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Abstract

We consider an infinite chain of coupled harmonic oscillators with a Langevin
thermostat at the origin. In the high frequency limit, we establish the reflection-
transmission coefficients for the wave energy for the scattering off the thermostat.
To our surprise, even though the thermostat fluctuations are time-dependent, the
scattering does not couple wave energy at various frequencies.

1. Introduction

Heat reservoirs with some given temperature 7" are usually modelled at the
microscopic level by the Langevin stochastic dynamics, or by other random mech-
anisms such as the renewal of velocities at random times with Gaussian distributed
velocities of variance 7. This latter mechanism represents the interaction with an
infinitely extended reservoir of independent particles in equilibrium at temperature
T and uniform density.

When such reservoirs are in contact with the system boundary and if energy
diffuses on the macroscopic space-time scale, then it is expected that a thermostat
enforces a local equilibrium at the boundary at the temperature 7. The situation
is much less clear for kinetic (hyperbolic) space-time scales. For instance, if the
bulk evolution is governed by a discrete nonlinear wave equation, then in the kinetic
(high frequency) limit the wave number density is governed by a phonon Boltzmann
equation [1,11]. If this system is coupled to a thermostat at the boundary, what are
the appropriate macroscopic boundary conditions which have to be added to the
kinetic equation?

To make a study feasible, we very much simplify the set-up. We consider an
infinite one-dimensional chain of harmonic oscillators, characterized by its disper-
sion relation w(k), and couple it with a single Langevin thermostat at the origin.
An efficient way to localize the distribution of the energy at wave number k is
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to use the Wigner distribution. In a space-time hyperbolic rescaling, first ignoring
the thermostat, the Wigner distribution converges to the solution W (¢, x, k) of a
simple transport equation, namely phonons of wavenumber k have energy w (k)
and travel independently with group velocity o’ (k) /2. It will be proved that when
the dispersion relation is unimodal, see Section 2 for the precise definition, in the
scaling limit, the thermostat enforces the following reflection-transmission (and
production) conditions at x = 0: phonons of wave number k are generated with
rate (k)T and an incoming k-phonon is transmitted with probability p, (k), re-
flected with probability p_(k), and absorbed with probability ¢(k), see formulas
(2.28) below. These coefficients are positive, depend on w(-), and satisfy

p+(k) + p_(k) +gk) = 1.

With such boundary conditions the stationary solution of the transport equation is
the thermal equilibrium Wigner function W (¢, x, k) = T.

The thermostat can be viewed as a “scatterer” of a time-varying strength: at the
microscopic scale a wave incident on the thermostat would produce reflected and
transmitted waves at all frequencies. It is remarkable that, after the scaling limit,
the reflected and transmitted waves are of the same frequency as the incident wave,
all other waves produced by the microscopic scattering are damped by oscillations
in the macroscopic limit. The presence of oscillatory integrals, responsible for the
damping mechanism, presents the main mathematical difficulty of the model. To
deal with the issue we consider the high frequency limit of the Laplace transform
of the Wigner distribution. The limit, see (2.33) below, can be decomposed into the
parts that correspond to the production, transmission and reflection of a phonon.
The calculation of the production term is relatively straightforward, see Section 4.
In contrast, the computations related to the scattering terms are remarkably difficult,
see Sections 5-9 for the proof. Moreover, the description of the limit is not intuitive
and it is not clear to us how to obtain it by a simple heuristic argument.

The multimodal case, that we shall not consider here, can be also dealt with
using the technique of the present paper. In this situation the level set of w (k) has
generically 2N points (we assume that w is even) for some positive integer N. The
macroscopic description of the system is as follows: a k-phonon arriving at interface
with group velocity o’ (k) > 0 is transmitted as a k’-phonon corresponding to the
solutions of w (k') = w(k), with a positive group velocity. The probabilities of
transmission at a given k' can be computed explicitly in terms of the dispersion
relation. On the other hand, it reflects as a k’-phonon corresponding to a solution
of w(k") = w(k), with a group velocity o’ (k") < 0. The probability of absorption
is the same as in the unimodal case.

Introducing a rarefied random scattering in the bulk, in the same fashion as
in [1], leads to a similar transport equation with a linear scattering term, without
modifying the transmission properties at the interface with the thermostat [8].

There are rather few results on the high frequency limits of the Wigner trans-
form in the presence of boundaries, interfaces or sources. We mention [2—4,6,10]
which, while highly non-trivial, are all ultimately based on essentially explicit com-
putations of the Wigner transform near the interface. Our analysis also starts with
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computing the Wigner transform, but then passes to the limit in the resulting ex-
pression. The thermal production of phonons can be seen quite straightforwardly
in this limit. However the scattering terms are much more difficult to handle and
they constitute the major part of our work.

2. The Dynamics and the Main Result

The Infinite Chain of Harmonic Oscillators

We consider the evolution of an infinite particle system governed by the Hamil-
tonian

1 1
Hp @) =) p+5 D oyl (2.1)

VEZL V.Y €L

Here, the particle label is y € Z, (p,, q,) is the position and momentum of the
¥’s particle, respectively, and (q, p) = {(py, q,), y € Z} denotes the entire config-
uration. The coupling coefficients «, are assumed to have exponential decay and
chosen such that the energy is bounded from below.

A stochastically perturbed version of this system was considered first in [1],
where the long time behavior of the wave energy was analyzed, and then in [7],
where the wave field itself was studied.

The stochasticity in [1,7] was introduced as a random exchange of momenta
between particles at adjacent sites. Here, instead of random fluctuations “in the
bulk”, we couple the particle with label 0 to a Langevin thermostat at temperature 7
and with friction y > 0. Then the Hamiltonian dynamics with stochastic source is
governed by

C‘ly(t) = py(t)a

dp, (1) = —(a * q(t)),dr + (— ypo()dt + ~/2dew(t))50,y, y € 7.
(2.2)

Here, {w(t), t > 0} is astandard Wiener process over a probability space (2, F, P).
We use the notation

(f*g)y= Z Jy—y8y

y'€EZL

for the convolution of two functions on Z.
It is convenient to introduce the complex wave function

Yy (1) := (@ * q(0))y + ipy (1), (2.3)

where {@,, y € Z} is the inverse Fourier transform of the dispersion relation

w(k) == a(k). (2.4)
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Hence |y, (1) is the local energy of the chain at time ¢. The Fourier transform of
the wave function is given by

U, k) = wk)§, k) + ip@, k), (2.5)

so that
. 1 . N N
p k)= Z[l!f(t, k) —*(t, =k)], po(t) = / Im (¢, k)dk.
T

Using (2.2), it is easy to check that the wave function evolves according to

AVt k) = (= iw®P(t, k) — iypo(0))dt +iy/2y Tdw(?). (2.6)

A:bove, the Fourier transform of f, € {*(Z) and the inverse Fourier transform of
f € L*(T) are

fl)y =" frexp{=2mixk}, f;

X€ZL

= / fk)exp{2mixk}dk, x€Z, keT. (2.7)
T

For a function G (x, k), we denote by G:RxZ— C, G : R x T — C the Fourier
transforms of G in the k and x variables, respectively,

G(x,y) = / e 7RG (x, k)ydk, (x,y) eR x Z,
T

G, k) = f e G (x, k)dx, (n,k) e R x T.
R

The Initial Conditions For simplicity sake we restrict ourselves to initial con-
figurations of finite energy. In addition, we assume that the initial energy density
|1//y|2 is finite per unit length on the macroscopic scale x ~ ¢y, where ¢ > 0
is the scaling parameter. More precisely, given ¢ > 0, the initial wave function
is distributed randomly, independent of the Langevin noise w(-), according to a
probability measure 1, on £2(Z), and

sup Y e[y = sup (¥ [}, < 00, (2.8)
e€(0,1) veZ e€(0,1)

where (-),, denotes the expectation with respect to w.. We will also assume that
(TP O), =0. k. LeT 2.9)

Condition (2.9) can be replaced by (@(k)lﬁ(é)) u. ~ 0,as & — O at the expense of
some additional calculations that we prefer not to perform in this article.

An additional hypothesis concerning the initial configuration will be stated later
on, see (2.18).
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The Wigner Distribution To study the effect of the thermostat, we follow the
evolution of the chain on the macroscopic time scale ¢ ~ ef, and consider the
rescaled wave function wy(g) (t) = ¥, (t/e). A convenient tool to analyse the energy
density is the Wigner distribution (or Wigner transform) defined by its action on a
test function G € S(R x T) as

/

G wow) =5 Y E[u00 (1) 0]6 (2T v —y). o

2
y.y'€Z

Here, E, is the expectation with respect to the product measure p, @ P.
The Fourier transform of the Wigner distribution is

(t,n, k) €[0,00) x Ty x T, (2.11)
so that
(G, WO (@) = We.(t,n, k)G*(n, k)dndk, G e SR xT). (2.12)
TxR
We use the notation T, = [—a/2, a/2] for the torus of size a > 0, with identified
endpoints.

A straightforward calculation shows that the macroscopic energy grows at most
linearly in time,

A OO 2, = [ = Tl 07 + ]dt+,/ 2 (dw (o), (2.13)

with p(p) (t) := po(t/e). Thus, we have a uniform bound

sup eB [ (0)17apy < sup B[O O[30, + 27Tt £ > 0. (2.14)
e€(0,1] ee(0,1]

Let us denote by A the completion of S(R x T) in the norm

IGlla = f sup |G (n. k)ldn (2.15)
R keT
and by A’ its dual. We conclude from (2.14) that (see [5])
sup ||[W® (1)||.4 < oo, foreacht > 0, (2.16)
1€[0,7]

hence W®(.) is sequentially weak-+ compact over (L' ([0, 7]; .A))* for any 7 > 0.
We will assume that the initial Wigner distribution

We(n, k) ;= Wo(0,7,k), (1,k) € Tpye x T (2.17)

is a family that converges weakly in A’ to a non-negative function Wy € L'(R x
T) N C(R x T). We will also assume that there exist C, ¥k > 0 such that

(W.(n, k)| < Co(n), (1,k) € Ty x T, & € (0, 1], (2.18)
where

1

(1 4 p2)3/2H @19

o) =



502 T. KOMOROWSKI ET AL.

Assumptions on the Dispersion Relation and Its Basic Properties We assume,
as in [1], that o, is a real-valued even function of y € Z, and there exists C > 0 so
that

lay| < Ce PVC forally € Z,

thus @ € C*°(T). We also assume that &(k) > O for k # 0, and if @(0) = O then
&”(0) > 0, so that & (k) = sin?(wk)do(k) for some strictly positive even function
Qg € C*(T). It follows that the dispersion relation w(k) = /&(k) is also an
even and continuous function in C*°(T \ {0}). We assume that w is increasing on
[0, 1/2], and denote its unique minimum attained at k = 0 by wpi, > 0, its unique

maximum, attained at k = 1/2, by wnax, and the two branches of the inverse of
o(-) as w_ : [Wmin, Omax] — [_1/27 0] and Wy [®min, @max] = [0, 1/2] They

satisfy o_ = —w4, @0 (Wnin) = 0, @ (Wmax) = 1/2 and in the case w € C*(T):
@y (W) = £ W — Omin) P xe(W), W — Omin K 1, (2.20)
and
@y () = £(Omax — w) "2 xF W), Opax —w L 1, (2.21)

with y,, x* € C°(T) that are strictly positive. When w is not differentiable at 0
(the acoustic case) instead of (2.20) we assume

o\ (W) = )W), W — Omin L 1, (2.22)

leaving condition (2.21) unchanged.
An important role in the analysis will be played by the function

J(@) = / cos (w(k)t)dk, t=>0 (2.23)
T
its Laplace transform
5 o A
J(A) = “MJ)dr = ——dk, ReA >0, 2.24
= [ e = [ Lok, Re (2.24)
and the function
g =0 +yJo)) (2.25)

Note that Re J(1) > 0 for A € C := [A € C : Re A > 0], therefore
g <1, reCy. (2.26)

The function g(-) is analytic on C so, by the Fatou theorem, see e.g. p. 107 of [9],
we know that

v(k) = lim Z(e — iw (k) (2.27)

exists a.e. in T and in any L”(T) for p € [1, 00).
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To state our main result we need some additional notation. Let us introduce the
group velocity

@' (k) = o' (k)/(27)

and
yv(k)
k) := ,
#® = 35w
v
10 =G
pik) = 11—pH*, p_(k) :=pk)l* (2.28)

We will show in Section 10 that

_ 14 2
Rev(k) = (1 + 2|®,(k)|) lv(k)|2. (2.29)
It follows that
p+)+p_(b)=1—-gk) <1, (2.30)

so that, in particular, we have

0<gk) <1. (2.31)

The Main Result

Our main result is as follows. For brevity, we use the notation [0, x] both for
x < 0and x > 0, so as not to state the results separately for o'(k) > 0 and
o' (k) < 0.

Theorem 2.1. Suppose that the initial conditions and the dispersion relation satisfy
the above assumptions. Then, for any t > 0 and G € L' ([0, t1; A) we have

T

lirrg) (G(t), We(2))dt :/ dt/ G*(t, x, k)W (t, x, k)dxdk, (2.32)
0 RxT

£—> 0

where

W (t, x, k) = Wo (x — &' (k)t, k) 1.0 oyt (X) + GO T 110,60y ()

+ p(k)Wo (x — @' (K)1, k) 110,611 (X)
+ p— () Wy (—x + @' k)1, —k) 110,61 (x). (2.33)
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The limit dynamics has an obvious interpretation. The first term is the ballistic
transport of those phonons which did not cross {x = 0} up to time ¢. The second
term in the right side of (2.33) describes the phonon production of the thermostat.
The third and the fourth term correspond, respectively, to the transmission and
reflection of the phonons at the boundary point {x = 0}. More precisely, g(k)T is
the phonon production rate, p_ (k) is the probability of reflection, and p (k) is the
probability of transmission at {x = 0}. Notice that the phonons are absorbed by the
thermostat with probability 1 — p4 (k) — p— (k) = g(k). The scattering at the origin
depends only on the friction coefficient y. At zero temperature the production of
phonons is turned off, while the scattering remains unmodified.

From (2.29) it follows that

glk) = 2Re v(k) — [v(k)[*),

and we also know that v(kg) = O at the points where ’(kg) = 0. This means
that the thermostat does not generate phonons with zero velocity, which otherwise
would have led to the accumulation of energy at the boundary.

Our main theorem is for the averaged Wigner distribution. In general, one
expects a suitable law of large numbers for the quantity on the left of (2.32) with
respect to 4. ® [P, even if the definition (2.10) of the Wigner transform would not
include the expectation E,.

Our result can be written as a boundary value problem, which is a simple but
useful exercise. First, W (¢, x, k) solves the homogeneous transport equation

JW(t, x, k) + @ (K)d.W(t, x, k) =0, (2.34)

away from the boundary point {x = 0}. Second, if we denote the right and left
limits of W by

W_(t, k) :=W(t, 07, k), Wit k):=W(, 0% k),
then at {x = 0} the outgoing phonons are related to the incoming phonons as

Wit k) = p_ ()W, (t, —k) + pL()W_(t, k) + g(k)T,
for0 <k < 1/2, (2.35)

and

W_(t, k) = p-(k)W_(t, =k) + p+ (k)W (1, k) + g(k)T,
for —1/2 <k <0. (2.36)

By equipartition, the equilibrium Wigner distribution is given by
W, x,k)=T,

which indeed satisfies (2.35)—(2.36), as one should expect.

In case the bulk is governed by a wave equation with a small nonlinearity, one
would expect a nonlinear transport equation for the bulk, but the boundary terms
would be dominated by the linear equation, hence of the form as written above.
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It is interesting to consider what happens when the strength of the thermostat
y — 00, so that the oscillations of the particle in contact with the thermostat
are sped up by a factor of y. Then, we have g(A) ~ y~!, and v(k) ~ y~!,
hence ¢(k) — O (see (2.28)), and there is no phonon production or absortion by
the thermostat as the particle at the thermostat moves “too incoherently”. However,
there is still non-trivial reflection and transmission at the interface.

The paper is organized as follows: in Section 3, we define the Fourier-Laplace
transform of the wave function and explain how the functions J(¢) and g(A) appear
in this context. The Wigner transform can be decomposed into the ballistic part
coming from the initial condition with no scattering, the thermostat production part
(which is independent of the initial condition) and the scattering part. It is quite
straightforward to analyze the former two terms and pass to the limit ¢ — 0 in the
corresponding expressions. Passage to the limit in the scattering term is much more
difficult. It is outlined in Section 5, where one of the scattering terms is analyzed
in Lemma 5.1, and the asymptotics for the other one is stated in Lemma 5.2. The
scattering terms are put together in Section 5.3. The bulk of the remainder of the
paper, Sections 6, 7 and 8, is essentially devoted to the proof of Lemma 5.2. The
critical steps are outlined in Lemmas 7.1-7.4. Each of these statements is quite
intuitive on the formal level but a rigorous justification is, unfortunately, rather
lengthy and with little room to spare in the estimates. In Section 9, we remove
an extra assumption that the initial condition is supported away from the non-
propagating modes, made to simplify the proof. Finally, in Section 10 we prove
relation (2.29).

3. The Laplace-Fourier Transform of the Wave Function and of the Wigner
Distribution

In this section, we obtain an explicit expression for the Laplace-Fourier trans-
form of the wave function. We use the mild formulation of (2.6):

t
V. k) = e N 0.k) ~ iy / e Ipy(s)ds
0
t
+i,/2yT/ e OO dqu ().
0

(3.1

Integrating both sides in the k-variable and taking the imaginary part in both sides,
we obtain a closed equation for po(7):

po(t) = py(t) — 7// J(t — s)po(s)ds + \/ZVT/ J(t —s)dw(s), (3.2)
0 0
where J(¢) is given by (2.23) and

pO(1) = / Im (g&(o, k)e”"“”‘”) dk (3.3)
T
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is the momentum at y = O for the free evolution with y = 0 (without the thermo-
stat). Taking the Laplace transform

+00
po(d) = / e Mpo(t)dt, Rer >0
0
in (3.2) we obtain

Po(R) = PR + 2y TERT (WD (). (3.4)

Here, g()) is given by (2.25), and ﬁg(k) and J (1) are the Laplace transforms of
pg(t) and J (t), respectively, and w()) is the Laplace transform of the Gaussian
white noise.

It is a zero mean Gaussian process with the covariance

1
E[w(A))w(k)]= ——, ReAi;, Rei 0. 3.5
[wDw(Ar)] Mt a eAr, Reds > (3.5)

Next, taking the Laplace transform of both sides of (3.1) and using (3.4), we
arrive at an explicit formula for the Fourier-Laplace transform of v, (¢):

TG k) = V(0,k) —iypo(d) +iv/2yTw(R)

A+iw(k)
_ V0.0 —iyg0EG) + V2 TIM0M) + iv2yTe) 5 ¢
B A +iw(k)
(0. k) —iygIRY() +ig0)V2y T ()
B A+ iw(k) '

Note that (3.6) implies, in particular, that, even at the zero temperature, and if the
initial wave function is monochromatic, that is, @(O, k) = 89(k — ko) for some ky,
scattering at the thermostat generates various modes k # ko, due to the damping at
y = 0. This is a microscopic phenomenon not observed on the macroscopic level,
as seen from the discussion following Theorem 2.1.

We will show below that g(A) is the Laplace transform of a signed locally finite
measure g(dt). Then, the term (A + iw(k))_lg(k)ﬁg(k), that appears in (3.6), is
the Laplace transform of

t 1—s
f ds / e B0 o (dT)pd(s). (3.7)
0 0

Now, the Laplace inversion of (3.6) gives an explicit expression for @(t, k):
t t—s
P k) = e N 0.k) ~ iy / ds / R (GO
0 0
t t—s
+i2yT / ds / e 1 eMU==0 o (dr)dw(s)
0 0
t
=00, k) — iy / ¢t — 5, k)pg(s) ds
0

+ i\/2yT/ ¢t — s, k) dw(s),
0

(3.8)
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where
t
¢, k) = / e W g (do). (3.9)
0
Likewise, we conclude from (3.4) that
t t t—s
po(t) = / pg(t —s5)g(ds) + \/ZVT/ dw(s)/ J(t —s—1)g(dr)3.10)
0 0 0

In order to understand how g(dt) looks like, note that a function g, (¢) that has
the Laplace transform

_ _ yJ )
g:() =g —1=— =,
: 1+9yJ()
is the solution of the Volterra equation
&) +yJ *xg(t) = —yJ (1), t=0. (3.11)

Here, we denote by

Jix fa(0) :./o S1@ —5) fa(s)ds

the convolution of f, f> € Llloc [0, +00). The solution g, of (3.11) is given by the
convolution series

+oo
g () =) (=y)"J*"(0). (3.12)

n=1

Here, J*"(¢) is the n-time convolution of J with itself. As |J(z)] < 1, we see
that g, € C*[0, +00) and |g.(¢)| < e”’, t > 0. Then, we can represent g(dt) as

g(dt) = 6o(dt) + g (t)dr, > 0. (3.13)

Here, § is the Dirac distribution.
Observe that the existence of g(dr) with the above properties implies that

t
/ eiw(k)zg(dl,) _ eiw(k)t¢(t’ k) l_) v(k) (3.14)
O — 00

in the sense that for ReA > 0 the limit defined by (2.27) implies that

-1

+00 et . k
lim e M Pt o(dr) = O (3.15)
=0 Jo 0 A

We let

400
W, (A, 0, k) ::/ e MW, (t,n, k)dt, Reir>0 (3.16)
0



508 T. KOMOROWSKI ET AL.

be the Laplace-Fourier transform of the Wigner distribution defined in (2.10). The
claim of Theorem 2.1 is equivalent to the following: for any test function G €
S(R x T) we have

im [ G0 D0, Kdndk = / & (. DG . Kdndk,  (3.17)
e=>0+ JRxT RxT
where

T (k)|g(k) Wo(n, k)
AA+io'(K)n)  A+iw (k)
@ (k) [(ps (k) — 1) [ Woln, k)dny'
A+iw (k) R A+ i0 (k)n
@ (k) p_(k) [ Wo(n', —k)dy’
Adio(n Jg A—io (k)

Wk, n, k) =

(3.18)

and p4 (k) and g(k) are given by (2.28). Indeed, (3.18) is nothing but the Fourier-
Laplace transform of (2.33). The rest of the paper is devoted to the derivation of
(3.18).

4. The Phonon Creation Term

Since the contribution to the energy given by the thermal term and the initial
energy are completely separate, we can derive the first term in (3.18) assuming
Wo = 0. In this case Iﬂ(O k) = 0 and (3.8) reduces to a stochastic integral:

Ut k) = i,/zyT/ bt — s, k) dw(s), 4.1
0

To shorten the notation, denote

ot k) = / W e(dr) = Mg, k),

0

and

Sew(k,n) =

(D) -0(-2) o

™ | —

We can compute directly

t
We(t, n, k) = )/T/ e EMs (s /e, k + en/2)¢*(s/e, k + en/2)ds.
0
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The Laplace transform of qg(e‘lt, k) is given by A~'g(ex — iw(k)). Then we can
compute directly the Laplace-Fourier tranform of the Wigner distribution and ob-
tain

[ee) t

We (A, n, k) = yT/ dte‘“/ dse o kmsg
0 0

<£*1s, k + %’) o (sfls, k — g—n)

. 2 (4.3)
_rt dse~O-Fido®kms g
A Jo
-1 577) ~*< -1 5’7)
) k A ) k - 5 )
(8 s,k + > ¢ le s >

and by using the inverse Laplace formula for the product of functions, we obtain,
forc > 0,

we(A, 1, k) = yr 1 im

A 2mi >0

/”W g(eo —iwk + 5))g* (A +id.w(k, n) —0) —iw(k — F)) d
c—it o +idwk,n) —o0)

(4.4)

o.

Since g is bounded and ReA > 0, there is no problem in taking the limit as ¢ — 0
obtaining

yThvk)

0t 10l () -

5. The Scattering Terms

If the thermal production at 0 was easy to prove, the scattering terms are much
more challenging. Since the thermal part will not affect the scattering, we can set
T = 0 and consider a non-zero initial energy.

We will first prove (3.18) under a stronger assumption than (2.18): we will
assume no energy is concentrated around modes that have null velocity, more pre-
cisely that there exist C, § > 0 and k¥ > 0 such that

W .01 = Cotx (k=) x (k+3).

(n,k) € Tyye x T, € € (0, 1], (5.1)
here ¢(-) is given by (2.19) and x € C(T) is non-negative and satisfies
x (k) =0fork € L(5), (5.2)
with

L(8) := [k : dist(k, 2,) < 8] (5.3)
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and Q, :=[k € T : o'(k) = 0] C {0, 1/2}. The proof of Theorem 2.1 under the
weaker assumption (2.18) is presented in Section 9 below.

We could have continued to compute w, directly from the expression of the
wave function, as we did for the termal part. We find it more practical to use the
time evolution of VT/g (t,n, k).

A straightforward computation starting from (2.6) and (2.11) shows that the
Wigner transform obeys, for 7 = 0, an evolution equation

3, We(t, n, k) = —i8e0(k, ) Wa(t, 1, k)

+iy {/ [1//@) (z k+ )(p("")) 3 k)] K’
—/T]ES [(1@(8)) (t k — )p@(t k)] dk/} (5.4)

Performing the Laplace transform in both sides of (5.4), we obtain

O+ i8cw(k, 1)) weOn, 1, k) = Wo(, k) — % [as (x k — ?) +or (A, k + %’7)] :
(5.5)

where
+o00
0.0 k) =i / e ME, [(w@)* . k) pe (r)] dr. (5.6)
0

As S.w(k,n) — o' (k)n as e — 0, to get (3.18), we need to understand the limit
of 0.(X, k). Using (3.8) for T = 0, we may write

0. (A k) =0l (0, k) + 02 (1, k).

Here, Og (A, k), j = 1, 2 are the Laplace transforms of (¢ /¢), II.(t/¢) , where
. t ~
I (1. k) 1= ie" / (pbc =997 ®)) g(as),
0 He
t t
I (1,k) == —y / g (ds’) / ¢* (1 — 5. k) (p()pY(t — ) ds. (5.7)
0 0
Now, with (3.17) in mind, we can introduce
£.00) = / G* (0, B Oy m, )dndk = £, + £,,(00.  (5.8)
RxT

The first term in the right side is

. W. (1, k)
A) = G*(n, k — 2P dndk. 5.9
Lo ) 1= /M o st m -9)

The scattering term in the right side of (5.8) is

scaz O‘) scat 1 + Ercar 2 (510)
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with
P _1/ G*(n, k)
seabd =2 Jpur A+ i8ew(k, m)

[ag (A, k— %’7) + @) (A, k+ %’7)] dpdk, j=1,2. (5.11)

The Ballistic Term

Thanks to the assumption that W, (17, k) converges weakly in A" to Wy € L' (R x
T) N C(R x T), we can easily show that

5 We (1, k
£ 5=/ G*(n,k)#
RxT

- dndk
A+idew(k,n)

. Wo (1, k)
— G*(n, k) ———————dndk, ase — 0, 5.12
o (n )MLM),(/,C)77 n (5.12)

which is the second term in the right side of (3.18).

5.1. The Limit of the First Scattering Term

Here, we use the notation

stk = sk + %’7) = é[a)(k +em - o),

5"k, n) = 8€a)(k —_ %’7) _

(5.13)
- é[a)(k) —wk— en)].

We now compute the limit of £ , ,(A) in (5.10) that we can re-write, after a
simple change of variables as

v G*(n k+en/2)
ES )\_ - —a A-ak
scaz,l( ) ) /]RX’H‘[ k+i52‘a)(k, 7]) S( .

G*(n.k—en/2) ||\«
et ch) (A,k)]dndk.

We will show the following:

Lemma 5.1. For any test function G € S(R x T) and A > 0 we have

. Wo(n', k)
lim £ . ,(A) =— Re[v(k)] ————
air(r)lJr swz,l( ) 14 AXT C[V( )]A + ia)’(k)n/

G*(n. k) ,
——————dn ¢ dkdr'. 5.14
{/R *+ 1w (k) ”} 1 o1
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Proof. From (5.7) and (3.3) we get

L(t, k) = / (ds)/ T T (0),, ¢ @PD—eONFias
A (f)me"""“*“’“”“”’“”}de. (5.15)

Using assumption (2.9) and (5.15), we conclude that
| 1 R R +00
0. (A, k) = E/S(I/I*(k)W(ﬁ)mde/ exp {iw(f)s} g(ds)
T 0

+00
/ﬁ e exp (i (w(k) — w(£))t} dt

_1/ e (W (k)P (0)),,de [T
T2 i+ i(@®) —wk)

_ / (8/2) ()P (), e
T Jr ket i@ — k)

g(ds)e ™ exp {iw(k)s} ds

g(er —iw(k)).

For any test function G € S(T x R) we can write, therefore, (cf. (5.13))
/ G* (. k +en/2)0}(h k)
RxT A + lij(k, T])
B / G*(n. k +n/2)
* Jrer A+ i8Fw(k,n)

(8/2) (U (k)T (), (e — i (k) i
re +i(w(l) — wk)) '

dkdn

dkdn

(5.16)

Changing variables k := k' — en’/2, £ := k' + en’/2 the right hand side of (5.16)
can be rewritten in the form

/d / W', K)§(eh — i’ = en/2)G (1K +enj2—en'[2) o
R 1. L+ isf ok —en' /2, mIA +ie~ (@K +en'/2) — oK —en'/2))] '

(5.17)

Here, T; C T, x T is the image of T2 under the inverse map k' := (£ 4+ k)/2,
= (€ — k)/e. Note that
lim ger—iwk —en'/2)G*(n, k' +en/2 — en'/2)
e=0 [A +i8fo(k —en'/2, A +ie N w (k' +en'/2) — ok’ —en'/2))]
B v(kK)G* (0, k)
i (K)nlA +ie (K]
a.e.in (n, ', k). Using bounds (5.1) and (2.26) we can argue, via the dominated
convergence theorem that the limit of (5.17), as ¢ — 0, is the same as that of

/ W (', k' yv(k')G* (1, k'ydndn'dk’
wxr A Fio &)nA+io' &)yl

(5.18)
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Summarizing, the above argument proves that

- G*(n, k + en/2)dL (A, k)
e=0+ Jpuar A+ i8Fw(k,n)

=/ v Wolr', k) / A ULLON R (5.19)
rxT A+i@'(K)n | Jr A +iw (k)n

for any test function G € S(T x R). Similarly, we have

dkdp

i G*(n, k —en/2)@)* (A, k)
e=>0+ JrywT A+ 15;(1)(]{, 7’])

:(/ ”*“)W@(”’k){/m G*n. ©) dn}d#dk. (5.20)
RxT A — i (k)n R A+ iw' (k)n

dkdp

As W*(n, k) = W.(—n, k), we conclude that (5.14) holds. O

5.2. Asymptotics of the Second Scattering Term

Let us split £, ,(A) as

s =5 [ [ (=) 0 (e )
G*(n, k)
A+ ik, 1)

y 2 o Gk +en/2)
= —= A k) ———————— Ak
2 [0 sy @ een

dndk

G*(n.k —en/2)
A0 7wk, n)
= Sicat,Zl ()‘) + £§cat,22(k)’ (521)

]dndk

with the two terms corresponding to writing
92 = Red? + ilmd?. (5.22)
We recall that

+00
Dﬂ&@:s/ eI (¢, k) dr
0

+00 4
= —ye / e—Astdt {/ eiw(k)(t—s) <g * pg(s)g * p8(z‘)># } ds.
0 €

0

We will prove the following:
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Lemma 5.2. Forany A > 0 and G € S(R x T) we have

0 (1! ’ Ak
lim £5,,,,00 = = / g(k)W (', k)dn'dk / G*(n, k)dn
e—0 ’ RxT R

4 A+io (k)n A+io(k)n
W', —k)dn'dk [ G*(n, k)d
+z/ g (k) (n. )dn / (7 )77. (5.23)
4 JrxT A =i (k)n r A+ i (k)n

The conclusion of this lemma is the consequence of the following two limits

4

. KYW (@', kydy'dk [ G*(n, k)dn
]11’(1;1+ £§cat,21 ()“) = Z / g /
g RxT R

A+io(k)n A+io(k)n
W', —k)dn'dk [ G*(n, k)d
+Z/ 9RW ', —k)d / (. lodn oo
4 Jr«T A =i (k)n r A+ i (k)n

and

lim £, () =0. (5.25)

5.3. The Limit of the Full Scattering Term

Putting together the results of Lemmas 5.1 and 5.2, we see that

i 6,00 =~y [ Relvls 2

RxT Atio' (k)n
*(n, k
/—G ULLIR P
rA+iw (k)n
LY / gUOW (', k)dn'dk / G*(n, kydy
4 Jrxr A +iw(k)n rA+io (k)n
LY / U)W (', —k)dn'dk / G*(n. kydn
4 JrxT A —iw (k)n rRA+iow' (k)n

tr ”a ref ’ ’ ; l /(k) I .
Wlth the transmission term

k Wy, k)dn'dk
Wi (. k) = —~ [—Re[v(k)H&)] W', kydn'dk

|’ (k)| 4 A+ia (k)n'
B . W', k)dy'dk
= (et - 1) [ SOROOTE . 5.27)

We used (2.29) in the last step. The other term in (5.26), corresponding to reflection,
is
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yg(k) W', —k)dn'dk
o' (O Jaxr  »— i/ (o’
W@y, —k)dn'dk
= p_(k) — 1 (5.28)
P e =i o

Weer (0, k) =

Combining the scattering terms in (5.26)—(5.28), together with the ballistic term in
(5.12) , we get (3.18). Thus, the proof of Theorem 2.1 is reduced to the computation
in Lemma 5.2.

6. The Proof of Lemma 5.2: The Limit of £, ,, (%)

Y

We now turn to the proof of Lemma 5.2. In this section, we begin the rather
long and technical computation leading to (5.24).

A Calculation of Re Dg

Recall that £, ,; (1) comes from the contribution to £, ,() that appears
from Re 92. Our first task, therefore, is to compute Re 02, We have

2Re 02 (%, k)

+00 t
= —2ys < / e ds { / cos(w(k)s)(g * pg)(s)ds} cos(w(k)t)(g * p8)(t)>
0 0

He

—+00 t
—2ye < / e et dy { / sin(w (k)s) (g * pg)(s)ds} sin(w (k)1) (g * p8)(t)>
0 0

+00 d t 2
— _ye <f et 4 {[/ cos(w (k)s)g * pg(s)ds]
0 dt 0
t 2
+ U sin(w(k)s)g*p8(s)dsi| }dz> .
0
He

Integrating by parts, we obtain

He

0

400 t 2
2Re0*(A, k) = —ye%\f e“’dr<{f cos(w(k)s)(g*p8)(s)ds} >
0

e
+00 t 2
_),82,\/ emdt<{/ sin(w(k)s)(g*pg)(s)ds} >
0 0
He
= Co(h, k) + S. (A, k). (6.1)

The first term in the right side is

“+o00 t
C.(h, k) = —yezk/ e—“’dt/
0 0

/ dsds’ cos(w (k)s) cos(w(k)s) (g * pY(s)g * pO(s)),.,. (6.2)
0
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Using (2.9) and (3.3) gives
(g * P ()(g * PO (),
1 ' ¢ / / —iw)(s—1) iwl)(s'—1" 7 kol
= Zf / g(dr)g(dr)fzdme OOl OCTe (P OV (),
0 0 T
1 s s’ ) ) o R .
+Z/ / g(dz)g(dr’)fzdede/elw“)“—f)e—’w“><°‘ e (U0 E)),,-
0 0 T

6.3)

Now, symmetry implies that the two terms above make an identical contribution to
C.(A, 1), hence

V —+00 t
C.(A k) = ——s,\/ e**”dt/
2 0 0

/ dsds’ cos(w (k)s) cos(w (k)s") /S /S g(dr)g(dr/)/ dede’
0 o Jo T2

Xe*iw(f)(sfr)eiw(Z’)(s’fr’)E(1&(E)_&*(g/))ﬂs
Y
=——er | d
4 _/R p

N A +00 oo , )
/ dede’ s (Y Oy (), / / PBU=1) g=2e+1)/2 4,4y
T 0 0

X/ / des’COs(a)(k)s)cog(a)(k)s,) /S

0 JO ;
/S g(df)g(d‘[l)efiw(é)(S*T)eiw(({’)(s/i.[/)
0

- _r

© 4xw skjl;dﬁ
/8@(6)&*“/)%9(5,Z,k,A)Q*(ﬁ,E/,k,A)dede/, (6.4)
T2

with
+00 K ) +0o0 .
QB L, k, 1) = / cos(w(k)s)ds { / e 0O o(dr) / e<—“/2+’ﬁ>’dt}.
0 0 s
Integrating out first the ¢ variable, and then the s varable, we obtain
1 +oo ®
QB bk, A) = —— 1T o(d
(B. £k, %) XS/Z—Zﬂ/O eV g(dr)

+oo '
/ cos(w(k)s)elH/2HiB=o®)s 4
T

1 +00
— / g(dt)eia)(é)l'
2(re/2 —1iB) Jo
{ el=*e/24ilpro k) —w O]l el=re/2+i(B—w (k) —w ()]t }

re/2 —i(B+w(k) — o)) + re/2 —i[B+ wk) + w(l)]




High Frequency Limit for a Chain of Harmonic Oscillators 517

1

T 20e/2—ip)
{ g (re/2 —i[B + w(k)]) g (re/2 —i[B — w(k))]) }
/2 —i(Btok —w®)  r2—ilf+ok +o@]]

Hence, after a change of variables 8 := ¢f’, we get

A d o o
o el /2)2’3 e /T A OO
{ 2 Ge/2 — ilf + (k)
2~ ilf + e o) — O]
2 0e/2 — il — w(R)))
2 —ilf + e o) + o)) }
g(he/2+i[eB + w(k)])
{A/z B T e Tw®) —w@)])
3 0e/2 + ilef—w())) } | 65
24 iB e wl) + @]

Ce(A k) =

A similar calculation leads to

5.0k = g [ s [ e @)
o 2we? Jp (/22 + B2 .
8 (he/2 — ilep + 0 ()
W2 ilp + e o) — o]
e oo |
W2 —i1f+ e o + o]
§ 0e/2 4 i(cB — 0(®)])
A2+ {8 — e wk) + 0)]}
sy | 66
r2+i{B+e ok —w)]}H] '

Putting (6.1), (6.5) and (6.6) together gives

X

2Re 02(A, k) = Re(h, k) + pe (A, k), (6.7)
with
o y)‘ dﬂ / " T kgl
Re(M, k) = 8;182/]1@@/2)%,32 /T dedle (Y (Y™ (L)),
18 (Ae/2 —i[e + @ (K)]) |?
A2 —=i{B+ e owk) —w(@)]}
‘v : 6.8)
L2 +i{B +e ok — o)}
and

pe(X, k)
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A d o o
= /1; 0 /2)2’3 e /T AL O) (),
{ 2 0e/2 — ileB + 0 (D))
2~ i(f e ot — O]
[ E0Ge/2 ile + b)) 021 1 o)) |
M2+ 1B T e Mot + 0@ T A2 418 — e o + (0]
2 0e/2 — ilef — 0 (D))
W2~ ilf e o) + 0O
| EGe/2 4 ilep + o) 021 1 o)) |
W2t iB e ol +o@l A2+l —e ok +o@)]
F0e2—ilef+o®)  F0e/2+ilsh — o)
Ta2—i1f T e o) — o1 12 1 i1f — & Tw® + o))
2 0e/2— ilep — 0 () §0e/2 + ilep—w®)]) }

A2 —iB+e otk +o@l A2+ ilf + e ok —o@)])
(6.9)

The main contribution to £, 5, (A) will come from the term R. (A, k) due to the
difference w(k) — w(£) in the denominator that can become small. As p. (X, k)
contains the sum w (k) + w(£), or w(k) + w(¢’) we expect its contribution to be
small in the limit. More precisely, we will show the following result for the limit
of R. (A, k):

Lemma 6.1. Let

G*(n, k £en/2)

Hi(h, g) = R. (A, k dndk 6.10
LOe) /M Ok S (6.10)
and
K 2Wo(n', kydn'dk [ G*(n, k)d
7,0 :=—2yn/ vl 0(77' )dn (7? )177 ©.11)
rxT |0 (K)|[A + i (k)] Jr A +icw/ (k)n
and
K2Wo(n', —k)dn'dk [ G*(n, k)d
T = _2ynf () |“Wo(n . /) n / (7 ) 777 6.12)
rxT |0 (K)|[A —io'(k)n'] Jr A +ie'(k)n
then
1
lim Hi(A, &) = = (T (A) + Zrep (V). (6.13)
e—0+ 2
On the other hand, p, (A, k) vanishes in the limit.
Lemma 6.2. For each ). > 0 we have
lim /|p5(k,k)|dk:0. (6.14)
e—=>0+ J

These two lemmas, together with (5.21)—(5.22) and (6.7), imply (5.24).
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Proof of Lemma 6.2

A word on notation: for two functions f, g : D — R we say that f < g if there
exists C > 0 such that f(x) < Cg(x), x € D. We shall use the notation f & g if

f=gandg =< f.
Opening the parentheses in (6.9), we can write

6
PO k) = pl(h k).
j=1

We will only show that

lin(l)/ Il (n, k)|dk =0, (6.15)
E—> T

as the other terms are analyzed in a similar fashion. To verify (6.15), it suffices to
show that

tim [ [ i@

08 Ju G224 B o -
8 0e/2 — ilep + 0 (®))

A2 = i1f + & w® — o]

g (Ae/2 41 k
' gOe/2H1lep + oD |4 qrqp — . (6.16)
12 +i{B + e o k) + ()]}
Change variables
coen e
b=k +—, 0 =k — — 6.17
+5 > (6.17)
and let
2 ;o ’ 1 / 1 —eln'|
2= |G k) 1< S K S == [ CToe x T, (618)

be the image of T2 under the inverse map, as below (5.17). The expression under
the limit in (6.16) can then be estimated by

12112 dB / |We (', k)|
e Jr /224 B2 Jrour,, /2 —i{B + e wk) — 0k +en'/2)]}]

dkdk’dn’ <1 41 (6.19)
X & X .
W2+iB+e ok +ok —en/l ~ 7

where

. ||g||§o/ dp / Wen'. K]
T e R DT B ey, i @O —en/2) + oK+ en'/2) |

5 dkdk’dn’
A/2 —i{B + e wk) —wk +en'/2)]}]
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and
g dp
b = 21 32
e Jr /2% + B* Jroxr,,
|W. (', k)]
A +ie (oK —en'/2) + ok’ 4+ ¢en'/2)) |
dkdk’dy’

X .
A/2+i{B+ e k) + ok’ —en'/2)]}]
We used here the identity

1 1 1 1
(A/2 —ia)(L/2 +ib) - (A/Z —ia + k/2+ib)k —i(a—>b)
Now, we can estimate I . as follows:
I < eTLlEI2% / ¥ / _Welr iOMdKdy
r (A/2)" + B Jrxt,, @K' —en'/2) + w (k' + &n'/2)
with

I, :=s p/ dk <I'f+Tr.
= Su " = )
CaRJrler2—i(wk)— A T ¢ F
with
®max d
ackJo  1er/2 —i(u — Ao (0 )|

Recall that w_, @ are the decreasing and increasing branches of the inverse function
of the dispersion relation w(-). Our assumptions on the dispersion relation imply
that

w/(wi(u)) A (Wmax — u)l/Z’ for wmax —u K 1.

The consideration near the minimum of w is identical unless wp;, = 0, in which
case |’ (k)| stays uniformly positive near the minimum. Therefore, we have

1

du

Fij sup / _ je_l/zloge_l.
T e Jo [e 4 lu— AllVu

‘We therefore obtain
|We (', K)|dn'dk’

I, <¢&l? logs_l/
T.xT @ (K" —&n'/2) + w (k' + €n'/2)

400 pl 12 ~1
< / / ¢'/“loge™ dgdu Y
o Jo w+elgAnD)(L+g3+x)
as ¢ — 0, due to (5.1) and (2.19), and since if wy,;, = 0, then w (k) behaves as |k|

near the minimum k = 0. One can easily verify that the right hand side vanishes,
with & — 0. Similarly we obtain that

lim 12,5 = 0,
e—>0+

which finishes the proof of Lemma 6.2. O
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7. The Proof of Lemma 6.1

7.1. Outline of the Proof

‘We now turn to the proof of Lemma 6.1, the main ingredient in the computation
of the limit of £{_,, 5 (A). We will only consider the term . (1, ¢), as the computa-
tion of the limit of H_ (X, ¢) is essentially the same. We will focus on the harder case
when the dispersion relation w (k) is smooth both at its maximum k = 1/2 and its
minimum k = 0, so that the inverse function has a square root singularity at each of
these points. That is, the two branches of its inverse wy : [@min, @max] = [0, 1/2]
and w_ 1= —w, satisfy

o (W) = W — Omin) " x (W), W — Oin K 1,
and
@ (W) = E(@Omax — W) xF (W), Oy —w L 1,

with x,, x* € C*(T) that are strictly positive.
Using (6.8) and the change of variables (6.17) we can write

__ vy [ _dpdn
T8 = e fe G2 1 B /m
W.(n', k'Ydkdn'dk’
22— i{B+e k) — ok +en'/2)])

5 12 (e/2 — ilef + w(k)]) |2 5 G*(n,k +€n/2)
M2+ i{B+e k) —wk —en /D) r+idtotk,n)
(7.1)

In fact, we may discard the contribution due to large 7', thanks to assumption (5.1).
More precisely, let 7 (A, €) be the expression analogous to H (A, &) correspond-
ing to integration over n" and k" over

; 1—eln
T} = [(n/,k/) 1S s Kl S ——= | CToe x T, (72)

with § as in (5.2). Due to (5.1) and (2.19) we have
[Hy (s 8) = Ho (1 0)|

<1f d—”/wemk—w ase > 0.  (7.3)
T e Jipizsi@e (14 (1)2)33* ' ) '

In what follows we restrict ourselves therefore to studying the limit of ﬁ+ (A, 8).
The main contribution to the limit comes from the regions where w (k) ~ w (k'),

that is, where either k ~ k’—this generates the transmission term, or k ~ —k’—this

is responsible for the reflection term in the limit. The smallness of these regions



522 T. KOMOROWSKI ET AL.

will compensate for the factor 1/¢ in front of the integral in (7.1). To distinguish
the contributions of these two regions, we decompose

Hine)= Y T(he). (7.4)

te{—,+}

Here 7, (A, €) correspond to the integration over the domains Tgt, | = =+
73 = [(k, W k) eTx T2 : signk = sign(k' + 877’/2)],

so that the integration over Tg n will generate the transmission term, and over TS_
the reflection. Changing variables k" := tk + en” /2, and using the fact that w (k) is
even, gives

12 dpdn
RO = G2+ B /T
W, (', tk + en /2)dkdn'dy”

A2 —i{B +e wk) — ok +uen/2+en"/2)])
o 1g (he/2 —i[eB+ w()]) |

A2+ i{B+e ok —wk+1(—en'/2+en"/2)]}
LGk +en/2)

Atistok,n

(7.5)

Here, T2, C Tx T,/. x T/, is the pre-image of 713,[ under the mapping (k, 0, n”)

>Te

(k,n', tk +en"/2):

8 8,7//
T, = [(k, n,n":keT, || < CEDS k+ 5
1— /
< % signk = sign (k+L(£n’/2+8n///2))]. (7.6)

We will pass to the limit ¢ — 0 in expression (7.5) in several steps. The first
step will be to replace the quotient ¢~ ![w (k) — w(k + t(en’/2 + en”/2))] in the
first denominator by —tw'(k)(n" + n”") /2. That is, we will show the following:

Lemma 7.1. We have

lin%){Il(k,s)—ZL(l)()»,s)}zo, Le{—, +} (7.7)
where
87 Jre (A /2)2 + B2 Jpz A/2 —i{B — 1K) (' +n")/2}

5 18 (e/2 — i[ef + w(B)]) |?
A2+ B+ e wlk) — ok +u(—en'/2+en’/2)]}
G*(n, k + en/2)
A+ isFok,n)

dkdy'dn’”. (7.8)
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Next, we will replace a similar term in the second denominator by ' (k) (' — 1) /2.

Lemma 7.2. We have

lir%{L(')(k,s)—Z(z)(k,s)}=0, Le{— +h (7.9)
where
LTy G By . AU AL

87 Jrz (A/2)2 + B* Jr3 A/2 —i{B — 1/ () (' +n")/2}

g Ge/2 — ilep + oD G*(n, k +en/2)

: . dkdn'dn”.
A2+ i{B+w'(k)(m —n")/2}  A+idfok,n)

(7.10)

The third step will be to replace the term |g (Ae/2 — i[eB + w (k)]) |2 in (7.10) by
its limit |v(k)|>.

Lemma 7.3. We have

Eliirg)|I[(2)()\,s)—If3)(A,s)| =0, te{— +}, (7.11)
with
100, e = Y dpdn / Wg(n’., tk + e’ /2)dkdn'dn”
87 Jo2 (/22 + B2 Jis 1j2 — (B — 10 () (1 + 1) /2)
v (Gktend o

CA2H B+ WG =02t istatn)

Next, we will approximate the Wigner transform Ws (', tk+en” /2) by WS (n', tk),
the test function G*(n, k + en/2) by G*(n, k), and 8} w(k, n) by o' (k)n, respec-
tively.

Lemma 7.4. We have

lim (7, ) = T9 G )| =0, 1€ (=, +), (7.13)
-
with
A dpd W.(n', tk)dkdn'dn”
IL(4)()\.,8)=_V— 13277 2/ 8(77 L ) ndan
81 Jr2 (A/2)* + B Jruxwe A/2 —i{B — 1w/ (k)(n' +1")/2}
(k)| G*(n, k)

x : X —— . (7.14)
A2+ B+ w'(k)(n' —n")/2} A +io'(k)n

The last step will be to pass to the limit in Wg(r/, tk) and integrate in 8, which is
done in Section 7.5.
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7.2. The Proof of Lemmas 7.1 and 7.2

We only present the proof of Lemma 7.1 since the proof of Lemma 7.2 is
very similar except somewhat simpler. We will also only consider ¢ = + (the
transmission case) in the proof of Lemma 7.1, as the reflection case can be treated
in a similar fashion.

Let us drop the subscript +, setting

IO e) =T (ne), TG, e) =T, ¢)

to reduce the number of subscripts. We split the domain of integration Tg 4 into
four regions:

T, =k 0 eT) : uk>0, nk—en/2+en"/2) > 0],
ti, b € {—, +}, (7.15)
and write
Ihe) = Y L,0e), ITV0,e)= Y IV (0.
ti,la=% ==+

We will only consider the case t; = ¢, = +, as the other cases can be done similarly,
and set

I, e) =Ty 1 (hve), TV, e) =T, (3, 8).
Our goal is to show that for any o > 0 we have

limsup |Z(x, &) — IV (1, &)| < o. (7.16)

e—0

We perform the change of variables

wo:=wk), w =wk—=¢cn/2+en"/2), wr:=wk+en'/2+en"/2)

(7.17)
in the integrals over k, n’, ", to get
Ih,e)—IV0,e)
_yM / dgdn
© 4me? Jpo (W )2)2 + B2
/ W, (871[w+(w2) —wi(wp], (1/2)[wy (w2) + w+(w1)])
D. A2 —i{B+ e H(wy — wy)}
A (o, wo, B)IZ (he/2 — i (e + wo))
A2+ i{B+ e Hwy — wi)}
/\* 2
w G0 0+ (Wo) + n/2) I1 L dwodwidus. (7.18)

A48} w(wy(wo), n) o' (w4 (w;))

j=1
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with D, C [@min, ®max]>—the image of T, + 1.4 under the change of variables
mapping,

e 18wy (W', w)
M2Fi{B+e N (w—w)+ e o (0 (w)dwy (w', w)}
(7.19)

AL (W' w, B) =

and
Sor(w', w) = wr(w) —op(w) — o (w)(w—w).

Let us explain some difficulties in passing to the limit in (7.18). Formally, we
have a factor of £ =2 in front of the integral compensated by the terms of the order
e~!in the first two denominators. The factor of ¢! in the first argument in W,
seemingly would then bring a collapse of one variable of integration and show that
the overall expression is small in the limit. However, there are two obstacles: first,
the factors o’ (w4 (w;)) have a square root singularity at wmin and wmay, so that the
effect of the ¢! terms in the first two denominators is reduced. Second, the terms
of the size e are not necessarily small and may influence the limit since the domain
of integration in S is all of R.

In order to deal with the first issue, using assumption (5.1), we see that there
exists §g > 0 such that for all (w, w,), for which we have

~ (1 1
W, (g [a)+(w2) - a)+(w1)] ) [a)+(w2) + a)+(w1)]) =0, (7.20)

provided that either wy, wy € [@min, @min + 80), OF Wi, Wy € (Wmax — 805 Omax ],
and (wg, wy, wy) € D, for some wy.
‘We can further write

2
ZO.e) =TV e) =) Ty

where the integration is split into the regions |w; —w;| > §y/4 and otherwise. From
(5.1) and (7.18) we conclude that |‘71,€ ] < ¢g.1If, on the other hand |w; —w;| < &p/4
we only need to be concerned with the integration over w, € [(8y/2), where
1(8) := [Wmin + 8, wmax — 8], as otherwise the integrand vanishes because of
(7.20). The above implies that w, € 1(§9/4). Since w; € C*(I (8y/4)) we can can
find C > 0 such that, after integration in 1, we have, with a constant depending on
A

1 d Omax C -1 _
|Joel < R : /—ﬂzf dwO/ / & (Ul)z w))
L+ 8% Jow 1Go/4) 160y 1+ |/3 + e Hwo — wo)|

'min

|AY (w3, wo, B)|dwdw,

=R+ R2
L+ 1[B+ e 1wy — wy)l ¢ ¢
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The two terms above correspond to the integration in wy over the regions I'(p) :=
[@min, ®max] \ 1 (p) and I (p), with p < &9/8. We have

1 1
e (e Yaw
"8 Jip ' (w4 (wo))
/ [ © (Cs’l(wz — wl)) dwidw,
1(80/4) J1(30/2)

1 1 d
X/ X X ﬂ
r1+1B+eH(wo—w)l 1+ [B+e(wo—w)| 1+p2

(7.21)
1 & 1
1 — )
A= Z/I(p)( w’(a)+(wo))> "o '/1(50/4)

/ © (Cs’l(wz — wl)) dwidw,
1(0/2)
1 dpg
X X . (7.22)
g1+ 1B8+e (wo—w))> 1+p2

An elementary estimate

1 dg 1
/ x =< , aeR (7.23)
rl+@B+a)? 1+p27 1+a?

implies that

1
R o N e
Z ') o' (w4 (wp)) o 1(80/4)

_ dwidw,

1

¢ (Ce™ (wy —wy) .
/1(50/2) ( ) 1+ e 2(wy — w;)?

If wy € I'(p) we have |wy — w;| > 80/8, thus

1
R 2 _/ <1 " ) f / —¢ (Ce™" (wy — wy)) dwidw,.
= 5(2) I'(p) @ ((l)+(U)0)) (P (w2 wl)) widw)

‘We conclude that

1 1
limsupR! < —/ <1 + —> dwg, pe(0,1). (7.24)
s—>0p 785 Jro @' (w4 (wo)) 0

Selecting p > O sufficiently small, we deduce

limsupR! < o. (7.25)
e—0
Next, we fix p > 0 sufficiently small, so that (7.25) holds and look at the term Rg,
that involves integration in wq over the region /(p). Note that w; € C*(I(p))
and

m{ o' (wy(w)) > 0,
wel
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hence

R2< 1 / / / ¢ (Ce7H(wy —wy))
T g 1+ B2 1) J16ord J10/2) 1+ |ﬂ + e (wo — wy)|

|A$>(w2, wo) [dwodw; dw,
L+ 8 +e(wy—wy)|

After the change of variables w| := e~ (w, — wp), wy 1= e N wy — wp), B =
B — wj, the expression in the right side can be estimated by

@ (Cwy—w) _ |AY (wa, wo, B
I, = dwy dw;dw, X 5
1(p) 1,(80) r 1418+ wy — w| I+ (B +w2)
dg

— =70 + 7O, (7.26)
Tt 1B
with
- 718 ’
A(if)(w/’ w, ,3) — : & — sw+(w s w)~
A2F B+ e o (0w (w)dewi (W', w)}
and
5 w+ew
Sy (w', w) = —/ (@), (v) — & (w)dv = o (w) + o (w)ew’

—wp(w + sw). (7.27)
The two terms in the right side of (7.26) correspond to splitting the region 1, (§p) C
[—Cie~!, Cie7']? of integration in wy, w; (the image of 1 (8y/4) x I(8y/2) under
the above map) into two sub-regions, corresponding to the integration over

B.(p') :=[wy @ |wa] < p'/e]

and its complement, with p’ > 0 is to be determined later. Note that in both regions
we have the estimates

lim e 18,0y (w', w) =0 foreachw, w, (7.28)
£—>

and

/ ¢ (Cw)dw - 1

R. 2
T+ ptw S irpr P (7.29)

As the domain of integration in (7.26) depends on ¢, even with (7.28) in hand,
we still can not apply the Lebesgue dominated convergence theorem directly. In
addition, we have the estimate

1A (w, wo, B)] < 67 ey (w, wo)| < ew?, (7.30)
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for all wy and w in the domain of integration in (7.26). Integrating out the w;-
variable using (7.29) and (7.30), we obtain

o'/e 2
Ié” 5/ dwof dw/ Lz
1(p) —p'Je r 1+ B+ w)

dg Ple ewldw ,
x < dwy <. (7.31)
L+ 827 Ji —pge 1+ w?
It follows that
lim I <o, (7.32)

for a sufficiently small p’ € (0, 1).
For the second term in the right side of (7.26), we use (7.29) to integrate out
the w;-variable once again, and write

A(S) , d
18(2) =/ dw()/ dw | + (w w0)2| « ﬂ - =I£2,l) +I£2’2). (7.33)
1(0) . r1+(B+w) 1+ 5 i i

Here, I/ C [p'/e < |w| < C,/¢] is the projection of I, N BS(p") onto the w,-axis.
The first integral in the right side of (7.33) corresponds to integration over the set

[(B.w) € R+ |+ w| < w**]
and the second over its complement. We split again to get that
2,1 2,1
D = Ie(,+) + Ie(,f ',

according to the integration in w over I* = I/ N [w > 0] and its complement, so

that
—1/5
Ig(z’il) 5/ dwO/ € |83a)+(w,2w0)|dw
’ 1(p) = I+ w
d

/ p = . (7.34)

1—wiiwP 1418 — e~ ' (w1 (wo)) 8wy (w, wo)]
Let us set

o4 (wo + gw) — @4 (wo)
e’ (wo)

ze(w, wo) = &~ '@/ (W1 (o)) 8wy (W, wo) = w

’

so that

4/5

w — z.(w, wo) > w*’?, forall wy € I(p) and w € I (7.35)

for all ¢ > O sufficiently small. Then, we have

3/4

— dB wiw dg
Zo(w, wo) 1=/ TL18_.1 /
ww¥t 1+ |8 — zZ¢l w—w3/4—z, 1+ 18]

| <1+w+w3/4—zg>
=10 .
g 1+ w—w*—z

3/4725
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It follows from (7.35) that by taking ¢ sufficiently small we may ensure that

lim sup sup |Ze(w, woy)| = 0. (7.36)

e—=>0  woel(p),welF
Then, using (7.30), we get

Zdw o
I<2*‘><f d / Z.(w, wo)| Y = T 737
e B R U e (137)

for ¢ > O sufficiently small. A similar calculation yields the same estimate for
18(2;1) , thus

limsupZ*Y < o. (7.38)

e—0
As for Z\*? we can write

702 L / dw / e84 (w, wo)|dw
T e I L4+ w¥?

dp
/R (1+ 18 + &0/ (@1 (w0))deoy (w, wo) N(1 + )

Using an elementary estimate

1 d 1
/ X p < , a€R, (7.39)
r1+B+al  1+82 7 1+4]a|

we obtain

72.2) </ dwo/ 871|st+~(w, wo) [dw '
T i 1+ le 1o/ (@4 (wo)) e (w, wo)[1(1 4 w3/2)

Here, we can use the Lebesgue dominated convergence theorem and (7.28) to
conclude that

lim Z%? = 0.

e—0

This finishes the proof of (7.16).

7.3. The Proof of Lemma 7.3

Let us note that the integration in n” both in expression (7.10) for Z® and
(7.12) for Z® would bring out the factor of [w'(k)]~! that is not integrable. This
singularity should be compensated by the g-term in (7.10) and by its limit |v(k)|?
in (7.12), as can be seen from (2.27), (2.28) and (2.31). The following auxiliary
result will allow us to use this argument:

Lemma 7.5. For each k., such that o' (k,) = 0, we have

lim limsup sup |g(e —i[B+ w(ks)]) | =0. (7.40)
=0 c50 Be(—8.8)
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Proof. As follows from (2.25), it suffices to show that

lim liminf inf |J (e —i[B + w(ky)]) | = +o0, (7.41)
§—=0 e—0 pBe(=4,8)

with J (+) as in (2.24). Consider the point k, = 1/2 where w attains its maximum
Wmax = w(ky) > 0, and write

J (e —i[B + wk)])

_i{/ de +/ de }
"2l i+ Btk +o@)  Jrie+B+wk) —w@)

Hence, (7.41) would follow if we can show that for each M > 0 there exist &g, 8y €
(0, 1) such that

d
‘Ai8+ﬂ+w(k*)_w(£) > M, Be(=8,80) ¢€(0e) (142

The real and imaginary parts of the expression under the absolute value in (7.42)
are

re(B) ._/‘ [B + w(ky) — w(£)]de L (B) = _/ ede
T et Brok) —o@P T T T L2 Bt ek —0@F

Changing variables u := w(£) — 8, we obtain

) wmax—ﬂ £ du
17 (B)] = /L; 5 &2 + [wmax — ul? x | (w4 (u + ,B))|

'min

Choosing a sufficiently small 6§y > 0, we see that
| (i (u + B))| < 7/(2M) for |B| < 8 and u € (Wmax — S0, @max + 80),

hence
inf  1u(B)| > 2M /wmax+50 edu
mn _—

peispsn 2PN =T |

max —80 g2 + [@max — ”]2

It follows that for a sufficiently small gy we have

inf j > M, ¢ee€(0,eg)),
Jnf i) = (0, &0)

and (7.42) follows. 0O

We now turn to the proof of Lemma 7.3. Once again, we will only consider
t = + and drop the subscript + in the notation. Let & > 0 be arbitrary. For
p €(0,6/4), with § > 0 as in (5.2), we let

L(p) := [k : dist(k, Q) < p], Q. :=[keT: o'(k)=0]cC{0,1/2},
(7.43)
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with p to be specified further later. We can write
IP0, &) IV, &) =I' (1, &) + I7(, ),

with the two terms corresponding to the integration in (7.10) and (7.12) in the k-
variable over L°(p), the complement of L(p), and L(p) itself, respectively. Since
|’ (k)| is bounded away from O on L¢(p), an elementary application of the Lebesgue
dominated convergence theorem implies that

lin}) Z'(h, 6) = 0. (7.44)
£—>

Assumption (5.1), (5.2) on the support of WS (n, k) in k allows us to write

122, &) < T2 (A, &) + T*2 (1, ), (7.45)
where
ﬁqkw:/__%L_ 18,6 (B, K
B (A /2)2 4 B2 JriyxBo.eyxac.e 1 + 1B+ (K)(n' —n")/2]
@(n")dkdn'dn”
1+ |8 —w' () +n")/2|
with

A, e):=1[n":8/Q2e) <n'| <6/el, BG,e):=1I[n:nl<8/2Ye)
(7.46)

and

S16(B. k) =18 (he/2 —ileB + @D I, 826(B, k) := W(K)I> < | (K)|.

(7.47)
The last inequality above follows from (2.29). It follows that
~ d '(k
12’2()\’8) = / Zﬂ 2 |C/0( )|/ ”
r (A/2)* + B* JL(o)xBG.e)xAG,e) 1 T B+ (K)(n' —n")/2|
¢(n')dkdn'dn”
1+ [8 —o'(k)(n" +n")/2
=CUs+ /), (7.48)
with
/ / k dkd /d "
i i=f w(n)la/)( )I/ n”nz’ (7.49)
Lio)xBG,e)xAG,e) 1+ [ (k) (" £ 1]

and a constant C > 0 independent of €, p. We used the Cauchy-Schwarz inequality
and (7.23) in the last inequality in (7.48). Note that

Je / ()| (k)|dkdn’dn”
= L(pxBG.e)xAG.e) 1+ [0 (k) £ 0]

(7.50)
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Changing variables n” := '(k)(n’ £ n”) we conclude that

/ dkd /d "
s SRS <o (751)
Lpxr2 1+ 0"

provided that p > 0 is sufficiently small.
As for the term Z2' (1, &), using Cauchy-Schwarz inequality we obtain

%' (L&) < Koy + Ko,

with
Kei(p) = / dg 81.6(B, k)g(n')dkdn'dn”
© R L+ B JyxBe.eyxac.e L 1B — o' ()" £1)/2
=K., (0.p)+ K2 (p.p). (1.52)

The terms in the right side correspond to integration over the regions

Ki(p,p))=1B.k.n'.n") € Rx L(p) x R x A(S,¢) : ||
<8/(2'%%), 1Bl = p'e7'1,

KZ ., (p,p)=[(B.k,n.n") € Rx L(p) x R x A8, ¢) : ||
<8/(2"%%), Bl < p'e7'1,

with p’ > 0 to be chosen later. Since o’ (k) = 0, for each o’ > 0 we can find p
sufficiently small so that

1B =o' (R)0" +1)/21 = |BI/2, on K, (p,p).

Therefore, for each p’ > 0 we can find p > 0 sufficiently small so that

1 B
K. ,/5—/ — T 50, ase— 0, 7.53
w0 )2 S e T+ 77 (79

with the pre-factor & !

we can write

coming again from the integration over n” in (7.52) . Finally,

K2 (p,p) Smg(p,p’)/ a5
’ R 1+ B2 JLo)xtini<s/@%e)x AG.e)
@(n')dkdn'dn”
1+ 8- (k)" + 1) /21>
where
8 :==p + sup lok) —wk)l, m(p,p):= sup gk —ilB + k).

keL(p) B'e(=5".8")

Using (7.23) again gives
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@(n')dkdn'dn”
Lipyx[l1<8/@%e)xAG,e) 1+ 10 ()" +n')|?
dkdn”

LipyxA@/10,e/2) 1 + |/ ()" |?

<mg(p, p") i |:arctan (12|a)—/(k)|> — arctan (8|a/(k)| >:|
L A ITS] e se )]

Using a well known trigonometric identity we write

KZ (p.p) 2me(p.p)

<ms(p, p")

arctan (—12'62/(]()') — arctan (—(Sla;,;k)')

. (12 = §/5)|e' (k)| (12/5)8|e’ (k) [* 11
_arctan< . [l—i— 2 } >,
therefore
) , 7 dk (k/¢e)
K; (p,p) = ms(,OuO)/O ?arctan (m)

o]

mg( §) — arctan (—) =< mg( 9]
e\l PV .
=< 0,0 % 1 3 0, P

Lemma 7.5 implies now that we can choose p, p’ so small that

limsup K7 (p, p))= o. (7.54)
e—=0

Combining (7.53) and (7.54) we conclude that foreach o > 0 there exists p € (0, 1)
such that

limsup K, 1 (p) <X 0. (7.55)

e—0

The analysis for K, _(p) is very similar, finishing the proof of Lemma 7.3.

7.4. The Proof of Lemma 7.4

As usual, we only consider ¢ = 4 and drop the corresponding subscript +. A
straightforward computation using (5.1), the regularity of the test function é(n, k),
and (7.23) shows that we can replace G*(n, k + en/2) in (7.12) by G*(r], k), and
5t w(k, n) by o'(k)n, so that

IZ®@, &) —IP(, &) = 0, ase — 0, (7.56)
where
- yh dpdn W, (', k + ey’ /2)dkdy'dn”
I9M0,e) = ===
87 Jr2 (A2 + B2 13 2/2 — i{B — ' () +1")/2)
(k)2 G*(n, k)

X - X - . (7.57)
A2+ iH{B+ () —n")/2} A +io (k)
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We change variables k' := k + 1" /2 in the right side to obtain

FO0. 5 = — 2 dBdn / W. (', k)dkdn'dn”
T 8 S W22+ B2 Sy, A2 —i{B— o/ (k—en”/2)(n +1")/2}
[k —en”/2)[? G*(n, k)
x . X - +o(1)
A2+i{B+ o'k —en"/2)(n —n")/2}  A+io'(k)n
v / dpdy / W. (', k)dkdn'dry”
8T e (22 + B2y A2 —ilB — &' () +n")/2}
v (k) G*(n. k)

+ As +o(1),
(7.58)

2+ iB+o®G — /2 A +iw(kn

with, cf (7.6),

—eln'|

/ B 1 . :
U, == [(k, ') ke T 0| < 5. Ikl < ———. sign(k —e1"/2)

= sign (k +&1'/2)]. (7.59)

The term o(1) in the right side of (7.58) appears because we have, once again,
approximated the arguments in G* and o' by k in the very last factor, despite the
latest change of variables. The error A, that we now need to estimate, appears in
(7.58) because we have replaced the arguments of @’ by k in the first two factors.
Thanks to assumption (5.1), the integration over k in (7.58) is only over the
complement of the set L(§), see (5.3). We can then write (cf (7.46)) that

PN [ ONO]
[Ag] 5/ d.(k,n',n Yo(n) ——————
Le(8)xRx B(S.6) xR [A +iw (k)n
= A, + Al (7.60)

dkdndn’dn”

The terms A, and A} correspond to the integration in " over the domains A’(8, €) =
[In"] = 8/(2¢)], and A" (8, &) = [In"| = 8/(2¢)], and

dp 1

% (/27 + 7 |12 =i(B =/ (k—en" /)0 +1")/2)
. vl —en'/2)P

A2+ IB+ k= en' /2 —n")/2)

1

12— 1B = (00 +1")/2)
§ (ol ' |

2+ B+ (00 = 1/2)

Using (7.23) we can estimate, for (k, ', n”") € L°(8) x B(8,¢) x A'(S, €), that

de(k,n',n") =

(7.61)

1

d k, /, " < + .
ek, n7) < 1+ — )2 14+ @y +n")?

(7.62)
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Asd;(k,n',n") — 0pointwise, we can apply the dominated convergence theorem
in (7.60), to get

lim A, = 0. (7.63)
e—0
To estimate A”, observe that (7.23) implies

del, ', 0"y < D (d e, 0"y +d2 k')

=+
with
vk —en"/2)? )
dLLk, C " = , d’Lk, c "
L e 7 e RN AL
lv(k)|*
Lef{—, +}. (7.64)

T I+ @0 + o)

As |n”| is larger than §/¢ on A”(8, €) and |w' (k)| is bounded away from 0 on
L(3), the decay of ¢(n’) allows us to apply the dominated convergence theorem,
to obtain

. 1G*(n. k)|
lim a2k, n' o) ——————
£=0 J1e(5)xRx B(5,6) x A" (5,¢) [A +iw (k)n

=0, te{— +} (7.65)

dkdndn'dn”

For the terms dgl", we consider only the case ¢ = +, as the other case can be done
similarly. Note that

B(.&) x A"(8,e) C A1(8,¢) :=[(n".n") e Rx A"(8,¢): In"+n"| = In"I/2].
Hence,

1G*(n, k)|
A +io (k)n|

1G*(n, k)|
A +ia(k)n|

dl ke, n',n"e() dkdndn’dn”

/Lv(s)xRwa,s)xA”(s,s)

<D, := / dsl k., ', o) dkdndn'dn”. (7.66)
Le(§)xRx A (8,¢)

For any k" € (0, 1) we can write

k — ) 2
D, 5/ |V(, en // )| _dkdy’
Le@yxA@.e) 1+ [0 (k —en”/2)n"]

/ vk —en”/2)| dkdn”
X ! ’ !
Le@yxarp.e) [0/ (k—en”/2)| |/ (k —en”/2)|< |n"|'+¢

<

) / dkdy”
T Jreoyxare.e 1@ (k—en” [2) < |1+

d "

n P

< / TG <eg" > 0,as¢e— 0. (7.67)
A”(8,8)
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We obtain from (7.65) and (7.67) and its analog for ¢« = — that

!i_r)% Al =0, (7.68)
which, together with (7.63) gives
lim A, =0. (7.69)
e—>0
‘We have shown that
5 A dpd W. (', k)dkdn'dn”
I00, ) =— 2= ’32'7 2/ Vel ) 1
8 Jre (A/2)* + B> Ju, A2 —i{B — ' (K)(n' +1")/2}
v(k)|? G*(n. k)

1. (7.70
A+ om =2 rtiwon D 770

Now, the dominated convergence theorem allows us to pass to the limit in the
domains of integration in (7.58), leading to (7.14).

7.5. The End of the Proof of Lemma 6.1

As aresult of Lemmas 7.1-7.4, together with (7.4), we know that

o dBdy / W.(y', tk)dkdn'dy”
0 =g :Zi e (/27 + B2 Jruee 1/2— i — 1/ () (' + 17)/2)
(k)2 G*(n, k)

1 7.71
ZF B O =02 < rxiwy oW 7D

as ¢ < 1. Recall the elementary formula: for g+ € Csuchthatlmg; > 0 > Img_

we have
dg 2mi
= . (7.72)
R (@ —g+)(q—q-) qg+—q-
Performing the integral in the n” variable in (7.71) we obtain
yh dBdn v (k) PWe (', th)dkdn’
H+(A"8)=__Z 2 2 ’ N /
2 Zre (A/2)7 + B Jrxr |0 (OI[A + e ()]
G*(n. k)
_ 1). 7.73
ooy T (7.73)

Integrating out the S-variable we get (recall that @' (k) = o'(k)/(27))

y / W) 2 We (1, )

frho8) = =3 ; muge |0 (0|4 + e (k)]

LGk
A+io(k)n

An analogous formulaholds for H_ (A, ¢). Letting e — 0 we obtain (6.13), finishing
the proof of Lemma 6.1.

dkdndn’ + o(1). (7.74)
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8. Proof of Lemma 5.2: The Limit of £, ,,(})

We now turn to the computation that leads to (5.25) the second and final ingre-
dient in Lemma 5.2:

Jim £, 00 =0. 8.1)

Observe that, as follows from (5.21) and (5.22), we have

icat,22()")
iy ) G*(n, k+en/2)  G*(n k —en/2)
= - ImoZ (A, k — dndk (8.2
2 J MmO )][Hia:w(k, n  A+is; ok, n)] ndk (8.2)
with

+00 t
200 0) =_y8/0 e%tdt[/o R (g pd(s)g wp0(0), s 83)

A lengthy calculation, similar to that at the beginning of Section 6, leads to an
expression

mo2G, k) — — ERve®) Blg(er/2 —ip)dp
o dr Je {(en/22 + (B + 0O P}{(eA/2)2 + [B — ()]}
/ e(Y (OP*(L)),,dede &4

 {eA/2 — i[B — 0 (O1Her/2 +i[B — w()]}

hence

iery? G*(n. k+en/2)  G*(n,k —en/2)
2?cat,22()“) = /RZ . |: / - /

8 A+istok,n) A0 w(k, n)
5 w(k)B13(Er/2 — i)
{(€2/2) + [B + o) PH(e1/2)2 + [B — 0 (W)
e (Y (O (£),. dBdndkdede
{e2/2 —i[B — @ (OIHeA/2+ i — w(@)])

. (8.5)

After the change of variables g’ := ¢ =!8, we get

. _
sca1,22()‘) - _87'[_8 Aw(k)gs(k)dk

/ Blg(er/2 —iep)*dp
R (/D +[B+elo®OPHA/2)? + (B — e (k)]

x / (U (OP*(L)),, dede’
12 {12 —ilB — e 'w(OA/2 4+ [ — e (E)]}

(8.6)

with

Ge(k) = —i / [G*(”j“ en/d) Gtk 817/2)} ;
w | Atisfokn)  A+is;ok, )
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_ / G*(n.k + en/DR2e (k) — ot +en) — ok —en)] 57
% (2 + Bk, n)P) "
Let us first assume that w € C*°(T). Then we can estimate
1Ge (k)| < Sllw”lloof I1G* (1. ) ledn < &, (8.3)
R

while the last integral in the right side of (8.6) is bounded by

de . 2 de |«
ﬁ<[/w|w<z>|de}> < 2 {Wlm) <1 (8.9)
He

Hence, we have

) +00 “lwk)pdp
1€5car M) = E/Tdk/.g {1+[B+eto®PHI+ B — e 'w()]?}

. / dk f‘““‘”g e 'w(k)pdp
- {1+ [B+elo®PHl+[B — e 'w(k)]?}
s lw(k)pdp
dk
“/ /w(km{l B+ e o) P+ [B — e lok)]?)
o [ e®le e ok (e 'wk) — B)  dp
‘8/ / 1+ 26wk — B2 1+ P2

t e7lwk) (7 lotk) + B)  dB
+8/dk/ T+(B+2e 00 1457 (®10

Using the dominated convergence theorem, we conclude that

lim £, 5 (%) = 0. (8.11)

Finally, consider (8.6)—(8.7) when w € C*(T \ {0}). Let ¢ > 0 be arbitrary,
and take A > 0, to be chosen later. We can write

Llearnt) = 2?2-2:,22()‘) + Eiﬁn,zz(k)v

where the terms in the right hand side correspond to the integration over [k : |k| <
Ag] and its complement. As w is Lipschitz, we have

G (0] < /1; G (. loody < 1

Using (8.9) we write

oo “lwk)pdp
el / dk/ &l
sear 22 (W] = ki<ael  Jo L+ +eto)PHI+ 8 — e lwk)]?)

oo e lw(k)pdp
dk Ae.  (8.12
: /|k|<As] /0 {1+ wk)BHl + (B — e lwk)]?} = A (8.12)
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Finally, we write
2 ,21 22
'Sicat,ZZ()") = Sicat.22()‘) + £§cat,22()‘)’

corresponding to the partition of the integration domain in 7 into [n : || < A/4]
and its complement. In the first case, as |k| > Ae and || < A/4, we can still use
estimate (8.8), hence

lim £52! (1) = 0.

e—0

scat,2’

In the other case, we can estimate

I%ﬁﬂQN5/1 wmmwmaMﬁn/ dk
[In|>A/4]

[Ik|>Ae]
/+°° elw(k)pdp
o {I+elo®)pHl+ (B —e o))}
< / InlllG*(n, )llodn < o, (8.13)
[In|>A/4]

provided that A is sufficiently large. This finishes the proof of (5.25), and that of
Lemma 5.2 as well.

9. End of Proof of Theorem 2.1

In the present section we show Theorem 2.1 assuming that the Fourier-Wigner
transform of the initial data satisfies (2.18) rather than the stronger assumption
(5.1). Suppose that 0 > 0 and G € S(R x T) are arbitrary. Let us decompose the
solution of (2.6) as

Yt k) = P, k) + P2, b,
where
i@,k = { = iwGd )~ 22 [ 16k - @)1k far
T
+iy/2y Tdw(r), ©.1)
U0, k) = 9 (k) x5 (k)
and

ek Y [ Taze o h2e o] ap
S = —io®ia - 2 [ [3a - e o] o,

V20, k) = Y k)1 — xs(k)],

with x5 € C(T) suchthat 0 < x < 1, x5 = 0 on L(8) (see (5.3)), xs = 1 on
L°(28) and § chosen so small that

9.2)

lim sup eEe [ (1 = x) 172 < 0 (9.3)
e—>0+
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Let W, (A, n, k) and W. (A, n, k) be the Laplace transforms of the Fourier-Wigner
functions corresponding to 1//}(1‘, k) and ' (¢, k) via (2.11). Using estimates (2.14)
and (9.3) we see that

lim sup sup / |1’178(k, n, k) — @;(k, n, k)’ dk < o, foreach A > 0.
e—>0+ WETZ/E T

It follows, in particular, that

lim sup
e—0+

/ G*(n,k)wg(k,n,k)dndk—f G*(n, k)W, (A, n, k)dndk| < o.
RxT RxT

(9.4)

In addition, the initial condition for 1/}1 (t, k) satisfies assumption (I3”) in (5.1). As
we have already proved Theorem 2.1 under this hypothesis, we conclude that

lim G*(n, k)W, (A, n, kydndk = / G*(n, k)" (., n, k)dndk, (9.5)
=0+ JrxT RxT

with @' (A, n, k) given by (3.18), but with Wo(n, k) replaced by x2(k) Wo(n., k).
Thus, for a sufficiently small § > 0 we have

< 0. (9.6)

/ G*(n,k)wl(k,n,k)dndk—/ G*(n, k)W, n, k)dndk
RxT RxT

‘We have thus shown that

lim sup
e—>0+

/ G* (0, YD, (h, 0, K)dndk — / G (n, B, . K)dndk
RxT RxT

ﬁ 07
9.7

which ends the proof of Theorem 2.1.

10. The Properties of v (k)
In this section, we prove relation (2.29). The function
v(k) = li_l)lg)é(e —iw(k))
can be determined from the identity
v (k) (1 +y lim J(e — iw(k))) =1.

Recalling (2.24), we write
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11m J(e —iwk) = 11

(e —iw(k))de I, de
= — lim - -
(e —iw(k))? + w? (L) 26—>0/H~8—la)(k)+la)(5)

L. / de z_/ de
2Ho re—iwk —iol) 2wk + o)

/ de

~|—— lim - .
26»0 ie+wk) —wl)
Let us set

1 / de /1/2 de /w dv
Gu):== | ——— = — =
2 Jru+ w() 0o uU+w®@) omin |00 (@ (v))l(u+v)

min

and

de Onas dv
Hu) = mf _ lm/ — - , a..
2 ietu—wl) —0J, o' @)ie+u—v)
so that
1
k) = . 10.1
O = T G @®) + H@®)] ao-h

In our situation, with u = w (k) € (Wpin, Wmnax), We have

H(w(k)) = H (k) + i H (o (k)), (10.2)
with H" (), H' () real valued functions equal
H ) = tim [ ( — v)dv (10.3)
0 S 0/ (@7 )I[E2 + (u — v)?]
and
. . @max edv
H'(u) := — lim . (10.4)

=0 S, @ (@ )2 + (u — )]

Both limits exist for all v € R\ {win, ©Omax}- After an elementary calculation we

obtain
T

Hu)=-——"—. (10.5)
T )l
Substituting into (10.1) immediately gives
Rev(k) = (1 | ,(k)|)| ()2, (10.6)

which is (2.29).
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