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Abstract

We paralinearize the Muskat equation to extract an explicit parabolic evolution
equation having a compact form. This result is applied to give a simple proof of the
local well-posedness of the Cauchy problem for rough initial data, in homogeneous
Sobolev spaces H'(R) N H*(R) with s > 3/2. This paper is essentially self-
contained and does not rely on general results from paradifferential calculus.

1. Introduction

The Muskat equation is a fundamental equation for incompressible fluids in
porous media. It describes the evolution of a time-dependent free surface X (7)
separating two fluid domains €21 (#) and €2, (¢). A common assumption in this theory
is that the motion is in two dimensions so that the interface is a curve. In this
introduction, for the sake of simplicity, we assume that the interface is a graph (the
analysis is done later on for a general interface). On the supposition that the fluids
extend indefinitely in horizontal directions, we have that

Q1) ={(x,y) e RxR; y>h(,x)},
Q@) ={(x,y) e RxR; y <h(t,x)},
X(1) = 0Q1(1) = 0(1) = {y = h(r, x)}.

Introduce the density p;, the velocity v; and the pressure P; in the domain €2;
(i = 1, 2). One assumes that the velocities v; and v, obey Darcy’s law. Then, the
equations by which the motion is to be determined are

v = V(P + pigy) in2;,
divyv; =0 in €;,
Pr=P on X,
vprn=1uvy-n on X,


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-020-01514-6&domain=pdf

546 T. ALAZARD & O. LAZAR

where g is the gravity and n is the outward unit normal to €2, on X,

1 —3.h
n_,/1+(axh)2( 1 >

The first two equations express the classical Darcy’s law and the last two equations
impose the continuity of the pressure and the normal velocities at the interface. This
system is supplemented with an equation for the evolution of the free surface:

ah =1+ (3ch)2 v - n.

The previous system has been introduced by MUSKAT [41] whose main application
was in petroleum engineering (see [42,43] for many historical comments).

In [21], Cérdoba and Gancedo discovered a formulation of the previous system
based on contour integral, which applies whether the interface is a graph or not. The
latter work opened the door to the solution of many important problems concerning
the Cauchy problem or blow-up solutions (see [9—11, 19], more references are given
below as well as in the survey papers [30,31]). This formulation is a compact
equation where the unknown is the parametrization of the free surface, namely a
function f = f(¢, x) depending on time € R and x € R, satisfying that

3 f = %Bx/arctan (Mg ) dar, (1.1)

where p = p> — p1 is the difference of the densities, the integral is understood in
the principal value sense and A, f is the slope, namely,

f(.x,t)_f(x_a,t).

o

Ag f(t,x) =

The beauty of Equation (1.1) lies in its apparent simplicity, which should be com-
pared with the complexity of the equations written in Eulerian formulation. This
might suggest that (1.1) is the simplest version of the Muskat equation one may
hope for. However, since the equation is highly nonlocal (this means that the non-
linearity enters in the nonlocal terms), even with this formulation the study of the
Cauchy problem for (1.1) is a very delicate problem. We refer the reader to the
above mentioned papers for the description of the main difficulties one has to cope
with.

Our goal in this paper is to continue this line of research. We want to simplify
further the study of the Muskat problem by transforming the Equation (1.1) into the
simplest possible form. We shall prove that one can derive from the formulation (1.1)
an explicit parabolic evolution. In particular, we shall see that one can decouple
the nonlinear and nonlocal aspects. There are many possible applications that one
could work out of this explicit parabolic formulation. Here we shall study the
Cauchy problem in homogeneous Sobolev spaces.

The well-posedness of the Cauchy problem was first proved in [21] by Cérdoba
and Gancedo for initial data in H3(R) in the stable regime p; > pi (they also
proved that the problem is ill-posed in Sobolev spaces when p» < p1). Several
extensions of their results have been obtained by different proofs. In [14], CHENG,
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GRANERO-BELINCHON, SHKOLLER proved the well-posedness of the Cauchy prob-
lem in H?(R) (introducing a Lagrangian point of view which can be used in a broad
setting, see [34]) and CONSTANTIN, GANCEDO, SHVYDKOY and VicoL ([18]) consid-
ered rough initial data which are in W27 (R) for some p > 1, as well they obtained
a regularity criteria for the Muskat problem. We refer also to the recent work [31]
where a regularity criteria is obtained in terms of a control of some critical quanti-
ties. Many recent results are motivated by the fact that, loosely speaking, the Muskat
equation has to do with the slope more than with the curvature of the fluid interface.
Indeed, one scale invariant norm is the Lipschitz norm sup, . 10x f (¢, x)|. We refer
the reader to the work [17] of Constantin, Cérdoba, Gancedo, Rodriguez-Piazza
and Strain for global well-posedness results assuming that the Lipschitz semi-norm
is smaller than 1 (see also [15] where time decay of those solutions is proved). In
[26], DENG, LEI and LIN proved the existence of global in time solutions with large
slopes, assuming some monotonicity assumption on the data. In [8], Cameron was
able to prove a global existence result assuming that some critical quantity, namely
the product of the maximal and minimal slopes, is smaller than 1. His result al-
lows to consider arbitrary large slopes. By using a new formulation of the Muskat
equation involving oscillatory integrals, Cérdoba and the second author in [20]
proved that the Muskat equation is globally well-posed for sufficiently smooth data
provided the critical Sobolev norm H 3 (R) is small enough. The latter is a global
existence result of a unique strong solution having arbitrarily large slopes.

These observations suggest to study the local in time well-posedness of the
Cauchy problem without assuming that any L”-norm of the curvature is finite. The
well-posedness of the Cauchy problem in this case was obtained by MaTtioc [37,38].
Using tools from functional analysis, Matioc proved that the Cauchy problem is
locally in time well-posed for initial data in Sobolev spaces H*(R) with s > 3/2,
without smallness assumption. We shall give a simpler proof which generalizes the
latter result to homogeneous Sobolev spaces H*(R). We also mention that many
recent results focus on different rough solutions, which are important for instance in
the unstable regime p; > p, (see for example the existence mixing zones in [12,13,
441 or the dynamic between the two different regimes [23,24]). We refer also to [22,
47] where uniqueness issues have been studied using the convex integration scheme.

In this paper we assume that the difference between the densities in the two
fluids satisfies p > 0, so, by rescaling in time, we can assume without loss of
generality that p = 2.

A fundamental difference with the above mentioned results is that we shall
determine the full structure of the nonlinearity instead of performing energy esti-
mates. To explain this, we begin by identifying the nonlinear terms. Since p = 2,
one can rewrite Equation (1.1) as

BYEY,
a‘f_n/H(Aafﬂ «

(in this introduction some computations are formal, but we shall rigorously justify
them later). Consequently, the linearized Muskat equation reads as

1
oru = —pv/Banu do. (1.2)
T
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Consider the singular integral operators
1
Hu = ——pv/ Agquda and A = Hoy. (1.3)
bid

Then H is the Hilbert transform (the Fourier multiplier with symbol —i sgn(§))
and A is the square root of —d,,. With the latter notation, the linearized Muskat
Equation (1.2) reads as

o + Au = 0.
With this notation, the Muskat Equation (1.1) can be written under the form
Wf+Af=TNH. (1.4
where 7 (f) is the operator defined by
Aaf)?
—————do.
14 (Ao f)?

Our first main result will provide a thorough study of this nonlinear operator. Before
going any further, let us fix some notations.

1
T(f)g = _;/(8ang)

Definition 1.1. (i) Givenareal number o, we denote by A? the Fourier multiplier
with symbol |£|? and by H? (R) the homogeneous Sobolev space of tempered

distributions whose Fourier transform # belongs to L }OC (R) and satisfies

o 1 o | A
= [A7u]?, = E/Rmz ) dt < +oo.

(i1) We denote by H? (R) the nonhomogeneous Sobolev space L%2(R) N H° (R).
We set H®(R) := N, >oH° (R) and introduce X := N_ >, H (R), the set
of tempered distributions whose Fourier transform # belongs to L }OC (R) and
whose derivative belongs to H*(R).

(iii) Given 0 < s < 1, the homogeneous Besov space Bé,l (R) consists of those
tempered distributions f whose Fourier transform is integrable near the origin
and such that

@~ fe—of | do
10, =/(/ 2 dx) & tos

(iv) We use the notation ||-||gnr = II'llg + Il 7

Theorem 1.2. (i) (Low frequency estimate) There exists a constant C such that,
forall fin H'(R) and all g in H> (R), T(f)g belongs to L*(R) and

17Nl = ClLfllg gl 3 - (1.5)

Moreover, f +— T (f)f is locally Lipschitz from HY(R) N a3 (R) to L*(R).
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(i) (High frequency estimate) For all 0 < v < & < 1/2, there exists a positive
constant C > 0 such that, for all functions f, g in X = ﬂ(,ng" (R),

T(f)g=v(HHhg+V(f)dg+ R(f, 2, (1.6)
where
2
v(f) = W,

and R(f, g) and V (f) satisfy
IR(f, @)l 2 =C LA 34e 8l e (1.7)

and

IV (Hlicor = IVl + sup

yeR

(IV(f)(x +y) - V(f)(X)I)
Iyl”

SCIfIP s (1.8)
H'NH

5+e
(i) Let 0 < ¢ < 1/2. There exists a non-decreasing function F : Ry — Ry such
that, for all functions f, g in X,

[A** T (g - T(Ha™g
< F(IFI, age) 171

The proof of the first statement follows directly from the definition of fractional
Sobolev spaces in terms of finite differences, see Section 2. The proof of the second
statement is the most delicate part of the proof, which requires to uncover some
symmetries in the nonlinearity, see Section 4. The last statement is proved in Sec-
tion 3 by using sharp variants of the usual nonlinear estimates in Sobolev spaces.
Namely we used for the later proof a version of the classical Kato—Ponce estimate
proved recently by Li and also a refinement of the composition rule in Sobolev
spaces proved in Section 2.

We deduce from the previous result a paralinearization formula for the non-
linearity. We do not consider paradifferential operators as introduced by BoNy
([6,39]). Instead, following SHNIRELMAN [46], we consider a simpler version of
these operators which is convenient for the analysis of the Muskat equation for
rough solutions.

L2

el .3 (1.9)

. .3 N
HINH2ZT " T A2t NA2

Corollary 1.3. Consider 0 < ¢ < 1/2 and, given a bounded function a = a(x),
denote by T,: H't¢(R) — L?(R) N H'*¢(R) the paraproduct operator defined
by

Tog =+ A" an ).
Then, there exists a function F : R — R such that, for all f € X,

T f = TynAf + Tvipoef + Re(f), (1.10)
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where
1R lree S FON gy e AUy s I g - (1D
Proof. Writing
TN =+ AT+ AT f + U+ AT AT, T,
and using the formula (1.6), we find that (1.10) holds with

Re(f) = (I + AT (T f + R(L A F) + [A, T(H] ).

To prove (1.11), we have to estimate the L>-norm of the three terms between
parentheses. The L?-norm of T (f)f is estimated by means of (1.5). We use (1.7)
and (1.9) to estimate the two other terms. This yields

By )

Thus, (1.11) follows from H'"3(@®R) N H'"3(R) < By P(R) (see
Lemma2.2). O

IR ()l e < F(IFI il Il s o+ HA”Ef‘

H2NH?

. .3 . .3
HIOHT’E) HINnH2"® (

We now consider the Cauchy problem for the Muskat equation. Substituting
the above identity for 7 () in the Equation (1.4) and simplifying, we find that

(0 = V(Do + g A) AT F = AR,

1+ f2
Now, the key point is that the estimates (1.8) and (1.11) mean that the remainder
term R, (f) and the operator V d, contribute as operators of order stricly less than 1
(namely 1 —e/2 and 1 —v) to an energy estimate, and so they are sub-principal terms
for the analysis of the Cauchy problem. We also observe that the Muskat equation
is parabolic as long as one controls the L°°-norm of fy only. This observation is
related to our second goal, which is to solve the Cauchy problem in homogeneous
Sobolev spaces instead of nonhomogeneous spaces. This is a natural result since
the Muskat equation is invariant by the transformation f +— f 4+ C. This allows
us to make an assumption only on the L°-norm of the slope of the initial data,
allowing initial data which are not bounded or not square integrable.

Theorem 1.4. Consider s € (3/2,2) and an initial data fy in H'(R) N H*(R).
Then, there exists a positive time T such that the Cauchy problem for (1.1) with
initial data fy has a unique solution f satisfying f(t,x) = fo(x) + u(¢, x) with
u(0,x) = 0and

u e CO([0, T1; H*(R)) N CY([0, TT; H~'(R)) N L2(0, T; H** 3 (R)),
where H? (R) denotes the nonhomogeneous Sobolev space L2R) N H° (R).

The latter result is proved in the last section. We conclude this introduction by
fixing some notations.
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Notation 1.5. (i) We denote by f; the spatial derivative of f.

(ii)) A < B means that there is C > 0, depending only on fixed quantities, such
that A < CB.

(iii) Given g = g(a, x) and Y a space of functions depending only on x, the
notation || g||y is a compact notation for & — |/ g(«, -)|ly.

2. Preliminaries

In this section, we recall or prove various results about Besov spaces which we
will need throughout the article. We use the definition of these spaces originally
given by Besov in [5], using integrability properties of finite differences.

Given a real number «, the finite difference operators §, and s, are defined by

Sa f(X) = f(x) = fx —a),
Sa f(X) =2f(x) = f(x —a) = fx + ).

Definition 2.1. Consider three real numbers (p, ¢, s) in [1, oo]2 x (0, 2). The ho-
mogeneous Besov space B; ¢ (R) consists of those tempered distributions f whose
Fourier transform is integrable near the origin and such that the following quantity
”f”B;,q is finite:

5
£ 1l as =H”°‘f”w fors € 0,1),  (2.1)
b4 || LIR, |a|~! der)
S .
Ifllgs = Ilaflle fors € [1,2).  (2.2)
P || L4(R, ||~ ! dev)

We refer the reader to the book of PEETRE [45, Chapter 8] for the equivalence
between these definitions and the one in terms of Littlewood—Paley decomposition
(see also [7, Proposition 9] or [4, Theorems 2.36, 2.37] for the case s € (0, 1]).

In this paper, we use only Besov spaces of the form

Bi,z(R)’ B;o,z(R)v Bi] (R).

We will make extensive use of the fact that [|-|| zs and ||| By, are equivalent for
s € (0, 2). Moreover, for s € (0, 1), 1

1 — cos(z)

ulls, = ull%,  with = | ———dr. 23

o
4 c(s)

We will also make extensive use of the fact that, for all s in (0, 2),
BHIR) < B ,(R). (2.4)

We will also use the following:
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Lemma 2.2. For any s € (0, 1) and any § > O such that [s — §,s + ] C (0, 1),
H 7 (R) N H P (R) — B | (R).
Proof. We have

/ “80lf”L2(]R;dx) d_()l _/ o 5 ||8af||L2(]R;dx) d_Ol
<1 ] et <1 s+ o

1 2 3
S / |a|25 d_()[ 2 / ”(Saf”Lz(R;dx) d_O[
R VIS lex | R |26 o

S CO N flggr = CO ) NSl gss

and similarly,

|or[* ||

180 I 22 (R:ax) dex
/ e RO TR < 0 (8,8) [ f N e -
|21

which gives the result. O

As an example of properties which are very simple to prove using the definition
of Besov semi-norms in terms of finite differences, let us prove the first point in
Theorem 1.2. Recall that, by notation,

(Ao f)?

T (a,
T (B f)?

1
T(flg=—= / A
T
where g, 1= 0,g.
Proposition 2.3. (i) For all f in H'(R) and all g in H? (R), the function

(Ao f)?

A - v
O e T (AL )2

belongs to Lé (R; L% (R)). Consequently, T (f)g belongs to L2(R). Moreover,
there is a constant C such that

I7(Hgle = Clflg gl s - (2.5)

(i) For all § € [0, 1/2), there exists a constant C > 0 such that, for all functions
fi frin B @) 0P (®R),

T D) =TU) Ll = CLAL = Pl Ll 5,

(iii) The map f +— T (f)f is locally Lipschitz from H'(R) N H> (R) ro L2(R).
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Proof. (i) Since

(ii)

I18agxllz2 100 f Lo

< [Aagxllz2 1Aa fllpe = o] ol

9

(Ag f)?
H ey

by using the Cauchy—Schwarz inequality and the definition (2.1) of the Besov
semi-norms one finds that

L 18agxllp2 I18q f1l Lo
IT(gle < —f abxlliz ol 4,
loe] |t
< b [ 18agxllr2 8e fllpo do
Sa) e w7 el
1 1
5 1 1
1 /Iléagxlled_a [ 18a ST der)
R le| e le| e
< 1
S —lgxll, . ||f||
7 2 ,2
Recalling that [|-]| ! and ||~||H | are equivalent semi-norms, and using the
BZ,Z

Sobolev embedding (2.4), we have
Shgl s 11y Sl
B

lgxll .
B 2 00,2

7
2,

and hence we obtain the wanted inequality (2.5).
Write that

1
(T - T fo=— / Aa fox Aafi — f2)M (e, x) da,

where

(Aafl) + Aoth
I+ (Aa DU+ (Au f2)P)

Since |M (a, x)| < 1, by repeating similar arguments to those used in the first
part (balancing the powers of « in a different way), we get

18 fox 22 18 (f1 — f2) Lo
|| |o]

/II8 af2xllz2 18a(f1 — f2)ll oo do

1/2+6 loe|1/25 m

M(a,x) =

IN

T () =T () f2ll2 = dor

A

||

Nl— == A

A

Il fxll 43 Ifi = fall e

22 ocZ

which implies

I(T(f1) =T fallzz = Cllfi = fallgies ||f2”f1%+5
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(iii) Consider f; and f» in H'(R) N H'3 (R). Then

T(f0fi =T f2=T(fD(f1 = )+ T (f1) = T(f)) f2

Then (2.5) implies that the L>-norm of the first term is bounded by

ClAllg - fzIIH% .

We estimate the second term by using (ii) applied with § = 0. It follows that
— < —
ITUDA =T Ll S (AT, s+ 10, 3) A= fl s

which completes the proof. O

We gather in the following proposition the nonlinear estimates which will be
needed:

Proposition 2.4. (i) Lets € 0, D), then L (R)NH* (R) is an algebra. Moreover,
forall u, vin L°°(R) N H*(R),

luvll gs = 2 llullzoo vl gs +2 vl zoo Nlull gs - (2.6)
(i) Consider a C* function F: R — R satisfying
Vir,y) €R?[F@) = F(I S K x =yl

Then, for all s € (0, 1) and allu € H* (R), one has F (u) € H*(R) together
with the estimate

IF @)l s = K llull g - 2.7)

(iii) Consider a C* function F: R — R and a real number o in (1,2). Then,
there exists a non-decreasing function F: R — R such that, for all u €
H°~L(R) N H° (R) one has F(u) € H° (R) together with the estimate

IF@ e < Fullzo) (el ot + Nl o ). 2.8)

Remark 2.5. (i) The inequality (2.6) is the classical Kato—Ponce estimate ([29]).
We will use itonly when 0 < s < 1, for which one has a straightforward proof
(see below).

(ii) Statement (ii) is also elementary and classical (see [7]). Notice that (2.7) is a
sub-linear estimate, which means that the constant K depends only on F" and
not on u (which is false in general for s > 1).

(iii) The usual estimate for composition implies that

IF @)l o = Flullgeo) lull2ngo -

The bound (2.8) improves the latter estimate in that one requires less control of
the low frequency component. This will play a role in the proof of Lemmas 3.2
and 3.3.



Paralinearization of the Muskat Equation and Application 555

Proof. (i) Since §,(1v) = udyv+ (14v)84u where tov(x) = v(x —a), we have
18 vl 2 = llull oo 18avll L2 + vl poo [18etell 2 -
Directly from the definition (2.1), we deduce that
5 < oo DS oo RS .
luvll g, < 2lullgs 10lgg , + 2 0llzoe llulgy

This implies (2.6) by virtue of the identity (2.3) on the equivalence of ||| g
and ||| 3y .
(ii) Similarly, the inequality (2.7) follows directly from the fact that

16 Fa)ll 2 = K [18aully2 -

(iii) We adapt the classical proof of the composition rule in nonhomogeneous
Sobolev spaces, which is based on the Littlewood—Paley decomposition.
Namely, choose a function ® e C3°({&; || < 1}) which is equal to 1 when
|&] £ 1/2 and set ¢ (&) = ®(£/2) — ® (&) which is supported in the annulus
{£;1/2 < |&| £ 2}. Then, forall £ € R, one has <I>(§)+Zj€N PpQ7IE) =1,
which one can use to decompose tempered distribution. For u € S'(R),
we set A_ju = FY@E)) and Aju = F 1 (@Q2T&)u) for j € N.
We also use the notation Sju = }_;<,<; Apu for j = 0 (so that
Sou = A_ju = ®(Dy)u).

The classical proof (see [3,4,35]) of the composition rule consists in splitting

F(u) as

p

F(u) = F(Sou) + F(Siu) — F(Sou) + - - + F(Sj1u) — F(Sju) + - --
1
= F(Sou) + Y mjAju  with m; =/ F'(Sju+ yAju)dy
jeN 0
= F(Sou) + Y mjAji  with i =u—®2D)u,
jeN

where we used Aj o ®(2D,) = 0 for j = 0. Then, the Meyer’s multiplier lemma
(see [40, Theorem 2] or [3, Lemma 2.2]) implies that

H ijAjﬂ

j20

1o S Fllullzoo) Nlitll gz

where, to clarify notations, we insist on the fact that above H? is the nonhomo-
geneous Sobolev space. Since ||i]| o < |lul] o » We see that the contribution of
> mjAju is bounded by the right-hand side of (2.8). This shows that the only
difficulty is to estimate the low frequency component F(Sou). We claim that

IF(Sou)ll go = F(llullpoo) llall o1 (2.9)
To see this, we start with

IF So)ll g = [0 (F(So)) [ o1 = [ F(Som)dsSou | o1



556 T. ALAZARD & O. LAZAR

and then use the product rule (2.6) withs =0 — 1 € (0, 1),
| F'(Souw)ox Sou || o1 < 2 || F'(Sou) || ;o 110x Souell o1
+2[[F'(Sow) | o1 118 Soull o -
Since [E®(§)| £ 1, one has the obvious inequality
19x Soull fro-1 = llull o1 -

On the other hand, since the support of the Fourier transform of Sou is included in
the ball of center 0 and radius 1, it follows from the Bernstein’s inequality that

[Soullpoe = Cyllullpeo,  8xSoull oo = Collullges -
The first estimate above also implies that
[F'(Sow) || o < Fi(ISoull o) < Fa(llull o),

where F|(r) = SUPye[—r,r] |F’(y)} and F>(r) = F1(Cyr). It thus remains only to
estimate || F'(Sou) || o1+ Notice that we may apply the composition rule given in
statement (ii) since the index o — 1 belongs to (0, 1) and since F’ is Lipschitz on
an open set containing Sou(R). The composition rule (2.7) implies that

| F'(Sow) | jyo-1 < K 1Soull go-1 < K llull o
with

K = sup |F"| < Fa(llull ).
[=2[1Soull .00, 2[| Souell oo ]

This proves that the H? -norm of F(Sou) satisfies (2.9) and hence it is bounded by
the right-hand side of (2.8), which completes the proof of statement (iii). O

For later purposes, we prove the following commutator estimate with the Hilbert
transform:

Lemma 2.6. Let 0 < 6 < v < 1. There exists a constant K such that for all
fe C%V(R), and all u in the nonhomogeneous space H?R),

IH(fu) = fHull2 < KL fllcov llullg-o - (2.10)

Proof. We establish this estimate by using the para-differential calculus of Bony [6].
We use the Littlewood—Paley decomposition (see the proof of Proposition 2.4) and
denote by Ty the operator of para-multiplication by f, so that

Tru=_ S 1(f)Aju.

izl

Denote by f” the multiplication operator u — fu and introduce H, the Fourier
multiplier with symbol —i(1 — ®(&))&/|&| where ® € CgO(R) is such that
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@ (&) = 1 on a neighborhood of the origin. With these notations, one can rewrite
the commutator [H, f°] as

[H, ] = [H, Tf] + H(f* = Tp) — (f° = TpH
= [Ho, Tf] +MH—-H)Tr —Tr(H —Ho)
+H(f = Tp) — (f° — THH. (2.11)

Notice that H — H is a smoothing operator (that is an operator bounded from H?
to Hot for any real numbers o, ¢ € R). We then use two classical estimates for
paradifferential operators (see [6,39]). Firstly,

Yo €R. | Tr] o yo S @) 1l

SO
| (H = HOTy | o, 12 S WH = Hollg-o 2 | Tr | oo o SIS Npoe -
177 =Ho) [ oo S Tl o 2 17 = Holl o g2 S 1S Nlzoe -

Secondly, since Hy is a Fourier multiplier whose symbol is a smooth function of
order O (which means that its kth derivative is bounded by Cy (1 + |& )=%), one has

Vo e R, ||[[Ho. Tr]| yo_ gosv < . 0) [ fllcow -
In particular,

[[Ho. Tr]l v 12 S W F o -

It remains only to estimate the last two terms in the right-hand side of (2.11). We
claim that

”H(fb - Tf)”H*@»L2 + H (fb - Tf)H”H*‘?»H S o
Since H is bounded from H? to itself for any o € R, it is enough to prove that
1 =il o2 S 1 f o

To do this, observe that

fe—=Tre= Y (A= D (Ajf)Ape)= > (Si20)A;f.

Jpz-1 —15jSp-2 jz-1

Then, using the Bernstein’s inequality and the characterization of Holder spaces in
terms of Littlewood—Paley decomposition, it follows from the assumption 6 < v
that the series Y_ 2/@~") converges, so

| £ = Trgll o = D ISivagl o 451 o
S 2% gl g0 277 1 fllcow S llgllgg-o 11 fll o -

By combining the previous estimates, we have |[H, /]| o2 S I fllcow,
which gives the result. O
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3. Commutator Estimate

In this section we prove statement (iii) in Theorem 1.2. Namely, we prove the
following proposition:

Proposition 3.1. Let 0 < ¢ < 1/2. There is a non-decreasing function F: Ry —
Ry such that, for all functions f, g in N;>; H? (R),

[T (g - T(HAT

LZ
<
= UV T | 14 R To 7 ST 3.1)
Proof. Recall that
T(f)e = 1/ Aof?
ST TR ) Tr @ e
Since
A1+8Aagx — A(x(A1+8gx)v
we have
AT (g =T(HAN g+ Ri(fg + Ra(f)g,
where
1 (Ao f)?
R = —— A8y Al 22227 g , 3.2
18 n/( &) <1+<Aaf>2) “ 2
and

1
Ry(f)g = T f (AH_E(MC(UQ) —ug A g — vaAH'Eua) do  with

(A f)?

= A s =
Uy a8x Vo 1+ (Aaf)z

We shall estimate these two terms separately. Classical results from paradiffer-
ential calculus (see [6,16,39]) would allow us to estimate them provided that we
work in nonhomogeneous Sobolev spaces. In the homogeneous spaces we are con-
sidering, we shall see that one can derive similar results by using only elementary
nonlinear estimates.

We begin with the study of R{(f)g.

Lemma 3.2. There exists a non-decreasing function F: Ry — Ry such that

IR (DN S FOIFIL, s I, s gl

.3 3 e
Ing2*e H2TNH2
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Proof. By definition

1 Ay f)?
Ri(f)g = _;/(Aagx)Al+g<%> da,

(A f)?
1+ (Ag f)?

SO

_da. (3.3)
Hl+e

IR (gl < / | Mgl ”

The Sobolev embedding L?(R) N Hite (R) < L*°(R) implies that, for all @ in
]R’
sup [Ag f(x)] < sup [ fr(x)] S ”fx” = sl

xeR xeR

Aing3te’ 3.4

so that the composition rule (2.8) implies that

H (Ag f)?

T2 | s SFO ) (18a e +18a flies ). G5

Hl+e

We claim that we have the two following inequalities:

/ 18cgallze 18 fllge doe S Hlgl 50 I T s (3.6)
/ 1Aagx oo 1Aa fll gree do S gl g2 IS5 - (3.7

Let us prove (3.6). Directly from the definition of A, we have

1) oo ||6o A€
/llAagxlle 1A £l e da 2/ 16agx oo 18 A° [l 2 du

|| ||
_/ 180 8x Il 118 A° £l 12 de
|| lo'=* el

s0, using the Cauchy—Schwarz inequality,

l

l
||8agx||m da / 8 A f117 5 dex
A o ||A . d —_— _ - L7 ,
[ 1800 180 715 der < (f i P

and hence, using the definition of Besov semi-norms (see (2.1)),
[ V8l 18 da 5 Ul 1A g
By using (2.3) and (2.4), we obtain that

/ 18agslLoe 1Aa fll e dor S Mgl 3 1 Fll s

which is the first claim (3.6). To prove the second claim (3.7), we repeat the same
arguments except that we balance the powers of « in a different way:
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160 8x Il Lo ||5aA1+sf||L2 da
[ 18000 180 gros o = [ ey o o

1
/nsagxn ? o dar /usaA‘“fuiz dor |’
| el lot| la|

Sty [ares])

S IIgIIHz IIfIIH%H,

which proves the claim (3.7). Now, by combining the two claims (3.6), (3.7) with
(3.3) and (3.5), we obtain that

IR (Frgll> = F( [ P 1) IAI gl

aing e WOl gaten g

which is the desired result. O
We now move to the second remainder term Ry (f)g.

Lemma 3.3. There exists a non-decreasing function F: Ry — Ry such that

<
IRz S FOFI, se A, a gl s s

Proof. We use the classical Kenig—Ponce—Vega commutator estimate
IA* (uv) —uh’v —vA ullpr £ C | A u||,,, A2, - (3.8)

where s = s1 + 52 and 1/r = 1/p1 + 1/p>. Kenig, Ponce and Vega considered
the case s < 1. Since, for our purpose we need s > 1, we will use the recent
improvement by L1 [36] (see also D’ ANcoNa [25]) showing that (3.8) holds under
the assumptions

1 1 1
s=s51+s5¢€(0,2), s;€0,1), —=—+—, 2= p; <oo.
r P1 P2

With py =4, pr =4, r =2,5 = 1 +¢,51 = 3,5, = | — &, this implies that

(A f)?

PN P E
ESVE

IR2()gll2 S /.”A%Aagx I e
We now use the Sobolev inequality
lullzs S | ASul]o,

to obtain

55 (Aaf)?
1+ (Aotf)z L2

[N

IR (f)ell 2 < f |ATHE Agge ]2
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By combining the composition rule (2.8) (applied with o = fT — % € (1,2)) and
(3.4), we obtain that

IR2(f)gll 2
< 143 1_¢ S_¢
SFOD [1aHF aug] (|45 a0 ]z + A5 80 £ 2) da

where M = || f|| e We now proceed as in the previous proof. More precisely,
we balance the powers of «, use the Cauchy—Schwarz inequality, the definition of

the Besov semi-norms (2.1) and the Sobolev embedding to obtain that

JIAEE a2 215801

3

[ s
lex| lex|

do

_/ [AFF Suge] 2 [ AT 260/ 2 de

|O[|1/47€/2 |a|3/4+8/2 |Ol|

< b+,

A%—%f‘

1 .3+e/2
B, B,
S gl g 17

One estimates the second term in a similar way. We begin by writing that

J1a5 % g AT 801 2 do

[ty s,

|| ||

||A%+37€‘306<§’X||L2 ”A%_%‘SWCHU do
= P/A=3¢2 /44362 |o|

lor lo|

Since ¢ belongs to (0, 1/2) we have 3/4—3¢/2 > Oand 1/4+3¢/2 < 1. Therefore
one can use the definition (2.1) of the Besov semi-norms to deduce that

[1ab ¥ o plaibans] pda < A ¥ o]y Al g
32’2 32,2
S lglge AN, 34 -

By combining the above inequalities, we have proved that

IR2(Hglz S F(If Ny, 30) 11 Il

. L3 3., .
HINH2™ H2TnA2’

which concludes the proof. 0O

This completes the proof of the proposition. O
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4. High Frequency Estimate

We now prove the second point of Theorem 1.2 whose statement is recalled in
the next proposition.

Proposition 4.1. For all 0 < v < ¢ < 1/2, there exists a positive constant C > 0
such that, for all functions f, g in N>, H? (R),

f2
T = X _Ag+V(f)d.g+ R(f,
(g It 2 g (f)oxg + R(f, )
where
2
IR(f, @)l 2 =C IIfIIH%H Ilgllgzljs, IV(Hlcow =C IIfIIHlmH%H-

We shall prove this proposition in this section by using a symmetrization argu-
ment which consists in replacing the finite differences §, f (x) = f(x) — f(x — )
by the symmetric finite differences 2 f (x) — f(x —«) — f(x +«). To do so, it will
be convenient to introduce a few notations.

Notation 4_1.2. G_iven a function f = f(x) and a real number o, we define the
functions 8y f, A f, Sa f, S f and D, f by

Saf(x) = f(x) — f(x +a),
Sa f(X) = 8 f(X) + 80 f(X) =2f(x) = f(x —a) = f(x +a),

and

bupin = 1O ST

Saf(x) = A f(x) + Ag f(x) =

’

S f () _ 2f(x) = fx+a)— f(x —a)
o

o

Do f(x) = Ag f(x) = Ag f(x) =

fa+ao) - flx—a)
" .

Lemma 4.3. One has

1 ro
Dafzzfx_a/(; snfx dn, 4.1

where s; fx(x) =2 fr(x) — fx(x + 1) — fx(x — n). Furthermore,

1 o
3“%ﬂ=—&ﬁ+EASMMm 4.2)

and

_ S,
M&ﬂz%ﬁ—MA—af 43)
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Proof. The formula (4.1) can be verified by two direct calculations:
1 o
_/ 2 fx(x)dn =2 fi(x),
a Jo
and
1 [ 1 [
o [ = fasman= o [Cacreen - o myay
0 0
1
= &(f(x +a) - fx —a).

Now, the value for 9, (Dy f) in (4.2) follows by differentiating (4.1).
The formula for 9,(Sy f) follows from the definition of S, f and the
chainrule. O

Recall that
L[ (Aaf)’
T =—— | ——————=Aygrda.
(Ng - / T4 (Ag f)2 e
The idea is to decompose the factor
(Do f)?
1+ (Ag f)?

into its even and odd components with respect to the variable «. We define

LA 1 (Aef)?
214+ (Af)? 214 (Ag )P
1 (Agf)? 1 (Agf)?

O ) = T Gl 2T Rup? *

E(a, -) (4.4)

where the dots in the notations E(a, ") and O(a, -) are placeholders for the variable x
(notice that (A, f)? = (A_g f)?* and Ay f = — A_y f). Then,

T(g = [ duge @ rda— [ Ao, O da
and hence, since o > &(a, -) is even, this yields 7 (f)g = T.(f)g + T, (f)g with
(N = 57 [ (Bage — Bugs) @) da
T(fg =~ [ Buge O de

The following result is the key point of the proof where we identify the main
contribution of the nonlinearity:
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Proposition 4.4. There exists a constant C such that

£ g
T.(f)g — T+ /2 5 Ag L= C ”f”H%” ”g”leIs’
17.(f)g — Vocgllz2 = C ||f||H2+£ ||g||321;£, (4.6)
where
10)
Vix) = f @9 4 4.7
JT R o

Proof. (i) The main difficulty is to extract the elliptic component from 7,(f)g.
To uncover it, we shall perform an integration by parts in . The first key point

is that
Ap8x — Aotgx = gl ;gX(. —
0o (8¢ +a)+g(- —a) —2g(-))
- o
N _8Ot(sotg)
= pmt

Consequently, directly from the definition of 7,( f)g, by integrating by parts
in «, we obtain that

0 (S
T(f)g_g (; g) E(a, -) da
— %5( )da——/%a £, ) da. (4.8)
271

We now have to estimate the coefficients £ (e, -) and 9, («, ).

Lemma 4.5. (i) We have

_ fx(x)z
E(a,x) = m + Q(a,x) (49)
for some function Q satisfying
o L[
10(e, )| S B f10] + —/ sr)fx(x)dn’- (4.10)
|| o Jo
(ii) Furthermore,
S f ol « Lo
duE@ x| < {2l Bahi Ol a1 =/ snfx(x)dﬂ’
|| o] || = Jo

(4.11)
for some fixed constant C.
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Proof. (i) We introduce the function

2

F(a) = T
Then we have the identity (4.9) with
1 _
Q=3 (F(Aaaf) + FRof) = F(f). (4.12)

Since F” is bounded, the Taylor formula implies that, for all (a, b) € R?,

a+b>‘ § ”FN”LOO |a—b|2.
2 8

1
IE(F(a)JrF(b)) - F(

On the other hand, since F is bounded, one has the obvious inequality

1 b
’§<F<a> FE®B) — F (%)’ < 2| F e .

By combining these two inequalities, we find that

1
'5<F(a>+F<b)) - F(“;b)’ <la—b|.

Since F is even we have F'(b) = F(—b) and hence

1
';F(a) +F(b) — F (%)’ <la+bl.

We now apply this inequality with a = Ay f and b = A f. Since, by
definition, Dy f = Ag f — Ao f, Sof = Ao f + Ay f, we conclude that

1 - 1
‘E(F(Aaf) + F(Aof) = F <§Daf>‘ SIS Sl (4.13)

We now use the fact that F is Lipschitz to infer from (4.1) that

1 1 [
‘F <_Dozf> - F(f)| 5 ‘—/ Sy fx dn‘. (4.14)
2 o Jo

In light of (4.12), by using the triangle inequality, it follows from (4.13) and
(4.14) that

1 [
|Q|§|Sotf|+'_/ Snfxdn‘7
o Jo

which gives the result (4.10).
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(i1) Since
1 1 -
E(a, ) = EF(Aaf) + EF(Aaf)a
and since F’ is bounded, the chain rule implies that
10E (@, ) S 10 Aa 1+ |00 B £
By combining this estimate with the identities

200 f = Sof +Dof, 20 f = Sof — Do f,

we deduce that |9,E(«r, )| < |04 Se f| + |04 Do f|. Then the second estimate
(4.11) follows from the values for d, Sy f and dy Dy, f given by Lemma 4.3.
O

It follows directly from (4.8) and (4.9) that

1S [ s
2n 1+ f2) o

I %(Q(a, )
o

T.(f)g =

1)«

— 0, (a, ~)> da. (4.15)
Observe that
1
f %da = —/sagaa <—) da
o o

0uSa 8 &lx —a) —g:(x +a)
o o

= —2/ Aygxda =21 Ag,

where we used (1.3). Thus, the first term in the right-hand side of (4.15) is the
wanted elliptic component

12
1+ f2

To conclude the proof of the first statement in (4.6), it remains only to prove that
the second term in the right-hand side of (4.15) is a remainder term. Putting for

shortness
= H/ W <Q(“, ) 3:E(a, ')> dar
o o

we will prove that

Ag.

’

L2

FS AN g gl e - (4.16)

The L>®-norm of €% — §,& (e, -) is controlled from (4.10) and (4.11). We have

o

ISh+Lh+5L+1L
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with

I = Isagllz2 I18a fillLoe der

lor|!=¢ ll® a|’
I = sagllz2 lI8a fxllzoe da
o1 =€ ll® a|’
I Isagllz2 lISe f Lo dox
3= )
l|'=¢ ot |af
||Sotg||L2 1 /"‘ do
sy fxllLoe dn| —, (4.17)
/ ' Ja| e o & lot|

where, as above, we have distributed the powers of || in a balanced way. Using
the Cauchy—Schwarz inequality and the definition (2.1) of Besov semi-norms, it
follows that

< . .
hit D = gl piel fellge -
and, similarly, it results from (2.2) that
< e lte.
15 S gl gl s
Consequently, the Sobolev embeddings
BT < Bl HIT®) > B ,(R),

imply that Iy + L + I3 < ||g||Bl - LfI

To estimate /4, the key point cons1sts in using the Cauchy—Schwarz inequality

to verify that
1
@ % s fellZoo dit\
/ ||snfx||Loodn’5</ e
0 0 iz iz

(notice that the variable 1 above could be negative, while i here is always positive).
It follows from (2.1) that

1
* g felld dic)
I I TP Ve
o uE ou 2 i

2+s

|a|l+8

So we obtain, again using (2.1) with (p,¢q,s) = 2, 1,1 —¢),

lIsagllz> de

|
Iy < <
43 ||f||m+pf o= ] <11

This completes the proof of (4.16) and hence the proof of the desired result (4.6).
(ii) It remains to study 7,( f)g. Recall that

I8l (4.18)

H2+F

1
(g = / (Aags)Ola. ) dat
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where O(a, -) is given by (4.5). By splitting the factor A, g, into two parts,

Auge(x) = gxo(lX) & — Ot)’

o

and we obtain at once that
7,(f)g = Vorg + B,

where V is given by (4.7) and where the remainder B is given by

1 1
B(x) = — / —gx(x —a)O(a, x) da.
7)) o
The analysis of B is based on the observation that

gx(x —a) = 8, (g(x) — g(x — ) = (80 g).

which allows us to integrate by parts in « to obtain

B = l f (SOl—g (1(9(05, ) — 9, O0(a, ~)> do
T a \«o

Consequently, by writing

B gn 2
B2 N/ s

we are back to the situation already treated in the first step. The estimate for 9, O
is proved by repeating the arguments used to prove the estimate (4.11) for 9, €.
To bound &~ ! O(a, x), remembering the expression of O(«, x) given by (4.5), it is
sufficient to notice that

do

- ( ’ ) - 8010((1’ )
o

Lo o]

‘om,-)‘: L |_Aaf)® (Aaf)?
2ol |1+ (A )2 14 (Agf)?
1 Aozf_A(xf A
< _ Ay Ay
= 2101 |05 (a1 + a2 | 12 + B
< ISa /1 (4.19)
o]

This gives that |O(«, x)| < |se f(X)]/ |t|?. Therefore, we obtain that the L°°-norm
of % — 94 0(«, -) is estimated by the right-hand side of (4.11). Then we may
repeat the arguments used in the proof of the first step to estimate /. We call the
attention to the fact that, previously, in (4.17), the expressions involved the more
favorable symmetric differences s, g instead of 5, g. However, this is not important
for our purpose since, to estimate /1, ..., 14, we used only the characterization of
Besov norms valid for 0 < s < 1, which involves only the finite differences §, f.
This proves that || B||; 2 is controlled by the right-hand side of (4.16), which implies
that B~ 0. O
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Lemma 4.6. Let O < v < ¢ < 1/2. There exists a positive constant C > 0 such
that

IVIicow = IVIlge + sup
yeR

[V(x+y) — V)l
( 2 SClfI> ..
Iyl HInA2*
Proof. As we have already seen, we have

V(x)z_l/ O i,
T JR

o

where

1 Aof — Aof
21+ (A HHA+ (A )

Oa, ) = Mo(f)Saf with Me(f) =

Since [My ()| < |Aafl+ |Aaf

, we obtain that

_ d
IVl < 2/ (e f e + (B | oo ) 1S fll e 2

||

o [ 18afllz + |80 f | o s fll o de
= |l+8 |C{|

- o 1€ |

< . e < 2
BS Ilfllggg IIfIIB;Ofi N ||f||H1ﬁI-.I%+£

)

where we used the Cauchy—Schwarz inequality, the definitions (2.1) and (2.2) of
the Besov semi-norms, and the Sobolev embedding.

We now have to estimate the Holder-modulus of continuity of V. Given y € R
and a function u = u(x), we introduce the function [u], defined by

() = D)~ ),
[yl

We want to estimate the L°°-norm of [V], uniformly in y € R. Notice that

[Oa, )]y = Mo (/)Sa(Lf1y) + [Ma(f)]yTy(Sa f),

where Tyu(x) = u(x + y). The contribution of the first term is estimated as above,
so by setting § = ¢ — v > 0, we have

o

_ d
/nMa(f)Sa([f]y)HLw do < /(nAafuLoo 1 Baf i) [Sal 1D e 35

al
- 18 f 1l oo + HSleHLOO ”Sa[f]y ||L°° do

|1—6 |1+8 |a|

o |ov

S PEY [N e
Now, using the Plancherel theorem and the inequality |eiy -1 | < |y€]Y, we have

[N PIEy (VAN ERy Vi R T
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since § + v = €. On the other hand, since
[[Ma(O1y| S [Aalf1y] + |Aal f1y] .
by repeating the previous arguments, we get

ol f 1y | oo + 8l f 1y | oo lls fll oo der
|1+v |Ot|

)
/ [ M (17 (S )] der < / ”
lor |

< Uiy 1 gy SUA 3 1A 3

This concludes the proof of Lemma 4.6 O

|17U

This completes the proof of Theorem 1.2.

5. Cauchy Problem

In this section we prove Theorem 1.4 about the Cauchy problem.

We prove the uniqueness by estimating the difference of two solutions. With
regards to the existence, we construct solutions to the Muskat equation as limits of
solutions to a sequence of approximate nonlinear systems, following here [1,2,32,
33]. We split the analysis in to three parts.

1. Firstly, we prove that the Cauchy problem for these approximate systems are
well-posed locally in time by means of an ODE argument.

2. Secondly, we use Theorem 1.2 and an elementary L>-estimate for the paralin-
earized equation to prove that the solutions of the later approximate systems
are bounded in C°([0, T]; H'(R) N H*(R)) on a uniform time interval.

3. The third task consists in showing that these approximate solutions converge
to a limit which is a solution of the Muskat equation. To do this, one cannot
apply standard compactness results since the equation is non-local. Instead,
we prove that the solutions form a Cauchy sequence in an appropriate space,
by estimating the difference of two solutions.

5.1. Approximate systems

To define approximate systems, we use a version of Galerkin’s method based
on Friedrichs mollifiers. We find convenient to use smoothing operators which are
projections and consider, for n € N\ {0}, the operators J,, defined by

Tatt(€) = () for|g| < n,
Tau(€) =0 for || > n.

Notice that J,, is a projection, Jn2 = J,,. This will allow us to simplify some technical
arguments.
Now we consider the following approximate Cauchy problems:

Wf+Af = J(THS),
fli=o = Ju fo.

The following lemma states that this system has smooth local in time solutions:

(5.1)



Paralinearization of the Muskat Equation and Application 571

Lemma 5.1. For all fy € H'(R), and any n € N\{0}, the initial value prob-
lem (5.1) has a unique maximal solution, for some time T, > 0, of the form
fn = Ju fo + un where u,, € C'([0, T,,[; H*®(R)) is such that u,(0) = 0. More-
over, either

Ty =400 or limsup |lu,(t)ll2 = +00. (5.2)

t—T,

Proof. We begin by studying an auxiliary system. Consider the following Cauchy
problem

Wf + I Af = Tn(TUnf)Inf), 5.3)
fli=0 = Ju fo- .
Setu = f — Jy, fo. Then the Cauchy problem (5.3) has the form
Ou = Fp(u), ul=0 =0, (5.4)

where
Fo(u) = — Adyu — AJy fo + Jn(T(Jn(fO +u))Ju(fo + Lt))

(we have used an = J, to simplify the expression of F’). The operator J, is a
smoothing operator: it is bounded from H'(R) into H*(R) for any 1 = 1, and
from L2(R) into H*(R) for any u = 0. Consequently, if u belongs to L2(R), then
J(fo 4+ u) belongs to HM*(R) for any u 2 1. Thus, it follows from statement (i)
in Proposition 2.3 and the assumption fy € H LR) that F, maps L2(R) into
itself. This shows that (5.4) is in fact an ODE with values in a Banach space for
any n € N\{0}. The key point is that statement (ii) in Proposition 2.3 implies
that the function F), is locally Lipschitz from L?(R) to itself. Consequently, the
Cauchy—Lipschitz theorem gives the existence of a unique maximal solution u,
in C'([0, T,,[; L?>(R)). Then the function f, = J, fo + u, is a solution to (5.3).
Since an = J,, we check that the function (I — J,) f,, solves

at(l - Jn)fn = 07 (I - Jn)fn|t=0 =0.

This shows that (I — J,)f, = 0, so J, f, = fu. Consequently, the fact that f,
solves (5.3) implies that f;, is also a solution to (5.1).

The alternative (5.2) is a consequence of the usual continuation principle for or-
dinary differential equations. Eventually, integrating (5.4) in time and using the fact
that J,, is a smoothing operator, we obtain that u,, belongs to C°([0, T,,[; H®(R)).
Using again (5.4), we conclude that d;u, belong to C°([0, T,,[; H*(R)). O

5.2. A priori estimate for the approximate systems

In this paragraph we prove two a priori estimates which will play a key role to
prove uniform estimates for the solutions ( f;,) and also to estimate the differences
between two such solutions. We begin with the following estimate in L R) N
H*(R):
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Proposition 5.2. For all real number s € (3/2, 2), there exists a positive constant
C > 0 and a non-decreasing function F: R — R such that, any n € N\{0}, for
any T € (0, T,,), the norm

Ma(T) = sup I1fu(t) = foll2 2 s

tel0, T
satisfies
o) T 5
M, (T P —— t dr
W(T) + 1+1<2/0 IAOP,,,
S Q4+ 1 follgnp + TFC sup 1 £ 1150 )- (5.5)
t€[0,T]
where
K= sup  [3cfu(t,0)]. (5.6)

(t,x)€[0,TTxR

Proof. Set 7,(f) = Ju(7T (f) f). We estimate the ||-|| ;2-norm and ||-|| ;s -norm by
different methods.
First step : low-frequency estimate. Since

8tfn + Afn = JnT(fn)fn’ fn|t:0 = ]nfOs (57)
we have
t
Fot) = exp (—tA) Ty fo + /O exp (—(t — )A) T, (fu)(¢) dr,

SO
1
Jn (@) = Jnfo = (exp (—=tA) = 1) Ju fo +/0 exp (—(t —t)A) T,(f) (@) dr',

where I denotes the identity operator. Using the Fourier transform and Plancherel
identity, one obtains immediately that

[exp (—tA) — 1) Ju foll 2 = NtATu follp2 = T |l foll g -
On the other hand,
lexp (= = YA) Tu(fi) @) | 12 S [T (S )] 2 -
Consequently,

1) = Jnfoll2 S T Il follgi +T sup [ Tu(f) (@) |2
1'€[0.T]

Now we want to replace the left hand side of the above inequality by || f, (1) — follz2.
To do so, notice that, since the spectrum of J,, fo — fp is contained in {|§] = 1}, we
have

1 Tn fo = follgz = Il foll g -
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By combining the above estimates, we deduce that

1@ = foll 2 A+ T I follgn +T sup || Zu(f) @] 12
t'€l0,T]

Now, we estimate the L2-norm of the nonlinearity 7,(f,) by means of the first
statement in Theorem 1.2. We conclude that, for 7 < 1,

1fa(0) = foll72 < 2C0L+ T 1 foll s + CT? sup |l full 0 sup I £ull? 5 -
[0,T] [0,7] Hz

This is in turn estimated by the right side of (5.5). This concludes the first step.
Second step : High frequency estimate. Denote by (-, -) the scalar product in L2(R).
To estimate the H*-norm of fn, we make act A® on the equation, and then take its
scalar product with A* f,,. We get

O A fu, A fu) + (AT o, A ) = (AT (fu), A ).

Since the Muskat equation is parabolic of order one, we will be able to gain one
half-derivative. We exploit this parabolic regularity by writing that

A o A ) = [ ey
and

(AS/Tn(fn)» Asfn) =

A T (T () ) A frr)

N (T fa)s Tn A )

N (T (fu) fn), A® f) since Jy fu = fa.
ASTIT(f) fs AF3 ).

~_~ A~~~

Consequently, we find that

1d 2 s—l s 1
sl + 1 alley = (MT2T (0 fu 6542 1),

We next use a variant of the paralinearization formula given by Corollary 1.3. Set

3
E=5— —.
2
We claim that, for any function g,
1 g 2 1
AT (9)g) = V(g)a AT g + T)‘ng e+ AR, (9),
X

where V (g) and R.(g) are two functions satisfying, for any fixed v < ¢,

; (5.8)
(5.9)

IR W e = FAlgN i) N8l it -

V@ lcor = Flighpngs) I8l o1

(ST

[SE
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where F depends only on ¢ (that is s) and v (which will be specified later). The
proof of this claim is similar to the one of (1.10).
With notations as above, set

2
Va=V(f), Ri=ATR(f0). va= f""z where fox = 0y fu-
1+fnx

Then,
1d 2 2 s+3 s+%
EE”fn”Hs + “fn”H”% = (VnA 2 fus A zfn»)
n ((VnaxAs’%f,, +Ry), A”%fn). (5.10)

Now the key point is that
L1l \2
2 s+4 s+ (AS z f")
— A 2 s A 2 = —_— d .
LRIy = (m A o a¥Eg) / s
On the other hand, the Cauchy—Schwarz inequality and the estimate (5.8) imply
that
1 1
i(Rm A2 fn)| g ||Rn||L2 HASJFQ In HLz
< Ffull ) Wl yog M fall iy
It remains to estimate the contribution of V,, to the second term in the right-hand

side of (5.10). Here we use the commutator estimate given by Lemma 2.6. To do
this, one uses the identity HA = — 9, where H is the Hilbert transform, to write

VnaxAs_%fn = - ‘/nAX—i_%an'

Since ‘H is skew-symmetric, we deduce that

1
(VnaxAs_%fm As+%fn> = E([H» Vn]As+%fna AS+%fn)~
Now we exploit the regularity result for V,, given by (5.9). Fix v = 2¢/3 and
6 = ¢/2. By applying the commutator estimate in Lemma 2.6, we obtain
1 1
[0H Val &2 fall 2 S WVallcon [ A2 full o
S WVallos Wfal ooy s
< Flfullgrngs) I fonll -

S5

Thus, by combining the above estimates,

1 2
1d. (A2 fy)
- 3 N 0 v < . .
Sl :+f T S F ULl Lol oy 1l
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The end of the proof will consist in exploiting the parabolic regularity and a variant
of Gronwall’s lemma to absorb the right-hand side. Set K (1) = sup, cg |0x fn (¢, X)|.
Then

1 > 1 ’
1+ f2 — 1+K?
SO
c 2
Ea”fn” 1+K2 ”fn”HH_ ~7:(||fn||HlmH5)||fn” s+7 ||fn|| s+7

(5.11)

Then we observe that
Ffull i) Wl v 1l iy

1+K
————F U fall gings)* | f ||2

C
< _ = 2
< 1Al oy + 5 s

= 2(1 +K?

Since K S || full g1qgs by Sobolev embedding, up to modifying the value of the
function F, by inserting the above inequality in (5.11), we get

_= — > S F s 2 . (512
T YA o km Ml SFWlicad 1l Ly oo (512
To conclude, it will suffice to replace in the right side the norm || f,,[|> . by
Aries
| fu ||i-”. To do this, we begin by using the interpolation inequality
1all® g g S WAl 1Al (5.13)
for some 0 € (0, 1). Next, because of Young’s inequality,
1 | B 1 1
xy = —xP + =y’ with —+ — =1, (5.14)
p p p

and applied with p = 2/(2 — 26), we infer that

102 0 S Fhallging) 1ally, . (5.15)

A+l -

—_—— 2. —
2dtnfnn <

where as above we modified the value of the function . From this, it is now an
easy matter to obtain the conclusion of the proposition. Firstly, integration of the
above estimate gives

1 2 C ! N /
SO, + 35 fo TG

< N fu O3, +1 51[1(?]-7:(”]0:1(1/) | a1 @] s -
t'el0,t

N =
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Modifying F(-) and C, we deduce that

C t
1O+ T /0 L,y a

<1 AOI, + Tf( sup | £ (1155 )
t€l0,T]
forany ¢t € [0, T]. By taking the supremum over ¢ € [0, T'], we deduce an estimate
for sup, 0,77 11 fu (1) ||§-{S. Now, the desired estimate for sup, o 77 1. fn(f) — f0||§'15
follows from the triangle inequality and the fact that || £, (0)|| zs < | foll gs. O

We will also need another energy estimate to compare two different solutions
f1 and f>. The main difficulty here will be to find the optimal space in which
one can perform an energy estimate. The most simpler way to do so would be
to estimate their difference f; — f> in the biggest possible space and to use an
interpolation inequality to control the latter in a space of smoother function. This
suggests that we should to estimate f1— f>inC 0 (10, T1; L? (R)). On the other hand,
by thinking of the fluid problem, we might think that it is compulsory to control
the difference between the two functions parametrizing the two free surfaces in a
space of smooth functions. We will see later that, somewhat unexpectedly, that it is
enough to estimate f; — f> in CO([O, Tl HY 2(R)). In this direction, we will use
the following proposition:

Proposition 5.3. (i) For all s in (3/2, 2), there exists a non-decreasing function
F: Ry — Ry such that, for any n € N\{0}, any T > 0, and any functions

feco,T1; H'(R) N H* (R)),

g€ (0. T]: HZ(R)) with J,g = g.
F e C%([0, T]; L*(R)),

satisfying the equation
1
08 = Ja (V1) + In (5 A8) = F. 5.16
1g — Jn(V(f)xg) e (5.16)

where V (f) is as above, we have the estimate

(Ag)?
1+ f2

el + dx = FUS N grngs) 18l i-s gl g + (F, Ag) 2,
(5.17)
where & =5 —3/2 and C = F (|| fll .o qo.77: 105y )-

(ii) Moreover, the same result is true when one replaces J,, by the identity.

Proof. To prove (5.17) we take the L2-scalar product of the Equation (5.16) with
Ag. Since

1d 1 (Ag)?
1d = @88, (n(—5A8) Ag) = d
a8l =@ A9 n(1+f§ g) § T+ 20
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(where we used J, g = g), we only have to estimate (J,, (V (f)9xg), Ag). As above,
writing 9, = — HA, where H is the Hilbert transform satisfying H* = — H, we
obtain

1
[(n(V(H3xe), Ag)| = 5 |([H. V(H]Ag, Ag)|-

Sete =5 —3/2,v=2¢/3 and § = ¢/2. We use Lemma 2.6 to obtain

1
|(n(V(Hd:8). Ag)| < 5 [[H. V(N]Ag] 2 Mgl

S IV(Hlcov IAgN -0 1Ag L2
S FUlf N gings) 1Al -5 I1Agl L2
S FUS N grag) gl s gl -

This completes the proof of (i) and the same arguments can be
used to prove (ii). O

5.3. End of the proof

In this paragraph we complete the analysis of the Cauchy problem. We begin
by proving the uniqueness part in Theorem 1.2.

Lemma 5.4. Assume that f and ' are two solutions of the Muskat equation with
the same initial data and satisfying the assumptions of Theorem 1.4. Then f = f'.

Proof. Set
/ /
g=f—f M= flr~qor:ang + ||f ”LOO([O,T];HlmHS)'

We denote by C (M) various constants depending only on M. )
We want to prove that g = 0. To do so, we use the energy estimate in H'/2(R).

The key point is to write that g is a smooth function, in C Lo, T1; H > (R)), satis-
fying

hg+Ag=T(Hg+Fi with Fi=T(Hf =TS
This term is estimated by means of point (ii) in Proposition 2.3 with§ = ¢ = s—3/2,

IF =T O =TUEDL | 2 ZC 1= e 1] 300 =COD NN -
(5.18)
Recall from (1.6) that

f?
1+ f2

where R(f, g) satisfies (setting ¢ = s — 3/2) that

IR S CIFL 3. gl S CODlglze.  (5:19)

T(fg = Ag+V(f)org+ R(f, g),
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Therefore, g satisfies

0:g — Vorg + =F,

1
A
1+ f2 &

vxfhere F=F + R(f)g.In viev_v of the estimates (5.18), (5.19) and the embedding
H'732R) N H'=#/2(R) — B, ° (see Lemma 2.2), we have

I(F, A = | Fllp2 gl = C(M) IIgII Sapl-¥ gl g -
Hence, it follows from Proposition 5.3 [see point (ii)] that
d o (Ag)?
—— dx 2CM ¢ .
2dtllgllH% + T2 (M) N8l 15 - N8

Next, we use interpolation inequalities as in the proof of Proposition 5.2. More
precisely, by using arguments parallel to those used to deduce (5.15) from (5.13)-
(5.14), we get

— | (AgPdxSCcM 2
Tlel? 4(1+”fx”mf( 92 COnlg,,

This obviously implies that
—— <o) ligl?
> d IIgIIH% s C( )Ilglllﬁ

Since g(0) = 0, the Gronwall’s inequality implies that ||g||H% =0sog =0,
which completes the proof. O

Having proved the uniqueness of solutions, we now study their existence. The
key step will be here to apply the a priori estimates proved in Proposition 5.2. This
will give us uniform bounds for the solutions f;, defined in Section 5.1.

Lemma 5.5. There exists Ty > 0 such that T, = Ty for all n € N\{0} and such
that (f, — fo)nen is bounded in C°([0, Ty]; H* (R)).

Proof. We use the notations of Section 5.1 and Proposition 5.2. Given T < T),, we
define

Mu(T) = sup (1) = folPargge s Na(T) = Ma(T) + L foll 315 -
IE

Denote by F the function whose existence is the conclusion of Proposition 5.2 and
set

=101 foll %1z -

We next pick 0 < Tp < 1 small enough such that

301+ T0) 1 foll 35 + ToF(A) < A,
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‘We claim the uniform bound
Vn € N\{0}, VT € I, := [0, min{Tp, T,,}), N,(T) < A.

Let us prove this claim by contradiction. Assume that for some n there exists
7, € I, such that N,(t,) = A and consider the smallest of such times (then
7, > O since T + N,(T) is continuous and N, (0) < A by construction). Then,
by definition, for all 0 < T < 1, one has N, (T) < A and N,(t,) = A. Since
10x fn (Dl oo (w) S M@l giags (see (3.4)), we have a uniform control of the
L%°-norm of 9y f,, on [0, T] in terms of A, hence we are in position to apply the a

priori estimate (5.5). Now, if we add ”fO”illﬁl:I'v to both sides of (5.5) we deduce
that
C Tn 2
N, —_— t dt
@)+ T /0 FACTE

<301+ ) 1 foll s + 0 F (Na(z2).

‘We infer that

A = Nu() <31+ )2 |l foll% + T F(Nu ()

HNHS
<301+ 170)° 1 foll 1y + ToF (A)
< A,

hence the contradiction. We thus have proved that, for all » € N and all T <
min{7p, 7, }, we have

2
sup || fu(®) = follj2p s = A
refo.r) L2nH

This obviously implies that

sup || f2(t) = foll 2 £ VA.

tel0,T]

Since

up = fu—Jnfo=fu— fo+U— ) fo,

and since ||(I — J,) follL2 =< |l foll 51, the previous bound implies that the norm
luy ()| ;2 is bounded for all ¢ < min{Tp, T,,}. The alternative (5.2) then implies
that the lifespan of f; is bounded from below by Tj, and the previous inequal-
ity shows that (f, — fo) is bounded in CO([0, Tol; H* (R)). This completes the
proof. O

At that point, we have defined a sequence (f;,) of solutions to well-chosen ap-
proximate systems. The next task is to prove that this sequence converges. Here
a word of caution is in order: H*(R) is not a Banach space when s > 1/2.
To overcome this difficulty, we use the fact that u, = f, — fo is bounded in
CO([0, Tol; H*(R)), where H*(R) is the nonhomogeneous space L2(R) N H’(R),
which is a Banach space. We claim that, in addition, (u,) is a Cauchy sequence in
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CcY([0, Tol; HY (R)) for any s” < s. Let us assume this claim for the moment. This
will imply that (u,,) converges in the latter to some limit . Now, setting f = fo+u
and using the continuity result for 7 (f) f given by (ii) in Proposition 2.3, we verify
immediately that f is a solution to the Cauchy problem for the Muskat equation. It
would remain to prove that u is continuous in time with values in H*(R) (instead
of H¥ (R) for any s’ < ). For the sake of shortness, this is the only point that we
do not prove in details in this paper (referring to [2] for the proof of a similar result
in a case with similar difficulties).

To conclude the proof of Theorem 1.4, it remains only to establish the following:

Lemma 5.6. For any real number s' in [0, s), the sequence (uy,) is a Cauchy se-
quence in C°([0, To]; H® (R)).

Proof. The proof is in two steps. We begin by proving that (f;;) is a Cauchy se-
quencein ([0, To1; HY (R)) for 1/2 < s’ < 5. Then, we use this result and an ele-
mentary L2-estimate to infer that (i) is a Cauchy sequence in C 010, Tol; L*(R)).

By using estimates parallel to those used to prove Lemma 5.4, one obtains that

(f») is a Cauchy sequence in ([0, To1; H%(R)). Now consider 1/2 < s < s.
By interpolation, there exists « in (0, 1) such that

o l—a
lullgo S IIMIIH% lluell ™ -

Consequently, since ( f;;) is bounded in C 0([0, Tol; HS (R)), we deduce that ( f;,)
is a Cauchy sequence in ([0, To1; HS/(R)) for any s" < s.

It remains only to prove that (u,) is a Cauchy sequence in CY([0, Tpl; L*(R)).
To do so, we proceed differently. Starting from (see (5.7))

O fn + Nfn = InT (fu) fu,
we obtain that u, — u, = f — fp — (Ju — J) fo satisfies
3 (tty — up) + Ay — ) = Fup + Gp, (5.20)
where
Fup = In(T(fu) fo = T(fp) [p)s Gup = Un = Ip) (= Afo +T(fp) fp)-

We now use an elementary LZ-estimate. We take the LZ-scalar product of the
Equation (5.20) with u,, — u, to obtain, since u, (0) — u,(0) =0,

IES[‘(;F’T] lun(@) —up® ]2 < | Fap ||L1([0,T];L2) +[[Gup ”LZ([O,T];H*%) .
So it remains only to prove that || Fup ||L1([0’T];L2) and || Gup HLZ([O T]~H’%) are

arbitrarily small for n, p large enough. Here we use the result proved in the first
part of the proof. Namely, since ( f,,) is a Cauchy sequence in C°([0, T']; H'(R) N

H 3 (R)), we deduce from point (ii) in Proposition 2.3 that

T(f)fo =T () fp
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is small in C°([0, T']; L>(R)) for n, p large enough. On the other hand, using the
estimate

| = I,y < lull 2,

1
J/min(n, p)

we verify that || Gnp || 1) is arbitrarily small for n, p large enough. This

L2(0.T;:H 2
completes the proof. O
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