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Abstract

We explore the local existence and properties of classical weak solutions to
the initial-boundary value problem for a class of quasilinear equations of elastody-
namics in one space dimension with a non-convex stored-energy function, a model
of phase transitions in elastic bars proposed by ERICKSEN (J Elast 5(3—4):191-
201,1975). The instantaneous phase separation and formation of microstructures
of such solutions are observed for all smooth initial data with initial strain having
its range that overlaps with the phase transition zone of the Piola—Kirchhoff stress.
Moreover, we can select those solutions in a way that their phase gauges are close to
a certain number inherited from a modified hyperbolic problem and thus give rise to
an internal strain—stress hysteresis loop. As a byproduct, we prove the existence of
a measure-valued solution to the problem that is generated by a sequence of weak
solutions but not a weak solution itself. It is also shown that the problem admits
a local weak solution for all smooth initial data and local weak solutions that are
smooth for a short period of time and exhibit microstructures thereafter for certain
smooth initial data.

1. Introduction

The evolution process of a one-dimensional continuous medium with elastic
response can be modeled by quasilinear wave equations of the form

uy = (0 (Ux))x, (1.1)

where u = u(x, t) denotes the displacement of a reference point x at time ¢ and
o = o(s) the Piola—Kirchhoff stress, which is the derivative of a stored-energy
Sfunction W = W(s) = 0. With v = u, and w = u,, one may study equation (1.1)
as the system of conservation laws
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Uy = Wy,

1.2
w; = (0(V))x- (2

For the case of a strictly convex stored-energy function, the existence of weak
or classical solutions to equation (1.1) and to its vectorial case has been studied
extensively. Global weak solutions to system (1.2) and hence to equation (1.1) were
established in a classical work by DIPERNA [19] via a vanishing viscosity method
in the framework of the compensated compactness of TARTAR [52] for L°° data and
later by LIN [36] and SHEARER [47] in an L? setup. This framework was also used to
construct global weak solutions to (1.1) via relaxation methods by SERRE [46] and
TzAvARAS [54]. An alternative variational scheme was studied by DEMOULINI et al.
[16] via time discretization. However the existence of global weak solutions to the
vectorial case of (1.1) is still open. In regard to classical solutions to (1.1) and to its
vectorial case, one can refer to DAFERMOS AND HRruUsA [11] for the local existence
of smooth solutions, to KLAINERMAN AND SIDERIS [34] for the global existence of
smooth solutions for small initial data in dimension 3, and to DAFERMOS [13] for
the uniqueness of a smooth solution in the class of BV weak solutions whose shock
intensity is not too strong.

The convexity assumption on the stored-energy function has often been regarded
as a severe restriction getting a good viewpoint on the actual behavior of elastic
materials (see, example, [24, Section 2] and [7, Section 8]). However there have
not been many analytic works dealing with the lack of convexity on the energy
function. For the vectorial case of equation (1.1) in dimension 3, measure-valued
solutions were constructed for polyconvex energy functions by DEMOULINI ef al.
[17]. Also by the same authors [18], in an identical situation, it was shown that a
dissipative measure-valued solution coincides with a strong one provided the latter
exists. Assuming convexity on the energy function at infinity but not allowing
polyconvexity, measure-valued solutions were obtained by RIEGER [45] for the
vectorial case of (1.1) in any dimension. Despite of all these existence results, there
has been no known example of a non-convex energy function with which (1.1)
admits classical weak solutions in general other than the measure-valued ones
above.

In this paper, we study the initial-boundary value problem of non-convex elas-
todynamics in one space dimension:

up = (0 (ux))x in Q7 :=Q x(0,7),
u@,t) =u(l,t) =0 forr e (0,7), (1.3)
u=g,ur=nh on 2 x {t = 0},

where ©Q := (0, 1) C R is the domain occupied by a reference configuration of
an elastic bar, T > 0 is a fixed number, g = g(x) is the initial displacement of
the bar, i = h(x) is the initial rate of change of the displacement, and the stress
o : (—1,00) — Ris given as in Fig. 1. The zero boundary condition here amounts
to the physical situation of fixing the end-points of the bar; that is, in the context
of elasticity, the bar is held fixed at the left end-point and loaded in a hard device
with d(1,¢) = 1, where d(x,t) = u(x,t) + x is the deformation of the bar. In
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this case, the energy function W : (—1, co) — [0, co) may satisfy W (s) — oo as
s — —17, but this is not required in this work.

Problem (1.3) with a non-monotone stress o as in Fig. 1 was proposed by
ERICKSEN [21] as a model of the phenomena of phase transitions in elastic bars, and
the stability analysis for the corresponding elastostatics was thoroughly carried out
by JAMES [25] (see also [51]). Beyond these works, there have been many studies on
this problem that usually fall into two types. One direction of study is to consider the
Riemann problem of the system of conservation laws of mixed type (1.2), initiated
by JaMEs [26] and followed by numerous works (see, example, SHEARER [48],
PEGO AND SERRE [42] and HAaTTORI [23]). Another path is to study the viscoelastic
version of equation (1.1). In this regard, DAFERMOS [12] considered the equation
uyy = o(uy,uy)y + f(x,1) under certain parabolicity and growth conditions
and established the global existence and uniqueness of a smooth solution with its
asymptotic behavior as ¢t — oo. Following the work of ANDREWS [2], ANDREWS
AND BaLL [3] proved the global existence of weak solutions to the equation u;; =
Uyyr + 0 (uy), for non-smooth initial data and studied their large-time behaviors.
For the same equation, PEGO [41] characterized the large-time convergence of weak
solutions in a strong sense to several different types of stationary state. Nonetheless,
to our best knowledge, the main theorem below may be the first general existence
result on weak solutions to (1.3), not in the stream of the Riemann problem nor that
of non-convex viscoelastodynamics. Moreover, we go beyond the simple existence
result to explore some interesting properties that obtained solutions can satisfy (see
below and Section 2).

Let o be given as in Fig. 1 (see Subsection 2.1 for precise assumptions). We
adopt a natural definition of weak solutions to problem (1.3) as follows:

Fig. 1. Non-monotone Piola—Kirchhoff stress o

Definition 1.1. For an initial datum (g, k) € W01’°°(§2) x L*°(L2), a function u €
W20 (Qr) is called a weak solution to (1.3) provided that the strain u, 2 —1+0
a.e. in Q7, for some constant > 0, that for all ¢ € CZ°(2 x [0, T)) one has
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1
/ (urpr — o (ux)@x) dxdr = —/ h(x)¢(x, 0) dx, (1.4)
Qr 0

and that

{u(O,t):u(l,t):Oforte(O, ), (15)

u(x,0) =gx) for x € Q.

We may informally call such a weak solution a classical weak solution to mean
that it is not merely a generalized measure-valued solution as in the next definition,
but also truly a weak solution in the sense of distributions (see [15,37]).

Definition 1.2. Let (g, h) € WOI’OO(Q) x L% () be an initial datum. Let (u, v) be
the pair of a functionu € W (Q7)and aparametrized family v = {v 1} x,neor
of probability measures in R that are all supported in a compact interval J C
(—1, co) with the following property: for each f = f(s) € C(R),

Qr s x,t) = Vi, )= fR f(s)dv(x 1) (s) is measurable.

Then the pair (u, v) is called a measure-valued solution to (1.3), provided that
the strain uy = — 1 + 0 a.e. in Qr, for some constant # > 0, that for all ¢ €
CX (22 x [0, T)) one has

1
(urgr — (v, 0)py) dxdr = —/ h(x)p(x, 0)dx, (1.6)
Qr 0

and that (1.5) is satisfied.

We remark that if u € W°(Qr) is a weak solution to problem (1.3), then
(u, v) is a measure-valued solution to (1.3) by letting

Vix,r) = 5ux(x,t) forae. (x,1) € Qr, (1.7)

where §; denotes the point mass at each s € R. Motivated by this observation, we
shall say that a measure-valued solution (u, v) to (1.3) is a weak solution to (1.3)
if (1.7) is satisfied.

We refer to the graph of the stress o on the interval (—1, s1) as the a-branch and
that of o on (s2, 00) as the B-branch (see Fig. 1). We also say that a weak solution
u to (1.3) is in the a-phase (B-phase, resp.) at a point (x,1) € Qr if u,(x,1) €
(—1, 1) (ux(x, 1) € (52, 00),resp.) and that these two phases are a stable phase. The
graph of o on [s1, s2] will be called the unstable branch because, in elastostatics,
displacements with values of their strain in [sy, s3] can never satisfy the so-called
Weierstrass condition, which serves as a necessary condition for metastability (see
[25]). For this reason, we will only look for weak solutions u to problem (1.3)
with strain—stress (uy, o (#y)) lying in the a- or -branch. Thus we introduce the
following terminology:

Definition 1.3. For an initial datum (g, 1) € W(;’OO(Q) x L*°(R2), a weak solution
u to (1.3) is called a two-phase weak solution provided that for a.e. (x,t) € Qr, u
is in the - or B-phase at (x, 7) and that

{(x,t) € Q7 |u is in the o-phase at (x, 7)}| > 0,
{(x,t) € Q7 |u isin the B-phase at (x, 7)}| > 0.
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The main existence result of the paper is Theorem 1.4 (below), which will be
further strengthened and elaborated under a suitable setup in Section 2. Roughly
speaking, obtained solutions behave like a hyperbolic evolution in some part of the
space-time domain 27 and have a discontinuous strain in the other part of Q7 with a
sharp separation into the two stable phases. In the course of proving the existence of
such solutions, we quantify phase separation by introducing the concept of phase
gauge and show that the gauge of the solution to a certain modified hyperbolic
problem can be almost carried over to the solutions for existence. Moreover, this
notion of gauge plays a crucial role in extracting the formation of microstructures
in the obtained solutions.

The main result in a simplified form below is a direct consequence of the
elaborated main result, Theorem 2.1, so we do not include the proof of this theorem.

Theorem 1.4. (Main result: simplified) Let o satisfy Hypothesis (A) in Subsection
2.1 (see Fig. 1), andlet (g, h) € WS’Z(SZ) X Wg’z(Q) be such that sy < g'(x0) < 83
Sor some xo € Q and that g'(x) > —1 for all x € Q. Then there exist a finite
number T > 0, a function u™ € C2(S_2T), a compact set D C (—1, 00) x R, three
disjoint open sets Q1, Q2, Q3 C Qr with Q> # 0, 002N (2 x {t = 0}) # 9,
u;(Qz) C (s7.53)and Q1 N3 Q3 = 0, and a sequence {Qé}keN of disjoint open
subsets of Q2 with | Ugen Q51 = 1Q2l, Q) # 8, and 303N (2 x {t = 0}) # ¢
such that for each ¢ > 0, there are infinitely many two-phase weak solutions
ue W;,;OO(QT) to problem (1.3) satisfying the following:

(D u=u"onQU Qs

() llu — u*|lLe(@p) <e,

(3) Vu € D a.e. in Qp, where V := (0y, 0;),

(4) for each k € N, there are four numbers s§’+, s]l;’Jr € (s2, sé‘) and sé"_, slgﬁ €
(si‘, 1), independent of & and u, with

sé‘!_ <sf_ < in;fuj < supul < Sé,-&- <sp.
Q2 Qé
hth k,u 0 k,u 0 and k,u kau | k h
such t at|Q2y+| >4, |Q2,,| > Van |Q2,+| + |Q2,,| = |Q2|v wnere

Qéji = {(x,t) € 05 luy(x,1) € [Sg,i’sll’(»i]}'

To observe the formation of microstructures of such solutions u in Q», fix a
decreasing sequence of positive reals £; — 0. For each j € N, let u; be a two-
phase weak solution to (1.3) corresponding to ¢ = ¢; in the above theorem. Let k
be any positive integer such that le‘ # (). For a.e. t € (0, T) with (Q’é)’ ={x €
Q| (x,1) € Qé} # (), we see from (4) that for all j € N, (u;). (-, t) is trapped in
the two disjoint intervals [sé"i, sfy Llae.in (Q’E)’ , while u7% (-, t) smoothly varies
in the interval [inf 0k u®, sup 0k ut]in ( Q’;)’ . On the other hand, thanks to (2),

sup |uj(-, 1) —u*(-,1)] <ej - 0 as j — oo.
(1)
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Fig. 2. Microstructure of u; (-, 1) and smooth u*(-, 1)

Thus as the index j € N increases, the u (-, #) become highly oscillatory near
u* (-, t) and exhibit finer and finer microstructures in the nonempty open set (Qé)’ C
Q = (0, 1); see Fig. 2.

The previous argument applies to the case k = 1, since Qé # (. In this case, as
B Qé N (2 x {t = 0}) # @, we can certainly take a decreasing sequence of positive
times #, — 0 such that the argument applies to each time ¢ = #,,. We may say that
the formation of microstructures of the u ; is instantaneous in this sense.

The existence and non-uniqueness of weak solutions to problem (1.3) have
been generally accepted (especially, in the context of the Riemann problem) and
actively studied in the field of solid mechanics. Such non-uniqueness has been
usually understood to be arising from a constitutive deficiency in the theory of
elastodynamics, reflecting the need to incorporate some additional relations (see,
example, SLEMROD [50], ABEYARATNE AND KNOWLES [1] and TRUSKINOVSKY AND
ZANZOTTO [53]).

Unfortunately, the existence of global weak solutions to problem (1.3) cannot
be obtained in the course of proving the main result, Theorem 2.1, as it would
require a global classical solution to some modified hyperbolic problem that serves
as a certain subsolution in our proof, but such a global one might not exist due to a
possible shock formation at a finite time. Thus it may be an interesting question to
study whether global weak solutions to (1.3) can be achieved by another method.

We now introduce a motivational approach to attack problem (1.3) with o as
in Fig. 1. To solve equation (1.1) in the sense of distributions in 27, suppose there
exists a vector function w = (u, v) € WH®(Q7: R?) such that

vy =u; and v, =o(uy) a.e.in Q7. (1.8)

We remark that this formulation is motivated by the approach in [57] and different
from the usual setup of conservation laws (1.2). Forall ¢ € CZ°(€27), we then have

/ u,go,dxdt:/ vxgotdxdtzf Vr @y dxdt:/ o (uy)py dxdt;
Qr Qr Qr Qr
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hence having (1.8) is sufficient to solve (1.1) in the sense of distributions in Q7.
Equivalently, we can rewrite (1.8) as

v .
vw = () = (M W a.e.in Qr,
Ux Ur Uy 0 (uy)
where V denotes the space-time gradient operator. Set
s C 2x2
Y = M
o { (C o (S)) € sym

We can now recast (1.8) as a homogeneous partial differential inclusion with a
linear constraint on the antidiagonal:

s,ceR}.

Vw(x,t) € ¥y, ae.(x,t) € Qr.

We will solve this inclusion for a suitable subset K of X, to incorporate some
detailed properties of weak solutions to (1.3).

Homogeneous differential inclusions of the form Vw € K € M"™*" were first
encountered and successfully understood in the study of crystal microstructure by
BALL AND JAMES [4], CHIPOT AND KINDERLEHRER [6] and with a constraint on
a minor of Vw by MULLER AND SVERAK [38]. General inhomogeneous differen-
tial inclusions were studied by DACOROGNA AND MARCELLINI [10] using Baire’s
category method and by MULLER AND SYCHEV [40] using the method of con-
vex integration; see also [33]. Moreover, the methods of differential inclusions
have been applied to other important problems concerning elliptic systems [39],
Euler equations [14], the porous media equation [8], active scalar equations [49],
the Monge-Ampere equation [35], non-parabolic diffusions [27-30,57], ferromag-
netism [56], and scalar conservation laws in 1-D [55].

The rest of the paper is organized as follows: Section 2 begins with precise
structural assumptions on the stress o (s) corresponding to Fig. 1. Then the notion
of a subsolution of a certain partial differential inclusion and its phase gauge is
introduced and followed by the detailed statement of the main result, Theorem 2.1,
along with some interesting corollaries. In Section 3, Theorem 2.1 is proved under
the pivotal density result, Theorem 3.1. In Section 4, a major tool for proving the
density result is established in a general form. Lastly, Section 5 carries out the proof
of the density result, Theorem 3.1.

In closing this section, we fix some notation. Let m, n be positive integers. We
denote by M"™*" the space of m x n real matrices and by M that of symmetric
n x n real matrices. We use O (n) to denote the space of n x n orthogonal matrices.
For a given matrix M € M"™*", we write M;; for the component of M in the ith row
and jth column and M7 for the transpose of M. For a bounded domain U C R”
and a function w* € W™P(U) (1 £ p £ 00), we use W:f;p(U) to denote the space
of functions w € W™ P (U) with boundary trace w*. If E C R” is measurable, | E|
denotes its n-dimensional Lebesgue measure.
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2. Precise Statement of the Main Theorem

We begin this section with structural assumptions on the stress o (s) corre-
sponding to Fig. 1. We then introduce the notion of a subsolution of a related
partial differential inclusion and define its phase gauge (see [31]). Based on such
assumptions and definitions, we give a detailed statement of the main result, The-
orem 2.1. Also, some interesting byproducts are presented as Corollaries 2.3, 2.4
and 2.5, along with their proofs.

2.1. Hypothesis on the Stress o

We impose the following conditions on the stress o : (—1,00) — R (see
Fig. 1):

Hypothesis (A): There exist two numbers 5o > s; > —1 with the following
properties:

(@) o € C3((—1, 1) U (s2,00)) N C(—1, 00);

(b) lim o(s) = —o0;
s——1t

(¢) o(s1) > o(s2),ando’(s) > Oforall s € (—1, s1) U (52, 00);

(d) There exist two numbers ¢ > 0 and 51 + 1 > p > 0 such that o/(s) = ¢ for all
s € (=1,51 — p]lU[s2 + p, 00);

(e) Lets} € (—1,s1) and 55 € (s2, 00) denote the unique numbers with o (s1) =
o (s2) and o (s3) = o (s1), respectively.

For each r € (0 (s2),0(s1)), let s_(r) € (s7,s1) and s (r) € (s2,55) denote
the unique numbers with o (s+(r)) = r. We may call the interval (s}, s3) the
phase transition zone of problem (1.3) since the phase separation and formation
of microstructures of weak solutions to (1.3) are observed to occur whenever the
range of the initial strain g’ overlaps with the interval (sik, sz‘) (see Theorem 2.1).
Note that this zone (s7, s3) includes the interval [sq, s2] for the unstable branch
ofo.

2.2. Subsolution and Phase Gauge

Let r, and rp be any two numbers with o (s2) < r, < rp < o(s1). We define
some related sets (see Fig. 3):

R =500 € B [s5:00) S5 S 5200

o rasth . lasth o Ta T
Rrar = Rroro y R’

- 0<Aa<l1
U =1{(s,r eRz‘ra<r<rb’ ’ }
(s,r) s=As_(r)+ (1 = A)s4(r) 2.1)
K = K" = (i ;’) e M2 |(s.r) € BT, ¢ GR},
U=U"" = (i;) eryX,,% (s,r) € U™, CER}.




Two-Phase Solutions for One-Dimensional Non-convex Elastodynamics 497

Note that K> and K'*"" are the closed portion of the - and a-branch of the

stress o, respectively, that is cut by the constant stress values » = r, and r = 1.
Also, U= is the open region, surrounded by K", r = r, and r = ry.

We now consider the partial differential inclusion

Vw(x,t) € K, ae.(x,1) € Q, (2.2)

where Q C R? is a bounded open set and w = (u, v) : Q — R? is a Lipschitz
function.

We say that a Lipschitz function w : Q — R? is a subsolution of differential
inclusion (2.2) in Q if

Vw(x,t) e KUU, a.e. (x,t) € Q,
and that it is a strict subsolution of (2.2) in Q if
Vw(x,t) e U, ae.(x,t)€ Q.

Assume Q # ), and let w = (u, v) : Q — R2 be a subsolution of differential
inclusion (2.2). For a.e. (x, 1) € Q, we can define the quantity

ZuQ)(x,t): ux(x,t)—si(vl(x’t))
s (ve(x, 1)) — s—(ve(x, 1))

We then define the phase gauge of w over Q by

e [0, 1].

1
re = —/ 79 (x, 1) dxdr € [0, 1].
101 Jo

This gauge measures the tendency of the diagonal (u,, v;) of Vw over Q towards
the portion K S_“‘”’ of the B-branch; in particular,

r¢=1 < (u,,v)e I?ff’rb a.e.in Q,
and
r¢=0 < (u,,v)ek™” ae.inQ.

It is also easy to see that if w is a strict subsolution of (2.2), then 0 < FuQ, < 1.
If u : QO — Ris a Lipschitz solution of equation (1.1) in the sense of distribu-
tions in Q such that

ux(xv t) € [S—(ra)» S—(rb)] U [S+(ra)v S+(rb)], a.c. (xa t) € Qv
then, with a stream function v : Q — R defined by
vy = u; a.e.in Q,

which is unique up to a constant in each connected component of Q, the pair
w = (u, v) becomes a solution and thus a subsolution of differential inclusion
(2.2). In this case, we define the phase gauge yMQ of u over Q by

yuQ = Fg.
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Fig. 3. The original o (s) and modified o * (s)

It is then easy to see that the following relations hold:

0% =y210| and 10“|=(1-y9)l0l,

where

04 ={(x,1) € Qlux(x,1) € [s£(ra), s£(rp)1}.

2.3. The Main Result

Prior to stating the main result of the paper in an elaborated form under Hypoth-
esis (A), we set up suitable assumptions and definitions for the statement.

(Initial datum): We assume that the initial datum (g, %) to problem (1.3) satisfies

(8. h) € W () x Wo(9),
g (x) > —1forall x € Q, (2.3)
s7 < &' (x0) < 55 for some xg € Q.

(Modified hyperbolic problem): We fix any two numbers o (s2) < r| < r2 <
o (s1) so that

s—(r1) < g'(xo) < s4(r2).

Using elementary calculus, from Hypothesis (A), we can find a function o* €
C3(—1, o0) (see Fig. 3) such that

o*(s) =o(s) foralls € (—1,s_(r1)]U [s4(r2), 00),

(%) (s) = c* forall s € (—1, 00), for some constant ¢* > 0,
o*(s) <o(s)forall s_(r)) < s <s_(rp), and

o*(s) > o(s) forall sy (r|) <s < sy (r2).

2.4)



Two-Phase Solutions for One-Dimensional Non-convex Elastodynamics 499

(Function u*): Thanks to [11, Theorem 5.2], there exists a finite number 7 > 0
such that the modified initial-boundary value problem

ufy = (0" (uy))x in Qr,
u*0,t) =u*(1,t) =0 fortr e (0,7), (2.5)
u*=g, uf =h on 2 x {t =0}

admits a unique solution u* € ﬂi:o Cc*([0, T1: Wg_k’z(Q)) with ¥ > —1 on
Qr, wherg Wg ’2(9) = L2(Q); then by the Sobolev embedding theorem, we have
u* € C*(Qr). Let

01 ={(x,1) € Qr |uy(x,1) <s_(r1)},
02 = {(x,1) € Qr |s-(r1) < uy(x,1) <sy(r)},
03 ={(x,1) € Qr |uy(x,1) > s4(r2)};
then
301N Q C{(x,0)[x € Q, g(x)=s_(r},

002N Q) C{(x,0)|x € Q, s_(r) =g'(x) =s54(r2)}, (2.6)
003N Qo C {(x,0)|x € Q, g'(x) Zs54(r2)},

and 901 N30z = ¥, where Qo := Q@ x{r =0}. Ass_(r1) < g'(x0) = ul(x0,0) <
s+(r2), we also have Q2 # @ and 00, N (2 x {t = 0}) # 0.
(Separation of domain Q»): Observe that
H(x, 1) € Qaluy(x,1) =5} =0
for all but at most countably many s € (s_(r1), s+(r2)). Fix any point sg € (s1, 52)
so that
{(x, 1) € Oz luy(x,1) = so}| = 0.
Let us write s20 = §20* = gy and 20 = 0*(52%) = o*(s2%%) = 0*(s0). Define
recursively that
s2 = 5, (0% (s*®=D*)) foreach k € N;

0 21% 22 2k

then s20% < 2% < §22% < ... < sS4 (rp) and limy— 0 §
Choose a point s2' € (s20%, s21*) so that
21
H(x, 1) € Qalui(x, 1) =57} =0,

and write r2! = o*(s2!). Then

=s4(r2).

SZO — S2O>k < s21 < SZ]* — s+(0_*(s20*)) — S+(I’20) < s+(r21),

that is,

20 21

s < s < s+(r20) < s+(r21).

Note that s2%* = s, (*(s2'%)) > s (0*(s?")) = 54 (+r?"), and so

21

s2 < s, (K < 77
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Next, choose a point 522 € (s2*, s, (r21)) (thus s2'* < 522 < §%2*) so that
2
[{(x,1) € Q2 luj(x,1) =57} =0,

and write 22 = 6*(s%2). Then

21 21% 22

s2 < 2 <62 <5 (P < 57

=S+(O,*(S21*)) < S+(r22),

that is,

21 22

sT< s < s+(r21) < s+(r22).

Note that s23* = 5, (6*(s%%*)) > s4(0*(s%2)) = 54 (r*?), and so

22

522 < 5. (r?) < 73

Having chosen s2!, ..., s?X for some k > 2 so that, with r2/ := ¢*(s%/) (j =
1,...,k),
§20=-Dx o §2] - g2j* forj=1,...,k,
H(x,0) € Qauk(x, 1) =52} =0 forj=1,....k,
s20-D <27 < s+(r2(1_1)) < s+(r2/) forj=1,...,k,
2kx

s2he < 5 (P < g2kEDx

choose a point s2**+D e (s2* s, (r2)) (thus s2F* < s2*+D < 2(k+Dx*) g6 that
(e 1) € Q2 lui(x, 1) = s**HD) =0,
and write r2*tD = g*(s2k+D) Then
% < g o Q0D o2k o 2Dx g ox 2Ry < g, (20D

that is,

2% _ J2(k+1) 2010y

s < s+(r2k) < s4(r

Note that s2(+2% = 5 (o*(s2*k+D*)) > 5, (0% (s2*KTDY)) = 5 (r2**+D) and so

s2(k+1)* 2(k+])) < s2(k+2)*'

< s4(r
By induction, we have constructed a sequence {S2k}keN of reals such that

so=s0 <52 <2 <. < S (r2), limgo oo s2k = s4(r2),

[{(x, 1) € Q2 |uk(x,1) =s*} =0 Vk €N,
s_(r2k=Dy < g (p2ky < G201 G2k s+(r2(k_1)) < s+(r2k) Vk € N,

where r?¢ := o*(s%) for each k € N. Similarly, we can construct a sequence

{Slk}keN of reals such that

so=s50>gl 525 ... 5 s_(ry), limg_oos

[{(x.1) € Qa|ul(x,1) ="} =0 Vk €N,
s_(rtky < s (P1=Dy o gl o glk=1) o s+(r”‘) < s+(r1(k_1)) Vk e N,

K =s_(r),

where r1* := o*(s'%) for each k € N.



Two-Phase Solutions for One-Dimensional Non-convex Elastodynamics 501

Now, we define, for each k € N,

0 =1{(x,1) € Q2™ <ui(x,1) <s'k=Dy,
03 = {(x,1) € Q2| s2*=D < u¥(x,1) < 57},

Then, by the above construction, {Qék | (i, k) € {1, 2} x N} is a countable collection
of pairwise disjoint open subsets of O, whose union has measure | Q>|. Let us write

A ={(i, k) €{1,2} x N| 0% # 0).
Since |Q>] > 0, we can guarantee that at least one of the sets Qék is nonempty;

that is, A # .
From the above construction, we check that A(ig, kg) € A such that

QI N (@ x {t =0}) £0.

We only consider the case that s < g’(x0) < s4(r2). (The other case that s_(r;) <
g’ (x0) < socanbehandled similarly.) In this case, there is a unique kg € N such that
s2ho=D < o/(xp) = u¥(xp,0) < s%0. If s2*0=D < o(x0) = u*(xg,0) < 520,
we can take a small ro > 0 so that u}(Q27 N By, (xp,0)) C (s2ko=1) g2koy "and
so Q27 N By, (x0,0) C Q%ko, where B, (xo, 0) is the open ball in R? with center
(x0, 0) and radius rg. Thus,

B # (2N (xo — ro, x0 +70)) X {t =0} C QT N (Q x {t = 0)).

Next, assume s2k0—D = ¢/(xp) = u¥(xo,0). If Irg > 0 such that u¥(Qr N
By (x0, 0)) = {s>*0~D}, then

{(x,1) € Qo |ut(x, 1) = s2k0=Dy > 0,

which is a contradiction to the above construction. Thus we can choose a sequence
Qr 3 (Xn, ty) — (x0, 0) such that either s2%0=2) < y*(x,, 1,) < s2*%0~D vp e N
or s2ko=1 wh(x,, ty) < s2k0 vp € N, and

either (xo, 0) € 903%™ or (xo, 0) € 903%.
(Here, if kg = 1, then Q%O should be regarded as Q%l.)

(Strict subsolution w*): We define

x t
v¥(x, 1) :/ h(z)dz +/ o*(ui(x,1))dt Y(x,1) € Qr.
0 0

From (2.5), we see that w* := (u*, v*) satisfies

Y =u; and v =0%(u}) inQr. (2.7)

This implies that v* € C%(Q7), hence w* € C*(Q7; R?). From (2.4) and (2.7), it
also follows that w* is a strict subsolution of differential inclusion (2.2) in O2,where

ik
rq and rp replaced by ry and rp, respectively (see Fig. 3), so its phase gauge Fgf

over QF lies in the interval (0, 1) whenever (i, k) € A.In particular, the total phase
0, p p

v

gauge Fgﬁ belongs to (0, 1).
Under Hypothesis (A) and the above setup, we are now ready to state the main
result of the paper in a detailed fashion.
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Theorem 2.1. (Main result: detailed) For each ¢ > 0, there exist a number T, €
(0, T) and infinitely many two-phase weak solutions u € W;;OO(QT) to problem
(1.3) satisfying the following properties:

(a) Approximate initial rate of change:
lur — HllLo(or,) < &,

where Q, 1= Q x (0, T;) and H (x, t) := h(x);
(b) Approximate properties:
) llu — u*|lpo@ry < &,
(i) luellLoe@r) < lufllee@y) + &
(c) Classical part:
() u=u*onQUQs3,
. € (=1,5-(r1)) V(x, 1) € Q1,
(e { >52) YD) € Ox;
(d) Phase separation in Q’%’; sif(, kl)(ke 11)\, then , o
. Ls—(r™ %), s—(r" " DIV s (r %), s4 D1 ifi = 1,
1) uc(x,t) € 7 Z . or
(1) ux( ) { [s.,(rz(k l)),Sf(I"Zk)] U [s+(r2(k 1))’ S+(}’2k)] lfl =2, f
ae. (x,t) € Q’zk,
(i) Q5] > 0,105°" > 0 and | Q51| + |05 | = |0,
where
ok {{(x, 1€ Q) lur(x, 1) € s s (M ifi = 1,
25 {0 € 03 lua(x, 1) € s (P20 D), s (PP} ifi = 25

(e) Total phase separation in Q3:
(@) ur(x, 1) € (5_(r1), 5-(r2)) U (54.(r1). 54 (), a.e. (x.1) € O,
(i) 0% .| = 7?1021 104 _| = (1 — %2 0al,
(ifi) 17,22 — T 92| <,
where

054 = {(x,1) € Qo lux(x, 1) € (s£(r1), s:(r2))};
(f) Borderline: uy(x,t) € {s_(r1), s+(r2)}, a.e. (x,1) € QT\(U?ZIQZ-).
Here several remarks are in order. In (d), it is important to note that for (i, k) € A,

s_(rlk) < s_(r](kfl)) < stk < gl s+(r”‘) < s+(r1(k’1)) ifi =1,
s,(rz(k_l)) < s,(r2k) < 52D 2k s+(r2(k_l)) < s+(r2k) ifi =2.

Thus the (essential) ranges of u, and u} are non-overlapping in Qék. This and
(b)(i) are the key facts that allow us to observe microstructures of two-phase weak
solutions u if ¢ > 0 is small enough as carefully examined after the statement of
Theorem 1.4.

Note that deformations of the elastic bar corresponding to the solutions u,
d(x,t) =u(x,t) + x, satisfy

de(x,t) =ux(x,t)+ 12 minui +1>-14+1=0, ae. (x,1) € Qr;
Qr



Two-Phase Solutions for One-Dimensional Non-convex Elastodynamics 503

o(s)

rob----- =

/ \\‘ /
| N |
rl - - |

0 s,(lrl)sf(rg) S+£T1) 3+<T2) °

Fig. 4. Strain—stress hysteresis loop

this guarantees that for a.e. r € (0, T'), the deformations d : [0, 1] x {t} — [0, 1]
are strictly increasing with d(0,¢) = 0 and d(1,¢) = 1. Moreover, for such a
t € (0,T),d(x,t) are smooth (as much as the initial displacement g) for the values
of x € [0, 1] at which slope dy(x,t) € (0,s_(r1) + 1) U (s4(r2) + 1, 00) and
Lipschitz a.e. on [0, 1]. In particular, these dynamic deformations fulfill a natural
physical requirement of invertibility for the motion of an elastic bar not allowing
interpenetration.

By (¢), in Q1, the solutions u are identical to #* and thus a hyperbolic evolution
in the a-phase below the threshold s_ (7). Likewise, in O3, the u are equal to u* and
in the B-phase above s (r2). According to (c), (e) and (f), the phase separation of u
into the two stable phases only occurs in O, # ¥ with the proportion yqu, which
can be arbitrarily close to the number Fgf e (0,.If0<¢e < min{FuQ)f, 1— Fgf 1,
we have 0 < y,,QZ < 1; that is, the phase of « in Q5 is indeed separated into the
o-phase on (s_(r1), s—(r2)) and the B-phase on (s4(r1), s+(r2)). Thus there is a
formation of fine-scale strain—stress hysteresis loop in Q> (see Fig. 4).

2.4. Some Corollaries

In this subsection, we present some interesting byproducts of the main result,
Theorem 2.1, along with their proofs, respectively.

For the first corollary, we define some terminologies. Let Co(R) denote the
closure of the space C.(R) of continuous functions f : R — R with compact
support by the uniform norm. By the Riesz Representation Theorem, the dual of
Co(R) can be identified with the space M (R) of signed Radon measures in R with
finite mass via the pairing

(. f) = /Rfdu (n € M), f € Co(®)).



504 SEONGHAK KiM & Youngwoo KoH

Let U C R? be a bounded open set. A map i = ) : U — M(R) is called
weakly-x measurable if the function (x,t) — (i(x,r), f) 1S measurable for each
f € Cop(R). We denote by L°(U; M(R)) the space of weakly-+ measurable maps
w: U — M(R) that are essentially bounded. Then L$°(U; M(R)) is the dual of
the separable Banach space L' (U; Co(R)) via the pairing

(. f) = /U (e o) dxdt (€ LU MR)), £ € L'(U: Co(R)):;

for a proof of this, see, example, [20, p. 588]. We say that a sequence {i;}jen in
L (U; M(R)) converges weakly-x to amap u € LS (U; M(R)) and write

wj = in L2U; M(R)),

provided that for each f € L'(U; Co(R)), (wj, Y = (u, f)inR.
Motivated by [37, p. 43], we introduce the following definition:

Definition 2.2. A map v € L®(U; M(R)) is called a W spatial-derivative
Young measure in R if there exist a sequence u; € W1 (U) and a function
u € WH°(U) such that

u; X u and (uj)x X uy in L*(U),
5(,41.))((.) X v in LSO(U; M(R)).

In this case, v is said to be generated by the sequence of spatial derivatives (u;).

We now state and prove the existence of a measure-valued solution (#*, v) to
problem (1.3) with v generated by a sequence of two-phase weak solutions u ; to
(1.3) that develops finer and finer microstructures, where u* is as in Theorem 2.1.

Corollary 2.3. (Measure-valued solution) Assume all of the hypotheses of Theorem
2.1. Let {¢}} jen be any sequence of positive reals such that e ; — 0. Foreach j € N,
letu; € Wul;oo (27) be a two-phase weak solution to (1.3) corresponding to & = ¢
in Theorem 2.1. Then after passing to a subsequence if necessary, one has

uj— u* in L°(Q27),
Vuj = Vu* in L®(Qr; R?), 2.8)
8(“_[)){(‘) X vin LSO(QT; M(R))

for some map v € L (Q2r; M(R)) with the property that there exists a compact
interval J C (—1, 00) such that for a.e. (x,t) € Qr, v(x 1) is a probability measure
in R that is supported in J. Moreover, (u*, v) is a measure-valued solution to (1.3)
that is not a weak solution itself. In particular, v is a W' spatial-derivative Young
measure in R, generated by the (sub)sequence {(u )} jeN.

Proof. Note from Theorem 2.1 that there exists a compact set D C (—1, 00) x R
such that for all j € N, Vu; € D ae. in Qr. In particular, for some compact
interval J C (=1, 00), forall j € N, (u;), € J a.e. in Qr. Appealing to (b)(i) of
Theorem 2.1 and to the Banach-Alaoglu Theorem, after passing to a subsequence
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if necessary, we obtain (2.8) for some map v € L$°(Q7; M(R)) such that for
a.e. (x,1) € Qr, v 1) is a probability measure in R that is supported in J. Thus
v is a W1 spatial-derivative Young measure in R, generated by the sequence
{(uj)x}jen.

It remains to check that («*, v) is a measure-valued solution to (1.3) that is not
a weak solution. To do so, let ¢ € C2°(2 x [0, T')). Choose a function & € C.(R)
so that 0 = o on the interval J C (—1,00). Let f : Qr — Co(R) be the map
given by

S (s) =0 (s)ex(x, 1) for (x,1) € Qr,s € R.
Then, clearly, f € LY(Q7; Co(R)). Thus the weak-* convergence of 8(,4/.)»{(.) tov
implies that as j — oo,

L U((”j)x)wx dxdr = <8(u.,~)x(~)’ fr—= v f)= /Q (v, o)y dxdz.

Since (u;); converges weakly-» to u*, we also have
J !

/ (uj)rpr dxdt — ul o dxdz.
QT QT

On the other hand, since u ; is a weak solution to (1.3), we have

1

o ((uj)ipr — o ((uj)x)ex) dxdr = —/0 h(x)g(x, 0)dx.

Thus passing to the limit as j — oo, we obtain

1
(u;k(pt — (v, 0)py) dxdt = —/ h(x)p(x, 0)dx.
Qr 0

Since u* satisfies (2.5), it now follows that (z*, v) is a measure-valued solution to
(1.3). Also, note from Theorem 2.1 that for each (i, k) € A # 0,

(uj)x # uy in measure in Qék,

so it is easily checked that v, ;) # 6 in a set of positive measure in Qék .

wE(x,t)

Therefore, (u*, v) is not a weak solution to (1.3). O

Secondly, we prove the local existence of weak solutions to problem (1.3) for
all smooth initial data.

Corollary 2.4. (Existence) For any initial datum (g, h) € Wy () x Wy ()
with g’ > —1 on Q, there exists a finite number T > O for which problem (1.3) has
a weak solution.



506 SEONGHAK KiM & Youngwoo KoH

Proof. Let (g,_h) € WS’Z(Q) X Wg’z(Q) be any given initial datum such that
g > —1lon Q. If g'(x0) € (s7,s5) for some xo € €, then the result follows
immediately from Theorem 2.1.

Next, let us assume g'(x) ¢ (s}, s3) forall x € Q. We may only consider the
case that g’(x) = 55 for all x € Q as the other case can be shown similarly. Fix any
two o (s2) < r1 < rp < o(sy), and choose a function o* € C3(—1, 00) in such a
way that (2.4) is fulfilled. By [11, Theorem 5.2], there exists a finite number T>0
such that the modified initial-boundary value problem (2.5), with T replaced by T,
admits a unique solution u™ € ﬂizOCk([O, T; ngk’z(Q)) withu} > —1on S_Zf.
Now, choose a number 0 < T < T so that ut 2 s (ry) on Qr. Then u* itself is a
classical and thus weak solution to problem (1.3). O

Lastly, we address the existence of local two-phase weak solutions to (1.3)
that are all identical and smooth for a short period of time and then exhibit phase
separation as well as microstructures for some smooth initial data.

Corollary 2.5. (Microstructures after a finite time) Let (g, h) € W03’2(§2) X
W§’2(§2) satisfy g’ > —1 on Q. Assume either maxg g' € (s}, s1) or ming g’ €
(sz,s;‘). Then there exist finite numbers T > T' > 0 such that problem
(1.3) admits infinitely many two-zphase weak solutions that are all equal to
some u* € m,%zock([o, T'; Wg’_k’ (2)) in Qp/ and exhibit phase separation and
microstructures fromt = T’ as in Theorem 2.1.

Proof. Let (g, h) € W, 2 () x W, () satisfy maxg g’ € (s}, 51) or ming g’ €
(52, 53). Assume also that g’ > —1 on . We may only consider the case that
M :=maxg g’ € (s7, s1) as the other case can be handled in a similar way.

Fix any two numbers o (s2) < r; < rp < o(s1) so thats_(ry) > M. Then take
a function o*(s) € C3(—1, oo) satisfying (2.4). Using [11, Theorem 5.2], we can
find a finite number 7 > 0 such that the modified problem (2.5), with T replaced
by T, has a unique solution u* € ﬂzZOCk([O, T]; ngk’z(ﬂ)) with u¥ > —1 on
S_ZT. Then choose a number 0 < 77 < T so small that uf<s_(r1) on Qy+ and that
57 < u¥(xo, T") for some xo € Q. With the initial datum (u*(-, T'), uf (-, T")) €
Wg’z(Q) X WS’Z(Q) at t = T’ such that u*(-, T') > —1 on Q, we can apply
Theorem 2.1 to obtain, for some finite number 7 > T’, infinitely many two-phase
weak solutions i € W°(Q2 x (T’, T)) to the initial-boundary value problem

Uy = o (ily)x inQ x (T, T),
00,) =u(,t)=0 fort e (T, T),
u=u*, i =uf onQ x {r=T'}

satisfying the stated properties in the theorem. Then the glued functions u =
¥ XQ@x 0,7 + U xQx[1’,T) are two-phase weak solutions to problem (1.3) fulfilling
the required properties. O
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3. Proof of the Main Theorem

In this section, we prove the main result, Theorem 2.1, with the help of the
density result, Theorem 3.1, to be verified in Sections 4 and 5.

To start the proof, fix any ¢ > 0. For clarity, we divide the proof into several
steps.

(Related matrix sets): Following notation (2.1), let

sb
ko ={(57) <1

and for each k € N, define the sets

(s,r) € K", |b|§ﬂ},

Ky b ~ 1k .1(k—1)
K) = (b r) eMyt|(s.rnek Ibléﬁ},
K% = (Z b) e V22| (5, 1) € R b §ﬂ},
Ky b ~ 1k .1(k—1)
U2 = (2 b) e M2 | (s.r) € 07 ol < ﬁ} ,
where ¢’ := ¢/2 and B := ||u} || L>(q;) + € (irrelevant to the term “fB-phase”).

(Admissible class): We can choose a number 7, € (0, T) so that
luf — HllLo@y,) < €.
For each (i, k) € A, let

ik
o

w*

ik

— mind L minr® 112 ol oo
£, = min Emm{ -t éeg>0.

The admissible class A is defined to be the set of all functions w = (u, v) €
Wl Qr; R?) N C2(Qr; R?) satisfying the following:

there exists a finite set A,, C A such that w = w* in Q7\ (U e, O
for some open sets Q’lf cC Q’zk with (i, k) € Ay and |3Qf]j| =0,
Vw(x,1) € ng V(x,t) € QF V(i k) € A,
ik ik )

I? —To?| <&l V. k) € A,

lu —u*|lL@r) <&, lur — HllLe(r,) < €.
It is then easy to see from the definition of w* that w* € A # @. For each § > 0,
we also define the §-subclass As by

As = {w € A‘ / dist(Vw(x, 1), Kﬂ)dxdt§5|Q2|}.
02

(Density result): One crucial step for the proof of Theorem 2.1 is the following
density result whose proof appears in Section 5.
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Theorem 3.1. For each § > 0,

As is dense in A with respect to the L (Q7; R?)-norm.

(Baire’s category method): Let X denote the closure of A in the space
L®(Q7; R?), so that (X, L*°) is a nonempty complete metric space. As the U ,ék

are uniformly bounded in Mfyxnf, A is also bounded in WJ);OO(QT; Rz); thus it is
easily checked that

X C Wh(Qr; RY).

Note that the space-time gradient operator V : X — L'(Qz; M?*?) is a Baire-one
map (see, example, [9, Proposition 10.17]), so by the Baire Category Theorem (see,
example, [9, Theorem 10.15]), the set of points of discontinuity of the operator V,
say Dy, is a set of the first category; thus the set of points at which V is continuous,
that is, Cy := X'\ Dy, is dense in X.

(Completion of proof): Let us now confirm that for any function w = (u, v) € Cy,
its first component u is a two-phase weak solution to problem (1.3) satisfying (a)—
(f). To this end, fix any w = (u, v) € Cyv.

(1.4) & (1.5): To verify (1.4), let ¢ € C°(2 x [0, T)). From Theorem 3.1 and
the density of .4 in X', we can choose a sequence w; = (u;, v;) € Aj/; such that
w; - winXas j - 00. Asw € Cy, wehave Vw; — Vu)inL](QT; szz) and
so pointwise a.e. in Q7 after passing to a subsequence if necessary. By (2.7) and
the definition of .4, we have (v;)x = (u;); in Q7 and (v;)x(x,0) = v}(x,0) =
uf(x,0) = h(x) (x € ), so from the choice of the test function ¢,

() dudr = / (050 dxdt
Qr Qr

1
=- (vj)xrp dxdz —/ (vj)x(x, 0)p(x, 0)dx
Qr 0
1
=/ (vj)zwxdxdt—/ h(x)p(x,0) dx,
Qr 0
that is,

1
/ ()01 — (0))ry) drdt = — f h(0)e(x, 0) dx.
Qr 0

On the other hand, by the Dominated Convergence Theorem, we have

/ ((uj)ipr — (0j)rpy) dxdt — (ur@r — vry) dxdt,
Qr Qr
thus

1
/ (ur@r — vepy) dxdt = —/ h(x)p(x, 0)dx. 3.1
Qr 0
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Also, by the Dominated Convergence Theorem,
/ dist(Vw;(x, 1), Kg) dxdt — / dist(Vw(x, 1), Kg) dxdt.
02 02

From the membership w; € Aj /j» We have

f dist(Vw;(x, 1), Kg) dxdt = @ — 0,
02

J
NYJ

f dist(Vw(x, t), Kg) dxdr = 0.
0>

Since Kg is closed, we must have
Vw(x,t) € Kg, ae. (x,1) € Q. (3.2)

More specifically, if (i, k) € A, then Vw; € Uék in Qék for each j € N, so that

Vw(x,1) € Kif C Kg, ae. (x,1) € Q. (3.3)
From the membership w; € Aj/; C A,

there exists a finite set A,,; C A such that w; = w* in QT\(U(,-’k)Eij _ﬂjj)
for some open sets Q’;"fj cC Qék with (i, k) € Ay, and |8Qﬂj/_| =0,
B (3.4)
and so Vw; = Vw*in QT\(U(,-,k)eij Q;’fj); thus Vw = Vw™* a.e. in Qr\ Q». By
(2.4), (2.7) and the definition of Q;, we now have

v =0 i) =o(uy) ae. in Qr\Qs.

This together with (3.2) implies that v; = o (u,) a.e. in Q7. Reflecting this to (3.1),
we have (1.4). With (2.5) and w = w™ on 9Q7, we also have (1.5).

(a), (b), (¢), (d), (¢) & (f): From the membership w; € A;;; C A, we have (3.4)
and the following:

Vwj(x,1) € U;;k V(x,1) € QF,¥(i, k) € A,
ik ik )
092 — 122 | < 6ik Wi k) € A,
luj —u*llLr) <& uj) — HllLe(qr,) < €.
Let j — oo. It then follows that
w = w* and Vw = Vw* a.e. in Q7\ 07,
luellLeco) = B = llufllLeer) + €',
0% 1O ik
ITyw? =T 2 |Self Vi, k) €A,
lu — u*||po@py S €5 lur — HllLo@q,) S €

(3.5)

Thu_s, withe’ = ¢/2 < ¢, we see that (a), (b) and (c)(i) are satisfied. Since u% > —1
on Q7, it follows from (3.5) and the definition of Q and Q3 that (c)(ii) holds. Also,
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(f) follows from (3.5) and the definition of Q1, Q5 and Q3. Note that (d)(i) is an
immediate consequence of (3.3) from which (e)(i) follows. By the definition of the
phase gauge, (e)(ii) always holds. For each (i, k) € A, it follows from the definition
of &l and (3.5) that

ot

0<I'y® <1,

thus (d)(ii) holds. Finally, observe from (3.5) that

k
0y
T =g FQ”—l 2 i (r-r)]

(i,k)eA

|Q2| oik |Q | ik 3
-T2 | eh<g == <o¢,

(i,k)eA (i,k)eA

[IA

thus (e)(iii) is also true.

Infinitely many solutions: Having shown that the first component u# of each pair
w = (u, v) in Cy is a two-phase weak solution to problem (1.3) satisfying (a)—(f),
it remains to show that Cy has infinitely many elements and that no two different
pairs in Cy have the first components that are equal.

Suppose on the contrary that Cy has finitely many elements. Then w* € A C
X = Cv = Cy, and so u* itself is a weak solution to (1.3) satisfying (a)—(f); clearly,
this is a contradiction. Thus Cy has infinitely many elements. Next, we check that
for any two w; = (uy, v1), wy = (uz, v12) € Cy,

Uy =uy; < vV =U.
Suppose that u; = up in Q7. As (v;)y = (u;); a.e. in Qr (i = 1,2), we have

()x = 1) = (u2); = (v2)y a.e.in Q7.

Since both v and v, share the same trace v* on 927, it follows that v; = v in Q7.
The converse can be shown similarly. We can now conclude that there are infinitely
many weak solutions to (1.3) satisfying (a)—(f).

The proof of Theorem 2.1 is now complete under the density result, Theorem
3.1, to be proved through Sections 4 and 5.

4. Rank-One Smooth Approximation Under Linear Constraint

In this section, we prepare the main tool, Theorem 4.1, for proving the density
result, Theorem 3.1. Instead of presenting a special case that would be enough for
our purpose, we present the following result in a generalized and refined form of
[43, Lemma 2.1] that may be of independent interest (cf. [38, Lemma 6.2]):
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Theorem 4.1. Letm, n 2 2 be integers, andlet A, B € M"™*" be such thatrank (A—
B) = 1, hence

A—B=a®Db=(abj)

for some non-zero vectors a € R™ and b € R" with |b| = 1. Let L € M"™*" satisfy

Lb #0 in R™, 4.1)
and let L : M"*" — R be the linear map defined by
L(E) = Z Lij&; V& eM™™ "

1Si<m1<j<n

Assume L(A) = L(B) and 0 < A < 1 is any fixed number. Then there exists a
linear partial differential operator ® : C'(R"; R™) — CO(R"; R™) satisfying the
following properties:

(1) For any open set U C R",

dv e CKN(U; R™) whenever k € N and v € CK(U; R™)
and
L(VOV) =0 in U Yv e C*(U; R™);

(2) Let U C R" be any bounded domain. For each T > 0, there exist a function
g = g € C°(U; R™) and two disjoint open sets Ua, Up CC U such that
(a) @g € CZ(U; R™),
(b) dist(VOg, [-A(A—B),(1—A)(A—B)]) <tinU,

| (1 =A)(A — B) Vx € Uy,

©VP) =) 5 A—B)  VreUs,
(@ [[Ual =AU <7, Ul = (A = M|UI| <7,
© l1®gllLew) < 7,
where [-A(A — B), (1 — M)(A — B)] is the closed line segment in kerL C M"™*"
joining —A(A — B) and (1 — L)(A — B).

Proof. We mainly follow and modify the proof of [43, Lemma 2.1] which is divided
into three cases.
Set r = rank(L). By (4.1), we have | <r <m A n =: min{m, n}.

(Case 1): Assume that the matrix L satisfies
Lij=0 forall 1 =i <m, 1< j<n butpossibly the pairs
1,D),1,2),...,(,n),2,2),...,(r,r) of (i, j),
hence L is of the form

LyyLip--- Liy--- Ly
Ly

L= e M 4.2)
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and that
A — B =a ® e for some nonzero vectora = (ay, ..., a,) € R",

where each blank component in (4.2) is zero. From (4.1) and rank (L) = r, it follows
that the product Lyj--- L, # 0. Since 0 = L(A — B) = L(a ® e1) = Li1a;, we
have a; = 0.

In this case, the linear map £ : M"*" — R is given by

LE) = ZLljélj + ZLiiSii, £ e M,
=1 i—2

We will find a linear differential operator @ : C LR, Ry — CO(R™: R™) such
that

L(VOV) =0 Vv e C*(R"; R™). (4.3)
Thus our candidate for such a ® = (®!, ..., ®™) is of the form
Piy — Z ap vk, 4.4)

1<k<m,1Z1<n

where 1<i<m,v € C! (R™; R™), and a,il’s are real constants to be determined;
then for v e C2(R"; R™), 1<i<m,and 1< j <n,

i ik
0y, @'v = Z @V
1SkSm,1Z1<n

Rewriting (4.3) with this form of V®v forv € C 2(R"; R™), we have

.
|k ik
Yo Lyapi Y D0 Lugivy,

1SkSm1Sji<n i=21<k<m 1<1<n

=)
1

m r n

1 .k 1 J \pk al ok
Z (Lllaklvxlxl + Z(Lljakj + L.l'./akj)vxjxj- + Z Ll-/akjvxjxj
k j=2 J=r+l

~ =

n
+Y (Lua}, + Lua}, + L”a,ld)v’;m + Z (Luia; + lea/il)v];,xl

=2 [=r+1
.l 1 ) [N,k
+ Y (Lijaj + Luaf; + Ljjal, + Luag vl
2<j<I<r
1 1 o d N,k

2<5i<rr+151<n

| 1,k
+ Z (Lijay +Lllakj)vx,xj)-
r+1<j<Ii<n
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Should (4.3) hold, it is thus sufficient to solve the following algebraic system

foreach k =1, ..., m (after adjusting the letters for some indices):
Lllalll =0, 4.5)
1 i .
Lija; + Ljjal; =0 Vi=2,...,r (4.6)
1 1 j :
Lllakj + Lyjay, +ija]£1 =0 Vi=2,...,r, 4.7
Lual + Lial +Lnd . +L.a’ =0 Vji=3,...,1, 48
llaki+ 1jay + llakj+ Jji% = Vi=2,...,j—1, 4.8)
Llja,ljzo Vi=r+1,...,n, (4.9)
L“a,gj+L1ja,§1=o Vi=r4+1,....,n, (4.10)
Vi=r+1,...,n
1 1 I _ J=r ) , 1,
L”akj + Lija,; + L”akj =0 Vi=2....n “4.11)
Vi=r+2,....n
1 o J s eees N,
Luay; + Lija =0 Vi=r+1,...j—1%2

Although these systems have infinitely many solutions, we will solve those in a
way for a later purpose that the matrix (a;,)y < j <, € M~DX=D fulfills

aél =a; Vj=2,...,m, and a,{l =0 otherwise. 4.13)
First, we let the coefficients a,il (1<i,k<m, 1 <1< n) that do not appear in
systems (4.5)—(4.12) (k = 1, ..., m) be zero with an exception that we set aé] =aqj
for j =r+1,..., mtoreflect (4.13). Secondly, for | <k <m, k # 2, let us take
the trivial (that is, zero) solution of system (4.5)—(4.12). Lastly, we take k = 2 and
solve system (4.5)—(4.12) as follows with (4.13) satisfied. Since L1 # 0, we set
a%l = 0. Then (4.5) is satisfied. Thus we set
J = 1, 1 = JJ Vj=2,...,r,

ay = L,j“zjs ay; ___Lna'/

then (4.7) and (4.13) hold. Next, set
. Ll . Ll .

jo_ =l Tl

“i = Ljj 2T T

then (4.6) is fulfilled. Set

1 1
a = LllaZj + Lijay _ LuyLjjaj+ LijLya a2 =0
2 =~ = y dy =
J Ly LyLy

forj=3,...,randl =2,...,j — 1. Then (4.8) holds. Set

aéjz() Vi=r+1,...,n,
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then (4.9) and (4.10) are satisfied. Lastly, set

a%j =0, al2j :—L—lllja%l = L—iia; Vi=r+1,...,n,Vl=2,...,1,
so that (4.11) and (4.12) hold. In summary, we have determined the coefficients
a,il (1<i,k<m, 1 <1< n)insuch a way that system (4.5)—(4.12) holds for each
k =1, ..., m and that (4.13) is also satisfied. Therefore, (1) follows from (4.3) and
4.4).

To prove (2), without loss of generality, we can assume U = (0, 1)" C R".
Let T > 0 be given. Let u = !, ..., u™) € C®(U;R™) be a function to be
determined. Suppose that u depends only on the first variable x; € (0, 1). We wish
to have

Vou(x) e {—ra®er, (1 —Aa ey}

for all x € U except in a set of small measure. Since u(x) = u(x1), it follows from
44)thatfor 1 <i<mand 1< j <n,

m m
i ik i ik
Py = E apuy,; thus oy, ®'u = E Ay Uy
k=1 k=1

As “111 =O0fork =1,...,m, we have 8qu>1u = Zleallluilxj =0forj =
1,...,n.Wefirstsetu! = 0in U.Then from (4.13), it follows thatfori = 2, ..., m,

X1X]

au? if j =1,
0 if j=2,...,n.

m
i i ok i 2 2 _
aqu) u= Zakluxl)g - aZIMXUCj - aIMX]xJ' -
k=2

As a; = 0, we thus have that for x € U,
Vou(x) = u?) ' (x1)a ®ei.

For irrelevant components of i, we simply take > = - - - = u™ = 0in U. Lastly, for
a number 8 > 0 to be chosen later, we choose a function u2(x;) € C2°(0, 1) such
that there exist two disjoint open sets /1, I» CC (0, 1) satisfying ||I1| — A| < T/2,
a2l = (1=1)] < 7/2, [u?l|.1) < 8, 1) 1eq,1) < 8, =1 = @) (xp) S1—
A for x; € (0, 1), and

1—XMifx; el
211 _ 1 1
@) ) = {_)\. if x1 € I».
In particular,
Voux)e[-ra®ei,(1 —Na®e] Yx e U. 4.14)

We now choose an open set U, cC U’ := (0, 1)"~! with |[U'\U/| < t/2 and a
function n € CZ°(U’) so that

; C
0sp=1in U, n=1inU;, and |Vynl <= (i =12) inU,
T
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where x’ = (x2, ..., x,) € U’ and the constant C > 0 is independent of . Now, we
define g(x) = n(xHu(x;) € CWU;R™).SetUy =1} x U, and Up = I, x U..
Clearly, (a) follows from (1). As g(x) = u(x1) = u(x) forx € Ug U Up, we have

(1 =MNa®eifx € Uy,
—Aa R e if x € Up,

V<I>g(X)={
hence (c) holds. Also,
Ul = MUl = IUal = Al = ILI|Uz| = Al = |IL] = |[LIIU\U; | = A| <,

and likewise

WUgl — (I = MU <,

so (d) is satisfied. Note that fori =1, ..., m,
P'g = &' (qu) = Yoo auu)y =ndu+ > apmgt
1<k<m,1<1<n 1Sk<m,1Z1<n

n n
. 2 ] . 2 ,
=n®'u+u § :alzmxz = nayuy, +u § :alzlﬂxw
=1 =1

SO

[ Dgllrew) < Cmax{s, 8t ') < ¢
if § > 0 is chosen small enough, and (e) holds. Next, fori = 1,...,m and
j=1...,n,

n n
i i 2 i 2 i 2 i
3xjd> 8 = Nx;a Uy, + 773qu> u +ij § ayMx +u § Ay Mxyxj>
=1 =1

hence from (4.14),
dist(Vdg, [-ra®e, (1 —Na®ei]) < Cmax{Sr_l, 8r_2} <71 inU,

if § is sufficiently small. Thus (b) is fulfilled.
(Case 2): Assume that L;; = 0 foralli =2, ..., m, that s,

Ly Lz -+ Lin

P o Fan ) ¢y 4.15)
0 Luz-+ Ly

and

A — B =a ® e for some nonzero vector a € R™.

Then by (4.1), we have L1 # 0.
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Set

Ly -+ Ly,
i S € Mm—Dx(n=1)

Ly -+ Lipn
As L11 # 0 and rank(L) = r, we must have rank(L) =r — 1. Using the s1ngu1ar

value decomposition theorem, there exist two matrices W e O(m — 1) and Ve
O(n — 1) such that

WTLV = diag(os, ..., 0,0, ...,0) € MO~ Dx0=D (4.16)
where 07, ..., 0, are the positive singular values of L. Define
10 10
W= <0 W) e O(m), V = (O V) € O(n). “4.17)

Let L' = WI'LV, A’ = WI'AV,and B’ = WIBV. Let £ : M™*" — R be the
linear map given by

El(%./) — Z L;/El/l V%_/ c men‘

1Sism 1Sj<n
Then from (4.15), (4.16) and (4.17), it is straightforward to check the following:

A’ — B’ = a’ @ e; for some nonzero vector a’ € R,
L'ey #0, L' (A) = L(B), and
L' is of the form (4.2) in Case 1 with rank(L’) = r.

Thus we can apply the result of Case 1 to find a linear operator &' : C!(R"; R™) —
CO(R™; R™) satisfying the following:
(1°) For any open set U’ C R”,

®'v € CK1(U'; R™) whenever k € N and v/ € CX(U': R™)
and
L/(V®'V)=0 in U’ forall v e C2(U"; R™);

(2")Let U’ C R" be any bounded domain. Foreach T > 0, there exist a function

g =g, € CZ(U'; R™) and two disjoint open sets U),,, Uy, CC U’ such that
(@) ®'g € CXU; R™),
(b*) dist(Vd'g’, [-A(A" = B"),(1 —A)(A' = B)]) <tinU’,

i (1—2(A —B)Vx eU,,

/] _ A

(C)Vcbg(x)_{_)\'(A/_B/) Ver/B,,
(@) U =AU <7, [|Ug | = (1 =W|U'|| <7,
) [P ll=w) <.



Two-Phase Solutions for One-Dimensional Non-convex Elastodynamics 517

Forv € C'(R"; R™),letv’ € C'(R"; R™)be defined by v'(y) = WTv(Vy) for
y € R". We define dv(x) = WO'v' (VT x) for x € R”, so that dv € CO(R"; R™).
Then it is straightforward to check that properties (1”) and (2”) of ®’ imply respective
properties (1) and (2) of the linear operator ® : C LR R™) — CO(R™; R™).

(Case 3): Finally, we consider the general case that A, B and L are as in the statement
of the theorem. As |b| = 1, there exists an R € O(n) such that RTH = ¢; € R”.
Also there exists a symmetric (Householder) matrix P € O (m) such that the matrix
L’ := PLR has the first column parallel to e; € R™. Let

A" = PAR and B’ = PBR.

Then A’ — B’ = a’ ® e, where @’ = Pa # 0. Note also that L'e; = PLRR'b =
PLb # 0. Define L/ (§') = Zi,j L;jsl.’j (&' € M™*"); then L' (A") = L(A) =
L(B) = L'(B’). Thus by the result of Case 2, there exists a linear operator @’ :
CHR"; R™) — COR"; R™) satisfying (1) and (2’) above.

For v € C/(R™"; R™), let v’ € C!(R"; R™) be defined by v'(y) = Pv(Ry) for
y € R", and define ®v(x) = P®'v/(RTx) € CO(R"; R™). Then it is easy to check
that the linear operator ® : C'(R"; R™) — CO(R"; R™) satisfies (1) and (2) by
(1’) and (2’) in a manner similar as to Case 2. |

5. Proof of the Density Result

In this final section, we prove Theorem 3.1, which plays a pivotal role in the
proof of the main result, Theorem 2.1.

To start the proof, fix any § > 0 and choose any w = (u,v) € A so that
w e Wul);oo(QT; R?) N C%(Q7; R?) satisfies the following:

there exists a finite set A,, C A such that w = w* in Q7 \(U x)ea,, OF)
for some open sets Qi]} CcC Qék with (i, k) € Ay, and |8Qf]f| =0,
Vw(x, 1) € U V(x,1) € 05, V@, k) € A,
98 1% ik vk e A,
lu —u*|lLo@r) < &, llur — HllLo@q,) < €

(5.1)
Let n > 0. Our goal is to construct a function w, = (uy, v,;) € As with |w —
wy |l L@y < 1; thatis, a function w), € W;;OO(QT; R2) N C%(Qr; R?) with the
following properties:

there exists a finite set A, C A such that w,; = w* in Q7\(Ug pen,, Qﬁl’)‘n)
for some open sets Qﬁfn CC'Q&" with (i, k) € A, and |8Q’;1’jn| =0,
Vw,(x,1) € Ut V(x,1) € Ok ¥(i, k) € A,
ik ik )
P92 — 12| <&k (i, k) € A,
luy — u*llLe@r) < €' Ny — HlLop) < &'y llw—wyllze@r) <0,
S, dist(Vw, (x. 1), Kg) dxdt <8|Qal.

(5.2)
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For clarity, we divide the proof into several steps.

(Step 0): Choose a finite set Ay, CA with A, C Ay, 8O large that
1)
Z dist(Vw(x, 1), Kp) dudr < ~[ Qa, (5.3)
(i hEA\A,, 02 "

where n € N is a constant to be determined later. For each (i, k) € Ay, \Ay, letus
take Q'f =

(Step 1): Fix any (i, k) € Ay, . Choose a nonempty open set G’k CcC Q \9 Q’k
with [§G¥| = 0 so that

/ dist(Vw(x, 1), K )dxdt<—|Q’k| (5.4)
0 0IN\Gi

Since Vw € U on GiF, we have |Ju; ||, oo ity < B; with this and (5.1), we can fix
B 1 LGk

a number 6% > 0 such that

Qlk
eik < min |F Fw*z |7 8/ - ||M - I/l*”LOO(QT), . (55)
& — llug — HllLx@r B — el ot

Let us write

Sk = max (55:() —5-(r)) and Sk = min  (s;(r) —s_(r)) > 0,
,xk< <r ”ci;k§’§rlik
(5.6)
where
k. 1k 2%k 2(k—1)
r,Ni=r ip rt o= e
{rzlk — k=) ifi=1 and {r%k — 2k ifi =2

By the uniform continuity of s+ on [ri* rit, rbk 1, we can find a «’* > 0 such that

eiksik eik Sik 2
|s+(r) — s+ ()| < min {—m M (5.7)
nslk
M
whenever r, 7 € [ru ,rbk] and |r — 7| < «*k. For each . > 0, let
Gy = {(x.1) € G | dist((uy (x. 1), vy (x, 1)), 80" 5) > ),
" = () € G | dist((ua (e, 1), (x,0), 0078 < pa,
F = ((x.1) € G| dist((ux(x. 1), vy (x, 1)), 00767 ) = ).
Since lim+|Hék’”| = 0, we can find a number v’* > 0 with
n—0
. S elkStk 0 Stk 2 g (riky — g rlk
u’k<m1n{ , , ( k)’ +a) ( )} (5.8)
n n nS;M 2
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such that

/_ dist(Vuw(x, 1), K} )dxdt<—|Q L GF" £ g and |FE = 0.
Hl

2
(5.9)

ik, vik

We write Gék =Gy and Hz’k Hék " We also define

ik ik A
ik _ 2 <r<r,,0<i<l ~ ik ik
= R ‘ a it

U {(S V)E S_)\,(S:t(r):l:vlk)"f‘(l_)\)Si(}’)} U

and take

ik . . . Ulk r’k,rgk
d'"* = min min i dlst((s+(r) -5 r), K ),

rik<r<r

vik ~ pik ik
min_ dist((s-() + 7). K27 ) E =00 (5.10)
rik <r <rik 27

it is then easy to see that

" ik
d" < —. 5.11
=5 (5.11)
Choose finitely many disjoint open squares Di¥, ..., D 1\];1 ¢ C Gék, parallel to the
axes, such that
/ o dist(Vw(x, 1), K k) dxdr < —|Q’k| (5.12)
Gtk\(UN’ le)
(Step 2): Dividing the squares D’ik, cee, Dj\ll‘ik into smaller disjoint sub-squares if
necessary, we can assume that
- dik ;
IVw(x, 1) — Vw(F, D) <min{—,/c’k] = ik (5.13)
n
whenever (x, t), (X, ) € D;k and j € {1,..., Nk}
Now, fix an index j € {1,..., N”‘}. Let (xék, t;k) denote the center of the

square D;k and write

: : ~ ik ik
() = e F, iRy, o (8FL 1Ry e O

then dlst((s’k ’k) du" ’b) > vk and so (si.k,rjk) 4 f]jf. Let aj.k > 0 and
,3; > (0 be the numbers given by

sik+ﬂik_s (rik)_ﬁ Sik—()lik—s (rik)_i_v_ik. (5.14)
jorP = s) sy ey = 5=+ o :

then (s ﬂj rh riky e U and (s’k ;k, : ky e Uk,
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To apply Theorem 4.1 in the square D’}.k , let
ik ik pik ik pik
" st — o' b ” /3 b’

ik ._ ik iky. ik A
where b := u, (x}", £}%); then |b] < ||th||Loo(Gzlk) and

ik ik ik ik
ik _ pik _ _alj _:3]‘ 0\ _ —; _.Bj 1
A7~ Bj _< o o)~ 0 ®\o)-

Let £ : M?*2 — R be the linear map defined by

L(E) = —&x1 + £ VE € MPX2

with its associated matrix L = (_01 (1)), then

LAY = L(BF)(=0) and CF=2FAT + (1 -2 BiE
B

Dtj»k-i-ﬂj-k

a linear operator <I>"jk : C1(R%; R?) — CY(R?; R?) satisfying properties (1) and (2)

in the statement of the theorem with A = Ai.k, B = B;.k and A = )Li.k. In particular,

for the square D;k C R? and a number 7% > 0 with

with Cj.k = Vw(x;'.k, t;k) and )L;k = € (0, 1). By Theorem 4.1, there exists

ik v 0 ok s0% | 5.15)

' < min {c’ n :
s Iy ) ik ik ik
n nN nSy N

we can find a function gj.k € Cf"(Dj.k;Rz) and two disjoint open sets
D i, Dk CC D such that

@) (piF, yik) := @ik g’k e C2(DIK; R?), L(VOKgik) = 0in Dif,

(b) dist(Vbitgit, [ x”‘(A’k Biby, (1 — 2y (A™ L Biky)) < ok in Dit,
)Jk)(A’k B”‘) x e DAzk,

)Jk(A’k Blk) x € DBlk,

(d) ||DA,k| —)Jle”‘|| < t’k ||DB,k| - —xl")|le|| < ik,

lk

o (l
(c) vq>'.’< %k(x) = :

(@) ||d>lkg, ooty < T
(5.16)
We finally define

Nik

wy; =w+ Z ZXD;kQDS.kg;k in Q7.

(ik)€Aw, j=1
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(Step 3): In this final step, let us check that w, = (u;, v,) is indeed a desired
function satisfying (5.2). Since this step is rather long, we further divide it into
several substeps.

(Substep 3-1): We begin with some properties that are relatively easy to check.
It is clear from (5.1) and the construction above that

wy € Wh(Qr; R?) N C(Qr; R?). (5.17)

For each (i, k) € Ay, set Qfl]fn = Qﬁf U (U?’;kl D;k). Then we clearly have that

Q¥ cc Qif and |8Q§fn| =0. (5.18)
By the definition of w,, we also have
wy = w = w* in Q\Ug pen,, O )- (5.19)
Next, we check that for each (i, k) € A,
Vw, € U} in Qif. (5.20)

If (i,k) € A\Awn, we have from the definition of w,, and (5.1) that Vw, = Vw €
Uék in Q. Now, let (i, k) € Ay,. If we take

> Sn
=
then from (5.5), (5.8) and (5.11), we have 4~ S

(5.21)

eiksik

UT <Ipm < f— ||u[||Loo(Gzik).
Since |b’k| < l2ts 1l oo (ix and dlSt((S] ) ) AUy > ik (j=1,...,Nk,
it thus follows from (5.10), (5.14), and the definition of A; and B; that

[Alk i ]dtk/2 - U,B )

where [A;k B k] dik 2 is the T-neighborhood of the closed line segment [Ai.k , Bj.k ]
in the space MM In turn, with (5.1), (5.13), (5.15) and (5.16)(a)(b), we have

sym*
Vuw, = Vw + Vo' gt € [A, B i)y in DI
if we let
n=4; (5.22)
in this case, (5.20) holds.
For each (i, k) € Ay,, by (5.5), (5.15), (5.16)(b)(e) and the zero antidiagonal
ofAf/." — B;l" (j=1,...,N%*), we have
' ik
luy = w¥llosior) S llu = wlim@p + 1% < lu = w¥lli=o) + — <&,
' ik
Gy = HllLo@r,) S llus = Hlloy) + 7% <l = il + — <&,

Nik
ik ik ik
lw —wyllL=@p) = ' Do D xpr®fe] <t <n.
(i, k) €Ay, j=I L>(Qr)

(5.23)
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(Substep 3-2): Here, we show that

ik
ro: —r? 2| < % V(i k) € A (5.24)

ik
9

ik
If (i,k) e A\Ay,, then FQ2 =TI, , so we assume that (i, k) € Ay,

Recalling the definition of the phase gauge operator FQ over Q from Sub-
section 2.2, we have

ik
I/ Z2 (x,) - Z 2% (x. 1)) dxdr
le
Q'z"

sz
w+q>lk lk('x t) ()C,t))dxdt

Nik

: Z /'k +/ +/ (Z:f%f@ikg”‘_zug’ék)'
IQ =\ \D D) Ik IDpyix i 8

Here and below, let j € {1, ..., N”‘}. First, we easily get from (5.16)(d) that

z% 22| <21DM\(D i U Dyi)| < 4e. (5.25

, ( Pikgik w )| S2ID7\(D pix U Dpir)| < 4", (5.25)
DD g UD ) T E] j j

: iE

Next, it follows from (5.6), (5.7), (5.8), (5.11), (5.13), (5.14) and (5.16)(c) that
in D jir,
J

of et @x = s—r + @) | lur =l =5 ()
v sy (4 D) — s o+ @) 5
ik ik ik ik ik
|ux_sj |+|Sj —Olj _S—‘(rj )|+|s_(rj)—s_(vt)|
S
elkslk 1+ ik giks’i,ic
n_ < Z_nnUl +—

[IA

|Z

cik 4 U
Sit

14n giksik gikSik
e _Tm —m
2n n n

A

ik
Sin

1 +3n
Sik © 2n?

ik ik
Dy VTP

Atk
J

[IA

eik

and so

14 3n
2n?

< o' |DH|. (5.26)

143
0% 1D 4] < ;L "
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Lastly, we estimate the quantity

ZQQ" B Zng
w+¢lkg w .
D pik i D ,ikUD pik
J J

J

We first consider
aik
‘/ q),k lk(x 1)dxdt — ————|D ’k|
+ B
‘ / ux+<¢j-’<>x—s7<vt+(w;k>t)
e st W) — s+ @)

lk+ﬂlk 5 (rtk)
(o W) = s— (v + @100

) dxdr

;_k + ﬂ;k _ s,(r;.k) i‘k + ﬂtk 5 (rlk)
‘/ ik ik ik ik )dth
Dyik S+(Ut + W) — s (v + (V] e S+(r ) —s-(r")
ﬁi-k ( lk)

Dl = (1 = MDD =1 + L+ .

s+<r”<> s-(r)

From (5.6), (5.7), (5.8), (5.11), (5.13), (5.14) and (5.16)(c)(d), we have

ik _ ik o gik _ ¢ ik
< / Uy +/3j s—(vy) S +,BJ s (rj )‘dxdt
D ik s+ (ve) — 5—(vy) s+ (ve) — s—(vr)
J
lk glkSlk
+ =" 142
= / C T dxdr < i "9”<|DB,k|
D ik Sl 2n2
By
< / Ist* 4+ B = s () Us 0) = s P+ 15— () = 5- ()] s
2= - X
D ik (s4+(v) —s— (Ut))(5+(rlk) s,(r;.k))
J
. . 291k Szk 2 20,/( S,k 2
(@ + B+ o) 2 S s .
S Dgir| £ ——2—|Dyix| = 0’ D
= (Sik)2 | Bj"|f (Sik)2 | B"l | B"|
ik ik ik
+ B — s+ (r) o
= 1D |+ 11Dgix] — (1= 2D

s (rif) —s-(rff)
Uik 1 " "
< @wykwr S5 —6' |D o + 7%
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Next, we concern ourselves with
ik

05 ,
‘/ 728 (x, 1) dudr — —— Dk
DAi]c UDlek ,3

‘ «—s_(v) a'f )
/ — dxdr
Mwwsum—LM)sgm—Lm>

ik ik
Oll o
‘/ (— ) dxde
A,,{UD i sy(U) —s_(v) s+ —s— (i)
Ol;-k Ollk
———— | D ik U Dpir| —
sty — s (i) AT T E

From (5.6), (5.7), (5.8), (5.11), (5.13), (5.14) and (5.16)(d), it follows that

IDK|| = L+ Is + Ie.

lk + ﬂtk

R AR At R e U P
D ik UD pik s+ (vr) —s—(vy)
vik ok ik vik 1+ gik sik pik sik
:1;23n9ik|DA§k U Dgitl,
s [ @ (s @) — oGP+ =) =D |
B D ik UD ik (s4(vr) — sf(vt))(s+(r}k) - s,(r}k))
20{1"‘9”;;# »
= (S’%C)zM |DA”‘ U DB”" < 91 |DA1k U D31k|
“ i D,UD,
B G ENCO N E
ok

J , L pik

ik ¢ qik\2
aikvik zk9 n(;k)
< k< = T , , ik
= (Slk)2|DAkuDsz|+2T (S;,f)Z |DA,ijDB}k|+2r

1 ik ik
7;9 |DAkuDsz|+2T
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Gathering the above estimates on Iy, ..., I, we get

797 _ 797
w+ik gtk v
DBi.k J e DA,'_[( UDBi.k
J J J

1+2n 2 1
( + = 4 =)0 1D
J

[IA

2n2 n o 2n

1430 2 1\ N
(2—2-1-;4-—)91 |DAS.kUDB;k|+3Tl
1+8n

9lk|le| + 3.L.lk

Combining this with (5.25) and (5.26), we obtain from (5.15) that

Nik
it 1 T 8n
ro: —rd = o (4z”‘+ ; " gik| pik] 1 L1 — 0D+ 30)
L3+ 19n9,.k TrikNik
T ow? |05
< 3+ 19n z gik 3+33n9ik gik
=\ 2n? n - 2m?
if we take
n>17, (5.27)

in this case, (5.5) implies that

ik ik ik ik ik ik . ik ik .
T2 -2 <ird? -2 |+ 02 -2 <% 41 - 12| <&k,
Thus (5.24) is satisfied.
(Substep 3-3): In this final substep, we show that

/ dist(Vw, (x, 1), Kg) dxdr =8| Q>|. (5.28)
0>
Note that

/ dist(Vw, (x, 1), Kg) dxdt = / dist(Vw(x, 1), Kg) dxdt
(05) oiF

(zk)eA\A
+ / ~ dist(Vw(x, 1), Kg) dxdr
(Byehy, T (@G
+ > / dist(Vw(x, 1), Kg) dxdr
(i.k) €A,

+ . Z \/;k Ulele dlSt(vw(x’t)’Kﬂ)dde
(i, )€Ny, © 72 \( )
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Nik
+ > Z/ dist(Vw(x, 1) + VO g (x, 1), Kp) dxdt
(i, k)GAwn j=1
=Nh+h+ B+ s+ s

Observe from (5.6), (5.8), (5.11), (5.13), (5.14) and (5.16)(c)(d) that for (i, k) €
Ay, and j € {1,... N},

/ dist(Vw + V'f gk, Kp) dxdr = f dist(Vw + Vo' glk, Kp) dxdr
ik DAi,I‘UDBi.k
J J

/ } dist(Vw + Vo' ¢!k, Kp) dxdr
D \(DA;.kUDBy()
Uik dik
g(T )|DA,kUDB,k|+s |le\(DA,kUDB,k)|
1+n

1+ IQ |
lk ik ik qik
o |D |+ 2t Sy, < —— SOk

1+n 2 1+5n
Js < —8102] + =502 =
2n n

81Qal,

and with (5.3), (5.4), (5.9) and (5.12), we have

1 1 1 I 1+5n
Jl+J2+J3+J4+J5§(—+—+;+;+

1+13n

)81l

8102 £ 68|02
if we let
n=7. (5.29)

In this case, (5.28) is fulfilled.
We now fix a constant n € N so that n > max{STM, 17}, where

Sy = max  (s4(r) —s_(r)).
r=r=n
Then (5.21), (5.22), (5.27) and (5.29) hold. Thus (5.20), (5.24) and (5.28) are
satisfied. These facts, together with (5.17), (5.18) and (5.23), are precisely (5.2), as
desired.
The proof of the density result, Theorem 3.1, is now complete.
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