N, 2/v <5 < 6/v} is
2v-dense in V(7, v).

(d) The only shortcoming of the perturbation ®" is that it is not supported on the
strip V(7, v), but this is easy to remedy: we will multiply w by a function which
vanishes outside V(7, v) without modifying the dynamics in V(7, v/4). Note that

V(F,v/4) C V(r,v/2) C V(,v).

Let us thus pick n € G*L(R) such that n(r) = 1 for all r € [ — v/4,7 + v/4]
and n(r) = 0 whenever |r — 7| = v/2. According to Lemma A.5, we can achieve
Inlle,r. < exp (2¥civ™7) (using, in fact, a non-periodic version of Lemma A.5,
with p = %). We now set

u(®,r) :=nrw®) forall @,r)eT x R.

One can check that u satisfies conditions (1) and (2) of Proposition 5.1 for v small

3¢ - . oV
enough, because then |w]l, ; = %C_TC” " while e = eV Since F :=

®“ o Fy and F coincide on G (in fact on all of V(7, v/4)), requirements (3) and (4)
are also fulfilled.

6. Coupling Lemma and Synchronized Diffusion a la Herman

6.1. Coupling Lemma

The following “coupling lemma” due to M. Herman was already used in [9-11]
to construct examples of unstable near-integrable Hamiltonian flows.

Lemma 6.1. Ler M and M' be symplectic manifolds. Suppose we are given two
maps, F: M O and G: M' O, and two Hamiltonian functions f: M — R and
g: M’ — R which generate complete vector fields and define time-1 maps &7
and ®8. Suppose moreover that z, € M is F-periodic, of period q, and that

@) =1, df(z+) =0 (6.1)
f(F'(z4)) =0, df(F(z) =0 forl1=s<q—1. (6.2)

Then f ® g generates a complete Hamiltonian vector field and the maps

T:=0/%0(FxG): MxM S and ¢ :=d%0G%: M' O



1198 B. Fayap & D. SauziN

satisfy
T"% (24, 2) = (F*(24), G’ 0 ¥ (2)) (6.3)
forallz’ e M andn,s € Z suchthat0 < s < g — 1.
We have denoted by f ® g the function (z, z') — f(2)g(z’), and by F x G the
map (z, ') = (F(2), G(@).
Proof. See [10]. O

6.2. Proof of Proposition 4.1

(a) Given 7 € R and v > 0 small enough, we apply Proposition 5.1 with

_ -y
o=e 2cv

(where ¢ = c(a, L) is provided by Proposition 5.1) and an integer £ = 6/v that we
will specify later.

We thus get a function u € G%L(M)) and a map F = &% o Fy: M1 ©
satisfying properties (1)—(4) of Proposition 5.1. We call zgo) the o -isolated periodic
point mentioned in property (4), the period of which is an integer g € [¢, 3¢/v].

Let f = T]ZEO)’U be defined by Lemma A.6. Observe that f, F' and z,, = ZiO)
0

satisfy conditions (6.1)-(6.2) of Lemma 6.1 because z; ~ is a o-isolated periodic

point.
(b) We now define g: M» — R by the formula g(r2, 65) = —ﬁ sin(2765).

According to (5.11), we have ®8 (62, r2) = (62, 12+ % cos(2m6,)) forall (62, r2) €
M. In particular,

P30+ 7Z, 1) = (O+Z,r2+$) for all 7, € R.

On the other hand, (3.6) gives G (62, r2) = (92 +s(w2+r2) +Z, r2) foralls € Z.
Therefore

R q
V= ®% oG,

satisfies " (0 + Z, —wp) = 0+ Z, —wo + 3) for all n € Z, whence

Gyoy" (zéo’o)) = zé"’s) with zé”’s) = (& +Z, —wy + E) foralln,s € Z.
q q
(6.4)

(¢) Letv := f ® g. We now apply Lemma 6.1 with the above functions f and g
and the maps F and Gy, taking z, = zio). In view of (6.3)-(6.4), we get

T"a+s (zgo), ZEO,O)) = (F‘Y (zgo)), z;"’s)) forall n,s € Zsuch that 0 < s<g—1,
6.5)

with T = ®V o (F x Gg) = Y o ®* o (Fy x Gy).
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Notice that, for v small enough, we have 0 < v/4, hence f = 0 on V(r, v)°,
thus v satisfies condition (1) of Proposition 4.1, and we already knew that u also
did.

We have |ull,; = %exp(—cv_y) with ¢ = ¢(«, L) stemming from Proposi-
tion 5.1. We can also achieve [[v||y, ; < % exp(—cv~Y) by choosing appropriately €.
Indeed, calling K the Gevrey-(«, L) norm of the function 6 +— % sin(27r6) and
using g = £ and (A.15), we get [vllg.p £ Elnzuller £ & exp(cao™), where
¢ = c(a, L) stems from Lemma A.6. Therefore, the condition

g=>0>L:=2Ke" e (6.6)

is sufficient to ensure that # and v satisfy condition (2) of Proposition 4.1. We
will fine-tune our choice of ¢ later, when considering the “diffusion speed” of the
T -orbit described by (6.5).

(d) We note that V(r, v) x M3 is invariant by T because it is invariant by Ty as well
as by @ and ®' for all t € R in view of the condition on the supports of u and v.
Leth := }‘. To get condition (3) of Proposition 4.1 and thus complete its proof, we
will require

Lemma 6.2. The set {(F‘Y(zgo)), zén's)) | n,s € Z, % <s < g} is 3v-dense in
V(r,v) x M3 if (6.6) holds and v is small enough.

Taking Lemma 6.2 for granted, we now show how to choose £ so as to make
V(F,v) x M> (3v, 7, )-diffusive for T with T := E3¢y,, (v).

Given arbitrary z € V(r,v) x M>, Lemma 6.2 yields n and s integer such
that 7 := (FS (zgo)), zg"’s)) = T"+s (ZEO)’ ZgO,O)) is 3v-close to z. For any m = 1,
comparing the last coordinates of z and T™4(Z) = (F $ (Z§O))’ z;"+m’s)), namely
—wy + 3 and —w) + ’”“Tm, we see that d(T™4(Z),Z) = m/q, hence

: 3¢
AT (). 2)Zq—3v with<gq< =, 6.7)

Let st := e’"” = ¢—1/2. The number L of (6.6) is 2K p e < p2e2t” <

15,2
et and (cp + %),u,zy < bu” provided v is small enough, and then

cvV
L <ebe

with C := 3cy. (6.8)
1 cv7
Since b < %, we can satisfy (6.6) by choosing £ := L%egec | and we then have
¢ <G < = Ecy ).
On the other hand, g —3v > £ —3v > ¢’ e _ Ec,y(v)b for v small enough.

We thus get property (3) of Proposition 4.1 from (6.7). The proof of that Proposition
is thus complete up to the proof of Lemma 6.2.
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6.3. Proof of Lemma 6.2

We keep the notations and assumptions of Section 6.2 and give ourselves an
arbitrary z = (z1,22) € V(r,v) x M>. We look for integers n and s such that
((FS( EO)) Z(n V)) (z1, ZZ)) < 3y and 2 2 <s < 6
By property (4) of Proposition 5.1, We can choose the integer s so that

C

0
d(F (")) S2w, 2<s5<8

On the other hand, writing zo> = (6> +Z, rp) with 65, r» € Z, we see from (6.4) that
the last coordinate of zé"’s) will be v-close to r; if and only if [n — g (w2 +72)| < vg.
Let us denote by n, the integer nearest to g (wy + r2), thus |n, — g(wz +r2)| < 1

To conclude, it is sufficient to take n of the form n = n, + m with m integer such

that

Im| < vg — % and dist <M 0 + Z) <. (6.9)
q

Indeed, we will then have d((F* (250)) z(” s)) (z1,22)) £ V42 +12 + 12 < 3.

0
s lz) < ta

The second part of (6.9) is equivalent to dist (
S

v v . (%
I = [— (vq—%), vg — %], J = [xz — Tq,xz + Tq] with x; = % — Ny

The whole of (6.9) is thus equivalent to

k
m e I and me—q—l-J for some k € Z. (6.10)
s

Now, ]% + J C I is equivalent to
> I < ka <1
7] = |J| and _§(|I|_|J|):T+x2:§(|1|_|-]|)~ (6.11)

Since A := |I| — |J| = 2vg — 1 — 2vq/s, (6.11) amounts to A = 0 and k
belonging to the interval [ — 2 — A s s 2] which has length sA/qg =
2vs —2v —s/q = 4 —2v —6/(vL) (using ¢ = L). That length is = 1 for v
small enough and the interval then contains at least one integer k.. Diminishing v

if necessary, we then have |k*;—q + J| = 2vq/s = v’L/3 > 1, hence we can find
m e (k’;—q + J)NZ C I NZ, thus solution to (6.10) or, equivalently, to (6.9).

7. Continuous Time

In Sections 4-6, we have proved Theorems 3.3 and 3.4 , providing examples of
discrete systems of the form ®V o ®* o ®"0: T” x R" < with diffusive invariant tori
(using Remark 3.1). We will now deduce Theorems 3.1 and 3.2 by a “suspension”
device adapted from [10].
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Definition 7.1. Given an exact symplecticmap 7: T" x R" O, we call suspension
of T any non-autonomous Hamiltonian which depends 1-periodically on time

h: T" xR" x T — R,

for which the flow map between the times t = 0 and r = 1 exists and coincides
with T.

Lemma 7.1. Let hg: r e R" — (w, 1) + %(r, r) as in Section 3.2. Suppose that u
and v are C* functions on T" x R" which generate complete Hamiltonian vector
fields. Let ¥, x € C*°([0, 1]) be such that

1 1
/Ow(r)dtzfo x(®)dt =1, supp(y) C [5, 2], supp() C [3.1]. (7.D)
Then the formula

h@,r,t) == ho(r) + w(t)u(e + -t w+7r)
+Z",r)+)((t)v(9+(1 —t)(a)+r)+Z",r) (7.2)

defines a function on T" x R" x [0, 1] which uniquely extends by periodicity to a
C® function on T" x R" x T and, when viewed as a non-autonomous time-periodic
Hamiltonian, is a suspension of ®V o ®* o "o,

Proof. Let ¢ € C°°([0, 1]) have support C [0, %] and fol @(t)dt = 1. We observe
that (7.2) entails, for all (6, r,1) € T" x R" x [0, 1],

h(@,r, 1) = ho(r) + ¥ Ou(d + @) (w+r) +Z",r)
+x (0 + ¢t) @+ 1)+ Z", ), (7.3)

where ¢(t) := fot ((p(t’ ) — l)dt/ extends to a 1-periodic C*° function. This takes
care of the first statement.
Letzg € T" x R" and let z(r) = (9 (1), r(t)) denote the maximal solution of the

initial value problem g—f = X;(z, 1), z(0) = zo. Defining 6*(¢) := 6(¢) —|—¢(t)(a)+
r(t)) and z*(¢) := (9*(1‘), r(t)), we compute

%(l‘) = ()X, (2" (1)) fort € [0, %],
&) =y (X (0) forr e [, 2],
%(f) = x()Xy(z*(1)) forte [%, 1].

The flow map of X, between the times t = 0 and t = % is thus a reparametriza-
tion of the flow of Xs: t € [0,1] = z"(t) = ®"( fj ¢(t')dt’), whence
Z*z(%) = Pl0(zq) since f01/3 pydr = 1. Similarl¥, z*(%) = @“(Z*(%)) since
JPE w@ydr’ = 1,and 25(1) = ®¥(z*(3)). since [, 5 x (1) di’ = 1. We thus get
7%(1) = dY o B o "0 (z(), which yields the desired result because z*(1) = z(1).
O
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Notice that, if T = ®V o d" o d"0 satisfies properties (1) and (3) of Theorem 3.3,
resp. Theorem 3.4, then any suspension of T of the form (7.3) satisfies property (2)
of Theorem 3.1, resp. Theorem 3.2. The invariance of the torus 7, 5y with r = 0,
resp.r € (Xg +7Z) x R"~1, stems from the vanishing of dgh and 9,4 for r; = 0,
resp. r1 € Xg + Z.

Lemma 7.2. Consider the mapping
Sp: O,r,)) eT" xR"x T~ (6+(1 —t)a)+Z”,r) e T" x R".

Leta 2 1 and A > 0 be real, and Ay = A(l + max |a)i|1/"‘>. Then
1Sisn

weGYMT" xR = woS, € G*MT" x R" x T)
and |[w o Syllga = lwllg,a,-
Proof. One can check that, for every (p, ¢, s) € N x N* x N,
0o woSy) == Y & @) " w) 0 S,
meN" s.t. |m|=s

whence, with the notation 2 := max |w;|,
1Si<n

Im| A |p+gq+mja
Q A ap+maq
l 0 ru’”(ﬁo( nx R™)

lwoSullaa < Y.

DN plegl¥|m|l¢
A|€+q|a 2ad
= Z A¢ g 18607 wllcocpn gy With Ag
£,geN" :
Qlml

=

p.meN" s.t. p+m=~{

pl¥m!® plm!

m mi/o a
Now, Ap < +Z Z an_ < ( +Z E M) = L (1 + Q@) hence
prm= pt+m=

(] + Ql/a)lilaA\eJrqlot

laq
lwoSullyn < D Tione 18508 wll co
£,qgeN" 4
[€+qla
1 laq —
< S 1989 wlco = Nl

Lemma 7.3. Consider an interval 1 C [0, 1] and the mapping
Ri: @) eT" xR"x I+ (0+A—0r+2Z"r1)eT xR" x 1.
Leta 2 1 and A > 0 be real, and A 2 L max {23/"‘, 21/"‘L}. Then

we GUMNT" x R" x I)
= woR; € G¥H(T" xR x I) and dy,1,(0, w0 Ry) = [ wllg a-



KAM Tori are No More than Sticky 1203

j—1

Proof. LetL; := 2% Land R; = 2/ foreach j € N*, as in Appendix A.1. We
also set K := T" x ER,- x 1,50 GLL(T" xR x I) = ﬂjgl G""LJ(ICj).
A simple adaptation of [10, Remark A.1] shows that, if ¢ € G%Li(I) and
LS+ (Rj + LDNPlla.r;.1 — Rill@llcoy = A, (7.4)
then the composition with the mapping
R: O,r,t) eT" xR x I — (9+¢(t)r+Z”,r,t) eT" xR" x I
has the property
weGMNE) = woRe G (K)) and wo Ry, k, < lwlg,a- (7.5)
Taking ¢ (7) := 1 — 1, since our interval I is C [0, 1], we have [|¢||co(y) < land
||q§||a,Lj,1 = léllcoy + L‘}‘, hence the left-hand side of (7.4) equals
LY + R;LS + L% (¢l cory + L)
S LYY +Rj+2) S L +4L% £ A% 4+ 3A°

and (7.5) allows us to conclude, in view of (A.4). O

Proof of Theorems 3.1 and 3.2
In both cases, we are given o > 1, L > 0 and ¢ > 0. Let

A= A(l + max |w,»|‘/“), A= Lmax {22 2L},
1Si<n
Since o > 1, we can pick ¥, x € G%*(T) satisfying (7.1).
Let us apply the multidimensional version of Theorem 3.3 or Theorem 3.4 (cf.
Remark 3.1) with parameters A instead of L and
€

~omax {1 [Yllga X lea)
instead of €. We thus get u, v € GoM (T" x R™) and, in the second case, X, C
[0, 1], such that [lu[lo 5, + V]lq.a, < &1 and any suspension of ®' o d* o @ho

satisfies property (2) of Theorem 3.1, resp. Theorem 3.2.
By Lemma 7.1, we can choose the suspension to be

h = h0+ﬁoR[%%]+ﬁoR[%’l]
with
u@,r,t) ;=Y ) woSy,)@,r,t), v0O,r,t):=xt)(voS,)(O,r,1).
Lemma 7.2 and (A.2) give

litllg.a = ¥l allullen,: N100ea = Ixlaalvlea,

whence ||it]|, o+l o < &.Then, since the distance d, ;. is translation-invariant,
de,1.(ho, h) < dy,1(0, 71 0 R[%%]) +dy, (0,00 R[%,]]) < llillg,a + 19]la, A

by Lemma 7.3, and we are done.
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Appendix A: Gevrey Estimates

We fix real numbers « = 1 and L > 0.

A.1 Gevrey Functions and Gevrey Maps

Here we adapt definitions and facts taken from [7,10,11].

The Banach Algebra G%L(R™ x K) of Uniformly Gevrey-(«, L) Functions
Let N = 1 be integer. We will deal with real functions of N variables defined on
RM x K,where M > 0and K ¢ RVN~M is a Cartesian product of closed Euclidean
balls and tori.

We define the uniformly Gevrey-(«, L) functions on R¥ x K by

G"FRY x K) :={f e C°®RY x K) | | fllq.p < 0},
ares

L!
1o = D = 19 Fllcogx)- (A1)

LeNN

We have used the standard notations |[£| = €1 + --- 4+ €y, €! = £1!... LN!, 9t =
E)fl' ...Bfl’\,v, and N := {0, 1,2, ...}. The space G*L(RM x K) turns out to be a
Banach algebra, with

Ifgler S N flla.Lligle.r (A2)

for all f and g, and there are “Cauchy—Gevrey inequalities”: if 0 < Ly < L, then

p*
Yo 1" fllay S T g ler forallpeN.  (A3)

meNN; |m|=p

When necessary, we use the notation | . ||, ; gy« g instead of || . ||,z to keep track
of the domain to which the norm relates.
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The Metric Space G*L(RM x K) When M > 1, instead of restricting ourselves
to uniformly Gevrey-(a, L) functions on R¥ x K, we may cover the factor RM by
an increasing sequence of closed balls and consider a Fréchet space accordingly.
For technical reasons, we choose the sequences

j—1 .
Lj:=2""%L, Rj:=2/ forjeN"
and set

Gt @M x K) == () G*"i(Bg, x K).
jz1
o1 (fr8) =Y 27 min{1,llg = fllor, By xx )
=1 J
(A.4)

Clearly, G*L (R x K) ¢ G%L(RM x K) but the inclusion is strict, and the larger
space is a complete metric space for the distance d,, 1 .

This construction is needed in Section 7 only. In the rest of this appendix, we focus
on uniformly Gevrey functions and maps on R" (with M = N and no factor K).

Composition with Uniformly Gevrey-(«, L) Maps For N = 1 integer, we define

G*E®RN,RY) :=(F € C®®RN,RY) | | Fllo, < 00},
IFllg.r = IFilla.r + -+ 1 Fvylla. - (A.5)

This is a Banach space.
We also define

[l

Nonhr= 3 =g

LeNN {0}

12
o f||cO(RN),

sothat || flle, . = IIf lcomn) +NJ,L(f)~

Lemma A.0. Let Lo € (0, L). There exists ¢ = e.(«, L, Lo, N) such that, for any
feG*r®RNyand F = (Fy), ..., Fin)) € GXLORN, RN), if

Ny LoD, - Ny 1 (Fivp = éc

then f o 1d+F) € G*"RY) and || f o Ad +F)llg, 1y < I/ lla,1-

The proof is in Appendix A of [7].
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A.2 Comparison Estimates for Gevrey Flows

In Section 4.2, we use comparison estimates for the flows of two nearby Gevrey
Hamiltonian systems. We prove them here, building upon some facts which are
proved in [7] about the flows of Gevrey vector fields.

Lemma A.1. (General case) Suppose that 0 < Lo < L and N = 1. Then
there exists e¢ = er(a, L, Lo, N) > 0 such that, for every vector field X €
GYL@RN RN with IXllg.L = e, the time-1 map ® of the flow generated by X
satisfies that

1 —1d gLy = 1 Xla,L- (A.6)

and, if we are given another vector field X € G*L (RN, RN) wirth ||)~(||o,,L < &,
then its time-1 map ® satisfies

1D — ®llyry < 20X — Xllg.z- (A.7)

Proof. The first part of the statement is exactly Part (i) of Lemma A.1 from [7].
There, the flow # € [0, 1] — &(¢) was obtained by considering the functional
& — F (&) defined by

t
F(E)@) :=/0 X o (Id+&(v)) dr.

Using an auxiliary L" € (Lo, L) and Lemma A.0, it was shown that, if | X ||, ; < ef
small enough, then F maps into itself

B:={& e C°([0, 1], G“* RN, R™)) | &1 £ 1 Xlo. }

(which is a closed ball in a Banach space) and has a unique fixed point, none other
than £*(¢) := ®(r) — Id.

In that proof, 7 was shown to be K-Lipschitz, with K := max; j [|0x; X[i]lle,z/-
We can ensure K < % by diminishing &¢ if necessary and using (A.3). Then, for

any & € B, the fixed point £* is the limit of the sequence of iterates (F* (£0))keN
and [|* — &oll = 2|1 F (§0) — &oll- y 3
Now, suppose we also have || X[, ; < &f. The time-r map of X is thus ®(r) =

Id +£* (), with £* fixed point of F: B <. Lemma A.0 yields
~ t ~ ~
1FE) —FEIN = ||/0 (X = X) o (Id+&(v))de|| S [IX = Xllg,z forany§ € B,

thus we can compare the fixed points §* and £* by writing the former as the limit
of the sequence (F*(&0))ken with & := £*; we get

6% — E*|| S 2| F(E*) — E*|| = 2| FE*) — FE)N S 20X — Xllgz»

which yields the desired result. O
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Lemma A.2. (Hamiltonian case) Suppose that0 < Ly < L andn 2 1. Then there
exist ey, Co > 0 such that, for every u € G*L(R*") with lullgr < en

”(Du —1d ”(x,LO § CO”“"C{,L’ (A.8)
and, given another it € G*L(R*") with litlly.r < en
10" — “llg 1,  Collii = ullg, - (A9)

Proof. Let L' := (Lo+L')/2. Anyu € G- (R?") generates a Hamiltonian vector
field X, which, according to (A.3) with p = 1, satisfies

Xullor = > 10" ullgr = (L — L) [ully,-

meN2"; |m|=1

Similarly, | Xz — Xullg.pr = (L — L)\t — ully,z. Thus, with ey := (L —
LNY%¢(a, L', Lo, 2n) and Cy := 2(L — L")™%, we get

lullgr Nillgr S e = [9“ =1l 1, < 3Collully,r

and [|®" — ®“lg, 1, = Collit — ully,z-

O

Corollary A.3. (Iteration of maps of the form ®¥ o ®" o Tyy) Suppose thatn = 1.
Then there exist ¢4, C1 > 0 such that, for every u, v, u, v € G”"L(Rz”) such that

lullg,r + Ille.z < €as Nitlla, + 10lla, < a (A.10)

and for every z € R?", the orbits of z under the maps T = ®° o ®* o Ty and
T := ®Y o O o Ty satisfy

dist (T*(2), T"(2)) £ 3°Ci (i — ully, + I8 — vlly,.) forallk € N.
(A.11)

Pr00~f. Fora~ny u, v, u,v € G”"L(RZ”) andz, 7 € Rzn,themaps T :=d’od"0T)
and T := OV o % o Ty satisfy
dist (T (2), T(2)) < dist (9¥ (9" (Tp(2))), D (D" (Tp(2))))

+dist (0" (@"(Tn(2))), D" (D" (To(2))))

+dist (BV (@ (To(2))), D" (P (T(2))))

< (Lip @) (Lip ®*)(Lip To) dist(, 2) + (Lip ®°) | ®* — [l cozan,

+ 17— @Vl cogan.-
On the one hand, Lip Ty = 2. On the other hand, for any Ly > 0, the Lipschitz

constant of a map W such that ¥ — Id € G*L0(R?", R?") is bounded by 1 +
Lip(W —1Id) < 1 + La”‘ W — Id ||y, z, (using the mean value inequality, (A.1)
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and (A.5)). Applying Lemma A.2 with Ly = L/2, we can thus choose &g so that
assumption (A.10) entails

Lip ®“, Lip ®” < 14 2L"%Coeq < (3/2)'/?
and
10" — @l 1, < Collit —ully s 19" = @ lly. 1y < Colld — vlly. 1.

whence dist (7'(z), T(z)) < 3dist(Z, z) + n with n := (3/2)"2Co(llii — ully.; +
I3 — vl )- Iterating this, we get dist (7% (z), T¥(2)) < 3*(dist(Z, 2) + 3n) — i1
for all k € N, thus we can conclude by choosing C| := %(3/2)1/2C0. O

A.3 A Gevrey Inversion Result

In Section 5.2, we use the following

Lemma A 4. Suppose L < L. Then there exists &; = ¢ij(a, L, L) such that, for
every € € GYLi(R), ifllellg.L, < g, then Id +¢ is a diffeomorphism of R and

(d+e)"' =1d+& with [Els < lelar,s (A.12)
I lgodd+e) "y 1 S liglas, foranyge GXLI(R). (A.13)

Proof. Let L' := (L + L)/2. We use Lemma A.0 and define
gi ;= min {$(L; — L) ec(er, L', L, 1), ec(e, L1, L, D)}.
Given ¢ € G*L1(R) such that lella.r, < g, the functional
Fi feBr —eo(d+f), where Bi={f e G ®) |Ifllar < lelyr,):

is well defined (because [le|l, ., = ec(o, L', L, 1) and e € G*L'(R)), maps B into
itself (we even have || F(f)|l < |lelly.1/), and is K-Lipschitz with K := ||¢"||,
(using also (A.2) and the mean value inequality). But (A.3) yields ||8’||a’ o =
(Li—L"H%|e lor, = %, which implies that F is a contraction, and also that Id +¢&
is a diffeomorphism of R (since its derivative stays = 1/2). The unique fixed point &
of Fin Bis (Id +¢)~! —1d, which yields |||, ; < lellg.r, < éecla, Ly, L, 1) and
hence (A.13) by another application of Lemma A.0.
O

A.4 Gevrey Functions with Small Support

From now on we suppose o > 1. We quote, without proof, Lemma 3.3 of [11]:
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Lemma A.5. There exists a real c1 = c1(o, L) > 0 such that, for each real p > 2,
the space GY%L(T) contains a function n, which takes its values in [0, 1] and
satisfies

1 1 1
—— <0< — = n,0+2) =1, SO0S1—— = n,0+2)=0
2p 2p P

S| =

and

1

Implla,r < exp(c1 paT). (A.14)
The proof can be found in [11, p. 1633]. This easily implies

Lemma A.6. There exists a real c; = c2(a, L) > 0 such that, for any z € T x R
and v > 0, there is a function n;,, € G%L(T x R) which takes its values in [0, 1]
and satisfies

nzv = lon B(z,v/2), nz.v = 0onB(z, v)°
and

_ 1
IMz0lle.L = exp(cav™ o T). (A.15)

Here, for arbitrary v > 0, we have denoted by B(z, V) the closed ball relative to
| . lloo centred at z with radius v.

Appendix B: Some Estimates on Doubly Exponentially Growing Sequences

According to (4.3), the increasing sequence (N;);> is defined by

Ny := [ lexp(4k/e),  Ni:= Ni_1[*7exp (exp (C(Ni—1InN;_1)")) fori =2,
where 0 < ¢ < 1,k = 1 and C := max{6cy, 1/y}, with ¢, y > 0. Here, we
show a few inequalities which are used in Section 4.2. Recall that v; := m
and & = e~V
Lemma B.1. One has
InN; > 4ik/e foreveryi > 1, (B.1)
Nipi1&iv1 < INg for i large enough, (B.2)
Nip1&ip1 < 37 By ) for i large enough. (B.3)

Proof. We have In(Ny) 2 4k /e and, by virtue of (4.1), Ny = 4k /e = 4. Now, for
i 2 2,since yC = 1, we have

~ ~ 1y
InN; 2 exp (CNi—t InNi-)?) = [exp (yENit InN;-)7)

1/y
2 [eXP(Ni—l In Ni—l)y]
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and (4.1) yields In(N;) = N;_1In N;_| = 4In N;_1, whence (B.1) follows.
We have In ﬁ = c¢(N; In N;)” —In N; and, since In(N;) < (N; In N;)Y,

1
cAl Z1n NE > ¢(A;//3)" for ilarge enough, where A; := N;In N; = 1/v;.
iSi
Inequality (B.2), being equivalent to
1
In = In +1n2 fori large enough,
Nit16iv1 Niéi

thus results from (A; 41/ \/5)7 > Ag’ + ¥ (which holds for i large enough because
Nit1 2 3N, hence A1 = Nip1InNjyp > 34A,).
Let C := 3cy. Inequality (B.3), being equivalent to

1
In ——— 2 (In3)Ec,, (1/A;) fori large enough,
Nit18it1

results from A7, = ¥2W3E.(1/A;), which holds since Ec,, (1/A;) = [ *
Texp (exp(CA})) and

- 2
A =N/ (InNi11)"[ = Texp (y exp(CAY)), N/ (InNjy)” 2 w

and y exp(éAf) > exp(CAg/) for i large enough since C>C. O
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