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Abstract

We consider the wave equation with Kelvin—Voigt damping in a bounded
domain. The exponential stability result proposed by Liu and Rao (Z Angew Math
Phys (ZAMP) 57:419-432,2006) or Tebou (C R Acad Sci Paris Ser 1 350: 603-608,
2012) for that system assumes that the damping is localized in a neighborhood of
the whole or a part of the boundary under some consideration. In this paper we
propose to deal with this geometrical condition by considering a singular Kelvin—
Voigt damping which is localized far away from the boundary. In this particular
case Liu and Liu (SIAM J Control Optim 36:1086-1098, 1998) proved the lack of
the uniform decay of the energy. However, we show that the energy of the wave
equation decreases logarithmically to zero as time goes to infinity. Our method is
based on the frequency domain method. The main feature of our contribution is to
write the resolvent problem as a transmission system to which we apply a specific
Carleman estimate.
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1. Introduction and main results

There are several mathematical models representing physical damping. The
most often encountered type of damping in vibration studies are linear viscous
damping [1,3,14,15] and Kelvin—Voigt damping [10, 12,16—-18], which are special
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Fig. 1. The domain Q

cases of proportional damping. Viscous damping usually models external friction
forces such as air resistance acting on the vibrating structures and is thus called
"external damping", while Kelvin—Voigt damping originates from the internal fric-
tion of the material of the vibrating structures and in thus called "internal damping"
or "material damping". This type of material is encountered in real life when one
uses patches to suppress vibrations, the modeling aspect of which may be found in
[2]. This type of question was examined in the one-dimensional setting in [16] where
it was shown that the longitudinal motion of an Euler-Bernoulli beam modeled by a
locally damped wave equation with Kelvin—Voigt damping is not exponentially sta-
ble when the junction between the elastic part and the viscoelastic part of the beam
is not smooth enough. Later on, the wave equation with Kelvin—Voigt damping
in the multidimensional setting was examined in [18]; in particular, those authors
showed the exponential decay of the energy by assuming that the damping region is
a neighborhood of the whole boundary. Later on, it was shown that the exponential
decay of the energy could be obtained with just imposing that the damping is a
neighborhood of part of the boundary [21].

Let 2 C R", n = 2 be a connected bounded domain with a sufficiently smooth
boundary I' = 0€2. Let @ be a nonempty and open subset of 2 with smooth
boundary 7 = dw (see Fig. 1).

Consider the damping wave system

32u — Au — div(a(x) Vau) = 0, Q x (0, +00), (1.1)
u=0, 02 x (0, 4+00), (1.2)
u(x,0) = u®, du(x,0) =u'(x), Q, (1.3)

where a(x) = d 1,(x) and d > 0 is a constant.

System (1.1)—(1.3), involving a constructive viscoelastic damping div(a(x) Vu;),
models the vibrations of an elastic body which has one part made of viscoelastic
material. In the case of global viscoelastic damping (@ > 0), the wave equation
(1.1)—(1.3) generates an analytic semigroup, the spectrum of which is contained
in a sector of the left half complex plan (see [8]). While the situation of local vis-
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coelastic damping is more delicate due to the unboundedness of the viscoelastic
damping and the discontinuity of the materials.

In [16], it was proved that the energy of a one-dimensional wave equation with
local viscoelastic damping does not decay uniformly if the damping coefficient a is
discontinuous across the interface of the materials. Because of the discontinuity of
the materials across the interface, the dissipation is badly transmitted from the vis-
coelastic region to the elastic region, where the energy decays slowly. Nevertheless,
this does not contradict the well-known “geometric optics” condition in [3], since
the viscoelastic damping is unbounded in the energy space. The loss of uniform
stability is caused by the discontinuity of material properties across the interface
and the unboundedness of the viscoelastic damping. In this paper, we prove a loga-
rithmical decay of energy. Our idea is to transform the resolvent problem of system
(1.1)—(1.2) to a transmission system to be able to quantify the discontinuity of the
material properties across the interface through the so-called Carleman estimate.
Note that recently the same problem was treated in [10], where it was proved that
the energy is polynomially decreasing over the time but only in the one-dimensional
case (even for a transmission system).

We define the natural energy of u solution of (1.1)—(1.3) at instant ¢ by

1
E,1) = 5 @), )1 g 12y V1 2 0

Simple formal calculations give
'
E(u,t)— Ew,0)=—d / / |Vo,u(x, s)|* dxds, Vi = 0,
0 Jow

and therefore the energy is a non-increasing function of the time variable 7.

Theorem 1.1. For any k € N* there exists C > 0 such that for any initial data
WO, ul) e D(.Ak) the solution u(x, t) of (1.1) starting from @®, ul) satisfying

E(u,t) < vVt >0,

0 1y2
m”(u UMDty
where (A, D(A)) is defined in Section 2.

This paper is organized as follows: in Section 2, we give the proper functional
setting for systems (1.1)-(1.3), and prove that this system is well-posed. In Sec-
tion 3, we establish some Carleman estimate which corresponds to the system
(1.1)—(1.3). Finally, in Section 4, we study the stabilization for (1.1)-(1.3) by the
resolvent method and give the explicit decay rate of the energy of the solutions of

(1.1)—(1.3).
2. Well-posedness and strong stability

We define the energy space by H = Hj (Q2) x L*(R2) which is endowed with
the usual inner product

((ur,v1); (u2, v2)) =/QVul(X)-Vﬁz(X)dx+/Qv1(X)Uz(X)dX~
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We next define the linear unbounded operator A : D(A) C H —> H by
D(A) = {(u, v) € H:v € H} (), Au+divaVv) € L*(Q)}
and
A, v)' = (v, Au + div(aVv))'.

Then, putting mv = 9;u, we can write (1.1)—(1.3) as the following Cauchy problem:

d
3 O, v(®) = Au(r), v())", @(0),v(0) = @’(x), u' (x)).

Theorem 2.1. The operator A generates a Cy-semigroup of contractions on the
energy space H.

Proof. Firstly, it is easy to see that for all (u, v) € D(A), we have
Re (A(u, v); (u,v)) = —/ alVu(x)[ dx,
Q

which shows that the operator A is dissipative.
Next, for any given (f, g) € H, we solve the equation A(u, v) = (f, g), which
is recast m the following way:

v=,
{ Au+div(aVf) =g. 2D

It is well known that by Lax—Milgram’s theorem the system (2.1) admits a unique
solution u € Hé (£2). Moreover, by multiplying the second line of (2.1) by # and
integrating over 2 and using Poincaré inequality and Cauchy—Schwarz inequality
we find that there exists a constant C > 0 such that

/ [Vu(x)? dx < c(/ IVf(X)|2dx+/ |g<x>|2dx).
Q Q Q

It follows that for all (u, v) € D(A), we have

I, VlIH = CICL @) In

This implies that 0 € p(A) and by the contraction principle, we easily get R(Al —
A) = H for sufficiently small A > 0. The density of the domain of 4 follows
from [19, Theorem 1.4.6]. Then, thanks to the Lumer-Phillips Theorem (see [19,
Theorem 1.4.3]), the operator A generates a Co-semigroup of contractions on the
Hilbert H. O

Theorem 2.2. The semigroup e' As strongly stable in the energy space 'H, that is,

lim e (ug, v0)' 3¢ = 0, ¥ (u, vo) € H.

t—>-+00
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Proof. To show that the semigroup (e’A),ZO is strongly stable we only have to
prove that the intersection of o (A) with iR is an empty set. Since the resolvent of
the operator .4 is not compact (see [16,18]) but 0 € p(A) we only need to prove that
(inl — A) is a one-to-one correspondence in the energy space H for all u € R*.
The proof will be done in two steps: in the first step we will prove the injective
property of (il — A) and in the second step we will prove the surjective property
of the same operator.
i) Let (u, v) € D(A) such that

A(u,v) =ipu,v). 2.2)

Then taking the real part of the scalar product of (2.2) with (u, v), we get

Re(ipll(u, v)|I7,) = Re (Au, v), (u, v)) = —d/ |Vu|?dx =0,

w

which implies that
Vv=0 in w. (2.3)
Inserting (2.3) into (2.2), we obtain

wWu+Au=0 inQ\w,
Vu =0 inw (2.4)
u=>0 onT.

We denote by w; = dy;u and we derive the first and the second equations of
(2.4), one gets

,uzwj +Aw; =0 in £,
w; =0 inw.

Hence, from the unique continuation theorem we deduce that w; = 0 in & and
therefore u is constant in €2 and since u;r = 0 we follow that u = 0. We have thus
proved that Ker(iul — A) = 0.

ii) Now, given (f, g) € H, we solve the equation

(inl = A, v) = (f, 8):
or, equivalently,

v=iuu — f 2.5)
wru + Au+ipdiv(aVu) = div@aVf) —ipnf — g. ‘

Let us define the operator
Au = —(Au+ipdiv(aVu)), Yu e Hy(Q).

It is easy to show that A is an isomorphism from H_ (Q2) onto H~!(). Then the
second line of (2.5) can be written as follows:

u— WA u=A"" g +inf —divaVv)]. (2.6)
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Ifu € Ker(I — p2A~1Y), then p?u — Au = 0. It follows that
;Lzu + Au +ipdiviaVu) = 0. 2.7

Multiplying (2.7) by u and integrating over €2, by Green’s formula we obtain
2 2 2 . 24,
7 / lu(x)|”dx — / [Vu(x)|”dx — th/ [Vu(x)|“dx = 0.
Q Q w
This shows that
d/ [Vu(x)|*>dx =0,
w

which implies that Vi = 0 in w.
Inserting this last equation into (2.7) we get

pL2u+Au=O, in Q.

Once again, using the unique continuation theorem as in the first step, where we
recall that ujr = 0, we get u = 0 in Q. This implies that Ker(I — u?A~") =
{0}. On the other hand, thanks to the compact embeddings Hj () < L*()
and L2(Q) — H1(Q), we see that A~! is a compact operator in H&(Q).
Now, thanks to Fredholm’s alternative, the operator (I — MZA_I) is bijective in
HO1 (£2), hence the equation (2.6) has a unique solution in Hg (£2), which yields that
the operator (il — A) is surjective in the energy space H. The proof is thus
complete. O

3. Carleman estimate

For any s € R we define the Sobolev space with a parameter t, H} (R") by
u(x,v) € HR") <= (£.0) 0 1) € LPR"; (£,1)° = 17 + %,

where 7 is a large enough parameter and i denote the partial Fourier transform with
respect to x. The class of symbols of order m defined by

S = {Cl(x, £,7) € C°WU x R"); |8g8§a(x, £ 1) = Cup &, .L.)m7|‘3|]

and the class of tangential symbols of order m by

T8y = {a. €. 1) e CUx R"); 1980fatx, &, 0] £ Caple’ 7" 1},

where U is an open set of R” and 7 is a large parameter. We denote by O™ (resp.
T O™) the set of pseudo-differential operators A = op(a),a € S (resp.a € TS™).
We shall use the symbol A = (£/, 7) = (|€'|*> + 12)%.

Consider a bounded smooth open set/ of R” with boundary 0l/ = y. We set
and U, two smooth open subsets of ¢/ with boundaries 0l = yp and dUr = y Uy
such that y Ny, = @. We denote by v(x) the unit outer normal to U if x € Yo U y.
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For  alarge parameter and ¢ and ¢, two weight functions of class C* inZ{1 and
U> respectively such that ¢ v = 92|y, We denote by ¢(x) = diag(g;(x), ¢2(x))
and let @ be a non-null complex number.

We set the differential operator

2
Pzdiag(Pl,Pz)zdiag(—A—i— ‘ ,—A—12>,
14+ art

and its conjugate operator
P(x,D, 1) =e"%Pe ™ = diag(P(x, D, 1), P2(x, D, 7)),
with
Pi(x,D,7t) =™ Pie™™" and Py(x,D, 1) =e""Pre %2,

The principal symbols of the operators P(x, D, t), Pi(x, D, 1) and P>(x, D, t)
are, respectively, p(x, &, 7), p1(x, &, 7) and p>(x, &, 7), and are given as follows:

p(x, &, 1)
= diag(p1(x,&, 1), p2(x,&, 7))
= diag(|£|* 4 2itE Ve — V1, |E)> + 2itEVer — T2V |? — 72).

Inasmall neighborhood W of a point x( of 3, we place ourselves in normal geodesic
coordinates and we denote by x,, the variable that is normal to the interface yp and
by x’ the reminding spacial variables, that is, x = (x’, x,,). The interface yy is now
given by yp = {x; x, = 0} and we denote this by

Wi={xeR" x,>0NW, and Wo={xeR", x, <0} NW.

The operators P; and P, can be identified locally as operators of the following
form:

.’:2

2
Pi(x, D) = Dy, + Ri(xy, X', Dy) + T as

and
Pa(x, D) = D} +Ro(xp, x', Dy) — 72,
where R and R, are two tangential operators, with the C* coefficients and with
principal symbol rj(x, &) and ry(x, '), respectively, where the quadratic form
re(x, &), k = 1, 2 satisfies
3C>0, V(x,6)e Wi xR rx, &)= CIEP, k=1,2.

We can assume that xo = (0,0) and that W is symmetric with respect to
Xn > —Xx;, so, according to BELLASSOUED [5], we can reduce the problem of
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transmission in only one side of the interface yq (here we choose reduce the problem
in W7). Then the operator P and P, defined in W are given as follows:

2

Pi(x, D) = D* + R(+x,, x', Dy) +
n 1+ ot

and
Pa(x. D) = D} + R(—xy.x", D) — 17,

where R (+x,, x’, D,/) denote a tangential operators. We denote also the tangential
operator, with the C* coefficients defined in W by

R(x, D)C/) = dlag(R(‘HCn, xlv DX/)’ R(_Xn, x/a DX/))5

with the principal symbol r(x, §") = diag(r(+x,, x', &), r(—x,, x’, §')), where
r(=+x,, x’, ") are quadratic forms which satisfy

I3C>0, V(x,&)e W xR r(xx,, x', &)= CIE).

We assume that ¢ satisfies

IVor(x)| >0, Vx e Wy, k=12, 3.1

Oy, 01(x,0) <0 and dy,¢2(x",0) >0 (3.2)
2 2

(05, 01(x",0))” — (3x,92(x", 0))" > 1. (3-3)

The principal symbol p(x, &, t) of P(x, D, t) is now given by

p(x, &, 1) = diag(p1(x,&, 1), p2(x,&, 7))
= (& +it(05,0))" + r(x, & + it(dpe)) — diag(0, t%) € S2,

where we assume that it satisfies the following sub-ellipticity condition:

Jc>0, V(x, &) e Wi xR, pe(x,£,7) =0 = {Re(py), Im(pp)} (x, &, 7)
> clg, 7). (3.4)

We defined on the boundary {x, = 0} N W the operators

op(bw = w; — wy on{x, =0}NW
op(by)w = (Dy, +iTd,¢1) wi + (Dx, +iT0x,@2) w2 on {x, =0} N W.

We denote by [[v]| = |lvllz2¢w,) the correspondent scalar product denoted by
(v1, v2). For s € R we use [|[v]|? = |lop(A*)v]|? and |v|? = ||vjx,—0l|? such that
when s = 0, the norm |v|o with the scalar product (vi, v2)o = (V1]x,=0, V2|x,=0)
will be denoted simply |v|. Finally, we denote [v[{ o . = [v]] + | Dy, v|*.

Before proving the Carleman estimate we recall the following theorem given
by [15, Proposition 1] and [20, Theorem 2.1]:
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Proposition 3.1. Let ¢ satisfies (3.1)—(3.4). Then there exist C > 0 and 19 > 0
such that for any T 2 1o we have the following estimate:

Plwl? + IVl £ ¢ (1P, D, Dwl? + tlwl o ) (3.5)
and
Cllwl® + TVl + twli o,

< ¢ (1P, D, oyl + tlopnwl + tlopbw?) . (3.6)

for any w € C°(K) where K C W1 is a compact subset.

Noting that the Carleman estimate (3.5) is precisely given in proof of Proposition
1 page 482 of [15] and the estimate (3.6) is precisely given in the end of the proof
of Theorem 2.1 page 984 of [20].

Now we are ready to state our local Carleman estimate whose main ingredients
are estimates (3.5) and (3.6). In fact, the Carleman estimate established here is an
estimate analogous to the previous one but with another scale of Sobolev spaces.

Theorem 3.1. Let ¢ satisfies (3.1)—(3.4). There exist C > 0 and 79 > 0 such that
for any T 2 1) we have the following estimate:

3. 112 2, 22 2 2
Tl + TVl + T wly 4 77 Dy, wiZ,

(S}

< ¢ (IPer. D.ywl + lopGowl} + tlopbwl’) . (1)

for any w € C§°(K) where K C W1 is a compact subset.
Proof. We can write the operator P(x, D, ) as follows:
P(x,D,7) = D + R+ 1co(x) Dy, + 1C1(x) + T3¢ (%),

where co. ¢ € TO", C; € TO" and R € TO* with R = Y7L a4 Dy Dy,
Let v € C3°(W1). Then we have ‘

1 1 1
102, + Ryop(A~ 2wl = C(JIPop(A~)ull? + T lop(AT)v?
(3.8)
1 1
+ 72Dy, 0p(A 20 + 7 lop(A~)v]1).

We can estimate the three last terms of the right hand side of (3.8) as follows:

_1 _1
72| Dy, op(A~2)v]|* + t*lop(A™2)v|1? £ C(z]| Dy, vlI* + 23|12,
and

1
N ﬁv) < € (ellop(a)vl? + 7 o))

< Crllop(A)v]*. (3.9)

1
2lop(A2)v|* = r2(
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Then, following (3.8), we obtain

1(D2 + Ryop(A~2)v]?

Xn

1
< ¢ (I1Pop(A™H)ul? + tllop()vl? + T [v]? + 7| Dy, v]?) . (3.10)

Combining (3.5) and (3.10) and using the fact that 1’(||op(A)v||2 + ||Dxnv||2) ~
3|v]1? + 7| Vv||?, we obtain
1 1
1(D2, + Rop(A~ D)l < € (I1Pop(A~ )] + [ Pul® + ol ).
(3.11)
We can write
Pop(A_%)v
— op(A~3)Pv + [P, op(A~ v = op(A~3) Pv + [R, op(A~ )
1 1 1
+7[co(x) Dy, op(A~ )] + T[C} (x), op(A~2)]v + T[c)(x), op(A~2)]w.

(3.12)
Since [R, op(A~2)] € TO?, then, following (3.5), we have
1 2 1
(R op(A=H)10 | £ Cllop(a v < Cllop(awl®
< C(||Pv||2+r|v|%’0’r>. (.13)

Since [co(x) Dy, , op(A_%)] € TO: Dy, , then following (3.5), we have

_1 2 2 -1 2
(€00 Dy, 0p(A~ D)o = C2lop(A ™5 Dy, o]

,[2

< CtlDy vl £ C (1P + 7ol )

(3.14)
Since [C(x), op(A_%)] € T(’)’%, then following (3.5), we have
i 2 1
7 1), op(a™ D] " = CPlop(a bl < Crlol?
< C(||Pv||2+t|v|%’0’,>. (3.15)

Since [c6(x), op(A_%)] € 7(9—%, then following (3.5), we have
o lch0, op(a~HIv | = C¥opa=Hul?
<cdpP<c (||Pv||2 + r|u|%,0,,) . (3.16)
From (3.12)-(3.16), one gets

1
1Pop(a =yl < € (IPul + 7ol ). (3.17)



Wave Equation with Singular Kelvin—Voigt Damping 587

Then the combination of (3.11) and (3.17) gives
_1
12, + Ryop(A~Hyul? = € (1Pl + elvl g ) (3.18)
On the other hand, by integration by parts we find that

I(D2, + Ryop(A~2)v|)?
= D2, op(Aa~)v]?
+ [ Rop(A™2)v||> + 2Re(D2 op(A~%)v, Rop(A™~2)v)
= D2 0p(A™2)v[1? + [|Rop(A~ )] (3.19)
+ 2Re<i(Dxnv, Rop(A~)v), +i(Dx,v, [op(A~2), R]op(A*%)v)o)
+2Re(R Dy, 0p(A~2)v, Dy, 0p(A~2)v)
+2Re(Dy,0p(A™ ), [Dy,, Rlop(A™2)v).

Let xo € Cg° (M) be a positive function such that xo = 1 in support of v. Then by
integration by parts and using the fact that (1 — xp)v = 0, we obtain

Jorcatn]

— (op(A2)op(A3)v, op(A3)v) = 72 Hop(A%)vH2

n—1
+ Z (ijop(A%)v, op(A%)v)

j=1

) = 1 1
=T Hop(AZ)vH +Z(ijop(A2)v, ijop(A2)v)

j=1
2 N 1 1
— 1 Hop(Az)vH +3 (Xoijop(AZ)v, DX_/.op(AZ)v> (3.20)
j=1
n—1 . .
+ 3 (10 = x0), Ds;op(A D)1, Dyy0p(AT)v)
j=1

Since [(1— x0), Dx;0p(A?)] € TO? and Dy,0p(A?) € TO? for j =1,...,n—
1, we show that

n—1
1 1
>~ (10 = 70). Dajop(AD)Iv, Dyop(A D)) | £ Cllop(A)?. (321)
j=1
We recall that 2721:1 X0aj kDx;vDy, v 2 X0 Z’;;% Iijv|2 for some constant
1
¢ > 0, and using the fact that [Xo,aj,kajop(A%)] € TO2 and kaop(A%) €
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3 .
7 07, we obtain

n—1

>~ (x0Dx;0p(A7)v, Dyyop(A D))
j=1
n—1
< Y (%074 Dx,0p(A 2w, Dyop(A2)v) (3.22)
k=1
n—1 . 1
<€ Y (Lx0 ajuDy;0p(AD)Iv, Dyop(A)v)

=~
—

r=
n—1
1 1
+c Y (a,-,kajop(Az)u,kaop(Az)u)
jik=1
n—1
1 1 2
C 3" (a4Ds0p(A v, Dyyop(A2)v) + Cllop(A)w]
k=1

A

Integrating by parts the first term of the right hand side of (3.22) with R =
Z'ﬁl:l a; x Dy, Dy, , one gets

n—1

1 1
Z (aj,kaj op(AZ)v, kaop(Af)v>
k=1

— (Rop(A2)v, op(AZ)v) (3.23)
n—1

1 1
+ 3 (IDy 1D, 0p(A )0, op(AZ)v)
j k=1

Since [Dyy, a;£1Dx;0p(A?) € TO?,

n—1

> (1D ajk1Dx,0p(A v, 0p(AT)v) | £ Cllop(A)vl®.  (3.24)
jk=1

Since,
(Rop(A2)v, op(AZ)v)

= (Rop(A™Z)v, op(A2)v) + ([op(A), RJop(A~2)v, op(AZ)v),
(3.25)

and using the fact that [op(A), R]op(A_%) eT (’)%, plus the Cauchy—Schwarz
inequality, we obtain

|(Rop(A ), op(a?)v)

30 1 12 2
< C | ellop(A2)v] +;||R0p(A 2)vl|” + [lop(AM)vl|” . (3.26)
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Combining (3.20)—(3.26), we obtain, for ¢ small enough that
|Rop(A~ 20> = € (Jlop(A vl = Tllop()v]?) .
where we have used (3.9) again. The same computation shows that
Re (RDxnop(A—%)u, Dxnop(A—%)v)
> C (D5, 0p(A D)V = 7Dy, vl1)
Since [op(A_%), R]op(A_%) e 7O and Rop(A~1) € TO!, we have

‘(Dx”v, Rop(A*l)v)O‘ + ‘(Dxnv, [op(A~2), R]op(A*%)v)O)
< (IDyoP +10i}) £ Cloli g o,
and
|(Dr,0p(A™ 30, (D, Rlop(A™2)0)| < € (o] + IV ul?).
Putting (3.18) and (3.27)~(3.30) into (3.19), we find

2 I LN 3.2
| D,0p(A™2)v|1* + | Dy, 0p(A2)v]* + op(A )]
< (1Pol? + ol + Vol + 7ol o )

Following (3.6) and (3.31), we deduce that

ID? o A D)wl2 1112 33112 2
2 0p(A™ D)0l + | Dy, 0p(A2)]2 + lop(A2)u] + 7ol
< ¢ (IPvIP + tlopbn)vl} + Tlopb2)vl) .
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(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Let x € Ci°(R") be such that x = 1 in the support of w. We set v =

xop(A’%)w and we write

Pv = op(A™2)Pw + [P, op(A™)lw + Plx. op(A™3)]w
= 0p(A™3)Pw + [P, op(A™3)Jw + D [x. op(A~)]w
+ Rx. op(A™H)]w
+ 700(x) Dy, [, 0p(A™H)Jw + TC1 (X)X, op(A~H)]w
+ 72, (). op(A~)]w.

We have [y, op(A_%)] € ’T(’)_%, SO

(3.33)
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Xn

|2 1 opa= 5y

5 _30? _30? _30?
<o il [puonabiof* 4 forca-f’)
(3.34)
and

2 ; 2
7 |06 D, L. op(A 5w |

< cr? (H Dxnop(A_%)wHQ + Hop(A—i)wuz) . (3.35)

Since R[x.op(A™3)] € TOZ, Ci(@)x.op(A")] € TO™? and ¢j()Ix.
op(A_%)] € T(’)_%, we obtain

[ RLx. opa=Hw] + 22 [ €1t opea =y |

. 1 2 L2
+ot | ehoix. op(a 2)]wH §CHop(A2)wH . (3.36)

Since we can write
[P, op(A~7)]
— [R, 0p(A™ )] + lco(x) Ds,, 0p(A ™ )] + 7[C1 (x), 0p(A )]
+72[ch(x), op(A™ )],
by using (3.13)—(3.16), we obtain
P, op(A—%)]wH2 <c <Hop<A5)wH2 +77! HDx,,wH2> .63
Inserting (3.34)—(3.37) into (3.33), we find that
1Pl?
< ¢ (7 Pwl? + 7 lop(Aywl
Dy, w|* 4+ 77! ||D§nop(A*‘)w||2) . (3.38)
‘We have
op(b1)v = op(b1) xop(A~ ) w = op(A~?)op(b1)w + op(b1)[x, op(A ™) w
+op(b1), op(A™ ).

Sinceop(b;) € TOO, thenop(b1)[x, op(A_%)] € TO_% and [op(by), op(A_%)] €
T (’)’%, which gives

zlop(b1)vlf = tlop(A)op(b1)v]®
< C (vlop(A2)opbrw + op(A~Hwl?) (339

1 1
< C (tlop(aDopBr)wl? + 7 Zop(A Hwl?)
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‘We have
op(b2)v = op(h2) xop(A~2)w = op(A~2)op(ha)w + op(b)[x. op(A~2)]w
+{op(b2), op(A~2)]w.

Since op(b2) € Dy, + TO!, it is clear that op(b2)[x, op(A_%)] € ’TO_%Dxn +
TO"7 and [op(b2), op(A_%)] € ’TO*%DX” + ’TO*%, hence

tlop(ba)v]*
< Ct (lop(A~2)op(bo)w* + [op(A™H)w [ + D, 0p(A~ 3w |?)
< ¢ (tlop(A™Dop2)wl + v~ op(A D] + 77Dy, 0p(A ™ wl?).
(3.40)
Moreover, we can write
op(A)v = 0p(A) xop(A~)w = op(A)w + op(A)[x. op(A~)]w,
since op(A)[x, op(A_%)] € TO’%. Then we get
tlop(A)v]* = zlop(AD)w[> — Crlop(A~H)wl? = tlop(AZ)w]?
—Ctop(A 2w,
and for 7 large enough, we obtain
tlop(A2)w|? < Crlop(A)v|?. (3.41)
By using (3.41) similarly, we can prove that for t large enough, we have
r|D,(”op(A*%)w|2 < Ct|Dy, > + Ctlvf3. (3.42)
Recalling that
tvli o.r = TIv[; + TID,v]* = Tlop(A)v]* + T Dy,
and combining (3.41) and (3.42), we obtain
tlop(AT)w|® + 7| Dy, 0p(A~Dwl> < Crlvll g, (3.43)
Since we have
op(A%)v = op(A?) xop(A~)w = op(A)w + op(AD)[x. op(A~)]w,
where op(A%)[X, op(A_%)] € ’TOO, we obtain
lop(A)w]? = Cllwl? < lop(a 3], (3.44)
Similarly, we can also prove that
1D, wl? = € (D4, 0p(A™)wl + lop(A~)w]?) < 1Dy, 0p(A )],
(3.45)
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and
ID3 op(A~Hwl|* — C (1D op(A™Hw]*
+1I Dy, op(A™)w]|? + [lop(A ™) w]|?)
< ||D2,0p(A™ )% (3.46)
Combining (3.44)—(3.46), we find that
IDZ op(A™Hwl|* + | Dy, w|* + [lop(A)wl|?
< N2 -5 02 a2 33012 4
< ID3 op(A™2)v||* + || Dy, 0p(AD)v]|* + [lop(A T[> (3.47)
Inserting (3.38)—(3.40), (3.43) and (3.47) into (3.32), we obtain
1D2 op(A~Hywl + 1Dy, wil> + llop(A)w]® + tlop(AZ)w|?

1
+ 7| Dy, op(A~ ) w|?

< (v IPw ) + v op(A)w? + 71Dy, wl + 771D

Xn

op(A™Hw|?

1 2 -2 1o 2 -1 2 —1 1o 2
+ lop(A2)op(b)w|* + T2 |op(A D) w|* + tlop(A~2)op(b2)w|* + 7~ op(AZ)w]
+ 77Dy, 0p(A DuP?).

For t large enough, we get
2 2 102 _ln
Dy, wl* + llop(A)w||* + Tlop(A2)w]” + 7| Dy, 0p(A~2)w|
1 1
< ¢ (M IPwl + tlop(Aopw + Tlop(A~Hopbywl?)
which obviously leads to the Carleman estimate. This ends the proof. O

For u = (u1,u2) € H'(U)) x H'(U), we define the tangential operators
op(B1) and op(B;) by

op(Bl)u = Ullyy — U2|p and op(Bz)u = 8,,u1|y0 — 3,,142‘),0. (3.48)

We note that op(B;) measures the continuity of the displacement of u through the
interface yy, where op(B2) describes the difference of the flux through yy of the
two sides of the interface.

Corollary 3.1. Let ¢ satisfy (3.1)—~(3.4). There exist C > 0 and tg > 0 such that
for any T 2 19 we have the following estimate:

e ul? + e Vul? £ € (e P, Dyul®

—i—rzle"/’op(Bl)ulz% 4 r|ewop(32)u|2) , (3.49)

for any u € C3°(K) where K C W1 is a compact subset.
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Proof. Lettingw = e™u andrecallingthat P(x, D, T)w = e**P(x, D)u,op(b;)w
e™1.op(B1)u and op(br)w = e™?!.op(B,)u, then using the fact that ¢ and ¢, have
the same trace on y and the estimate (3.7), we obtain (3.49). 0O

Now we can state the global Carleman estimate in {/; and U, (defined at the
beginning of this section on page 5), which is given by the following theorem:

Theorem 3.2. Assume that ¢ satisfies

IVor(x)| >0, Vx eUy, k=1,2,

except in a set Wi, of finite number of points of Uy, (3.50)
@2y (x) <0, 3.51)
W@k (x) >0, k=1,2, (3.52)
(av‘plly()(x))2 - (3v§92\y0(x))2 > 1, (3.53)

and the sub-ellipticity condition

Jc¢>0, V(x,&) €Uy xR, pr(x,6) =0
= {Re(px), Im(pp)} (x, &, 7) = c(€, 7)°. (3.54)

Then there exist C > 0 and 1o > 0 such that we have the following estimate:
Yle™ullGagy, + tlle™ Vull] (3.55)
e ulli2 g + e Vullia g, .

< c(||ew7>u||iz(u) + Tzllewop(Bl)uHZ%( ot rllewop(Bz)ulliz(yO)),
Yo

forall t 2 19 and u = (uy, up) € H2(U) x H*(U>) such that uz, = 0 and
uy = 0 at the neighborhood of Wk, k = 1, 2.

In Theorem 3.2, the fact that u is vanishing around the critical points of the
weight function ¢ means that a part of the data is lost, as we can see in the next
section. To deal with this our idea here is composed of three steps: in the first step,
we apply Theorem 3.2 with a state vanishing around the critical point (using a cutoff
function) of the weight function. In a second step, we do the same thing as in the
first step, but this time with a second (well-made) weight function with new and
different critical points. For the last step, we just add the two estimates in order to
recover the missing information around the critical points (this is possible thanks
to the properties of the weight function that we have made).

4. Stabilization result

In this section, we will prove the logarithmic stability of the system (1.1). To
this end, we establish a particular resolvent estimate. More precisely, we will show
that for some constant C > 0, we have

A =i D gy £ CeCM Vi > 1, (4.1)
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and then by Burq’s result [7] and the remark of DUYCKAERTS [9, section 7] (see
also [4,6]), we obtain the expected decay rate of the energy.
Let 1 be a real number such that || is large, and assume that

A—ipDw,v)' =(f. 8, @ v)eDWA, (f.g cH, “4.2)
which can be written as follows:

v—iuu=f in Q
Au +div(a(x)Vv) —ipv =g in Q,

or, equivalently, as

{v=f+iuu in Q 43)

Au + ipdiv(ia(x)Vu) + Mzu =g+inf —divi@ex)Vf) in Q.

Multiplying the second line of (4.3) by u and integrating over €2, then, by Green’s
formula, we obtain

/(g—iuf)ﬁdx—i—d/Vf.Vﬁdx
Q w
=M2/ |u|2dx—/ |Vu|2dx—idu/ |Vu|? dx. (4.4)
Q Q w

Taking the imaginary part of (4.4) and using the Cauchy—Schwarz inequality and
Poincaré inequality, we find that

d|M|/ |Vul? dx < c(;ﬂ/ |Vf|2dx+/ |g|2dx). (4.5)
w Q Q

By settingu = uj 1o+ uz ]].Q\(;), v=uv; 1,4+ v ]lQ\@, f=fly+ fo ]lQ\,;) and
g = g1 1, + g2 1q\s, system (4.3) is transformed into the following transmission
equation:

vy =ipul + fi inw
vy =ipur + fo in Q\w 4.6)
A1+ idwyur +df) + pPuy = g1 +ipfi inw '
Auz + pPuy = g+ ipf in Q\w,
with the transmission conditions
uj =u2. onZ a7
(I +idwuy +dfy) = dyus onZ,
and the boundary condition
up =0 onT, 4.8)

where v(x) denote the outer unit normal to 2 \ @ on I" and on Z (see Fig. 1).
To prove Theorem 1.1 we need the following technical lemma:
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Lemma 4.1. Let O be a bounded open set of R". Then there exist C > 0 and
wo > 0, such that, for any w and F satisfying

2

Aw + w=F in0O,

1 +idu

and for all |t > o, we have the following estimate:
lwl?) < € (IVwls o) + 1F1320)) (4.9)

Proof. We need to distinguish two cases:
Inside O: Letting x € C5°(O), we have, by integration by parts,

u? > w 2 2
A X wdx = — Vwl|“d
/O( w+1+iduw) s = T xwla /le wl? dx

—2/ Vx.Vwywdx.
@

Then we obtain

2

2
TWHXU)HLZ(O)

<c (||F||Lz<o>.||x2w||Lz<o> Vw7, + ||Vw||Lz<O).||xw||Lz<o>) :
Using Cauchy—Schwarz inequality, and for || large enough, one gets that
Ixwl2 o, £ € (IV0ls o) + 1F1320)) (4.10)

hence the result inside O.
In the neighborhood of the boundary: Let x = (x/, x,,) € R"! x R. Then

00 ={x e R", x, =0}.

Let ¢ > O such that 0 < x;,, < ¢. Then we have

&

w(x, &) —wkx', x,) = / Ay, w(x', 1) dr.

Xn

It follows that
e 2
w', ) ? < 20w’ o) +2 (f |, w(x', 1)] dr) :
Xn
Using the Cauchy—Schwarz inequality, we obtain

&
lw(x', x)? < 2w, &) +2e/ 8y, w(x', )| dr.

Xn
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Integrating with respect to x’, we obtain

/|| |w<x’,xn)|2dx’§2/ (', &) dy’
x'|<e

|x'|<e

+28/ / 19, w(x', )] dr dx’.
[x"|<e Jx,l<e

4.11)
Using the trace theorem, we have
f (', )2 dx’ < c/ (1w + 1Vw@P) dr.
|x'|<e [x'|<2e,|x,—e|<5
(4.12)
We introduce the following cut-off functions:
€
1 if O0<x, <<
x1(x) = { ' "2
if x, > ¢,
and
3
1 if ¢ <x, < 2
XZ(X) = 2 & 2
0 if x, <—-, x,>2e¢.
4
Combining (4.11) and (4.12), we obtain, for ¢ small enough, that
il < ¢ (ewl? + 1Vuwl?). (*.13)
From (4.10), we have
lewl? < ¢ (1vwl? + 1FI2). (4.14)
Inserting (4.14) into (4.13), we find that
awl? < ¢ (1vwl? + 1F12). *.15)
hence the result in the neighborhood of the boundary.
Following (4.10), we can write
10 = xnwl® £ € (IVwl? + 1 FI?). (4.16)

Adding (4.15) and (4.16), we obtain (4.9). O
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Now we can prove Theorem 1.1. We set w; = (1+idu)u; +df; and wr = up,
then the system (4.6)—(4.8) can be recast as follows:

2
" .
Aw1+1+iduw1—<1>1 nw (4.17)
Aw2+,u2w2 =&, in 2\ w,

with the transmission conditions

wy=w2+¢ onZ
{8vw1 =0d,wy onZ, (4.18)
and the boundary condition
wr =0 onT, (4.19)

where we have denoted that ®; = g + #T”dufl, Dy = g +ipufr and ¢ =
dfi +iduu;.
We denote by B, a ball of radius » > 0 in w and BY its complement such that
B4, C w. Let’s introduce the cut-off function x € C*°(w) by
1 in Bf
— 3r
x(x) = {0 in By;.

Next, we denote w; = ywj, then, from the first line of (4.17), one sees that

2

=3, ino, 420
1—1—idu,w1 1 inw ( )

AWy +

where 51 = x®; — [A, x]w;. We denote Q2| = a)\Er and Q) = Q\ o.
According to [7], [11] or [13], we can find four weight functions ¢ 1, ¢1,2, ¢2.1

and ¢ 2, a finite number of points xj.’k where B(xl’}.’k, 2¢e) C Qjforall j,k=1,2
Cc

. . Njk ——F
andi = 1,..., N;x such that, by denoting U = S ﬂ <U,’=J1 B(x;.’k, 8)) s
the weight function ¢ = diag(g1 .k, ¢2.k) verifies the assumption (3.50)—(3.54) in
U x YUz withy =T and y9 = Z. Moreover, ¢ < @j k+1in Ufﬁl" B(x;'.’k, 2¢e)
forall j, k = 1,2, where we have denoted ¢; 3 = ¢; 1.

. . c
Let xj x (for j, k = 1, 2) four cut-off functions equal to 1 in (UlN:’f B(x;.’k, 28))

and supported in (UINZ’]A B(xj) o 8))C (in order to eliminate the critical points of
the weight functions (pj,k). We set wi = lelwl, wi 2 = Xl,zwl, w21 = X2,1W2
and wy 2 = x2.2w>2. Then from system (4.18) and equations (4.8) and (4.20), for
k =1, 2, we obtain

2
A =Wv in

Wik + g iduwl,k 1,k w
AwZ,k + M2w2,k = "IIZ,k in \ w (4 21)
wig=w2k+¢ onZ )
W1k = W2 k onZ

wyk =0 onTl,
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where

4.22)

Vg = Xl,ka)l —[A, x1,1]Wy
Yok = x2.kP2 — [A, x2,k]wa.

Applying the Carleman estimate (3.55) to the system (4.21) with © = |u/|, for
k =1, 2 we have

Y e Wl + T D 1 VT
j=1.2 j=12
< (I W1k ) 1€ PatliEag, )+ T IEHOIy ).
Recalling the expression of Wy x and Wy ; in (4.22), we can write
3 Z ||ewj'kwj’k”i2(u_,~,k) +7 Z ”ewj'kij’k”iz(uj,k)
Jj=12 j=1,2

2 ~ 2
< C(hem @112y, + 1725 D2l + €74 1A, 1 41112

U0 (U2
FIT A w12y, ) + 1A o w2k 2 0y

eI ) ).
2@

W)

Adding the two last estimates and using the property of the weight functions ¢; 1 <

o1, zinU B(x 128 and g < g@j mUl | B(x o0 2¢) forall j =1,2, we
can absorb ﬁrst order the terms [A, x1.x]wi and [A, x2, k]wg at the right hand side
into the left hand side for ¢ > 0 sufficiently large, so mainly we obtain

r/ (62“0“ + ez"plvz) |Vw;|?dx + r/ (ezr‘/’“ + ezr“’“) [Vws|? dx
Q] QZ

<C</ <62w“ +ezr(p1'2>|©]|2dx+1/ <62T<p2.1 +62r<ﬂ2.2)|¢2|2dx
Q1 Q)

+/ (7011 + &) [1a, gl P dx
Q

2<||e“f"v1¢||21 +||e”"'2¢|| ))
H2(T (I)

Since we can write ¢ = 1+{Zu wp + 1+1du f1, using the trace theorem, Green’s

formula and the fact that the operator [A, x] is of the first order with support in w,
we find that

rf (ezr‘p” + ezf‘/"vz) |Vw > dx + r/ <e2w2,1 + 62“"2-2) [Vws|? dx
w Q\w

< C(/ (ezwl.l +62w]~2>|¢1|2dx+1'/ (eZH/?z,l +62T¢2.2>|¢2|2dx
w Q\w

+T4/ (eZTfﬂl,l +62f¢1,2)|w1|2dx+.[2/ (ezﬂﬂl.l —i—ezwl-2>|Vw1|2dx
w

w
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+T4/ (62.”'01’1 + e2r(p1,2) |f1|2 dx + TZf
w

w

(e2rerr 4 e212) v |2dx>.

(4.23)

Using the expressions of ®; and &,, taking the maximum of ¢ 1, ¢1,2, ¢2,1 and
@22 in the right hand side of (4.23) and their minimum in the left hand side, and
Lemma 4.1 we have

||Vw] ||i2(w) + ”Vw2||i2(g\w) §CCCT(||f1 ||i2(w) + ”Vfl ”iZ(w) + ”fz”iQ(Q\a))

1811 + 18212201y IV01122,)-

We evoke u; and u; through the expression of wi and w, to get

1901122 + IV820 2000 0y SCT (1112 + 1V Aill2agy + 121320000

18115 + 1821221 + 1Ve1 124, )-

Using the Poincaré inequality, we have

1Vul22 gy < Ce M (19 F gy + 8122y + 1Vul2s,)) - (424)

The combination of the two estimates (4.5) and (4.24) leads to
1Vul3 200y < Ce (19 f122 g + 181320 ) - (4.25)

We can obtain the same estimate as (4.25) with the v variable with the L2 norm
instead of u by again using the Poincaré inequality and recalling the expression of
v in the first line of (4.3); namely, we have

10132y S Ce (19 £ 1220, + 18132 ) - (4.26)

Thus, the estimate (4.1) is obtained by the combination of the two estimates (4.25)
and (4.26).
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