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Abstract

We establish the vanishing viscosity limit of the Navier—Stokes equations to the
Euler equations for three-dimensional compressible isentropic flow in the whole
space. When the viscosity coefficients are given as constant multiples of the den-
sity’s power (p® with § > 1), it is shown that there exists a unique regular solution
of compressible Navier—Stokes equations with arbitrarily large initial data and vac-
uum, whose life span is uniformly positive in the vanishing viscosity limit. It is
worth paying special attention to the fact that, via introducing a “quasi-symmetric
hyperbolic”—“degenerate elliptic” coupled structure to control the behavior of the
velocity of the fluid near the vacuum, we can also give some uniform estimates
for (,OVT_I u) in H? and p’T in H? with respect to the viscosity coefficients
(adiabatic exponent y > 1 and 1 < § < min{3, y}), which lead to the strong
convergence of the regular solution of the viscous flow to that of the inviscid flow
in L*°([0, T'; H‘Y/) (forany s’ € [2, 3)) with the rate of g2(1=s/3), Furthermore, we
point out that our framework in this paper is applicable to other physical dimensions,
say 1 and 2, with some minor modifications.

1. Introduction

In this paper, we investigate the inviscid limit problem of the 3D isentropic
compressible Navier—Stokes equations with degenerate viscosities, when the initial
data contain a vacuum and are arbitrarily large. For this purpose, we consider the
following isentropic compressible Navier-Stokes equations (ICNS) in R3:

pr +div(pu) = 0,

1.1
(pu); +div(pu @ u) + VP = divT. (4.

We look for the above system’s local regular solutions with initial data

(P, wli=0 = (po(x), uo(x)), x € R’ (1.2)
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and the far field behavior
(p,u) = (0,0) as |x| — +oo, r=0. (1.3)

Usually, such kinds of far field behavior occurs naturally under some physical
assumptions on (1.1)’s solutions, such as finite total mass and total energy.
In system (1.1), x = (x1, x2, x3) € R3, ¢ > 0 are the space and time variables,

respectively, p is the density, and u = (u(l), u®, u(3))T € R3isthe velocity of the
fluid. In considering the polytropic gases, the constitutive relation, which is also
called the equations of state, is given by

P =ApY, y>1, (1.4)

where A > 0 is an entropy constant and y is the adiabatic exponent. T denotes the
viscous stress tensor with the form

T = u(p) (w n (Vu)T> + A(p)divu T3, (1.5)
where I3 is the 3 x 3 identity matrix,

w(p) = eap®, r(p) =efp’, (1.6)

w(p) isthe shear viscosity coefficient, A(p)+ %[,L (p) is the bulk viscosity coefficient,
e € (0, 1] is a constant, o and S are both constants satisfying

a>0, 2a+3820, (1.7)

and in this paper, we assume that the constant § satisfies
1 < min{s, y} < 3. (1.8)
In addition, when & = 0, from (1.1), we naturally have the compressible isentropic

Euler equations for the inviscid flow:

{p, + div(pu) = 0, 19

(pu); +div(pu Q u) + VP =0,

which is a fundamental example of a system of hyperbolic conservation laws.
Throughout this paper, we adopt the following simplified notations, most of
which are for the standard homogeneous and inhomogeneous Sobolev spaces:

1flp = I flp@sys WFls = U lgs@sys 12 = 1Flo = I 2@s.
DA = (f e L}, (R¥) : |V¥f|, < 400},
D" = DM2 | flpkr = I fll prr gy (k 2 2),

D= (f e L!R): [V /L <o} Iflpt=Iflpi) fﬂ@fdx=ff.

A detailed study of homogeneous Sobolev spaces can be found in GALDI [14].
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1.1. Existence Theories of Compressible Flow with Vacuum

Before formulating our problem, we first briefly recall a series of frameworks
on the well-posedness of multi-dimensional strong solutions with initial vacuum
established for the hydrodynamics equations mentioned above in the whole space.
For the inviscid flow, in 1987, via writing (1.9) as a symmetric hyperbolic form that
allows the density to vanish, MAKINO—UkAI-KAwSHIMA [31] obtained the local-in-
time existence of the unique regular solution with inf pg = 0, which can be shown
by

Theorem 1.1. [31] Let y > 1. If the initial data (po, uo) satisfy

r=1l
po =0, (0g% ,uo) € HR?), (1.10)

then there exist a time Ty > 0 and a unique regular solution (p, u) to Cauchy
problem (1.9) with (1.2)—(1.3) satisfying

where the regular solution (p, u) to (1.9) with (1.2)—(1.3) is defined by
(A) (,0, u) satisfies (1.9) with (1.2) — (1.3) in the sense of distributions;

B) p=0. (p'T . u) € C([0. To] x B);
) ur+u-Vu=0 when p(t,x)=0.

It should be pointed out that the condition (C) ensures the uniqueness of the regular
solution and makes the velocity u well defined in vacuum region. Without (C), it is
difficult to get enough information on velocity even for considering special cases
such as point vacuum or continuous vacuum on some surface. In 1997, by extracting
a dispersive effect after some invariant transformation, SERRE [36] obtained the
global existence of the regular solution shown in Theorem 1.1 with small density.

For the constant viscous flow (i.e., § = 0 in (1.6)), the corresponding local-in-
time well-posedness of strong solutions with vacuum was firstly solved by CHO-
CHOE-K1M [8,9] in 2004-2006; to compensate the lack of a positive lower bound
of the initial density, they introduced an initial compatibility condition

divT (ug) + VPy = po f, for some f € D' and Jpof € L?, (1.12)

which plays a key role in getting some uniform a priori estimates with respect to the
lower bound of pg; see also DUAN-LUO-ZHENG [12] for the 2D case. Later, based
on the uniform estimate on the upper bound of the density, HUANG-LI-XIN [20]
extended this solution to be a global one under some initial smallness assumption
for the isentropic flow in R>.

Recently, the degenerate viscous flow (i.e., 6 = 0 in (1.6)) described by (1.1)
has received extensive attention from the mathematical community (see the review
papers [2,28]), based on the following two main considerations: on the one hand,
through the second-order Chapman-Enskog expansion from Boltzmann equations
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to the compressible Navier—Stokes equations, it is known that the viscosity coeffi-
cients are not constants but functions of the absolute temperature (cf. CHAPMAN—
CowLING [6] and L1—-QIN [25]), which can be reduced to the dependence on density
for isentropic flow from laws of BOYLE and GAY-LUSSAC (see [25]); on the other
hand, we do have some good models in the following 2D shallow water equations
for the height / of the free surface and the mean horizontal velocity field U:

(1.13)

hy + div(hU) = 0,
(hU); + div(hU @ U) + Vh? = V(h, U).

It is clear that system (1.13) is a special case or a simple variant of system (1.1)
for some appropriately chosen viscous term V(h, U) (see [5,15,16,32]). Some
important progress has been obtained in the development of the global existence
of weak solutions with a vacuum for system (1.1) and related models, see BRESH—
DESJARDINS [2—4], MELLET—VASSEUR [33] and some other interesting results, c.f.
[24,29,40,41].

However, in the presence of a vacuum, compared with the constant viscosity
case [8], there appear to be some new mathematical challenges in dealing with
such systems for constructing solutions with high regularities. In particular, these
systems become highly degenerate, the result of which is that the velocity cannot
even be defined in the vacuum domain and hence it is difficult to get uniform
estimates for the velocity near the vacuum. Recently Li-PAN—ZHU [26,27]-via
carefully analyzing the mathematical structure of these systems-reasonably gave
the time evolution mechanism of the fluid velocity in the vacuum domain. Taking
§ = 1, for example, via considering the following parabolic equations with a special
source term:

20y yot oy
u,+u-Vu+ﬁp T Vp 2 +Lu=(Vp/p)-Su),

Lu = —aAu — (a + B)Vdivu, (1.14)

Sw) = a(Vu + (Vu) ") + Bdivuls,

we could transfer the degenearcy shown in system (1.1) caused by the far field
vacuum to the possible singualrity of the quantity V p/p, which was luckily shown
to be well defined in L° N D'. Based on this, by making full use of the symmetrical
structure of the hyperbolic operator and the weak smoothing effect of the elliptic
operator, they established a series of a priori estimates independent of the lower
bound of pp, and successfully gave the local existence theory of classical solutions

with arbitrarily large data and vacuum for the case 1 < § < min {3, VTH] We
refer readers to ZHU [42,43] for more details and progress.

1.2. Vanishing Viscosity Limit from Viscous Flow to Inviscid Flow
Based on the well-posedness theory mentioned above, naturally there is an

important question can we regard the regular solution of inviscid flow [31,36] as
those of viscous flow [8,12,20,26,27] with vanishing real physical viscosities?
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Actually, there is a lot of literature on the uniform bounds and the vanishing
viscosity limit in the whole space. The idea of regarding inviscid flow as viscous
flow with vanishing real physical viscosity dates back to DAFErmOS [10], HuGo-
NIOT [22], RANKINE [34], RAYLEIGH [35] and STOKES [39]. However, until 1951,
GILBARG [17] gave us the first rigorous convergence analysis of vanishing physical
viscosities from the Navier—Stokes equations (1.1) to the isentropic Euler equations
(1.9), and established the mathematical existence and vanishing viscous limit of
the Navier—Stokes shock layers. The framework on the convergence analysis of
piecewise smooth solutions has been established by GuES—METIVIER-WILLIAMS—
ZUMBRUN [18], Horr-L1u [19], and the references cited therein. The convergence
of vanishing physical viscosity with general initial data was first studied by SERRE—
SHEARER [37] for a 2 x 2 system in nonlinear elasticity with severe growth condi-
tions on the nonlinear function in the system. In 2009, based on the uniform energy
estimates and compactness compensated argument, CHEN—PEREPELITSA [7] es-
tablished the first convergence result for the vanishing physical viscosity limit of
solutions of the Navier—Stokes equations to a finite-energy entropy weak solution
of the isentropic Euler equations with finite-energy initial data, which has been
extended to the density-dependent viscosity case (experiencing degeneracy near
vacuum states) by HUANG-PAN—WANG-WANG-ZHAI [21].

However, even in 1D space, due to the complex mathematical structure of hy-
drodynamics equations near the vacuum, the existence of strong solutions to the
viscous flow and inviscid flow are usually established in totally different frame-
works, for example, [8] and [31]. The proofs shown in [8,12,26] essentially depend
on the uniform ellipticity of the Lamé operator L, and the a priori estimates on the
solutions and their life spans 7'V obtained in the above references both strictly de-
pend on the real physical viscosities. For example, when § = 0 (i.e., © = e« and
A = ¢B), we have

1 1
[u| pri2 < C(a, g)ﬂut +u-Vu+ VP|Dk),

TY ~ 0(80[) + 0(8/3),

(1.15)

which implies that the current frameworks do not seem to work for verifying the
expected limit relation. Thus the vanishing viscosity limit for the multi-dimensional
strong solutions in the whole space from Navier—Stokes equations to Euler equa-
tions for compressible flow with initial vacuum in some open set or at the far field
is still an open problem.

In this paper, motivated by the uniform estimates on £7V3 o ' ande? P = Vu,
when the viscous stress tensor has the form (1.6)—(1.8), we aim at giving a pos-
itive answer for this question by introducing a “quasi-symmetric hyperbolic"-
“degenerate elliptic" coupled structure to control the behavior of the velocity near
the vacuum. We believe that the method developed in this work could give us a good
understanding of the mathematical theory of vacuum, and also can be adapted to
some other related vacuum problems in a more general framework, such as the
inviscid limit problem for multi-dimensional finite-energy weak solutions in the
whole space.
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1.3. Symmetric Formulation and Main Results

We first need to analyze the mathematical structure of the momentum equations
(1.1)7 carefully, which can be divided into hyberbolic, elliptic and source parts as
follows:

p(us +u-Vu) + VP = —ep’Lu+eVp® - Su).
Zep urere o (1.16)

Hyberbolic Elliptic Source

For smooth solutions (p, u) away from the vacuum, these equations could be written
as

Ay _1 8 -1 5-1
M+MVM+—VV — —¢V Su = —¢& Lu.
‘ y—1'7 sty Sw=ger Lue g
Higher order

Lower order

Then if p is smooth enough, we could pass to the limit as o — 0 on both sides of
(1.17) and formally have

uy+u-Vu=0 whenp =0, (1.18)

which, along with (1.17), implies that the velocity u can be governed by a nonlinear
degenerate parabolic system if the density function contains vacuum.

In order to establish uniform a priori estimates for u in H? that is independent of
¢ and the lower bound of the initial density, we hope that the first order terms on the
left-hand side of (1.17) could be put into a symmetric hyperbolic structure, then we
can deal with the estimates on u in H> without being affected by the e-dependent
degenerate elliptic operator. However, this is impossible. The problem is that the
term Vp%~! - S(u) is actually a product of two first order derivatives with the form
~ p372Vp - Vu, and obviously there is no similar term in the continuity equation
(1.1);. This also tells us that it is not enough if we only have the estimates on p.
Some more elaborate estimates for the density related quantities are really needed.

By introducing two new quantities,

—1
g=p2 and p=p'7,

equations (1.1) can be rewritten into a new system that consists of a transport
equation for ¢, and a “quasi-symmetric hyperbolic"—"“degenerate elliptic" coupled
system with some special lower order source terms for (¢, u):

§—1
€0z+u-V<p+T(pdivu=O,

Transport equations
3 , (1.19)
AoW; + Y Aj(W);W = —e@”L(W) + eH(p) - Q(W),

j=1

Degenerate elliptic ~ Lower order source

Symmetric hyperbolic
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where W = (¢, u) T and

0 0 0 0
L(W) = (alLu) , Hip) = (V¢2> . QW) = (O alQ(“)) ’

(1.20)
withay = %52 > 0 and Q) = 275(u). Meanwhile, ;W = dx; W, and
1 0 uh) V_*1¢ej
A() = ( _1)2 s Aj = 1 ( _%)2 . s J = 1, 2, 3.
(0 pyoallE Lge] TuVIs
(1.21)

Here e; = (81, 82, 83;) (j = 1, 2, 3) is the Kronecker symbol satisfying §;; = 1,
wheni = j and §;; = 0, otherwise. For any & € R*, we have

12
u}>o,

1.22
4Ay ( )

£T Aot = ar|€)* with a» = min {1,

For simplicity, we denote the symmetric hyperbolic structure shown in the right-
hand side of (1.19); as SH.

Considering the above system (1.19), first SH does not include all the first

order terms related on (py2;], u) (ie., eH(p) - Q(W)), so we called the equations
(1.19), a “quasi-symmetric hyperbolic"—"“degenerate elliptic" system. Second, the
characteristic speeds of SH in the directionl € S? are -1, with multiplicity two, and
u-1+ ﬁ , with multiplicity one, which means that this structure fails to be strictly
hyperbolic near the vacuum even in one-dimensional or two-dimensional spaces.
At last, this formulation implies that if we can give some reasonable analysis on

-1 5—1
the additional variable p 2, such that the p 2 -related terms will vanish as ¢ — 0
and also do not influence the estimates on (,o 7, u), then it is hopeful for us to get
—1
the desired uniform estimates on (,o VT, u) in H3.
Based on the above observations, we first introduce a proper class of solutions

to system (1.1) with arbitrarily large initial data and vacuum.

Definition 1.1. (Regular solution to the Cauchy problem (1.1)-(1.3)) Let T > 0
be a finite constant. A solution (p, ©) to the Cauchy problem (1.1)—(1.3) is called
a regular solution in [0, 7] x R3 if (p, u) satisfies this problem in the sense of
distributions and:

8—1 3 r—_ 3
A) p20,p72 €C(0,TI;H?), p 2z €C(0,T];: H”);
(B) ueC(0,TL H)YNL®O,T; H), p'7 V*ue L0, T; L?);
O us4+u-Vu=0 as p(,x) =0,
where s’ € [2, 3) is an arbitrary constant.

In order to establish the vanishing viscosity limit from the viscous flow to the
inviscid flow, first we give the following uniform (with respect to ¢) local-in-time
well-posedness to the Cauchy problem (1.1)—(1.3).
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Theorem 1.2. (Uniform Regularity) Let (1.8) hold. If initial data (po, ug) satisfies

y=1 -1
100 Z 01 </002 9002 ,MO) € H31 (123)

then there exists a time T, > 0 independent of ¢, and a unique regular solution
(p,u) in [0, Ty] x R? to the Cauchy problem (1.1)—(1.3) satisfying the following
uniform estimates:

sup (110" 13+ 112 1 + el ™' s + 11ul13) )
0<t<T,
(1.24)

+ess sup |u(t)|2D3+/ elpT v4u|2ds <9,
0<t<T, 0

for arbitrary constant s’ € [2, 3) and positive constant CcY = Co(oe, B, A, y,8,
00, Ug). Actually, (p,u) satisfies the Cauchy problem (1.1)—(1.3) classically in
positve time (0, T].

Moreover, if the following condition holds:

1 <min{8,y} <5/3, or §=2,3, or y=2,3, (1.25)
we still have
p € C([0.T.): HY), p; € C(10, T,]; H). (1.26)

Remark 1.1. The new varible ¢ is actually the constant multiple of local sound
speed ¢ of the hydrodynamics equations:

d -1
c= d—P(p) ( = \/Ay,oyT for polytropic ﬂows).
\ dp

Remark 1.2. Compared with [27], we not only extend the viscosity power param-
eter § to a broder region 1 < min{§, y} < 3, but also establish a more precise
estimate that the life span of the regular solution has a uniformly positive lower
bound with respect to €. Actually, our desired a priori estimates mainly come from
the “quasi-symmetric hyperbolic”—“degenerate elliptic” coupled structure (1.19),,
and the details could be seen in Section 3. Moreover, we point out that the regular
solution obtained in the above theorem will break down in finite time, if the initial
data contain “isolated mass group” or “hyperbolic singularity set”, which could be
rigorously proved via the same arguments used in [27].
-1

r=2 _
Remark 1.3. If we relax the initial assumption from o T e H>to pg !

€ H 3
8—

then the correspongding local-in-time well-posedness for quantities (p? !, ,OT ,u)

still can be obtained by the similar argument used to prove Theorem 1.2. However,

for this case, the uniform positive lower bound of the life span and the uniform a

priori estimates with respect to ¢ are not available, because the change of variable

from ¢ to ¢? has directly destroyed the symmetric hyperbolic structure as shown in
the left hand side of (1.19),.
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Letting ¢ — 0, the solution obtained in Theorem 1.2 will strongly converge to
that of the compressible Euler equations (1.9) in C([0, T]; H* ) for any s” € [1, 3).
Meanwhile, we can also obtain the detail convergence rates, that is

Theorem 1.3. (Inviscid Limit) Let (1.8) hold. Suppose that (p¢, u®) is the regular
solution to the Cauchy problem (1.1)—(1.3) obtained in Theorem 1.2, and (p, u)
is the regular solution to the Cauchy problem (1.9) with (1.2)—(1.3) obtained in
Theorem 1.1. If

(p°, u")li=0 = (p, Wli=0 = (po, uo) (1.27)

satisfies (1.23), then (,08, u"’") converges to (p, u) as ¢ — 0 in the that sense

tim s (695 =)0+ 16 =)0l ) =0 0129

for any constant s’ € [0, 3). Moreover, we also have

sup ([[(0)F =0 )0 + 1" = u)0)l1) <Ce,

0<t<Ty

sip (|(0 7 =07 )0

0<St<T,

(1.29)

L@ —w0lpe) SV,

where C > 0 is a constant depending only on the fixed constants A, 6, y, «, B, T
and pg, uo.
Furthermore, if the condition (1.25) holds, we still have

tim sup ([ (o° = )0 o + | (4 = u)®)] ) =0,
SISTy

e=>0pgy
ogsgn(”(p — PO 10 —)On) =Ce (5,
sup (|(0° = p) (0] po + 1(u° — (@) p2) SC .
0<t<T,

Remark 1.4. It should be pointed out that conclusions of Theorems 1.2—1.3 still
hold when viscosities ¢ and A are in the general form

1(p) = ep’a(p), Mp) =ep’Blp), (1.31)
where a(p) and B(p) are functions of p, satisfying

(c(p), B(p)) € C*(RT), a(p) = Co >0, and 2a(p) +3B(p) = 0.
(1.32)

For function pairs (g1(p), g2(p)) have the form ~ p?, it is obviously that they
do not belong to C*(R*) when p < 4 due to the presence of the vacuum. How-
ever, Theorems 1.2-1.3 still hold if the initial data satisfies the additional initial
assumptions

(1.33)

a(p) = Py, (p)+ 1, B(p) = Py, (p),
Py, (po) € H?, Py, (po) € H?,
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where Py, (p) (i =1,2) is a k;-th degree polynomial of p with vanishing constant
term, and the minimum power of density in all the terms of Py, (o) should be greater
than or equal to % . Furthermore, our framework in this paper is applicable to other

physical dimensions, say 1 and 2, after some minor modifications.

The rest of the paper is organized as follows: in Section 2, we list some basic
lemmas that will be used in our proof. In Section 3, based on some uniform estimates
for

—1 _
( VT, u) in H3, and ,08TI in H2,
we will give the proof for the uniform (with respect to ¢) local-in-time well-
posedness of the strong solution to the reformulated Cauchy problem (3.1), which
is achieved in the following four steps:

(1) Viaintroducing a uniform elliptic operator & (¢4 n%) Lu with artificial viscosity
coefficients 7> > 0 in momentum equations, the global well-posedness of
the approximation solution to the corresponding linearized problem (3.6) for
(¢, ¢, u) has been established (Section 3.1).

(2) We establish the uniform a priori estimates with respect to (n, €) for

(p,u) in H? and ¢ in H

to the linearized problem (3.6) in [0, 7], where the time 7 is also independent
of (n, &) (Section 3.2).

(3) Viapassing to the limit as n — 0, we obtain the solution of the linearized prob-
lem (3.60), which allows that the elliptic operator appearing in the reformulated
momentum equations is degenerate (Section 3.3).

(4) Based on the uniform analysis for the linearized problem, we prove the uniform
(with respect to €) local-in-time well-posedness of the non-linear reformulated
problem through the Picard iteration approach (Section 3.4).

According to the uniform local-in-time well-posedness and a priori estimates
(with respect to €) to non-linearized problem (3.1) obtained in Section 3, in Sec-
tion 4, we will give the proof for Theorem 1.2. Finally in Section 5, the convergence
rates from the viscous flow to inviscid flow will be obtained, which is the proof of
Theorem 1.3.

2. Preliminaries

In this section, we show some basic lemmas that will be frequently used in the
proofs to follow. The first one is the well-known Gagliardo-Nirenberg inequality.

Lemma 2.1. [23] For p € [2,6], g € (1,00), and r € (3, 00), there exists some
generic constant C > 0 that may depend on q and r such that for

feH' (R, and ge L1(R* N D" (R,
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we have
p 6—p)/2 3p—6)/2
¥ |p = Cl|J |2( )/ IV f |2( )/ >

@2.1)

—3)/@r+q(r—3 3r/Q@r+q(r—3
|g|oo é C|g|Z(V )/ (Br+q(r ))|Vg|rr/( r+q(r ))

Some special versions of this inequality can be written as
lule = Clulpt, luloo = ClIVully, luloo < Cllullyrr, for r>3.(22)

The second one can be found in MaipA [30]. Here we omit its proof.

Lemma 2.2. [30] Let constants r, a and b satisfy the relation

1 1 1
—=—+—, and 1Za, b, r < c0.
r a b
Vs > 1, if f, g € WS N WSP(R3), then we have
Vi (fg) — fViglr = Cs(|Vf|a|VS_18|b + 1V flolgla), (2.3)
IV(fe) — fViglr = Cs(|Vf|a|Vs_lg|h + 1V flalglp), (2.4)

where Cg > 0 is a constant only depending on s, and V* f (s > 1) is the set of all
8§f with |¢| = s. Here ¢ = (¢1, 2, ¢3) € R is a multi-index.

The third one will show some compactness results from the Aubin-Lions Lemma.

Lemma 2.3. [38] Let Xo, X and X be three Banach spaces with Xo C X C Xi.
Suppose that X is compactly embedded in X and that X is continuously embedded
in X1. Then:

I) Let G be bounded in LP (0, T; Xo) where 1 < p < oo, and %—? be bounded in
LI(O, T; X1), then G is relatively compact in L? (0, T; X).

1) Let F be bounded in L*°(0, T; Xo) and % be bounded in LP (0, T; X1) with
p > 1, then F is relatively compact in C (0, T; X).

The following lemma will be used to show the time continuity for the higher
order terms of our solution:

Lemma 2.4. [1] If f(t,x) € L2([0, T1; L?), then there exists a sequence sx such
that

s — 0, and sk|f(sk,x)|%—>0, as k — +oo.

Next we give some Sobolev inequalities on the interpolation estimate, product
estimate, composite function estimate and so on in the following three lemmas:

Lemma 2.5. [30] Let u € H®, then for any s’ € [0, s, there exists a constant Cg
only depending on s such that

s/

-9 s’
lully = Csllullg * llulls
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Lemma 2.6. [30] Let functions u, v € H® and s > % then u - v € H?, and there
exists a constant Cg only depending on s such that

luvlly < Csllullslivlls.

Lemma 2.7. [30]

(1) For functions f, g € HS N L and |v| < s, there exists a constant Cs only
depending on s such that

IVP(f9)lls = Cs(| flool Vi gl2 + 18locl V7 f12). 2.5

(2) Assume that g(u) is a smooth vector-valued function on G, u(x) is a continuous
Sunction with u € H* N L*°. Then for s 2 1, there exists a constant Cs only
depending on s such that

0 _
IV gl < C %HS_H“'@OI'VS”'Z- 2.6)

The last lemma is a useful tool for improving the weak convergence to a strong
one.

Lemma 2.8. [30] If function sequence {w, }7> | converges weakly in a Hilbert space

X to w, then wy, converges strongly to w in X if and only if

lwllx Z limsup, ., oo llwnllx-

For simplicity, by introducing four matrices Ay, Az, A3, B = (b;;) = (b1, b2, b3),
a vector W = (wq, wy, w3)T, and letting A = (A1, A2, A3z), we denote

3 3
divA =Y "9;A;, WIBW =) bjww;,
= 3 b= 2.7
|B,=B:B= Zb%p W - B = wiby + waby + w3bs.
i,j=1

The above symbols will be used throughtout the rest of the paper.

3. Uniform Regularity

In this section, we will establish the desired uniform regularity shown in The-
orem 1.2. As the discussion shown in Subsection 1.3, for this purpose we need to
consider the following reformulated problem:

§—1
¢ +u-Vo+ T(pdivu =0,
3
AoW, + Y Aj(W)3;W + g L(W) = eH(g) - Q(W), 3.0
Jj=1
(@, Wli=o0 = (90, Wo), x € R?,
(p, W) = (0,0), as [x] — +oo, 120,
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where W = (¢, u) T and

(w0, Wo) = (¢, ¢, u)l;=0 = (¢0, P0, uo)

Y

5—1 -1
= (0" @) py” (), uo(v)), x € R (3.2)

The definitions of A; (j =0, 1, ..., 3), L, H and Q can be found in (1.20)—(1.22).
To prove Theorem 1.2, our first step is to establish the following existence of
the unique strong solutions for the reformulated problem (3.1):

Theorem 3.1. If the initial data (¢o, ¢o, uo) satisfy

90 20, ¢0=0, (¢o,po,uo) € H>, (3.3)

then there exists a positive time Ty independent of €, and a unique strong solution
(@, ¢, u) in [0, Ty.] x R3 to the Cauchy problem (3.1) satisfying

¢ € C(0, T.]; H?), ¢ € C([0, T.]; HY),
u e C([0, Tu]; H) N L¥([0, T.]; H), (3.4)
oV*u e L2([0, T.1; L%, u, € C([0, Tul; H') N L2([0, T.]; D?),

for any constant s’ € [2, 3). Moreover, we can also obtain the following uniform
estimates:

sup (l@l3 + elol2s + 613 + llul3) @)
0<t<T,

(3.5)

T
+ess sup |u(t)|2D3+/ eloViul3dr < C°,
0<t<T, 0

where C° is a positive constant depending only on T, (o, ¢o, uo) and the fixed
constants A, §, y, a and B, and is independent of ¢.

We will subsequently prove Theorem 3.1 through the next four Subsections (3.1—
3.4), and in the next section, we will show that this theorem indeed implies Theorem
1.2.

3.1. Linearization with an Artificial Strong Elliptic Operator

Let T be any positive time. In order to construct the local strong solutions for
the nonlinear problem, we need to consider the following linearized approximation
problem:

S —1
¢ +v- Vo + Ta)divv =0,
3
AoWi + D Aj (V)W +e(0” +)LW) = eHp) - QV), (34
Jj=1
(@, W)li=o = (90, Wo), x € R,
(p, W) — (0,0), as |x| —> +oo, 120,
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where n € (0, 1] is a constant, W = (¢, u)T, V = (Y, v)T and Wy = (¢o, uo)T.
(w, ¥) are both known functions and v = @D, v@ )T e R3 is a known
vector satisfying the initial assumption (w, ¥, v)(t = 0, x) = (¢o, ¢o, uo) and

we C(0,T]; HY), @ € C([0,T]; H?), ¢ € C(0,T]; H?),
v, € C([0, T]: HY, veC(0,T]; H )N L®(0, T]; H), (3.7)
oV e L2([0, T1; L?), v € C(0,T); HY N L*([0, T]; D*)

for any constant s’ € [2, 3). Moreover, we assume that
9020, ¢0=0, (po, Wo)e H>. (3.8)

Now we have the following global existence of a strong solution (¢, ¢, u) to
(3.6) by the standard methods at least when 1 > 0:

Lemma 3.1. Assume that the initial data (¢g, ¢o, uo) satisfy (3.8). Then there exists
a unique strong solution (¢, ¢, u) in [0, T] x R3 10 (3.6) when n > 0 such that

¢ € C([0,T]; H?), ¢ € C([0,TT; H?),
u e C(0,T]: H) NL*(0, T]; DY), u, € C([0, T1; HY) N L*([0, T1;: D).
(3.9)

Proof. First, the existence and regularities of a unique solution ¢ in (0, T) x R3
to the equation (3.6); can be obtained by the standard theory of transport equation
(see [13]).

Second, when 1 > 0, based on the regularities of ¢, it is not difficult to solve W
from the linear symmetric hyperbolic-parabolic coupled system (3.6), to complete
the proof of this lemma (see [13]). Here we omit its details. O

In the next two subsections, we first establish the uniform estimates for (¢, u)
in H> space with respect to both 1 and &, then we pass to the limit for the case:
n=0.

3.2. A Priori Estimates Independent of (1, €)

Let (¢, ¢, u) be the unique strong solution to (3.6) in [0, T'] x R3 obtained in
Lemma 3.1. In this subsection, we will get some local (in time) a priori estimates for
(¢, u) in H? space, which are independent of (7, ¢) listed in the following Lemmas
3.2-3.5. For this purpose, we fix T > 0 and a positive constant ¢ large enough
such that

2+ llgolls + ligolls + lluollz = co, (3.10)
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and

T*
sup (||w(r>||%+||w<r)||%+||v(t>||%>+f eloVZv3dr < ¢f,
0<t<T* 0

T*
sup (|w(r>|§)z+|1/f(r>|§)2+|v<r)|§)z)+/ eloViv3dt < 3,
0<t<T* 0

T*
ess  sup (|1/f(t>|§)3+|v(r>|§;+a|w(r)|§)3)+f eloVh3dr < 3
0StST* 0

3.11)
for some time T* € (0, T') and constants ¢; (i = 1, 2, 3) such that
l<c=ci =S

The constants ¢; (i = 1,2,3) and T* will be determined later (see (3.58)) and
depend only on ¢p and the fixed constants o, 8, ¥, A, § and T.

Hereinafter, we use C = 1 to denote a generic positive constant depending only
on fixed constants «, 8, ¥, A, § and T, but is independent of (1, &), which may be
different from line to line. We start from the estimates for ¢.

Lemma 3.2. Let (¢, W) be the unique strong solution to (3.6) on [0, T]1x R>. Then

L+ lo012 + o3 £ Ccg. elp®)7: =Ccp,
o3 < Cctl, o7 < Ce3, el (D)3, <Ccf,

for0 <t < Ty =min(T*, (1 + ¢3)72).
Proof. We apply the operator 3¢ (0 < |z] < 3) to (3.6)1, and obtain
@5 ) +v- Vg =~ (v- Vo) —v- Vi) — ¥8§<wdivv>.
(3.12)
Then multiplying both sides of (3.12) by 3§ ¢, and integrating over R, we get
%%|a§¢|§ < Cldivulo 05 9l3 + CA (5 pla + CAS 050, (3.13)
where
A% =185(v - Vo) — v - Vdlgl, Ag = |3{ (wdivv) 2.

First, when || < 2, we consider the term Af and Ag. It follows from Lemma
2.1 and Holder’s inequality that

|AT]2 SC(IVv - Voly + Vo - Vgl 4 |V - Vo))
<C(VulxlVoli + V2013 Vele) < ClIVulaligla,  (3.14)
1A 12 SCllwlllv]l3,
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which, along with (3.13)—(3.14), implies that

d
77 le@®ll2 =ClIVvlzliellz + Clwll2llv]3. (3.15)

Then, according to Gronwall’s inequality, one has
le@ll2 <(llgoll2 + c3r) exp(Cesn) < Cef (3.16)

for0 <t < Ty = min{T*, (1 + ¢3)"2).
Second, when || = 3, it follows from Lemma 2.1 and Ho6lder’s inequality that

ATl SC(IVv - Vgl 4 V20 - V2 4 V3 - Volo) £ ClIVoll2l| Vel
A5l SC(I0V* v + Vo - Vol + V2o - Vol + Ve Vo) (17
<CloV*|y + Cllwls|vll3.

Then, combining (3.13)—(3.17), we arrive at

d
— Vo)l ZC(IVll2 Vel + loV*iola + llwlisllvl
dt ( ) (3.18)

1
<C(e31V30)h + c% + c%ei7 + |wV*]2),

which, along with Gronwall’s inequality, implies that

1 t
lo ()] p3 §<|¢0|D3 +c§z+c§s—fz+/ |a)V4v|2ds> exp(Cest).  (3.19)
0

Therefore, observing that

D=

t t 1
/ lwV*]pds < g*%t%(/ |g%a)V4v|%ds)2 < CC3t%87 ,
0 0
from (3.19), one can obtain that
() ps < Clco+67%), for 01 STy,

At last, the estimates for ¢, follow from the relation:
s—1
¢or =—v-Vp — Ta)dlvv.
For 0 < t < T, we easily have

(D2 £ C(lv)]6| V(D)3 + | (D)oo ldive()]2) < Cc3,
i (D] pt < C (WD ool V2eD)]2 + [Vo(D)]6VR(1)]3 + [0 (1) |oc| VZ0(1)]2)
+ CIVu(D)|6| Vo ()3 £ Cc3,
ot (D p2 < C(IWDool V(D)2 + [VV(D) oo V2R (1) 2 + V20 (1) 6| Ve (1)]3)
+ C(lo()]oo Vo) ]2 + [V (D)6 V20(1)[3 + |V (1) 2] V(1) |00)

(3.20)

1
< C(c% + c3e72).

Thus, we complete the proof of this lemma. O
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Based on Gagliardo-Nirenberg-Sobolev and interpolation inequalities, we firstly
present several useful inequalities

1 1 1 1

[9loo < Clold IVl < CIV9l31V20]3 < Ceo,

1 1 1 1 1
IVoloo £ CIVIZIV20IZ £ CIV2015 V3013 < Cepe 3,

1 1 1 1
IVols < CIVol3 |1w|g §1C|V¢|§ |v21¢|22 < Ce, (3.2
V203 < C|V2013 [V29)2 < CIV20)2 V3|2 < Cepe™3,

(2 @l Ple Pla (45

IVole < CIV2¢la < Ccp,  |V29le < CIV30la < Cepe™2,

which will be frequently used in the proofs to follow.
Using the notations in (2.7), now we show the estimate for | W||;.

Lemma 3.3. Let (¢, W) be the unique strong solution to (3.6) on [0, T]1x R3. Then
t
W3 +e [ /o2 + 2 V2ulids <Ced,
0

for0 <t < Tp =min{Ty, (1 +c3)7%).

Proof. Applying the operator 3% to (3.6)2, we have

3
Ao Wy + D Aj(V)3;05W + e(9* + n)L(d5 W)
j=1
3
=H(p) - 95QV) = Y (35 (A;(V)0;W) = A;(V)0;05W) (300
=1

- 8(35(@2 +PLW)) — (9 + L3¢ W))

+ (3 (H@) - QYY) ~ Hip) - 55Q(V)).

Then multiplying (3.22) by 35 W on both sides and integrating over R3 by parts,
we have

1d
5 | (@ W) T Agds W) + alsal\/mvaﬁu@
+area + By ¢? + n?divoiul;

=/(3§W)TdivA(V)a§W+a1e/(vgoz-Q(agu))-agu (3.23)

ale/ (V2 + 7)) - 0w - o
3

—Z/(ag(Aj(V)ajw) —A;(V)2;aiW) - di W
j=1
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—aie [ (350 + D)L — (@7 + L8 - o

6
+ale/(a§(w2-Q(v)) — Vg Q) ) - ofu =Y I
i=1

Now we consider the terms on the right-hand side of (3.23) when |¢| < 1. First,
it follows from Lemmas 2.1, 3.2, Holder’s inequality and Young’s inequality that

I = /(a,i W) TdivA(V)ai W

SCIVVInld W < CIVVIZIV2VIE 0 W3
<CIVAVIZIVIVE IS WE < Cesdé WEE.

I :ale/ (V<p2 : Q(agv)) - 8%u
<Cel@loo| Vo3| VO v]6|0uly < Cec3|diula,

L= g a18/(V((p2+n2)-Q(aﬁu))-aﬁu (3.24)

<CelVoloolpVaiula|diul
alea
20

1
< I @? + n2Vatul3 + Cciez [0t ul3,

3
Iy =~ Z/ (8§(Aj<V>ajW> — Aj(V)2;d¢ W)a§w
j=1

<Cl5(A; (V)W) — A;(V)d; 05 W |dl W,
<C|VV | VW3 £ Ce3| VW3,
where we have used the fact (3.21).
Similarly, for the terms Is-1I, using (3.21), one can obtain that
Is = — a18/ (a,f(«pz + 92 Lu) — (9> + nz)La;;u) -8%u

<Ce|VoloolpLulz|dsuls
ajea 1
<102 4+ n2V2ulR + Ccke2 |98 ul?,
= IV e~ +n 3 0e2l0zulz (325)
Is =aie [ (35967 Q) - V? - 0 ) -
§C8(I<p|oo|Vv|oo|V2<p|2+|V¢|6|V¢|3|Vv|oo)|3§ulz
<Cceldbuly £ Ccie + Ccleldbul3.
Then from (3.23)—(3.25), we have

1d 1
527 | (@ W) T Agdi W) + §a18a|\/(,02T172V8§u|%

< C(c% + C§8)||W||% + Cc%s,

(3.26)
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which, along with Gronwall’s inequality, implies that

t
W(t 2+8/ 2 4 n2v2u3ds
WOy 0| -+ 15 (3.27)

< C(IWoll} + c3e) exp(C(c3 + c3e)t) < Ccp,
for0 <t < T, =min{T}, (1 +¢3)"%). O
Next we show the estimate for |W|p2.

Lemma 3.4. Let (p, W) be the unique strong solution to (3.6) on [0, T] x R3. Then

t
|W(r>|’§2+s/ V@2 + n2V3ul3ds <Ccj,, for 0<t <
0

t
LAGERAIAGIFY +/ |Vu,3ds <Cc§, for 0 <1< Tn.
0

Proof. We divide the proof into two steps.

Step 1: the estimate of |W|p2. First we need to consider the terms on the right-
hand side of (3.23) when [¢| = 2. It follows from Lemmas 2.1 and (3.23), Holder’s
inequlaity and Young’s inequality that

1
I =§/divA(V)|8§W|2 < CdivA(V) |85 W3 < Cesldd W3,

B=aie [ (V6 00f) - ofu < CelvgbIVIfblgatuls

<Cec3(cos™#|0%uls + |9Vl uly)

ajea
20

where we have used (3.21) and

=

192 + 2 V3ul3 + C3e?19%ul + Ccls,

l9dfuls Clposulpr < C(19Vasula + Vol ul2) (3.29)
! .
<C(lpVogulr + coe~ 7195 ulz).

For the term /3, via integration by parts and (3.21), one has

B=-23 als/(w2+n2)~Q(a§u>)~8§u
SCe|VplooleVosula|sul (3.30)

ajea 1
éT' @2 +12Vdsul3 + Ccle |98 ul3.

For the term /4, one gets

3
Iy = — Z/ (ag(Aj(V)ajW) - A,-(V)a,-a;;W)a,fW
j=1

(3.31)
<CIE(A; (V)W) — A; (V)05 W a|di W,

SCIVV || V2W B + CIV2V3IVW 6|3 Wo < Ces| V2WI3.
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For the terms I5-1¢, using (3.21)and (3.29), one has

Is=— aw/ (a§((¢2 +n?)Lu) — (¢* + nz)L8§u> - 3%u
<Ce(lpVLuly + |V@loolLul2) [Volooldiuly + Ce| V20| Lula|df uls
<Ceoed ((lpVLulz + coe™F | Lub) 05 ulz

-1
+ (10VSul + coe™ 2105 ula) 1 Lulz)
§%| 02+ n2V3ul} + Ccde? |V2ul, (3.32)
Is =a1£/ (af(v(pZ -0 (v)) — Vg? - Q(3§v)) -0lu

<Ce(1¢lool Vlool V2012 + [V0loo | V20 2| Vo) [0S 1l
+ Ce|VoloolVel3 I V2 0l6l0 uly + Ce| V2012 VI3]0t uls
ajea

20
Then, from (3.23) and (3.28)—(3.32), we have

1
<—— |\ + 12V3ul3 + Ccle2 |V2ul} + Ccle.

1d 1
—— W) Agds W) + = Vo +n2vatul3

> ((0EW) " Agds )+2a1805| = +n°Voyuly (333)
< C3(1+8)|W5, + Ccie,

which, along with Gronwall’s inequaltiy, implies that

t
IW(t)Iﬁ)z+8/0| 92 + 12V oiul; ds

(3.34)
< C(|Wo|%z + Cé‘é‘l‘) exp(Cc%(l +e)r) < Cc%, for 05t < 1.
Step 2: the estimate for W;. First, the estimate for ¢; follows from
y—1 .
¢ =—v- -V — Tlﬂdlvu. (3.35)

For 0 <t < T, we easily have that

6 (D] SC(Jv®)16IVP1)]3 + [¥ (Dl6ldivu(t)|3) < Cct,
6 () p1 SC (10100 V2B (D)2 + [VUD) 6| V(D)3 + |1 () |oo| VEu(t)]2)
+ CIVu()l| Vi ()3 £ Cc3.
(3.36)

Second, we consider the estimate for |8§ us|» when || < 1. From the relation

2Ay 2 2 _ 2
ur+v-Vu+ mww +e(p”+n)Lu =&V~ - Q(v),
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one can obtain

_ 2Ay 2 2 2
luslr =|v - Vu + mwv¢+8((ﬂ +n)Lu — eV~ - Q(v) 5

<C(IolsIVuls + 1161 V@ls + elo® + n*loolulp2 + £10lc | Velool VL2

<Cq3.
(3.37)

Similarly, for |u;|p1, using (3.29), we have

_ 2Ay 2 2 2
lus|pt = v-Vu+ﬁ1//V¢+8(g0 +n7)Lu — eV~ - Q(v) b

1

<Clvl2Vulli + Cl¥lool VL2 + CIVY 3]V ls

+ Cely/ 8 + 1Plocly/$2 + 2 Voul (3.38)
+ CelgV2ulslVols + Cellgl3lvlz

<Cc3 + Cepely 92 + n2V3uly,

which implies that

t t
/ lug |3, ds < C/ (3 + cGely/ @ + n2V3ul3) ds < Cc3, for 0= 1< Th.
0 0

O

Finally, we give the estimates on the highest order terms: V3W and ¢ V*u.

Lemma 3.5. Let (p, W) be the unique strong solution to (3.6) on [0, T] x R3. Then

t
|w<r>|’g3+s/ V@ +n?Vhulzds <Ccj, for 0=t =T,
0

t
s ()50 + 1 ()32 +f IVul5ds SCc§. for 0=t < T
0

Proof. We divide the proof into two steps.
Step I: the estimate of |W| 3. First we need to consider the terms on the right-
hand side of (3.23) when |¢| = 3. For the term Iy, it is easy to see that

I = | 35W)TdivA(V)al W
! /(x ) dvA(V)2; (3.39)

SCIAIVA(V) |0l 3 W3 £ Ce3|dS W3
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For the terms I»-13, via integration by parts, (3.21) and (3.29), one has

I =a18/ (wz-Q(agu))-agu
<ce [ (9621190119l + 1962119701V
<CelV3a(IVel 2|V uls + [Velaolo Vil + V0I5l V3ule)

a180[

<8 02 + 2V4ul + Ccte [V3ulk + Ccler, (3.40)

I=— " a18/<V(<p2+n2)~Q(8§u)>-8§u
<Ce|VolaolpVaiula|ddul

a180[

1
< W2 4+ n2Viul + Ccde2 | V3ul3.

For the term Iy, letting r = b = 2,a = oo, f = Aj, g = 9;W in (2.3) of
Lemma 2.2, one can obtain

Z/ (5 (W) = A4, (v)dj0E W )as w

3

<c |af(A W) — Aj(V)3;0E W1o|9s W]n (3.41)
Jj=

<c(|v V|oo|v3vv|z+|V3V|z|VW|oo)|v3W|z

SC(IVVII VW + [V VL[ VWIR) VW2 £ Ces| VW3 + Cc3.

For the term 75, using (3.21) and (3.29), one gets

Is = — aIS/ (ag(apz +n?)Lu) — (9> + nz)La§u) - 8%u
<c V30||Lu||pd? Vo||V2||Lu||d¢ Vo|*|VLu||d¢
SCe | (IV70llLullpd;ul + |Vo||V=@||Lu|ldgul + |Ve|“|VLul|0; ul

+Co [ (I9%llov Luloful + oV LullVyloful)
5 5 5 3 (3.42)
<Ce|V30a|V2ul3l9V3uls + Ce|Vo|ool V231 V2uls| VUl
+ CelVo|2 IV3ul3
+ Ce|V20I3IV3ulleViuls + CelVolooloViula| Vuls

aleo 1
<= ! 5! 02+ 2V*ul3 + CA( + e2)ul2 + Ccf.
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For the term /g, we notice that

0F (Ve? - Q(v)) = Vo? - 3£ 0 (v)
i j k j k i
= Yl (CLun Vol @ - 0+ 0(w) + Caije Vs o7 - o 0(w))
i,j.k
+Vole® - Q).

where ¢ = ¢! 4+ ¢2 + ¢3 are three multi-indexes ¢! € R (i = 1, 2, 3) satisfying
[¢*] = 1; Cyijx and Cy;jx are all constants; /;;x = 1if i, j and k are different from
each other, otherwise /;jx = 0. Then, one has

I :ale/ (35 (V¢? - Q) — Vg* - 85 Q) - B u

i ik
:a18/ (Zlijkclijkvag (pz . 3§f+§ Q(U)) . a)fu

i, j.k
o (3.43)
i,j,k

+are | V3e? - Q) - 85u =: Igy + Isa + Ig3.

ik i
+a18/ (ZlijkCZijkvagj“‘f (p2.8§ Q(v)) .8)514

Using (3.21) and (3.29), we first consider the first two terms on the right-hand side
of (3.43):

i i k
Io1 :aw/ (Zl,’jkclijkvaﬁ §023£1+§ Q(v)) . 8§u
i,j.k
<Ce|Vo 2 ViUl | V3]s + Ce|V3ulaloViuls| Vel
a fo104 1 1
! | 2+n2V4u|%+Cc§87|u|2D3—i—chs?,

ok i
Ien :a18/ (ZlijkCZijkvaﬁj"'c (p2 . 8)% Q(U)) . 3§M

i,j.k

(3.44)

<Ce| V39| V2ul3l9V3uls + Ce| Voo V2013 V20l ViUl

a180£ 1
—— /92 + n2V*ul3 + Ccle? |u|%)3 + Ccj.

For the term I3, it follows from the integration by parts that
Isa :a18/( a<¢2Q(v)) 8u = —ale/Z af V2. 35 Q) - 8%u

. (3.45)
+ 07V Q) 0 ) = Y (U + 16%).
i=1
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For simplicity, we only consider the case that i = 1, the rest terms can be estimated
similarly. When i = 1, similarly to the estimates on /¢ in (3.44), we first have

ajea
16%1—1 | 2+’72V4u|2+CC382|u|D;+Cc382 (3.46)

Next, for the term Ig3,, one has
1 2 3 1
I =—ap / 3TV Q) - 0t tE

=~ 2a1e [ (3" Vp+ 05 V00l '0) - 0367

(3.47)
- 2a18/ <8§3V(p8§2§0 + V¢a§2+f3<p) Q) - 85+
=Ia+1Ip+Ic+ Ip.
For the term 14, it is not hard to show that
Ip =— 26118/ <¢8§2+§3V<p) - Q) - 8§+§lu
(3.48)

ajea
<Ce|V 0l VuloolgViuly £ =1 o? + 024l + Cel.
For the term Ip, it follows from integration by parts that
2 3 1
Is =—2a18/ (a§ Vit (p)) N O

§Ce/((|V¢||v3go|+|v2¢|2)|v3u||w|+|v2¢||W||v3u||v2v|)
SCe|VVula|Vuloo (1202 Vol + V20131 V20l6)
1
+ Ce|V2ul| V2031 V20ls| Vol < Cc3ed [Viuly.

(3.49)
Via an argument similar to that used in (3.49), we also have
Ic + Ip < Cc3e?|Viul,, (3.50)
which, along with (3.43)—(3.48), implies that
ajen
! oW n2V4ul3 + Ccilul’s + Ccf. (3.51)

Then from (3.39)—(3.42) and (3.51), one has

(W) T Agds W) + alsa|,/<p +n2V*ul3 < C W5, + Cc,
(3.52)

2dt

which, along with Gronwall’s inequaltiy, implies that
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t
W12 + s/ V@2 + n2V*ul3ds < C(IWol3) + c3t) exp(Celr) < Ccf
0

(3.53)
for0 <t < Ts.
Step 2: the estimates for 15 W, |, when 1 < |¢| < 2. First from (3.35), we have
¢ (D] p2 SC(Iv(1)]ool V3P D)]2 + VU6V (1[5 + [V0]6| V3)
+ C(IW (Dl VU@ 2 + IV ()]s | VU t) |2 + [V |3]divule)
<cd.
(3.54)
Second, it follows from (3.38) that

lug| pr £Ce3 4 Ceoly/ 92 + n2V3ulp £ Cc3. (3.55)

Finally, for |W;|p2, from Lemma 2.6, one gets

. 2Ay 2, .2 2
luslp2 =|v- Vu + mwv¢+€(¢) 4+ n?)Lu — eV~ - Q(v)

D?

<C(Ivll2lVull + 1% 121Vell2) + Ce|\/¢2 - r;2|oo|\/«)2 +n2Viul
+ Célploo| Volsolitl p3 + Ce(l9loc| V203 Luls + | Vel6| Velsluls)
+ Ce|Ve? |2 Voll2 £ Ccf + Ceoely/9? + n2VVula,
(3.56)
which implies that

t t
/ lug |7, ds < C/ (8 +e2cfly/¢? + n?2V*Hu3)ds < Ccf, for 0<t <D
0 0
O
Combining the estimates obtained in Lemmas 3.2-3.5, we have
L+ lpMZ + M3 = Ccj.  eloly,s =Ccj,
OB S Ccl, o) £, elg (3, <Ccf,
1
W@ I3 +e/ loV2ul3 ds <Ccf,
0
t
W ()5, +e/ loV3ul3ds £Cc3,
0 (3.57)

t
(Wi ()5 + 1 (D17, +f0 |Vu |3 ds <Cc,
t
W ()5 +e/ lV*ul3 ds <Ccj,
0

t
lur (D151 + 1 (D13 + / |V2u, |3 ds <Cc§
0
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for0 < ¢t < min{7T, (14c3)~*}. Therefore, if we define the constants ¢; (i = 1, 2, 3)
and T* by

cl=c=c3= C%co, T* = min{T, (1 + ¢3)*}, (3.58)

then we deduce that

T*
sup (||<p<t>||%+||¢(r)||%+||u(r>||%)+/ eloV2ul} < &,
0St<T* 0

T*
sup (le()13 + 9017, + [u®)3),) +/ eloViulydr < 3,
0St<T* 0

T*
ess  sup (|¢<t)|g3+|u(t>|§)3+g|¢<¢)|§)3)+/ eloViuladr < c3,
0<t<T* 0

T*
ess sup (IWO)I3 + 1O +elar(0)Ps) + f e e < 5.
05t <T* 0

(3.59)

In other words, given fixed c¢o and T, there exist positive constants 7 and ¢;
(i =1, 2, 3), depending solely on cg, T and the generic constant C, independent
of (n, ), such that if (3.11) holds for w and V, then (3.59) holds for the strong
solution of (3.6) in [0, T*] x R3.

3.3. Passing to the Limitas n — 0

Based on the local (in time) a priori estimates (3.59), we have the following
existence result under the assumption that ¢y = 0 to the following Cauchy problem:

§—1
o +v-Vo+ Ta)divv =0,
3
AoWi + ) Aj(V)3; W + ep”L(W) = H(p) - Q(V), (3.60)
j=1
(@, Wli=o0 = (90, Wo), x € R,
(¢, W) — (0,0), as |x|— +oo, t=0.

Lemma 3.6. Assume (po, Wo) satisfy (3.8). Then there exists a time T* > 0 that
is independent of €, and a unique strong solution (¢, W) in [0, T*] x R3 10 (3.60)
such that

¢ € C([0,T*]; HY), ¢ € C([0,T*]; H),
u e C(0, T*]; H) N L®([0, T*]; H?), (3.61)
eV*u e L2([0, T*1; L?), u; € C([0, T*]; HY) N L*([0, T*]; D?)

for any constant s' € [2, 3). Moreover, (¢, W) also satisfies the a priori estimates
(3.59).
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Proof. We prove the existence, uniqueness and time continuity in three steps.

Step 1 existence. Due to Lemma 3.1 and the uniform estimates (3.59), for every
n > 0, there exists a unique strong solution (¢", W") in [0, T*] x R3 to the
linearized problem (3.6) satisfying estimates (3.59), where the time 7* > 0 is also
independent of (7, ¢).

By virtue of the uniform estimates (3.59) independent of (1, ¢) and the com-
pactness in Lemma 2.3 (see [38]), we know that for any R > 0, there exists a
subsequence of solutions (still denoted by) (¢, W), which converges to a limit
(¢, W) = (¢, ¢, u) in the following strong sense:

(", W) — (p, W) in C([0, T*]; H2(Bg)), asn — O. (3.62)

Again by virtue of the uniform estimates (3.59) independent of (5, €), we also
know that there exists a subsequence of solutions (still denoted by) (¢, W), which
converges to (¢, W) in the following weak or weak™* sense:

(@7, W) = (¢, W) weakly*in L®([0, T*]; H>(R?)),

@ ¢!) = (@1, @) weakly* in L([0, T*]; H*(RY)),
ul — u, weakly* in L>®([0, T*]; H'(R%)),
u] — u; weaklyin L%([0, T*]; D*(RY)),

(3.63)

which, along with the lower semi-continuity of weak convergence, implies that
(¢, W) also satisfies the corresponding estimates (3.59) except those of ¢ V*u.

Combining the strong convergence in (3.62) and the weak convergence in (3.63),
we easily obtain that (¢, W) also satisfies the local estimates (3.59) and

"V — V4 weakly in L2([0, T*] x R?). (3.64)

Now we want to show that (¢, W) is a weak solution in the sense of distributions
to the linearized problem (3.60). Multiplying (3.6), by test function f (¢, x) =
(f1 , fz, f3) € C([0, T*) x R3) on both sides, and integrating over [0, T*] x R3,
we have

t t 4 2Ay
/ / ul - f; dxds—/ / (U-V)un«fdxds—/ / —— V' f dxds
0 Jrd 0 Jes 0 Jrdy—1 (3.65)

t
== [u- s+ [ [ e(€n?+ e - vn? - ow)- faves.
0 JR3

Combining the strong convergence in (3.62) and the weak convergences in (3.63)—
(3.64), and letting n — 0 in (3.65), we have

t t 2Ay !
/ / M'fthdS—/ / (U-V)u-fdxds——/ ¥ Ve[ dxds
0 JRr3 0 JR3 Yy — 1 0 JR3

; (3.66)
= —/uo L £(0, x) +/ / 8(<p2Lu e Q(v))~fdxds.
0 JR3
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Thus it is obvious that (¢, W) is a weak solution in the sense of distributions to the
linearized problem (3.60), satisfying the regularities

@ € L®([0, T*]; HY), ¢, € L®([0, T*]; H?), ¢ € L=([0, T*]; H),
¢ € L=([0, T*]; H?), u € L>®([0, T*]; HY), (3.67)
oV*u e L2([0, T*1: L?), u, € L0, T*]; HY) N L?([0, T*]; D?).

Step 2 uniqueness. Let (¢1, W) and (@2, W») be two solutions obtained in the
above step. We denote

0 =@ — @2, W= Wi — Ws.
Then from (3.60);, we have
o, +v-Vo=0,

which quickly implies that ¢ = 0.
Let W = (¢, )", from (3.60), and ¢ = ¢», we have

3
AW, + Y Aj(V)d;W = —epi L(W). (3.68)
j=1

Then multiplying (3.68) by W on both sides, and integrating over R3, we have

1d [— —
S W' AW + arealp Vit
< CIVV ool W3 + £lit2| Vot loole1 Vil2 (3.69)
alea

< vam% + C(IVV oo + €l Vo1 2)IW 3.

From Gronwall’s inequality, we obtain that W = 0 in R3, which gives the unique-
ness.

Step 3 time continuity. First for ¢, via the regularities shown in (3.67) and the
classical Sobolev imbedding theorem, we have

@ € C([0, T*1; H) N C([0, T*]; weak — H?). (3.70)

Using the same arguments as in Lemma 3.2, we have

t
le @13 §(||<po||§+C/0 (IV@3vl3 + [wv*oi3) ds)

o ([ o).

(3.71)

which implies that

lim sup, ol (I3 = llpoll3. (3.72)
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Then according to Lemma 2.8 and (3.70), we know that ¢ is right continuous at
t = 0in H? space. From the reversibility on the time to equation (3.60);, we know

¢ € C([0,T*]; HY). (3.73)

For ¢;, from

§—1
¢or=—v-Vp — deivv, (3.74)

we only need to consider the term wdivv. Due to
wdive € L*([0, T*]; H?), (wdivv), € L*([0, T*]; H') (3.75)
and the Sobolev imbedding theorem, we have
wdivv € C([0, T*]; H?), (3.76)
which implies that
¢ € C([0, T*]; H?).

The similar arguments can be used to deal with ¢.
For velocity u, from the regularity shown in (3.67) and Sobolev’s imbedding
theorem, we obtain that

u € C(0, T*; H*) N C([0, T*]; weak — H>). (3.77)

Then from Lemma 2.5, for any s” € [2, 3), we have

/ ’

1= s’
lully = Callully * llully

Together with the upper bound shown in (3.59) and the time continuity (3.77), we
have

u e C(0, T*]; H). (3.78)
Finally, we consider u;. From equations (3.60), we have
u = —v-Vu— %ww + e@’Lu + V> - Q(v), (3.79)
where
o) = i 1 (a(Vv + vl + ,Bdivvh) e LX([0, T*]; H?).
From (3.67), we have

ep*Lu € L*([0, T*]; H?), e(¢®>Lu); € L*([0, T*]; L?), (3.80)
which means that
@’Lu € C([0, T*]; HY). (3.81)
Then combining (3.7), (3.73), (3.78) and (3.81), we deduce that
u; € C([0, T*); HY).
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3.4. Proof of Theorem 3.1

Our proof is based on the classical iteration scheme and the existence results
for the linearized problem obtained in Section 3.4. Like in Section 3.3, we define
constants c¢g and ¢; (i = 1, 2, 3), and assume that

2+ llgolls + [IWolls = co.
Let (¢°, WO = (¢°, u?)), with the regularities

o e (0, T*1; H?), ¢° e C(0,T*1; H?), "V’ e L2([0, T*]; L),
4 e Cqo, T*: Hs/) NL®(0, T*]; H?) forany s’ € [2,3),
(3.82)

be the solution to the problem

X, 4+up-VX =0 in (0,400) x R3,

Y, +uo-VY =0 in (0, 4+00) x R3,

Z,—X*AZ =0 in (0,+00) x R3, (3.83)
(X, Y, Z)|i=0 = (g0, o, up) in R3,

(X,Y,Z2)— (0,0,0) as |x|— +oo, t=0.

We take a time T** € (0, T*] small enough such that

T**
sup (||¢°<t)||%+||¢°(z>||%+||u°(t)||%)+f ele’ V2| dr <cf,
0<r<TH* 0

T**
sup  (I9°(D13 +16°)15, + 1’ ()]3,) + / ele"V2ul|dr <¢3,
0<r<T** 0

T**
ess sup  (el®(®)5: + 190 (D13 + [’ ()]3) + / ele"V*ul| dt <c3.
0<r<T** 0

(3.84)

Proof. We prove the existence, uniqueness and time continuity in three steps.
Step 1 existence. Let (w, ¥, v) = ((po, ¢>0, u9), we define (gpl, Whasa strong
solution to problem (3.60). Then we construct approximate solutions

k+1 Wk+l)= k+1 ¢k+1 uk—H)

(¢ (¢
inductively, by assuming that (¢*, W¥) was defined for k > 1, let (T, wk+1)
be the unique solution to problem (3.60) with (w, ¥, v) replaced by (¢¥, W) as
follows:
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§—1
<pf+1 +uk . Vgok+1 + Tgokdivuk =0,

3
AW 137 A (Wh 9 WH e (0" ILW ) = eH(gM ) - Qb
j=1
(L, WD, o = (g0, Wo), x € R3,
(1, Wkt — (0,0) as x| - +oo, t20.

(3.85)

It follows from Lemma 3.6 that the sequence (¢*, W¥) satisfies the uniform a priori
estimates (3.59) for 0 < ¢ < T**,

Now we prove the convergence of the whole sequence (¢*, W) of approximate
solutions to a limit (¢, W) in some strong sense. Let

—k+1 k+1 Kk gkt —k+1 _g41\T
Pt =t —f, W =@ T u T,
with

—k+1 _

p _ ¢k+1 _ ¢k’ i S N

Then, from (3.85), one has
§—1
Ei""l + le . Vak"rl —{—ﬁk . V(pk + T(akdivuk—l + (pkdlvﬁk) — 0’

3
AW, T 3 AW T et YL
. j=1 (3.86)

H(p" ) — H(gh)) - QW) + H(p*) - QW").

First, we consider [gF*!|,. Multiplying (3.86); by 2¢°*! and integrating over R,
one has

d _ _ _
El(pk+l|%=_2/‘<uk.vwk+l+uk.v(pk

§—1
+ —(Ekdivu + gakdlvuk)) oft!

<c|vut |oo|—’<“|2+cr"*‘|z(|ﬁ"|z|w"|oo
+ @ 21 Vi oo + IF divit]),

which means that (0 < v < 10 is a constant)

|<p"+1<t>|2 < SO O +v (e @ O + 7 O + It diva* (1))
(3.87)
with AK(@) = C(14+v71).
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Second, we consider |Wk+l |2. Multiplying (3.86)> by WkH

over R?, one gets

and integrating

d [ — —
E/(Wk+l)TAOWk+1+2a18a|¢k+lvﬁk+l|%+2(a+ﬂ)als|¢k+ldivﬁk+l|%

3
< / W Tdivawsyw' " + / S WA W oWk
j=1

—2a;¢&

— 26118/ (@kH(gak+1 + ¢k - L")
_ V@kﬂ((pkﬂ +¢k)) ) Q(uk)) ias!

+2ae [ V2 Qb - 0uh ) 7 ZJZ

For the terms J; — Jy4, it follows from (3.21) and (3.29) that

= / WO TdvaWh W' < clvwh|o W3 < e W',

3

j=1
—k —k+1 155kt 5k
SCIVWH W W £ Co W 3+ 0 |W 3,

§Ce|w"+‘|oo|go"“va"“|z|ﬁ"“|z

S —
J3:—2a1

—k+12 —
<C82|W |2+ 2 | k+lv k+1|2’

J4=_2a18/ak+1((pk+l+¢ YLuk - gt

TN as b s k1) K —k+1
SCelg ™ 2l att |6|Lu I3 + Cel@* ™ alo* Luf oo [ ']

§C8|LM |3|¢k+1|2 O | k+]vﬁk+l| +C |¢k+]|

2

+ Ce|VO N2 | Lu 3@ 13 + Ce(e™! + | Vb 3) @t 3

1ea

<Celg" T3 + a2

P TIVEETE 4 O+ el V)W

(3.88)

(3.89)



Vanishing Viscosity Limit of the Navier—Stokes Equations 759

where we have used the fact (see Lemma 2.1) that
0V oo < Clok V2t 1V (0 V2 2
< Cl VR, IV VN, £ IVt Vb (3.90)
< CUVEF oIV 11 + 19 0ol Vula + 08 VAl + V20K 6] V2 |35)
_1
< CUIVEr I1VRR I + 168 VAiuF ) < Cem2 + 16" Vb ).

Next, we begin to consider the term Js. First we have
s =2ae [ V@G 46 0w 7!

= —2a18/2(pk+1(¢)k+] + ") (@ T+ (3.91)
i

=Js51 + Js2 + Js3 + Jsa,
where u*J represents the j-th component of u* (k > 1),
W =yl d — kN fork =1, j=1,2,3,

and the quantity a,ij is given by

. S A .
aff = 5= (@™ +0u") + divit ) fori. j=1.2.3,

and §;; is the Kronecker symbol satisfying 8;; = 1, i = j and §;; = 0, otherwise.
For terms J51-Js3, using (3.21), (3.29) and (3.90), one can obtain

Js; = _2a18/Z¢k+1(pk+laiallcjﬁk+l,j

2 ki |=k+1 k+1—=k+1
< Ce|Vullel@* 21" a3
1 1
—k+1 k+1=k+1,2, k+1=k+1,2
< Celg" ol a3 | a2
—k+1,2 k4+1—=k+1 k+1—=k+1
< Cel@ ™5 + Cel™ T " g

— &
< Celg R+ cer (W R + ‘”20“

Jsp = —2a15/2¢k+1<pk8ia,ijﬁk+l’j (3.92)

k+1\gk+12
|(p+vu+|27

k2. k —k+1_ =k+1
< Cel* Viuk | o lg" T au*

< C8|_k+1|2 +C8(8_1 + |g0kV4uk| )l—k+l|
—k+1 2
< Celd ' 3+ C + el VA HW S,

Jss = _2a18/2¢k+1 o g 5,k 1

—k+1 k+1o—k+1
Celg" 2 lo* T Vit | | Vb o

[IA
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< C8|Vu |2 |—k+1|2+ 2 | k+1v—k+l|2
— ajea —
§ C8|(pk+l|% + W|(pk+lvuk+l|%

For the last term on the right-hand side of (3.91), one has
Jss = —2a¢ / Y gt gkal gttt
i,

_ 2a18/2¢k+1(¢k M gk gl g

(3.93)
=Ce|Vu |c>o|Vﬁk+l|oo|_k+1|2+CEIVu"Ioo|<pk+1Vﬁ"+1|2|¢k+1|2
= - _ ajea _
<Ce|Vik 210" 3 + Ce| Vb oo VI oo [0 k+1|2+w|¢k+1vuk+1|g
_ ajea B
<C8| k+1| —i—WI(pkHVukH@,

which, along with (3.91)—(3.93), implies that

Js Salsa

< VI 2 4+ C (et Ak B W 2 4 Celgt T 2. (3.94)

For the term Jg, we have

Jo =2are f Vgh? - (0h) — 0k -7t s
T =kt _ '
<Ce| VK | ool VI [ @1y < CvT W13 + ek vk 3,

which, together with (3.88)-(3.89) and (3.94)—(3.95), immediately implies that

d — —
E/(WkH)TAoWkH +areal" VI3
—k+1 2
<cow ! + el Vi HWT |2+C8|¢k+1|2 (3.96)

+ v(elg* Vit + el¢k)3 + W 3).

Finally, we denote

Iy = sup (W (@) + sup elg* ()2
s€l0,1] s€[0,¢]

From (3.87) and (3.96), one has

d
dt

k+1

(DT AW 4 eg T 0) + mpeal V3

—k+1 2 _ _ _ —k
< EXQWST B 4 2@ T 3) + v(elo VIR 3 + elgt 3 + (W1,
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for some EX such that fot EX(s)ds £ C + C,t. From Gronwall’s inequality, one
gets

t
[kt +/ aealg* T Va2 ds
0
t
_ _ —k
< CU/ (e|¢’<w’<|§ +eld R+ (W |§) dsexp (C + Cut)
0
t
_ —k _
< (Cvf ele* Vit |3 ds + Crv sup [[W' |3 +s|¢"|§]) exp (C + Cy1).
0

5€[0,1]

We can choose vy > 0 and Ty € (0, min(1, 7**)) small enough such that
I .
CvoexpC = 3 min {l,ala}, exp(C,Ty) < 2,

which implies that

o0

Ty

3 (Fk“(T*) +f ael IV 2 dt) < C < +oo.
0

k=1

Thus, from the above estimate for '*+1 (T) and (3.59), we know that the whole
sequence (¢*, WK) converges to a limit (¢, W) in the following strong sense:

(@5, W5 — (¢, W) in L®([0, T,]; H*(R?)). (3.97)

Due to the local estimates (3.59) and the lower-continuity of norm for weak or
weak™® convergence, we know that (¢, W) satisfies the estimates (3.59). According
to the strong convergence in (3.97), it is easy to show that (¢, W) is a weak solution
of (3.1) in the sense of distribution with the regularities:

@ € L¥(0, Tul; H), ¢ € L¥(0, T,.1; HY), ¢ € L™([0, T,]; H?),
¢ € e L*([0, T.); H? ), u € L0, Ty1; H3), (3.98)
oVt e L2([0, T.1; L%, u, € L¥([0, Tul; H') N L*([0, T.]; D?).

Thus the existence of strong solutions is proved.
Step 2 uniqueness. Let (W1, ¢1) and (W3, ¢2) be two strong solutions to Cauchy
problem (3.1) satisfying the uniform a priori estimates (3.59). We denote that
T=91—¢, W=(§,0)=(¢1— ¢, u1 — u2),

then according to (3.86), (@, 5, u) satisfies the system
§—1
o, +u - V¢+ﬂ' Vo, + —@diVuz + @1divi) =0,
AoW, + Z Aj (W1)8]W + &9 21L(w)
j=1 (3.99)

= - '21 Aj(W)3;Wa —B(g1 + ¢2)L(u2)
]:
+&(H(g1) — H(g2)) - Q(W2) + H(gr) - Q(W).
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Using the same arguments as in the derivation of (3.87)—(3.96), and letting

A@) = WD)+ elg®)3,

we similarly have

d
A0+ Celgi V()3 < F(HA(),
L (3.100)
/ F(s)ds < C for 0<1<T,.
0

From Gronwall’s inequality, we have § = ¢ = u = 0. Then the uniqueness is
obtained.

Step 3 the time-continuity. It can be obtained via the same arguments used in
in the proof of Lemma 3.6. 0O

4. Proof of Theorem 1.2

Based on Theorem 3.1, now we are ready to prove the uniform local-in-time
well-posedenss (with respect to ¢) of the regular solution to the original Cauchy
problem (1.1)—(1.3), i.e., the proof of Theorem 1.2. Moreover, we will show that
the regular solutions that we obtained satisfy system (1.1) classically in positive
time (0, Tx].

Proof. We divide the proof into three steps.

Step 1 existence of regular solutions. First, for the initial assumption (1.23),
it follows from Theorem 3.1 that there exists a positive time 7, independent of &
such that the problem (3.1) has a unique strong solution (¢, ¢, u) in [0, T,] % R3
satisfying the regularities in (3.4), which means that

(0T p"T) = (p.¢) € C((0.Ty) x B?), and (u, Vu) € C((0, Ty) x R®).

4.D
Noticing that p = (p% and 8%] = 1, it is easy to show that
p € CL(0, T,) x R?).
Second, the system (3.1), for W = (¢, u) could be written as
y—1 .
¢t+u~V¢+—¢dlvu=O
4.2)

A
ur +u-Vu + qu +e@’Lu = eVe? - Q).

_L

Multiplying (4.2); by g—f/))(z‘, X) = = ¢ (t,x) € C((0, T) x R3) on both

sides, we get the continuity equation in ( D

pr +u-Vp+ pdivu = 0. 4.3)
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2
Multiplying (4.2), by 71 = p(t,x) € C'((0, T,) x R3) on both sides, we
get the momentum equations in (1.1);:

puy + pu-Vu+ VP = diV(/,L(,O)(Vu + (Vu)T) + A(p)divu13>. 4.4)

Finally, recalling that p can be represented by the formula
13
p(t.x) = poU O, 1, ¥ exp / divie(s, Us, 1, %)) ds ),
0

where U € CL([0, T.] x [0, Ti] x R3) is the solution to the initial value problem

LU, 5,x) =u(s, U(s,1,x), 0Ss=T,

4.5
U(t,t,x) =x, 0<¢t<T, xceR3 (45)

it is obvious that
p(t,x) 20, V(, x) € (0, T,,) x R,

That is to say, (p, u) satisfies the problem (1.1)—(1.3) in the sense of distributions,
and has the regularities shown in Definition 1.1, which means that the Cauchy
problem (1.1)—(1.3) has a unique regular solution (p, ). 0O

Step 2 the smoothness of regular solutions. Now we will show that the regular
solution that we obtained in the above step is indeed a classcial one in positive time
0, o ].

Due to the definition of regular solution and the classical Sobolev imbedding
theorem, we immediately know that

(0. Vp. prou, Vu) € C([0, T,] x R?).
Now we only need to prove that
(us, divT) € C((0, T] x R?).

Proof. According to Theorem 1.2 in Section 3, the solution (¢, ¢, u) of problem
(3.1) satisfies the regularities (3.4) and (¢, ¢) € c! ([0, Tx] x R3).

Next, we first give the continuity of u,. We differentiate (4.2), with respect to
t:

2 2 Ay 2 2
uy +epLuy = —(9°) Lu — (u-Vu); — mv(d) )i +e(Vo© - Qu)),,
(4.6)
which, along with (3.4), easily implies that

un € L2([0, T,]; L. (4.7)
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Applying the operator 3}; (1¢] = 2) to (4.6), multiplying the resulting equations by
3}; u; and integrating over R3, we have

1d .
5 77 105 uwil3 + el Votul + (@ + Pleledivaiu, I3

- / ( — Vg2 Q(0%u;) — s(a§ (@*Lu;) — ¢2La§u,)) 88w,

+/ (— £ (92 Lut) — 05 (u - Vu), — %agwpz),) 5w, *P)

12
+ / 3§(5V¢2 RUIE 3§ut =! Z]j.
i=7

Now we consider the terms on the right-hand side of (4.8). It follows from the
Holder’s inequality, Lemma 2.1 and Young’s inequality that

” =e/(— Vel 0@fu) - ofu,
< 3 2 < ¥ T3 2 Yoo
=CelpV | Vo Voloo £ 5510V il + Ce s,

Jg =/ —s(a§ (@*Lu;) — ¢2La§u,) 9w, (4.9)
<Ce(10Vurl21 Voo + Vo sl 2 + 19201310 Vsl ) ] po

oaE 1
§%|¢V3u,|% + Celugl,,

Jo =/—ea§((¢)2),Lu)-a§u,
< Ce(IV2gls|Lulolgiloclis] p2 + o V2urlolgi] pel Luls

+Velool Verl| Lulslus| p2 + 19 V3uls| Verlalur| p2
H1Vloc 1o V3ulalitr] p2 + I ool p2l oV ul2)

oE 1 1
< SoleViuls + Celuly, + CelpViul3 + Ce2,
110=/—a§(u.w>,-a§u,
§c<||ut||1+|ut|Dz>||u||3—/(u~v)a§u,-aguf
< C+ Cluglg, + C|Vulsoldius 3 < C + Cluyl3),.
Ay
Jii =/——a§V(¢>2)t'a§ut
y —1
< c(|v? V3 V3g|,| V2
< C(IV2 21 Viusla + g1l Vb2 Vi |

+CIV2916] Vr 31 V2ur |2 + V291121V lool Vs 2 )
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o
S —16V3ul5 + CA + |usl o),
20
I = / 635 (Vg2 - Q) - 9us

< Cs(uwu%mtﬁ)z + (IVell2l Vue |3 + lluell3ll@el12) 1o V|6
+(IVel2leV3urlz + IVell2loVurl6) s p2
+(IVell2liellalluliz + ||¢f||2|<ov3u|6)|uz|,)z)

te / B (VP - Ow) - 8uy (= Jio)

< S510VAuil} + Celus B + CelpV*ul} + i,

where the term Jj2; can be estimated as follows:
Ji21 ZellVoll2llerllallullzu ] p2 +€/€03§V<ﬂz -~ Q@) - u(= Jany).
(4.10)

Via intergration by parts, for the last term Ji21; on the right-hand side of (4.10),
one has

Jiaut Ce (199 loclgtl p2 | Viloc s 2 + lee] 2 V2l lo V2l

4.11)
3 < ¥ T3 2 1o
+ oV Mz|2|VM|oo||</)z||2) = %Iﬁov urly + Ce2lus|pn + Ce.
It follows from (4.8)—(4.11) that
o 1
EE'”’@)Z + §|¢V3u,|§ < Celug|3, + CeloV*iul3 + Ce. (4.12)

Then multiplying both sides of (4.12) with 7 and integrating over [z, ¢] for any
T € (0, 1), one gets

t
fufle + [ stV s < Celu(ofly + (141, (“.13)
T

According to the definition of the regular solution, we know that
VZu, € L*([0, T]; L?),
which, along with Lemma 2.4, implies that there exists a sequence s such that
s — 0, and sk|V2u;(sk, -)|% — 0, as k— +oo.

Then, letting t = s — 01in (4.13), we have

t
turl?, +/ sleViu3ds £ C(1+1) £ C, (4.14)
0
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so we have
t2u, € L([0, T, H?). 4.15)
Based on the classical Sobolev imbedding theorem
L>((0,T1; H)Y N W"2([0, T]; H™') < € ([0, T1; LY), (4.16)
for any g € (3, 6), from (4.7) and (4.15), we have
tu; € C([0, T.J; Wh),
which implies that u; € C((0, Ty] x R3).
Finally, we consider the continuity of divT. Denote N = e¢p?Lu—eVg?- Q(u).
Based on (3.4) and (4.15), we have
N € L0, Ty; H?).
From N, € L%(0, Ty; L?) and (4.16), we obtain tN € C([0, T..]; W'#), which
implies that N € C((0, T,] x R%). Since p € C([0, T,] x R?) and divT = pN,

then we obtain the desired conclusion. O

Step 3 the proof of (1.26). If 1 < § < %, that is (% 2> 3. Due to

¢ € C(I0, T,I; H) N C'([0, T,J: HY), and p(t,x) = ¢71(1, %),
then we have
p(t,x) € C([0, T,]; HY).
Noticing

ueC(0, T, H )N LS, T,: H) for s €[2,3),

L) G 2 1 2 2 @.17)
it is not difficult to show that
pdivu € L*(0, T,; H*) N C([0, T*]; H). (4.18)

From the continuity equation (1.1)1, and (4.17)-(4.18), we have
p € C(10, T.J; H?) N C'([0, T.]; H?).

Similarly, we can deal with cases: § = 2 or 3. Then the proof of Theorem 1.2
is finished.
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5. Vanishing Viscosity Limit

In this section, we will establish the vanishing viscosity limit stated in Theo-
rem 1.3. First we denote by

s—1 y=1
(0°. W) = (", ¢%.u) | = ((0)T . (0T .u)T

the solution of problem (3.1), that is
£ & -1 £ 31, €
¢, +u-Vo —l—T(p divu® =0,

3

3 . &N . WE — _ £\2 ey _ ey . &

mm+;mwww—-MWLw>EW)@W»(ﬂ)

j:

(@°, W9)li=0 = (90, Wo),
(9, W) = (0,0), as |x|—> +oo, t=0.

The definitions of A; (j =0, 1, ..., 3), L, H and Q could be find in (1.20)—(1.22).
Second, based on [31], we denote by

W=@.u)=(p".u

the regular solution of compressible Euler equations (1.9), which can be written as
the following symmetric system:

3
AoW; + > Aj(W)d; W =0,
j=1 (5.2)
W(x,0) = Wy = (o, uo),
W —0, as |x|] > +oo, t=0.

From Theorem 3.1, there exists a time 7,! > 0 that is independent of & such
that the solution (¢*, W¥) of Cauchy problem (5.1) satisfies

sup ([l (O3 + 65 O3 + lu® )13 + ele ()]3:)
0T}

(5.3)

T}
+wswpuﬁm;+/ el V*iuf (1|3 dr <C°,
0<e<T) 0

where C¥ is a positive constant depending only on T*l, (90, Wo) and the fixed
constants A, §, y, « and B, and is independent of ¢.

From [31] (see Theorem 1.1), we know that there exits a time Tf such that there
is a unique regular solution W of Cauchy problem (5.2) satisfies

sup W3 < ¢°. (5.4)
0<i<T12
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Denote 7* = min{T,!, T2}. Then, letting W* = W¢ — W, (5.1) and (5.2); lead
to

3
AoW, + Y Aj(WHo;W*

3j:1 (5.5)
== 3" 4, (W)W — o((¢"PLOV) — Hig") - QW) ).
j=1
If the initial data
(0%, u®) =0 = (p, u)lr=0 = (po, Uo) (5.6)

satisfies (1.23), it is obviously to see that w* (x,0)=0.
Next we give some lemmas for establishing the vanishing viscosity limit.

Lemma 5.1. If (¢f, W¢) and W are the regular solutions of Navier—Stokes (5.1)
and Euler equations (5.2) respectively, then we have

W) < Ce, for 05t T, (5.7)
where the constant C > 0 depends on A, a, 8, 8, (po, ug) and T.

Proof. Multiplying (5.5) by 2W* on both sides and integrating over R, then one
has

3
%/(Wg)TAoWE +22/(W8)TA/~(W8)81~W5
]=

3
j=1

€

=26 [ (10PLOv) — By - Q) - T
It follows from the integrating by parts and Holder’s inequality that
d [ — — — _ —
o /(WE)TAOWS §/(W£)TdivA(W‘9)WE + CIVW || W' 3
+ 26| () L(WE) — H(g®) - QW) |,|W' |2
SC(IVW: oo + IVW o) W71
+ Ce(19° 1% 1V7u 2 + 19F ool Vo |31 Vii*6) W' |2
<CIW* 3+ Ce?,

where we used (3.21). According to the Gronwall’s inequality, (5.7) follows im-
mediately. O

Now we consider the estimate of |35 W' |, as |¢] = 1.
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Lemma 5.2. If (9%, W) and W are the regular solutions of Navier—Stokes (5.1)
and Euler equations (5.2) respectively, then we have

(W £ Ce, for 0t < T, (5.9)
where the constant C > 0 depends on A, «, B, 8, (po, uop) and T.

Proof. Applying the operator 3% on (5.5), one gets
3
S 7€
Ag@EWE )+ Y Aj(W)d; (95 W)
j=1

3 3
= (af(A (W8, W) — A.,'(W'f)a,-(agWs)) =95 A; (W)W
J j=1

=1
3
=7 (054 W), W) — 05 (A, (W), W) ©-10)

j=1
— £(¢°)2 LS WE) + eH(¢%)? - 3 Q(W?)

— e (35 ((0"PLV)) — (0L W)

+ e (95 (Hp")? - QW) — He")? - 35Q(W))

Then multiplying (5.10) by 20 W' and integrating over R? by parts, one can obtain
that

d — _
- /(8§WS)TA08§ w*

3
— /(aﬁws)TdiVA(W5)8§W€ - 22[(3§W8)Ta§(Aj(WS))ajW

+2Z/ a A J(WH;W ) —Aj(WS)aj(a§W£)).a§W

_22/ 8 (A; (W )0; )—8§Aj(W8)3jW>_a§W€ (5.11)

—2a18/ <(¢€)2L(a§u€))-a§ﬁ€+2ale/(wp€)2-Q(a§u8))-a§w
—2a18f <8§((¢8)2Lu8) — (¢5)2La§u8) -sut

8
+2are [ (05(V")? - QW) = V(") Q05u)) - 05T =Y i,

—



770 YoNGcAI GENG, YACHUN L1 & SHENGGUO ZHU

where u® = u® — u. For |¢| = 1, one gets

L

/(8§W€)TdivA(W€)8§W£ S CIVWE |l VW B S CIW 3,

3
L= —2Zf(a§Ws)Ta§(Aj(W8>)a,-w SCIVWIIW R S CIW 3,
j=1

3
I = 22/ (ag(A,(Ws)ajW% —~ A;(Ws)a,(aﬁWe)) W'
j=1

< CIVWE oo VI3 S CIW'L3,, (5.12)

Iy = —223:/ (aﬁ(Aj(Ws)ajW) - 8§(Aj(W8))8jW) AT
j=1

SCIVEWIVIW LW e < CIW I3,
s = ~2ae [ (@07 L) - of

< Celp® |2 |V3uf 2| Vit |2 £ Ce|Vi'|y < Ce + CIW 3,
Is = 2a18/ (V(¢8)2 : Q(8§u5)> s

< Celg |oo| V' 3| V2l |6 Vit |2 < Ce| Vit £ Ce + CIW 3,
= —2ae [ (o6 PLut) - (@ PLofuc) - o

< Celp® ool Vo 3| V20l 6| VI |2 £ Ce® + CIW 3,
Iy = 2a18/ (a;; (V)2 Q) — V(g2 - Q(aﬁug)) -ogut

< Ce(19f oo Vit |0 | V20F | VI |2 + | VUt |0 | VoF 3] Vo 6| VEE |2)
< Ce|ViEly £ Ce2 + CIW 2,

Substituting (5.12) into (5.11), one has
d — — —
- /(35 WHTAGE W™ < Ce? + CIW' 3.
Then, according to the Gronwall’s inequality, (5.9) follows immediately. O

For [¢]| = 2, we have

Lemma 5.3. If (¢°, W®) and W are the regular solutions of Navier-Stokes (5.1)
and Euler equations (5.2) respectively, then we have

Wl < CeZ, for 01 < T, (5.13)

where the constant C > 0 depends on A, «, B, 8, (po, uop) and T.
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Proof. For |¢| = 2, it follows from (3.21) and (5.11) that

L

I

I3

Iy

Is

I;

I3

— /(8§W€)TdivA(WS)8§W€ S CIVWE || VW 3 S CIW 2,

3
= 22/ (aﬁ(Aj(WS)ast) -~ Aj(WE)aj(a;;Wg)) W
j=1

S CVWE | VW o + [VEWE 3 VW [6) VW 2 < CIW' 2,

3 (5.14)
- _22/(8§W5)Ta§(Aj(Wa))ajW
j=1

A

S CIVWo|W 2, < CIW 2,

€

3
_22/ (3§(A.i(Ws)ajw) - a,f(Aj(Wg))ajW) COLW
j=1

[IA

¢ [ (9w 92w+ W19 W) 192

< C(IVWIsI V2 WIV2W 2 4 (V2 WL W oo | V2W° 2 )

A

— e 3 —
<c (|v2wg|% +si|vzws|§> < CIW' [}, + C&%,

—2a18/ (((p€)2 : L(8§u€)> - otut
Celp®|oolg® VIl | V27t |5 < Ce |9t Vil 3 + CIW' 2,

= 2upe / (V- 0wtud)) -l

[IA

[IA

3 3 —_
Celg® ool Ve oo VUl |2 | V2| £ Ce¥|V2E |y £ Ce2 4 C|W|?

D2
- —2a15/ (8§((<p8)2Lu5) - (gaf)zLa,{uS) Colw

A

Csf (e N9+ 1997 ) V20| + I 1V 1920 ) V2
< Celg ool V2° 13| VU’ 6] V2 |2 + Ce|V® [6]V2uf 6| Vi |2
+Ce1¢F |00 Vo' ool V3 V2 2 < Ce3 + Clat 2,

6 / (85(V@")? - o) = Vig? - 0 ) - 0T

A

CE/(|<P£||V3<p£|+|V¢SIIV2¢6|)|VMS||V2W|
+C8/(|(/)€”V2(pg|+|V¢6|2)|V2M8||V2ﬁ8|

< Cel9® ool Vit | oo V3 0° 2| VT8 |2 + Ce| Vb 31V 6] Vit | oo | V20 |2
+Cel¢ |00 | V20® 31 V2ul 6| V2IE |2 + Ce| Vb |6 V@b |6| VU |6 V2T |
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1
< Ce2|VH|y £ Ce + CIVH |3,

Substituting (5.14) into (5.11), we have
d — — —
o /(a){ W) TAdEW® < Ce + CIW' ), + Ce?lof VAl
Then, according to Gronwall’s inequality, (5.13) follows immediately. 0O

Finally, we have

Lemma 5.4. If (p¢, W¥) and W are the regular solutions of Navier—Stokes (5.1)
and Euler equations (5.2) respectively, then we have

sup W ()]l e S Ce'™5, (5.15)
0=t<T,
where s’ € (2, 3) and the constant C > 0 depends on A, a, B, 8, (po, ug) and T,.

Proof. Based on Lemma 2.5, (3.3), (5.3) and (5.4), we have

s

. — A 5 _s
W )lly £ CIIWeD)lly > IWe@)ll3 < Ce' ™7,

Finally, we give the proof for Theorem 1.3.

Proof. First, according to Lemmas 5.1-5.4, when ¢ — 0, the solutions (pg, u® )
of compressible Navier—Stokes solutions converges to the solution (p, ©) of com-
pressible Euler equations in the following sense:

i s (095 ), 16 -ol,) =0 510

for any constant s’ € [0, 3). Moreover, one can also obtain that

sp ([[(09= =0 )0+ —u)0)ll) <Ce,

0<St<T,

sip (|(0 7 =070

0St<T,

(5.17)

L+ =00l ) SCVE,

where C > 0 is a constant depending only on the fixed constants A, é, y, «, B, T
and po, uo.

Further more, if the condition (1.25) holds, one has 5%1 > 3. Then, from
(5.16)—(5.17), it is not hard to see that

lim sup ([(e* =)D o + [ (® = u) D] 1) =0,

64)00§t T,
e (Ie* =), + (" = u)®)h) =Ce, (5.18)
sup  (|(0° = p) )| po + 1(u =) (1) p2) SCV/e.

0<t<T,

Thus the proof of Theorem 1.3 is finished. O
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Remark 5.1. For the case § = 1 with vacuum at the far field, via introducing
two different symmetric structures in DING—ZHU [11], some uniform estimates

—1
with respect to the viscosity coefficients for (,oVT, u) in H3(R?) and Vp/p in

L°N D' (R?) have been obtained, which lead the convergence of the regular solution
of the viscous flow to that of the inviscid flow still in L ([0, T']; H* (R?)) (for any

s’ € [2, 3)) with the rate of g2(- %); their conclusion also applies to the 2-D shallow
water equations (1.13).
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