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Abstract

We address the inviscid limit for the Navier—Stokes equations in a half space,
with initial datum that is analytic only close to the boundary of the domain, and that
has Sobolev regularity in the complement. We prove that for such data the solution
of the Navier—Stokes equations converges in the vanishing viscosity limit to the
solution of the Euler equation, on a constant time interval.

1. Introduction

We consider the Cauchy problem for the two dimensional incompressible
Navier—Stokes equations

ou —vAu+u-Vu+Vp=0 (1.1)
divu =0 (1.2)
uli=0 = uo (1.3)

on the half-space domain H = T x Ry = {(x,y) € Tx R: y = 0}, with T =
[—m, m]-periodic boundary conditions in x, and the no-slip boundary condition

uly—o =0 (1.4)

ondH = T x{y = 0}. Here v > 0is the kinematic viscosity. Formally settingv = 0
in (1.1)—(1.3) we arrive at the two dimensional incompressible Euler equations,
which are supplemented with the slip boundary condition given by u3|y—o = 0.
A fundamental problem in mathematical fluid dynamics is to determine whether
in the inviscid limit v — 0 the solutions of the Navier—Stokes equations converge
to those of the Euler equations, in the energy norm L°°(0, T; L>(H)), on an O(1)
(with respect to v) time interval. A classical result of Kato [30] relates this problem
to the anomalous dissipation of kinetic energy: a necessary and sufficient condition
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for the inviscid limit to hold in the energy norm is that the total dissipation of the
energy in a boundary layer of width O(v), vanishes as v — 0. To date it remains
an open problem whether this condition holds for any smooth initial datum.

In this paper we prove that the inviscid limit holds for initial datum u for
which the associated vorticity wg = VE - ug is analytic in an O(1) strip next
to the boundary, and is only Sobolev smooth on the complement of this strip. In
particular, our main theorem (cf. Theorem 3.2 below) both implies the seminal
result of Sammartino—Caflisch [53], which assumes analyticity on the entire half-
plane, and also the more recent remarkable result of Maekawa [44], which assumes
that the initial vorticity vanishes identically in an O(1) strip next to the boundary.

The fundamental source of difficulties in studying the inviscid limit is the mis-
match in boundary conditions between the viscous Navier—Stokes flow (no-slip,
u1ly=0 = uzly=0 = 0) and the inviscid Euler flow (slip, uz|y—o = 0). Mathemati-
cally, this prohibits us from obtaining v-independent a priori estimates for solutions
of (1.1)—(1.4) in the uniform norm. The main obstacle is to quantify the creation of
vorticity at 0H, which is expected to become unbounded as v — 0, at least very
close to the boundary.

Concerning the validity of the inviscid limit in the energy norm, in the presence
of solid boundaries, for smooth initial datum, two types of results are known. First,
we have results which make v-dependent assumptions on the family of solutions
u of (1.1)—(1.4), and prove that these assumptions imply (a-posteriori, they are
equivalent to) the L L inviscid limit. This program was initiated in the influential
paper of Kato [30], who showed that the condition

v—0

T
1imf/ v|Vul|?dxdy dr — 0 (1.5)
0y

is equivalent to the validity of the strong inviscid limit in the energy norm. Refine-
ments and extensions based on Kato’s original argument of introducing a boundary
layer corrector were obtained for instance in [3,6,7,31,33,46,54,56]; see also the
recent review [45] and references therein. These results are important because they
yield explicit properties that the sequence of Navier—Stokes solutions must obey as
v — 0 in order for them to have a strong LfOL% Euler limit. On the other hand,
verifying these conditions based on the knowledge of the initial datum only, is in
general an outstanding open problem. We emphasize that to date, even the question
of whether the weak L%L% inviscid limit holds (against test functions compactly
supported in the interior of the domain), remains open. Conditional results have
been established recently in terms of interior structure functions [9, 11], or in terms
of interior vorticity concentration measures [8].

The second class of results are those which only make assumptions on the
initial data ug, as v — 0. In the seminal works [52,53], Sammartino—Caflisch
consider initial data ug which are analytic in both the x and y variables on the
entire half space, and are well-prepared, in the sense that uq satisfies the Prandtl
ansatz (1.6) below, at time t = 0. Sammartino—Caflisch do not just prove the strong
inviscid limit in the energy norm, but they in fact establish the validity of the Prandtl
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expansion

2

Jt
Jv

for the solution u of (1.1)—(1.4). Here u denotes the real-analytic solution of the
Euler equations, and u” is the real-analytic solution of the Prandt] boundary layer
equations. We refer the reader to [1,10,17,28,35-37,39,47,51,52] for the well-
posedness theory for the Prandtl equations, to [14,18,26,38] for the identification
of ill-posed regimes, and to [19-23] for recent works which show the invalidity of
the Prandtl expansion at the level of Sobolev regularity. In [52,53] Sammartino—
Caflisch carefully analyze the error terms in the expansion (1.6), and show that they
remain O(,/v) for an O(1) time interval, by appealing to real-analyticity and an
abstract Cauchy—Kowalevski theorem. This strategy has been proven successful for
treating the case of a channel [34,40] and the exterior of a disk [S]. Subsequently,
in a remarkable work [44], Maekawa proved that the inviscid limit also holds for
initial datum whose associated vorticity is Sobolev smooth and is supported at an
O(1) distance away from the boundary of the domain. The main new device in [44]
is the use of the vorticity boundary condition in the case of the half space [2,43],
using which one may actually establish the validity of the expansion (1.6). Using
conormal Sobolev spaces, the authors of [55] have obtained an energy based proof
for the Caflisch—-Sammartino result, while in [12,13] it is shown that Maekawa’s
result can also be proven solely using energy methods, in two dimensional and three
dimensional respectively. More recently, Nguyen—Nguyen have found in [50] a very
elegant proof of the Sammartino—Caflisch result, which for the first time completely
avoids the usage of Prandtl boundary layer correctors. Instead, Nguyen—-Nguyen
appeal to the boundary vorticity formulation, precise bounds for the associated
Green’s function, and an analysis in boundary-layer weighted spaces. In this paper
we use a number of estimates from [50], chief among which are the ones for the
Green’s function for the Stokes system (see Lemma 3.5 below). Lastly, we men-
tion that in a recent remarkable result [16], Gerard—Varet—-Maekawa—Masmoudi
establish the stability in a Gevrey topology in x and a Sobolev topology in y, of
Euler+Prandtl shear flows (cf. (1.6)), when the Prandtl shear flow is both monotonic
and concave. It is worth noting that in all the above cases the Prandtl expansion
(1.6) is valid, and thus the Kato-criterion (1.5) holds. However, in general there
is a large discrepancy between the question of the vanishing viscosity limit in the
energy norm, and the problem of the validity of the Prandtl expansion. It is not clear
to which degree these two problems are related.

Finally, we mention that the vanishing viscosity limitis also known to hold in the
presence of certain symmetry assumptions on the initial data, which is maintained
by the flow; see for example [4,27,32,41,42,45,48,49] and references therein. This
symmetry implies that the influence of the Prandtl layer to the bulk flow is weak,
and thus in these situations the vanishing viscosity limit may be established by
verifying Kato’s criterion (1.5). Also, the very recent works [15,24,25,29] estab-
lish the vanishing viscosity limit and the validity of the Prandtl expansion for the
stationary Navier—Stokes equation, in certain regimes.

ux,y. 1) =i(x,y. 1) +u” (x, )+O(ﬁ) (1.6)
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The main goal of this paper is to bridge the apparent gap between the Sammartino—
Caflisch [52,53] and the Maekawa [44] results, by proving in Theorem 3.2 that the
inviscid limit in the energy norm holds for initial datum wqp which is analytic in a
strip of O(1) width close to the boundary, and is Sobolev smooth on the complement
of this strip. Evidently, this type of data includes the one considered in [44,52,53].
Informally, one expects analyticity to only be required near the boundary in order
to control the catastrophic growth of boundary layer instabilities, and we confirm
this intuition. To the best of our knowledge, our result establishes the inviscid limit
in the energy norm for the largest class of initial data, in the absence of structural or
symmetry assumptions. Theorem 3.2 is a direct consequence of Theorem 3.1, which
establishes uniform in v bounds on the vorticity in a mixed analytic-Sobolev norm.
In order to prove Theorem 3.1, we use the mild vorticity formulation approach of
Nguyen—-Nguyen, which avoids the explicit use of Prandtl correctors, and instead
relies on pointwise estimates on the Green’s function for the associated Stokes
equation [50, Proposition 3.3]. The main technical difficulty we need to overcome
is the treatment of the layer where the analyticity and the Sobolev regions meet.
It is known that analytic functions are not localizable, and that the Biot—Savart
law is non-local. Thus, one cannot avoid that the analytic and the Sobolev regions
communicate. In order to overcome this difficulty we consider an analyticity radius
with respect to both the x and y variables, which vanishes in a precisely controlled
time-dependent fashion at an O(1) distance from the boundary. Moreover, since
we cannot afford a derivative loss in the Sobolev region, this estimate is carried
over using an energy method, with error terms arising to the spill into the analytic
region. Compared to [50], we employ several simplifications which provide addi-
tional information on the solution of the Navier—Stokes equations in the boundary
layer. First, we remove the need for the time dependent weight function, thus not
allowing time dependent bursts of vorticity in the secondary boundary layer of size
/vt from [50]. Second, since our solutions are no longer analytic away from the
constant sized strip, we no longer require them to decay exponentially as y — oo.
Lastly, the approach considered here allows a wider choice of weights functions in
the analytic norm (cf. Remark 2.1 below) which may be used to provide a detailed
information about the degeneration of the vorticity as v — 0 in a suitably defined
boundary layer.

This paper is organized as follows. In Section 2 we introduce the analytic
norms X and Y and the Sobolev norm Z used in this paper. Section 3 contains
the statements and the proofs of our main results, Theorems 3.1 and 3.2. For this
purpose, we also recall there the integral representation of the vorticity formulation
of the Navier—Stokes equations, and we collect in Lemmas 3.8, 3.9, 3.10, and 3.11
the main analytic and Sobolev estimates needed to establish our main results. These
lemmas are then proven in Section 4 for the X-norm, Section 5 for the Y-norm,
Section 6 for the nonlinear terms, and Section 7 for the Sobolev norm.
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Fig. 1. Representation of the complex domains €, and Qp for 0 < u <

2. Functional Setting
2.1. Notation

e We use f¢(y) € C to denote the Fourier transform of f(x, y) with respect to
the x variable at frequency & € Z,i.e. f(x,y) = ZéeZ fe (y)e'*¢ . We also use
the notation u; £ (y) or (u; )¢ (y) for the Fourier transform of u; in x fori =1, 2.

e Re z and Im z stand for the real and imaginary parts of the complex number z.

e For u > 0 we define the complex domain 2, = {z € C: 0 £ Rez <
I,Imz] £ uRez}U{zeC:1<Rez <14 pu,|Imzl £ 14+ u —Rezl,
which is represented in Fig. 1. We assume that u < o, where po € (0, 1/10]
is a fixed constant.

e Fory € Q, werepresent exponential terms of the form e (! T#=Re M)+ Il simply
as e0+1=3)+IE That is, in order to simplify the notation we write y instead
of Re y at the exponential.

e We assume that v € (0, 1] and ¢ € (0, 1] throughout.

e The implicit constants in < depend only on 1 and 6y (cf. (3.10)), and are thus
universal.

2.2. Norms

In this paper, we use norms which capture the features of a solution that is
analytic near the boundary and is H* smooth at an O(1) distance away from it. We
include two types of analytic norms: the L> based X norm and the L' based Y
norm, defined in (2.3) and (2.4) respectively. Whether working with both analytic
norms is strictly necessary, or whether instead one could just work with a single
weighted L? analytic norm, is a natural question. At this stage such a simplification
is not evident due to logarithmic losses when one integrates in y. However, by
changing the approach it appears to be possible to remove the need for the X norm
from the proof; we plan to address such a modification in a future paper.
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Before stating the definitions of the aforementioned norms, we introduce some
notation.

For a sufficiently large constant y > 0 to be determined in the proof, which
depends only on 1o and the size of the initial datum via the constant M in (3.1),
throughout the paper we let ¢ obey

1o
te (0, 5). @2.1)

In order to define the weighted L°° based analytic norm X, we introduce the
weight function w: [0, 1 + o] — [0, 1] given by

Vv, 0<ys v
wy) =1y, JS<y=d (2.2)
I, 1=y=Tl+po

and use it to define a weighted analytic norm, with respect to y, as

I fllcee, = sup w(Re y)[ f ()]

YEQ,

for a complex function f of the variable y € £2,. Throughout the paper, in order
to simplify the notation we write w(y) instead of w(Re y).

Let ¢p € (0, 1) be a sufficiently small constant to be determined below, which
only depends on the parameter 6y in (3.10). Moreover, let o € (O, %) be a fixed
constant. Using the £, norm, we define

”f”XM — Z”eﬂ)(l‘f‘ﬂ_)’)#—ls‘fg”ch'v’

tEeZ
and then, with ¢ as in (2.1), we define the analytic X norm as

I fllx
= sup ( > e flilx, + Y (Mo—M—Vt)1/2+aI\ai(yay)jfl\xﬂ)-
H<io=vt N<iqji<i i+j=2

(2.3)
We state in Lemma A.3 a useful analyticity recovery estimate for the X, norm.

Remark 2.1. Throughout the paper, the following properties of the weight are
needed:

(@) w(y) Sw(z) fory =z,

() w(y) Sw(z)for0 < y/2 =z =1+ po,

© Vv Sw(y) S Lory € [0, 14 uol,

@y S w) foryel0,1+ nol,

(e) w(y)e_m < v fory € [0,1+ uo] where C > 0 is sufficiently large
constant, depending only on 6y in (3.10).



The Inviscid Limit for the Navier—Stokes Equations 785

It is easy to check that the weight w in (2.2) satisfies (a)—(e). We justify (e) by
simply distinguishing the cases y < /v and y = /v separately.

Note that, by the above statement, there are other weights for which Theorem 3.1
holds. For instance, we may take

w(y) = min [ﬁe%ﬁ, l]

for a sufficiently large universal constant C. Note that this weight is larger than
(2.2), up to a multiplicative constant, and that it satisfies (a)—(e) above.

Next, we define the analytic L' based norm. For a complex valued function f
defined on €2, let

Iz, = sup [ fllLr g,
0S6<u

Using L}L we introduce

I+p—
171y, = D e tHm el pe oy
§

and then for # as in (2.1) we define the analytic ¥ norm by

£y )

:sup<z

H=HO=YI <y i<

s 7, + 30 o n—yn® ai(yay)ffﬂyﬂ). (2.4)
it+j=2

Note the different time weights when comparing the highest order terms in (2.3)
and (2.4). We refer to Lemma A.4 for a useful analyticity recovery estimate for the
Y, norm.

We also define a weighted L2 norm (with respect to both x and y) by

IAUS = 10F 152210 = D3 FelTo 10
&

and a weighted version of the Sobolev H> norm as

Iflz=")

0<i+j<3

R s ”S '
Further below, it is convenient to also use a weighted L? in v, ¢! in & norm S,
given by
1 ls, =D _I3fellizg=14m-
&

Lastly, for fixed g, y > 0, and with # which obeys (2.1), we introduce the notation

loll: = llwllx @ + lollye + lollz

for the cumulative time-dependent norm used in this paper.



786 1. Kukavica, V. VicoL & F. WANG
3. Main Results

We denote by w = V= . u the scalar vorticity associated to the the velocity field
u, where V+ = (—dy, dx). The following is the main result of the paper:

Theorem 3.1. Let o > 0 and assume that wy is such that

> Jaoieo]  + D |aianie]

i+j<2 %2 "

+ ) a;(yay)-'woung<oo. 3.1)
i+j<3

Then there exists ay > 0 and a time T > 0 depending on M and vo, such that the
solution w to the system (3.4) satisfies

sup flo®ll; = CM. (3.2)
1€[0,T]

The above result immediately implies

Theorem 3.2. Let wg be as in Theorem 3.1. Denote by u" the solution of the Navier—
Stokes equation (1.1)—(1.4) with viscosity v > 0, defined on [0, T], where T is as
given in Theorem 3.1. Also, denote by u the solution of the Euler equations with
initial datum ug, which is defined globally in time. Then we have

lim sup |u’(t) — () =0.

lim, | -

The proof of Theorem 3.1 is given in Section 3.4, while the proof of Theorem 3.2

is given in Section 3.5.

Remark 3.3. The proof of Theorem 3.2, see Section 3.5 below, gives a rate for the
convergence for u” — i, as v — 0, in the energy norm. Indeed, our proof gives

T
v// |Vu|2dxdyds§v1/2,
0JH

which classically implies the convergence rate

sup [u” () — () ||L2(H) =00
te[0,T]

It is reasonable to expect this rate to be optimal if the Prandtl theory is correct,
i.e. if the boundary layer is of width C /v (see for example [27,41,42,45,49] and
[33, Section 6] for a more detailed discussion). We thank the anonymous referee
for pointing this out.
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Remark 3.4. Note that the condition on the initial datum in both theorems depends
on v since the first norm in (3.1), the X norm, depends on it. However, it is easy to
find sufficient v-independent conditions which guarantee the bound. For instance,
by using w(y) < 1 we see that a sufficient condition for

2

i+j<2

<M
Xy 3

8)’; (yay)ja)o‘

to hold is that

i ; M
Z Z( sup ‘660(1+“°_y)+|§|8;(yay)'/a)o,g(y)|> < < (3.3)

i+jS26ez V<o

for a sufficiently large universal constant C > 0. A sufficient condition for (3.3) is

- M
Z( sup |e€0(1+#0_y)+sw0’5(y)‘) < ok

£ez, €S

where o > [o.

3.1. Vorticity Formulation

In this paper, we use the vorticity formulation of the Navier-Stokes equa-
tions (1.1)—(1.4). Taking the curl of the momentum equation (1.1), i.e. by applying
Vi toit, gives

wr+u-Vo—vAw =0, 3.4

where u is recovered by the Biot-Savartlaw u = V- A~!w. The boundary condition
in this setting was introduced in [2,43,44] and is given by

v(@y + 3w = 3y A~ (U - V)| y—o. (3.5)
The condition (3.5) follows from d,u1|y—o = 0, the Biot—Savart law, and the vor-
ticity equation (3.4).
3.2. Integral Representation of the Solution to the Navier—Stokes Equations
For & € 7Z, denote by
Ne(s,y) = —(u - Vo) (s, y)

the Fourier transform in the x variable of the nonlinear term in the vorticity formu-
lation of the Navier—Stokes system. Also, let

Be(s) = (ayAfl(u . Vw))é ($)ym0 = — (ayAgle(s)) ly=0.
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where
Ae = —£+0;

is considered with a Dirichlet boundary condition at y = 0. After taking a Fourier
transform in the tangential x variable, the system (3.4)—(3.5) may be rewritten as

Orwg — VAgwg = Ng
v(dy + [§)we = Bg, 3.6)

for £ € Z. Denoting the Green’s function for this system by G¢(¢, y, z), we may
represent the solution of this system as

o t o
we(t,y) = /0 Ge(t, y, 2)wog (z) dz + /0/0 Ge(t —s,y,2)Ne(s, z) dzds
t
+/ Ge(t —s,y,0)Bg(s) ds, 3.7
0

where wog (z) is the Fourier transform of the initial data. A proof of this formulation
can be found in [50].

The next lemma gives an estimate of the Green’s function G¢ of the Stokes
system. For its proof, we refer to [50, Proposition 3.3 and Section 3.3].

Lemma 3.5. ([50]). The Green’s function Gg for the system (3.6) is given by

Ge = H; + Re, (3.8)
where
~ 1 (y—z)2 (y+z)2 2
He(t,9,2) = ——= (e @ e )51 (3.9)
NVt ( )

is the one dimensional heat kernel for the half space with homogeneous Neumann
boundary condition. The residual kernel Rg has the property (0, —0d;) R (¢, y, 2) =
0, meaning that it is a function of y + z, and it satisfies the bounds

1 —00 o+22 el

k k+1,—60b(y+
105 Re (¢, y, 2)| S bFHe~ BP0 Z)+W€ vi—e” 8, keNy,

(3.10)

where 0y > 0 is a constant independent of v. The boundary remainder coefficient
b in (3.10) is given by

1
b=b(E,V)=|$|+ﬁ.

The implicit constant in (3.10) depends only on k and 6.
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Remark 3.6. Based on (3.10), the residual kernel R¢ satisfies

|(y3,)F Re (2, y, 2)| S b ((yb)* + 1)e NP+

k
y 1 9 (y+z)2 _\szt
(=) +1)—=e e
<(\/ Vt) )\/Vt

6 6o (y+2)2 ve2
<peFrro L 3.11)
A/ Vit

for k € {0, 1, 2}, pointwise in y, z = 0.

Remark 3.7. As explained in [50], the Duhamel formula (3.7) holds not just for real
valuesof y, z € [0, co) butin general for all complex values y, z € €, U[1+u, 00).
In this case, for y € €, we may find 6 € [0, u) such that y € 92. If Im y >0,
the integrals from 0 to oo in (3.7) become integrals over the complex contour
y9+ = (0 N{z:Imz = 0}) U [l + 6, 00). A similar contour may be defined
for Im y < 0. Moreover, the Green’s function G¢ (¢, y, z) from Lemma 3.5, which
appears in (3.7), has a natural extension to the complex domain €2, U [1 + 1, 00),
by complexifying the heat kernels involved. Since for y € 2, we have [Imy| <
uRe y, for u small, we have that |y| is comparable to Re y. Therefore, the upper
bounds we have available for the complexified heat kernel ﬁg and for the residual
kernel Rz may be written in terms of Re y, Re z 2 0. Because of this, as in [50],
when we prove inequalities for the analytic norms X and Y we provide details
only for the case when y and z are real-valued. The complex versions of (3.7) and
Lemma 3.5 only lead to notational complications due to integration over complex
paths, and due to having to write Re y, Re z at the exponentials in all upper bounds.
We omit these details.

3.3. Main Estimates

We denote
1
231 =M+Z(M0—M—VS) (3.12)
1
M2=M+§(M0—M—VS) (3.13)

and observe that

O0<p<pr <p2<po—vys.

Lemma 3.8. (Main X norm estimate). With w1 and o as in (3.12) and (3.13), the
nonlinear term in (3.7) is bounded in the X, norm as

(mo—p—ys) Yy

it+j=2

a)lc(yay)]/ G(t -5, Z)N(S, Z)dZ
0

Xy,
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. . poo
+ Z 8)’6(.))8);)]/ G(t_S,y,Z)N(S,Z)dz
i+j<1 0 Xy,
(ydy) 0
< Z 19,03 N @, + i Z 1820 N(s)lls,,.
i+j<1 i<
(3.14)
The X, norm of the trace kernel term in (3.7) is estimated as
(MO - M — )/S) Z 8;(y8y)]G(t -5, ), O)B(S) .
i+j=2
+ Z Ay Gt —s,y, 0)B(s)‘ .
i+j<1 H
1 [ [ .
S 7= ;Ha;N(s)llml + N Gs,, | + ; a;N(s)‘ L, G109
is i<

Lastly, the initial datum term in (3.7) may be bounded in the X, norm as

o0

a;(yay)f/ G(t,y, 2)wo(2) dz
0

2

itj<2

S D0 wollx, + > D IE w0kl o> 1400

i+<2 i+j<2 &

Xu

The proof of Lemma 3.8 is given at the end of Section 4.

Lemma 3.9. (Main Y norm estimate). Let t1 be as defined in (3.12). Then the
nonlinear term in (3.7) is bounded in the Y,, norm as

(ho—p—ys) )
itj=2
+ )

o0
9y (ydy)’ / G(t—s,y,2)N(s,2)dz
i+j<1 0

S Y NG NGy, + Y 10 N©)s,, - (3.16)
i+j<1 i+j<1

o0
8;(y8y)1/0 G(t—s,y,2)N(s,z)dz

Y

Yy,

The Y,, norm of the trace kernel term in (3.7) is estimated as
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(o —
i+j=2
'G(t —s,y,0)B(s)
i+j<1 1
S Y (1N, +1ENG)ls, ) - (3.17)
i<1

Lastly, the initial datum term in (3.7) may be bounded as
i+j<2

S DRk wolly, + Y Y IE Hwlgzigy  (B18)

i+j<2 i+j<2 &

3i(y8y)jf G(t,y, 2)wo(z)dz
0

Y,

The proof of Lemma 3.9 is provided at the end of Section 5. The next lemma
provides inequalities for the nonlinearity.

Lemma 3.10. (The X, Y, and S, norm estimates for the nonlinearity). For any
w € (0, o — ys) we have the inequalities

> 180 NG, S Y (19koly, + 19iels,) D 1008 elx,

i+j<1 i<l i+j<2
+ 3 (Il + 18ols,) Y 16 po) olx,
i<2 i+j<1
+lolx, Y I8y elx, (3.19)
i+j=1
and
> 100 NIy, sz(na’wnyﬁnalwusﬂ) D 0y wlly,
i+j<1 i<l i+j<2
+Z(||a;;w||y,t + ||a;;w||s,i) D Iy wly,
iL2 i+j<1
+lollx, Y 10y oly,. (3.20)
it+j=1

For the Sobolev norm we have the estimate

Slols )
" .

i+j<1 i+j<3

Note that in the definitions of X (¢) and Y (¢) norms in (2.3) and (2.4), there are
time dependent weights in front of the second derivative terms, which is the reason
why we separate them from the low order derivatives in the right side of (3.19)
and (3.20). The proof of Lemma 3.10 is given at the end of Section 6. Lastly, the
following statement provides the estimate of the Sobolev part of the norm:

i8lwl . 321
}st 3.21)
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Lemma 3.11. Forany 0 <t < ’2‘—;) the estimate
i oJ 2
Y I ®7a )
i+j<3

i aJ 2 1+sup, .
S <r+t sup flo@lI + Y ||¢a;a§wo||Lz(H)>eCf< +supscpo, o)1)
s€[0,1] i+j§3

(3.22)
holds, where C > 0 is a constant independent of y.

This statement follows from Lemma 7.2 below.

3.4. Closing the A Priori Estimates

In this section, we provide the a priori estimates needed to prove Theorem 3.1.

Proof of Theorem 3.1. Define

M= Y 10l wollx,, + > D 000l ooy 110
i+j<2 i+j<2 &

and

M= > [0ipa olly,, + Y D 1L w0ellL1(2 110
i+<2 i+j<2 §

Note that by (3.1), (6.23) below, and Lemma A.1, we have
M+M<M.

Lett < ’2‘—}(’), s € (0,1),and u < uo — yt. First we estimate the X (#) norm of
w(t). From the mild formulation (3.7), the estimates (3.14)—(3.15), and the bounds
(3.19)—(3.21) for the nonlinear term, we obtain

2

NG

i+j=2
) /, ( llew ()11 L] o ()] ) i o i
~Jo \(mo—p—ys)32te =5 (no — pn — ys)lte
1 -
< sup |||w<s)|||3.< S mw) iy
0<s<s y (o — p — yr) SV (o — 1 — i)
supo<,<; llo ()3 ~ .

+M,
~ SV (o — = ynliAte

where we used Lemma A.2. Similarly, we obtain
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2

i+j<1

Bom o]

- / < ol 1 lloo ()13
~Jo \o = —y)lV/xe = i —s (o — u— ys)®

2
_ supos< llo @I

)ds+]l7l

+ M, (3.24)
VY
where we again used Lemma A.2. Combining (3.23) and (3.24), we obtain
supp<, < lo@IF -
lolxe S ——— Sy 73 (3.25)

VY

Next we estimate the Y () norm of w(¢). From the mild formulation (3.7), the
estimates (3.16)—(3.18), and the bounds (3.19)—(3.21) for the nonlinear term, we
obtain

t 2
Z 3;(yay)lw(t)H 5/ llew ()5 . ds + M
Pyl Y " Jo (mo—p —ys)
supg<,<; lo@?
< 0= ‘M (3.26)
y(po — pu —yn)*
For the lower order derivatives we obtain
t 2
> Jeioaion| < / Mol L as T
iti<1 n o (mo—pu—vys
supog<,<; lo @7
< 0= Y (3.27)
14
By combining (3.26)—(3.27), we arrive at
supg<,<; lo 7
lo@lyq S ——— LM (3.28)

14

To conclude, let

M= " l1io)woll 2210 S M.
i+j<3

Recall that the Sobolev estimate (3.22) yields

3/2
1+ supyego.n o ()1

VY
Ho

and this inequality holds pointwise in time for t < % The constant C and the
implicit constants in < are independent of y, but as usual, they may depend on .

o c
lo®, < (M + )ey(HSUPse[o,r] II\w(S)\le)7 (3.29)
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Combining (3.25), (3.28), and (3.29), and taking the supremum in time for

t < ’2‘—)2, with y 2> 1, we arrive at

S 2
€3, fo g I OFF
J7

sup  Nlo@ll; < C(M + M) +
te[o,%‘}

3/2
O 1+ SuPte[ ] lleo (D7 %(H—suplg[o ) mw(nmz)
+C| M+ e ' ;

N{Z

where C = 1 is a constant that depends only on o and 6y. Using a standard
barrier argument one may show that if y is chosen sufficiently large, in terms of
M M, M Lo, We obtain

sup o)l £2C(M +M + M + 1),

IE[O, 2
concluding the proof of the theorem. O

Remark 3.12. In order to justify the above a priori estimates, for each § € (0, 1],
we apply them on the approximate system

wr +ub Vo —vAw =0, (3.30)

where u® is a regularization of the velocity in the Biot—Savart law (6.2)—(6.3). The

boundary condition (3.5) becomes v(dy + [dx)w = Z)yA_l(u‘S - Vw)|y=0, and the
initial condition is replaced by an analytic approximation. The regularized velocity
u® is obtained from e by a heat extension to time 8, using a homogeneous version
of the boundary condition (3.6), and then computing the Biot—Savart law for this
regularized vorticity. Now, in order to justify our a priori estimates, we approximate
the initial datum wq with an entire one a)g. We may show using the approach in this
paper that the system (3.30) with entire initial data has a solution which is entire for
all time. Then, we perform all the estimates in the present paper on (3.30), obtaining
uniform-in-§ upper bounds for the norm || - ||; for all ¢ € [0, "—)‘/’), thus allowing us
to pass those bounds to the limit § — 0.

3.5. Inviscid Limit
This section is devoted to the proof of Theorem 3.2.

Proof of Theorem 3.2. Let T > 0 be as in Theorem 3.1. In view of the Kato
criterion [30], we only need to consider

T
vf/ |Vu\2dxdyds
_v// |w| dxdyds

—v// 2] dxdyds+v// |a)| dxdyds
y=1/2) {(y21/2)
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T
< ﬁv/o Z”eso(l—,\’)HE\w(y)wg(S)HLm(ygl/z)”eéo(l—y)Jrlflws(s)”Ll(yél/z) ds
&

T
+ V/O lw(s)[1% ds

T T
< ﬁfo lo ()1 x(s) o)y ds + ”/o lo ()13 ds
< M+ M.

Here we used that /v < w(y) and have appealed to the bound (3.2). By [30] it
follows that the inviscid limit holds in the topology of L>(0, T; L2(H)). O

4. Estimates for the X Analytic Norm

Throughout this section we fix t > 0 and s € (0, #) and provide the X norm
estimate of the three integrals appearing in (3.7). We first consider the kernel
100 e,

Hs(t,y,z)=ﬁe i e

.1

In the following lemma, we estimate the derivatives up to order one of the
integral involving the nonlinearity.

Lemma 4.1. Assume that . and [t obey the conditions
~ ~ 1
0<u<p<po—vys, M—Mig(uo—u—ys), 4.2)

for some constant C Z 1. Then, for (i, j) = (0, 0), (1, 0), (0, 1), we have

o0
Bé(yay)’/ H(t—s5,y,2)N(s,2)dz
0 X,

S8 (ydy) N($)llxz + 1IN ()l xz

3 D I8N 221470 “3)
§

+
(o — e —ys)

Remark 4.2. Inspecting the proof of Lemma 4.1 below, we note that only the
following properties of the kernel Hg(y, z,t) are used. First, we use that either
OyHe(y,z,t) = 0;He(y,z,t) or 0yHe(y,z,t) = —0.He(y, z, 1), the property
allowing us to transfer y derivatives to z derivatives. For the terms /7 and I, we use

<1
LPL

)

w(y)
H X{0§y§1+u}x{0§z§3)’/4}m(|H§ (t.y, )|+ |ydy He (t, y. 2)])
(4.4)

for the term I3 we need

~

0+ b (. y’Z)HLooLl <1 (4.5)
y ~z
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while for the term 14 we additionally use

| 0G4 g (4 H <_ - 4.6

HX{O§}§1+M}X{z§l+u}e 5( > Vs Z) LgoL% ~ \/’/Z—_[,L ( )
7y | —u? —vE2t

Observe that the kernel He (t, y, z) — He(t,y,2) = TT/ i e also obeys

these three properties, and thus Lemma 4.1 holds with H(z, y, z) replaced by
H(t,y,2).

Proof of Lemma 4.1. Let y € Q. For simplicity, we only work with y € R; an
adjustment for the complex case is straight-forward and leads only to notational
complications.

We start with the proof of (4.3) in the case (i, j) = (0, 1). Let y: Rt — R*
be a smooth non-increasing cut-off function such that ¥ (x) = 1 for0 < x < 1/2,
and vy (x) = 0 for x = 3/4. We first decompose

o0
yBy/ He(t —s,y,2)Ne (s, 2)dz
0
o0
= —y/ 0 He(t —s,y,2)Ne(s,2)dz
0
o b4
=- / ¥ (;) 0, He (t —5,y,2)Ne(s,2)dz
0

- y/ (1 —y <§>> 0. He(t — .y, 2)Ne (s, 7) dz
0

3y/4 z
= —y/ ¥ (;) 0 Heg(t —s,y,2)Ne(s,2)dz
0

B4,
—/ W' (—) He(t —s,y,2)Ne(s,2)dz
y

/2 y
l+u z
+ y/ (1 4 <—>> Hg(t —s,y,2)9;Ne (s, 2)dz
y/2 y
o0
+y HS(I_S9 Y, Z)asz(Sv Z)dZ
1+u
=L+ L+ 151+ 14 .7

The first three terms represent contributions from the analytic region and the last
term from the Sobolev region.
In order to bound /1, we compute the derivative of Hg as

(y—12) 1 _o=2* o
0,H: = —yo,Hs = 4v(t—s) v (1 S). 4.8
YR YO T =) ¢ (4.8)
By
3y
IV Sd4ly—zl, 0=5z= 4.9)

4
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we arrive at
1 _ 022 2 3y
0 He| < ——— B VU 0L <2 4.10
and therefore
3y/4 1 (-2 2
|1 Sf e BT e I | Ne (s, 7)| dz. (4.11)
0 -5 y
Next, we claim that the weight function obeys the estimate
—2)? 3
w(y) S w@etm, 0SS .12)

4
In order to prove (4.12) we use thatt —s < T < 1 and estimate

2 2 y2

(y—2) _ ) 3 -y _
w(y)e = < w(y)e T < w(y)e T S wye WV S, (4.13)

where we used (4.9) in the first and Remark 2.1(e) in the last step. Then (4.12)
follows from /v < w(z) by Remark 2.1(c). Using (4.11), (4.12), and

€0 H1—=y)+ 5] < eeo(l+u—z)+\é|’ 0<z<y, (4.14)

we obtain

|e€0(1+M—y)+|§|w(y)11 |

</3y/4 o(I+u—2) £ ! ) (2)|Ne (s, )| d
S e 14 vi=s) e w(z S, Z Z
0 (it —s) d

* 1 _ -2
S ||N§(S)||L;OLC\)\/‘O \/ﬁg 16v(r—s) dZ

< Mo,
Summing in & yields the bound
I1llx, S N, - (4.15)

Next, we consider the term 15 on the right side of (4.7). Since H Y’ H Lo <1,we
directly obtain

3y/4 1 -2
L] < / e P e N (s, 2)| dz,
y

2 vt —s)

which shows that I obeys the same estimate as /] (cf. (4.11) above). Since the
regions of integration also match, the same proof as for (4.15) gives

I20x, = IN®x,-

The term /3 in (4.7), which we recall equals

14
I3 = y/ (1 —y <£)> He(t —s,y,2)0;Ne(s, z) dz, (4.16)
y/2 y
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is treated slightly differently. Since z = y/2 we may trade a power of y for a power
of z, and we also have w(y) < w(z) for z = y/2 by Remark 2.1(b), where the
implicit constant is independent of v. Therefore,

”I?)”Xl‘_ — Z Sup w(y)660(1+ll_)7)+|§||13|

%‘ )’GQH

I+p
<> sup / O (r — 5, y, 2)w(2)|20: Ne (s, 2)] dz.
3 ye, Jy/2

Now, we use
g€o(I+n=y) 45| < €0 +1=2)+[§] €0 (z=y)+1§]
eCOUHR=D)1IE| €0 (y=2)/20(1=9) eV (1=9)/2 4.17)
which follows from
2 < g /e gt (4.18)
with suitable a, ¢ > 0. Choosing € sufficiently small, we obtain

I+
I5lx, < sup /
y

T ve Iy V(t—S)

e 8(1})(_1 )s>e vE2(t—s) go(l+n— Z)+\$\w(z)|za Ne (s, 2)| dz

-2?
< |1z9,N(s / ———————¢ 809 (dz,
Iz0:N(5)lx, m
whence
I13lx, < 129N (s)llx,- (4.19)
It remains to estimate the term I, in (4.7), which we recall equals
o
Iy=y Hg(t —s,y,2)0;Ne (s, 2) dz.
I+

Using Remark 2.1(a) and (c), the bound (4.17), and choosing € sufficiently small,
we obtain

650(1+M—y)+|5\w(y)|14‘

1+ 1 _0-2% | .
< 0G=)+1El, " Bui—s) p,— 26 (T*S)e€0(1+ll—l)+|§|w(z)|23 Ne (s, 2)| dz
/lﬂt NI o

- 71 €0(z—y)+ 1§l _5}'_72)2 —vE2(1—s)
* 1+ me(ﬂ The e 19 N (s, 2)| dz

_ 1+/1 1 7{2)’(7:)2)
< |[z07 Ng (s / ————e =) dg
l0NeOleg, |, Fa=

)2
e T T16v(—s) s)e T6v(1—s) s)|d NE(S

0 o-2? -
+ . — d
/1+,7 NIy e
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(-

< e_ 16v(t—s) o9} 1 _ éy(—z)z) 172
9- N, v(t=s) (.
S 120l + i o e

- Ng (s, 2) ||L2(z;1+ﬁ)

. 1 .
< ||ZdzN$(5)||c/%<jv + G- 19:Ne 5. D) 2> 1470) -
Taking a supremum over y € £2,, summing over &, and recalling the definition of
1 in (4.2), we deduce

1
||14||X,L S ||ZBZN§(S)Hxa + \/ﬁ Z ” 9:Ne (s, 2) ||L2(z;1+;7) .
§

This concludes the proof of (4.3) with (i, j) = (0, 1).
Next, we note that the estimate (4.3) for (i, j) = (1, 0) follows from the bound
(4.3) with (i, j) = (0, 0), by applying the bound to d, N instead of N. Therefore, it

only remains to establish (4.3) for (i, j) = (0, 0). With ¢ as above, we decompose
the convolution integral into three integrals as

o0
/ He(t —s,y,2)Ng(s, z2) dz
0

3y/4 z
=/ ¥ <;> He(t —s,y,2)Ne(s, z2) dz
0

1+u z
+/ (1 - <—)) He(t —s,y,2)Ne(s,2)dz
y/2 y

o
+ He(t —s,y,2)Ne(s,2)dz
I
=Ji+ b+ 5 (4.20)

Upon inspection, J; may be bounded in exactly the same way as the term /; earlier,
which gives the bound

I 7lx, S ING)Ix, -

On the other hand, J; is estimated exactly as the term /3 above, and we obtain

I2lx, S ING)Ix, -

Lastly, J3 is bounded just as I4, by splitting the integral on [1 + w, co) into an
integral on [1 + w, 1 + j1] and one on [1 + &, 00). This results in the bound

1311, < [Ne@) ., +

1
NTETEST ; [N 5. D 2147

concluding the proof of the lemma. O
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Lemma 4.3. Let 1 < L obey (4.2). For (i, j) = (0,0), (1, 0), (0, 1), we have

o0
9y (ydy)’ / Rt —s,y,2)N(s,z2)dz
0

Xu
S8 (yay) N()llxz + 1IN ) Ixz

12 Z”a)ica'y]Nf 221470 4.21)
&

_l’_
(o —p —ys)

Proof of Lemma 4.3. In order to establish (4.21), it suffices to verify the assump-
tions in Remark 4.2 for the kernel Rg(t,y,z). We recall that d,R: (¢, y,2) =
—0;Re(t, y, z), which is necessary to change y derivatives to z derivatives. First
fix y € [0, 14 ] and z € [0, 3y/4]. Then, since w(z) 2 /v, from (3.11) we have

w(y)
&U&Uym+wa&ayﬁo
w(y) (b —*b(y+z) +— ! —egwtf)ze—%;[>
S w(z) \/W
1 60 y2+22
< w(]y)) (b ~Pro+ T e 7 > (4.22)

Next, we use b = \/37] and thus by Remark 2.1(e) we have

0 v
WO ey < TR T < 1, (4.23)
v

provided that C is sufficiently large (in terms of 6p). Similarly to (4.13), using
Remark 2.1(e) and the fact that r < 1 we have

w(y)e_%og < w -3 <1,
Vv N
Therefore, the right side of (4.22) is bounded pointwise in y by

1 b 2

%o
be~ 2t 4 7707,

Vvt

- 2
Using that ||be’%||L; < 1 and ||J%7e_% lz1 < 1, the condition (4.4) for R
follows. ' )
In order to verify the condition (4.5), we use that b = |&]|, and provided ¢ is
sufficiently small in terms of 8y, we obtain from (4.18) that

2.2 2
VI R, (v, 2. 1) Seéo(z)’)+|§|<beeobz Ll fsf)

1 b 22 ve2s 1 b 2
< be 2000z + <e€01|5 e A ite "8 e 1

< be~200b7 4 Le_ o7
vaus
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and (4.5), for this kernel, follows by integrating in z. Finally, we check (4.6). For
this, let y € [0, 1 + ] and z = 1 + f&. Then

1 ) y24z2 ve2t
vt

VEIIEN R (. 2, 1)] < efo(z—y)+|§|(be—90b(y4-2) P

1 1 4
<bheatbr 4 7w
vt

1/4
Z
(vt)‘/“ (7)

< 172, Loobz %2
< pl2e4 +(m)1/4 ¥ i, (4.24)

5 be—%@obz +

where we used z > 1+ /1 > 1 in the third inequality. Finally, note that the L norm
of the far right hand side of (4.24) over [1 + jx, 00) is less than a constant. O

Next, we consider the trace kernel.

Lemma 4.4. Let v € (0, wo — ys) be arbitrary. For (i, j) = (0,0), (1, 0), (0, 1),
we have the inequality

0)0: A7 N (s, oo |

m

1
NVE—§

Proof of Lemma 4.4. For& € 7Z, the kernel G¢ (¢t — s, y, 0) is the sum of two trace
operators

<

ANy, + 18N ()]s, 4.25)

Ti(t—s,y) = ﬁg(t —s5,v,0 = #e—%e—vszu—s) (4.26)
’ T =)
and
Tr(t —s,y) = Re(t — s, y,0).
Recall that
1 o ) y2
0y T t—s, = — ¢ 4v(t75)e—vé (t—s)
PO D= T )
1 2 ,
S e e 427
~ vt =) ( )
and
: 1 o velumy
L =s. )+ oDt —s, Sbeijgoby—i- o 2iweT 8
IT2( W+ 1ydyTa( Yl —

(4.28)
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We first prove (4.25) in the case i = j = 0. Similarly to the equation (6.2) in
Lemma 6.1 below, we have the representation formula

o0
(BZA_lNg(s,z)) o = —/0 e N (s, 2) dz

14+n 00
_ _/ e EE N (5, 2) dz _/ e BN (s, 2) dz
0 1+n

=1+ D. (4.29)

First we treat the 77 contribution. Using (4.13) and choosing € sufficiently
small, we have

00T+ E Ly (W) Ty (r — s, y) 1 |

< ! 660(1+M—Y)+$eswézge—vfz(f—s)[1+u e_‘E|Z|N§(s,z)|dz
~ V=5 0

1 s &1 (@=y)+1§] ,eo(1+u—2)4 18]
< e~ 1510 RTHIs I COUTH=DIHIST N (5, 7)| dz

= /O INe(s. 2)|

L[ cttu—oi
< e T+ Ne (s, 2)| dz,
so— [N (s, 2)

leading to
1
ITi(t — s, illx, < t_SIIN(S)IIYM (4.30)

upon summing in &. For the integral I, in (4.29), we similarly use (4.13) and obtain
the inequality

1 oo
0TIy (T (0 — 5, ) | S f |Ng (s, 2)| dz

t—58 J14+pn
1

<

S~ Jis HzNg(s, 2) ”Lz(zglﬂn’

implying
1
1T — s, W llx, S t_SIIN(S)IISW (4.31)

For the 75 contribution, appealing to (4.23) and using /v = 1 + |§]/v <
1 + |&|w(z) for any z = 0, we have

|e€o(1+u—y)+lél w(y)be_%e"byll |
1+u
< eeo(1+ufy)+|§|b\/;/ B N s, 2)] dz
0

I+u
_ / ei‘é‘Zeeo(zfy)_'_\5\650(1+M*Z)+|§||N§(s, 7)| dz
0
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1+
+ / . |§'|e_|slze€°(z_y)+|§|660(1+“_1)+|E|w(z)|Ng(s, 2)|dz
0
1+p
5 / eéo(1+#—2)+\$\ |N$ (s, 2)| dz
0
14+ 1
+/ |le™ 20ty (2)| Ng (5, 2)| dz.
0

The first of the above terms is estimated using the Y,, norm, while the second one
. S 1. The above
L)

. . _1
is bounded using the X, norm. Here we use that H |€le™ 2 1§12

estimate, combined with the fact that the second term in the uﬁper bound for 73
(cf. (4.28)) is estimated just as 77, leads to the bound

1
m”N(S)”m +IIN®x, - (4.32)

For the contribution from 7 to the second integral in (4.29) we use (4.23) and the
bound +/vb < 1+ |£], to obtain

1T — 5. N1y, <

00
|e€0(1+/t—y)+\$\w(y)be—%gobyhl < 660(1+/1«—y)+|5|ﬁbe—lfl(l'ﬂi)/ |Ng (s, 2)| dz
I+p

S NzNe@ 2> 140

Again, since the second term in the upper bound for 7> (cf. (4.28)) is estimated just
as T1 we obtain

IT2(t — s, Mhllx, S (4.33)

1
=Nz

Combining (4.30), (4.31), (4.32), and (4.33) concludes the proof of (4.25) when
@@, j) = (0,0). For (i, j) = (0, 1), we use the fact that the conormal derivative of
the kernel obeys similar estimates as the kernel itself, which holds in view of (4.27)
and (4.28). Lastly, for (i, j) = (1, 0), the d, derivative simply acts on the Ng term
in (4.29), and the above proof applies. O

Finally, we estimate the first term in the mild representation of the solution (3.7).

Lemma 4.5. Let i € (0, ug — y's) be arbitrary. For i + j < 2, the initial datum
term in (3.7) satisfies

2.

i+jS2

S DG eollx, + Y Y IE Hwogliegzipe. (434
i+j<2 i+j<2 &

3l (y3y)) / Gt v, Do (2) dz
0

Xy
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Proof of Lemma 4.5. Leti + j < 2. We recall from (3.8), (3.9), and (4.1) that
Ge(t,y,z2) = Heg(t,y,2) + He(t, y, —2) + Re (1, y, 2). (4.35)

Accordingly, we divide

(ajc(yay)f'/ G(t,y, 2)wy(2) dz)
0 £

_ /0 (€Y (ydy)) He (1. y. oo (2) dz

+ /O (GEY (ydy)) He (1. y. — D)o () dz

o
+/ (&) (ydy) Re(t, y, D)wo¢(2) dz
0
=Ji++ J5. (4.36)
We first treat the term Jj. Using that
0y = y/o] + 1= ydy

and y < 1, we have, similarly to (4.7),
3y/4 . )
[J1] 5/0 |(y0y) He (2, y, DI |wo.g (2)] dz
3y/4 z z .
+f ( v’ (-)‘ + ‘W (—)D |He (2, y, D& ' |wo.¢ (2)] dz
y/2 y Yy
3y/4 p
+/ v’ <—)‘ |He (1, y, 2)119:00,¢ (2)] dz
y/2 y
o0

141
+f IHs(t,y,Z)Ilazzwo,s(Z)IdZ+/ \He (1, y. 2110200, ()] dz
y/2 I+p

ee]

I+
+/ IHg(t,y,z)llazwo,g(z)ldz+/ |He (2, y, 2)[]0:w0,¢ (2)] dz
y/2 I+p

1+ o
+1{j§1}//2 |He (1, y, 21161197 w0, (2)] dz
y

o0 .
+1{jg1}/ |He (2, y, 2)|I€]'107 w0, (2)] dz
=" i
=Ju+Jio+ i3+ Jia+ Jis + Jig + Ji7 + J1g + Ji9. (4.37)

The terms Ji1, J12, and Ji3 are bounded in the same way as the term I in (4.7)
(see (4.11)—(4.15)), leading to the first term in (4.34). The terms Jy4, Ji6, and Jig
are estimated in the same way as the term /3 in (4.7) (see (4.16)—(4.19)), and are
bounded by the first term in (4.34). It is only the Sobolev contributions Jis, Ji7,
and J19 which need to be treated differently than the term I4 in (4.7), because here
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we do not wish to increase the value of w to 1. These Sobolev terms are treated in
the same way. For instance, for Ji5 we use (4.17) and obtain

© 2?2 12
660(1+M_y)+‘E‘U)(y)|J]5| S’f e€0@=)+1El ;=g o2V t|8z2w(),g(2)|d2
I+p VI
o0 1 -2
S| = [9lwos(2)ldz
\/]\J,-Iu Vt z
< [ . (4.38
S || 97 wo.6(2) Lo 1) )

Thus, the terms J15, J17, and Ji9 contribute to the second term on the right side of
(4.34).

The second kernel in (4.35) is treated the same as the first. Likewise, the third
kernel in (4.35) is a function of y + z and we may write the analog of the inequality
(4.38) and the proof concludes similarly. O

We conclude this section with the proof of Lemma 3.8.

Proof of Lemma 3.8. Given 1 € (0, uo — yt) and s € (0, t), recall that  and
o are given by (3.12) and (3.13). By the analyticity recovery for the X norm,
cf. Lemma A.3 below, the bound for the first term on the left side of (3.14) is a
direct consequence of the bound for the second term. Indeed, we have

2

o0
ai(yay)// Gt —s,y,2)N(s,z2)dz
0

i+j=2 Xu
1 . . 00
S——— Y ooy’ / G(t—s,y,2)N(s,2)dz
Ho=Hr=V¥s =2 0 Xy

The bound for the second term on the left side of (3.14) follows from Lemma 4.1,
Remark 4.2, and Lemma 4.3, applied with © = w1 and & = po.

Concerning the trace kernel, the estimate for the first term on the left side of
inequality (3.15) is a consequence of the bound for the second term in (3.15), the
analyticity recovery for the X norm in Lemma A.3, and the increase in analyticity
domain from w to w1. The bound for the second term on the left side of (3.15) is a
consequence of Lemma 4.4 with u© = uy.

Lastly, the initial datum term is bounded as in Lemma 4.5, which concludes the
proof of the lemma. 0O

5. Estimates for the ¥ Analytic Norm

Lemma 5.1. Let u € (0, no — ys) be arbitrary. For (i, j) = (0, 0), (1, 0), (0, 1),
we have

9y (ydy)’ / H({t—s,y,2)N(s,2)dz
0

Yu
SNL ) Ny, + INO Iy, + 10595 N ()]s, (5.1



806 1. Kukavica, V. VicoL & F. WANG

Remark 5.2. Similarly to Remark 4.2, we emphasize that in the proof of Lemma 5.1
we only use several properties of the heat kernel He (¢, y, z). Examining the proof
below, one may verify that these properties are: The kernel should be either a
function of y + z or y — z, and it should obey the estimates

K0y <1 tos sy (He 3, 01+ 10y He v, 0| ST 652)
yhz

S (53)

l ~Y
LyLge

0GB 1y, Z)‘

It is direct to check that the kernel ﬁg (t,y,2) — He(t,y,2) = He(t,y,—2) =
y+2I 2
ﬁe*(' ot eV obeys these two properties. Therefore, the bounds stated in

Lemma 5.1 hold with H (¢, y, z) replaced by the full kernel H (t,y, 2).

Proof of Lemma 5.1. Let y € Q. For simplicity, we only work with y € R; an
adjustment for the complex case is straight-forward and leads only to notational
complications.

We start with the proof of (5.1) in the case (i, j) = (0, 1). Let y be the cut-off
function from the proof of Lemma 4.1. The first conormal derivative is given as in
(4.7) by

o0
yay/ He(t —s,y,2)Ne (s, z)dzs
0

W4/,
= —y/ ¥ (;) 0, He(t —s,y,2)Ne(s,2)dz
0

3y/4 z
— / W' (;) He(t —s,y,2)Ne (s, 2)dz
y

/2
144 z
+ y/ (1 -y (—)) H:(t —s,y,2)0;Ne (s, z)dz
y/2 y
o0
+y He(t —5,y,2)0;Ne(s, z)dz
144
=h+hL+15+ 14 64

Using the bounds (4.8), (4.9), (4.10), and (4.14), we obtain

660(1+M—y)+|S||11|

3y/4 1 y-2? 2
5/ P T =y Pt 3 (l*~9)e€0(1+/L*Z)+I$||N$(s’ 2)| dz. (5.5)
0

Ju(t —s)
Integrating in y, changing the order of integration, and using

(y—2)?

e 8v(i—s) <1

~ 2

1
LeLL

(5.6)

1
H\/V(f—s)
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we arrive at

e0U+n—D)1IE ) ‘

L

_ /1+u /3y/4 1 (2?2 co(I+u—2)4 [£]
< ——————¢ 1009 eOUTITIN N (5, 2) | dzdy
S STy :

< [efotitu=a+lely, (s)‘

~

cL’
Summing over £ yields the bound
I1illy, = INSy,- (5.7

The term I, in (5.4) is treated in the same way, by using || v’ || 1o S 1, leading to
the same upper bound as in (5.7). For the term /3 in (5.4), we use (4.17), the fact
that gg is small, and the bound (5.6), in order to conclude

1]y, = Z 660(1+H—)’)+|§|13‘
"

: &
<y /‘ﬂ‘ 1 0-92 tu—2)4 6]
< e 8-y g0UHH=2+811 75 N (s, 2)| dz
rll PET-RRRVAY ) o £
<y eeo<1+u7z)+|é||232N§(s)|HLI = [20:Ne )]y, - (5.8)
s I3

In order to estimate the term /4 in (5.4) we appeal to (4.17), use that € is chosen
sufficiently small, and the bound y < 1 + u < z, to obtain

660(1+M*y)+|§||[4|

o0 1 _ O L B S
< 0@+l TR 2 VE S)|31N§(S,Z)|dz
1

+u AV —5)

(-2

</oo C o Ne(s. )1
S —_— s, z)| dz.
L V=)

Upon integrating in y, using (5.6), and summing in &, the above estimate yields
ally, S Y 10:Ne@ 1314, S 19Nl -
§

This concludes the proof of (5.1) with (7, j) = (0, 1).

The estimate (5.1) for (i, j) = (1, 0) follows from the bound (5.1) with (i, j) =
(0, 0), by applying the estimate to d, N instead of N. In order to prove (5.1) for
(i, j) = (0, 0), we decompose, as in (4.20),

o0
/ He(t —s,y,2)Ng(s, z2) dz
0

3y/4 z
=/ ¥ (;) He(t —s,y,2)Ne(s, z2) dz
0
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1+n z
—i—/ (1 -y <—)) He(t —s,y,2)Ne(s, 2)dz
y/2 y

o0

+ He(t —s,y,2)Ne(s,2)dz
I+p
=Ji1+ L+ J5
Upon inspection of the proof for (i, j) = (0, 1), we see that using (5.6) we obtain
11y, + I hlly, S ING)Iy, -

On the other hand, the term J3 is estimated exactly as the term I above, and we
obtain

13lly, S INGIis, -
This concludes the proof of the lemma. 0O
Next, we state the inequalities involving the remainder kernel Re.

Lemma 5.3. Let 1 € (0, wo — ys) be arbitrary. For (i, j) € {(0,0), (1,0), (0, 1)}
we have the estimate

3;(y8y)f/0 R:(t —5,y,2)Ne(s,2) dz

Yy
S 133y Ny, + INOly, + 1850 N)lls, - (5.9)
Proof of Lemma 5.3. In order to establish (5.9), we only need to verify that the

kernel Rg(t,y, z) obeys the conditions stated in Remark 5.2. According to Re-
mark 3.6, in order to obtain (5.2)—(5.3), we only need to prove that

_1
”X{0§y§1+u}x{0§z§3y/4}(be 20P0 “))’ e o1 (5.10)
y-z
e€0@=)+18lp, ,—00b(y+2) <1. (5.11)
Lire ™

Indeed, the second term in the upper bound (3.11) for the residual kernel is treated
in exactly the same way as He (¢, y, —z), but replacing % with %0, and this term was
addressed in Remark 5.2.

In order to establish (5.10), let y € [0, 1 + ] and z € [0, 3y/4]. Then

1 1
—560b —560b,
lbe™ 2802 1< lbe ™20 S 1,

and (5.10) follows. For (5.11),letey < 6, and observe that €0 @) +[E[pe=tb+y) <
be~%bY The inequality (5.11) then follows upon integration in y. O

Next, we consider the Y norm estimate for the trace kernel contribution to (3.7).
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Lemma 5.4. Let i € (0, o — ys) be arbitrary. For 0 < i + j < 1, we have the
inequality

3 (y0,) G(t —s,y,0)0, A7 Ne (s, 2) | =0

S NNy, + 19LN s, .
(5.12)

Proof of Lemma 5.4. First, we note that the case (i, j) = (1, 0) follows from the
bound (5.12) with (i, j) = (0, 0), because the d, derivative commutes with the
operator G(t — s, y, O)BZA_1 |.=0 (see also the formula (5.14) below). Second,
we emphasize that the case (i, j) = (0, 1) is treated in the same way as the case
(i, j) = (0, 0), because the conormal derivative ydy, of G (t—s, y, 0) obeys the same
bounds as G (t — s, y, 0) itself (see the bounds (4.27)—(4.28) above). Therefore, we
only need to consider the case (i, j) = (0, 0).

As opposed to the proof of Lemma 4.4, we do not split the kernel G¢ (1 —s, y, 0)
into two parts. The only property of the kernel which is used in this estimate is

[Gett = 5.y, 0], S 1, (5.13)

Yy

which follows directly from (4.26) and (4.28).
Using (4.29), we have

o0
8ZA_1Ng(s,z)IZ:o = —/ e"S'ZNg(s,z) dz, (5.14)
0

and thus, since €p may be taken sufficiently small, we obtain

660(l+ﬂ_y)+|§:|Gé(t -5, y, O)aZA_le(S, Z)|z=0‘
o0
< Ge(t —s,, 0)/ e_|§|ze€0(z—}’)+|E|€50(1+M_Z)+|E||N§(S’ 2)|dz
0
I+n
< Gg(t—s,y,O)/ eOUTH=+Bl N, (s, 2)| dz
0
o0
+Gg(t—s,y,0)/ |Ng (s, 2)| dz.
()

Using (5.13) and summing over &, we arrive at

H Ge(t — 5. 9,0)0. A" Ne (s, 2) =0

v, SING Iy, + 1IN, ,

which concludes the proof of the lemma. O
Next, we provide an inequality corresponding to the initial datum.

Lemma 5.5. Let v € (0, wo — yt). Fori + j < 2, the initial datum term in (3.7)
satisfies

i+j<2

< Y laioa wlly, + Y D IE N ooelligzig (515

i+j<2 i+j<2 &

o0
8)’6(y8y)~’/0 G(t,y,2)wo(z)dz

Yy
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Proof of Lemma 5.5. Leti+ j < 2. Then we have the decomposition of the kernel
(4.35). We start with the first kernel in (4.35) and consider the inequality (4.37),
where J; is as in (4.36).

Now, the terms Ji1, Ji2, and Ji3 are bounded the same as the term /7 in (5.4)
(see (5.5)—(5.7)), giving the first term in (5.15). The terms Ji4, Ji6, and Jig are
estimated in the same way as the term /3 in (5.4), cf. (5.8), and are bounded by the
first term in (4.34). It remains to consider the Sobolev contributions Ji5, Ji7, and
Ji9.

For Ji5 we use (4.17) and write

eCo(I+u—y)+§] |15

< [7 1 coe—y)4 6]~ 8= 12y 0o
| ¢ e Mi-s)e 2 |azw0’é(z)|dz

~ +u vV l)(l — S)

. /oo R R )

< ————e¢ Y099 wo£(2)]dz.
1+u V(= 5) ¢

Upon integrating in y, using Fubini, the estimate (5.6), and summing in &£, we obtain

Islly, S
&

82a)o ‘ .
SRl VAT T

With a similar treatment of J17 and J19 we obtain the second term on the right side
of (5.15).

Since the other kernels in (4.35) are treated completely analogously, the proof
is concluded. O

Proof of Lemma 3.9. By increasing the analyticity domain from u to i1, which is
defined in (3.12), and using the analyticity recovery for the ¥ norm in Lemma A .4,
we obtain

2

i+j=2

<;Z

Ho—p—ys o

9y (ydy)’ / G({t—s,y,2)N(s,z)dz
0

Yy

3 ) o0
3i(y3y)’/ Gt —s,y,2)N(s,2)dz
0

Yy,
Therefore, the bound for the first term on the left of (3.16) is a direct consequence
of the estimate for the second term in (3.16). The bound for the second term on the
left side of (3.16) follows from Lemma 5.1, Remark 5.2, and Lemma 5.3, with
replaced by 1 € (0, o — y's).

Similarly, using analytic recovery for the ¥ norm and increasing the analytic
domain from w to wg, we see that the bound for the first term on the left side of
(3.17) is a direct consequence of the estimate for the second term. For this later
term, the estimate is established in Lemma 5.4, with u replaced by 1. Lastly, the
bound (3.18) is proven in Lemma 5.5, concluding the proof of the lemma. O
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6. Estimates for the Nonlinearity

In this section we provide estimates for the nonlinear term

Ne = (u- Vo) = (u1850) + (%ya},w> 6.1)
¢

and its 8)’; (yBy)-/ derivatives, with i + j < 1,inthe X, Y, and S, norms. We first
recall a representation formula of the velocity field in terms of the vorticity.

Lemma 6.1. (Lemma 2.4 in [44]). The velocity for the system (3.4)—(3.5) is given
by

1 Y
upe(y) = E (—f e_lgl(y_z)(l — e‘2|§|z)w,§(z) dz
0

+ /OO e—lfl(z—y)(l + e—2|§IY)wE () dz) (6.2)
y

and

ure(y) = =% (/’ e EI0-9(1 21200 (1) dz
2181 \Jo
+/ e—\S\(z—y)(l _ e—Z\E\Y)wg () dz) , (6.3)
y

where 1 is the imaginary unit.

As in Remark 3.7 above, the Biot—Savart law of Lemma 6.1 also holds for y in
the complex domain €2, U [1 + p, 00). If y € 929 for some 6 € [0, ), and say
Imy = 0, then the integration from O to y in (6.2)—(6.3) is an integration over the
complex line Qg N{z: Imz = 0, Re z < Re y}, while the integration from y to co
is an integration over (029 N{z: Imz =2 0, Rey S Rez < 1+ 0}) U[l +6, 00).

Moreover, we emphasize here that while (6.3) immediately implies the bound-
ary condition us ¢ (0) = 0, from (6.2) itjust follows thatu ¢ (0) = [;° e~1¥Fwz (2)dz.
To see that this integral vanishes, one has to use that it vanishes at time ¢t = 0, and
that its time derivative is given using the vorticity boundary condition (3.6) as
dur£(0) = (—ayAgl(u Vo)e)ly=o0 — Jo e ¥ - Vw)g (z)dz = 0. In the last
equality we have used explicitly that the kernel of the operator (—ByAgl) ly=0 is

given by e8Iz Thus, (3.6) ensures that u 1,6 (0) = Ois maintained by the evolution.
The main estimate concerning the X, norm is the following:

Lemma 6.2. Let u € (0, o — ys) be arbitrary. We have the inequalities

INOIx, Y (19koly, + 18iols,) Y 1o oly, 64
i<l i+j=1

and
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> 1L (yay) N(9)llx,,

i+j=1
< (Ilelx,Hr > (Ila,l;wllm-i-llaiwllsu)) > 19y wllx,
152 i+j=1
+ 3" (1ol + 19els,) Y 10i63) o, 65)
i<1 i+j=2

Before the proof of Lemma 6.2, we analyze the first order derivatives of the
nonlinear term. By the Leibniz rule, fori + j = 1, we have

. . . . (3luy
3, (¥3y)! Ne = (0, (y0y) u10y)s + ((}’3}:)] ( xy )yaya))
3

+ 13 (yay) w)e + (78;(y8y)]+]a)) )
£

Using the triangle inequality we have e®U+r=+lEl < peoltn=y)Inl
e€0U+1=y)+E=11 and thus, by the definition of the X, norm and Young’s inequality
in & and n, it follows that

1823 N ), < I19xwllx,, Y sup e THHE @ (yay) Tun)e]
+ lydyollx, Z sup e HHmYI1IEl

£ yeQy,
(0o (*2))
F V€ y £

+ 105 vy wllx, Y sup eI )|

£ yeQy
Y /e

(6.6)

+ ”3)1( (yay)j+]a)||xu Z sup e€0(1+ll*y)+|5|
£ YEQ,

Thus, in order to prove (6.5), we only need to estimate the above norms of the
velocity terms. These inequalities are collected in the next lemma.

Lemma 6.3. Let i € (0, o — ys) be arbitrary and let 0 < i + j < 1. For the
velocity uy and its derivatives, we have

sup eI B (yay) T up)g| S 195 wlly, + 185 wlls, + Jj lolix, .
3 YEQy

6.7)

while for the second velocity component u, the bound

(luy
9, [ =
(00 (%)),

sup eOUFHY+IE]
£ YEQ,

Sl wlly, + 10 olls, (6.8)

holds.
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Proof of Lemma 6.3. First we prove (6.7), starting with the case (i, j) = (0, 0).
We decompose the integral (6.2) for u; as

1 Yy
uie(y) = 5(_/0 109 (1 _ =21y, 5, 7) dz

1+un 0
+ <f +/ ) e BIEIN (1 4 7260w (5, 2) dz)
y I+p

=L+ DL+
Note that we have

e€0U+1=y)+ 5] ,—ly—zll§] < e€0U+1=2) 48] e0(z=y)+ 18] ,—Iy—zll§] < efo+n—=2)+1|

(6.9)
provided €y < 1. Hence, we obtain
I+p
OB (| 4 D)) < / 0+l oy, (5, 7)| dz
0
§ ||€€0(1+M_y)+‘é‘w||ﬁl ) (6.10)
i
For the term /3, using (6.9) we have
o
e00+n=y)1I81| 1) 5/ | (s, 2) | dz S Nlzwell 12> 140 (6.11)
1+p B

Summing the bounds (6.10) and (6.11) in &, we conclude the proof of (6.7) when
i+j=0.

The case (i, j) = (1, 0) amounts to multiplying by 7&, and thus the assertion
follows by the same proof as for (i, j) = (0, 0). Consider now the case (i, j) =
(0, 1). Taking the conormal derivative of (6.2) gives

y
yoyur g = %(/0 e BIO=D (1 — 7261y £ | (5, 2) dz

o0
N f e BIE (1 4 720 g (s, 2) dz
y

o0
— 2f eIV =26 £ 10 (5, 2) dz) — yoe (y). (6.12)
y

The first three terms in (6.12) are treated as in the case i + j = 0. The presence of
the additional factor |£| causes w to be replaced by dyw in the upper bounds. For
the last term in (6.12), we have

> sup eIy ()] Y sup e Ly (p) ()] < o,
£ YEQy £ VEQ,

where we have used Remark 2.1(d). This concludes the proof of (6.7) for (i, j) =
O, 1).
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Next, we prove (6.8), beginning with the case (i, j) = (0, 0). Using (6.3) we
decompose

~

y
Mg _ _iL<f eI (1 — 72 gy (5, 2) dz
y 0

&1 2y
1+ 00
n </ +/ )e—|s|<z—y>(1 — e 26 (s, 2) dz)
y I+u
=J1+ 1+ /5.
Using the bound
1 — ¢ 28Iz
‘ SIEL 2=y,
we arrive at
e

y
5/ e IO g |wg (5, 2) | dz
0

I+n o8
+ ( / -+ f >e—'5'<z—«">|s||wg(s, 2)| dz. (6.13)
y 1+p

Using (6.9) and the same bounds as in (6.10)—(6.11), we obtain the inequality (6.8)
fori + j = 0. The case (i, j) = (1, 0) follows from the same argument, by adding
an extra x derivative.

It remains to consider the case (i, j) = (0, 1). From the incompressibility we
have

y

uj g Uup e A Uze
¥ <—> = dyup g — —= = —TEu g — —. (6.14)
y y yu2.& y & y

The bound for the second term on the right of (6.14) was established in (6.13),
whereas the bound for the first term follows by setting (i, j) = (1,0) in (6.7). O

Having established Lemma 6.3, we return to the proofs of (6.4) and (6.5).

Proof of Lemma 6.2. In order to prove (6.4), we use (6.1) and similarly to (6.6)
we obtain

IN@Ix, S lorwlx, Y sup eI+l )|
3 YEQ,
Y /e .

IN®Ix, S (lolly, + llwls,)l3xolx, + (13cwlly, + l3xols,)llydyolx,

+ llydylix, _ sup e HHmI] (6.15)
§

YEQ,

Using Lemma 6.3 with i + j = 0 we get

and (6.4) is established.
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For (6.5), we use the bounds of Lemma 6.3 in (6.6) to obtain

> i) N@)lix, < lollx, (Iocolly, + lools, + lollx,)
i+j=1

+ lydyolix, <Z||a;;“w||yu + ||a;;“w||s“)
i<1

+ ( > ||a;;+1<yay)fw||xu> (lolly, + llels, )

itj=1

+ ( > ||a;;<yay)f“w||x,l) (lxelly, + lcolls,) -

i+j=1
and (6.5) is proven. O
Next, we estimate the term 9 (ydy)/ N(s) for 0 < i + j < 1 in the ¥ norm.

Lemma 6.4. Let i € (0, o — ys) be arbitrary. For the nonlinear term, we have
the inequalities

INOIy, $ Y (150l +19i0ls,) Y- 190 oly,  (6.16)

i<1 i+j=1
and

> 1903, Ny,

i+j:l
< (nwnxﬁ > (||a;;w||yu+||a,’;w||su)) > Iieay wly,
15i<2 i+j=1
+ 3 (1ol + 13ils,) Y- 10i03) ol (6.17)
i<l i+j=2

Proof of Lemma 6.4. By writing the nonlinear term as in (6.1), and using the
definition of the ¥}, norm, we obtain, similarly to (6.15),

IN@ Iy, S 10:olly, Y sup e0TTH4E )|

£ YEQ
u
+ llydyolly, Z sup e€0(1+lLY)+$’<_2> ‘
£ yEQy Y /e

Using the bounds in Lemma 6.3 with i + j = 0, we arrive at (6.16).
For i + j = 1, by the definition of ¥, norm and Young’s inequality, we have
as in (6.6)
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1803 N @) ly, S sl D sup eI @, (v3,) un)e]
+llydyolly, Y sup e HHm]

£ YERQ,
- 3iuy
(007 (%2))
£ yEQ, y &

+ 10 (vay) wlly, Y sup eI ) |

3 yeQ,
<u2>
) §

The proof of (6.17) is then concluded by an application of Lemma 6.3. O

+ ||3)ic(y8y)j+lw||Yﬂ Z sup g€ol+1—=y)+ 5]
£ YEQy

To conclude this section we consider the Sobolev norm estimates for the non-
linear term.

Lemma 6.5. Let i € (0, o — ys) be arbitrary. We have

INOIs, S (lolly, +llols,) D 1650wl (6.18)
i+j=1
and
SNl s Y (10iaoly, + 10i6fels,) Y 1oisjols,
it+j=1 i+j<1 i+j<1
+ (lolly, + lols,) Y 18idjols,. (6.19)
i+j=2

Proof of Lemma 6.5. In order to prove (6.18) we write
Y- Vo) =u1ydyw + uzydyo,
and thus from Holder’s inequality in y and Young’s inequality in £ we deduce that

o
> (||u1,g||Loo<y;1+m + ||u2,g||Loo(y;1+m) <> / |wg (2)] dz
5 g V0

< lolly, + llolls, - (6.20)
For (6.19), when i 4+ j = 1, by the Leibniz rule we have
YL) (u - Vo) = 3L0Ju1ydew + u1y0it 8w + 9L0Jurydyw + uaydld) M o,

and therefore from Holder’s inequality in y and Young’s inequality in & we deduce
that

L9y N(s)

S loolls, Y- |l odu g
Su x S"g &1 g Lo (21410

i 0
+1 a"w”% ; H 6135 uze HLOO(@H;U
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+

o+ ainSM Z 1.6 ||L°°(y;1+u)
3

+

CEA D 9] LY PR
§

For the last two terms in the above inequality we appeal to (6.20). For the first two
terms, when (i, j) = (1, 0) the L bound on the velocity field is again given by
(6.20) with an additional derivative in x, i.e.,

D @1l o210 + 102l (2140 S N10c0lly, + 10:0ls, -
&
(6.21)

On the other hand, for (i, j) = (0, 1), we use incompressibility and the definition
of w to write

Oyup = —w + dyup and dyup = —0yuj. (6.22)

For the L bound on d,u we again appeal to (6.21) whereas for the L*> norm of
w we use the fundamental theorem of calculus and Holder’s inequality to estimate

Z”‘()EHLOO(@HM) S Z||y3ng||L2(y;1+M) = 8yw||5u . (6.23)
§ §

The bound (6.19) now follows by combining all the estimates. O

7. The Sobolev Norm Estimate

In this section, we provide an estimate on the Sobolev part of the norm

5 [t = 3 |t

L ,(y21/2)

i+j<3 i+j<3
12
— inJ 2
=y <Z||ys’ang||m@1/2)) : (7.1)
i+j<3 &

For a given norm ||-]| it is convenient to introduce the notation
k i nJ
ID*ul = > 10iajull.
i+j=k
We first state a lemma which estimates u in terms of .
Lemma 7.1. Let t be such that yt < wo/2. Then we have
Do D U (2 1yay S D DNET Ul Loz 174y S Beolle (7.2)
0=k=2 i+j<2 &
and

o

= el 7.3
Lz%,y(yzl/4) ~ ||| |||t ( )
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Proof of Lemma 7.1. The first inequality in (7.2), in which the L*° norm in x is
replaced by an ¢! norm in the £ variable is merely the Hausdorff—Young inequality.
It thus remains to establish the second inequality in (7.2). The case j = 0 follows
by the same argument as (6.20). Indeed, we only replace the norm L>®(y = 1+ u)
with the norm L*°(y = 1/4), which has no bearing on the estimates, to obtain

SN@01 el gz + 1@ 02l 21 < [0+ [oie
: Yup Su/2
(7.4)
forany i <2 and u > 0. In particular, we may take
o — vt
= T’/. (1.5)

Note that since yt < po/2 we have i = 110/20. To replace the S,,/» norm, which
is ¢! in &, with the S norm, which is £2 in &, we pay an additional price of 1 + ||
(cf. Lemma A.1 below). Additionally, in (7.4) we further appeal to the analyticity
recovery for the ¥ norm, cf. Lemma A.4 below, and obtain

DD @ el ooy >1/ay + 1@ 28l ooy 174y S llly, + )
ig2 § i<3

i
0,

Sllells.
| S ol

This concludes the proof of (7.2) when j = 0 andi < 2. Forthe case j = 1, we
use (6.22) to convert the 9y, derivative into a d, derivative, at a cost of an additional
term involving w. Similarly to (6.23), appealing to Lemma A.1, using that w(y) 2 1
for y € [1/4, 1/2], and with u as in (7.5) we get

D el wellpooiyz1/ay S D _NweO T+ E o || ooy j4< <12
& H

+ ) lydylEl el 221
&
<

~

Ao +[oioe] +[otae] Stel 7.6
Xy S S
fori < 1. The above estimate gives (7.2) for j = 1. It only remains to consider the

case (i, j) = (0, 2). For this purpose, note that
Ou = —dyow — djuy and dJuy = dew — dun, (7.7)

which follows from (6.22) and incompressibility. The terms with two x derivatives
were already estimated in (7.4), whereas d,w was already bounded in (7.6). Lastly,
for the term dyw, we have, similarly to (7.6),

D 0yl poyz gy S D M@ E b (p) yayee || oo 1 ja< <12
& &

+ 2 Iydieell 210
5
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< ”yaywa,L + Hayzwus +

2
00| S ol

which gives (7.2).

In order to conclude the proof of the lemma, we need to establish (7.3). For
this purpose, fix (i, j) such that i + j = 3. To avoid redundancy, we only consider
the cases (i, j) = (3,0) and (i, j) = (0, 3). First, using Lemma 6.1 and Young’s
inequality, we have

3 02 3 2
103Ul 72,51 0y S D MEPug o5

&
[o/e]
>3 ”/ eI g 3 o | 2) dz
g 170 L2(yZ1/4)
S D MEP Pl o<y o) + D NIEPI0elIF2 o)
& &

— <0
< Z”eéo(l-ﬂ/— Z)+|S\|w$|”il(zgl/2)|g|5/2e 5 8]
3

+ )zl lwelIF 2 o)
5 >

2

2
2 2 2
S o, + |920] | S 1ol

with w as in (7.5). In the last inequality above we used ||-[l,2 < |||l,1. Thus, we

have proven (7.3) for (i, j) = (3, 0). For the other extremal case, we apply the y
derivative to (7.7) and obtain

Rup =0j0+ 0w —djuy and uy = —xdyw + ui.

The velocity terms d2u; and 3 u, were already bounded above. Clearly, we have
| D?w| Lozl S |D*o| ¢ < llwll;. On the other hand, similarly to (7.6), we
have ;

|

In the last inequality we used that x4 in (7.5) is bounded from below by 11(/20. This
concludes the proof of the lemma. O

s|ol s ol

i, Sl

L2(1/45y<1/2) L>®(1/42y=1/2)

The remainder of this section is devoted to an a priori estimate for the norm
Yiyi<s 1020y || ;. For this purpose, denote

() =y (), (7.8)

where ¥ € C™ is a non-decreasing function such that ¢y = 0for0 < y < 1/4 and
Y = 1 for y 2 1/2. In order to estimate the norm in (7.1), note that

||yf||L§_y(y;1/2) = o 2y »

so in order to obtain Lemma 3.11, it suffices to estimate this larger norm.
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Lemma 7.2. Forany 0 <t < the estimate

> ||¢a;;a§!w<r)niz(H)

i+j<3

<t+t sup [l + Z xR ale”U(H)) Ct(14supgeqo q lo (9)lls)
s€[0,¢] i+;<3

holds, where C > 0 is a constant independent of y.

Proof of Lemma 7.2. Let o € N2 be a multi-index with |a| < 3. We apply 9% to
the vorticity form of the NaV1er—Stokes equation and test this equation with ¢>9%
to obtain the energy estimate

S 100l oy v [0V5 0]
=2/ ' plo%wl? — 3 <“>/ 3Bu - Vo B wdwep?
H 0Pt B/) Ju
—21)/H¢’8aa)8y8“w¢. (7.9)
Using the pointwise estimate
19" NS 6 + xp1a<y<1/2) (7.10)

on the first and the third terms, summing over || < 3, and absorbing a part of the
third term in (7.9) into the left side of the inequality, we obtain

— Z gl 2,

t+/<3
k i 12
S <V+ ||u2||L°C(y2]/4) + Z 1D M||L§§),()y>1/4)> Z ||¢ai3yw||L2(H)
15k<2 i+j<3
3 i
G LR PN LA NEN DR e e
” i+j<3
TR
+ <v+ ||u2||L%(1/4§y§1/2)) S0 0n gy (7.11)
i+j<3 ’

We first consider the third term on the right side of (7.11). We use (7.2) to bound
lua |l L, (1/4<y<1/2) < |lwlls, and we note the analytic estimate

02+ E g (3 )T H
COO

n/2,v

j
Z ;0 “’”LZ (1/4<y<1/2)
i+j<3 i+j<3

ZZ

i+j<3 &

L2<1/4< <1/2)
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S

i+j<3

. H2
w
Y X

uniformly in © > 0. Here we used essentially that the weights y and w(y) are
comparable to 1 (independently of v) in the region {1/4 < y < 1/2}, and that for

sequences {ag }gez We have ||a§ || 2 < ||a§ H o1~ In particular, in the above estimate
Ho—yt
10

we may take pu = > (. With this choice, we appeal to the analyticity
recovery Lemma A.3, and estimate

iol 12 2
D I8l jasy<iyy S lelk, (7.12)
i+j<3
where we used that Vt < io <1.

For the second term on the right side of (7.11), we appeal to (7.3) and to the
estimate

¢Vl peom < ||V(¢w)||Loo(H) T gl Lo + loll g 1/a<y<1/2)

S

i+j<3

— lellx, -

Here we have used the Sobolev embedding H2(H) C L% (H), the previously
established bound (7.12), the Leibniz rule, and the definition of ¢ in (7.8). Using

(7.10), the resulting inequality is
| Dl 19Voliee Y 19930l
i+j<3

i o 12 2
Slolle Y 190i8) @l 7, + ol ol -
i+j<3

L2 ,(y21/4)

Combining (7.11)—(7.12) with the above estimate and Lemma 7.1, we deduce

— Y Pl gy S T+ lo®l) Y 16000724

i+j<3 i+j<3
+ A+ lo@®llr) IIw(t)Ilﬁgﬂ ,

where = “01—_0’”. Upon applying the Gronwall inequality, the proof of the lemma
is concluded. O
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Appendix A. Proofs of Some Technical Lemmas

Here we list some technical lemmas.
The next lemma converts an £! norm in & to an £% norm, which is necessary
when converting S, norms to an § and hence a Z norm.

Lemma A.1. Let u € (0, 1). We have

Yo lipaniols, S Y

i+j=2 i+=2

a;;(yay)waS n

ait! (yay)waS .

Proof of Lemma A.1. We have

1/2
Y el S (Z(l + |$|2)|U$|2) (A1)
§ §

for every v for which the right side is finite. The inequality (A.1) holds since
Ye(1+1E3) <00 O

Lemma A.2. Assume that the parameters |1, |10, ¥, t > 0obey u < puo—yt. Then,
fora € (0, %) we have

o 1 c
ds < A2
/()\/I—S(MO—H—VS)H"‘ Y= o — i — yr)i/e (A-2)
and
/' 1 1 < € (A3)
s < —, .
0 Vt—so—pn—y)* T SV

where C > 0 is a constant depending on o and 1/2 — .
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Proof of Lemma A.2. Changing variables s’ = ys,t" = yt, and letting o — pu =
u' > 0, the left side of (A.2) is rewritten and bounded as

/f’ J7 1 ds’ _ 1 /f’ ds’
0 V=5 (W =sHe oy T Sy =) Jo =5 — )

t/
_2arctan(,/m) _ 1
ST Oy — e
1

V(o — e —ynt/Ere
In order to prove (A.3), we proceed similarly and use u’ > ¢’ to deduce
t / v l
A
0 V=5 W5y Tyl =) gy

where the implicit constant may depend on g and 1/2 —«. O

Lemma A.3. (Analyticity recovery for the X norm). For t > u = 0, we have

) . 1
D iy fllx, S =——I1f lxz-
itj=1 n=n
Proof of Lemma A.3. First, let (i, j) = (1, 0). According to the definition of the
X, norm, and using that the bound (i — 1) | |e€01$1((1H1=2)+=(I+A=y)1) < holds
on £, we have

_ 1 ~_
195 fllx, = Y NEOTFHIEl felpog S = "0 o o
RS ,
3 3
1 ~ 1
<= eI £ |l poo = —— | fll x5
= Xs: UL 0= "

Next, consider (i, j) = (0, 1). By the Cauchy integral theorem, we have

nro=[ L (Ad)

Coury V=227

where C(y, Ry) is the circle centered at y with radius R,. Hence, we have

1
19y fs DI S 7. swp  [fe (@)
¥ 2€C(y.Ry)

By taking Ry = C ~1(L— p)Re y, for a sufficiently large universal constant C > 0,
we obtain

13y fllx,

1

Zl|eeo(1+ﬂ—y)+|§|y8y fg ||£‘olfv S, = Z”gso(l+u—)’)+|f| fé ”£1910v
. h—ne '

1
=

1
=

AN

Z||e€°(l+“_y)+|§|f§||£,%fu = Ifllxz,
&

concluding the proof. O
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Lemma A.4. (Analyticity recovery for the ¥ norm). Let ug = it > u = 0. Then
we have

(A.5)

. . 1
> i oy flly, < i

itj=1

Proof of Lemma A.4. By the same argument which yielded the X norm estimate
in Lemma A.3, we obtain

||axf||Yﬂ — ZHéeeO(H“ ‘)+|§|f§”£1 60(1+H_Y)+|§|f5”[:/11
§

<= ot i=nlel fy = Ly
n—pu zé: sy n— #

In order to prove the estimate (A.5) for (i, j) = (0, 1), we use (A.4) to bound

f 2@ / / nys (Z)I
2 dzdy
co.Ry) (Y —2) 99 JC(y.Ry)

for any 0 < 6 < p. By taking Ry = C~' (i — p)Rey for a sufficiently large
universal constant C > 0, using that |y| is comparable to Re y in this region, and
applying Fubini’s theorem, we obtain

vy fell L1 ag,) = /

a0

| /: (Z)|
19y felli o) S = E
a9 Je.Ry) Ry
2

S / / | fe(v 4+ Rye'®)| dpdy

Q9 JO

1
7 swp el e,
M_Mée(e_@’g_i_@) (9825)

S

which proves the claim. Since e H1#=0+[El < go(+E=V)+ ] for every y € Q,,
the lemma follows. 0O
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