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Abstract

The present paper investigates the global stability of large solutions to the
compressible Navier–Stokes equations in the whole space. Our main results and
innovations can be stated as follows:

• Under the assumption that the density ρ(t, x) verifies ρ(0, x) ≥ c > 0 and
supt≥0 ‖ρ(t)‖Cα ≤ M with α arbitrarily small, we establish a new approach
for the convergence of the solutions to its associated equilibriumwith an explicit
decay rate which is the same as that for the heat equation. The main idea of the
proof relies on the basic energy identity, techniques from blow-up criterion and
a new estimate for the low frequency part of the solutions.

• We prove the global-in-time stability for the equations, i.e, any perturbed solu-
tions will remain close to the reference solutions if initially they are close to
one another. This implies that the set of the smooth and bounded solutions is
open.

• Inspired by Paicu and Zhang (J Funct Anal 262(8):3556–3584, 2012), we
construct global large solutions to the equations with a class of initial data
which are in L p type critical spaces and far away from equilibrium. Here,
“large solutions” means that the vertical component of the incompressible part
of the velocity could be arbitrarily large.

1. Introduction

In this paper, we are concerned with the global stability of large solutions to
3-D barotropic compressible Navier–Stokes equations:

⎧
⎪⎨

⎪⎩

∂tρ + div(ρu) = 0,
∂t (ρu) + div(ρu ⊗ u) − div

(
2μ(ρ)D(u) + λ(ρ)div u Id

) + ∇ P = 0,
lim|x |→∞ ρ = 1,

(C N S)
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where ρ = ρ(t, x) ∈ R
+ stands for the density, u = (u1, u2, u3)(t, x) =

(uhor , u3) ∈ R
3 is the velocity field and the pressure P is given by a C2 func-

tion P = P(ρ) with P ′ > 0. For simplicity, here we take P(ρ) = ργ with γ � 1.
The bulk and shear viscosities are given by λ = λ(ρ) and μ = μ(ρ), which satisfy
μ > 0 and λ + 2μ > 0. We assume that μ and λ are two constants. Finally, D(u)

stands for the deformation tensor; that is, (D(u))i j := 1
2 (∂i u j + ∂ j ui ).

1.1. Short Review of the System (CNS)

There is a lot of literature on the barotropic compressible Navier–Stokes equa-
tions. Here we only review some results which are related to our stability result.

1.1.1. Well-Posedness Results in Sobolev Spaces The local well-posedness for
the system (CNS)was proved byNash [31] for the smooth initial datawhich is away
from vacuum. For the global smooth solutions, it was first proved byMatsumura
and Nishida [29,30] if the initial data is close to equilibrium in H3 × H3. For
the small energy, Zhang [40], and Huang et al. [23] proved the global existence
and uniqueness of (CNS). For the general initial data, if μ = const, λ(ρ) = bρβ ,
the authors in [24,37] established the global existence and uniqueness of classical
solutions for large initial data in dimension two.

1.1.2. Well-PosednessResults inCritical Spaces To catch the scaling invariance
property of the system (CNS), Danchin first introduced in his series papers [10–
13] the “Critical Spaces” which were inspired by the results for the incompressible
Navier–Stokes. More precisely, he proved the local well-posedness of (CNS) in the

critical Besov spaces Ḃ
3
p
p,1 × Ḃ

3
p −1

p,1 with 2 ≤ p < 6, and global well-posedness of

(CNS) for the initial data close to a stable equilibrium in spaces (Ḃ
1
2
2,1∩ Ḃ

3
2
2,1)× Ḃ

1
2
2,1.

In [7], Chen, Miao and Zhang introduced a new method (time-weighted Besov
space) to establish the local well-posedness for (CNS) in critical spaces.We remark

that when p > 3, the Besov space Ḃ
3
p −1

p,1 contains the data which allows to have
high oscillation. A typical example is

u0(x) = φ(x) sin(ε−1x · ω)n,

where ω and n stand for any unit vector in R
3 and φ for any smooth compactly

supported function. It is easy to check that ‖u0‖
Ḃ

3
p −1

p,1

∼ ε
1− 3

p , but ‖u0‖
Ḣ

1
2

∼

ε− 1
2 can be arbitrarily large. The authors of [5,8] constructed global solutions of

(CNS) with such kind of the highly oscillating initial data. Later, Haspot [20]
gave an alternative proof to the similar result by using the viscous effective flux.
Very recently, the authors of [14] generalized the previous results to allow for the

incompressible part of the velocity to belong to Ḃ
3
p −1

p,1 , with p ∈ [2, 4]. In this
case, by taking the low mach number limit, the solutions for (CNS) will converge
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to the solutions for the incompressible Navier–Stokes equations constructed by
Cannone et al. [3,4].

For the ill-posedness results, the authors of [9] proved (CNS) is ill-posed in
the critical Besov spaces with p > 6. Finally, we mention some works on global
solutionswith large initial data to (CNS). Forμ(ρ) = ρ andλ(ρ) = 0,Haspot [21]
constructed solutions which velocity has large rotational part. With assuming that
the bulk viscosity is sufficiently large, Danchin and Mucha proved the existence
of a global solution with any initial velocity and almost constantly density in [15].
In [19], the authors constructed the large solutions based on the dispersion property
of acoustic waves.

1.1.3. Previous Results and the Main Motivation on Global Dynamics and
the Stability of (CNS) To the best of our knowledge, all results on the global
dynamics and the stability are restricted to the regime that the solutions are close to
the equilibrium. These results heavily rely on the analysis of the linearization of the
system and the standard perturbation framework.We refer readers to [17,25–30,33]
and reference therein for details. More precisely, if we assume that the initial data
(ρ0, u0) is a small perturbation of equilibrium (ρ∞, 0) in L p(R3) × H3(R3) with
p ∈ [1, 2], then by the previous results, we get that

‖(ρ − ρ∞, u)(t)‖L2 � C(1 + t)−
3
4 ( 2

p −1)
. (1.1)

This discloses that under the close-to-equilibrium setting, the rate of the conver-
gence of the solution is the same as that for the heat equations. In this sense, the
decay rate in (1.1) is the optimal decay rate for system (CNS). Recently, Danchin
and Xu [16] generalized this estimate in the critical L p framework based on the
existence result established in [14].

Our main motivation in the present work is to investigate the global dynamics
when the initial data is far away from the equilibrium in the whole space and then
apply it to prove the global-in-time stability. There are few results in this direction,
but in bounded domains, there are two results describing the longtime behavior of
the solution. The first one is due to Villani. By using the hypo-coercivity, in [38],
he proved that if the solution remains smooth and bounded in the torus, then it will
converge to its associated equilibrium with algebraic rate. The second result is due
to Fang, Zhang and Zi. In [18], they showed that the weak solutions constructed
by P.-L. Lions and improved by E. Feireisl decayed exponentially to equilibrium
in L2 space, if the density is bounded. The key idea of the proof is in using the
Poincare inequality, the energy identity and the Bogovskii operator B to get the
integrability of ρ.

Unfortunately, the methods used in [18,38] cannot be employed to get the
global-in-time stability in the whole space. We first note that to get the longtime
behavior of the solution, both methods rely more or less on the fact that domain
is bounded. For instance, the Poincare inequality and the L p bound of Bogovskii
operatorB are usedwhich do not hold in thewhole space. Secondly the propagation
of the regularity is not considered in both papers which is essential to prove the
global-in-time stability. This shows that we need some new idea to prove the desired
result.
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1.2. Main Idea and Strategy

The present work investigates the global-in-time stability of the large solutions
to (CNS). The main difficulties lie in two areas: the propagation of the regularity
and the mechanism for the convergence to the equilibrium.

Our strategy is carried out in three steps: getting uniform-in-time bounds for
the propagation of the regularity, deriving a dissipation inequality, and using time-
frequency splitting method to obtain a new approach for the convergence to the
equilibrium with quantitative estimates.

To obtain uniform-in-time bounds for the solution, we borrow some techniques
from the blow-up criterion of the system used in [23,24,35,36,39]. There the
authors proved that the upper bound of the density will control the propagation
of the regularity, but they did not get uniform-in-time bounds. Under the assump-
tion that the density is bounded uniformly in time in Cα with α arbitrarily small,
which is a little stronger than the assumption in [23,24,35,36,39], we succeed
in proving the uniform-in-time bounds for the propagation of the regularity. We
remark that here the key idea is making full use of the basic energy identity and the
coupling effect of the system.

When the uniform-in-time bounds for the regularity of the solution are
improved, the dissipation inequality can also be improved correspondingly. Thanks
to this observation, eventually we obtain that

d

dt
E(ρ, u) + D(ρ, u) ≤ 0,

where, roughly speaking, E(ρ, u) ∼ ‖ρ − 1‖2 + ‖u‖2 and D(ρ, u) ∼ ‖∇ρ‖2 +
‖∇u‖2. Now the time-frequency splittingmethod is evoked if we can get the control
for the low frequency part of (ρ−1, u). However it is difficult to derive the estimate
unless the solution is near the equilibrium. To overcome this obstruction, our key
idea is to resort to (ρ − 1, ρu) instead of (ρ − 1, u) to obtain the estimate for the
low frequency part thanks to the new observation of cancellation and the coupling
effect for (CNS). One may check Lemma 2.3 for details. As a result, we obtain
the optimal decay estimate. We comment that the method used here is comparable
to the one due to Schonbek [34] for the incompressible Navier–Stokes equations.
Moreover, the method is robust, considering that we only request that the density
is bounded from above uniformly in time.

Once the global dynamics of the equations is clear, we can prove the global-in-
time stability for the system (CNS). The strategy falls into three steps:

(1) By the local well-posedness for the system (CNS), we can show that the
perturbed solution will remain close to the reference solution for a long time
if initially they are close.

(2) The method for the convergence implies that the reference solution is close
to the equilibrium after a long time.

(3) Combining these two facts,we canfind a large time t0 such that at thismoment
the solution is close to the equilibrium. Then it is not difficult to prove the
global existence in the perturbation framework.
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To show that our result on the global-in-time stability has wide application,
we construct large solutions to the system (CNS) with the initial data in some L p

critical spaces. Our main idea is inspired by [32]. The main observation lies in two
aspects. The first one is that the equation for (Pu)3, the vertical component of the
incompressible part of the velocity u, is actually a linear equation. The second one is
that there is no quadratic term for (Pu)3 in the nonlinear terms. Motivated by these
two facts, we construct a global solution for compressible Navier–Stokes equations
with the initial data such that (Pu0)

3 could be arbitrarily large. Obviously such a
type of solution, initially, is far away from the equilibrium.

1.3. Function Spaces and Main Results

Before we state our results, let us introduce the notations and function spaces
which are used throughout the paper. We denote the multi-index α = (α1, α2, α3)

with |α| = α1 + α2 + α3. We use the notation a ∼ b whenever a ≤ C1b and
b ≤ C2a where C1 and C2 are universal constants. We denote C(λ1, λ2, · · · , λn)

by a constant depending on parameters λ1, λ2, · · · , λn . If u = (u1, u2, u3), then

we set uhor def= (u1, u2).
We recall that a homogeneous Littlewood–Paley decomposition (�̇ j ) j∈Z is

a dyadic decomposition in the Fourier space for R
3. One may, for instance, set

�̇ j := ϕ(2− j D)with ϕ(ξ) := χ(ξ/2)−χ(ξ), and χ a non-increasing nonnegative
smooth function supported in B(0, 4/3), and with value 1 on B(0, 3/4) (see [1,
Chap. 2] for more details). We then define, for 1 � p, r � ∞ and s ∈ R, the
semi-norms

‖z‖Ḃs
p,r

:= ∥
∥2 js‖�̇ j z‖L p(Rd )

∥
∥

Lr (Z)
.

As in [1], we adopt the following definition of homogeneous Besov spaces, which
turns out to be well adapted to the study of nonlinear PDEs:

Ḃs
p,r =

{
z ∈ S ′(Rd): ‖z‖Ḃs

p,r
< ∞ and

lim
j→−∞ ‖Ṡ j z‖L∞ = 0

}
with Ṡ j := χ(2− j D).

As we shall work with time-dependent functions valued in Besov spaces, we intro-
duce the norm

‖u‖Lq
T (Ḃs

p,r )
:= ∥

∥‖u(t, ·)‖Ḃs
p,r

∥
∥

Lq (0,T )
.

As pointed out in [6], when using parabolic estimates in Besov spaces, it is some-
how natural to take the time-Lebesgue norm before performing the summation for
computing the Besov norm. Thismotivates us to introduce the following quantities:

‖u‖L̃q
T (Ḃs

p,r )
:= ∥

∥(2 js‖�̇ j u‖Lq
T (L p))

∥
∥

Lr (Z)
.

The index T will be omitted if T = +∞ and we shall denote by C̃b(Ḃs
p,r ) the subset

of functions of L̃∞(Ḃs
p,r ) which are also continuous from R+ to Ḃs

p,r .
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Let us emphasize that, owing to Minkowski inequality, we have, if r ≤ q,

‖z‖Lq
T (Ḃs

p,r )
� ‖z‖L̃q

T (Ḃs
p,r )

with equality if and only if q = r. Of course, the opposite inequality occurs if
r � q.

An important example where those nonclassical norms are suitable is the heat
equation

∂t z − μ�z = f, z|t=0 = z0, (1.2)

for which the following family of inequalities holds true:

‖z‖
L̃m

T (Ḃs+2/m
p,r )

� C
(‖z0‖Ḃs

p,r
+ ‖ f ‖L̃1

T (Ḃs
p,r )

)
(1.3)

for any T > 0, 1 � m, p, r � ∞ and s ∈ R.

Now we are in a position to state our main results on the system (CNS). Our
first result is concerned with the global dynamics of the equation.

Theorem 1.1. Let μ > 1
2λ, and (ρ, u) be a global and smooth solution of (CNS)

with initial data (ρ0, u0) where ρ0 � c > 0. Suppose that the following admissible
condition holds:

ut |t=0 = −u0 · ∇u0 + 1

ρ0
Lu0 − 1

ρ0
∇ρ

γ
0 , (1.4)

where operator L is defined by Lu = −div (μ∇u) − ∇((λ + μ)div u). Assume

that a
def= ρ − 1, and supt≥0 ‖ρ(t)‖Cα � M for some 0 < α < 1. Then, if

a0, u0 ∈ L p0(R3) ∩ H2(R3) with p0 ∈ [1, 2], we have

(1) (Lower bound of the density) There exists a positive constant ρ = ρ(c, M)

such that for all t ≥ 0, ρ(t) ≥ ρ.
(2) (Uniform-in-time bounds for the regularity of the solution)

‖a‖2L∞
t H2 + ‖u‖2L∞

t H2 +
∫ ∞

0
(‖∇a‖2H1

+‖∇u‖2H2)dτ ≤ C(ρ, M, ‖a0‖H2 , ‖u0‖H2). (1.5)

(3) (Decay estimate for the solution)

‖u(t)‖H1 + ‖a(t)‖H1 � C(ρ, M, ‖a0‖L p0∩H1 , ‖u0‖L p0∩H2)(1 + t)−β(p0),

(1.6)

where β(p0) = 3
4 (

2
p0

− 1).
(4) (Decay estimates in Critical spaces and the control of ‖∇u‖L1(0,∞;L∞))

For p0 < 2,

‖u(t)‖
Ḃ

1
2
2,1

+ ‖a(t)‖
Ḃ

1
2
2,1

� C(ρ, M, ‖a0‖L p0∩H2 , ‖u0‖L p0∩H2)(1 + t)−β(p0),

(1.7)
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‖a(t)‖
Ḃ

3
2
2,1

� C(ρ, M, ‖a0‖L p0∩H2 , ‖u0‖L p0∩H2)(1 + t)−
1
2β(p0), (1.8)

∫ ∞

0
‖∇u‖L∞dt ≤ C(β(p0), ρ, M, ‖a0‖L p0∩H2 , ‖u0‖L p0∩H2). (1.9)

Several remarks are in order.

Remark 1.1. We fail to quantify the dependence of ρ on c and M . The reason
results from the fact that limt→∞ ‖ργ (t) − 1‖L6 = 0 is used in the proof, which
shows that the lower bound of ρ depends on evolution of the solution. Once the
constants ρ and M are fixed, our theorem shows that the global dynamics of the
solution of (CNS) depends only on the initial data.

Remark 1.2. Our decay estimate (1.6) is optimal compared to the heat equation.
The control of ‖∇u‖L1((0,∞);L∞) yields the uniform-in-time propagation of the
higher regularity(see Corollary 1.1).

Remark 1.3. The condition μ > 1
2λ is to used to get the positivity of the left hand

side of (2.3) (see Lemma 2.2 below). Of course, we can relax this condition, for
instance if we follow the argument in [36,39]. However we do not want to pursue
that because our starting point is to describe the global dynamics of the equations
when the initial data is far away from the equilibrium.

Remark 1.4. We mention that the Cα assumption for ρ can be relaxed by

sup
t≥0

‖ρ(t)‖L∞ < ∞ and lim
N→∞ sup

t≥0

∑

j�N

‖�̇ j (ρ
γ − 1)‖L∞ = 0. (1.10)

To see this, the reader may check Remark 2.3 for details. Since the second assump-
tion of (1.10) is not so easy to verify, we prefer to use the Cα assumption instead
of (1.10).

As a direct consequence of Theorem 1.1, we prove the uniform-in-time propa-
gation of the regularity under the assumption that the Lipschitz norm of the velocity
is integrable in time. That is, we have

Corollary 1.1. Suppose that the initial data (ρ0, u0) satisfies that 0 < c <

ρ0 < M < ∞ and ρ0 − 1, u0 ∈ Hm with m ∈ N and m � 3 . If the
solution (ρ, u) of (CNS) verifies that ‖∇u‖L1(0,∞;L∞) < ∞, then we have
inf t≥0 ρ(t) ≥ C(c, ‖∇u‖L1(0,∞;L∞)) and

sup
t≥0

(‖ρ − 1‖Hm + ‖u‖Hm
) ≤ C(c, M, ‖ρ0 − 1‖Hm , ‖u0‖Hm , ‖∇u‖L1(0,∞;L∞)).

Next we want to state our global-in-time stability result for the system (CNS).
To prove the result in the largest function space, we solve the problem in critical
spaces. From now on, we agree that for z ∈ S ′(Rd),

zL :=
∑

2 j �R0

�̇ j z and zH :=
∑

2 j >R0

�̇ j z (1.11)
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for some large enough nonnegative integer R0 depending only on p, d. The corre-
sponding “truncated” semi-norms are defined as follows:

‖z‖L
Ḃσ

p,r
:= ‖zL‖Ḃσ

p,r
and ‖z‖H

Ḃσ
p,r

:= ‖zH ‖Ḃσ
p,r

.

To simplify the notation, we introduce the notation

‖u‖Ḃs,t
r,p

def= ‖u‖L
Ḃs

r,1
+ ‖u‖H

Ḃt
p,1

.

Our second result can be stated as follows:

Theorem 1.2. Let (ρ̄, ū) be a global and smooth solution for the (CNS) with the
initial data (ρ̄0, ū0) verifying that

‖ 1
ρ̄

, ρ̄,∇ρ̄‖
L̃∞

t (Ḃ
1
2 , 3p
2,p )

+ ‖ū, ūt‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖ū‖
L̃∞

t (Ḃ
5
2 , 3p +1

2,p )

� C, (1.12)

where 2 � p � 4. Assume that (ρ̄0−1, ū0) ∈ L p0(R3)∩ H2(R3) with p0 ∈ [1, 2).
There exists a ε0 = ε0(C) depending only on C such that for any 0 < ε � ε0, if

‖(ρ0 − ρ̄0)(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖P(u0 − ū0)(t)‖
Ḃ

3
p −1

p,1

+ ‖Q(u0 − ū0)(t)‖
Ḃ

1
2 , 3p −1

2,p

� ε,

(1.13)

then (CNS) admits a unique and global solution (ρ, u) with the initial data (ρ0, u0).
Moreover, for any t > 0,

‖(ρ − ρ̄)(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖P(u − ū)(t)‖
Ḃ

3
p −1

p,1

+ ‖Q(u − ū)(t)‖
Ḃ

1
2 , 3p −1

2,p

� min{(1 + δ| ln ε|)−β(p0)/2, (1 + t)−β(p0)/2 + ε},
where δ is a constant independent of ε, β(p0) is defined in Theorem 1.1, P =
I + ∇(−�)−1div and Q = −∇(−�)−1div .

Remark 1.5. Solutions constructed in [5,8,10,14,20] verify that‖∇u‖L1((0,∞);L∞)

< ∞. Then by Corollary 1.1, (1.12) is satisfied if initially solutions are in H3.

Finally wewant to construct some solutions to the system (CNS)which initially
are far away from the equilibrium. Motivated by [22,32], we consider the case that
the incompressible part of the initial velocity Pu0 has arbitrarily large vertical
component while the other parts of the velocity are sufficiently small. The reason
we can deal with this case is that the equation of (Pu)3 becomes linear due to the
divergence free condition. So we will deal with the initial data (a0, u0) verifying
that

a0 ∈ Ḃ
1
2 , 3p
2,p , Qu0 ∈ Ḃ

1
2 , 3p −1

2,p , Pu0 ∈ Ḃ
3
p −1

p,1 . (1.14)
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Theorem 1.3. Let 2 � p � 4. If (a0, u0) satisfies that

(

‖(a0,Qu0)‖L

Ḃ
1
2
2,1

+ ‖Qu0‖H

Ḃ
3
p −1

p,1

+ ‖a0‖H

Ḃ
3
p

p,1

+‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

)

exp
(
C(1 + ‖(Pu0)

3‖
Ḃ

3
p −1

p,1

)
)

� ε, (1.15)

where C is a universal constant, then the system (CNS) with initial data (a0, u0)

admits a unique and global solution (a, u) satisfying that for all t > 0,

‖a(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖Qu(t)‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor (t)‖
Ḃ

3
p −1

p,1

+
∫ ∞

0

(

‖a‖
Ḃ

5
2 , 3p
2,p

+ ‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p +1

p,1

)

dt

� C

(

1 + ‖(Pu0)
3‖

Ḃ
3
p −1

p,1

)

ε,

(1.16)

and

‖(Pu)3(t)‖
Ḃ

3
p −1

p,1

+
∫ ∞

0
‖(Pu)3‖

Ḃ
3
p +1

p,1

dt � 2‖(Pu0)
3‖

Ḃ
3
p −1

p,1

+ ε. (1.17)

Remark 1.6. Estimates (1.16) and (1.17) show that the Lipschitz norm of the

velocity u is integrable in time. By Corollary 1.1, if additional ∇a0 ∈ Ḃ
1
2 , 3p
2,p and

ut |t=0 ∈ Ḃ
1
2 , 3p −1

2,p then the solution satisfies supt≥0 ‖ρ‖Cα � M and the condition
(1.12).

1.4. Organization of the Paper

We first give a rigorous proof to Theorem 1.1, the global dynamics of (CNS) in
Section 2. Then we will prove the global-in-time stability for (CNS), in Section 3.
In the next section, Section 4, wewill construct global large solutions with a class of
initial data in L p critical spaces. Last, we list some basic knowledge on Littlewood-
Paley decomposition in the “Appendix”.

2. Global Dynamics of the Compressible Navier–Stokes Equations

In this section, we give prove Theorem 1.1. To do this, we separate the proof
into two steps: getting uniform-in-time bounds and the dissipation inequality first
and then applying the time-frequency splitting method to obtain the convergence
to the equilibrium with quantitative estimates. We emphasize that throughout this
section ρ denotes the upper bound of the density ρ.
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2.1. Uniform-in-Time Bounds and the Dissipation Inequality

In what follows, we set a
def= ρ − 1 and a

def= ργ − 1. Observe that a =
( ∫ 1

0 γ (θρ + (1 − θ))γ−1dθ
)
a. Thus if ρ ≤ ρ,

|a| ∼ |a|. (2.1)

We begin with two lemmas. We first recall the basic energy identity for (CNS).

Lemma 2.1. Let (ρ, u) be a global and smooth solution of (CNS). Then the fol-
lowing equality holds:

d

dt

( ∫

H(ρ|1) dx + 1

2

∫

ρu2 dx
)

+ μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 = 0,

(2.2)

where

H(ρ|1) =
⎧
⎨

⎩

1

γ − 1
(ργ − 1 − γ (ρ − 1)), when γ > 1,

ρ ln ρ − ρ + 1, when γ = 1.

Remark 2.1. By Taylor expansion, it is not difficult to check that H(ρ|1) �
C(ρ)(ρ − 1)2 if ρ � ρ.

Lemma 2.2. Let μ > 1
2λ, and (ρ, u) be a global solution of (CNS) with 0 � ρ �

ρ̄. Then the following inequality holds:

d

dt

∫

ρu4 dx +
∫

|u|2|∇u|2 dx � C‖∇u‖2L2(‖a‖2L6 + ‖∇u‖2L2), (2.3)

where C is a positive constant depending on μ and λ.

Proof. Multiplying 4|u|2u to the second equation of (CNS), and then integrating
on R

3, we obtain that

d

dt

∫

ρu4 dx +
∫ [

4|u|2
(
μ|∇u|2

+ (λ + μ)(div u)2 + 2μ
∣
∣∇|u|∣∣2

)
+ 4(λ + μ)(∇|u|2) · udiv u

]
dx

= 4
∫

div (|u|2u)a dx � C
∫

a|u|2|∇u| dx � C‖a‖L6‖u2‖L3‖∇u‖L2

� C‖a‖2L6‖∇u‖2L2 + ‖∇u‖4L2 .

Using the inequality
∣
∣∇|u|∣∣ � |∇u|, we have

4|u|2
(
μ|∇u|2 + (λ + μ)(div u)2 + 2μ

∣
∣∇|u|∣∣2

)
+ 4(λ + μ)(∇|u|2) · udiv u

� 4|u|2
[
μ|∇u|2 + (λ + μ)(div u)2 + 2μ

∣
∣∇|u|∣∣2 − 2(λ + μ)

∣
∣∇|u|∣∣|div u|

]

= 4|u|2
[
μ|∇u|2 + (λ + μ)

(
div u − ∣

∣∇|u|∣∣
)2] + 4|u|2(μ − λ)

∣
∣∇|u|∣∣2

� C |u|2|∇u|2,



Stability of (CNS) 1177

where in the last step we use μ > 1
2λ. Combining these two estimates, we arrive

at (2.3). �

2.1.1. The First Attempt for Uniform Bounds and the Dissipation Inequality
First, we prove

Proposition 2.1. Let μ > 1
2λ and (ρ, u) be a global smooth solution of (CNS)

with 0 � ρ � ρ̄. Then u ∈ L∞((0,+∞); L4 ∩ H1) ∩ L2((0,+∞); Ḣ1 ∩ Ḣ2),

a ∈ L∞((0,+∞); H1) ∩ L2((0,+∞); L6), and u · ∇u ∈ L2((0,+∞); L2).

Furthermore, the following inequality holds:

d

dt

[
A1‖ρ 1

4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u)

+
∫

f (ρ)dx
)

+ A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)]

+ A5

(
‖|u||∇u|‖2L2 + ‖∇u‖2L2 + ‖√ρut‖2L2

+ ‖�Pu‖2L2 + ‖div u − 1

λ + 2μ
a‖2

Ḣ1

+ ‖a‖2L6 + ‖∇u‖2L6

)
� 0, (2.4)

where Ai (i = 1, . . . , 5) are positive constants depending on μ, λ, and ρ̄, and f (ρ)

is defined in (2.6) verifying | f (ρ)| � H(ρ|1).
Remark 2.2. Thanks to the energy identity and the fact that

∫
f (ρ)dx �

∫ |ρ −
1|2 dx , choose A4 large enough and then we can derive that

A1‖ρ 1
4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u)

+
∫

f (ρ)dx
)

+ A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)

∼ ‖ρ 1
4 u‖4L4

+‖∇u‖2L2 +
∫

H(ρ|1) dx + ‖√ρu‖2L2 + ‖a‖2L6 .

Proof. To derive the desired results, we split the proof into several steps.
Step 1: Estimate of ∇u. First, multiplying the second equation of (CNS) with

ut and taking the inner product, we get that

d

dt

(
1

2
μ‖∇u‖2L2 + 1

2
(λ + μ)‖div u‖2L2

)

+ (ρut , ut ) = −(∇ργ , ut ) − (ρu · ∇u, ut ).

(2.5)
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Estimate of − (∇ργ , ut ). Observe that

−(∇ργ , ut ) = − d

dt
(∇ργ , u) + (∂t (ρ

γ ),−div u) = − d

dt
(∇ργ , u)

+ (γργ div u + u · ∇ργ , div u)

� − d

dt
(∇a, u) + C‖ρ‖γ

L∞‖∇u‖2L2

+ (u · ∇a, div u).

Let us focus on the last term (u · ∇a, div u). In fact, one can check that

1

λ + 2μ
(ua,∇a) = ∂t

∫

f (ρ) dx,

where

f (ρ) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1

λ + 2μ

[
γ 2

2(2γ − 1)
(ρ − 1)2 − ( γ − 1

2(2γ − 1)
ργ + γ (γ − 1)

2(2γ − 1)
ρ

− γ 2+2γ−1
2(2γ−1)

)
H(ρ|1)

]

, when γ > 1,

1

λ + 2μ

[
1

2
(ρ − 1)2 − (

ρ ln ρ − ρ + 1
)
]

, when γ = 1.

(2.6)

Thanks to Remark 2.1 and ρ ≤ ρ̄, we get that | f (ρ)| � H(ρ|1).
Going back to the estimate of −(∇ργ , ut ), we have

(u · ∇a, div u) = − (adiv u, div u) −
(

au, ∇(div u − 1

λ + 2μ
a)

)

− 1

λ + 2μ
(ua,∇a)

≤C‖a‖L∞‖div u‖2L2+‖a‖
1
3
L∞‖a‖

2
3
L2‖∇u‖L2‖∇

(

div u− 1

λ+2μ
a

)

‖L2−∂t

∫

f (ρ) dx,

which yields

−(∇a, ut ) � − d

dt
(∇a, u) − ∂t

∫

f (ρ) dx + C‖ρ‖γ
L∞‖∇u‖2L2 + C‖a‖L∞‖div u‖2L2

+ C‖∇u‖L2‖∇(div u − 1

λ + 2μ
a)‖L2 .

Estimate of (ρu · ∇u, ut ). We have

|(ρu · ∇u, ut )| � ‖ρ 1
2 ‖L∞‖u · ∇u‖L2‖ρ 1

2 ut‖L2 .

Plugging these two estimates into (2.5), we obtain that

d

dt

(
1

2
μ‖∇u‖2L2 + 1

2
(λ + μ)‖div u‖2L2 − (a, div u) −

∫

f (ρ) dx

)

+ ‖ρ 1
2 ut‖2L2

� C‖∇u‖2L2 + Cη‖∇(div u − 1

λ + 2μ
a)‖2L2 + C‖u · ∇u‖2L2 ,

(2.7)
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where η is a small constant, and the constant C depends on the initial data and ρ.
Step 2: Improving estimate by the elliptic system.The second equation of (CNS)

can be rewritten as

−μ�u − (λ + μ)∇div u + ∇a = −ρ(ut + u · ∇u).

Set b = Pu = (I + ∇(−�)−1div )u, d = �−1div u, where � is a Fourier
multiplier, which satisfies �2 = −�. Then the above equation turns to be

{ − μ�b = P
(
ρ(ut + u · ∇u)

)
,

− (λ + 2μ)�d − �a = �−1div
(
ρ(ut + u · ∇u)

)
.

(2.8)

By the standard elliptic estimate, we have

‖μ�b‖2L2 + ‖(λ + 2μ)�d − a‖2
Ḣ1 � (1 + ρ)2(‖ρ 1

2 ut‖2L2 + ‖u · ∇u‖2L2).

(2.9)

Combining (2.7) and (2.9), we get that

d

dt

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2

+ (∇a, u) +
∫

f (ρ) dx
)

+ (‖ρ 1
2 ut‖2L2 + ‖μ�b‖2L2 + ‖(λ + 2μ)�d − a‖2

Ḣ1

)

� C‖∇u‖2L2 + C‖u · ∇u‖2L2 ,

(2.10)

where C is a positive constant depending on ρ and the initial data.
Step 3: Estimate of a. The first equation of (CNS) can be rewritten as

1

γ
(at + u · ∇a) + 1

λ + 2μ
a + adiv u = −

(

�d − 1

λ + 2μ
a

)

. (2.11)

Then making the inner product to the above equation with |a|4a, we obtain that

1

6

d

dt
‖a‖6L6 + γ

λ + 2μ
‖a‖6L6 +

(

γ − 1

6

)∫

div u|a|6 dx

� γ ‖
(

�d − 1

λ + 2μ
a

)

‖L6‖a5‖
L

6
5
,

which implies

1

6

d

dt
‖a‖6L6 + 1

λ + 2μ

∫ [

γ +
(

γ − 1

6

)

a

]

a6 dx � C‖
(

�d − 1

λ + 2μ
a

)

‖L6‖a5‖
L

6
5

� C‖
(

�d − 1

λ + 2μ
a

)

‖L6‖a‖5L6 .

Dividing the above estimate by ‖a‖4
L6 , and recalling γ + (γ − 1

6 )a � 1
6 , we get

that

d

dt
‖a‖2L6 + ‖a‖2L6 � C‖∇

(

�d − 1

λ + 2μ
a

)

‖2L2 . (2.12)
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Step 4: Closing the energy estimates. Combining (2.2), (2.3), (2.10) and (2.12),
and choosing η small enough, we get that

d

dt

[
A1‖ρ 1

4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u)

+
∫

f (ρ)dx
)

+ A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)]

+ A5

(
‖|u||∇u|‖2L2 + ‖∇u‖2L2 + ‖√ρut‖2L2

+ ‖�b‖2L2 + ‖�d − 1

λ + 2μ
a‖2

Ḣ1 + ‖a‖2L6

)

� A6(‖a‖2L6 + ‖∇u‖2L2)‖∇u‖2L2 , (2.13)

where Ai (i = 1, . . . , 6) are positive constants depending on λ, μ and ρ, and
which ensure that the term A2(a, div u) can be controlled by A2(λ + μ)‖div u‖2

L2

and A4
∫

H(ρ|1) dx . By Gronwall’s inequality, the above estimate implies that
u ∈ L∞((0,+∞); L4 ∩ H1) ∩ L2((0,+∞); Ḣ1), ut ∈ L2((0,+∞); L2), a ∈
L∞((0,+∞); L2) ∩ L2((0,+∞); L6), and u · ∇u ∈ L2((0,+∞); L2).

Using these estimates, we can improve the estimate (2.13). Notice that the term
in the righthand side of (2.13) can be bounded by C‖∇u‖2

L2 . Then thanks to the
energy identity (2.2), the dissipation inequality in the proposition is followed by
the fact that for i ≥ 1 and p = 2, 6,

‖∇ i u‖L p ≤ ‖∇ iPu‖L p + ‖∇ iQu‖L p ≤ ‖∇ iPu‖L p + ‖∇ i−1div u‖L p

≤ ‖∇ iPu‖L p + ‖∇ i−1
(

div u

− 1

λ + 2μ
a

)

‖L p + 1

λ + 2μ
‖∇ i−1a‖L p , (2.14)

‖∇ i u‖L6 ≤ ‖∇ i+1Pu‖L2 + ‖∇ i
(

div u − 1

λ + 2μ
a

)

‖L2

+ 1

λ + 2μ
‖∇ i−1a‖L6 . (2.15)

�
2.1.2. Improving Regularity Estimate for u In order to get the dissipation esti-
mate for a, we first improve the regularity estimate for u in this subsection. We
still assume that (ρ, u) is a global and smooth solution of (CNS). We set up some
notations first. For a function or a vector field(or even a 3 × 3 matrix) f (t, x), the
material derivative ḟ is defined by

ḟ = ft + u · ∇ f,

and div ( f ⊗ u) = ∑3
j=1 ∂ j ( f u j ). For two matrices A = (ai j )3×3 and B =

(bi j )3×3, we use the notation A : B = ∑3
i, j=1 ai j bi j and AB is the usual multipli-

cation of matrix.
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Proposition 2.2. Let μ > 1
2λ and (ρ, u) be a global and smooth solution of (CNS)

satisfying 0 � ρ � ρ and the admissible condition (1.4). Then there exist constants
Ai (i = 1, . . . , 6) such that

d

dt

[
A1‖ρ 1

4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2

− (a, div u) +
∫

R6
f (ρ)dx

)
+ A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)

+ A5‖√ρu̇‖2L2

]
+ A6

(
‖|u||∇u|‖2L2 + ‖∇u‖2L2 + ‖√ρut‖2L2

+ ‖�Pu‖2L2 + ‖div u − 1

λ + 2μ
a‖2

Ḣ1 + ‖a‖2L6 + ‖∇u‖2L6 + ‖∇u̇‖2L2

+ ‖div u − 1

2μ + λ
a‖2W 1,6

+ ‖∇Pu‖2W 1,6

)
� 0, (2.16)

where

A1‖ρ 1
4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u)

+
∫

R6
f (ρ)dx

)
+ A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)

+ A5‖√ρu̇‖2L2

∼ ‖ρ 1
4 u‖4L4 + ‖∇u‖2L2 +

∫

H(ρ|1) dx + ‖√ρu‖2L2 + ‖a‖2L6 + ‖√ρu̇‖2L2 .

Proof. We rewrite the second equation of (CNS) as

ρu̇ + ∇a + Lu = 0.

Then it is not difficult to check that

ρu̇t + ρu · ∇u̇ + ∇at + div (∇a ⊗ u)

= μ
[
�ut + div (�u ⊗ u)

] + (λ + μ)
[∇div ut + div ((∇div u) ⊗ u)

]
.

(2.17)

By the energy estimate, we derive that

d

dt

∫
1

2
ρ|u̇|2 dx + −μ

∫

u̇ · (�ut + div (�u ⊗ u)
)
dx

︸ ︷︷ ︸

def= I

− (λ + μ)

∫

u̇ · ((∇div ut ) + div ((∇div u) ⊗ u))
)
dx

︸ ︷︷ ︸

def= I I
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=
∫

atdiv u̇ + (u̇ · ∇u) · ∇a dx
︸ ︷︷ ︸

def= I I I

. (2.18)

Estimate of I. It is easy to check that

−
∫

u̇ · (�ut + div (�u ⊗ u)
)
dx =

∫

[∇u̇: ∇ut + u ⊗ �u: ∇u̇] dx

=
∫ [

|∇u̇|2 − (
(∇u∇u) + (u · ∇)∇u

): ∇u̇ − ∇(u · ∇u̇): ∇u
]
dx

=
∫ [

|∇u̇|2−(∇u∇u): ∇u̇+(
(u · ∇)∇u̇

): ∇u − (∇u∇u̇): ∇u − (
(u · ∇)∇u̇

): ∇u
]
dx

�
∫ [

3

4
|∇u̇|2 − C |∇u|4

]

dx .

Estimate of I I. Observe that

div
(
(∇div u) ⊗ u

) = ∇(u · ∇div u) − div (div u∇ ⊗ u) + ∇(div u)2,

div u̇ = div ut + div (u · ∇u) = div ut + u · ∇div u + ∇u: (∇u)T ,

where AT means the transpose of matrix A. Then we get

−
∫

u̇ ·
[
∇div ut + div

(
(∇div u) ⊗ u

)]
dx

=
∫ [

div u̇div ut + div u̇(u · ∇div u) − div u(∇u̇)T : ∇u + div u̇(div u)2
]
dx

=
∫ [

|div u̇|2 − div u̇∇u: (∇u)T − div u(∇u̇)T : ∇u + div u̇(div u)2
]
dx

�
∫ [1

2
|div u̇|2 − 1

4
|∇u̇|2 − C |∇u|4

]
dx .

Estimate of I I I. We have
∫

atdiv u̇ + (u · ∇u̇) · ∇a dx

=
∫

−γργ div udiv u̇ − (u · ∇a)div u̇ + (u · ∇u̇) · ∇a dx

=
∫

−γργ div udiv u̇ + a
[
div

(
(div u̇)u

) − div ((u · ∇u̇))
]
dx

=
∫

−γργ div udiv u̇ + a
[
div udiv u̇ − (∇u)T : ∇u̇

]
dx

� C‖∇u‖L2‖∇u̇‖L2 .

Substituting these estimates into (2.18) yields

d

dt

∫

ρ|u̇|2dx + μ

∫

|∇u̇|2dx + (λ + μ)

∫

|div u̇|2dx

� C
∫

|∇u|4dx + C‖∇u‖2L2 .

(2.19)
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To conclude the estimate by Gronwall’s inequality, we will use ‖√ρu̇‖L2 to
control ‖∇u‖L4 . By Proposition 2.1 and (2.8), we have

‖∇u‖L∞(0,∞;L2) + ‖a‖L∞(0,∞;L6) � C,

‖∇b‖L6 + ‖�d − a

λ + 2μ
‖L6 � ‖ρu̇‖L2 � C‖√ρu̇‖L2 ,

from which together with (2.15) imply that

‖∇u‖4L4 � ‖∇u‖L2‖∇u‖3L6 � C‖∇u‖L6‖∇u‖2L6

� C‖∇u‖2L6

(‖∇b‖L6 + ‖∇d − a

λ + 2μ
‖L6 + ‖a‖L6

)

� C‖∇u‖2L6

(
1 + ‖√ρu̇‖L2

)
≤ C‖∇u‖2L6

(
1 + ‖√ρu̇‖2L2

)
.

Substituting this estimate into (2.19) and noting that ‖∇u(t)‖2
L6 ∈ L1(0,∞)

by Proposition 2.1, we get by Gronwall’s inequality that
∫

ρ|u̇|2dx +
∫ ∞

0

∫

|∇u̇|2dxdt � C, (2.20)

with C depending only on ρ and ρ0, u0. By using (2.20), (2.19) can be improved
as

d

dt

∫

ρ|u̇|2dx + μ

∫

|∇u̇|2dx + (λ + μ)

∫

|div u̇|2dx � C(‖∇u‖2L6 + ‖∇u‖2L2),

from which together with (2.4), (2.8) and Sobolev embedding theorem will imply
(2.16). �

2.1.3. Estimate for the Propagation of ∇a In this subsection, we want to give
the proof of the upper bound of ‖∇u‖L2((0,+∞);L∞) which is used to estimate the
propagation of ∇a. More precisely, we want to prove

Proposition 2.3. Let 0 < α < 1, μ > 1
2λ and (ρ, u) be a global and smooth solu-

tion of (CNS) with initial data (ρ0, u0) verifying that ρ0 ≥ c > 0, the admissible
condition (1.4) and

sup
t∈R+

‖ρ(t, ·)‖Cα � M. (2.21)

Then

‖a‖L∞((0,+∞);W 1,6)∩L2((0,+∞);W 1,6) + ‖∇u‖L2((0,+∞);L∞) � C, (2.22)

where C depends on the initial data (ρ0, u0) and M. As a consequence, there exists
a constant ρ = ρ(c, M) > 0 such that for all t ≥ 0, ρ(t, x) ≥ ρ. Moreover,

∂t‖∇a‖2L2 + 1

4(λ + 2μ)
‖∇a‖2L2 � C(‖∇u̇‖2L2 + ‖u∇u‖2L2 + ‖√ρut‖2L2 + ‖a‖2L6).

(2.23)
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Proof. Since that xγ is a convex function when γ > 1, (2.21) implies that

sup
t∈R+

‖ργ (t, ·)‖Cα � M.

Next, we have the interpolation inequality

‖∇�−1a‖L∞ � 2
N
2 ‖a‖L6 +

∑

j�N

2− jα(2 jα‖�̇ ja‖L∞) ≤ 2
N
2 ‖a‖L6

+ 2−Nα‖a‖Cα ≤ C(η)‖a‖L6 + η, (2.24)

where η is a sufficiently small constant depending on N . This implies that

‖∇u‖L∞ � C

(

‖∇Pu‖L∞ + ‖∇�−1
(

div u − 1

2μ + λ
a

)

‖L∞ + ‖∇�−1a‖L∞
)

� C

(

‖∇Pu‖W 1,6 + ‖
(

div u − 1

2μ + λ
a

)

‖W 1,6 + C(η)‖a‖L6 + η

)

.

(2.25)

On the other hand, it is not difficult to derive that

1

γ

(
∂t∇a + (u · ∇)∇a

) + ργ

λ + 2μ
∇a

+ 1

γ
∇u∇a + div u∇a = −ργ ∇

(

div u − 1

λ + 2μ
a

)

. (2.26)

Multiplying (2.26) by |∇a|p−2∇a and integrating the resulting equation on R
3, we

can derive that for p ≥ 2,

1

p
∂t‖∇a‖p

L p + γ

λ + 2μ

∫

ργ |∇a|p dx

� 1

p

∫

div u|∇a|p dx + C‖∇u‖L∞‖∇a‖p
L p + C‖∇

(

div u − 1

λ + 2μ
a

)

‖L p ‖∇a‖p−1
L p

� 1

p(λ + 2μ)

∫

a|∇a|p dx + C

(

‖div u − 1

λ + 2μ
a‖L∞ + ‖∇u‖L∞

)

‖∇a‖p
L p

+ C‖∇
(

div u − 1

λ + 2μ
a

)

‖L p ‖∇a‖p−1
L p ,

which means that

1

p
∂t‖∇a‖p

L p + 1

(λ + 2μ)p

∫

[(γ p − 1)ργ + 1]|∇a|p dx

� C

(

‖div u − 1

λ + 2μ
a‖L∞ + ‖∇u‖L∞

)

‖∇a‖p
L p

+ C‖∇
(

div u − 1

λ + 2μ
a

)

‖L p‖∇a‖p−1
L p .
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Noting that γ � 1 and p � 2, we can obtain that

1

2
∂t‖∇a‖2L p + 1

(λ + 2μ)p
‖∇a‖2L p

� C

(

‖∇u‖L∞‖∇a‖2L p + ‖div u − 1

2μ + λ
a‖L∞‖∇a‖2L p

+‖∇
(

div u − 1

λ + 2μ
a

)

‖L p‖∇a‖L p

)

, (2.27)

which implies that

∂t‖∇a‖2L p + 1

(λ + 2μ)p
‖∇a‖2L p

� C(‖∇u‖2L∞‖∇a‖2L p + ‖div u − 1

2μ + λ
a‖2W 1,6‖∇a‖2L p

+ ‖∇
(

div u − 1

λ + 2μ
a

)

‖2L p ).

(2.28)

By taking p = 6 in (2.28), and using (2.25) and (2.16), we obtain from Gronwall’s
inequality that ‖a‖L∞((0,+∞);W 1,6)∩L2((0,+∞);W 1,6) � C. Fromwhich together with
(2.25), we obtain that

‖∇u‖L∞ � C(‖∇Pu‖W 1,6 + ‖
(
div u − 1

2μ+λ
a
)

‖W 1,6 + ‖a‖W 1,6).

This implies that ‖∇u‖L2((0,+∞);L∞) � C. It completes the proof to (2.22).
Nowwe go back to (2.28) with p = 2. By Gronwall’s inequality, we obtain that

∇a ∈ L∞((0,+∞); L2) ∩ L2((0,+∞); L2). Thanks to uniform-in-time bounds
obtained in the above, (2.28) with p = 2 will yield that

∂t‖∇a‖2L2 + 1

4(λ + 2μ)
‖∇a‖2L2

� C(‖∇
(

div u − 1

λ + 2μ
a

)

‖2L2 + ‖div u − 1

2μ + λ
a‖2W 1,6

+‖∇Pu‖2W 1,6) + Cη‖a‖2L6 ,

from which together with the elliptic estimate for (2.8), we obtain (2.23).
Now using the equation of density and the estimate (2.22), we have

ρ(t, x) � ρ0(x) exp− ∫ t
0 ‖div u‖L∞ dτ ≥ ce−Ct

1
2
.

On the other hand, thanks to (2.1) and (2.12), we derive that limt→∞ ‖a(t)‖L6 =
limt→∞ ‖a(t)‖L6 = 0, from which together with the upper bound for ρ in Cα ,
we derive that limt→∞ ‖a(t)‖L∞ = 0. These two facts imply that there exists a
constant ρ = ρ(c, M) > 0 such that for all t ≥ 0, ρ(t, x) ≥ ρ. We complete the
proof to the proposition. �
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Remark 2.3. Now we show that the result of Proposition 2.3 is still valid when
(2.21) is replaced by (1.10). The proof is almost the same as the original one. We
only point out the modification. Firstly by using the second assumption in (1.10)
and the fact that ‖∇�−1�̇ j f ‖L∞ � ‖�̇ j f ‖L∞ for all j ∈ Z, we can recover the
estimate (2.24) by

‖∇�−1a‖L∞ �
∑

j∈Z
‖�̇ ja‖L∞ � 2

N
2 ‖a‖L6 +

∑

j≥N

‖�̇ ja‖L∞ � C(η)‖a‖L6 + η,

where η is a sufficiently small constant depending on N . Then by the same argument
used in the above, we can derive (2.22) and (2.23). To get the lower bound of the
density, we notice that

‖a(t)‖L∞ � 2
N
2 ‖a‖L6 +

∑

j≥N

‖�̇ ja‖L∞ ,

from which together with the fact limt→∞ ‖a(t)‖L6 = 0 and (1.10), we obtain
that limt→∞ ‖a(t)‖L∞ = 0. This implies the lower bound of the density ρ which
completes the proof.

2.1.4. Deriving the Dissipation Inequality We want to prove

Proposition 2.4. Let 0 < α < 1, μ > 1
2λ, and (ρ, u) be a global and smooth solu-

tion of (CNS) with initial data (ρ0, u0) verifying that ρ0 ≥ c > 0, the admissible
condition (1.4) and supt∈R+ ‖ρ(t, ·)‖Cα � M. Then there exist positive constants
Ai (i = 1, · · · , 7) which are depending on μ, λ and M such that

X (t)
def= A1‖ρ

1
4 u‖4L4 + A2

(

μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u) +
∫

f (ρ)dx

)

+ A3‖a‖2L6 + A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)

+ A5‖√ρu̇‖2L2 + A6‖∇a‖2L2

∼ ‖u‖2H1 + ‖a‖2H1 + ‖u̇‖2L2 ,

which verifies

d

dt
X (t) + A7

(
‖∇2u‖2L2 + ‖∇u‖2L2 + ‖∇a‖2L2 + ‖∇u̇‖2L2

)
� 0. (2.29)

Proof. Thanks to Proposition 2.3, we may assume that ρ ≤ ρ ≤ M . From (2.23)
and (2.16), we get that there exist positive constants Ai (i = 1, · · · , 7) such that

d

dt

[

A1‖ρ 1
4 u‖4L4 + A2

(
μ‖∇u‖2L2 + (λ + μ)‖div u‖2L2 − (a, div u)

+
∫

f (ρ)dx
) + A3‖a‖2L6

+ A4

(∫

H(ρ|1) dx + ‖√ρu‖2L2

)

+ A5‖√ρu̇‖2L2 + A6‖∇a‖2L2

]

+ A7

(
‖∇2u‖2L2 + ‖∇u‖2L2 + ‖∇a‖2L2 + ‖∇u̇‖2L2

)
� 0.
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Thanks to the energy identity (2.2), the constant A4 can be chosen large enough to
ensure that X (t) ≥ 0.Due to the conditionρ ≤ ρ ≤ M , one has ‖∇a‖L2 ∼ ‖∇a‖L2

and
∫

H(ρ|1) dx ∼ ‖ρ − 1‖2
L2 , from which together with (2.1) and ρu̇ + ∇a =

μ�u + (λ + μ)∇div u, we deduce that X (t) ∼ ‖u‖2
H2 + ‖a‖2

H1 + ‖u̇‖2
L2 . It ends

the proof of the proposition. �

2.2. Convergence to the Equilibrium

The aim of this subsection is to show the convergence of the solution to the
equilibrium. Thanks to Proposition 2.3, now we may assume that ρ � ρ.

We begin with a crucial lemma about the low frequency part of the solution.

Lemma 2.3. Let0 < α < 1,μ > 1
2λ,and (ρ, u)be a global and smooth solution of

(CNS) with initial data (ρ0, u0) verifying that ρ0 ≥ c > 0, the admissible condition
(1.4)and supt∈R+ ‖ρ(t, ·)‖Cα � M. Let a0, ρ0u0 ∈ L p0(R3) with p0 ∈ [1, 2]. Then
if ρ(t, x) ≤ M, we have
∫

S(t)

(
γ |â(ξ, t)|2 + |ρ̂u(ξ, t)|2) dξ �C(M)

(‖a0‖2L p0 + ‖ρ0u0‖2L p0

)
(1 + t)−2β(p0)

+ C(M)(1 + t)−
3
2

∫ t

0

(‖u‖4L2 + ‖a‖4L2

)
ds,

(2.30)

where S(t) = {ξ ∈ R
3 : |ξ | � C(1 + t)− 1

2 }, and β(p0) = 3
4 (

2
p0

− 1).

Proof. Note that ρt = at ; we take the Fourier transform of (CNS), and then
multiply γ ¯̂a to the first equation, and multiply ρ̂u to the second equation to obtain
that

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

2

d

dt
γ |â|2 + iγ ξ · ρ̂u ¯̂a = 0,

1

2

d

dt
|ρ̂u|2 + (

̂div (ρu ⊗ u) − μ�̂u − (λ + μ)∇̂div u
) · ρ̂u

+ iξ
(
(γ − 1)Ĥ(ρ|1) + γ â

) · ρ̂u = 0,

which implies that
1

2

d

dt

(
γ |â|2 + |ρ̂u|2) = Re

[
− ̂div (ρu ⊗ u)

+μ�̂u + (λ + μ)∇̂div u + i(γ − 1)ξ Ĥ(ρ|1)
]

· ρ̂u
def= F(ξ, t).

Integrating the above equation with respect to the time t , we get that

γ |â(ξ, t)|2 + |ρ̂u(ξ, t)|2 = γ |â(ξ, 0)|2 + |ρ̂u(ξ, 0)|2 + 2
∫ t

0
F(ξ, s) ds.

Let S(t)
def= {ξ : |ξ | � C(1+ t)− 1

2 }, then we can split the phase space R
3 into two

time-dependent regions, S(t) and S(t)c. Integrating the above equation over S(t),
and noting that ρ̂u = û + âu, and

�̂u ¯̂u = −|ξ |2|û|2, ∇̂div u ¯̂u = −|ξ · û|2,
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we can obtain that

∫

S(t)

(
γ |â(ξ, t)|2 + |ρ̂u(ξ, t)|2) dξ +

∫ t

0

∫

S(t)

(
μ|ξ |2|û|2 + (λ + μ)|ξ · û|2) dξds

=
∫

S(t)

(
γ |â(ξ, 0)|2 + |ρ̂u(ξ, 0)|2) dξ + Re

∫ t

0

∫

S(t)

[
− ̂div (ρu ⊗ u) · ρ̂u

+
(
μ�̂u + (λ + μ)∇̂div u

)
· âu + i(γ − 1)ξ Ĥ(ρ|1) · ρ̂u

]
dξds

def=
∫

S(t)

(
γ |â(ξ, 0)|2 + |ρ̂u(ξ, 0)|2) dξ + B1 + B2 + B3. (2.31)

From Lemma 2.1, we have that a, u and ρu all belong to L∞((0,+∞); L2),which
mean that ρ̂u ⊗ u and âu belong to L∞((0,+∞); L∞). Thanks to these facts, we
can give estimates to terms Bi (i = 1, 2, 3). We first have that

|B1| �
∣
∣
∣

∫ t

0

∫

S(t)

̂div (ρu ⊗ u) · (û + âu) dξds
∣
∣
∣

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη

∫ t

0

∫

S(t)

∣
∣ρ̂u ⊗ u

∣
∣2 dξds

+
∫ t

0

∫

S(t)
|ξ |∣∣ρ̂u ⊗ u

∣
∣|âu| dξds

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη

∫ t

0
‖ρ̂u ⊗ u‖2L∞

∫

S(t)
dξds

+ C(1 + t)−
1
2

∫ t

0
‖ρ̂u ⊗ u‖L∞‖âu‖L∞

∫

S(t)
dξds

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη(1 + t)−

3
2

∫ t

0
‖u‖4L2ds

+ C(1 + t)−2
∫ t

0
‖u‖3L2‖a‖L2 ds.

(2.32)

Similarly, one has

|B2| � η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη

∫ t

0

∫

S(t)
|ξ |2∣∣âu

∣
∣2 dξds

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη(1 + t)−

5
2

∫ t

0
‖u‖2L2‖a‖2L2 ds,

(2.33)

and

|B3| � η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη

∫ t

0

∫

S(t)
|ξ |2∣∣âu

∣
∣2 dξds

+ C
∫ t

0

∫

S(t)
|Ĥ(ρ|1)|2 dξds

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη(1 + t)−

5
2

∫ t

0
‖u‖2L2‖a‖2L2 ds
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+ (1 + t)−
3
2

∫ t

0
‖H(ρ|1)‖2L1 ds

� η

∫ t

0

∫

S(t)
μ|ξ |2|û|2 dξds + Cη(1 + t)−

5
2

∫ t

0
‖u‖2L2‖a‖2L2 ds

+ (1 + t)−
3
2

∫ t

0
‖a‖4L2 ds.

Note that a0 andρ0u0 belong to L p0(R3) for 1 � p0 < 3
2 . Then for

1
p0

+ 1
p′
0

= 1,

one has

∫

S(t)

(|â(ξ, 0)|2 + |ρ̂u(ξ, 0)|2) dξ �
(‖â0‖2

L p′
0

+ ‖ρ̂0u0‖2
L p′

0

)
(∫

S(t)
dξ

)1− 2
p′
0

� C
(‖a0‖2L p0 + ‖ρ0u0‖2L p0

)
(1 + t)−2β(p0).

(2.34)

Plugging (2.32), (2.33) and (2.34) into (2.31), and choosing η small enough, we
arrive at

∫

S(t)

(|â(ξ, t)|2 + |ρ̂u(ξ, t)|2) dξ + C
∫ t

0

∫

S(t)

(
μ|ξ |2|û|2 + (λ + μ)|ξ · û|2) dξds

� C
(‖a0‖2L p0 + ‖ρ0u0‖2L p0

)
(1 + t)−2β(p0) + C(1 + t)−

3
2

∫ t

0

(‖u‖4L2 + ‖a‖4L2

)
ds.

This ends the proof to the lemma. �
Now we are in a position to prove

Proposition 2.5. Let 0 < α < 1, μ > 1
2λ, and (ρ, u) be a global and smooth

solution of (CNS) with initial data (ρ0, u0) verifying that ρ0 ≥ c > 0, the
admissible condition (1.4) and supt∈R+ ‖ρ(t, ·)‖Cα � M. Suppose that a0 ∈
L p0(R3) ∩ H1(R3) and u0 ∈ L p0(R3) ∩ H2(R3) with p0 ∈ [1, 2]. Then we
have

‖u(t)‖H1 + ‖a(t)‖H1 � C̄(1 + t)−β(p0), (2.35)

where β(p0) = 3
4 (

2
p0

− 1), and the constant C̄ depends only on ρ, μ, λ, M,

‖a0‖L p0∩H1 , and ‖u0‖L p0∩H2 .

Proof. We separate the proof into several steps.
Step 1: The first sight of the convergence. Thanks to (2.30) and the fact that a

and u belong to L∞((0,+∞); L2), we have

∫

S(t)

(|â(ξ, t)|2 + |ρ̂u(ξ, t)|2) dξ

� C
(‖a0‖2L p0 + ‖ρ0u0‖2L p0

)
(1 + t)−2β(p0) + C

(‖u‖4L∞(L2)
+ ‖a‖4L∞(L2)

)
(1 + t)− 1

2

� C(1 + t)−rm , (2.36)
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where rm = min{2β(p0),
1
2 }. Due to the fact u = ρu − au, we have

∫

S(t)
|̂u(ξ, t)|2 dξ �

∫

S(t)
|ρ̂u(ξ, t)|2 dξ +

∫

S(t)
|âu(ξ, t)|2 dξ

� C(1 + t)−rm + C(1 + t)−
3
2 |âu(ξ, t)|2L∞

� C(1 + t)−rm .

Next, because of ρu̇ = μ�u + (λ + μ)∇div u − ∇a, following the same
argument, we can obtain

∫

S(t)
|ρ̂u̇(ξ, t)|2 dξ �

∫

S(t)
|μ�̂u + (λ + μ)∇̂div u

−(
(γ − 1) ̂∇H(ρ|1) + γ ∇̂a

)
(ξ, t)|2 dξ � C(1 + t)−1−rm ,

which implies that
∫

S(t) |̂u̇(ξ, t)|2 dξ � C(1 + t)−1−rm .

We recall the dissipation inequality (2.29). Then by frequency splitting method,
it is not difficult to derive that

d

dt
X (t) + K

1 + t
X (t) � 1

1 + t

∫

S(t)

(|â(ξ, t)|2 + |̂u(ξ, t)|2 + |̂u̇(ξ, t)|2) dξ

≤ C(1 + t)−1−rm ,

which implies

X (t) � C(1 + t)−rm . (2.37)

In particular, we have

‖u‖L2 + ‖a‖L2 � 2C(1 + t)−rm/2. (2.38)

Step 2: Improving the decay estimate (I).Wewant to improve the decay estimate
if β(p0) > 1

4 . By definition, rm = 1
2 . Thanks to (2.30) and (2.38), we improve the

estimate for the low frequency part as follows:
∫

S(t)

(|â(ξ, t)|2 + |ρ̂u(ξ, t)|2) dξ � C(1 + t)−2β(p0) + C(1 + t)−
3
2 log(1 + t).

Now, following an argument similar to that used in the previous step, we conclude
that

∫

S(t)

(|â(ξ, t)|2 + |̂u(ξ, t)|2 + |̂u̇(ξ, t)|2) dξ

� C(1 + t)−2β(p0) + C(1 + t)−
3
2 log(1 + t),

which implies that

d

dt
X (t) + K

1 + t
X (t) � C(1 + t)−1((1 + t)−2β(p0) + (1 + t)−

3
2 log(1 + t)

)
.
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We obtain that

X (t) � C min{(1 + t)−2β(p0), (1 + t)−
3
2 log(1 + t)}. (2.39)

In particular, ‖u‖L2 + ‖a‖L2 � min{(1 + t)−β(p0), (1 + t)− 3
4 log

1
2 (1 + t)}.

Step 3: Improving the decay estimate (II). Finally we deal with the case that

β(p0) > 1
2 . By (2.39), we have ‖u‖L2 +‖a‖L2 � C(1+ t)− 1

2 .Nowwemay repeat
the same process in the above to get that
∫

S(t)

(|â(ξ, t)|2 + |̂u(ξ, t)|2 + |̂u̇(ξ, t)|2) dξ � C(1 + t)−2β(p0) + C(1 + t)−
3
2 ,

which implies that

d

dt
X (t) + K

1 + t
X (t) � C(1 + t)−1(1 + t)−2β(p0).

It is enough to derive (2.35). We ends the proof to the proposition. �

2.3. Proof of Theorem 1.1

Before giving the proof to Theorem 1.1, we first show the propagation of the
regularity for ∇2a.

Proposition 2.6. Let (a, u) be a solution of (CNS) with initial data (a0, u0). Then
under the assumptions of Proposition 2.5, there hold a ∈ L∞((0,+∞); H2),
∇a ∈ L2((0,+∞); H1) and ∇u ∈ L2((0,∞); H2).

Proof. Due toProposition2.4,wehavea ∈ L∞((0,+∞); H1)∩L2((0,+∞); Ḣ1).

Thanks to the lower and upper bounds for the density ρ, it is not difficult to check
that ‖a‖H2 ∼ ‖a‖H2 . Then the desired result is reduced to the proof of the propa-
gation of ∇2a.

We first notice that by Proposition 2.3, ∇a ∈ L∞((0,∞); L p) with p ∈ [2, 6],
which will be used frequently in what follows. Recall that

1

γ
(at + u · ∇a) + a

(

div u − 1

μ + 2λ
a

)

+ 1

μ + 2λ
a2 +

(

div u − 1

μ + 2λ
a

)

+ 1

μ + 2λ
a = 0. (2.40)

Then it is not difficult to derive that

1

2

d

dt
‖∇2a‖2L2 + 1

μ + 2λ
‖∇2a‖2L2 �

∣
∣
∣

(
∇2(div u − 1

μ + 2λ
a),∇2a

)∣
∣
∣

+ 1

μ + 2λ

∣
∣
∣

(
∇a∇a,∇2a

)∣
∣
∣

+
∣
∣
∣

(
∇2[a(div u − 1

μ + 2λ
a)],∇2a

)∣
∣
∣ +

∣
∣
∣

(
∇2(u · ∇a),∇2a

)∣
∣
∣

def= D1 + D2 + D3 + D4.
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By Cauchy–Schwartz inequality and Proposition 2.3, we can estimate Di (i = 1, 2)
easily by

D1 � ‖div u − 1

μ + 2λ
a‖Ḣ2‖∇2a‖L2 � Cη‖div u − 1

μ + 2λ
a‖2

Ḣ2 + η‖∇2a‖2L2 ,

D2 � C‖∇a‖
1
2
L2‖∇a‖

3
2
L6‖∇2a‖L2 � η‖∇2a‖2L2 + Cη‖∇a‖2L6 .

For D3, we have

D3 � ‖a‖L∞‖div u − 1

μ + 2λ
a‖Ḣ2‖∇2a‖L2

+‖∇a‖L3‖∇
(

div u − 1

μ + 2λ
a

)

‖Ḣ1‖∇2a‖L2

+‖div u − 1

μ + 2λ
a‖L∞‖∇2a‖2L2

� η‖∇2a‖2L2 + C

(

‖a‖2W 1,6 + ‖div u − 1

μ + 2λ
a‖2W 1,6

)

‖∇2a‖2L2

+ Cη‖div u − 1

μ + 2λ
a‖2

Ḣ2 .

For D4, thanks to integration by parts, we obtain that

(u · ∇∇2a,∇2a) = −1

2

(
(div u)∇2a,∇2a

)
,

which implies that

D4 � ‖∇a‖L3‖∇2u‖L6‖∇2a‖L2 + ‖∇u‖L∞‖∇2a‖2L2 + ‖div u‖L∞‖∇2a‖2L2

� η‖∇2a‖2L2 + Cη(‖∇a‖2L3‖∇2u‖2L6 + ‖∇u‖2L∞‖∇2a‖2L2).

Combining all the estimates in the above, we obtain that

1

2

d

dt
‖∇2a‖2L2 + 3

4

1

μ + 2λ
‖∇2a‖2L2

� C
(
‖div u − 1

μ + 2λ
a‖2

Ḣ2 + ‖∇2u‖2L6 + ‖∇a‖2L6

)

+ C
(‖div u − 1

μ + 2λ
a‖2W 1,6 + ‖a‖2W 1,6 + ‖∇u‖2L∞

)‖∇2a‖2L2 .

(2.41)

Thanks to (2.8), we have

‖∇Pu‖Ḣ2 + ‖div u − 1

μ + 2λ
a‖Ḣ2 � ‖ρu̇‖Ḣ1 � C(‖∇au̇‖L2 + ‖∇u̇‖L2)

� C(‖∇a‖L3‖u̇‖L6 + ‖∇u̇‖L2) � C(‖∇a‖L3‖u̇‖L6 + ‖∇u̇‖L2) � C‖∇u̇‖L2 ,

(2.42)

which, together with (2.15), implies that
∫ ∞

0

(
‖div u − 1

μ + 2λ
a‖2

Ḣ2 + ‖∇2u‖2L6 + ‖∇a‖2L6

)
dt ≤ C.
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ByGronwall’s inequality,we have a ∈ L∞((0,+∞); Ḣ2)∩L2((0,+∞); Ḣ2),
from which together with (2.42), we deduce that ∇u ∈ L2((0,∞); H2). This ends
the proof of the proposition. �

Finally, we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. We first note that the first three results of the Theorem 1.1
are proved by Propositions 2.3–2.6.

Finally let us give the proof to the fourth result of the Theorem 1.1. For q ∈
[2, 4], one has

‖ f ‖
Ḃ

−1+ 3
q

q,1

� ‖ f ‖
Ḃ

1
2
2,1

� ‖ f ‖
1
2
L2‖∇ f ‖

1
2
L2 , ‖ f ‖

Ḃ
3
q

q,1

� ‖ f ‖
Ḃ

3
2
2,1

� ‖∇ f ‖
1
2
L2‖∇2 f ‖

1
2
L2 ,

from which, together with (2.35), we can easily get (1.7) and (1.8). On the other
hand, for p0 < 2, these two estimates imply that there exists a time t0 such that

‖u(t0)‖
Ḃ

−1+ 3
q

q,1

+ ‖a(t0)‖
Ḃ

−1+ 3
q

q,1

+ ‖a(t0)‖
Ḃ

3
q

q,1

� η,

where η is sufficiently small. Then by the global well-posedness for (CNS) in
[5,8], we obtain that ∇u ∈ L1((t0,∞); L∞) which yields (1.9) by recalling that
∇u ∈ L2((0,∞); L∞). �

2.4. Proof of Corollary 1.1

In the end of this section, we give a proof of Corollary 1.1.

Proof. Wefirst claim that if ‖∇u‖L1(0,∞;L∞) < ∞, then (1.5) holds. To see that,we
remark that (1.5) is a consequence of Proposition 2.1, Proposition 2.2, Proposition
2.3 and Proposition 2.6.

Thanks to the assumption ‖∇u‖L1((0,∞);L∞) < ∞, it is easy to prove that there
exist two constants, c1 and c2, such that, for t ≥ 0,

c1 ≤ ρ(t) ≤ c2, (2.43)

where c1 and c2 depend on ‖∇u‖L1(0,∞;L∞) < ∞ and ρ0. This implies that Propo-
sition 2.1 and Proposition 2.2 are still valid. To get the result of Proposition 2.3, we
only need to modify the original proof. Thanks to (2.27), we get that

∂t‖∇a‖2L p + 1

(λ + 2μ)p
‖∇a‖2L p

� C(‖∇u‖L∞‖∇a‖2L p + ‖div u − 1

2μ + λ
a‖2W 1,6‖∇a‖2L p

+‖∇(div u − 1

λ + 2μ
a)‖2L p ).

By taking p = 6, and using (2.16) and ‖∇u‖L1((0,∞);L∞) < ∞, we obtain from
Gronwall’s inequality that
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‖a‖L∞((0,+∞);W 1,6)∩L2((0,+∞);W 1,6) � C. From which together with (2.25), we
obtain that

‖∇u‖L∞ � C(‖∇Pu‖W 1,6 + ‖div u − 1
2μ+λ

a‖W 1,6 + ‖a‖W 1,6).

This implies that ‖∇u‖L2((0,+∞);L∞) � C , and completes the proof of (2.22) and
(2.23). In other words, now Proposition 2.3 is available. Recalling that Proposition
2.6 is derived through Proposition 2.1–2.3, we complete the proof of (1.5).

Next we turn to the proof of the corollary. Let α be a multi-index with |α| =
m ≥ 3. Then it is easy to check that

1

2

d

dt
‖∂αa‖2L2 + (∂α(u · ∇a), ∂αa)

+ γ (∂α(adiv u), ∂αa) + γ (∂αdiv u, ∂αa) = 0,

(∂t (∂
α(ρu)), ∂αu) + (∂αdiv (ρu ⊗ u), ∂αu)

+μ‖∇∂αu‖2L2 + λ‖∂αdiv u‖2L2 + (∂α∇a, ∂αu) = 0.

This implies that

1

2

d

dt
‖∂αa‖2L2 + γ (∂t (∂

α(ρu)), ∂αu) + (∂α(u · ∇a), ∂αa) + γ (∂α(adiv u), ∂αa)

+ γ (∂αdiv (ρu ⊗ u), ∂αu) + γμ‖∇∂αu‖2L2 + γ λ‖∂αdiv u‖2L2 = 0.

Estimate of (∂t (∂
α(ρu)), ∂αu). We first observe that

(∂t (∂
α(ρu)), ∂αu) = 1

2

d

dt
‖√ρ∂αu‖2L2 + 1

2
(ρt∂

αu, ∂αu)

+
∑

α1+α2=α,|α1|≥1

(∂t (∂
α1ρ∂α2u), ∂αu).

By integration by parts, one has

|(ρt∂
αu, ∂αu)| ≤ ‖ρu‖L∞‖∂αu‖L2‖∇∂αu‖L2 .

Since (∂t (∂
α1ρ∂α2u), ∂αu) = (∂α1ρt∂

α2u, ∂αu)+ (∂α1ρ∂α2ut , ∂
αu), thanks to the

fact that |α1| ≥ 1, we have

|(∂α1ρt∂
α2u, ∂αu)| = |(∂α1div (ρu)∂α2u, ∂αu)| = |(∂α1(ρu)∇∂α2u, ∂αu)

+ (∂α1(ρu)∂α2u, ∇∂αu)|
� (‖ρu‖L∞‖∇u‖Hm + ‖∇u‖L∞‖ρu‖Hm )‖∂αu‖L2 + ‖ρu‖Hm ‖∇u‖

H
1
2
‖∂αu‖H1

+ (‖ρu‖L∞‖u‖Hm + ‖u‖L∞‖ρu‖Hm + ‖∇(ρu)‖
H

1
2
‖u‖Hm )‖∇∂αu‖L2

and

|(∂α1ρ∂α2ut , ∂
αu)| � ‖∇a‖L6‖ut‖Hm−1‖∂αu‖

H
1
2

+ ‖∇a‖Hm−1‖ut‖
H

1
2
‖∂αu‖H1 .
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Finally we obtain that

−(∂t (∂
α(ρu)), ∂αu) ≤ −1

2

d

dt
‖√ρ∂αu‖2L2 + C

[
η−1(‖∇u‖2H1

+‖∇a‖2H1 + ‖∇u‖L∞)

×(‖u‖2Hm + ‖a‖2Hm ) + η‖∇∂αu‖2L2

] + ‖∇a‖L6‖ut‖Hm−1‖∂αu‖
H

1
2

+‖∇a‖Hm−1‖ut‖
H

1
2
‖∂αu‖H1 .

Estimate of (∂α(u · ∇a), ∂αa). Note that

(∂α(u · ∇a), ∂αa) = (u · ∂α∇a, ∂αa) +
∑

α1+α2=α,|α1|≥1

(∂α1u · ∇∂α2a, ∂αa).

Then we infer that

|(∂α(u · ∇a), ∂αa)| ≤ ‖∇u‖L∞‖∂αa‖2L2 + (‖∇u‖L∞‖∇a‖Hm−1 + ‖a‖L∞‖∇u‖Hm

+‖∇a‖
H

1
2
‖∇u‖Hm+1)‖∂αa‖L2 .

Estimates of (∂α(adiv u), ∂αa) and (∂αdiv (ρu ⊗ u), ∂αu). We have

|(∂α(adiv u), ∂αa)| � (‖a‖L∞‖∇u‖Hm

+‖∇u‖L∞‖a‖Hm )‖∂αa‖L2 ,

|(∂αdiv (ρu ⊗ u), ∂αu)| = |(∂α(ρu ⊗ u),∇∂αu)|
� (‖ρu‖L∞‖u‖Hm + ‖u‖L∞‖ρu‖Hm )‖∇∂αu‖L2 .

Now, summing up all the above estimates, we finally arrive at

d

dt
(‖a‖2

Ḣm + γ
∑

|α|=m

‖√ρ∂αu‖2L2 ) + γμ‖∇u‖2
Ḣm

� (‖∇u‖2H1 + ‖∇a‖2H1 + ‖∇u‖L∞ )(‖u‖2Hm + ‖a‖2Hm ) + ‖∇a‖L6‖ut‖Hm−1‖∂αu‖
H

1
2

+‖∇a‖Hm−1‖ut‖
H

1
2
‖∂αu‖H1 . (2.44)

Observe that ρ−1 = 1
1+a = 1− F(a) with F(a) = a

1+a . Then, by Lemma 5.6,
we have

‖F(a)div g‖Hm−1 � ‖∇g‖Hm−1 + ‖g‖L∞‖F(a)‖Hm

� ‖∇g‖Hm−1 + C(‖a‖L∞)‖g‖L∞‖a‖Hm .

This yields that

‖ut‖Hm−1 � ‖u · ∇u‖Hm−1 + ‖ 1

1 + a

[−div
(
2μD(u) + λdiv u Id) + ∇a

] ‖Hm−1

� ‖u‖W 1,∞‖u‖Hm + ‖∇u‖Hm + ‖∇a‖Hm−1 + (‖∇u‖L∞ + ‖a‖L∞ ) ‖a‖Hm
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from which, together with (2.44), we get

d

dt

⎛

⎝‖a‖2
Ḣm + γ

∑

|α|=m

‖√ρ∂αu‖2L2

⎞

⎠ + γμ‖∇u‖2
Ḣm

� (‖∇u‖2H1 + ‖∇a‖2H1 + ‖∇u‖L∞

+‖∇a‖2L6 + ‖∇u‖2L∞ + ‖∇a‖4L6)(‖u‖2Hm + ‖a‖2Hm

+‖a‖2Hm ) + ‖∇u‖2Hm−1 .

From the facts that a = (1 + a)γ − 1 and a = (a + 1)
1
γ − 1, we deduce from

Lemma 5.6 that ‖a‖Hm ∼ ‖a‖Hm , which implies that

d

dt
(‖a‖2

Ḣm + γ
∑

|α|=m

‖√ρ∂αu‖2L2) + γμ‖∇u‖2
Ḣm

�
[‖∇u‖2H2+‖∇a‖2H1(1 + ‖∇a‖2H1)+‖∇u‖L∞

]
(‖u‖2Hm +‖a‖2Hm )+‖∇u‖2Hm−1 .

Thanks to (1.5), one has ‖∇u‖2
H2 + ‖∇a‖2

H1(1 + ‖∇a‖2
H1) + ‖∇u‖L∞ ∈

L1([0,∞]), which enables us to use the inductivemethod to prove the desired result.
Suppose that for m ≥ 3, a, u ∈ L∞([0,∞]; Hm−1) and∇u ∈ L2([0,∞]; Hm−1).
The above inequality immediately implies that a, u ∈ L∞([0,∞]; Hm) and
∇u ∈ L2([0,∞]; Hm). This completes the proof for the corollary. �

3. Global-in-Time Stability for (CNS) System

In this section, wewant to prove Theorem 1.2. The proof will fall into two steps:

(1) By the local well-posedness for the system (CNS), we can show that the
perturbed solutions will remain close to the reference solutions for a long
time if initially they are close.

(2) By the convergence result, we get that the reference solution is close to the
equilibrium after a long time. This means that we can find a large time t0, and
at that moment the perturbed solutions are close to the equilibrium. Then it
is not difficult to prove the global existence in the perturbation framework.

3.1. Setup of the Problem

Let (ρ̄, ū) be a global smooth solution for the (CNS) with the initial data
(ρ̄0, ū0). And let (ρ, u) be the solution for the (CNS) associated the initial data
(ρ0, u0),which satisfies (1.13). We denote h = ρ − ρ̄ and v = u − ū, which satisfy
the error equations as follows:

{
∂t h + div ((h + ρ̄)v) + div (hū) = 0,
∂tv + v · ∇v − 1

ρ
(μ�v + (λ + μ)∇div v) + γργ−2∇h = G

ρ
,
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where

−G = hūt + hv · ∇ū + hū · ∇v + hū · ∇ū + ρ̄v · ∇ū + ρ̄ū · ∇v + γ (ργ−1 − ργ−1)∇ρ.

By a slight modification, we rewrite the above system as

{
∂t h + (ū + v) · ∇h = −(h + ρ̄)div v − hdiv ū,

∂tv + v · ∇v − μdiv
(
1
ρ
∇v

)
− (λ + μ)∇

(
1
ρ
div v

)
def= H,

(E R R)

where

H = − 1

ρ

[
hūt + hv · ∇ū + hū · ∇v + hū · ∇ū + ρ̄v · ∇ū

+ γ (ργ−1 − ργ−1)∇ρ
] + μ

∇h

ρ2 ∇v + (μ + λ)
∇h

ρ2 div v

− γ (ργ−2 − ρ̄γ−2)∇h − γ ρ̄γ−2∇h +
(

ρ̄ū

ρ
− ρ̄ū

ρ̄
− μ

∇ρ

ρ2 + μ
∇ρ̄

ρ̄2

)

· ∇v

+
(

ρ̄ū

ρ̄
− μ

∇ρ̄

ρ̄2

)

· ∇v

+ (μ + λ)
∇ρ̄

ρ̄2 div v+(μ+λ)

(∇ρ̄

ρ2 −∇ρ̄

ρ̄2

)

div v.

To catch the dissipation structure of the system, we apply operators Q and P
to the v-equation of (ERR) individually to obtain that

∂tQv + v · ∇Qv − μdiv

(
1

ρ
∇Qv

)

− (λ + μ)∇
(
1

ρ
divQv

)

= μdiv

([

Q,
1

ρ
∇
])

v + (λ + μ)∇
[

Q,
1

ρ
div

]

v + [Q, v · ∇]v + QH,

∂tPv+v · ∇Pv−μdiv

(
1

ρ
∇Pv

)

=μdiv

([

P,
1

ρ
∇
])

v + [P, v · ∇]v + PH.

(3.1)

Before proving the stability, we give the estimate to the term H . We have

Lemma 3.1. Let (ρ̄, ū) be the smooth solution for (CNS) satisfying (1.12). There
exists a ε0 such that, for any 0 < ε � ε0, if

‖h‖
L̃∞

T (Ḃ
1
2 , 3p
2,p )

� ε
1
2 ,
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then it holds that

‖H‖
L1

T (Ḃ
1
2 , 3p −1

2,p )

� C1

⎛

⎝1 + ‖h‖
L̃∞

T (Ḃ
1
2 , 3p
2,p )

+ ‖Qv‖
L̃∞

T (Ḃ
1
2 , 3p −1

2,p )

+ ‖Pv‖
L̃∞

T (Ḃ
3
p −1

p,1 )

⎞

⎠

×
⎛

⎝‖h‖
L1

T (Ḃ
5
2 , 3p
2,p )

+ ‖Pv‖
L1

T (Ḃ
3
p +1

p,1 )

+ ‖Qv‖
L1

T (Ḃ
3
2 , 3p
2,p )

⎞

⎠ ,

where C1 is a positive constant depending only on μ, λ, and C in (1.12).

Proof. We just establish the estimate to the term γ (ργ−2 − ρ̄γ−2)∇h; all the other
terms can be estimated similarly as to Proposition 5.1.

Note that ργ−2 − ρ̄γ−2 = (γ − 2)h
∫ 1
0 (θρ + (1 − θ)ρ̄)γ−3 dθ ; then we have

‖γ (ργ−2 − ρ̄γ−2)∇h‖
L1

T (Ḃ
1
2 , 3p −1

2,p )

� C‖h∇h‖
L1

T (Ḃ
1
2 , 3p −1

2,p )

.

Using Proposition 5.1 (b) with s = 3
2 , t = 1

2 , s̃ = 1
2 , t̃ = 3

2 , θ = 0 yields

∑

2 j �R0

2
1
2 j‖�̇ j (h∇h)‖L1

T (L2) � C‖h‖
L̃2

T (Ḃ
3
2 , 3p
2,p )

‖∇h‖
L̃2

T (Ḃ
1
2 , 3p −1

2,p )

+ C‖∇h‖
L̃2

T (Ḃ
1
2 , 3p −1

2,p )

‖h‖
L̃2

T (Ḃ
3
2 , 3p
2,p )

� C‖h‖2
L̃2

T (Ḃ
3
2 , 3p
2,p )

.

On the other hand, from Proposition 5.1 (a) with σ = 3
p , τ = 3

p −1, it follows that

∑

2 j >R0

2
3
p −1 j ‖�̇ j (h∇h)‖L1

T (L p)
� C‖h‖

L̃2
T (Ḃ

3
2 , 3p
2,p )

‖∇h‖
L̃2

T (Ḃ
1
2 , 3p −1

2,p )

� C‖h‖2
L̃2

T (Ḃ
3
2 , 3p
2,p )

.

Thus, we deduce that

‖h∇h‖
L1

T (Ḃ
1
2 , 3p −1

2,p )

� C‖h‖2
L̃2

T (Ḃ
3
2 , 3p
2,p )

.

Noting the interpolation inequality

‖h‖2
L̃2

T (Ḃ
3
2 , 3p
2,p )

� ‖h‖
1
2

L1
T (Ḃ

5
2 , 3p
2,p )

‖h‖
1
2

L̃∞
T (Ḃ

1
2 , 3p
2,p )

,

we have

‖h∇h‖
L1

T (Ḃ
1
2 , 3p −1

2,p )

� C‖h‖
L1

T (Ḃ
5
2 , 3p
2,p )

‖h‖
L̃∞

T (Ḃ
1
2 , 3p
2,p )

.

�
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3.2. Long Time Existence of (ERR)

We want to prove that if the initial data of (ERR) is small, then its associated
solution will be still small during a long time interval. More precisely, we have the
following proposition:

Proposition 3.1. Let (ρ̄, ū) associated with initial data (ρ̄0, ū0) be a global solu-
tion of (CNS) satisfying (1.12). Given an ε > 0, if the initial data of (ERR) are
determined by the following inequality:

‖(h0,Qv0)‖L

Ḃ
1
2
2,1

+ ‖Qv0‖H

Ḃ
3
p −1

p,1

+ ‖h0‖H

Ḃ
3
p

p,1

+ ‖Pv0‖
Ḃ

3
p −1

p,1

� ε, (3.2)

then there exists a constant δ independent of ε, such that for any t ∈ [0, δ| ln ε|], it
holds that

‖(h,Qv)(t)‖L

Ḃ
1
2
2,1

+ ‖Qv(t)‖H

Ḃ
3
p −1

p,1

+ ‖h(t)‖H

Ḃ
3
p

p,1

+ ‖Pv(t)‖
Ḃ

3
p −1

p,1

� ε
1
2 .

Remark 3.1. The assumption (3.2) comes directly from (1.13).

Proof. We use the continuity argument to prove the desired result. Let T be the
maximum time such that for any t ∈ [0, T ], it holds that

‖(h,Qv)(t)‖L

Ḃ
1
2
2,1

+ ‖Qv(t)‖H

Ḃ
3
p −1

p,1

+ ‖h(t)‖H

Ḃ
3
p

p,1

+ ‖Pv(t)‖
Ḃ

3
p −1

p,1

� ε
1
2 .

The existence of T can be obtained by the local well-posedness for the system.
Then the proof of Proposition 3.1 is reduced to prove that T � δ| ln ε|where δ > 0
is a constant independent of ε.

Step 1: Estimates for the transport equation. Recalling the equation of h, we
have

∂t h + (v + ū) · ∇h + v · ∇ρ̄ + hdiv ū + (h + ρ̄)div v = 0,

and with �̇ j acting on both sides, and multiplying by |�̇ j h|p−2�̇ j h, we get

∂t‖�̇ j h‖p
L p −

∫

div (v + ū)|�̇ j h|p dx

� C
∫

|[�̇ j , (v + ū) · ∇]h · |�̇ j h|p−1| dx

+ C
∫

|�̇ j ((h + ρ̄)div v + hdiv ū)| · |�̇ j h|p−1| dx,

which implies that

∂t‖�̇ j h‖L p � C(‖div ū‖L∞ + ‖div v‖L∞)‖�̇ j h‖L p + C‖[�̇ j , (v + ū) · ∇]h‖L p

+‖�̇ j ((h + ρ̄)div v + hdiv ū)|‖L p .
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Thus, by the definition the Besov space, for any t ∈ [0, T ] we have

‖h‖H

L̃∞
t (Ḃ

3
p

p,1)

� ‖h0‖H

Ḃ
3
p

p,1

+
∫ t

0
‖div ū‖L∞‖h‖H

Ḃ
3
p

p,1

dτ +
∫ t

0
‖h‖H

Ḃ
3
p

p,1

‖v‖
B

5
2 , 3p +1

2,p

dτ

+ C
∫ t

0

∑

2 j �R0

2
3 j
p ‖[�̇ j , ū · ∇]h‖L p dτ + C

∫ t

0

∑

2 j �R0

2
3 j
p ‖[�̇ j , v · ∇]h‖L p dτ

+ C
∫ t

0
‖(h + ρ̄)div v + hdiv ū‖H

Ḃ
3
p

p,1

dτ, (3.3)

and

‖h‖L

L̃∞
t (Ḃ

1
2
2,1)

� ‖h0‖L

Ḃ
1
2
2,1

+
∫ t

0
‖div ū‖L∞‖h‖L

Ḃ
1
2
2,1

dτ +
∫ t

0
‖h‖L

Ḃ
1
2
2,1

‖v‖
Ḃ

5
2 , 3p +1

2,p

dτ

+ C
∫ t

0

∑

2 j �R0

2
j
2 ‖[�̇ j , ū · ∇]h‖L2 dτ + C

∫ t

0

∑

2 j �R0

2
j
2 ‖[�̇ j , v · ∇]h‖L2 dτ

+ C
∫ t

0
‖(h + ρ̄)div v + hdiv ū‖L

Ḃ
1
2
2,1

dτ. (3.4)

Let us give estimates to the terms on the righthand side of (3.3) and (3.4). By
Proposition 5.2, the commutators can be estimated as follows:

∫ t

0

∑

2 j �R0

2
3 j
p ‖[�̇ j , ū · ∇]h‖L p dτ +

∫ t

0

∑

2 j �R0

2
3 j
p ‖[�̇ j , v · ∇]h‖L p dτ

� C
∫ t

0

(

‖Qū‖
Ḃ

5
2 , 3p +1

2,p

+ ‖P ū‖
Ḃ

3
p +1

p,1

+ ‖Qv‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pv‖
Ḃ

3
p +1

p,1

)

‖h‖
Ḃ

1
2 , 3p
2,p

dτ,

(3.5)

and

∫ t

0

∑

2 j �R0

2
j
2 ‖[�̇ j , ū · ∇]h‖L2 dτ +

∫ t

0

∑

2 j �R0

2
j
2 ‖[�̇ j , v · ∇]h‖L2 dτ

� C
∫ t

0

(

‖Qū‖
Ḃ

5
2 , 3p +1

2,p

+ ‖P ū‖
Ḃ

3
p +1

p,1

+ ‖Qv‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pv‖
Ḃ

3
p +1

p,1

)

‖h‖
Ḃ

1
2 , 3p
2,p

dτ.

(3.6)
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Also, by product estimates (Proposition 5.1), we can get

∫ t

0
‖(h + ρ̄)div v + hdiv ū‖L

Ḃ
1
2
2,1

dτ +
∫ t

0
‖(h + ρ̄)div v + hdiv ū‖H

Ḃ
3
p

p,1

dτ

� C
∫ t

0

(

‖Qū‖
Ḃ

5
2 , 3p +1

2,p

+ ‖P ū‖
Ḃ

3
p +1

p,1

+ ‖Qv‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pv‖
Ḃ

3
p +1

p,1

)

‖h‖
Ḃ

1
2 , 3p
2,p

dτ

+ C
∫ t

0

(

‖h‖
Ḃ

1
2 , 3p
2,p

+ ‖ρ̄ − 1‖
Ḃ

1
2 , 3p
2,p

+ 1

)

‖div v‖
Ḃ

3
2 , 3p
2,p

dτ. (3.7)

Plugging (3.5), (3.6) and (3.7) into (3.3) and (3.4), we obtain that

‖h‖
L̃∞

t (Ḃ
1
2 , 3p
2,p )

� ‖h0‖
Ḃ

1
2 , 3p
2,p

+ C
∫ t

0

(

‖Qū‖
Ḃ

5
2 , 3p +1

2,p

+‖P ū‖
Ḃ

3
p +1

p,1

+ ‖Qv‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pv‖
Ḃ

3
p +1

p,1

)

‖h‖
Ḃ

1
2 , 3p
2,p

dτ

+ C
∫ t

0

(

‖h‖
Ḃ

1
2 , 3p
2,p

+ ‖ρ̄ − 1‖
Ḃ

1
2 , 3p
2,p

+ 1

)

‖Qv‖
Ḃ

5
2 , 3p +1

2,p

dτ (3.8)

for any t ∈ [0, T ].
Step 2: Estimates of the momentum equation. First, we deal with the com-

pressible part of velocity, Qv. Applying the operator �̇ j to the equation (3.1) and
multiplying |�̇ jQv|p−2�̇ jQv, we get that

1

p

d

dt
‖�̇ jQv‖p

L p − μ

∫

div

(
1

ρ
∇�̇ jQv

)

|�̇ jQv|p−2�̇ jQv dx

− (λ + μ)

∫

∇
(
1

ρ
div �̇ jQv

)

|�̇ jQv|p−2�̇ jQv dx

=
∫

�̇ jQH |�̇ jQv|p−2�̇ jQv dx −
∫

�̇ jQ(v · ∇v) · |�̇ jQv|p−2�̇ jQv dx

+ C
∫ {

μdiv

(

[Q�̇ j ,
1

ρ
∇]

)

v+(λ+μ)∇[Q�̇ j ,
1

ρ
div ]v

}

|�̇ jQv|p−1 dx .

By Lemma A.5 and Lemma A.6 in [11], we have

d

dt
‖�̇ jQv‖p

L p + cp2
2 j‖�̇ jQv‖p

L p

� C
∫

|�̇ jQH | · |�̇ jv|p−1 dx + C
∫

|�̇ jQ(v · ∇v)| · |�̇ jQv|p−1 dx

+ C
∫ ∣

∣
∣μdiv

([

Q�̇ j ,
1

ρ
∇
])

v + (λ + μ)∇
[

Q�̇ j ,
1

ρ
div

]

v

∣
∣
∣ · |�̇ jQv|p−1 dx .
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Thus, by the definition of Besov space, for any t ∈ [0, T ], we obtain that

‖Qv‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

� C‖Qv0‖
Ḃ

1
2 , 3p −1

2,p

+ C‖v · ∇v‖
L1

t (Ḃ
1
2 , 3p −1

2,p )

+ C‖QH‖
L1

t (Ḃ
1
2 , 3p −1

2,p )

+ C
∫ t

0

∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,
1

ρ
∇
]

v‖L2 dτ + C
∫ t

0

∑

2 j �R0

2 j 3
p ‖

[

�̇ jQ,
1

ρ
∇
]

v‖L p dτ.

(3.9)

For the commutators, applying Proposition 5.2 and Lemma 5.5 yields that

∫ t

0

( ∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,
1

ρ
∇
]

v‖L2 +
∑

2 j �R0

2
3 j
p ‖

[

�̇ jQ,
1

ρ
∇
]

v‖L p

)

dτ

� C
∫ t

0

( ∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,

(
1

ρ̄
− 1

)

∇
]

Pv‖L2

+
∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,
h

ρρ̄
∇
]

Pv‖L2

)

dτ

+ C
∫ t

0

( ∑

2 j �R0

2 j ( 3
p −1)‖

[

�̇ jQ,

(
1

ρ̄
− 1

)

∇
]

Pv‖L p

+
∑

2 j �R0

2
3 j
p ‖

[

�̇ jQ,
h

ρρ̄
∇
]

Pv‖L p

)

dτ

+ C
∫ t

0

( ∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,

(
1

ρ̄
− 1

)

∇
]

Qv‖L2

+
∑

2 j �R0

2
j
2 ‖

[

�̇ jQ,
h

ρρ̄
∇
]

Qv‖L2

)

dτ

+ C
∫ t

0

( ∑

2 j �R0

2 j ( 3
p −1)‖

[

�̇ jQ,

(
1

ρ̄
− 1

)

∇
]

Qv‖L p

+
∑

2 j �R0

2
3 j
p ‖

[

�̇ jQ,
h

ρρ̄
∇
]

Qv‖L p

)

dτ

� C
∫ t

0

(

‖ρ̄ − 1‖
Ḃ

3
p

p,1∩Ḃ
3
p +1

p,1

+ ‖h‖
Ḃ

5
2 , 3p
2,p

)(

‖Qv‖
Ḃ

1
2 , 3p −1

2,p

+ ‖Pv‖
Ḃ

3
p −1

p,1

)

dτ

+ ε
1
2

(

‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

)

. (3.10)
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Using Proposition 5.1, we can get that

‖v · ∇v‖
L1

t (Ḃ
1
2 , 3p −1

2,p )

� C
∫ t

0

(‖Pv‖
Ḃ

3
p −1

p,1

+‖Qv‖
Ḃ

1
2 , 3p −1

2,p

)
(

‖Pv‖
Ḃ

3
p +1

p,1

+ ‖Qv‖
Ḃ

5
2 , 3p +1

2,p

)

dτ. (3.11)

Plugging estimates (3.10), (3.11) and estimates of H (Lemma 3.1) into (3.9),
and noting that

‖h‖
Ḃ

5
2 , 3p
2,p

� C‖h‖
Ḃ

1
2 , 3p
2,p

,

we obtain that

‖Qv‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

� C‖Qv0‖
Ḃ

1
2 , 3p −1

2,p

+ ε
1
2

(

‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

)

+ C
∫ t

0

(

‖Pv‖
Ḃ

3
p −1

p,1

+ ‖Qv‖
Ḃ

1
2 , 3p −1

2,p

+ ‖h‖
Ḃ

1
2 , 3p
2,p

)

dτ

(3.12)

for any t ∈ [0, T ].
Next, we establish estimates of incompressible part,Pv. Applying the operator

�̇ j to both sides of (3.1) and multiplying |�̇ jPv|p−2�̇ jPv, we get that

1

p
∂t‖�̇ jPv‖p

L p − μ

∫

div

(
1

ρ
∇�̇ jPv

)

|�̇ jPv|p−2�̇ jPv dx

=
∫

�̇ jPH |�̇ jPv|p−2�̇ jPv dx −
∫

�̇ jP(v · ∇v) · |�̇ jPv|p−2�̇ jPv dx

+
∫

μdiv ([P�̇ j ,
1

ρ
∇])v · |�̇ jPv|p−2�̇ jPv dx,

which implies that

∂t‖�̇ jPv‖p
L p + cp2

2 j‖�̇ jPv‖p
L p

� C

(∫

|�̇ jPH ||�̇ jPv|p−1 dx +
∫

|�̇ jP(v · ∇v)| · |�̇ jPv|p−1 dx

)

+μ

∫

|div ([P�̇ j ,
1

ρ
∇])v| · |�̇ jPv|p−1 dx .

Thus, by the definition of Besov space, for any t ∈ [0, T ], we derive that
‖Pv‖

L̃∞
t (Ḃ

3
p −1

p,1 )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

� C‖Pv0‖
Ḃ

3
p −1

p,1

+ C‖v · ∇v‖
L1

t (Ḃ
3
p −1

p,1 )

+ C‖PH‖
L1

t (Ḃ
3
p −1

p,1 )

+ C
∫ t

0

∑

j∈N
2 j 3

p ‖[�̇ jP,
1

ρ
∇]v‖L2 dτ.

(3.13)
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By the same argument as in the proof of inequality (3.10), we have

∫ t

0

(∑

j∈N
2

3 j
p ‖[�̇ jP,

1

ρ
∇]v‖L p

)

dx � C

(

‖Qv‖
L1

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖Pv‖
L1

t (Ḃ
3
p −1

p,1 )

)

+ ε
1
2

(

‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

)

.

(3.14)

Plugging estimates (3.14) and (3.11) into (3.13) will imply that, for any t ∈ [0, T ],
it holds that

‖Pv‖
L̃∞

t (Ḃ
3
p −1

p,1 )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

� C‖Pv0‖
Ḃ

3
p −1

p,1

+ C
∫ t

0

(

‖Pv‖
Ḃ

3
p −1

p,1

+ ‖Qv‖
Ḃ

1
2 , 3p −1

2,p

+ ‖h‖
Ḃ

1
2 , 3p
2,p

)

dτ

+ ε
1
2

(

‖Qv‖
L1

t (Ḃ
5
2 , 3p +1

2,p )

+ ‖Pv‖
L1

t (Ḃ
3
p +1

p,1 )

)

. (3.15)

Step 3: Closing the energy estimate. Combining estimates (3.8), (3.12) and
(3.15), and choosing a suitable δ1 such that δ1C � 1

2 , we obtain that

δ1‖h‖
L̃∞

t (Ḃ
1
2 , 3p
2,p )

+ ‖Qv‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖Pv‖
L̃∞

t (Ḃ
3
p −1

p,1 )

� C

(

‖h0‖
Ḃ

1
2 , 3p
p,1

+ ‖Qv0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖Pv0‖
Ḃ

3
p −1

p,1

)

+ C
∫ t

0

(

δ1‖h‖
Ḃ

1
2 , 3p
2,p

+ ‖Qv‖
Ḃ

1
2 , 3p −1

2,p

+ ‖Pv‖
Ḃ

3
p −1

p,1

)

dτ

for any t ∈ [0, T ]. By the Gronwall’s inequality, we get that for any t ∈ [0, T ], it
holds that

δ1‖h‖
L̃∞

t (Ḃ
1
2 , 3p
2,p )

+ ‖Qv‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+ ‖Pv‖
L̃∞

t (Ḃ
3
p −1

p,1 )

� C

(

‖h0‖
Ḃ

1
2 , 3p
p,1

+ ‖Qv0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖Pv0‖
Ḃ

3
p −1

p,1

)

et .

According to the definition of T , this implies that T � δ| ln ε| for a suitable δ

independent of ε. Then the proof is completed. �
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3.3. Proof of Theorem 1.2

Now we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. First, thanks to Theorem 1.1, we can choose t0 = 1
2 (1 +

|δ ln ε|) such that

‖(ρ̄ − 1)(t0)‖
Ḃ

1
2 , 32
2,2

+ ‖ū(t0)‖
Ḃ

1
2
2,1

� (1 + |δ ln ε|)−β(p0)/2.

Recall that ρ − 1 = h + (ρ̄ − 1), u = v + ū, then from Proposition 3.1, we derive
that

‖(ρ − 1,Qu)(t0)‖L

Ḃ
1
2
2,1

+ ‖Qu(t0)‖H

Ḃ
3
p −1

p,1

+ ‖(ρ − 1)(t0)‖H

Ḃ
3
p

p,1

+ ‖(Pu)(t0)‖
Ḃ

3
p −1

p,1

� ε
1
2 + (1 + |δ ln ε|)−β(p0)/2 � (1 + |δ ln ε|)−β(p0)/2.

This means that at time t0, the system (CNS) is in the close-to-equilibrium regime.
Then thanks to the results in [8,29,30], we obtain the global existence for (ρ−1, u).
Moreover, due to the definition of T and (1.7–1.8), we conclude that

δ1‖h‖
L̃∞

t (Ḃ
1
2 , 3p
2,p )

+ ‖Qv‖
L̃∞

t (Ḃ
1
2 , 3p −1

2,p )

+‖Pv‖
L̃∞

t (Ḃ
3
p −1

p,1 )

� min{(1 + |δ ln ε|)−β(p0)/2, (1 + t)−β(p0)/2 + ε}.

This completes the proof to Theorem 1.2. �

4. Construction of a Global Solutions with a Class of Large Initial Data

iNSPIRED by [22,32], in this section, we construct a global solution for com-
pressible Navier–Stokes equations with the vertical component of the initial data
(Pu0)

3 could be arbitrarily large.

4.1. Reduction of the Problem

Given a0 ∈ Ḃ
1
2 , 3p −1

2,p ,Qu0 ∈ Ḃ
1
2 , 3p −1

2,p and Pu0 ∈ Ḃ
3
p −1

p,1 with ‖a0‖
Ḃ

1
2 , 3p −1

2,p

being

sufficiently small, it follows by a similar argument as that in [7,8] that there exists
a positive time T so that (CNS) has a unique solution (a, u) with

a ∈ C((0, T ]; Ḃ
1
2 , 3p −1

2,p ), Qu ∈ L∞((0, T ]; Ḃ
1
2 , 3p −1

2,p ) ∩ L1((0, T ); Ḃ
5
2 , 3p +1

2,p ),

Pu ∈ L∞((0, T ]; Ḃ
3
p −1

p,1 ) ∩ L1((0, T ); Ḃ
3
p +1

p,1 ). (4.1)
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Next we only need to give an a priori estimate to the solution. Observe that the
system (CNS) can be recast as

⎧
⎪⎪⎨

⎪⎪⎩

∂t a + u · ∇a + divQu = −adiv u,

∂tQu + u · ∇Qu − μ�Qu − (μ + λ)∇divQu + γ∇a = QWQ,

∂t (Pu)hor + u · ∇(Pu)hor − �(Pu)hor = [P, u · ∇]uhor + (PWP )hor ,

∂t (Pu)3 + P(u · ∇u3) − �(Pu)3 = (PWP )3,

(4.2)

where

WQ = − ∇a

(1 + a)2
∇u − a∇a

1 + a
+ μdiv

(

(
1

1 + a
− 1)∇u

)

+ (μ + λ)∇
(

(
1

1 + a
− 1)div u

)

+ [Q, u · ∇]u + γ (ργ−1 − 1)∇a,

and

WP = − ∇a

(1 + a)2
∇u + μdiv

(

(
1

1 + a
− 1)∇u

)

.

Now, to establish uniform estimates for the solution, we first give estimates toQWQ
and PWP .

Lemma 4.1. There exists a universal constant C such that

‖QWQ‖
Ḃ

1
2 , 3p −1

2,p

� C(‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

+‖a‖
Ḃ

5
2 , 3p
2,p

)

(

‖a‖
Ḃ

1
2 , 3p
2,p

+ ‖Qu‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

,

and

‖PWP‖
Ḃ

3
p −1

p,1

� C‖a‖
B

1
2 , 3p
2,p

(‖Qu‖
B

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)

+ C‖a‖
B

5
2 , 3p
2,p

(

‖Qu‖
B

1
2 , 3p −1

2,p

+ ‖Pu‖
Ḃ

3
p −1

p,1

)

.

Proof. For QWQ and PWP , the most difficult term is [Q, u · ∇]u; the others can
be estimated by the Propositions 5.1–5.4 directly, so we just focus on the term
[Q, u · ∇]u.

Because u = Qu + Pu, we have,

[Q, u · ∇]u = [Q, (Qu + Pu) · ∇](Qu + Pu)

=[Q, (Qu) · ∇]Qu+[Q, (Qu) · ∇]Pu+[Q, (Pu) · ∇]Qu+[Q, (Pu) · ∇]Pu.



Stability of (CNS) 1207

Here, by Propositions 5.1–5.4, it is not difficult to get that

‖[Q, (Qu) · ∇]Qu + [Q, (Qu) · ∇]Pu + [Q, (Pu) · ∇]Qu

+[Q, (Pu) · ∇](Pu)hor‖L

Ḃ
1
2
2,1

� C

(

‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)(

‖Qu‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

.

For the remainder term [Q, (Pu) · ∇](Pu)3, by using divPu = 0, we can obtain

[Q, (Pu) · ∇](Pu)3 = Q((Pu) · ∇(Pu)3)

= Q
(
(Pu)hor · ∇h(Pu)3 − (Pu)3div h(Pu)hor )

= Q
(
(Pu)hor · ∇h(Pu)3

) − [Q, (Pu)3]div h(Pu)hor .

Thus, by Proposition 5.1–5.4, we complete the proof of this lemma. �

4.2. Proof of Theorem 1.3

We finally give the proof to Theorem 1.3.

Proof of Theorem 1.3. The proof of the theorem falls into four steps.
Step 1: Estimates for the low frequency part of the solution. Applying �̇ j on

the both side of the first equation of (4.2) and multiplying �̇ j a, we have

1

p

d

dt
‖�̇ j a‖2L2 −

∫

divQu|�̇ j a|2 dx +
∫

�̇ jdivQu · �̇ j a dx

� C
∫

|[�̇ j , u · ∇]a · �̇ j a| dx + C
∫

|�̇ j (adivQu) · �̇ j a| dx,

which implies that

1

2

d

dt
‖�̇ j a‖2L2 +

∫

�̇ jdivQu · �̇ j a dx

� C‖divQu‖L∞‖�̇ j a‖2L2 + C
(‖[�̇ j , u · ∇]a‖L2 + ‖�̇ j (adivQu)‖L2

)‖�̇ j a‖L2 .

(4.3)

Next, taking �−1div on the both sides of the second equation of (4.2) yields
that

∂t d + u · ∇d − (2μ + λ)�d − γ�a = �−1divQWQ − [�−1div , u · ∇]Qu,

(4.4)

where d = �−1divQu.
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Acting as the operator �̇ j on the both sides of (4.4) and multiplying by �̇ j d,
we get that

1

2

d

dt
‖�̇ j d‖2L2 + (2μ + λ)‖∇�̇ j d‖2L2 − γ

∫

�̇ j a · �̇ j�d dx

� C‖divQu‖L∞‖�̇ j d‖2L2 + ‖�̇ j d‖L2‖[�̇ j , u · ∇]d‖L2

+ ‖�̇ j d‖L2
(‖�̇ jQWQ‖L2 + ‖�̇ j [�−1div , u · ∇]Qu‖L2

)
.

(4.5)

Now, we introduce a new auxiliary function w
de f= (2μ + λ)�a − d, which

satisfies that

∂tw + u · ∇w + γ�a

= −(2μ + λ)[�, u · ∇]a − (2μ + λ)�(adiv u)

− �−1divQWQ + [�−1div , u · ∇]Qu.

(4.6)

Applying �̇ j on the both sides of (4.6) and multiplying by �̇ jw, we obtain that

1

2

d

dt
‖�̇ jw‖2L2 + (2μ + λ)γ ‖�̇ j�a‖2L2 − γ

∫

�̇ j a · �̇ j�d dx

� C

(

‖div u‖L∞‖�̇ jw‖2L2 + ‖[�̇ j , u · ∇]w‖L2‖�̇ jw‖L2

)

+ C

(

‖�̇ j [�, u · ∇]a‖L2 + ‖�̇ j�(adiv u)‖L2 + ‖�̇ jQWQ‖L2

)

‖�̇ jw‖L2

+ C‖�̇ j [�−1div , u · ∇]Qu‖L2‖�̇ jw‖L2 .

(4.7)

Putting together estimates (4.3), (4.5) and (4.7), we arrive at

d

dt

(

γ ‖�̇ j a‖2L2 + (1 − δ)‖�̇ j d‖2L2 + δ‖�̇ j w‖2L2

)

+ ‖∇�̇ j d‖2L2 + δ‖��̇ j a‖2L2

� C‖divQu‖L∞‖�̇ j a‖2L2 + C

(

‖[�̇ j , u · ∇]a‖L2 + ‖�̇ j (adivQu)|‖L2

)

‖�̇ j a‖L2

+ C‖�̇ j d‖L2

(

‖divQu‖L∞‖�̇ j d‖L2 + ‖[�̇ j , u · ∇]d‖L2

)

+ C

(

‖�̇ jQWQ‖L2 + ‖�̇ j [�−1div , u · ∇]Qu‖L2

)

‖�̇ j d‖L2

+ Cδ

(

‖div u‖L∞‖�̇ j w‖2L2 + ‖[�̇ j , u · ∇]w‖L2‖�̇ j w‖L2

)

+ Cδ

(

‖�̇ j [�, u · ∇]a‖L2 + ‖�̇ j �(adiv u)‖L2 + ‖�̇ jQWQ‖L2

)

‖�̇ j w‖L2

+ Cδ‖�̇ j [�−1div , u · ∇]Qu‖L2‖�̇ j w‖L2 . (4.8)

When 2 j � R0, it holds that ‖��̇ j a‖L2 � R0‖�̇ j a‖L2 . Thus, we could find a
δ > 0 (small enough) such that

‖�̇ j a‖2L2 + (1 − δ)‖�̇ j d‖2L2 + δ‖�̇ jw‖2L2 � 1

C
(‖�̇ j a‖2L2 + ‖�̇ j d‖2L2).
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Integrating (4.8) over [0, T ], we get that

‖�̇ j a‖L2 + ‖�̇ j d‖L2 + 22 j
∫ T

0
(‖�̇ j d‖L2 + δ‖�̇ j a‖L2) dt

� C
∫ T

0
‖divQu‖L∞‖�̇ j a‖L2 dt

+ C
∫ T

0

(

‖[�̇ j , u · ∇]a‖L2 + ‖�̇ j (adivQu)‖L2

)

dt

+ C
∫ T

0
‖divQu‖L∞‖�̇ j d‖L2 dt

+ C
∫ T

0

(

‖[�̇ j , u · ∇]d‖L2 + ‖�̇ jQWQ‖L2

)

dt

+ C
∫ T

0

(

‖�̇ j [�, u · ∇]a‖L2 + ‖�̇ j [�−1div , u · ∇]

×Qu‖L2 + ‖[�̇ j , u · ∇]�a‖L2

)

dt,

where C depends on the μ, λ and R0. By the definition of Besov space, we obtain

‖a‖L

Ḃ
1
2
2,1

+ ‖d‖L

Ḃ
1
2
2,1

+
∫ T

0
(‖d‖L

Ḃ
5
2
2,1

+ δ‖a‖L

Ḃ
5
2
2,1

) dt

� C
∫ T

0
‖divQu‖L∞‖a‖L

Ḃ
1
2
2,1

dt

+ C
∫ T

0

( ∑

2 j �R0

2
j
2 ‖[�̇ j , u · ∇]a‖L2 + ‖adivQu‖L

Ḃ
1
2
2,1

)

dt

+ C
∫ T

0
‖divQu‖L∞‖d‖L

Ḃ
1
2
2,1

dt

+ C
∫ T

0

( ∑

2 j �R0

2
j
2 ‖[�̇ j , u · ∇]d‖L2 + ‖QWQ‖L

Ḃ
1
2
2,1

)

dt

+ C
∫ T

0

∑

2 j �R0

2
j
2 ‖�̇ j [�−1div , u · ∇]Qu‖L2 dt

+ C
∫ T

0

∑

2 j �R0

2
j
2 ‖�̇ j [�, u · ∇]a‖L2 dt

+ C
∫ T

0

∑

2 j �R0

2
j
2 ‖[�̇ j , u · ∇]�a‖L2 dt.

Let us give estimates to terms in the righthand side one by one. Due to Propo-
sition 5.2 and Lemma 5.5, we deduce that
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∑

2 j �R0

2
j
2 ‖[�̇ j , u · ∇]a‖L2 �

∑

2 j �R0

2
j
2 ‖[�̇ j ,Pu · ∇]a‖L2

+
∑

2 j �R0

2
j
2 ‖[�̇ j ,Qu · ∇]a‖L2

� C(‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)‖a‖
Ḃ

1
2 , 3p
2,p

. (4.9)

A similar argument yields that

∑

2 j �R0

2
j
2 ‖[�̇ j , u · ∇]d‖L2 � C(‖Qu‖

Ḃ
5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)‖d‖
Ḃ

1
2 , 3p −1

2,p

,

∑

2 j �R0

2
j
2 ‖�̇ j [�−1div , u · ∇]Qu‖L2 � C(‖Qu‖

Ḃ
5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)‖d‖
Ḃ

1
2 , 3p −1

2,p

,

∑

2 j �R0

2
j
2 ‖�̇ j [�, u · ∇]a‖L2 � C(‖Qu‖

Ḃ
5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)‖a‖
Ḃ

1
2 , 3p
2,p

.

Finally, by Proposition 5.1, we have

‖adivQu‖L

Ḃ
1
2
2,1

� C‖Qu‖
Ḃ

5
2 , 3p +1

2,p

‖a‖
Ḃ

1
2 , 3p
2,p

.

Now, putting all estimates together and applying Lemma 4.1, we have

‖a‖L

Ḃ
1
2
2,1

+ ‖d‖L

Ḃ
1
2
2,1

+
∫ T

0

(

‖d‖L

Ḃ
5
2
2,1

+ ‖a‖L

Ḃ
5
2
2,1

)

dt � ‖a0‖L

Ḃ
1
2
2,1

+ ‖Qu0‖L

Ḃ
1
2
2,1

+ C
∫ T

0

(

‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

+ ‖a‖
Ḃ

5
2 , 3p
2,p

)(

‖a‖
Ḃ

1
2 , 3p
2,p

+ ‖Qu‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

dt. (4.10)

Step 2: Estimates for the high frequency part of the solution.Applying �̇ j on the
both side of equation of d, (4.4), and taking the inner product with |�̇ j d|p−2�̇ j d
, we derive that

1

p

d

dt
‖�̇ j d‖p

L p − (2μ + λ)

∫

��̇ j d · |�̇ j d|p−2�̇ j d dx

− γ

∫

�̇ j�a · |�̇ j d|p−2�̇ j d dx

� C‖divQu‖L∞‖�̇ j d‖p
L p + ‖�̇ j d‖p−1

L p ‖[�̇ j , u · ∇]d‖L p

+‖�̇ j d‖p−1
L p (‖�̇ jQWQ‖L2 + ‖�̇ j [�−1div , u · ∇]Qu‖L p ).
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By using Lemma A.5 and A.6 in [11], we have that

1

p

d

dt
‖�̇ j d‖p

L p + (cp2
2 j − 1)‖�̇ j d‖p

L p

� C‖divQu‖L∞‖�̇ j d‖p
L p + ‖�̇ j d‖p−1

L p ‖[�̇ j , u · ∇]d‖L p

+ ‖�̇ j d‖p−1
L p (‖�̇ jQWQ‖L p + ‖�̇ j [�−1div , u · ∇]Qu‖L p + ‖�̇ jw‖L p ),

(4.11)

where cp is a positive constant depending only on p.

By the same argument applied to (4.6), we get that

d

dt
‖�̇ jw‖p

L p + ‖�̇ jw‖p
L p

� C‖�̇ j d‖L p‖�̇ jw‖p−1
L p

+ C‖div u‖L∞‖�̇ jw‖p
L p + C‖[�̇ j , u · ∇]w‖L p‖�̇ jw‖p−1

L p

+ C

(

‖�̇ j [�, u · ∇]a‖L p + ‖�̇ j�(adiv u)‖L p

+ ‖�̇ j�
−1divQWQ‖L p

)

‖�̇ jw‖p−1
L p

+ C‖�̇ j [�−1div , u · ∇]Qu‖L p‖�̇ jw‖p−1
L p . (4.12)

Thanks to (4.11) and (4.12), we have

1

p

d

dt

(

‖�̇ j d‖p
L p + δ‖�̇ jw‖p

L p

)

+ (cp2
2 j − 2)‖�̇ j d‖p

L p + δ‖�̇ jw‖p
L p

� 2‖�̇ j d‖L p‖�̇ jw‖p−1
L p + C‖divQu‖L∞‖�̇ j d‖p

L p

+ ‖�̇ j d‖p−1
L p ‖[�̇ j , u · ∇]d‖L p

+ ‖�̇ j d‖p−1
L p

(

‖�̇ jQWQ‖L2 + ‖�̇ j [�−1div , u · ∇]Qu‖L p

)

+ C‖div u‖L∞‖�̇ jw‖p
L p

+ C

(

‖[�̇ j , u · ∇]w‖L p + ‖�̇ j [�−1div , u · ∇]Qu‖L p

)

‖�̇ jw‖p−1
L p

+ C

(

‖�̇ j [�, u · ∇]a‖L p + ‖�̇ j�(adiv u)‖L p

+ ‖�̇ j�
−1divQWQ‖L p

)

‖�̇ jw‖p−1
L p . (4.13)

Observe that

‖�̇ j d‖L p‖�̇ jw‖p−1
L p � δ/2‖�̇ jw‖p

L p + Cδ‖�̇ j d‖p
L p ,

where the constant δ is chosen to satisfy the following inequality:

‖�̇ j d‖L p + δ‖�̇ jw‖L p � 1

2
(‖�̇ j d‖L p + δ‖�̇ j�a‖L p ).
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Meanwhile, choosing a suitable R0 such that for any 2 j � R0 and 2 � p � 4, we
have cp22 j − 2 − Cδ � cp

2 2
2 j . Thus, when 2 j � R0, we get that

d

dt

(

‖�̇ j d‖L p + δ‖�̇ j�a‖L p

)

+ 22 j‖�̇ j d‖L p + ‖�̇ j�a‖L p

� C‖divQu‖L∞‖�̇ j d‖L p + ‖[�̇ j , u · ∇]d‖L p

+ ‖�̇ jQWQ‖L p + C‖�̇ j�
−1divQWQ‖L p

+ ‖�̇ j [�−1div , u · ∇]Qu‖L p + C‖div u‖L∞‖�̇ j�a‖L p

+ C‖[�̇ j , u · ∇]�a‖L p

+ C‖�̇ j [�, u · ∇]a‖L p + C‖�̇ j�(adiv u)‖L p . (4.14)

By the definition of Besov space, we deduce that

‖d,�a‖H

Ḃ
3
p −1

p,1

+
∫ T

0
‖d‖H

Ḃ
3
p +1

p,1

+ ‖�a‖H

Ḃ
3
p −1

p,1

dt

�
∫ T

0
‖divQu‖L∞‖d,�a‖H

Ḃ
3
p −1

p,1

dt + ‖QWQ‖H

L1
T (Ḃ

3
p −1

p,1 )

+ ‖adiv u‖H

L1
T (Ḃ

3
p

p,1)

+
∫ T

0

∑

2 j �R0

2 j (3/p−1)(‖[�̇ j , u · ∇]d‖L p

+ ‖�̇ j [�, u · ∇]a‖L p ) dt

+
∫ T

0

∑

2 j �R0

2 j (3/p−1)(‖�̇ j [�−1div , u · ∇]Qu‖L p

+ ‖[�̇ j , u · ∇]�a‖L p ) dt.

Thanks to Proposition 5.1-Proposition 5.4 as well as Lemma 4.1, the above inequal-
ity can be written as

‖d,�a‖H

Ḃ
3
p −1

p,1

+
∫ T

0
‖d‖H

Ḃ
3
p +1

p,1

+ ‖�a‖H

Ḃ
3
p −1

p,1

dt � ‖d0,�a0‖H

Ḃ
3
p −1

p,1

+ C
∫ T

0

(

‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

+ ‖a‖
Ḃ

5
2 , 3p
2,p

)(

‖a‖
Ḃ

1
2 , 3p
2,p

+ ‖Qu‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

dt. (4.15)

Step 3: Estimates for the incompressible part of the velocity. To close the esti-
mates, we need to estimate Pu. For (Pu)hor . Applying Proposition 5.5 to the third
equation of (4.2), we obtain that
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‖(Pu)hor‖
L̃∞

T (Ḃ
3
p −1

p,1 )

+ ‖(Pu)hor‖
L1

T (Ḃ
3
p +1

p,1 )

� ‖(Pu0)
hor‖

L̃∞
T (Ḃ

3
p −1

p,1 )

+ C
∫ T

0
‖div u‖L∞‖Puhor‖

Ḃ
3
p −1

p,1

dt

+
∫ T

0
‖(PWP )hor‖

Ḃ
3
p −1

p,1

dt

+ C
∫ T

0

∑

j∈N
2 j ( 3

p −1)
(‖[�̇ j , u · ∇](Pu)hor‖L p + ‖[P, u · ∇]uhor‖L p ) dt

� ‖(Pu0)
hor‖

L̃∞
T (Ḃ

3
p −1

p,1 )

+ C
∫ T

0
‖a‖

Ḃ
1
2 , 3p
2,p

(‖(Qu)hor‖
Ḃ5/2,3/p+1
2,p

+ ‖(Pu)hor‖
Ḃ

3
p +1

p,1

) dt

+ C
∫ T

0
(‖(Qu)hor‖

Ḃ
1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

2,p

)(‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

) dt,

(4.16)

where we used Lemma 4.1 and

∑

j∈N
2 j ( 3

p −1)
(‖[�̇ j , u · ∇](Pu)hor‖L p + ‖[P, u · ∇]uhor‖L p )

� C(‖(Qu)hor‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)(‖Qu‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

).

For (Pu)3, deducing from the divergence free condition divPu = 0, we have

P(u · ∇u3)=P
(
((Qu)hor+(Pu)hor )∂hu3)−P(u3div h(Pu)hor )+P(u3∂3(Qu)3).

Thus, applying Proposition 5.5 again to the last equation of (4.2), we obtain that

‖(Pu)3‖
L̃∞

T (Ḃ
3
p −1

p,1 )

+ ‖(Pu)3‖
L1

T (Ḃ
3
p +1

p,1 )

� ‖(Pu0)
3‖

L̃∞
T (Ḃ

3
p −1

p,1 )

+
∫ T

0
‖((Qu)hor + (Pu)hor )∂hu3‖

Ḃ
3
p −1

p,1

dt

+
∫ T

0

(

‖u3div h(Pu)hor ‖
Ḃ

3
p −1

p,1

+ ‖u3∂3(Qu)3‖
Ḃ

3
p −1

p,1

+ ‖(PWP )3‖
Ḃ

3
p −1

p,1

)

dt.

(4.17)
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Thanks to Proposition 5.1 and Lemma 5.4, we have

‖((Qu)hor + (Pu)hor )∂hu3‖
Ḃ

3
p −1

p,1

� C

(

‖(Qu)hor‖
Ḃ

1
2 , 3p −1

2,p

+‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

‖(Pu)3‖
Ḃ

3
p +1

p,1

,

and

‖u3div h(Pu)hor ‖
Ḃ

3
p −1

p,1

+ ‖u3∂3(Qu)3‖
Ḃ

3
p −1

p,1

+ ‖(PWP )3‖
Ḃ

3
p −1

p,1

� C

⎛

⎝‖(Qu)3‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)3‖
Ḃ

3
p −1

p,1

⎞

⎠

⎛

⎝‖(Pu)hor ‖
Ḃ

3
p +1

p,1

+ ‖(Qu)3‖
Ḃ

5
2 , 3p +1

2,p

⎞

⎠

+ C‖a‖
Ḃ

1
2 , 3p
2,p

⎛

⎝‖(Pu)hor ‖
Ḃ

3
p +1

p,1

+ ‖(Pu)3‖
Ḃ

3
p +1

p,1

⎞

⎠ ,

from which, together with Lemma 4.1 and (4.17), we derive that

‖(Pu)3‖
L̃∞

T (Ḃ
3
p −1

p,1 )

+ ‖(Pu)3‖
L1

T (Ḃ
3
p +1

p,1 )

� ‖(Pu0)
3‖

L̃∞
T (Ḃ

3
p −1

p,1 )

+ C
∫ T

0
(‖(Qu)hor‖

Ḃ
1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)‖(Pu)3‖
Ḃ

3
p +1

p,1

dt

+ C
∫ T

0

(

‖(Qu)3‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)3‖
Ḃ

3
p −1

p,1

)

×
(

‖(Pu)hor‖
Ḃ

3
p +1

p,1

+‖(Qu)3‖
Ḃ

5
2 , 3p +1

2,p

)

dt

+ C
∫ T

0
‖a‖

Ḃ
1
2 , 3p
2,p

(

‖(Pu)hor‖
Ḃ

3
p +1

p,1

+‖(Pu)3‖
Ḃ

3
p +1

p,1

)

dt.

(4.18)

Step 4: Continuity argument. We first deduce from (4.10), (4.15) and (4.16)
that

‖a(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖d(t)‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor (t)‖
Ḃ

3
p −1

p,1

+
∫ t

0

(

‖a‖
Ḃ

5
2 , 3p
2,p

+ ‖d‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)

dτ

� C

(

‖a0‖
Ḃ

1
2 , 3p
2,p

+ ‖d0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

)
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+
∫ t

0

(

‖a‖
Ḃ

5
2 , 3p
2,p

+ ‖d‖
Ḃ

5
2 , 3p +1

2,p

+ ‖Pu‖
Ḃ

3
p +1

p,1

)(

‖a‖
Ḃ

1
2 , 3p
2,p

+‖d‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

dτ.

Let ε
1
2 ≤ c1 � 1. We define T̄ by

T̄
def= sup

⎧
⎨

⎩
T > 0: ‖a‖

L̃∞
T (Ḃ

1
2 , 3p
2,p )

+ ‖d‖
L̃∞

T (Ḃ
1
2 , 3p −1

2,p )

+ ‖(Pu)hor ‖
L̃∞

T (Ḃ
3
p −1

p,1 )

� c1

⎫
⎬

⎭
.

(4.19)

According to the local existence and blow up criterion for the system, it is obvious
that T̄ > 0.We shall prove T̄ = ∞ under the assumption (1.15). For any t ∈ [0, T̄ ],
the above inequality can be recast by

‖a(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖d(t)‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor (t)‖
Ḃ

3
p −1

p,1

+ (1 − c1)
∫ t

0

(

‖a‖
Ḃ

5
2 , 3p
2,p

+ ‖d‖
Ḃ

5
2 , 3p +1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p +1

p,1

)

dτ

� ‖a0‖
Ḃ

1
2 , 3p
2,p

+ ‖d0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

+ C
∫ t

0
‖(Pu)3‖

Ḃ
3
p +1

p,1

(

‖a‖
Ḃ

1
2 , 3p
2,p

+ ‖d‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

dτ,

which implies that

‖a(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖d(t)‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor (t)‖
Ḃ

3
p −1

p,1

� C

(

‖a0‖
Ḃ

1
2 , 3p
2,p

+ ‖d0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

)

× exp

(∫ t

0
‖(Pu)3‖

Ḃ
3
p +1

p,1

dτ

)

(4.20)

for any t ∈ [0, T̄ ].
On the other hand, from (4.18) and (4.19) , we get that for any t ∈ [0, T̄ ],

‖(Pu)3‖
L̃∞

t (Ḃ
3
p −1

p,1 )

+ 2

3
‖(Pu)3‖

L1
t (Ḃ

3
p +1

p,1 )

� ‖(Pu0)
3‖

Ḃ
3
p −1

p,1

+
∫ t

0

(

‖a‖
Ḃ

5
2 , 3p
2,p

+ ‖d‖
Ḃ

5
2 , 3p +1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p +1

p,1

)

×
(

‖a‖
Ḃ

1
2 , 3p
2,p

+ ‖d‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor‖
Ḃ

3
p −1

p,1

)

dτ,
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from which, together with (4.19), we obtain that for any t ∈ [0, T̄ ],
∫ t

0
‖(Pu)3‖

Ḃ
3
p +1

p,1

dτ ≤ C

(

‖a0‖
Ḃ

1
2 , 3p
2,p

+ ‖d0‖
Ḃ

1
2 , 3p −1

2,p

+‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

+ ‖(Pu0)
3‖

Ḃ
3
p −1

p,1

)

(4.21)

Plugging this estimate into (4.20) and using the condition (1.15), we obtain that

‖a(t)‖
Ḃ

1
2 , 3p
2,p

+ ‖d(t)‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu)hor (t)‖
Ḃ

3
p −1

p,1

� C

(

‖a0‖
Ḃ

1
2 , 3p
2,p

+ ‖d0‖
Ḃ

1
2 , 3p −1

2,p

+ ‖(Pu0)
hor‖

Ḃ
3
p −1

p,1

)

exp
(
C(ε + ‖(Pu0)

3‖
Ḃ

3
p −1

p,1

)
)

� Cε � c1
2

,

(4.22)

for any t ∈ [0, T̄ ], which is in contradiction with the definition of T̄ . We conclude
that T̄ = ∞ and (4.22) holds for all time, from which together with (4.21) will
imply (1.16) and (1.17). This ends the proof of Theorem 1.3. �

Acknowledgements. We thank the anonymous referee for their careful reading of our
manuscript and their many insightful comments and suggestions. Lingbing He is supported
by NSF of China under Grant 11771236. Jingchi Huang is supported by NSF of China under
Grant 11701585 and the Science and Technology Planning Project of Guangdong under
Grant 2017A030310047. Chao Wang is supported by NSF of China under Grant 11701016.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

5. Appendix

For the convenience of readers, in this appendix, we list some basic facts about
the Littlewood-Paley theory.

5.1. Littlewood-Paley Decomposition

Let us introduce the Littlewood-Paley decomposition. Choose a radial function
ϕ ∈ S(R3) supported in C = {ξ ∈ R

3, 3
4 ≤ |ξ | ≤ 8

3 } such that

∑

j∈Z
ϕ(2− jξ) = 1 for all ξ �= 0.
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The frequency localization operators � j and S j are defined by

� j f = ϕ(2− j D) f, S j f =
∑

k≤ j−1

�k f for j ∈ Z.

With our choice of ϕ, one can easily verify that

� j�k f = 0 if | j − k| ≥ 2 and � j (Sk−1 f �k f ) = 0 if | j − k| ≥ 5.

(5.1)

Next we recall Bony’s decomposition from [2]:

uv = Tuv + Tvu + R(u, v), (5.2)

with

Tuv =
∑

j∈Z
S j−1u� jv, R(u, v) =

∑

j∈Z
� j u�̃ jv, �̃ jv =

∑

| j ′− j |≤1

� j ′v.

5.2. Product Estimates in Besov Spaces

We first recall the Bernstein lemma which will be frequently used (see [1]).

Lemma 5.1. Let 1 ≤ p ≤ q ≤ +∞. Assume that f ∈ L p(R3), then for any
γ ∈ (N ∪ {0})3, there exist constants C1, C2 independent of f , j such that

supp f̂ ⊆ {|ξ | ≤ A02
j } ⇒ ‖∂γ f ‖q ≤ C12

j |γ |+3 j ( 1
p − 1

q )‖ f ‖p,

supp f̂ ⊆ {A12
j ≤ |ξ | ≤ A22

j } ⇒ ‖ f ‖p ≤ C22
− j |γ | sup

|β|=|γ |
‖∂β f ‖p.

As a consequence, the estimates for the paraproduct and remainder operators
can be given by

Lemma 5.2. Let 1 ≤ p, q, q1, q2 ≤ ∞ with 1
q1

+ 1
q2

= 1
q . Then we have

(a) if s2 ≤ 3
p , we have

‖Tg f ‖
L̃q

T (Ḃ
s1+s2− 3

p
p,1 )

≤ C‖ f ‖L̃
q1
T (Ḃ

s1
p,1)

‖g‖L̃
q2
T (Ḃ

s2
p,1)

;

(b) if s1 ≤ 3
p − 1, we have

‖T f g‖
L̃q

T (Ḃ
s1+s2− 3

p
p,1 )

≤ C‖ f ‖L̃
q1
T (Ḃ

s1
p,1)

‖g‖L̃
q2
T (Ḃ

s2
p,1)

;

(c) if s1 + s2 > 3max(0, 2
p − 1), we have

‖R( f, g)‖
L̃q

T (Ḃ
s1+s2− 3

p
p,1 )

≤ C‖ f ‖L̃
q1
T (Ḃ

s1
p,1)

‖g‖L̃
q2
T (Ḃ

s2
p,1)

.
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We refer readers to [1] for detailed proof. Then we arrive at the following product
estimates:

Lemma 5.3. Let s1 ≤ 3
p − 1, s2 ≤ 3

p , s1 + s2 > 3max(0, 2
p − 1), and 1 ≤

p, q, q1, q2 ≤ ∞ with 1
q1

+ 1
q2

= 1
q . Then it holds that

‖ f g‖
L̃q

T (Ḃ
s1+s2− 3

p
p,1 )

≤ C‖ f ‖L̃
q1
T (Ḃ

s1
p,1)

‖g‖L̃
q2
T (Ḃ

s2
p,1)

.

Lemma 5.4. Let s1, s2 ≤ 3
p , s1+s2 > 3max(0, 2

p −1), and 1 ≤ p, q, q1, q2 ≤ ∞
with 1

q1
+ 1

q2
= 1

q . Then it holds that

‖ f g‖
L̃q

T (Ḃ
s1+s2− 3

p
p,1 )

≤ C‖ f ‖L̃
q1
T (Ḃ

s1
p,1)

‖g‖L̃
q2
T (Ḃ

s2
p,1)

.

Next, the commutator between the frequency localization operator and the func-
tion can be estimated by

Lemma 5.5. Let p ∈ [1,∞) and s ∈ (−3min( 1p , 1
p′ ), 3

p ]. Then it holds that
∥
∥2 js‖[� j , f ]∇g‖L1

T (L p)

∥
∥

L1 ≤ C‖ f ‖
L̃∞

T (Ḃ
3
p

p,1)

‖g‖L1
T (Ḃs+1

p,1 )
,

∥
∥2 js‖[� j , f ]∇g‖L1

T (L p)

∥
∥

L1 ≤ C‖ f ‖
L̃∞

T (Ḃ
3
p +1

p,1 )

‖g‖L1
T (Ḃs

p,1)
.

We recall the following composite result:

Lemma 5.6. Let s > 0 and 1 ≤ p, q, r ≤ ∞. Assume that F ∈ W [s]+3,∞
loc (R) with

F(0) = 0. Then it holds that

‖F( f )‖L̃q
T (Ḃs

p,r )
≤ C(1 + ‖ f ‖L∞

T (L∞))
[s]+2‖ f ‖L̃q

T (Ḃs
p,r )

.

In the anisotropic spaces, the above results still hold true. We refer readers to
[5,8] for details. We begin with the product estimates.

Proposition 5.1. Let s, t, s̃, t̃, σ, τ ∈ R, 2 � p � 4, and 1 � r, r1, r2 � ∞ with
1
r = 1

r1
+ 1

r2
. Then we have the following estimates:

(a) If σ, τ � n
p and σ + τ > 0, then

∑

2 j >R0

2 j (σ+τ− n
p )‖�̇ j ( f g)‖Lr

T (L p)

� C(‖ f ‖L
L̃

r1
T (Ḃn/2−n/p+σ

2,1 )
+ ‖ f ‖H

L̃
r1
T (Ḃσ

p,1)
)(‖g‖L

L̃
r2
T (Ḃn/2−n/p+τ

2,1 )
+ ‖g‖H

L̃
r2
T (Ḃτ

p,1)
).

(b) If s, s̃ � n
p and s + t > n − 2n

p with s + t = s̃ + t̃ and θ ∈ R, then
∑

2 j �R0

2 j (s+t− n
2 )‖�̇ j ( f g)‖Lr

T (L2)

� C(‖ f ‖L
L̃

r1
T (Ḃs

2,1)
+ ‖ f ‖H

L̃
r1
T (Ḃs−n/2+n/p

p,1 )
)(‖g‖L

L̃
r2
T (Ḃt

2,1)
+ ‖g‖H

L̃
r2
T (Ḃt−n/2+n/p+θ

p,1 )
)

+ C(‖g‖L
L̃

r2
T (Ḃs̃

2,1)
+ ‖g‖H

L̃
r2
T (Ḃs̃−n/2+n/p

p,1 )
)(‖ f ‖L

L̃
r1
T (Ḃ t̃

2,1)
+ ‖ f ‖H

L̃
r1
T (Ḃ t̃−n/2+n/p

p,1 )
).
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(c) If s, s̃ � n
2 and s + t > n

2 − n
p with s + t = s̃ + t̃ , then

∑

j∈Z
2 j (s+t− n

2 )‖�̇ j ( f g)‖Lr
T (L2) � C(‖ f ‖L

L̃
r1
T (Ḃs

2,1)
+ ‖ f ‖H

L̃
r1
T (Ḃs−n/2+n/p

p,1 )
)‖g‖L̃

r2
T (Ḃt

2,1)

+ C(‖g‖L
L̃

r2
T (Ḃs̃

2,1)
+ ‖g‖H

L̃
r2
T (Ḃs̃−n/2+n/p

p,1 )
)‖ f ‖L̃

r1
T (Ḃt̃

2,1)
.

Let {c( j)} be a sequence in l1 with the norm ‖{c( j)}‖l1 � 1. Then the estimates
for the commutators can be stated as follows:

Proposition 5.2. Let 2 � p � 4,− n
p < s � n

2 + 1, − n
p < σ � n

p + 1, and

1 � r, r1, r2 � ∞ with 1
r = 1

r1
+ 1

r2
. Then, for 2 j > R0, it holds that

‖[v, �̇ j ] · ∇ f ‖Lr
T (L p) � Cc( j)(2− jσ + 2 j ( n

2− n
p −s)

)(‖ f ‖L
L̃

r2
T (Ḃs

2,1)
+ ‖ f ‖H

L̃
r2
T (Ḃσ

p,1)
)

× (‖v‖L
L̃

r1
T (Ḃn/2+1

2,1 )
+ ‖v‖H

L̃
r1
T (Ḃ1+n/p

p,1 )
),

‖[v, �̇ j ] · ∇ f ‖Lr
T (L p) � Cc( j)(2− jσ + 2 j ( n

2− n
p −s)

)(‖ f ‖L
L̃

r2
T (Ḃs

2,1)

+‖ f ‖H
L̃

r2
T (Ḃσ

p,1)
)‖v‖

L̃
r1
T (Ḃ1+n/p

p,1 )
.

Moreover, if − n
p < s � n

p + 1, then

‖[v, �̇ j ] · ∇ f ‖Lr
T (L2) � Cc( j)2− js‖ f ‖L̃

r2
T (Ḃs

2,1)
(‖v‖L

L̃
r1
T (Ḃn/2+1

2,1 )
+ ‖v‖H

L̃
r1
T (Ḃ1+n/p

p,1 )
).

Proposition 5.3. Under the assumption of Proposition 5.2, if S ∈ Sm
1,0, then, for

2 j > R0,

‖[S, �̇ j ] · ∇ f ‖Lr
T (L p) � Cc( j)(2− jσ + 2 j ( n

2− n
p −s)

)(‖ f ‖L
L̃

r2
T (Ḃs+m

2,1 )
+ ‖ f ‖H

L̃
r2
T (Ḃσ+m

p,1 )
),

and, for 2 j � R0, if − n
p < s � n

p + 1, then

‖[S, �̇ j ] · ∇ f ‖Lr
T (L2) � Cc( j)2− js(‖ f ‖L

L̃
r2
T (Ḃs+m

2,1 )
+ ‖ f ‖H

L̃
r2
T (Ḃσ+m

p,1 )
).

Finally the composite result can be proven.

Proposition 5.4. Let 2 � p � 4, s, σ > 0, and s � σ − n
2 + n

p , r � 1. Assume

that F ∈ W [s]+2
loc ∩ W [σ ]+2

loc with F(0) = 0. Then it holds that

‖F( f )‖L
L̃r

T (Ḃs
2,1)

+ ‖F( f )‖H
L̃r

T (Ḃσ
p,1)

� C(1 + ‖ f ‖L
L̃∞

T (Ḃn/p
2,1 )

+ ‖ f ‖H
L̃∞

T (Ḃn/p
p,1 )

)max([s],[σ ])+1(‖ f ‖L
L̃r

T (Ḃs
2,1)

+ ‖ f ‖H
L̃r

T (Ḃσ
p,1)

).

For any s > 0 and p � 1, it holds that

‖F( f )‖L̃r
T (Ḃs

p,1)
� C(1 + ‖ f ‖L∞

T (L∞))
[s]+1‖ f ‖L̃r

T (Ḃs
p,1)

.



1220 Lingbing He, Jingchi Huang & Chao Wang

For Stokes equations, the maximum regularity estimate can be concluded as

Proposition 5.5. Let p ∈ (1,∞), and s ∈ R. Let u0 ∈ Ḃs
p,1(R

3) be a divergence-

free field and g ∈ L̃1
T (Ḃs

p,1). If u solves

⎧
⎨

⎩

∂t u − μ�u + ∇� = g,

div u = 0,
u|t=0 = u0,

(5.3)

then (5.3) has a unique solution u so that

‖u‖L̃∞
T (Ḃs

p,1)
+ μ‖u‖L1

T (Ḃs+2
p,1 )

+ ‖∇�‖L1
T (Ḃs

p,1)
� ‖u0‖Ḃs

p,1
+ C‖g‖L1

T (Ḃs
p,1)

.
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