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Abstract

We consider problems of static equilibrium in which the primary unknown
is the stress field and the solutions maximize a complementary energy subject to
equilibrium constraints. A necessary and sufficient condition for the sequential
lower-semicontinuity of such functionals is symmetric div-quasiconvexity; a spe-
cial case of Fonseca and Miiller’s .A-quasiconvexity with .4 = div acting on Rg'yxnﬁ'.
We specifically consider the example of the static problem of plastic limit analy-
sis and seek to characterize its relaxation in the non-standard case of a non-convex
elastic domain. We show that the symmetric div-quasiconvex envelope of the elastic
domain can be characterized explicitly for isotropic materials whose elastic domain
depends on pressure p and Mises effective shear stress ¢g. The envelope then fol-
lows from a rank-2 hull construction in the (p, ¢)-plane. Remarkably, owing to the
equilibrium constraint, the relaxed elastic domain can still be strongly non-convex,
which shows that convexity of the elastic domain is not a requirement for existence
in plasticity.
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1. Introduction

We consider problems of static equilibrium in which the primary unknown
is the stress field and the solutions minimize a complementary energy subject to
equilibrium constraints. Such problems arise, for example, in the limit analysis of
solids at collapse, which is characterized by continuing deformations, or yielding,
at constant applied loads [10]. In a geometrically linear framework, the elastic
strains and the stress remain constant during collapse. Therefore, the plastic strain
rate coincides with the total strain rate and is compatible. In addition, the stress is
constrained to be in equilibrium and take values in the elastic domain K, which,
for ideal plasticity and in the absence of hardening, is a fixed subset of R¢/TY. Static
theory then aims to minimize over all possible velocities v : 2 — R” compatible
with the boundary data g : 922 — R”, and maximize over all possible stress fields
o : Q — K in equilibrium, the plastic dissipation

/0 Dvdx. (1.1)
Q

nxn

Natural spaces of functions are 6 € L% (; Rsym ) with o € K almost everywhere

andv € WhP(Q: R") withv = gp on a2 inthe sense of traces. If the elastic domain
K is convex, then the mathematical analysis of the problem is straightforward. Thus,
the supremum of (1.1) with respect to o can be taken locally, and the resulting
dissipation functional

/ ¥ (Dv) dx (1.2)
Q

can then be minimized over all admissible v. In (1.2), ¥ (§) := sup,cx o - & is
the dissipation potential. Thus, for convex K the classical kinematic problem of
limit analysis is recovered. The functional (1.2) is itself convex and, for compact
K, coercive, whence existence of minimizers follows by the direct method of the
calculus of variations.

However, the elastic domain K of some notable materials is not convex. An
illustrative example is silica glass. Indeed, MEADE and JEANLOZ [11] made mea-
surements of the shear strength of amorphous silica at pressures up to 81 GPa at
room temperature and showed that the strength initially decreases sharply as the ma-
terial is compressed to denser structures of higher coordination and then rises again
(Fig. 1a) resulting in a strongly non-convex elastic domain in the pressure-shear
stress plane. Several authors [13,17] have performed molecular dynamics calcu-
lations of amorphous solids deforming in pressure-shear and have found that the
resulting deformation field forms distinctive patterns to accommodate permanent
macroscopic deformations; see Fig. 1b. Remarkably, whereas convex limit analysis
is standard [10], the case of non-convex elastic domains does not appear to have
been studied.

More generally, we may consider static problems where the material response
is expressed as

e=—(x,0), (1.3)
o
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in terms of a complementary energy function x. The functional of interest is then
the complementary energy

o> o(x)v(x)~gp(x)d')'(d_1—/x(x,o(x))dx, (1.4)
I'p Q

to be minimized subject to the equilibrium constraints

divo (x) + b(x) =0, in , (1.5a)
o(x)v(x) = h(x), on Iy, (1.5b)

where o : @ — R™" is a local stress field, b : Q — R" are body forces and
h : 'y — R" applied tractions over the Neumann boundary I'y C 9. If x
is non-convex, the question of relaxation again becomes non-standard and it may
be expected to result in the development of microstructure in the form of rapidly
oscillatory stress fields.

A powerful mathematical tool for elucidating such questions is furnished by A-
quasiconvexity, introduced by Fonseca and Miiller [5] as a necessary and sufficient
condition for the sequential lower-semicontinuity of functionals of the form

(u,v)+—>/f(x,u(x),v(x))dx, (1.6)
Q

where f : Q x R™ x RY — [0, 400) is a normal integrand, 2 € R” open and
bounded, and v must satisfy the differential constraint

Av=0. (1.7)

Here,

n
. 0V
Av::ZA(’)a—Xi, (1.8)
i=1

and A® e Lin(R; R?) is a constant rank partial differential operator. Specifically,
f(x,u, ) is A-quasiconvex if

fx,u,v) 5/ fl,u,v+w(y)dy (1.9)
0

forallv € R andallw € C®(Q; R?) such that Aw = 0and w is Q-periodic, with
Q = (0, )". In particular, with A = curl, .A-quasiconvexity reduces to Morrey’s
notion of quasiconvexity. In the context of the static problem (1.4) and (1.5), we
may identify the state field v with o and the operative differential operator .4
with div. The pertinent notion of quasiconvexity is, therefore, div-quasiconvexity,
acting on fields of symmetric n x n matrices. Whereas for kinematic problems of
the energy-minimization type there is a well-developed theory of relaxation relating
to curl-quasiconvexity, the relaxation of static problems of the form (1.4) and (1.5),
relating instead to div-quasiconvexity, has been less extensively studied.
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In this paper, we develop a theory of symmetric div-quasiconvex relaxation for
static problems. For definiteness, we confine attention to the static problem of limit
analysis [10]

sup{F (o) : 0 € L®(Q; K)}. (1.10)

Here, K C R{ is the elastic domain, which we assume to be compact, and

F(o) ::inf{/o~Dvdx cve WH(QRY), v=gpon asz}, (1.11)
v Q

where gp € L' (9Q; R") gives the boundary data. The domain 2 is assumed to be
a bounded Lipschitz domain. The stress field o is a divergence-free field, which
takes values in symmetric matrices. This symmetry sets the present setting apart
from previous applications of div -quasiconvexity, also denoted S-quasiconvexity
or soleinoidal-quasiconvexity, which have focused on the characterization of the
div -quasiconvex hull of a 3-point set in relation with the three-well problem in
linear elasticity [7, 15, 16] and on the Born-Infeld equations [12]. We call the present
setting symmetric div -quasiconvexity.

In Section2, we show how the concept of symmetric div-quasiconvexity fits
within the framework of .A-quasiconvexity and discuss the relevant properties of
symmetric div-quasiconvex functions, which mainly follow directly from [5]. We
also present in Lemma 2.7 an important example of a nonconvex symmetric div-
quasiconvex function. Section3 deals with div-quasiconvexity for sets and their
hulls, in the context of relaxation theory. An important result, announced in [17,
Th. 1 and Th. 2], is Theorem 3.3, which shows that the variational problem (1.10)
has a solution if K is symmetric div-quasiconvex. We then discuss, in particular,
the definition of the symmetric div-quasiconvex hull of a set K, which in principle
depends on the growth of the class of test functions employed. However, we show
that all p € (1, co) give equivalent definitions, Theorem 3.6. Finally, Section4
deals with the important case of sets K that can be characterized in terms of the first
two stress invariants alone and show how their symmetric div-quasiconvex hulls
can be explicitly characterized. We recall that this elastic domain representation
is the basis for a broad range of pressure-dependent plasticity models, including
the Mohr—Coulomb model of sands ([10] and references therein), the Cam-Clay
model of soils ([19] and references therein), the Drucker-Prager model of pressure-
dependent metal plasticity ([10] and references therein) and Gurson’s model of
porous metal plasticity [8].

2. Symmetric div-quasiconvex Functions

We start by giving the basic definitions and recalling the main results from [5],
specializing them to the case of interest here.

Definition 2.1. A Borel-measurable, locally bounded function f : R{" — R is
symmetric div -quasiconvex if, for all ¢ € ngr((O, 1)*; R2<") which obey div ¢ =

sym
0 everywhere,
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f(/ godx) = / f(p)dx. (2.1)
©,1y" ©,1)"

For § € Ry, the symmetric div-quasiconvex envelope of f : R — R is

defined as

Qsdqe f (§) :=inf {/(0 o flp)dx 1 ¢ € Cpe (0, )" RETD),

div<p=0,/ godx:é}.
o, 1)"

We recall that C2.((0, 1)") is the set of ¢ € C°°(R") such that ¢ (x + ¢;) = ¢(x)

per
fori=1,...,n.

2.2)

Remark 2.2. From the definition it follows that, if f, g are symmetric div-quasiconvex,
then so are max{f, g} and f + Ag, for any A € [0, co). Furthermore, all convex
functions are symmetric div-quasiconvex.

For a generic first-order differential operator of the form given in (1.8) and a
wavevector w € R” \ {0}, the linear operator A(w) € Lin(R™; R") is defined as

Aw) = Z Ay, (2.3)

i=1

The general theory of A-quasiconvexity requires that A be constant rank, in the
sense that rank A does not depend on w (as long as w # 0). We first show that
this condition holds in the present case and compute the characteristic cone. We
recall that the characteristic cone is the union of the sets where A (w) vanishes, for
w # 0, and that symmetric div-quasiconvex functions are convex in the directions
of the characteristic cone.

Lemma 2.3. The condition of being divergence-free is constant rank on symmetric
n x n matrices. The characteristic cone consists of all non-invertible matrices and

nxn
spans REH.

Proof. LetJ : R"®+D/2 5 R be alinear bijection whichmaps {e; . .. €x(u-+1)/2}
to {e; © ej}léiéjén. We recall that (a © b);;j := %(aibj + ajb;). We define the
differential operator A5~ on C>(R; R +D/2) a5 A5~V ¢ = div (J¢). The
corresponding linear operator AS~4Y (w) e Lin(R**+D/2: R"), for w € R”, is
defined by its action on a vector £ € Rr+D/2

(AW ()E); =Y (JE)ijw;, (2.4)

J=1

which can be written as AS~4Y (w)¢ = (J&)w.
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For example, for n = 2,

&1 1
J| & =<F] 553) 2.5)
& §E3 &

and

ps—div Z; _ (31<ﬂ1 + %32%)
3 d2¢2 + 50193

AS—div (w1> 2 _ (wlél + %wzfi%) .
w2/ \ g, w2ér + ;w163

We now show that the operator A4V (w) is surjective for every w € §"~ 1.
Indeed, fix any vector v € R" and let F""" € R¢t be such that F*"'w = v (for
example, let F* = v@w+w®v— (v-w)w ®w). Then, choose £ := J L (FV¥)
to obtain AS~4Y (w)J I (FV¥) = FU¥y = v. Therefore, A9V (w) has rank n
for all w # 0, and the constant-rank condition holds.

The characteristic cone, first introduced by Murat and Tartar [14,21], is defined
as

(2.6)

U ker AS™Y () € R HD/2, (2.7)

wesn—!
In the present context, the cone A may be identified (via the mapping J) with the
set of non-invertible matrices,

JA= | lo eRyy ow=0}= {0 e R :deto =0}.  (2.8)

sym sym
wesn—1

O

The next three results are essentially special cases of more general assertions
that hold within the framework of .A-quasiconvexity in [5]. For convenience, we
restate here the statements that are needed in the following:

Lemma 2.4. Let f be symmetric div-quasiconvex. Then, it is convex along all non-
invertible directions, in the sense that f (LA + (1 —2)B) < Af(A)+ (1 —1)f(B)
whenever .. € [0,1], A, B € Rg’yxn'l’, det(A — B) = 0. Furthermore, all such f are
locally Lipschitz continuous.

Proof. If f is upper semicontinuous, then the assertion follows directly from [5,
Prop. 3.4] using Lemma 2.3. Here, we give a direct proof without assuming upper
semicontinuity.

We first assume that there is a vector v € Q" \ {0} such that (A — B)v =
0. Welet h : R — {0, 1} be one-periodic, with h(t) = 0 for r € (0, ) and
h(t) = 1 fort € (A,1). We choose M € N such that Mv € Z" and define
ux) .= A+ (B — Ah(Mx -v). From Me; - v = Mv; € Z, we deduce that
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u(x + ¢;) = u(x) for all i. Furthermore, divu = 0 in the sense of distributions,
Hu = A} N (0, D" = A, and {u = B} N (0, )| = 1 — A, which implies
f(o 1y udx =2A+ (1 —X1)B.

Let 6, € CZ°(B,) be a mollifier. Then, u * 0, € ngr((O, n"; R’S’yﬁ’) and,
therefore, by (2.1), we obtain

SOA+ (1 —=21)B) < / f(u *06;)dx. 2.9
(0,1)"

Since f is locally bounded, u is bounded and |{u * 6, # u} N (0, 1)*| — 0. Taking

the limit ¢ — 0, we deduce that

FAA+ (O -1B) = / fydx =rf(A)+A -1 f(B) (2.10)
(0,n"
whenever A and B are such that (A — B)v = 0 for some v € Q". In particular, f
is separately convex and finite-valued, hence locally Lipschitz continuous.
Consider now any two matrices A, B and a vector w € S"~! such that (A —
B)w = 0. We choose v; € Q" such that v; — w, which implies (A — B)v; —
0. Let now B; := B + (A — B)v; ® v;/|v;|>. Then, (A — Bj)v; = 0, hence
FAA+ A —=M1Bj) = Af(A) + (1 — 1) f(B)). Taking j — oo, by continuity of
f we conclude the proof. O

Lemma 2.5. (i) Let f be symmetric div-quasiconvex, u S weakly in L*°(R;

Rg‘yﬁ’), divu; = 0 in the sense of distributions. Then,

/f(u(x))dxgliminf/ Suj(x))dx. (2.11)
Q j= Jo

(ii) Let f be symmetric div-quasiconvex, f (&) < c(|§|P 4 1) for some p € [1, 00),

uj—u weakly in L?(Q; R;’;;’l’), divu; = 0 in the sense of distributions. Then,

/f(u(x))dx§liminf/ fuj(x))dx. (2.12)
Q j—=oo Jg

Proof. Lemma 2.4 shows that f is continuous. The result follows then immediately
from [5, Th. 3.7] using Lemma 2.3. O

Lemma 2.6. Let f € C O(R;’yﬁ’; [0, 00)). Then, Qsdqc f is symmetric div-quasiconvex.

Proof. Follows from [5, Prop. 3.4]. O

We now recall an important example of a nontrivial symmetric div-quasiconvex
function, due to Luc Tartar.
Lemma 2.7. (From [23]) The function fr : ]Rg’yxrﬁ’ - R, fr(o) = — Dlo|* —
(Tr 0’)2, is symmetric div -quasiconvex.

For completeness, we provide a short proof of this result, which plays an important
role in the explicit examples discussed in Section 4.
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Proof. We first observe that, for any matrix A € C"*", we have
(rank A)|A|? = | Tr A|>. (2.13)

To verify this inequality, it suffices to write A in a basis in which only the first
rank A diagonal entries are nonzero and to use then on this set the basic inquality
| 22 Auil* < (rank A) Y, |Ayi |*. We now show that forany ¢ € Cpe, (0, 1)"; R"")
with div ¢ = 0 the functional I (¢) := f 0.1 fr(p(x))dx is nonnegative. Indeed,
letting ¢, be the Fourier coefficients of ¢, by Plancharel’s theorem we have

/<01> frpydr= Y [a=DIBP - I1Tr@l]z0. @14

re2nZit

where we have used (2.13) and the fact that divg = 0 implies ;2 = 0 and
therefore rank ¢; < n — 1. Let now ¢ be as in the definition of div -quasiconvexity,
§:= | 0.1 ? dx. Since fr is quadratic and ¢ — & has average zero, expanding, we
obtain

/ fr(p)dx = fr(§) +/ Jrlp —&)dx = fr(§). (2.15)
(0’ ] )ll (O’ ] )n
o

We close this section with a brief discussion of the relation to div -quasiconvexity.
In particular, we show that symmetric div -quasiconvexity is not equivalent to div -
quasiconvexity composed with projection to symmetric matrices. We recall that a
Borel-measurable, locally bounded function f : R”*" — R is div -quasiconvex
if, for every ¢ € CS5.((0, 1)"; R™>*™) such that div ¢ = 0 everywhere,

per

f (/ (pdx> g/ f(p)dx. (2.16)
©.n" ©.n"

Lemma 2.8. For a given function f : Rg’yﬁ — R, we define Sf : R™" — R
as Sf(&) == fU(& +ET)/2). If S f is div -quasiconvex, then f is symmetric div -
quasiconvex. However, there are symmetric div -quasiconvex functions f such that

the corresponding S f is not div -quasiconvex.

Proof. In order to prove that f is symmetric div -quasiconvex, we pick ¢ € C=

per
(0, H ]Rg‘yxn{’) with div ¢ = 0 and observe that
f(/ (pd)C):Sf(/ <pdx>
o,nH" o,nH"
<[ srwar= [ g @17
O, 1)" o, 1)"

For the converse implication, we consider n = 2 and f(F) = det(F), so that

F+FT
Sf(F) = det +

1
=detF — (P2 = Fa1)?. (2.18)
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We first check that f is symmetric div -quasiconvex. Let§ € ngxrg,w € Cgé’r([O, 1%

Riy) with dive = 0 and [, ¢dx = 0. Then, there is v € C®(R* R?)
with Dv = ¢, where by this compact notation we mean Dv = RgR, with
R = ¢e1 ® ex — e2 ® e1. Since ¢ has average 0 and is periodic, we can choose
v e C2([0, 1]%; R?). In particular,

per

/[0 e fE +@)dx =deté +/ det Dvdx =det& = f(£). (2.19)

[0,112

At the same time, the function ¢(x) = e] ® ez sin(2wxy) is [0, 1]2—periodic,
divergence-free, has average 0, and gives

1 1
/ Sf(p)dx = ——/ sin?Qrx)dx = —= < 0= Sf(0). (2.20)
(0,112 4 Jio,1p2 8

O

3. Symmetric div-quasiconvex Sets and Hulls

3.1. Symmetric div-quasiconvex Sets

In this section, we discuss symmetric div -quasiconvexity of sets and their hulls.
As in the case of quasiconvexity, there are different possible definitions of the hulls,
depending on the growth that is assumed. For quasiconvexity, it has been shown that
the p-quasiconvex hull of a compact set does not depend on the assumed growth p.
The key technical ingredient is Zhang’s truncation Lemma, see [26]. In the present
setting, we can only prove the corresponding result for 1 < p < oo, since the
bounds on the potentials of the oscillatory fields are based on singular-integral
estimates which only hold in that range, see Lemma 3.13 below. For clarity we give

separate definitions for p € [1, oo].
Definition 3.1. A compact set K € Rg[t is symmetric div-quasiconvex if, for any
§ € Ry \K, there is asymmetric div-quasiconvex function g € o Ry : [0, 00))
such that g(§) > max g(K).

A compact set K C ngﬁl is p-symmetric div-quasiconvex, with p € [1, 00), if
the function g can be chosen to have p-growth, in the sense that g(o') < ¢(lo|? +1)

for some ¢ € R and all o € Rgg .

We remark that the function g can be chosen so that it vanishes on K by replacing
it with ¢ := max{g — max g(K), 0)}.

It is clear that if K is p-symmetric div-quasiconvex for some p then it is
symmetric div-quasiconvex. As in the case of quasiconvexity, the definition for
non compact sets depends crucially on growth and many variants are possible. We
do not discuss this case here.

Lemma 3.2. Let K C R’gy’fg be compact and symmetric div -quasiconvex, E :=

{o € L®°(Q; K) : dive = 0}. Then, E is closed with respect to weak-* conver-
gence in L%°(2; RIX"

sym /*
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Proof. Leto; € E be such that o X oin L€ Rgg)-

For any & € Rg'yfg' \ K, there is a symmetric div-quasiconvex function gz €
C O(ngxn’f; [0, 00)) which vanishes on K and with gz (§) > 0. By continuity, g¢ > 0
on By, (§), for some r; > 0. The set R{j " \ K can be covered by countably
many such balls B;. Let g; be the corresponding functions. It suffices to show that
{x : 0(x) € B;}is anull set for any i.

By Lemma 2.5(i), recalling that o; € K almost everywhere for all j, we obtain
Jo gi(o)dx < liminf;_ o [ gi(oj)dx = 0. This implies that g;(o(x)) = 0
almost everywhere. Since g; > 0 on B; we obtain that {x : o(x) € B;} is a null
set, which concludes the proof. O

We are now ready to prove our first main result, namely, an existence statement
for static problems with symmetric div-quasiconvex yield sets. We refer to the
introduction for the formulation and the main definitions and recall in particular
that gp € L'(3€2; R") denotes the boundary data.

Theorem 3.3. If K is nonempty and symmetric div-quasiconvex, then F is weakly
upper semicontinuous and the problem defined in (1.10) and (1.11) has a solution
ox € L®(2; K), which obeys div o, = 0 in the sense of distributions.

Proof. We first prove that sup F' € R.
Let &y € K. Using the constant function o = &; gives

F(&) =& - / Dvdx = so/ gp @ vdH" ! e R, (3.1)
Q Q2

hence sup F # —oo.

By the trace theorem for W!-! (see for example [1, p. 168]), we can extend gp
to a function W1 (; R"), which we shall also denote gp. Forany o € L™ (; K)
we have

F(o) = /QG -Dgpdx < |gpllwii max{|§] : § € K}, (3.2)

hence sup F # +o0.
Next, we show that only fields o that are divergence-free need be considered.
If we assume additional regularity, then an integration by parts gives

/U~Dvdx=/ agD~vdH”_l—/ v - divo dx, (3.3)
Q 02 Q

which does not contain any derivative of v. In particular, the inf is —oo unless
divo = 0 almost everywhere.
Consider now a generic 0 € L*(2; R{y"). If divo # 0 in the sense of

distributions, then there is # € CZ°(2; R") such that fQo - DOdx # 0. We
consider the one-parameter family of test functions v; := gp + 10 and obtain

F(U)§/U-Dv[dx:/G-Dngx—}—t/o-Dde forallt € R, (3.4)
Q Q Q
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which shows that F (6) = —oo. Therefore, we can restrict attention to fields o that
are divergence-free in the sense of distributions.

Let o € L*°(2; K) be a maximizing sequence. By the preceding argument,
divoy = 0 in the sense of distributions. Since the sequence is bounded in L*°,
after extracting a subsequence it converges weak-* to some oy, by the properties
of distributions div o, = 0. Lemma 3.2 implies that o, € K almost everywhere.
Hence, we only need to show that it is a maximizer. For any v € W1 (Q; R") with
v = gp on the boundary we have

/ oy - Dvdx = lim or - Dvdx 2 limsup F(oy), (3.5)
Q k=00 [ k—00
hence,
F(oy) = limsup F(o) = sup F. (3.6)
k—o00
O

3.2. Symmetric div -quasiconvex Hulls

We now deal with the case that K is not symmetric div-quasiconvex. Within
the framework of relaxation theory, we begin by defining the symmetric div-
quasiconvex hull.

Definition 3.4. Let K C Rg’yfr{’ be compact, p € [1,00), fp(§) = dist’(§, K).
We define

K(p) ={& e R:y);: : Qsdqcfp(g) =0} (3.7)
and

K©) = {5 e R g(&) < max g(K)

ym (3.8)

for all symmetric div-quasiconvex g € CO(R’;yXH’f; [0, 00))}.
Lemma 3.5. K () js the smallest symmetric div-quasiconvex compact set that con-
tains K. KP) is the smallest p-symmetric div-quasiconvex compact set that con-
tains K.

As usual, the first assertion means that any symmetric div-quasiconvex compact set
that contains K also contains K (°, and analogously for the second.

Proof. We start by K(”). By Lemma 2.6 the function Qsdqe fp 18 symmetric div-
quasiconvex. From Qgqqc fp < fp it follows that Qgqqc f has p-growth and that
K C KW If & € R\ KP), then Qgaqe fp(§) > 0 = max Qsaqe fp (KP).
Therefore, K (P is p-symmetric div-quasiconvex.

To show minimality, we consider a p-symmetric div-quasiconvex compact set
K with K C K and show that K(» C K. To this end, we fix a & € K and
a symmetric div-quasiconvex function g with p growth and show that g(§) <
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max g(K) < max g(I? ). If this holds for any such function g, then necessarily
£ € K, which implies that K(?) C K and concludes the proof.

It remains to show that g(£) < max g(K).Lete > 0. Since g is continuous and
fp > 0 outside K, there is § > 0 such that g(o) < max g(K) + ¢ for all o with
fp(o) < 8. Using the fact that g has p-growth, we then obtain ¢ < max g(K) +
&+ C¢ fp pointwise. By monotonicity of the symmetric div-quasiconvex envelope,
this gives ¢ = Qsdqcg < max g(K) +¢ + Ce Qsdqe fp pointwise and, therefore,
g(&) < max g(K) + . Since ¢ is arbitrary, this concludes the proof.

We now treat the p = oo case. The fact that K C K (%) is obvious. To show
that K ° is symmetric div-quasiconvex, we pick & ¢ K °. By the definition of
K ©®) thereis a symmetric div-quasiconvex function g with g(£) > max g(K). At
the same time, for any o € K (* it follows that g(¢’) < max g(K), which implies
max g(K ) = max g(K). We conclude that g(£) > max g(K (®), which shows
that K ° is symmetric div-quasiconvex.

To show minimality, we assume that K is symmetric div-quasiconvex and K C
K . We wish to show that K (°) C K. To thisend, we fixa& € R\ K and choose

sym
a symmetric div-quasiconvex function g with g(§) > max g(K). From K € K,
we obtain max g(K) = max g(K). Therefore, & ¢ K (°®). This implies K € K

and concludes the proof. 0O

We proceed to show that K (?) does not depend on p, as long as p # oo. One
inclusion can easily be obtained from the definition. The other will be discussed in
Section 3.3 below.

Theorem 3.6. Let K C R be compact, 1 < p < q < oo. Then, K/P) = K@,

sym
Proof. Follows from Lemmas 3.8 and 3.15 below. 0O

Definition 3.7. Let K € R be compact. For every p € (1, 00), we set K sdge —

sym

K (P)_ This is admissible by Theorem 3.6.

Lemma 3.8. Let K C R{Y be compact. Then, K @ < K@ for any p, q with
1Sp<g=oo

Proof. Assume firstthatg < co. We write f,,(&§) := dist” (¢, K) and, analogously,
fq.Forall 6 > 0, we have

1
84—r

fr 8P+ fas (3.9)

and, therefore,
Qsdqcfp § 8P +5p_qudqch- (3.10)

Let now £ € K@, so that Qsdqe f¢(§) = 0. The above inequality implies that
Qudge fp (&) < 8P for any 8 > 0. We conclude that Qgdqe f,(§) = 0 and K@ C
K®.

If, instead, g = oo, it suffices to observe that the function Qsdqc fp is symmetric
div-quasiconvex (Lemma 2.6). Therefore, itis one of the candidates in the definition
of K. Since Qsdqe f, = 0 on K, we obtain that, necessarily, Qsaqe f» = 0 on
K Hence, K Cc K. n
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Remark 3.9. By analogy with the case of quasiconvexity, one might expect that
K = K forevery p € [1, 0o) and every compact set K. This property holds
in dimension n = 2, since div -quasiconvexity is equivalent to quasiconvexity
composed with a 90-degree rotation. We do not know if the statement is true in
higher dimensions.

Lemma 3.10. Let K € R2* be compact, A € R"*" invertible, B € R Then,

sym sym *
(AKAT + By = pgsdac AT 4+ B (3.11)
and
(AKAT + B)©® = AK©™AT 1 B. (3.12)

Proof. We shall prove below that
(AKAT + B)sec c AgsdacAT 1 B, (3.13)

In order to derive ttle other inclusion, we then consider thg set K := AKAT + B s
sothat K = A= (K — B)A~T. Application of (3.13) to K gives

KquC — (AflkAfT _ A*lBAfT)quC g A71K;qucA7T _ A*lBAfT.
(3.14)

Multiplying on the left by A and on the right by AT yields
AKSc AT c gsdae _ g, (3.15)

which, recalling the definition of K , is the desired second inclusion.

It remains to prove (3.13). We consider the set H := AK4°AT 4 B Tt is obvi-
ous that AK AT + B C H.If we can prove that H is p-symmetric div-quasiconvex,
then Lemma 3.5 implies (AK AT + B)*49° C H and concludes the proof.

In order to show that H is p-symmetric div-quasiconvex, we fix a symmetric
matrix 6 € H and show that there is a symmetric div-quasiconvex function f with
p-growth such that f(6) > max f(H). Theorem 3.6 shows that p € (1, 00) can
be chosen arbitrarily. In the case of K (°, the requirement of p-growth does not
apply.

We define o := A~1(6 — B)A™T, so that 6 = Ao AT + B. The definitions
of H and & show that o ¢ K49, Since K44 is p-symmetric div-quasiconvex,
there is a symmetric div-quasiconvex function g with p-growth such that g(o) >
max g(K9°), We define f (&) := g(A~"(6—B)A~T),sothat f(6) > max f(H).
Growth and continuity are automatically inherited from g.

To conclude the proof it remains to show that f is symmetric div-quasiconvex.
To this end, pick some ¢ € C>.((0, 1)*; RZ") with divg = 0 and let & :=

per sym
f(O,l)” @dx.
For some F € R™*" chosen below, we define ¥ (x) := A~ (¢(Fx) — B)A™T
and compute

Vij () =Y Al pup(FX)AT) — Al Bap ATy (3.16)
op
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and
NWij(x) = Z Ai—alaygoaﬂ(Fx)A;ﬂlek. (3.17)
a. By
Therefore,
. —1 —1
iv)i(x) = > A0, 0up(FX)AZ Fyj. (3.18)
oa.By.J

We choose F := A, so that ) _; A;ﬂl F,; =1dg, and

(divy)i(x) =Y Al dpgap(Fx) = 0. (3.19)
a’ﬂ

Recalling the definitions of f and i, we compute

/ ) Sp(x))dx =/ ) g(A  (p(x) — BYA T)dx

©O,1) ©,1) (3.20)

=/ gy (A7 x))dx = detA/ gy (y)dy.
o,nH" A=,

The function v is A~1(0, 1)"*-periodic and has average A1 — B)A™T. The
maps i (x) := ¥ (jx) are divergence-free and converge weakly in L (R"; Rg’yﬁ'

to their average, which is A~!(¢ — B)A~T. The functions x > gluj(x)) =
g((jx)) are equally periodic and converge weakly to their average, which is the
last expression in the previous equation. Since g is symmetric div-quasiconvex,

recalling the lower semicontinuity (Lemma 2.5) we conclude
g(AT' ¢ -B)A™") = detA/ g (y)dy, (3.21)
A-10,1)
and recalling the definition of g and the previous computation this gives

£ < /( L, T (3.22)

Therefore, f is symmetric div-quasiconvex. This concludes the proof. 0O

Lemma 3.11. Let K C ngfl{’ be compact. If A, B € K99 gnd rank(A — B) <n

then A+ (1 — 1)B € K€ for all 1 € [0, 1]. The corresponding assertion holds
for K©).

Proof. The proof follows immediately from the definition and Lemma 2.4. Indeed,
the assumption gives Qgdqe fp (A) = Qsdge fp(B) = 0. Since Qgqqc fp is symmetric
div-quasiconvex, it is convex in the direction of B — A, and Qgdqc fp(AA + (1 —
A)B) =0.

In the case of K®, we consider any symmetric div-quasiconvex function
fe CO(R’S’yXH'f; [0, 00)), and deduce as above f(AA + (1 —2)B) S Af(A)+ (1 —
1) f(B) < max f(K (). By the definition of K (®, we obtain max f (K () =
max f(K) and, therefore, f(AA + (1 — A)B) < max f(K). O
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In closing this section, we present an explicit example in which K consists of
two matrices.

Lemma 3.12. Let K := {A, B} € R If rank(A — B) = n, then K™% =

K©) = K. Otherwise, K*49¢ = K(®) = [A, B], where [A, B] is the segment
with endpoints A and B.

Proof. The function f(§) := dist(&, [A, B]) is convex, hence symmetric div-
quasiconvex, therefore K sdac 14, B].

If rank(B — A) < n, Lemma 3.11 shows that [A, B] € K C K94¢ and
concludes the proof.

Assume now that rank(B — A) = n. By Lemma 3.10, it suffices to consider
the case A = Id, B = — Id and we need only show that no matrix of the form ¢ Id,
t € (—1, 1), belongs to K99 Let f (&) := ((n—1)|&|>—(Tr&)>+n),.Lemma2.7
implies that f is symmetric div-quasiconvex, and we verify that f(Id) = f(—1d) =
0. However, f(11d) =n(1 —?) > Oforallt € (—1, 1), hence rId ¢ K%4¢. 0

3.3. Truncation of Symmetric Divergence-Free Fields

In the remainder of this Section, we prove that K (" does not depend on p,
for p € (1, 0o). This proof requires truncation and approximation of vector fields
that satisfy differential constraints, which is made much easier by working with the
corresponding potentials. Following [2], we introduce a stress potential ®, which

. o . . 4
is related to the field o by o = div div ©, in a sense we now make precise. Let R
be the set of { € R gych that

Cijhk = Cjikn = —Cinjk foralli, j,k,h e {1,2,...,n}. (3.23)
For ® € LllOc (R™, Rf) we define the distribution
(divdiv®);; = Z 0n 0k Ojjnk- (3.24)
h.k

We observe that, by (3.23), div (divdiv®) = 0 and divdiv® = (divdiv o)T,
Therefore, every potential generates a divergence-free symmetric matrix field.
In order to construct potentials, we start from a fixed matrix M € R and

sym
define @Y : R" — Rf as

M Py p—
© (x)l]hk = nn—1)
A straightforward computation shows that divdiv®Y = M, with |@M|(x) <
21x2|M|, IDOM|(x) < 4|x||M]|, |D?*OM|(x) < 4|M| forall x € R", n > 2.
Working in Fourier space, this procedure can be generalized to any divergence-free
symmetric matrix field.

(M,-jxhxk + Mprxixj — Mipxjxi — Mijhxi). (3.25)

Lemma 3.13. (i) Let w € C25.((0, 1); RZX™) with divw = 0 and f(o,l)" wdx =

per sym
. 4 .

0. Then, there is © € Cgé’r((O, D" RY) such that divdiv® = w. The map

w +— O is linear.
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(i) Ler w € LP((0, 1)"; RL;Y) for some p € (1, 00), divw = 0, f(o’l),, wdx =
0. Then, there is © € Wil (0, )"; R™Y), with D20, < cllwll, and
divdiv ® = w. The map w +— O is linear and extends the map in (i).

(iii) Let w = wp + wy, with w, € LP((0, 1)"; Rg’yﬁ), wy € L1((0, D" ngxnf
for some p,q € (1,00), divw = 0, [w,dx = [;wydx = 0. Then,
there are ©), € Wgérp((O, nr, Rf), with ||D2®1,||1, < cllwpllp, and ©4 €
Waad ((0, 1)"; R1Y), with | D2O, |y < cllwglly, such that div div (0 ,40,,) =
w.

We stress that (iii) does not assert divdiv ® , = w),.

Proof. (i): Let w : 2 Z" — R be the Fourier coefficients of w, so that

wE) = Y DRt (3.26)
A2 70
The assumptions on w imply W (0) = 0, w;; = W}; and Zj w;jA; = 0. We define,
in analogy to (3.25), @(0) = 0 and, for A € 277" \ {0},
~ 1 . R R R
OW)ijnk = W(wij)»hkk + Wprhidj — wiphjhg — ijkikh). (3.27)
We easily verify that @(A) € Rf and th Ahkkéijhk (L) = w;; () for all A. Since

the decay of the coefficients © is faster than the decay of the coefficients w, the
Fourier series

O = Y OMne*” (3.28)
re2xZt
defines a smooth periodic function © € Cg (T Rf) such that divdiv® = w.
(ii): Let T : Cl‘)’g’r(T; Rg';;r'l') — CS;(T; Rf), w > Tw := O, be the lin-
ear operator defined above. We consider the operator D>T : C.(T; R —

per
ngr(T; R”é), defined by w — D?*Tw := D?®,,. Its Fourier symbol is smooth on

$"=1 and homogeneous of degree zero. By [5, Proposition 2.13] (which is based
on [18, Ex. (iii), page 94] and [20, Cor. 3.16, p. 263]) the operator D?T can be
extended to a continuous operator from L? to L? for any p € (1, 00). By Poincaré,
and using the fact that Tw and DT w have average zero, the estimate in W27
follows.

(iii): We define ®, := Tw), 4 := Tw,. The estimates on the norm follow
as for (ii). By linearity of the operator 7', the differential condition holds as well.
We remark that the L? extension and the L7 extension of the operator defined on
smooth functions coincide on L” N L4. Therefore, we can use the symbol T for
the operator defined on L” U LY. O

sym

A crucial element in subsequent steps is the following truncation result, which
is a minor variant of those given in Section 6.6.2 of [3] and Prop. A.1 of [4] and is
based on Zhang’s Lemma [26].
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Lemma 3.14. Let u € Wgérp((O, D", V), M > 0, V a finite-dimensional vector
space. Then, there is v € Wgéfo (0, DH*; V) such that
@) 1D*v2.00 £ cM;

C
(i) [fv # u}] < —/
MP [\ |+ Dul+|D2u|>M

The constant depends only onn and V.

lul” + |Dul|? + |D*u|Pdx.

The above estimates immediately imply

ID*u — D} < c/ [ul? + |Dul? + |D*u|Pdx. (3.29)
|u|+|Du|+|Du|>M

Proof. After choosing a basis and working componentwise, we can assume V = R.
We define i := (u, Du, Dzu) and

Ey:={xe©,D":3re(0,n): ][ |h(y)|dy = 2M}. (3.30)
By (x)

Here and subsequently, f,, fdx = Q! Jo fdx. If Ej is a null set, then it
suffices to take v = u and the proof is concluded. Otherwise, using the Vitali or
the Besicovitch covering theorem it follows that the volume of Ej; obeys (ii). We
can further enlarge E ) by a null set and assume that all points of (0, 1)" \ E s are
Lebesgue points of /.

For x € (0, )" \ Ep and r € (0, /n), we define

n(x) = ]i( D) DPuColdy. (331)

From the definition of Ej; we obtain 0 < n, < 4M for all r and x and n, — 0
pointwise on (0, 1) \ Ejs. Therefore, there is a set Ep with |Ey| < |Ep| such
that 7, — 0 uniformly in (0, 1)" \ Ep; \ Ep. We define Sy := (0, 1)\ Epr \ Epy.

We have shown that thereis w : (0, co) — (0, 4M]nondecreasing with w,, — 0
such that

][ |D%u(y) — D*u(x)|dy < w, forall x € Sy, r € (0, /n). (3.32)
B(x,r)

Fix now x € Sy. By Poincaré’s inequality, for any » € (0, \/n) there is A, =
A, (x) € R" such that

][ |Du(y) — A, — Dzu(x)(y —x)|dy £ cro, forall ¥ € (0, \/n).
B(x,r)
(3.33)

With x being a Lebesgue point of Du, we have lim, .o A, = Du(x). Comparing the
above equation on the balls B(x, r) and B(x, r/2) we obtain |A, — A, 2| < croy,
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which (summing the geometric series Ak, — Ayi+1,) implies |A, — Du(x)| £ croy
and

][ |Du(y) — Du(x) — Dzu(x)(y —x)|dy £ crw, forall r € (0, /n).
B(x,r)
(3.34)

A second application of Poincaré’s inequality yields
][ lu(y) = br — Du(x)(y — x)
B(x,r)

—%Dzu(x)(y —x)(y = 0)|dy < crlw, forallr € (0,/n)  (3.35)

for some b, = b,(x) € R, and the same argument as above leads to
][ lu(y) — Pe(0)|dy < cr’o, forall r € (0, v/n), (3.36)
B(x,r)

where Py is the second-order Taylor polynomial of u centered at x.
For x, x’ € Sy and r = |x — x’|, we have

][ [Py — Py|dy < crlo, . (3.37)
B(x,r)NB(x',r)

Since the space of polynomials of degree two is finite dimensional, this is an estimate
on the difference of the coefficients and also a uniform estimate on the difference
of the two polynomials. The conclusion then follows from Whitney’s extension
theorem. We remark that the standard construction in Whitney’s extension theorem,
if given periodic inputs, produces periodic outputs, and that, if £, is not a null set,
this procedure actually produces a C? function. O

We are finally in a position to prove the other inequality in Theorem 3.6. Specif-
ically, we show the following:

Lemma 3.15. Let K C Rgly’fg be compact. Then, K» € K@D for any p, q with
l<p<g <o

Proof. Asusual, we define f), (o) := dist” (o, K) and, analogously, f; . For brevity,
we write T = (0, 1)*. Pick & € K" Since Qsdqe fp(§) = 0, by the definition (2.2)
there is a sequence of functions wi € Cpg (T3 Regiy) with div wg = 0, J7 widx =
g€ and [} fp(wi(x), K)dx — 0. We choose M > 0 such that K € By and
|&] £ M — 1 and define

M. L. M
Wi = W Xjugl<m And Wi = Wk — Wy = Wk Xy > (3.38)

where x|y, |<m(x) = 1 if Jwg|(x) < M and O otherwise. Then, ||u)£/[||L2q <
lwM ||z < M. Since |o| = M implies dist(o, K) = 1, we obtain

lwi'| = [Wel Xy 2 p S distwi, K) + (M = DX >0

(3.39)
< M dist(wy, K)
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and, therefore, [|w’ | .» — 0. Let © € szé?‘f (T;R™") and OF € W (T R” )
be correspondmg potentials obtamed from wk fT w,f” dx € L* and w —
fT wk dx € L? using Lemma 3.13(iii) with the exponents 2g and p. In partlcular,
this implies that wi = & + divdiv (OY + ©F), with

1O 20y S cM  and  ||©F[l2., — 0 as k — oc. (3.40)

Let ©F ¢ CX(T; Rf) be the truncation of ®f obtained from Lemma 3.14,
||®kT||2,oo < ¢M. The above estimates show that |I®,Z||2, » — 0 and, there-
fore, |®7 22y — 0. We define w} := & + divdiv(®) + ©F) € L%. Then,
wy — wf = divdiv(©f — ©]) - 0in L”.

We now proceed to prove that fT fq(wp)dx — Oask — oo.Forevery N > M,
we write

Fa@f) £ @NYITP £ ) Kpug<n + @IWED? Xpur 2 (3.41)

and treat the two terms separately. The second can be estimated as

1 M
lim sup / w}|?dx < limsup — |w Pady < & 3.42)
lw¥|>N N4 N4

k— o0 k—o00

It remains to estimate the first term. For fixed N, the function f), is uniformly
continuous on By, so there is §y > 0 such that |o| < N, |0 —n| < éy imply
fp(@) = fp(n) + 1/N4. Therefore, for all o, n € RYx", we have

sym *

1 —p|P
@) Xio1<n = fp(n) tye T (2N)p|8—n|- (3.43)
N

Setting 0 = wj(x), n = wg(x), integrating, and recalling that wy — w; — 0 in
L? yields

k— 00

lim sup/ fpw)dx <lim sup/ fp(wi)dx + —
[wi|<N

44
+ B8 i up g — w1 = — o
imsup |lwg — w .
N k—00 Kl = Nq
From (3.41) to (3.44), we conclude that
, 1 cM?
lim sup fq(wk)dx < —|— (3.45)
k— 00 N4

forall N > M and, therefore, [ f, (wg)dx — 0. Finally, by continuity and density
we can replace w; by a sequence of smooth functions with the same properties (us-
ing mollification preserves the differential constraint, periodicity and the average),
and therefore Qgqqc fy(§) =0. DO
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4. Explicit Relaxation for Yield Surfaces Depending on the First Two
Invariants

4.1. General Setting and Main Results

In this section, we focus on the case of rotationally symmetric sets of strains in
three dimensions. Lemma 3.10 implies that if K C ngxnf is rotationally invariant,
in the sense that QT KQ = K for any Q € SO(3), then also its symmetric div-
quasiconvex hull is rotationally invariant, in the sense that Q7 K%49°Q = K349 for
any Q € SO(3), and the same for K °. We consider here the situation where X is
described by only two invariants, one corresponding to the pressure (the isotropic
stress) and another to the deviatoric stress (a measure of the distance to diagonal
matrices). We leave the case of generic rotationally invariant elastic domains for
future work.

Foro € ngxnf , we define the two variables

lo — pld|

1
(0) :==-Troand g(o) := , 4.1)
p 3 q 7
and denote @ : R} — R x [0, 00) at the mapping ® := (p, ¢), so that
®(0) <1T '”_pk”) 4.2)
o)=|=Tro, ——— ). )
3 V2

We remark that 2¢% (') = |op|? where op := o — pId is the deviatoric part of 0.
For example, for any (px, g«) € R x [0, 00), the matrices

petgqge 0 0 P« qx 0
.5;50 = 0 Px — gx 0 and él =1 g« DPx 0 (43)
0 0 Dx 0 0 ps

obey ®(50) = P(51) = (P« qx)-
Here, we consider sets K that can be characterized by the values of these two
invariants, in the sense that
K ={o e RyD : (p(0).q(0)) € H} for some H SR x [0,00).  (4.4)
We seek a characterization of K99¢ in the (p, g) plane, that is, we aim at charac-
terizing the set

O (K™Y ={(pys, gx) : Jo € K€ with (p(0), ¢(0)) = (px, g}, (4.5)

and the same for K (. An explicit expression is given in Theorem 4.1 below.

In some cases, we shall additionally show that K9 is fully characterized by
the values of p and ¢, in the sense that ¢ € K49 if and only if (p(0), ¢(0)) € H
for some H € R x [0, 00), see Theorem 4.2 below. This is however not always
true; see Lemma 4.12 for an example of where this representation fails.

Our results are restricted to the case in which the relevant set H is connected.
Connectedness of hulls is, in general, a very subtle issue related to the locality of
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the various convexity conditions. In the case of quasiconvexity, it relates to the
compactness of sequences taking values in sets without rank-one connections, a
question known as Tartar’s conjecture [22]. We recall that nonlocality of quasicon-
vexity was proven, in dimension 3 and above, by Kristensen [9] based on Sverak’s
counterexample to the equivalence of rank-one convexity and quasiconvexity [24].
However, in dimension two the situation is different and positive results have been
obtained by Sverak [25] and Faraco and Székelyhidi [6].

We begin by explaining the construction qualitatively and then present a proof
of its correctness. In order to get started, we fix pg € R and consider the rank-two
line

po+t 0 0
t— & = 0 po—t 0 ]. (4.6)
0 0 Po

Clearly, p(&;) = po and q (&) = |t|. In particular, if (po, go) € H then both &,, and
&_4, belong to K and, with Lemma 3.11, we obtain §, € K for all t € [—qo, go].
Based on this argument, we define the set

H:={(p,q) e R x[0,00): (p,q +a) € H for some a = 0}. 4.7

The set ®(K*49°) mentioned in (4.5) will then be characterized in Theorem
4.1 as a set H™! that we now show how to construct explicitly. Specifically, H™
is obtained from H by first taking the convex hull and then eliminating all points
that can be separated from H'™ by means of a translation of Tartar’s function,
f(o) := 4¢*(0) — 3p*(o), which is symmetric div -quasiconvex; see Lemma 4.3
below. We say that a point y, = (px, g+) can be separated from H if there is Yo =
(po, g0) € Rx [0, co) such that the function fy,(p, ) := 4(q2 —qg) —3(p—po)>
obeys max fy,(H) < fy,(y+). Then, the set H rel jg

H™ := {y, € H®" : y, cannot be separated from H}. (4.8)

We refer to Fig. 2 for an illustration.
Our main result is the following:

Theorem 4.1. Let H € R x [0,00) be a compact set, K := {o € ngxn? :

(p(0), q(0)) € H). Ifthe set H™ defined in (4.7-4.8) is connected, then ® (K *49) =
CD(K(OO)) — Hrel.
Proof. The result follows from Lemmas 4.4 and 4.10 below, using the inclusion

K (©) C Ksdd¢ that was proven in Lemma 3.8. O

With an additional condition on the tangent to the boundary of H™!, we obtain
a full characterization of the hull. The necessity of the condition on the tangent is
proven in Lemma 4.12 below.

Theorem 4.2. Under the assumptions of Theorem 4.1, if additionally the tangent
to 9H™ belongs to {e € S' : |es] < */T§|ell}f0r any y, € 9H™ \ H, then
K34e = K() = {0 : ®(0) € H™).

Proof. The result follows from Lemma 4.4 and 4.11 below, using the inclusion
K (%) C K99 that is proven in Lemma 3.8. O



Symmetric Div-Quasiconvexity 863

Hrel

p

Fig. 2. Sketch of the construction of H rel in the case that H consists of two points. The set
H consists of two segments, which join the points in H with their projections on the {g = 0}
axis. The set H™! consists of the part of the rectangle between these two lines that cannot
be separated by the function fy, for any yg. Graphically, this corresponds to delimiting the
set by the graph of fy,. In this case, it suffices to consider a single function of the family
(dotted)

4.2. Outer Bound

The next two Lemmas contain the proof of the outer bound, i. e., the inclusion
(I)(stqC) C Hrel.
Lemma 4.3. Let g : Rfyxn? — R be defined by g(&) = fy,(p(§), q(&)), where
Frop. @) == 4(q* — q3) — 3(p — po)? and yo = (po. qo) € R x [0, 00). Then, g
is symmetric div -quasiconvex.

Proof. By Lemma 2.7, we know that for the function fy : R3X3 — R,

i
fr(&) = 20> — (Tr§)? 4.9)
is symmetric div -quasiconvex. From
E7 =& — pE I + [pE) 1 > = 29()* + 3p()*, (4.10)
we obtain
fr€) =49 =3p©)*. (4.11)

Therefore, g(§) = fr(§ — pold) — 4qg is symmetric div -quasiconvex. O
Lemma 4.4. Under the assumptions of Theorem 4.1, ®(K*44¢) € H™!,

Proof. We pick a o € K399 and define y := (p(0), ¢(c0')). We need to show that
y e H™,

Ify ¢ H™ _then there is an affine function a : R? — R of the form ( P, q) —
a(p,q) =bp +cq +d suchthata(y) > Oanda < 0 on H.

We first show that we can assume ¢ = 0. Indeed, if this were not the case, we
could consider the new affine function a’(p, ¢) := bp + d, which obeys a’(y) =
a(y) > 0. Let now (p', ¢') € H. By the definition of H we have (p/, 0) € H. By
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the definition of a’ and the properties of a we obtain a’(p’, ¢') = a(p’,0) < 0.
Therefore, we can assume ¢ = 0, or, equivalently, that a is nondecreasing in its
second argument.

The function g : ngxnf — R, g(&) := a(p(§), q(&)) is the composition of
convex functions, with p linear, and @ nondecreasing in the second argument.
Therefore, g is convex, as can be easily verified:

g& + (1 =)&) =a(p(hé + (1 = &), g(h& + (1 — 1))
SapED+ A =0p&), rqED + (0 — Mg (&)
=2xg&) + 1 —-21)g&).

In particular, g < 0 on K, g(o) > 0 and g is convex. Hence, o does not belong to
the convex hull of K and neither does it belong to the symmetric div -quasiconvex
hull.

Assume now that y € H®" \ H™! Then, it is separated from H in the sense
of (4.8). Let yo = (po, go) be as in the definition of separation. By Lemma 4.3 the
function & > fy,(p(§). q(§)) = 4(q(§) — q0)* — 3(p(€) — po)? is symmetric
div -quasiconvex and this implies o ¢ K sddc Therefore, d(K quc) C H™, 0

4.3. Inner Bound

We now prove the inner bound. Specifically, we first show that for any y, € H™
there is a matrix o € K with ®(0) = y, (Lemma 4.10) and then that, if an
additional condition on the slope of the boundary of H™! is fulfilled, any matrix &
with ® (') = y, belongs to K * (Lemma 4.11).

Our key result is a characterization of a family of rank-two curves in the (p, q)
plane. We say that r +— y(¢) is a rank-two curve if it is a reparametrization of
s > ®(A + s(B — A)) for some A, B € RIS with rank(A — B) < 2. The
curves we construct are at the same time level sets of symmetric div—quasiconvex
functions, either of the type used to separate points in the definition of H™ o
(piecewise) afﬁne This allows us (see proof of Lemma 4.10) to show below that
any pointin H ™ that cannot be separated from H can be constructed. This strategy
is illustrated in Fig. 3.

Lemma 4.5. Let K, H and H be as above. Then, any oy € ]Rsyxn? with (p(os), q(04))
€ H belongs to K.

Proof. Let o, € R3%3 be such that P« = p(04), g« := q(04) obey (px, g« +a) €

sym
H for some a > 0. We consider the rank-two line
t 0 O
t—>& =0+ |0 —t 0]. (4.12)
0O 0 O

This obeys &y = o, and p(&;) = p, for all 7. The map t +— g (&) is continuous,
equals g, at + = 0 and diverges for ¢+ +— =+o00. Hence, there are 7_ < 0 < t4
such that g(§,,.) = g« + a. In particular, &, € K and, therefore, (Lemma 3.11)
ox =& € K o
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H

p

Fig. 3. Strategy for the proof of the inner bound. From every point y, we construct a one-
parameter family of rank-two lines that start in all possible directions (left panel) and which
are at the same time level sets of symmetric div-quasiconvex functions. Then, we distinguish
two cases: if there is a direction such that the rank-two line intersects the set H on both sides
of y, then y belongs to the hull. If there is a direction such that the rank-two line does not
intersect H on any side of y, then we can separate y from H. By continuity of the family of
curves and compactness of H, one of the two must occur

Lemma 4.6. Let y = (p4, q«) € R x (0, 00). Then, there is a continuous function

: S xR — R x [0, 00) such that for any e € S' the map t +— T y(e, t) is
a rank two curve parametrized by arc-length, with I'y(e, 0) = y, o'y, (e 0)=e,
andI'y(e, t) = I'y(—e, —t). The curves I'y (e, -) are elther of the form (4.14) or of
the form (4.19).

Proof. For reasons that will become clear subsequently, we treat separately the
two sets

3 3
st= eeslz|e2|z‘/7_|e1|} and S := <e6S1:|ez|§§|ell

(4.13)

We observe that both are closed, that their union is S! and their intersection consists
; 2 443
of the four points (+ = iﬁ)'

We start from Sl+. For pg, a € R, we consider the rank-two line

po+ (1 +a) 0 0
t— & = 0 po+ (1 —a)y O (4.14)
0 0 Po

(see Fig. 4, left panel). We compute

2 2 1 2\ 2
pE)=po+ 3t and g°(&) = (5 +a >t . (4.15)

Solving for ¢ the first equation and inserting into the second, we obtain that the
graph of 7 = (p(&:), q(&;)) is the set

2= 43‘1“ +3a®)(p — po)?, (4.16)
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which we can be rewritten (recalling that g > 0) as

V3

Therefore, any line of the form {g = «a|p — po|} with |a| = V3 /2 is a rank-two
line of the type given in (4.14). In turn, this means that we can define

Ty(e, 1) :=TI(y +et) foreeS., (4.18)

where I1(p, q) := (p, |q|) denotes reflection onto the upper half-plane.
We now turn to S1. Let (po, go) € R x [0, 00) and consider the rank-two line

po+qo+t 0 0
ts & = 0 po—qo+1 0 |. (4.19)
0 0 Do

As above, a simple computation shows that

2 2 2 1 2
pE)=pot 3t and g°(E)=qo+ 31" (4.20)

‘We now consider the equation (p(&y,), ¢(&,)) = (p«, g«). Forevery t, € [—\/gq*,
«/gq*] there is a unique solution (pg, go) € R x [0, c0), namely,

2 1
Po = Ps — §t* and qo =./q2 — §t2. (4.21)

d (p@) (23 >_L(2Q*)
de (6](&)) — (t*/3q* “3m\n ) (4.22)

Since we can choose 7, freely in [—+/3¢x, v/3¢+ ], we conclude that forevery e € SL
there is a unique triplet (po, qo, tx) such that the curve t — (p(&), q(&)) passes
through y = (ps, g«) att = t, with the tangent parallel to e. Indeed, this solution
can be explicitly written as

e 1 2
e =2q5—, G0 =+/q2 — =12, po= px— ~lx. (4.23)
el 3 3

It is clear that this solution and, hence, &;, depends continuously on e. We finally
define I'y(e, 1) fore € § 1 as the arc-length reparametrization of ¢ > &4 O
t — &, _; depending on the sign of e; (see Fig.4, right panel).

It remains to check that this definition agrees with the previous one for the four
points in S' N S}r. For these points, the formulas above give go = 0 and a = 0, so
that the two definitions of &; also coincide (with the same pg). This concludes the
proof. O

We compute
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Lemma 4.7. Let y, = (p«, q+) with g, > 0, and assume that there are e € s!
andt_ < 0 <ty such that T’y (e, t+) € H, where I'y_ is the map constructed in

Lemma 4.6. Then, y, € ®(K©). If. additionally, |e;| < ‘/7561 then any matrix

oy € ]ngxnf with ® (o) = s belongs to K ().

Proof. In order to prove the first assertion we observe that, by Lemma 4.6, there
is a rank-two line ¢ +— & such that ®(§)) = y, and I'y, (e, R) is the graph of
t = ®(&). In particular, there is s < 0 such that (p, ¢)(§;_) =y, (e, ) € H,
which by Lemma 4.5 implies that £&_ € K. Analogously for s;. By Lemma
3.11, we obtain &y € K and, therefore, y, = ® (&) € ®(K ).

We now turn to the second assertion. By Lemma 4.8 below, there is a rank-two
line t +— &, with the same properties and, additionally, with &y = o,. The same
argument then implies o, € K. O

Lemma 4.8. Let 0, € ngxrr?. Let e € S be such that |ey| < \/T§|€1 |. Then, there is
a rank-two line t +— &; through &y = o, such that the curve t — (p(&;), q(&)) is
an hyperbola of the type (4.20) which is parallel to e at t = 0.

Proof. Any rank-two line through o, has the form ¢t — & := o, + B, for some
B e R?;n? with det B = 0. Let a, b be the eigenvalues of B, and let e, f be a pair
of orthonormal vectors such that B = ae @ e + bf ® f. We let p, 1= p(04),
g« ‘= q(0y) and compute

pE) = pot 200 (4.24)
and
2q% (&) =l&1* - 3p&)*
2g2 4 2@ 4P St D) (4.25)

+ 2t(ae - oye + bf - 04 f) — 2tpi(a + D).

From (4.24), we obtain t = 3(p(§) — ps)/(a + b). Inserting in the previous
expression leads to

b)> — 3ab
22(&) =24 +6(p(&) — p? T30
(@+Db) (4.26)

6p@0—p

+6—— “(ae - awe +bf - 0uf) — 6pu(p(E) — pi)

(the case a + b = 0 is not relevant, since in this case ¢ — p(&;) is constant). The

expression
(a+b)?*—3ab 1  3(a—b)? @27
@+b? 4 4+b)? '

can take any value in [1/4, co) and the value 1/4 is taken if and only if @ = b.
Therefore, the coefficient of the quadratic term (p(§;) — p*)2 can be the required
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value of 3/2 [see (4.20)] if and only if @ = b. We can scaletoa = b = 1 and
obtain
2 2,3 2
2q~ (&) =2q; + E(P(St) — D)
+3(p&) — p)e-oxe+ f-ouf) —6p(p&) — py).

We are left with the task of choosing e and f. Let g := e A f, so that (e, f, g) is
an orthonormal basis of R3. Then,

(4.28)

e-oxet fronf+ g 0x8 =Tro.=3p,, (4.29)
so that, after some rearrangement, the linear term takes the form
3(p(&) — p)(Psx — & - 048). (4.30)
We conclude that the graph of t — (p(&;), q(&;)) is the graph of the curve defined
by
2 2 3 2
2q° =2q; + E(p = Px)” +3(p — p)(Px — & - 0x8) (4.31)
and its derivative at p, is given by

dq 3

dp P=Px 46]*

(ps — & - 0x8). (4.32)

Itremains to show that we can choose B such that this quantity equals e; /e1, whichis
anumber in [—+/3/4, +/3/4]. To this end, we first show that the ordered eigenvalues
A1 < Ao < Az of the matrix op = 0y — pyId obey A1 < —gs/v/3, A3 = q+//3.
Indeed, assume the former was not the case. If A, < 0, then A3 < 24/ V3 and
AT +23+23 < (1/3+1/3+4/3)¢? = 2¢2, which is a contradiction. If, instead,
A2 =0, then Ao, A3 < ¢ /+/3, with the same conclusion. The argument for A3 is
similar.

Therefore, the set {g - opg : g € S} contains the interval [—gs/~/3, gx/~/31,
and we can choose g (and hence e, f) such that p, — g - 0,8 = —g -opg =

dg.er/(3er) € [—q+//3,qx/¥/3]. O

Lemma 4.9. Let pyin := min{p : 3q, (p, q) € H}, pmax := max{p : 3q, (p,q) €
H} and

A= [pmin’ pmax], (4.33)
B:={p:plde K™, (4.34)
C:={p:(p,0)e H}. (4.35)

Assume H'™ is connected. Then, A = B = C.

We remark that the definition of A immediately implies o C A x [0, 00).
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Proof. By convexity, we easily obtain B € A and C C A. By the construction
of H we have pmin € C, pmax € C. From the construction of H™! we see that
(p.q) € H™ implies that the segment joining (p, ¢) with (p, 0) also belongs to
H™ . This proves that H™! is connected if and only if C is connected and that C
is the orthogonal projection of H™! onto the ¢ = 0 axis. In particular, we have
A=C.

It remains to show that A € B. By Lemma 4.5, we have that pyi, € B and
Pmax € B. We define

2
Dy = {[p P+ ﬁq] L(pog) € H} (4.36)
and
2
p_:=]J {[p - A p} L (p.q) € H} : (4.37)

We first show that D, ND_ € B.Indeed,let p, € DL ND_andletoy := p, 1d.
By assumption, there are (p—, ¢g—), (p+, q+) € Hsuchthat p_ < p, < pi,qg- 2

y(px—p-)q+ = v(p+— px), where y 1= “/7§ In particular, (p—, y (px— p-)) €
H and (p+, y(p+ — p«)) € H. We consider the rank-two line

pxt+t 0 0
t— & = 0 p«+t 0 (4.38)
0 0 Px

and observe that there are — < 0 < ¢4 such that p(&.) = p+, q(§) = v|px —
D«|. Lemma 4.5 implies &, € K (%) and, with Lemma 3.11, one then deduces
o, =& €K (00)

We next show that A € D, U D_ Indeed, if p, ¢ Dy U D_ then g(o) <
ﬁlp(a) p+| forany o € K. Consider the function f(p, ) := 4g>—3(p— p«)>.
Then, f(p,q) <0 = f(p« 0) forall (p,q) € H, therefore (p«, 0) is separated
from H and does not belong to H™!. This implies that p, & C = A.

Up until now we have shown that

D,ND_CBCACD,UD_. (4.39)

Assume that there is p, € A\B. Without loss of generality, assume p, € Dy. Let
p:=min{p € B : p > p,}. Since pmax € B, the set is nonempty. Since B is
closed, px < p. The sets Dy and D_ are compact, cover the interval [p,, p] and
are dlS]OlIlt in [py, p). Therefore, [py, p] € D4.

Let p’ € (p«, p) € Dy. If there was ¢’ = 0 such that (p/,¢’) € H, then
we would have (p’,0) € H and p’ € B. Therefore, [py, p) x [0,00) N H = (.
For any p’ € (px, p), there is apoint y = (p_,q—) € H with p_ < py,q_ =
y(p’ — p«). Consider a sequence of such points, p;. — p. By compactness of H,
the corresponding points y; = ( pj_, qj_) converge (after extracting a subsequence)
to some yo = (po, qo) € H. Since P < Px for all j and H is closed, we have
PO < Dx-
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We finally consider the rank-two line

p+i 0 0
t—>&:=| 0 p+r 0 (4.40)
0 0 p

Let ¢y be such that p + %to = po. The condition p € B correspondsto &y = p1d €
K (°) the definition of yo shows that ®(&;)) € H and, with Lemma 4.5, we obtain
&, € K. Therefore, & € K forall 1 € [t, 0].

Let now #; € (tp, 0) be such that p + %tl = p4. After swapping coordinates,
we see that the two matrices )

p+t 0 0 p+t O 0
=& = 0 p+u 0, &p:= 0 p 0
0 0 p 0 0 p+n

belong to K (). Since rank (§4 — &) = 2, so do all matrices in the segment joining
them and, in particular,

p+t 0 0
éc = 0 p+ %tl 0
0 0  p+in
Again, swapping coordinates, the same is true for
p+ it 0 0
tp:=| 0  p+3n 0
0 0 p+t

Since rank (§p — &c) = 2 and p, Id = &p + &c, we obtain p, Id € K ). This
implies p, € B, a contradiction. Therefore, we conclude that A € B. O

Lemma 4.10. Under the assumptions of Theorem 4.1, Hrl C CID(K(OO)).

Proof. We fix y, = (p«,q+) € H rel [f g« = 0, then, in the notation of Lemma
4.9, we have p, € C = B and therefore p,Id € K If Vi € I:I then the result
follows from Lemma 4.5.

It remains to consider the case y, € H™ \ H and g« > 0. We consider the
set of dlrectlons such that the rank-two line constructed in Lemma 4.6 intersects
Hy:=HUA x {0}, where A is the set constructed in Lemma 4.9 and define

D(ys) :=fe € S' : T}, (e, [0, 00)) N Ha # B} (4.41)

(thisis illustrated in Fig. 3). By continuity of I'y, and compactness of H,, it follows
that D(y,) is a closed subset of st
We now distinguish two cases. If there is e € D(y,) N —D(y,), then there are
t_ <0 < tysuchthatI'y (e, 1) € I:IA and Lemma4.7 implies that y, € ®(K ().
If instead there is no such e, then D(y,) and —D(y,) are disjoint. Since they
are both closed, and S! is connected, they cannot cover S I In particular, there is
e € S'such that e, —e & D(y,).
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In the notation of Lemma 4.6, if ¢ € S}r then the curve I'y, (e, R) is the graph
of g = b|p — po| for some b = ﬁ/Z, po € Rsuch that g, = b|p. — pol|. Assume,
for definiteness, that pg > p.. The remaining case is identical up to a few signs.

This curve does not intersect H 4 and, by the form of bél A, this implies that
q < b|lp — po| for all (p,q) € Hy. In particular, po ¢ A. Since A is an interval
and p, € A, we have that A C (—o0, pg) and H®™ C (—o0, po) X [0, 00).
Hence, g < b(p — po) forall (p, q) € H and, by convexity, g < b(p — po) for all
(p,q) € H™ but this contradicts the assumption (py, g5) € H™.

The case ¢ € S! is similar. The curve I'y, (e, R) is of the type { fy, (-) = 0}, for
some yi. Then, fy, (y+) =0but f,, < Oon H, so that y, is separated from H°",
contradicting the assumption that y, € H™. 0

Lemma 4.11. Under the assumptions of Theorem 4.1, if additionally the tangent
to 9H™ belongs to {e € S! : |es| < */T§|e1|}f0r any y, € 9H™ \ H, then any o
with ® (o) € H™ belongs to K (.

In particular, the assumption implies that 9 H rel is differentiable (as a graph) at any
point not belonging to H, but does not require differentiability on H.

Proof. The argumentis similar to the proof of the previous Lemma. By construction
of H™!, there is amap v : A — [0, co) such that

H® ={(p,q): peA,0=q =y (p) (4.42)

We first show that any oy such that (py, gx) := ®(0y) € 9 H™e! belongs to K,
We distinguish several cases. If g, = 0, then p, € A and the claim follows from
the equality A = B in Lemma 4.9. If (p«, g«) € H, then the claim follows from
Lemma 4.5. It remains the case that (p,, g5) € H®™ \ H and cannot be separated
from H.

At this point, we repeat the argument in Lemma 4.10. In particular, since y, €
H'™! we know that there is e € S! such that e € D(y«) N —D(yx). This means
that there are = < 0 < ¢y such that I'y, (e, 1) € H and that Iy (e,t) e H rel for
all t € [f_, t4]. This implies that I'y, (e, -) is tangential to 8Hrel att = 0 and, in
particular, that e is tangential to 0 H rel We remark that e cannot be (0, £1), since
in that case we would have y, € H , a case we have already dealt with.

Therefore, |ex| < \/T§|€1|, so that by Lemma 4.8 we obtain that ®(&;,) € H,
which by Lemma 4.5 implies &;, € K °. Therefore, 0, = & € K.

This shows that for any p € A and matrix o with ® (o) = (p, ¥ (p)) belongs
to K (). The argument of Lemma 4.5 then concludes the proof. O

We finally show that H™ = & (K () does not imply K ) = &~ (H"™!). We
refer to Fig. 5 for an illustration.

Lemma 4.12. Let H := {(0, 0), (1, \/3/2)}, and define K as in (4.4). Then, H'! =
{(p,q):0<p=s1,05¢g < \/gp/Z}, the matrix o, = diag(1, 1/4, 1/4) obeys
(p(0%), q(02)) = (1/2,3/3/4) € H™, but o, ¢ K C K3dae,
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q
V3/2 H
Ox
V3/4
Hrel
H : :
1/2 1 p

Fig. 5. Sketch of the sets H and H™! in the proof of Lemma 4.12. The three points marked
correspond to oy and to the points of H

Proof. The formula for H™ follows immediately from the definition in (4.7—4.8);
the fact that o, € H'™ from the definition of p and ¢ in (4.1). Lemma 3.8 shows
that K (® C gsdac,

It remains to prove that o ¢ K. Since rank o, = 3, Lemma 3.12 implies
{0, 20,,}(*) = {0, 20,}. Therefore, it suffices to show that o, € K would imply
oy € {0, 20,1,

We first define & : ngxnf — R, h(§¢) := 2p(&) — &1 and observe that h(0) =
h(ox) = h(2ox) = 0. We fix any £ € K \ {0}. Then, necessarily p(§) = 1 and
q(§) = +/3/2. Recalling that 2¢*(£) = |§ —p(§) 1d |> and &33 = 3p(€) =11 — 2,
we compute that

3
3= 2¢°E) =15 —p@Ed)? =& —1d
ZEI -+ G-+ Q-5 -7 443

> 1 o&n) 3 )
ZEn—1 +2<2 2) —2(511 -,
and we conclude that &1 < 2, so that A(§) = 0. Furthermore, if 2(§) = 0 then
necessarily £;; = 2, so that equality holds throughout in (4.43). This, in turn,
implies that £ = 20,. We have therefore proven that & = 0 on K, with {h =
0} N K = {0, 204}.

We now assume oy, € K so that, for any g € C O(ngxnf ; [0, 00)) which
is symmetric div-quasiconvex, g(ox) < max g(K). In order to show that o, €
{0,20,}°, we fix a function f € CORET; [0, 00) which is symmetric div-
quasiconvex, and let & := max{ f(0), f(204)}. We need to show that f (o) < .

Fix ¢ > 0. By continuity there is § > 0 such that f < a + ¢ on Bs(20%). Let

M = max f(K) 2 a,m := minh(K \ {0} \ Bs(204)) > 0. We define

h
g() = f(E)—(M—a)%. (4.44)

Then, g(0) = f(0) Sa,g Sa+eon KNBs(204),8 < M — (M —a) = a onthe
rest of K, and g is continuous and symmetric div-quasiconvex. The function g, =
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max{g, 0} € COR3%3. 10, 00)) obeys max g (K) < a + . Since o € K we

sym *
have f(04) = g1 (0%) < a + . However, ¢ was arbitrary, hence we conclude that
f (o) < max £ ({0, 20,}). Therefore, o, € {0, 20,}%49, as claimed, and the proof

is concluded. 0O

4.4. Examples

We close by presenting two specific examples for which the symmetric div-
quasiconvex hull can be explicitly characterized.

Lemma 4.13. Let py,q; > 0, with0 < p; < 2q1/\/§, and let H := {(—p1, q1),
(p1>q1)}. Then,

3
H = {(p,q) P SpEp0Sg S o+ 7 —P%)} (4.43)

and ®(K%49°) = H™ If. additionally, py < q1/~/3, then

K3 = {5 : d(0) € H™)
3 2} (4.46)

3
= {a 1 p(0) €l=p1, pil.g* (@) = 20*(©@) S 4f — pi

We refer to Fig. 2 for an illustration.

Proof. We observe that H = {—p1, p1} %[0, g1]and H™ = [—p;, p11x[0, g1].
Let W := {(p.q) : —p1 < p < p1.¢* — 30> < qf —3p}. q = 0} be the setin

(4.45). We first show that H™! € W. We define qq := ,/qlz - % P12 and consider the

corresponding function f(o,¢0) (P, q) = 4(¢>*—q{)—3p* = 4(¢*—¢})—3(p*—p}).
Then, f0.49 < 0on H,and f(.4,) > 0on H®™ \ W. Recalling (4.8), we obtain
Hrel cW.

To obtain the remaining inclusion, it suffices to show that we cannot separate
any point of W from H. We fix a point (p, g) € W and consider a generic pair
Yo = (po, q0) € R x [0, co). The function fy, separates (p, g) from Hif

max{4(qi —q3) —3(p1 = p0)*} < 4(q” —4i) =3(p = po)®,  (447)
which, expanding all squares, is the same as
4g7 = 3pi +6lpipol < 49" —3p* + 6ppy. (4.43)

From (p,q) € W we obtain |p| < p;, which implies 6ppy < 6|p;pol, and
4g> —3p* < 4q12 — 3p12. Summing the two gives

4q% — 3p* + 6ppo < 4q7 — 3p} +6Ip1pol, (4.49)

which means that we cannot separate (p, g) from H. Therefore, W C H'™!,
From the definition and the condition p; < 2g1/+/3, we see that H™ is con-
nected, so that the first assertion directly follows from Theorem 4.1.
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To prove the second assertion we need only control the slope of the boundary.
The vertical sides of H™ belong to H. The slope of the hyperbola is maximal at
the two extreme points, i. e., at (&p, ¢1). Differentiating ¢> — % p? = ¢, we obtain
q'q = %p’p, which implies that |¢’|/|p’| = %pl/ql. If p1 < g1/+/3, this implies
that the slope is not larger than “/Tg. The conclusion then follows from Lemma 4.2.

O

Next, we consider a second example in which H consists of a half-circle of
radius r centered in C := (pc, 0) and a single point D := (pp, ¢p):

H:={(pp,ap)}VU{(p.q): (p— pc)* +¢*> <}, ¢ 20}, (4.50)

There are several different cases, depending on the existence of one or two hyper-
bolas in the family considered above which contain the point D and are tangent
to the circle. The boundaries between the different phases are vertical lines (cor-
responding to the construction of H from H ) and lines with slope 4+/3/2 (cor-
responding to the maximal slope of the hyperbolas, which is also the boundary
between Si and S!). The phase diagram is sketched in Fig. 6. The critical points

are X = (pc — %r, 0),Y = (pc+ %r, 0)and Z = (pc, %r). For definiteness,
we focus on two representative regions.

Lemma 4.14. Let H be as in (4.50) with D in region I, defined as

V3 V3
Pp < pc — 1, 7|PD—PX|<QD<7|PD—PY|. (4.51)

Then, there is a unique yo = (po,qo) € R x [0, 00) such that the hyperbola
{q2 — qg = %(p — po)z} contains D = (pp, qp) and is tangent to the circle with
radius r centered in C = (pc, 0) in a point T. Furthermore,

3
HreleU{(p,q):pD<P<PT"12<‘]§+Z(1’_IJO)2}‘

If; instead, D is in region 11, defined by

V3
qp —qz 2 7|PD — pcls (4.52)

then H™ = H™,

Proof. The second case is straightforward. The boundary of HE™ has slope at
least +/3/2, hence there is no possibility to separate any point of it using the given
hyperbolas. A sketch is shown in Fig. 8.

The first case, corresponding to region I in Fig.6, requires a more detailed
argument. We first have to show that there is a unique hyperbola of the type g2 —qg =
%( p — po)? which contains D and is tangent to the half-circle. We refer to Fig.7
for an illustration.
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X C Y p

Fig. 6. Difterent regions for the location of D with respect to the circle in the construction
of (4.50), see Lemma 4.14. The constructions in regions / and /1 are shown in Figs.7 and
8, respectively

eo((_25) ) R

~VBIVT)

D pC P

Fig. 7. Example with H consisting of a point and a half-circle, see Lemma 4.14, for D in
region / (see Fig. 6). The right panel shows some details of the construction, and in particular
the location of the two curves I'p ((2/ V7, £3 / V7), R) used in the proof

The condition that yp belongs to the hyperbola translates into

3
45 = 4ap — 3 (Pp = Po)*. (4.53)
The condition of being tangential means that the system
a* =ap — 3(pp — po)* + 3(p — po)?
s, o (4.54)
(p—pc)+q°=r

has a double solution. Note that these equations are both quadratic in p and linear in
g, hence the system is overall of second order in these two variables. Substituting
¢? into the second equation leads to the condition that

3 3
(p— pc) +4ah — (o = Po)* + il po)? =r? (4.55)
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has a double solution p7, which should satisfy pr € [pc —r, pc +r]. This solution
can be computed explicitly, but for proving the assertion existence suffices. To this
end, we consider the family of curves I'p(e, R) constructed in Lemma 4.6 for
lez] < ‘/7§el. The assumption (4.51) implies that Tp((2/v/7, —=v/3//7), [0, 00))
intersects B¢ (r), but T'p((2/+/7, ++/3/+/7), [0, 00)) does not (notice that both
these curves are piecewise affine). By continuity there is e, in the given interval
such that I'p(ex, R) is tangent to B¢ (r). We denote by 7T the intersection of the
two, and define (qq, po) so that I'p (e, R) is the set q2 — qg = %(p — po)2 (see
Fig. 7).

To conclude the proof, it suffices to show that no point of the given set can
be separated by another hyperbola. To this end, it suffices to show that no other
hyperbola of the given family can have two points in common with the given one.
This follows from the fact that any solution to the system

9* — a3 = 3(p — po)?
5 ) 3 ) (4.56)
9 —q7 = 3(p—p1)
obeys qé — q% = %(p]2 - pé —2pp1 — 2ppo), which is a linear equation in p and,
therefore, has at most one solution. If p is unique, since ¢ = 0, then obviously ¢ is
also unique. This concludes the proof. O
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