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Abstract

Consider the acoustic wave equation with unknown wave speed ¢, not neces-
sarily smooth. We propose and study an iterative control procedure that erases the
history of a wave field up to a given depth in a medium, without any knowledge of
c. In the context of seismic or ultrasound imaging, this can be viewed as removing
multiple reflections from normal-directed wavefronts.

1. Introduction

Consider the acoustic wave equation with an unknown wave speed ¢, not nec-
essarily smooth, on a finite or infinite domain 2 C R”. Assume that we can probe
our domain €2 with arbitrary Cauchy data outside of €2, and measure the reflected
waves outside €2 for sufficiently large time. The inverse problem is to deduce ¢ from
these reflection data, and this is the basis for many wave-based imaging methods,
including seismic and ultrasound imaging.

Toward this goal, we will define and study a time reversal-type iterative pro-
cess, the scattering control series. We were inspired by the work of Rose [15] in
one dimension, who developed a “single-sided autofocusing” procedure and iden-
tified it as Volterra iteration for the classical Marchenko equation. The Marchenko
equation solves the inverse problem for the one-dimensional acoustic wave equa-
tion, recovering ¢ on a half-line from measurements made on the boundary.! In the
course of our research, it became evident that the new procedure is quite closely
linked to boundary control problems [2, 10], and has similar properties to Bingham
et al.’s iterative time-reversal control procedure [3].

I More precisely, the Marchenko equation treats the constant-speed wave equation with
potential, to which the one-dimensional acoustic wave equation can be reduced by a change
of coordinates.
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In essence, scattering control allows us to isolate the deepest portion of a wave
field generated by given Cauchy data—behavior we demonstrate with both an
exact and microlocal (asymptotically high-frequency) analysis. Along the way we
present several applications of scattering control, including the removal of multiple
reflections and the measurement of energy content of a wave field at a particular
depth in 2. In a future paper, we anticipate illustrating how to locate discontinuities
in ¢ and recover c itself.

In the mathematical literature, the inverse problem’s data are typically given on
the boundary of €2, in terms of the Dirichlet-to-Neumann map or its inverse. We find
that the Cauchy data-based reflection map allows us a much cleaner analysis. It is
not hard to see (cf. Proposition 2.10) that the Dirichlet-to-Neumann map determines
the Cauchy data reflection map, so no extra information is needed.

We start with an informal, graphical introduction to the problem. Section 2
defines the scattering control series rigorously and provides an exact analysis of
its behavior and convergence properties. Section 3 pursues the same questions
from a microlocal perspective. The discrepancy that arises between the exact and
microlocal analyses allows us to provide more insight on convergence in Section 4.
Section 5 concludes by connecting our work to that of Rose and Marchenko.

1.1. Motivation

Before defining the scattering control equation and series, we begin by motivat-
ing our problem with a graphical example. In Fig. 1, the domainis Q2 = {x > 0} C
R, with a piecewise constant wave speed ¢ having two discontinuities. We extend ¢
to all of R, but assume it is known only outside 2. Now consider the solution of the
acoustic wave equation on R for time ¢ € [0, 27], with rightward-traveling Cauchy
data ho supported outside €2. The initial wave scatters from the discontinuities in
¢, producing an infinite sequence of reflections (Fig. 1a).

Inimaging, one attempts to recover ¢ or some proxy for it. In many imaging algo-
rithms currently in use, only waves having undergone a single reflection (so-called
primary reflections) are typically desired, while the remaining multiple reflections
only complicate the interpretation of the data. As a result, much research in seismic
imaging has been directed toward removing or attenuating multiple reflections.

For the problem at hand, it is plausible (and can be proven) that by adding
a proper control, or trailing pulse to the initial data, the multiple reflections may
be suppressed, at the cost of a harmless additional outgoing pulse (Fig. 1b). If ¢
were known inside the domain (cf. Section 3.4), an appropriate control may be
constructed microlocally under some geometric conditions. The issue, of course,
is to find the control knowing only the reflection response of €2.

Rather than attacking the multiple reflection suppression problem, however,
we consider a related problem obtained by focusing on the interior, rather than
exterior, of 2. Returning to Fig. 1b, we note that the wave field rightmost portion
of the medium contains a single, purely transmitted wave, which we call the direct
transmission of the initial data A¢. Slightly more precisely, the wave field inside €2
at time 27 is generated exactly by the direct transmission at time 7. The control
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Fig. 1. a A domain 2 (shaded) with unknown wave speed c is probed by exterior Cauchy
data hg. Two discontinuities in ¢ (dashed) scatter the incoming wave. b An appropriate
trailing pulse added to i eliminates the multiply reflected rays

{ ? _ ) LC) D Support of wave field at time 7'
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Fig. 2. Almost direct transmission of initial data hq at time 7 > 0

has therefore isolated the direct transmission; our problem is to find such a control
for a given h( using only information available outside 2.

1.2. Almost Direct Transmission

At its heart, the direct transmission is a geometric optics construction, and
is valid only in the high-frequency limit where geometric optics holds. Conse-
quently, the directly transmitted wave field can be isolated only microlocally (mod-
ulo smooth functions). We will consider the geometric optics viewpoint later, but
initially avoid a microlocal approach, as follows. Informally, suppose kg creates
a wave that enters €2 at time 0, travelling normal to the boundary. At a later time
T, the directly transmitted wave may be singled out from all others by its distance
from the boundary: namely, T (as long as it has not crossed the cut locus). Here,
distance is the travel time distance, which for ¢ smooth is Riemannian distance in
the metric ¢ ~2dx?.

With this in mind, given Cauchy data i supported just outside €2 we substitute
for the direct transmission the almost direct transmission, the part of the wave field
of ho at time T of depth at least 7. More precisely, let ® be a domain containing
€2 and supp ho; then let ®7 C O be the set of points in ® greater than distance T’
from the boundary. The almost direct transmission of initial data A at time 7 is
the restriction to ®7 of its wave field at ¢t = T (Fig. 2).
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Fig. 3. Shrinking the support of the initial data 4 to a point. The dashed line indicates the
normal geodesic from that point; the support of the almost direct transmission shrinks to a
point on the geodesic

The nonzero volume of ®\ 2 means that some multiply reflected rays may still
reach ®7. Hence, we have in mind taking a limit as ® — €2 and the support of &
approaches a point on 9€2. In this limit, the support of the almost direct transmission
converges to a point along the normal directly-transmitted ray, for sufficiently small
T (at least in the absence of caustics and before reaching the cut locus); see Fig. 3.

2. Exact Scattering Control

We set up the problem and our notation in Section 2.1, then introduce the scatter-
ing control procedure in Section 2.2, where we study its behavior and convergence
properties. The final result, expressed in Corollary 2.7, is that scattering control
recovers the almost direct transmission’s wave field outside ®, modulo harmonic
extensions. In Section 2.3, we apply this to recover the energy (with a harmonic
extension) and kinetic energy of this portion of the wave field. Proofs for the results
in these sections follow in Section 2.4.

2.1. Setup

2.1.1. Unique Continuation Let 2 C R” be a Lipschitz domain, and let ¢ be a
wave speed satisfying ¢, c~! € L®(R").

Initially, the sole extra restriction we impose on c is that it satisfy a certain
form of unique continuation. More precisely, assume there is a Lipschitz distance
function d(x, y) such that any u € C(R, H L(RMY), satisfying either that:

— u,du =0fortr =0andd(x,xp) < T (finite speed of propagation)
— u = 0 on a neighborhood of [-7, T'] x {xo} (unique continuation)

is also zero on the light diamond
D(xo, T) = {6, 0d (@, x0) < T = ],
if (8t2 —c2A)u=0ona neighborhood of D(xg, T), for any xg € R", T > 0.

While the set of wave speeds with this property has not been settled in gen-
eral, several large classes of ¢ are eligible, stemming from the well-known work of
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Tataru [22]. Originally known for smooth sound speeds [17, Theorem 4], Stefanov
and Uhlmann later extended this to piecewise smooth speeds with conormal singu-
larities [18, Theorem 6.1], and Kirpichnikova and Kurylev to a class of piecewise
smooth speeds in a certain kind of polyhedral domain [12, §5.1]. The corresponding
travel time d(x, y) is the infimum of the lengths of all C! curves y(s) connecting
x and y, measured in the metric ¢~2dx?, such that y ~! (singsupp ¢) has measure
Zero.

2.1.2. Geometric Setup Next, let us set up the geometry of our problem. We
will probe @ with Cauchy data (an initial pulse) concentrated close to €2, in some
Lipschitz domain ® D 2. We will add to this initial pulse a Cauchy data control
(a tail) supported outside ®, whose role is to remove multiple reflections up to a
certain depth, controlled by a time parameter 7 € (0, % diam €2). This will require

us to consider controls supported in a Lipschitz neighborhood Y of © that satisfies
d(dY, ®) > 2T and is otherwise arbitrary.

While we are interested in what occurs inside €2, the initial pulse region ® will
actually play a larger role in the analysis. First, define the depth d§ (x) of a point x
inside ©:

% . +d(x,00), x € ®,
do(x) = {—d(x, 90), x ¢ . @1

Larger values of d¢) are therefore deeper inside ®. For each ¢, define the open sets

O, ={x e |d5x) > 1},

2.2
Or={xreY|dsx) <t} 22

As in (2.2) above, we use a superscript = to indicate sets and function spaces lying
outside, rather than inside, some region.

2.1.3. Acoustic Wave Equation Let C be the space of Cauchy data of interest:
C=Hy (") ® L*(Y), (2.3)

considered as a Hilbert space with the energy inner product
((o. f1). (g0, 8D)) = /T (VA VB0 + 2 AW0EI W) dr. 24)

Within C define the subspaces of Cauchy data supported inside and outside ©,:

H, = H} (9, ® L*(©,), H = H,

T* 1, a* 2 a* (T* (T* (25)
H; = H(©)) ® L*(©)). i i,

2 We tacitly assume throughout that ®;, ©F are Lipschitz.
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Define the energy and kinetic energy of Cauchy data h = (hg, k1) € C in a subset
W C R":

EW(h)z/ <|Vh0|2+c*2 |h1|2) dx, KEW(h)=/ 2P dx. (2.6)
w w

Next, define F to be the solution operator [14] for the acoustic wave initial value
problem:

F: H'®") @ L*R") — C(R, H' (R")),
(02 = Au =0,
F(ho, h1) = u st ul,_o = ho. 2.7)
3,u|t=0 = h;.

Let R, propagate Cauchy data at time ¢ = 0 to Cauchy data at t = s:
R, = (F,F) :H'RYHY® L>R") > H'®R") & L>(R"). (2.8
1=s

Now combine R with a time-reversal operator v : C—C, defining for a given T

R=voRor, v: (fo. f1) = (fo, —f1). (2.9)

In our problem, only waves interacting with (€2, ¢) in time 27 are of interest.
Consequently, let us ignore Cauchy data not interacting with ®, as follows.

Let G = H* N (RZT (HO1 (R"\®) & L*(R" \@))) be the space of Cauchy data
in C whose wave fields vanish on ©® att = 0 and t = 2T. Let C be its orthogonal
complement inside C, and H; its orthogonal complement inside I:It* With this
definition, R maps C to itself isometrically.

2.1.4. Projections Inside and Outside ®, The final ingredients needed for the
iterative scheme are restrictions of Cauchy data inside and outside ®. While a hard
cutoff is natural, it is not a bounded operator in energy space: a jump at 9@ will
have infinite energy. The natural replacements are Hilbert space projections. More
generally, we consider projections inside and outside ®;.

Let m;, m; be the orthogonal projections of C onto H;, H} respectively; let
7, = 1 —m}. As usual, write 7 = 7, 7* = 7j. The complementary projection
I — 7y — 7} is the orthogonal projection onto I;, the orthogonal complement to
H; @ H; in C. It may be described by the following lemma, which is in essence the
Dirichlet principle.

Lemma 2.1. I; consists of all functions of the form (io, 0), where iy € H(} (1) is
harmonic in Y\00;.

Lemma 2.1 provides two useful pieces of information. First, I = I is independent
of c. Secondly, we can identify the behavior of the projections 7;, ;. Inside ®;
the projection 77,k equals i, while outside Oy, it agrees with the I, component of 4,
which is the harmonic extension of & [ye, to Y (with zero trace on dY'). Similarly,
7} h is zero on ®,, and outside ®; equals 4 with this harmonic extension subtracted.

It will be useful to have a name for the behavior of 7, ., and so we define the
notion of stationary harmonicity as follows:
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Definition 2.2. Cauchy data (hg, k1) are stationary harmonic on W C R" if hq|w
is harmonic and & |y = 0.

2.2. Scattering Control

Suppose we have Cauchy data g € H. We can probe Q2 with i and observe
Rhgoutside €2. In particular, the reflected data 77 * R can be measured, and from these
data, we would like to procure information about ¢ inside €2. However, multiple
scattering as waves travel into and out of € makes 7 * Rh¢ difficult to interpret.

In this section, we construct a control in H* that eliminates multiple scattering
in the wave field of hg up to a depth T inside ®. More specifically, consider the
almost direct transmission of hg as follows:

Definition 2.3. The almost direct transmission of hg € H attime T is the restriction
Rrholer-

Ideally, we would like to recover (indirectly) this restricted wave field. If con-
sidered as Cauchy data on the ambient space Y, the almost direct transmission
has infinite energy in general due to the sharp cutoff at the boundary of ®7. As a
workaround, consider the almost direct transmission’s minimal-energy extension
to Y. This involves a harmonic extension of the first component of Cauchy data,
so that we have

Definition 2.4. The harmonic almost direct transmission of hg at time T is
hpt = hpr(ho, T) = 77 Rrho. (2.10)

ByLemma?2.1, hpt is equal to R7hg inside ®7; outside O, its first component
is extended harmonically from d®7, while the second component is extended by
Zero.

2.2.1. Scattering Control Series Our major tool is a Neumann series, the scat-
tering control series

o
hoo = Z(n*Rn*R)iho, 2.11)
i=0
formally solving the scattering control equation
(I — 7*RA*R)hoo = ho. (2.12)

The series in general does not converge in C; but it does converge in an appropriate
weighted space, as we show in Theorem 2.6. Applying 7 to (2.11), we see that /1
consists of /g plus a control in H*. Our first theorem characterizes the behavior of
the series.

Theorem 2.5. Let ho e Hand T € (0, % diam ®). Then isolating the deepest part
of the wave field of hg is equivalent to summing the scattering control series:

(I =m*Rn*R)hoo = hy < R_1TRyrhoo = hpT and heo € hog + H*.
(2.13)
Above, R_TT Ryrhs may also be replaced by R_sTr_sRT+shoo for any s €
[0, T1.
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Fig. 4. Illustration of the wave field generated by scattering control, as given by Theorem 2.5

Such an heo, if it exists, is unique in C. As for the harmonic extension in hpr,
it is equal to TRy hoo outside ©:

hDT|®* = j0|®*a Where ERZThoo = (JOa jl)a (214)

and is bounded:

Eg: (hpr) = C [lholl (2.15)

for some C = C(c, T) independent of hy.

Equation (2.13) tells us that the wave field created by /o inside ® att = 2T
is entirely due to the harmonic almost direct transmission at ¢t = T (Fig. 4). More
generally, the wave field of /1, agrees with that of 4pT on its domain of influence.
This is not true of h¢’s wave field, where other waves, including multiple reflections,
will pollute the wave field at time 27'. It follows that the tail &, — kg enters €2 and
carries all of the scattered energy of /g out with it. We will see this from an energy
standpoint in Section 2.3 and from a microlocal (geometric optics) standpoint in
Section 3.

The question now is to study whether the Neumann series (2.11) converges
at all. Since R is an isometry and 7* a projection, we have ||[z*Rz*R| < 1.
From our later spectral characterization, we know that ||[7*RA| < |k||, strictly,
for all h € H*. This is also true for a completely trivial reason: we eliminated G
when constructing C. What hinders convergence is that ||| — ||7*RA| might be
arbitrarily small; in other words, almost all the energy could be reflected off ®.
Note that if the series fails to converge, no other finite energy control in H* can
isolate the harmonic almost direct transmission of %q; see Proposition 2.8.

In the next theorem, we investigate convergence via the spectral theorem. It
turns out that the only problem is outside ®; inside ® the partial sums’ wave fields
att = 2T do converge, and their energies are in fact monotonically decreasing. We
will also demonstrate that the Neumann series converges in H for a dense set of &,
and identify a larger space in which the Neumann series converges for any hg.
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For the statement of the theorem, define J to be the following space of Cauchy
data, which, roughly speaking, remains completely inside or completely outside ®
in time 27':

J= (H N R(H)) @ (H* N R(H*)). (2.16)

Let x : C — J be the orthogonal projection onto J.

Theorem 2.6. With ho, T as in Theorem 2.5, define the partial sums

k
hy = Z(n*Rn*R)fho. (2.17)
=0

Then the deepest part of the wave field can be (indirectly) recovered from {hy}
regardless of convergence of the scattering control series:

kll)ngo R_rTRarhi = Rt xho = hpr, 7 Rkl ™\ [hprll. (2.18)
The set of hq for which the scattering control series converges in C,
Q=[heH | -nRr"Rho eCl, (2.19)

is dense in H. For all hg € H, the partial sum tails hy — hg converge in a weighted
space that can be formally written as

I
— {1 -xC, N =T7TRT + n*Ra*. (2.20)
1 — N?

As an immediate corollary of (2.18), we recover in the limit the wave field gen-
erated by the harmonic almost direct transmission outside ®, using only observable
data.

Corollary 2.7. Let Fpr(t,x) = (Fhpt)(t — T, x) be the harmonic almost direct
transmission’s wave field. Then

(Fhi)(t, x) — (Fn*Rorhy)(t — 2T, x) — Fpr(t,x) ask — oo, (2.21)
the convergence being H' in space, uniformly in t.

We end this section with three small propositions. The first states that the scat-
tering control equation has no solution if the Neumann series diverges.

Proposition 2.8. Let hg, T be as in Theorem 2.5, and suppose (I —* Rt* R)k = hy
for some k € H*. Then the scattering control series (2.11) converges.

The second proposition characterizes the space H* containing the Cauchy data
controls. Essentially, each control is supported in a 27 -neighborhood of ® and
its wave field is contained in this neighborhood for ¢ € [0, 2T], up to harmonic
functions.
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Proposition 2.9. The control space H* consists of Cauchy data supported outside
® whose wave fields are stationary harmonic outside a 2T -neighborhood of ® at
t=0,2T:

B = {heC|ntyh ="y Ryph =7h =0]. (2.22)

The third proposition shows that our reflection data (the Cauchy solution oper-
ator F, restricted to the exterior of €2) is determined by the Dirichlet-to-Neumann
map, which is the data usually assumed given in boundary control problems and
the inverse problem. As a result, our method requires no additional information,
from a theoretical standpoint.

Proposition 2.10. Let ¢y, ¢ be L* wave speeds on a C U domain Q@ C R". Extend
c1, 2 to Q* = R"\Q by setting them equal to some ¢ € C®(R™).

Define solution operators Fy, F corresponding to c1, ¢ asin(2.7), and Dirichlet-
to-Neumann maps

(82 — ?A)u =0,
Ai: g a””|R><aQ’ where “}Rxasz =g, (2.23)
Ul,_o= oru 0= 0.

=

If Ay = Ay, then Fihly . = Fahly, . forallh € H'(Q*) & L*(Q).

2.3. Recovering Internal Energy

As a direct application of the results in Section 2.2, we show how scattering
control can recover the energy of the harmonic almost direct transmission using
only data outside 2, assuming supp 7o C ©\Q. If the Neumann series converges to
some o, € C, we can recover the energy directly from %, but if not, Theorem 2.6
allows us to recover the same quantities as a convergent limit involving the Neumann
series’ partial sums. In a forthcoming paper we demonstrate how these energies
may be used in inverse boundary value problems for the wave equation that arise
in imaging.

Proposition 2.11. Let ho € H, T > 0, and suppose (I — n*Rn*R)hs = hy.
Then we can recover the harmonic almost direct transmission’s energy from data
observable on ©* U supp ho:

ERM (hDT) = ER” (hoo) - ER" (N*Rhoo). (224)
We can also recover the kinetic energy of the almost direct transmission (with no
harmonic extension) from data observable on ®* U supp hy:

KEg, (R7ho) = = (ho, ho — RT*Rhoo — Rhoo). (2.25)

1
2
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Proposition 2.12. Let hg € H and T > 0, and hy as before. We can recover the
energy of the harmonic almost direct transmission as a convergent limit involving
data observable on ®* U supp hy:

Egn (hpt) = klijgo [Eg» (hi) — Epn (T* Rhy)] . (2.26)
Similarly, for the kinetic energy of the almost direct transmission,
4KEo, (Rrho) = lim [E(i) +E(ho) — EGr* Rr* Rhy)
—00

4 2(7* Rhy, hix — Rt* Rhy) — 2(ho, Rt* Rhy + th>].
2.27)

2.4. Proofs

Proof of Theorem 2.5. The proof is mostly a simple application of unique contin-
uation and finite speed of propagation.

Equation (2.13) (=) Let v(t,x) = FR_277 Rarhoo be the solution of the wave
equation with Cauchy data T Ry7hs at ¢t = 27T. We will often consider Cauchy
data at a particular time, and so define v = (v, 9;v).

Applying 7 to the defining equation (I — 7*Rw*R)hoo = hg implies The, =
ho; also (7*v)(0, -) = 0, since

O=n*hg=n" —n*R_2rnm*Ror)hoo
=n1"R_277TRoyTheo (2.28)
= (*v)(0, ).

Outside of ®, then, v(0, -) and v(2T, -) are equal to their projections in I, and
therefore are stationary harmonic. Equivalently, d,v and 9,,v are zero on ®* for
t=0,2T.

Because ¢ is time-independent, d;v is also a (distributional) solution to the
wave equation. If 3,v € C(R, H'(R")), then Lemma 2.13 applied to d,v gives
d;v(T, ) = 3, v(T, -) = 0 on OF; it follows that v(T', -) is stationary harmonic on
©7. For the general case, choose a sequence of mollifiers p. — & in £'(R) and
apply Lemma 2.13 to p/(¢) * v to obtain the same conclusion.

By finite speed of propagation (FSP), ;| Rgm = 7|5 R, forany s € R. Applying
this twice, we find that in ®7 at time 7', the solution v is equal to h,’s wave field,
which in turn is equal to h¢’s wave field (Fig. 5):

— — — FSP _
TrvV(T, ") =TrR-1TRyrhoo = T R-TRyThoo
_ FSP _ - _ def
= NTRThoo = JTTRTJThoo = JTTRTh() = hDT- (2.29)
However, since v(7, -) is stationary harmonic on ®7., we can remove the projection
on the left-hand side: T7 R_77T Rorhoo = R_7T Ry7ho. This proves the forward
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= i D Fheo=v
Fhe = Fho

T hpt

Oa

ho T dg(x)

Fig. 5. Finite speed of propagation applied twice to wave field v

direction of (2.13). More generally, it follows that T7_s R7shoo = V(T + 5, ) =
Rshpt for s € [0, T]. Indeed, V(T + s,:) = Rrisheo On Or_g by finite speed
of propagation, and using Lemma 2.13 as above implies v(7" + s, -) is stationary
harmonic on ®%__ fors € [0, T'].

Equation (2.14) Asabove, apply Lemma2.13 to d;v. Thisimplies that 9;v|[p 27| x0* =
0. Hence v is constant in time in ®*. Attime 7', we have v(T, -) = w1 R7hg, and the
pressure field v(7', -) is the harmonic extension of the first component of R7h¢|ye -
Attime 2T, v equals T Ry7hoo On ®* by construction, proving (2.14).

Equation (2.13) (<) Conversely, suppose R_rT Ryrhs = hpt. Denote by v
the wave field generated by the harmonic almost direct transmission: v(z, x) =
(Fhpt)(t—T, x). Since v(T, -) is stationary harmonic in ®% we have (0, v)(T, -) =
0 there. Applying finite speed of propagation, (3,v)(0, -) = 0on ®*,s0 (7*v)(0, ) =
0.

Because R_7T Ryrheo = hpr, the solution v is equal to (FTRy7hso)(t —
2T, x), the wave field generated by T Ry7ho. Hence n*R_277T RoT7hoo = 0, and
we have

(I — T*RT*R)hoo = (I — T*R(T* + T)R)hoo = (I — ) hoo = Theo. (2.30)

Therefore h is a solution of the scattering control equation for some initial pulse
Tho; by hypothesis, this initial pulse is hg.

Uniqueness of hoo Since R is unitary and 7 is a projection, any g € C satisfies
|7*Ra*Rg| < |=*Rg| < lgll- (231)

Now, suppose that (/ — 7*Rn*R)g = 0 for some g € C. As g = 7*R7*Rg no
energy can be lost in either application of 7*, and both inequalities of (2.31) are
in fact equalities. Hence wg and 7 Ry7 g must be zero, implying g € G. But by
construction G N C = {0}, establishing uniqueness.

Conversely, any g € G satisfies g = m* Rz * Rg by finite speed of propagation,
soin fact G = ker(I — 7*R7*R).
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Equation (2.15) Finally, sincei = hpt|ex = T Rrho|e*, it follows immediately
that

lill = 7 Rrholl < IR7holl = llholl - (2.32)

The proof is complete. O

In the proof of Theorem 2.5, we used the following corollary of finite speed of
propagation and unique continuation:

Lemma 2.13. Let u € C(R, H'(R")) be a solution of (8,2 — 2 A)u = 0 such that
u(, ) =uT, ) = 0;u(0, ) = 0,uT, -) = 0 on O*. Then u is zero on the set

D={{tx)dsx) <T —|t—Tl.

Proof. By finite speed of propagation, u is zero on a neighborhood of [0, 2T] x
®_7_s for all § > 0, and thus by unique continuation, also zero on the union
of open light diamonds centered at points in [0, 27] x d®_7_s. This includes
[0,2T] x ®_7/2_s, and repeating the argument, we find that u = 0 on all open
light diamonds centered at points in [0, 2T] X ® _7/2n_s foralln € Z and § > 0.
The union of these open light diamonds is D. 0O

Proof of Theorem 2.6. The proof is via the spectral theorem, which will also shed
further light on the behavior of the Neumann series.

First, note R = vo Ry7 is self-adjoint as well as unitary, since R* = R}, ov* =
R_>7 o v =v o Ryr. Divide R into two self-adjoint parts, N and Z:

N =a*Rrn* + TR, Z=n*Rw +7TRn". (2.33)

In other words, thinking of imz* = H* and im7T = H & I as two halves of
C, the operator N describes wave movement within one half, while Z describes
movement from one half to the other. For any f € H the identity f = R>f =
(N> 4+Z)f+(NZ+ZN)f holds. If f e H* or f e H@ I, then (NZ + ZN) f
is in the opposite half from f, so NZ + ZN = 0, and N> + Z> = I when the
domain is restricted to either half.

Applying the spectral theorem to N, identify C with L>(X, i) for some set X
and measure ., upon which N acts as a multiplication operator n(x). As Z and N
do not commute, Z has no special form with respect to this spectral representation.

Since |N|| £ ||R|| = 1, we have |n| < 1. Split X into two sets

X' =n"'({—1, 1},

2.34
X"=n"1((-1,1) = X\X'. e

For h € L*(X', ),

12
INA|| = </an |h|2du) = |kl = IRA, (2.35)
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implying Zh = 0. Conversely, if Zh = 0, then | Nh| = ||h]|, implyingn = £1 on
supp h. In consequence, L2(X’, 1) = ker Z = J, and hence x is multiplication by
the characteristic function of X’.

Returning to the Neumann series, since (71*)2 = 7t*, rewrite Ay as

k—1
hi — ho = Z(n*Rn*Rn*)"(n*Rn*)(n*Rﬁ)ho
=0 (2.36)
k—1 . 1— 2k
= anH_tho =n 3 Zhyg.
‘ 1—n
i=0
Turning to @ Rhy now, since Zn = —nZ onim* > n'Zhg and Z% = 1 — n?,
1 — 2k
TRhy = Z(hy — hg) +nhg = Zn 1 5 Zho + nhy
—n
1 —n? 237
=-n n2 Z2h0+nh0 ( )
1—n
= 2+,

p2k+1 ho converges pointwise, monotonically, as a function in L2(X , M)
nho(x), n(x)| =1,

- o 2k+1
(TRh)(x) =n""""ho(x) — 0, [n(x)] < 1.

Vx € X. (2.38)

The convergence holds not only pointwise but also in L?(X, 1) by dominated
convergence. Its limit function is exactly nxho = Ryho, the projection of Rhg
onto J, proving the first limit in (2.18). Also, as a consequence of the monotonicity,
I RAkl MR xholl = Il xholl-

Hence, while the Neumann series {h;} may diverge, the component of Rhy in
H & I (and therefore inside ®) converges and is actually decreasing in energy.

Proof of (2.20) Starting from (2.36), we wish to commute Z and the powers of n.
In the weighted space L?(X”, (1 — n®)?pn),

n

Zho = ——7(1 = y)hg = —Z —2

1 —n?

hy —ho — 1 (1 = x)ho. (2.39)

The factor (1 — x) is a projection away from the kernel of Z, where (1 — n%)~!

blows up. We may insert it because J = ker Z, and therefore Z x = 0. After doing

s0, the second equality holds because (1 — y)hg lies in the inside half H & I.
Any j € H (or H*) satisfies || j[|* = | Rj|I* = [ ZjlI* + [Nj]?, so

1Zj)1? = /Xa =) |12 dp = | V1 —nszZ. (2.40)

Applying this relation to hg — hy,

2k

lak — holl = |[n—
V1 —n?

(1 — )hol - (2.41)
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Therefore, hy — hg lies in the weighted space L>(X”, (1—n?)u), and, by dominated
convergence, converges to a function he, — hg € L2(X", (1 — n?) ). Formally,
this latter space can be written (I — NH~12(1 - x)C, establishing (2.20).

Density of @ Decompose X as the disjoint union of the family of sets

X_p=n""({=1,0,1});
Xi=nY((=14+27", —1427Hua—=2""1-2"""1 i=0,1,---.
(2.42)
Leth(i) = h-1x_,..ux,, where 1,4 denotes the indicator function of A C X. Then
h(’) — hg in L>(X, ). Using the fact that Zn = —nZ on H*, as before the k™
partlal sum of the Neumann series for h(’) is

(@) (@) 2 (@) (@) n?t (@)
hy’ =hy + 5Zhy =hy —Zn 5 (L= X)hy (2.43)

1—
Since either n = 41 (sothat | — x = 0) or |n] < 1 — 2711 the multiplier

nl= "2 (1 — x) is bounded in k and the Neumann series converges in C. Hence
h(’) € Q for all i, proving Q is dense.

Proof of Rxho = hpr When hj converges in C, by Theorem 2.5 we have

lim R,TfRzThk = hDT' (244)

k— 00

The left hand side is equal to R x hg; hence for hg € Q,
R)(ho = hDT- (245)

By the unitarity of R and (2.15), hg — hpr is a continuous map from H to C. The
left-hand side is likewise continuous in %¢. So, since Q is dense in H, (2.45) holds
for all hp € H. This together with our earlier work establishes (2.18). By the same
argument, Apt = limg_ oo R_sTr_sRT4+5h; forany s € [0, T]. O

Proof of Proposition 2.11. Equation (2.24) follows directly from (2.13):

E(hpr) = E(R-1T Ro1heo) = E(T RAoo)
— E(Rhoo) — E(T*Rhoo) = E(hoo) — E(T* Rhog).  (2.46)

For (2.25),letv(t, x) = (FTRy7hso)(t—2T, x), asin the proof of Theorem 2.5.
Subtract its time-reversal to get the solution w(¢, x) = v(¢, x) —v(2T — ¢, x), and
as before write v = (v, 9;v), w = (w, d;w). Consider the energy of wats = T.
Now w(T, -) = 0 everywhere and 9, w = 29;v = 0 on ®} (as shown by the proof
of Theorem 2.5), so the only energy of w at time T is inside ®Or:

Ew(T, ")) = /

Rn

2 19,w(T, )| dx =f 2 120,0(T, )| dx

n

FSP FSP
=4KEg, (v(T,:)) = 4KE@,(R7hs) = 4KEg, (Rrho). (2.47)
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The last two equalities are by finite speed of propagation, as in (2.29). By conser-
vation of energy,
EWw(T,-) =EWQT, ) =E(@Rhs —TRTRh). (2.48)
Expanding out the energy norm on the right hand side,
4KEe, (RTho) = |77 Rhooll> + |ITRT Rhoo||* — 2(T Rhoo, TRT Rhoo). (2.49)
Using TRTRhoo + TRT*Rhoy = Theo = hp, and T*RT Rhoo = 0,
17 Rhool® = | Rhool> — || 7* Rhoo |
= lhool® = | 7* Rhoo |
I R Rhoo|I® = |[ho — TR7* Rhoo |
= |lholl? + |FR7*Rhoo || — 2 (o, TRT* Rhoo)

N 2 N 2 (2.50)
= |lholl® + |7*Rhoo |~ — |7* R7* Rhso |
— 2(hgp, Rt*Rhoo);
(T Rhoo, TRT Rhoo) = (Rhoo, RTRhoo) — (T* Rhoo, T* RT Rhoo)
= (heo, T Rho)
= (ho, Rheo).
Recalling m*R7*Rhoo = ho — hoo and simplifying yields (2.25). O
Proof of Proposition 2.12. Proof of (2.26)
The energy recovery formula follows directly from Theorem 2.6:
. * . 2 * 2
lim [E(hy) — E(r*Rhy)] = lim |[Rhi|> — |7* Rhy||
k— 00 k— 00
= lim |7Rh¢|? (2.51)
k— 00

2
= |lhpTll”.

Proof of (2.27)
The proof is similar to (2.25), but with extra terms. By (2.47)—(2.50), hoo sat-
isfies

4KEg, (R7ho) = E(F Rhoo — TRT Rhoo) (2.52)
= E(hoo) + E(ho) — E(7*R7* Rhoo)
— 2(hg, RT* Rhoo + Rhoo). (2.53)

For hj, we must modify the second equality as w* R Rhy is no longer zero. Instead,
write * RT Rhy, as w*hy — w*Rm* Rhy, to obtain
E(@Rhi — TRT Rhy) = E(hi) + E(ho) — E(w*Rn* Rhy)
+ 2(m*Rhy, w*hy — n*Ra*Rhy) (2.54)
— 2(hg, Rt*Rhy + Rhy).
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The right-hand side is the quantity in the limit in (2.27). As k — o0, it converges
to (2.53) by continuity as long as ko € Q; hence its limit is 4 KEg, (R7ho). This
proves (2.27) when hg € Q. Then, by continuity and the density of Q, (2.27) must
hold for all g € H.
Interestingly, to obtain kinetic energy we used initial data
lim [TRhy —TRTRhy] = Rxho — T xho = (n — 1)xho, (2.55)

k—00
equal to —2 times the projection of &g onto L2(n~! =1}, ). O

Proof of Lemma 2.1. The proof is essentially that of the Dirichlet principle. First,
while H = H @ I, @ H;, we note that also (with tildes)

H=HoI oH,. (2.56)

This is true simply because I, is orthogonal to G and hence to H* = H* ® G.
Now, for one direction of the proof, consider an arbitrary i = (i, i1) € I;. Since
O, is Lipschitz, its boundary has measure zero, so LZ(T) = L2(®;) &) L2(®,).
Hence i must be zero.
Let ¢ € H; be nonzero and a > 0. Then ||i 4+ a¢|?> = ||i||® + a2 ||$]1* > ||i||?
by orthogonality. Hence a = 0 is a local minimum of ||i +a¢||?, and the derivative
of this quantity with respect to a is zero at a = 0:

d
0= — |li +a¢|? =2(i,¢) = 2] Vip - Vo dx. (2.57)
da a=0 Y

Since i is weakly harmonic on ®,, it is strongly harmonic; in the same way it
is harmonic on 7.

Conversely, if iy € H& (T) is harmonic on Y\0®y, it is weakly harmonic,
immediately implying (i, 0) is orthogonal to H; and Hy. O

Proof of Proposition 2.8. First, we have the equivalence

(I —7*RA*R)hoo = hy < (I —n*Ru*R7*)(hoo — ho) = 7*R7*Rhy.
(2.58)
Since #* Rx* is self-adjoint and ||[7*R7*|| < 1 (cf. the proof of Theorem 2.6), it
suffices to apply the following lemma. O

Lemma 2.14. Let A be a self-adjoint linear operator on a Hilbert space X with
IAl £ 1.Ifx, y € X satisfy (I — A%)y = x, then the Neumann series Yoico Ay
converges to the minimal-norm solution y = y* to (I — A%)y = x.

Proof. By the spectral theorem, X can be identified with L>(W, 1) for some set W
and measure ., upon which A acts as a (real-valued) multiplication operator a(w);
also ||A|l £ 1implies |a| < 1 forall w € W.If i (w) denotes the indicator function
of a=!(%£1), then y = y* = iy is the minimal-norm solution of (I — A?)y = x.

Let y, = yp(w) = Y j_oa**x be the n'™ partial sum of the Neumann series;
then y,(w) converges monotonically away from zero to yi for each w. Hence
Vo — y*in L2(W, ). O
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Proof of Proposition 2.9. Our first task is to characterize G, the space of functions
staying outside ® in time 27. We make a guess G for G and show that the two
are equal by unique continuation, using Lemma 2.13. After identifying G, it will
be easy to identify H*, its complement in H*.

First, define

Go = HL (0 ;) ® L2 (0% ,;),

(2.59)
G1 = Go + Ro7Go.

By finite speed of propagation, Gg, Ro7Go S G, so G| € G. We want to show
that in fact G = G. Accordingly, suppose g € G and g L Gj.

Having g 1 Go implies 7*,,¢ = 0; similarly g 1. RorGo implies 7*,, Rg =
0. That is, the wave field of g is stationary harmonic outside a 27 -neighborhood of
® att = 0,27T. As in the proof of Theorem 2.5, we can apply Lemma 2.13 to (a
smoothed version of) d; Fg to conclude that R7 g is stationary harmonic outside a
T -neighborhood of ® at time T'; that is

7* Rrg =0. (2.60)

On the other hand, g € G implies that 7Tg = TRg = 0; the wave field of g
iszeroon ® atr = 0, 2T. Applying Lemma 2.13, we can conclude that the wave
field of g is zero on a T-neighborhood of ® at time T'; that is

w_tRrg=0. (2.61)

Hence RTg = n* ; Rrg+7 _7 Rrg = 0; we conclude that ¢ = 0, and therefore
G =G. }

Now, we can prove (2.22). H* is the complement of G in H*. For Cauchy data
h eC,

he M < Th=0, (2.62)
and since G = G, Equations (2.60, 2.61) imply

hlG < hlGopandh L RGy < n’,yh =0and 7*,,Rh = 0.
(2.63)

O

Proof of Proposition 2.10. Let h € H'(Q*) @ L?(Q2*), and let u; = Fih be the
solution with respect to c;. Define u; to be the solution of the IBVP (2.23) with
boundary data u }RX aq-Since ¢ and ¢ have identical Dirichlet-to-Neumann maps,
it follows that 9, u1 ‘Rxag = dyun ‘]Rxagz. Therefore, uy may be extended to R x R”
by setting it equal to u; outside €2, and both u; and 9, u; will be continuous on
R x 92. Hence u, satisfies the wave equation with respect to ¢; inside and outside
Q, and satisfies the interface conditions at 02. Therefore, it is a solution of the
¢p wave equation on all of R” [19, Theorem 2.7.3]. By uniqueness of the Cauchy
problem, uy = F,h, and by definition up = u; = Fihon Q*. O
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3. Microlocal Analysis of Scattering Control

In this section, we turn from our exact analysis of scattering control to a study of
its microlocal (high-frequency limit) behavior, allowing us to study reflections and
transmissions of wavefronts naturally. To accomodate the microlocal analysis, we
first narrow the setup somewhat, and consider a microlocally-friendly version of the
scattering control equation in Section 3.1. Section 3.2 introduces a natural analogue
of the almost direct transmission, based on depths of singularities (covectors), rather
than points.

Just as before, isolating the microlocal almost direct transmission is sufficient
for solving the microlocal scattering control equation (Section 3.3). If the wave
speed ¢ is known, it is not hard, as Section 3.4 shows, to construct solutions as-
suming some natural geometric conditions. Our main result, Theorem 3.5, is that
the scattering control iteration converges to a similar solution, to leading order in
amplitude, under the same conditions. Finally, Section 3.6 discusses uniqueness
for the microlocal scattering control equation. Proofs of the key results follow
in Section 3.7.

Notation Throughout, “=" denotes equality modulo smooth functions or smooth-
ing operators, and 7*M = T*M\0 (M a manifold). A graph FIO is a Fourier
integral operator associated with a canonical graph. Finally, for a set of covectors
W C T*M, let D/W’ 5;‘, denote the spaces of distributions with wavefront set in
w.

3.1. Microlocal Scattering Control

In this section, we begin by restricting €2 and ¢ suitably in order to study reflec-
tion and transmission of singularities. We also adjust the scattering control equation
slightly, replacing projections with smooth cutoffs, and employing a parametrix for
wave propagation.

Let 2 € R” be a smooth open submanifold, and ¢ a piecewise smooth? wave
speed that is singular only on a set of disjoint, closed,* connected, smooth hy-
persurfaces I'; of Q, called interfaces. Let I' = (UT; let {€2;} be the connected
components of R*\I". Also assume each smooth piece of ¢ extends smoothly to
R".

The projections 7, * arose quite naturally in the exact setting, taking the roles
of cutoffs inside and outside ®. Because they introduce singularities along 00, it
is natural to replace them by smooth cutoffs for a microlocal study. We will also
separate the initial data ko from the cutoff region. To accommodate both aims,
choose nested open sets ®’, ©” between Q2 and ©:

QCOCECOR' CcO’'CO, 3.1

3 As usual, “smooth” means C* throughout.

Y Ifcis singular on some non-closed hypersurface I';, we may be able to “close up” I';
in such a way that it does not intersect the other hypersurfaces.
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and smooth cutoffs o, *: R" — [0, 1] such that

1, xe®”
= su =0, 3.2
o (x) 0. x¢0, ppo (3.2)

o*=1-o, suppo* = R"\O". (3.3)

The sets ®’, ®” should be thought of as arbitrarily close to ®; we will write
O* = R"\@'.

Finally, a standard parametrix R accounting for reflections and refractions will
frequently replace the exact propagator R, discussed at greater length in Appendix
A. Most importantly, R includes microlocal cutoffs along glancing rays, so that
Rhy = Rhy as long as WF(hy) is disjoint from a set of covectors W C T*(R"\I")
producing near-glancing broken bicharacteristics.

The object of study is now the microlocal scattering control equation

(I — 0*Ro*R)hoo = ho, (3.4)

and accompanying formal Neumann series

hoo = Z(U*R)tho. (3.5)
i=0

In general, the operator (o* R)? preserves but does not improve Sobolev regularity,
preventing us from assigning any meaning to this infinite sum a priori.> Instead,
we will consider the limiting behavior of its partial sums.

3.2. Microlocal Almost Direct Transmission

The almost direct transmission played a central role in the exact analysis of
scattering control. We begin by studying its natural microlocal analogue. Intuitively,
the microlocal almost direct transmission hypr is the microlocal restriction of the
solution at time 7 to singularities in 7*® whose distance from the surface 37*© is
at least T (Fig. 6). The distance here should be defined as the length of the shortest
broken bicharacteristic segment connecting a covector to the boundary (Fig. 7). In
general, our Appr 1S not equivalent to the ideal direct transmission, which would
contains only transmitted waves, but it may still serve as a useful proxy.

In the remainder of the section, we briefly define distance in the cotangent
bundle, then use it to define the microlocal almost direct transmission AppT.

5 Were (6*R)? to have negative Sobolev order, (3.5) may be interpreted as an asymptotic
series. This situation occurs, for example, for ¢ with CL¥ or weaker singularities [11], in
the absence of diving rays.
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(a) Wavefront set of solution at time 7' (b) Wavefront set of microlocal almost
direct transmission

(c) Wavefront set of almost direct transmission

Fig. 6. Microlocal almost direct transmission. a The wavefront set of the solution with point
source h( includes reflected and refracted singularities due to an interface I'. b The microlocal
almost direct transmission does not include the reflected singularities; their depth is less than
T. ¢ Wavefront set of the (non-microlocal) almost direct transmission, for comparison

00

Fig. 7. Depth of a singularity. The broken bicharacteristic segments joining covector £ to
the boundary are shown, projected to R” (solid); they reflect and refract at interfaces (dotted
lines). The depth of & in T*© is defined as the length of the shortest of these paths to the
boundary (bold)

Distance in the Cotangent Bundle Let V = R x (R"\I'). For brevity, we shall
simply say y: (s—, s4) — T*V. is a bicharacteristic if it is a bicharacteristic for
83 — c2A; is unit speed, that is dt /ds = 1 on y; and is maximal, that is cannot be
extended. Here s+ may be infinite.

A broken bicharacteristic y: (sg, s1) U (s1,52) U+ -+ U (Sk—1, Sk) — T*V is
a sequence of bicharacteristics connected by reflections and refractions obeying
Snell’s law: fori =1, ...,k — 1,

y(s7), v(s;H) e T*([0,2T1x T),  (dir)*y(s]) = dir)*y (s},  (3.6)

where it : I' < Q is inclusion. Since any broken bicharacteristic may be parame-
terized by time, we will often abuse notation and consider y as a map from ¢ € R
into T*(R"\TI').
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‘/¥ a®T

Fig. 8. Example of a depth sublevel set (T*®)y, with wave speed ¢ = 1. Each marked
circle describes the unit covectors based at its center point: those inside (T*®)7 are marked
in black, those outside in white. Near the boundary, (7*®)7 contains only nearly horizontal
covectors, while below ®7 it contains covectors in all directions, as the distance to the
surface in any direction is greater than T

The distance of a covector & € f"*(R“\F) from the boundary of M C R" is
d(€, 9T*M) =min{la — b| : y(a) =&, y(b) € dT*M}, 3.7

the minimum taken over broken bicharacteristics y. Extend d (-, 3T*M) to all £ €
T*R" by lower semicontinuity. In general, d will not be continuous at T*(R x I).

Depth is the same as distance, but with a sign indicating whether £ is inside or
outside M:

x | HdE, 9T M), £ e T*M,
Gron®) = i—d(s, dT*M), otherwise. (3-8)

Microlocal Almost Direct Transmission Let (T*M), be the set of covectors of
depth greater than ¢ in a manifold M:

(T*M); = {§ € T*M | dfp (§) > 1}. (3.9)

Figure 8 illustrates (T*M), in a simple case. Note (T*M); 2 T*(M,) in general,
where M; is defined as in (2.2).

A microlocal almost direct transmission of hq at time T is a distribution AypT
satisfying

hmpr = Rrho on (T*O') 7 WF(hmpt) € (T*O")7T. (3.10)

Essentially, hypt is any sufficiently sharp microlocal cutoff of Rphg outside
(T*®")7. Note that there is a gap G = (T*®”)p\(T*®")7 in which we do not
characterize hypr; the gap is needed in case WF(R7hg) intersects 8 (7T*0O)r, since
then the cutoff may not be infinitely sharp. The solutions of (3.10) form an equiv-
alence class modulo D’G 4+ C*°(R"), since any two choices of hypr differ exactly
by a distribution with wavefront set in G. With this equivalence class in mind, we
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h
1 MDT 00
e @ hmpT
—>
0 hO T
(a) Depths of singularities in wave field (b) Wave field of hg

Fig. 9. Microlocal almost direct transmission: sypt contains the singularities in R7hq of
depth atleast T in T*®’. a Depth diagram; interfaces marked with small circles. b Projection
onto R"; interfaces dotted

00’ t
Y3
1o \<
Ay (©)
(a) Ray configuration with one interface (b) Depth diagram of bicharacteristics y;

Fig. 10. Depth discontinuity at interfaces. a Covectors «3, g are closer to the boundary
(via yp) than a, which cannot take this path. b Depths of the positive bicharacteristics y;
through these «;, meeting the interface at time #p. A jump occurs at the interface along either
broken bicharacteristic through o

denote by hypr any solution of (3.10) and refer to it simply as the microlocal
almost direct transmission. Note that

WEF(hmpt) C (T*O)r
U 3.11)
WE(hpt) C T*(O7).

It is natural to visualize hypt With a depth diagram plotting the depths of the
wave field’s singularities over time (Fig. 9). The depth of a singularity traveling
along any broken bicharacteristic y is a piecewise linear function of time, with
derivative £1 almost everywhere, so a depth diagram consists of line segments of
slope 1. Note that the depth of y (¢) is (up to sign) the shortest distance from y (¢)
to the surface along any broken bicharacteristic, not only along y.

Remarks 3.1. — Along a broken bicharacteristic, d;*@, is often discontinuous at
interfaces, as illustrated in Fig. 10.
To see why, consider a bicharacteristic y; encountering an interface; let y3, y4
be the reflected and transmitted bicharacteristics, and let y» be the opposite
incoming bicharacteristic. In general, one of the y;, say y, provides the shortest
route from the interface to the boundary. Singularities along y3 or y4 can reach
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A, A,
2T > 2T Ry hmpt
, 7
7
e
e
d
7
7
r— ’ hmpT r—r hmpT
.o, (&) dr.e (£)
| - | -
T Ll T >
ho T heo —ho ' ho T
(a) Wave field of hg (b) Wave field of ho

Fig. 11. Isolating hppT. A singularity from kg travels inward, reflecting and refracting
from two interfaces (indicated by open circles). The multiply-reflected ray (dotted) will
enter the domain of influence of hypTt (shaded). To prevent this, hoo must include an
appropriate singularity to eliminate the multiply-reflected ray. The horizontal axis is depth
in the cotangent bundle. a Wave field of (. b Wave field of i

the boundary along y;, while those along y» cannot and must take a longer path.
Consequently, a jump in depth occurs when passing from y; to either y3 or y4.

— Along a singly reflected bicharacteristic, depth does not switch from increasing
to decreasing at the moment of reflection in general. Instead, depth will change
from increasing to decreasing halfway along; compare the broken bicharacter-
istic 1 U y3 in Fig. 10.

— Depth (and hence hypT) cannot intrinsically distinguish reflections from trans-
missions. This is possible only under geometric assumptions ensuring that re-
flected waves travel toward the boundary, and transmitted waves travel away
from it; for example, ® = {x,, > 0} a halfspace, and c a function of x,, alone.

3.3. Isolating the Microlocal Almost Direct Transmission

One of our earlier key facts, expressed in Theorem 2.5, is that solving the (exact)
scattering control equation (/ —* R * R)heo = hq for ho is equivalent to isolating
the almost direct transmission: T Ryrhoo = R7hpt (assuming ko = ho on @). In
other words, the wave field of iy at 1 = 27T inside the domain ® is exactly the
almost direct transmission’s wave field, undisrupted by any waves from shallower
regions.

Our main goal now is to consider the microlocal version of this equivalence:
is solving the microlocal scattering control equation (3.4) equivalent to isolating
hmpt? As before, one direction is easy: if a tail s is found that isolates hypT (in
the sense that Ryrhoo = Rrhyvpr on ©) it is a solution of (3.4). The idea behind
crafting such an i, we have seen already in Fig. 1: i should include appropriate
extra singularities that ensure singularities in the wave field of /¢ at depth less than
T do not interfere with hypt’s wave field. Fig. 11 illustrates the situation.
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Lemma 3.2. Lethg € E'(O'\I")DE (O'\TI). Suppose ho € E'(R"\T)BE'(R™\T)
isolates the microlocal almost direct transmission, in the sense that

hOO‘@) = ho‘@ and RZThoo‘@ = RThMDT|®. (3.12)

Then ho satisfies the microlocal scattering control equation, (I —o*Ro*R)hoo =
ho. The same holds true with R replacing R.

Proof. Let v(t,x) = (FoRarhs)(t — 2T, x) be the wave field generated by
0 RyThoo, and v = (v, 9;v). Since WF(hypt) € (T*®”) 7, propagation of sin-
gularities limits the wavefront set of Rrhypt to T*®”, where the cutoff o is
identity. Hence v at time 27 agrees with R7hypt. Moving to time 7, we have
v(T, ) = fmpr; by propagation of singularities again, WF(v(0, -)) € T*®”. In
particular, 6*Ro Rhoo = 0*v(0, -) is smooth. We conclude that

0*R6*Rhoo = 06*R(1 —0)Rhoo = 6 hoo — 0 = hoo — hy. (3.13)
The same argument holds with the parametrix R in placeof R. O

Just like Theorem 2.5, Lemma 3.2 assures us that solving the microlocal scat-
tering control equation is necessary for producing a tail i, — hg that isolates AppT.

The other direction of the problem (does a solution of the microlocal scattering
control equation isolate ~ypT?) is @a more subtle question, taken up in the following
sections. Our overarching goal is to show that ypr, like its non-microlocal version
hpt, may be found by the Neumann-type iteration (3.5). We start by explicitly
constructing a Fourier integral operator A thatisolates hypT, givenc. By Lemma 3.2
this FIO is a microlocal inverse for I — o*Ro* R. Now, Neumann iteration also
provides a (formal) microlocal inverse for this operator. The existence of A can be
used to show that Neumann iteration isolates Appr as well, in a principal symbol
sense. This leads to the question of injectivity for I —o* Ro* R, explored in greater
depth in Section 3.6.

3.4. Constructive Parametrix for [ — c*Ro™*R

In this section, we lay out conditions on ®, ¢, hy under which we can show
the existence of an /i isolating hypr, and thereby I — o* Ro* R. The motivation
for this relatively straightforward task is that it enables the study the convergence
behavior of the microlocal Neumann iteration in the following section.

We start by making a number of definitions; most of which are illustrated in
Fig. 12.

6 Note that for simplicity Fig. 12 is not generic; in light of the remarks in Section 6, the
behavior of d;*@), is typically much more complicated.
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Fig. 12. Terminology for constructing an inverse of / — c* Ro* R. Here O is a halfspace
{x, > 0} and c is piecewise constant with discontinuities along planes of constant xj,
(dashed lines). The wavefront set of the initial pulse 4 is a single ray; to isolate AppT three
additional singularities are added to sso as indicated. Returning, (+)-, and (—)-escapable
bicharacteristics are labeled r, 4, and — respectively

Definition 3.3.

(a) The forward and backward microlocal domains of influence DKZDT’ Dyt are
defined by:

Dypr = {6 € [0, T x T*R" | djogy(m) > 1},

5 (3.14)

Dypr = 1. n) € [T,2T] x T*R" | dfg (n) > 2T —t}.

By propagation of singularities, every n € WF(hmpr) is connected to some
n" € WF(ho) by a broken bicharacteristic in§ide Dypr-

(b) A returning bicharacteristic y : (t_, t1) — T*(R"\I') is one that leaves Dy
before + = T. More precisely, y(t9) € Dypr and lim; 1 y(t) ¢ Dypr for
some fo, t] € (1—, t4], to < t1.

(c) Bicharacteristics y1, y» are connected if their union y; Uy; is a broken bicharac-
teristic. A bicharacteristic y| terminating in an interface may have one (totally
reflected), or two (reflected and transmitted) connecting bicharacteristics there.
If it has two, there exists an opposite bicharacteristic y3 sharing y;’s connecting
bicharacteristics.

(d) A bicharacteristic y: (1_, 1) — f‘*(R”\F) is (£)-escapable if either:

i. it has escaped: y isdefinedatt =T + T and y(T £ T) ¢ T*O,
or recursively, after only finitely many recursions, either
ii. all of its connecting bicharacteristics at 4 are (4)-escapable;
iii. one of its connecting bicharacteristics at 71 is (4)-escapable, and the op-
posite bicharacteristic is (F)-escapable.
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In the final case, if the ()-escapable connecting bicharacteristic is a reflection,
we also require ¢ to be discontinuous at lim;—,;, ¥ (¢) to ensure the reflection
operator has nonzero principal symbol there.

Roughly speaking, we may ensure a singularity traveling along a (4)-escapable
bicharacteristic never creates a singularity in D;“,IDT by choosing s, appropriately.
Similarly, we may produce a singularity along a (—)-escapable bicharacteristic
without introducing any extra singularities inside D{GDT.

Now, if every returning bicharacteristic in WF(F ho) is (4)-escapable, we can
find an s isolating hypt With an FIO construction, leading to a microlocal inverse
of I —0*Ro*R. Accordingly, let S C T*®’ be the set of & ¢ W such that every
returning bicharacteristic belonging to a broken bicharacteristic through & is (4)-
escapable.” We then have the following result:

Proposition 3.4. There is an FIO A: £'(®') & £'(®) — D'(R") & D'(R") of
order 0 satisfying
(I —6*Ro*R)A=1 onDj. (3.15)

Furthermore, Ryt Ahy = Rrhwmpr for any WE(hg) C S.

Note that, because any broken ray intersects only finitely many interfaces in
the time interval ¢ € [0, 2T], the condition of being (4)-escapable is open, and in
particular S is open.

3.5. Convergence of Microlocal Neumann Iteration

With the microlocal inverse A constructed for / —o* Ro* R (knowing ¢), we may
now examine the behavior of Neumann iteration (which does not require knowing
¢). Recalling (3.5), define the Neumann iteration operators

k
Ny = Z(o*lé)”. (3.16)
=0

In this section we present our main microlocal theorem: the operators Nj isolate
hwmpr in a particular leading order sense as k — oo. Throughout, as in (3.16) we
substitute for R the parametrix R having cutoffs near glancing rays.

Since lim Ny has no microlocal interpretation in general we will instead consider
the convergence of the partial sum operators’ principal symbols. Technically, of
course, these symbols belong to separate spaces, since each Ny is associated with
a different Lagrangian in general. Hence, we first define a suitable symbol space
containing the principal symbols of A and N, and any reasonable FIO parametrix
of (3.4). We then introduce a natural ¢£2 norm, which acts as a microlocal energy
norm, on restrictions of the symbol space, and state the convergence theorem.

7 Recall from Section 3.1 that W is the set of covectors for which the parametrix R is
valid.
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To describe the principal symbols of A and Ni, we split them into finite sums of
WDOs composed with fixed unitary FIO, then record the WDOs’ principal symbols;
this is a kind of polar decomposition. As is well-known (see appendix A), after a
standard microlocal splitting of the wave equation into positive and negative wave
speeds, R is a sum of graph FIO Ry, one for each finite sequence s € {R, T}j ,j=0
of reflections and transmissions. For each s, let C; be the canonical transformation
of Ry; form the set of all possible compositions

% ={Cynyo-+0Cym|m =0}, (3.17)
and enumerate this resulting set with a single index i:
€ ={¢1iel}. (3.18)

Hence, each composition of reflections, transmissions, and time-reversals leads to
a canonical transformation %;; in general, a single 4; might be represented by
(infinitely many) different compositions Cya) o - -+ o Cyony. We term an FIO -
compatible if it is associated with a finite union of %;.

Next, fix a set of elliptic FIO (J;); <7 associated with the %; that are microlocally
unitary, that is, J*J; = I. Any ¢’-compatible FIO Z may now be written in the
form Z =}, 7 P; J; for appropriate WDOs P;. Define the principal symbol of Z
with respect to (J;);<7 to be the tuple of principal symbols of the P;, restricted to
the cosphere bundle

00 = 00(2) = (00(P)), .7 € C®(S*R"\I) x T), (3.19)

The boldface R"\TI" denotes a doubled space containing two copies of R"\I"; due
to the microlocal splitting this is a natural space for Cauchy data. For convenience,
we consider the tuple o( as a function on a single domain having one copy of
S*(R™\TI') for each i € Z. Note that a full symbol for Z (not needed here) could
be defined analogously.

Now, for n € S*(R"\TI') define

Gy ={(&i(m.i) i eI, neD@)} C SR\ xI, (3.20)

where D(%;) is the domain of ¢;. That is, G, contains all covectors reachable from
n, together with a knowledge of the paths i taken for each.

Consider the restriction of a principal symbol o¢(Z) to the space G,. Here,
00(Z) may be viewed both as an element of G, and the unique linear operator on
G, defined by left-composition

00(2): ao(Z’)|gn > ao(zz’)ygn (3.21)

for €’-compatible FIOs Z’. The composition ZZ’ is well-defined as an FIO since
all operators involved are sums of graph FIO.

The key idea is that the £2 norm on G, provides a natural microlocal energy
operator norm for Z. In particular (see Lemma 3.10 in Section 3.7), justas | R|| = 1
with respect to the exact operator norm, so composition with 7 has operator norm
1 on the ZZ(Q,,) principal symbol space, in the absence of glancing ray cutoffs.
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Combining this norm with existence of an £2-bounded microlocal inverse of I —
o*Ro*R, we can prove principal symbol convergence for Neumann iteration. In
the limit, furthermore, the wave field produced by Neumann iteration at t = 27T
inside ®" agrees with that produced by the given microlocal inverse, modulo C*.

Theorem 3.5. Suppose Sc T*(R”\F) is a conic set on which I —o*Ro* R has a
¢ -compatible right parametrix A on S; that is, (I —o* Ro*R)A = I on S. Assume
that oo (A) restricts to a bounded operator on 62(% ) for each n € Sns* (R™\TI).

Then, for every n € Sn S*(R™\TI'), the Neumann series principal symbols
00(Nk) converge to some Ny, € zz(g,,). Furthermore, ao(IéNk) — O‘()(I:\;A) in
2(G, N $*O').

Of course, we have in mind for A the concrete parametrix A of Proposition 3.4.
This parametrix is ¢’-compatible (cf. Section 3.7.2); it also has finitely many graph
FIO components, so it is a bounded operator on £2(g,,) Taking A = A we have
the following direct corollary of Proposition 3.4 and Theorem 3.5:

Corollary 3.6. Foreveryn € SNS*(R™\I'), the Neumann series principal symbols
00(Ny) converge in zz(gn). Furthermore, oo(RNy) — oog(RA) in Ez(g,7 NS*@).

According to Proposition 3.4, we have Ry Ahg = Rrhypr on T*@'. Hence,
the corollary implies that to leading order, the same is true of the Ny as k — o0;
they also isolate Appr.-

Note that Theorem 3.5 does not claim that the principal symbol limit n is
itself the principal symbol of some FIO. In particular, the support of n, on some
fiber G, may be infinite, that is, no, maps 7 to infinitely many singularities. In this
case it is not obvious that n4, corresponds to any FIO. Conversely, if 74, is smooth
and its restriction to every G, has finite support, an FIO N, with principal symbol
N 1s easily constructed.

3.6. Microlocal Uniqueness

The previous two sections treated the solution of (I —oc*Ro*R)hs = ho, both
constructively and iteratively. In this section we turn to the question of uniqueness;
that is the solutions of g = 6*Ro*Rg. As we will see, the microlocal scattering
control equation displays two distinct kinds of nonuniqueness: a normal type, due
to diving rays and total reflections, and a pathological type, involving an infinite-
energy sequence of reinforcing singularities.

The first type is analogous to the nonuniqueness seen in the exact setting. In the
exact case, the kernel G of I — w*Rz* R consists only of initial data whose wave
fields are supported outside ®, due to unique continuation. In other words, no waves
can enter ©, completely reflect, and leave in finite time 27'. Microlocally, however,
there is a much richer space of completely reflecting wave fields, including totally
reflecting and diving rays. Note that these rays do not affect i |, and in particular
do not interfere with the wave field of AypT, up to smoothing.

The second type of nonuniqueness is unique to the microlocal setting. In this
case, the wave field produced by initial data g does include singularities inside @’
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(a) An element in the microlocal (b) Nonuniqueness for microlocal

kernel of (I — c*Ro™*R) scattering control

Fig. 13. Regular nonuniqueness for microlocal scattering control; interfaces are marked
with discs. a An appropriate combination of singularities at @ and b is smooth on the dashed
bicharacteristic and reflects from ®. b A singularity from /¢ can be cancelled at either a or
b

at time 27, which ¢* cuts off. The (microlocal) energy lost in this cutoff must
be replenished by a second singularity in the initial data, which in turn must be
replenished a third, and so on, necessitating an infinite chain of singularities. Since
Rg is not smooth in @', the converse of Lemma 3.2 fails.

In the following examples, we illustrate these two nonuniqueness types at
length.

Example 3.7. Figure 13a displays an example of the first type of nonuniqueness: an
element in the microlocal kernel of / — o*Ro* R with a diving or totally reflecting
ray, and one interface. If g has singularities at a and b satisfying an appropriate
pseudodifferential relation, its wave field will be smooth along the dashed ray.
Thus the cutoffs o* have no effect, and c*Ro*Rg = RRg = g, implying (I —
0*Ro*R)g = 0.

Figure 13b illustrates how this lack of injectivity leads to multiple solutions /.
Here, a stray ray from the direct transmission can be cancelled by an appropriate
singularity at either a or b, or a linear combination of them. The proof of Theo-
rem 3.5 shows that Neumann iteration converges in principal symbol to a solution
operator having “least microlocal energy” in the sense of a weighted ¢> norm on
its principal symbol.

Example 3.8. Figure 14 shows a one-dimensional setup exhibiting the second type
of nonuniqueness. While this example is contrived, Fig. 15 shows how an equivalent
and more realistic higher-dimensional version may be constructed. (Both examples
involve non-compact domains, and we conjecture noncompactness is required for
this type of nonuniqueness.)

Here © consists of an infinite series of disconnected open intervals (—oo, wg) U
(v1, w1) U (v2, wp) U ---. On each finite interval ¢ has two jump discontinuities;
assume @’ is sufficiently close to ® to contain these singularities. Two sequences
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Y by by

Fig. 14. One-dimensional example of pathological nonuniqueness. ® is a union of infinitely
many intervals; dotted lines are interfaces. The pattern continues indefinitely as x — +o00

ap ay az - by by - -

AR 4

/ N/ N/ N\

F A A A

Fig. 15. Two-dimensional version of Fig. 14. Thin lines represent interfaces; dashed rays
never reach the surface. Total internal reflection occurs at the upper interface

of unit covectors {a;}°°,, {b;}°°, C S*O*\W are chosen so that the canonical
i=0 i=1

relation of o* R sends a; to {b;, bj+1} and b; to {a;_1, a;}.

We now construct a g in the microlocal kernel of / — 6* Ro* R with an infinite
sequence of singularities at ag, ay, az, . . . . First, note that the canonical relation of
o*Ro*R sends a; (i > 1)to{aj_1,ai,ait+1}. Suppose now that we choose some
initial data g with a singularity at ag. After applying o* Ro* R, some portion of this
singularity’s amplitude will be lost due to the o* cutoffs. We may, however, restore
the lost amplitude by adding an appropriate singularity to g at a;. In turn, some of
this new singularity’s amplitude will be lost under o*Ro* R, which we make up
for with an appropriate singularity at a», and so on.

Rigorously, decompose o* Ro* R near each a; as the sum of three graph FIO
A_1, Ag, A1 whose canonical graphs map a; to a;_1, a;, and a;4 respectively.
Modify Ag, say, by a smooth operator so that 6*Ro*R = A_| + Ao + A exactly.
It can be shown (cf. (A.4)) that the Ay are elliptic.

Now, choosing any go € L2(®*) with WF(go) = R'tag, we look for g;,
i = 1,2,... with wavefront sets at Rq; such that the sum g = )_ g; satisfies
(I —0*Ro*R)g = 0. This leads to the infinite matrix microlocal equation
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Ay Ay 80
A Ay A 81
I— = 0. (3.22)

Ay Ay g2

By ellipticity, (3.22) has a solution, namely g;4+; = (A_ 1)’1((1 — Ag)gi +
Ay g,-_l). To construct an associated g, we use the fact that the {a;} are discrete in
S*(®*) (which implies ® is unbounded).

Each g is locally L?, so after multiplying by a smooth cutoff near the base point
of a;, we may assume g; € L>. Applying radial cutoffs in the Fourier domain, we
may assume that ||g; ;2 <27/, s0 g = Y g converges in L?. Defining g_| = 0,
consider

e¢]

(I —0*Ro*R)g =Y —Aigi1+ I — Ap)gi — A 18i+1. (3.23)
=0

Each summand is smooth by construction, and compactly supported near the base
point of a;. Because the {a;} are discrete, we can ensure only finitely many sum-
mands of (3.23) are nonzero at any given point. Hence the entire sum is smooth,
showing g is in the microlocal kernel of / — c*Ro*R. As expected, Rg is not
smooth in ©’; it is not hard to see it must be singular at every b;. Hence, solving
(I —0*Ro*R)h = hy is not sufficient for isolating Aypr.

Uniqueness and Isolating hyypt We now close the circle, and return to the question
of whether solving (I — 6*Ro*R)ho = hy is equivalent to isolating hypr. Of
our two types of nonuniqueness, only the second interferes with isolating ypr.
We may rule it out, to leading order, by assuming the same kind of microlocal
energy boundedness seen earlier in Theorem 3.5; namely, ¢% boundedness of the
parametrix’s principal symbol. Assuming this condition, we reach a partial converse
of Lemma 3.2: a solution of the microlocal scattering control equation isolates AppT
to leading order as long as this is possible. We frame our proposition as a uniqueness
result.

Proposition 3.9. Suppose By, By are € -compatible microlocal right inverses for
[ —6*Ro*R on a conic subset S C T*(R”\F) If their principal symbols restrict
to elements 0f€2(gn Yforally € S,

o = RBaho|g mod H* ' (R"\I)  forall hg € H*R"\T') N D
(3.24)

In particular, as long as there is some “finite microlocal energy” parametrix
isolating Anvpr on a conic set S C T*(R"\I'), all other finite microlocal energy
parametrices on S also isolate ppr.



Scattering Control for the Wave Equation with Unknown Wave Speed 441

3.7. Proofs

3.7.1. Microlocal Convergence (Section 3.5) The major task in proving Theo-
rem 3.5 is to show that composition with R has operator norm at most 1 on e%gn)
for any n—a microlocal version of energy conservation. We begin with its proof.

To present the energy conservation lemma, note that composition with R is
linear and well-defined on €’-compatible FIO. It therefore induces a linear operator
7 on their principal symbols in the space C* (S*(R"\I') x Z). Since G, is closed
under the canonical relation of R, operator 7 restricts to a linear operator on £2 ()
for any n € S*(R"\T).

Lemma 3.10 (Microlocal Energy Conservation). Letn € S*(R"\I'). Then ||F|| <
1 with respect to the operator norm on Ez(gn).

Proof. First, assume that there are no cutoffs in the parametrix R due to glancing
rays originating in G, . In this case, R? = R? = 1,507 = I likewise. If 7 were self-
adjoint, it would follow that I71l,2 = 1. Certainly R is microlocally self-adjoint,
since R* = R* = R = R. This property does not immediately carry over to r
due to the presence of Maslov factors; fortunately, it is still possible to show 7 is
self-adjoint.

Let (o, 1), (B, j) € Gy, and let ey ;, eg ; € 62(g,7) be the vectors having 1 in
the (o, i) or (B, j) position respectively and zeros elsewhere. It suffices to show
that

(Feai. ep.j) = (Fep.j. eai)- (3.25)

To compute each side, we choose WDOs P, P’ € W with oo(P) = o(P’) = 1
near «, B respectively. Decompose

RPJ; EZQJ-J,-, RP'J; EZQ;J,». (3.26)

jeT ieZ

The left- and right-hand sides of (3.25) then become o (Q ;)(8) and UO(Q;)(a).

If there is no Cy carrying («, i) to (8, j) (thatis, Cs(a) = B and C; 0 6; = €
on their common domain of definition), there is also no Cy carrying (8, j) to («, i),
and vice versa. In this case, both sides of (3.25) are zero. Otherwise, there are unique
C; and Cy satisfying the above; let R; and Ry be the microlocal restrictions of R
to each of these canonical relations near « and f respectively. We may replace R in
the first and second equations of (3.26) by Ry and Ry, respectively. Furthermore,
Ry = R} since R is microlocally self-adjoint and Cy = (C)~".

Now we apply singular symbol calculus (see [5]) to both sides of the first
equation of (3.26) and evaluate at § and «. Let lowercase letters (ry, j;, etc.) denote
singular principal symbols (of Ry, J;, etc.). This yields

. . . -1 .
rs(B) ji ()i* @G V) Ve dCTVED/2 — (B 1 (1),

KA (Vy), Vg, dCs (Ve)) /2 (3.27)

ry () jj ()i = g (@) ji (),
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where V,, denotes the vertical subspace in 7), 7*(R"\I'), and « is the Kashiwara
index [13,16]. Solving for ¢; () and g; () we obtain

rs (ﬂ)&i—“d%’%(m Vo, 4G (V) /2,

150 (3.28)
J/'ﬂ KA (V). Vg, dCs(Va)) /2

Ji(m)

(Fea,,-, eﬂJ) =q;(B) =
(Fep.j, eai) = ql(@) = ry(@)

Comparing terms, ry () = ry(a) since Ry = RY.Next, ji(n)/j; (m) = j;j(m)/ji (1),
because J; being unitary implies | j;| = 1. As for the Kashiwara indices, since « is
coordinate-invariant and alternating,

K (dE; (V) Vo, dCT (V) = (A% (Vy)), ACy (Var), Vp)

(3.29)
= —k(d€;(Vy), Vg, dCs(Va)).

The conclusion is that 7 is self-adjoint, and therefore ||7|| = 1, since ||| = ||| =

1.

In the presence of near-glancing rays in G,, the parametrix constructed in ap-
pendix A includes pseudodifferential cutoffs away from glancing rays (in construct-
ing ¢ and Jy_s). In a neighborhood of any & € G, for which some broken ray is at
least partially cut off, Ris microlocally equivalent to a composition of propagators
and pseudodifferential cutoffs

REvo]étmoPm,lolitm_lo--~oPloI€’,], (3.30)

where 1{ + -+ 4+ t,, = 2T and Py, ..., Pp_1 € ¥ have principal symbols of
magnitude at most 1, and none of the intermediate propagators ﬁtk involve glancing
ray cut offs when R is restricted to the neighborhood of «.

Foreachk =0, ..., m, welet ¥% = {C§k> o %;} be the set of compositions of
%;’s with canonical graphs Cs(k) defined as in Section 3.5 but with 2T replaced by
1 + -+ + t. Naturally, €©) = ¥ = &. Choose sets of corresponding unitary
operators {Jl.(k)} as before for each k. Then composition by each Ié,k sends € ®)-
to ¢€**TD_compatible FIO, and as before induces a map between their principal
symbol spaces; the argument above shows it is an isometry with respect to the £2
norms.

Composition with the pseudodifferential cutoffs Pj acts by pointwise mul-
tiplication by pj on these £> spaces, and hence has operator norm at most 1.
Since €™ = €, operator 7 is given by the composition of all these operators
P, © pm—1 0¥y, ,o---,and thus ||F]| < 1. O

m

Proof of Theorem 3.5. We begin with the first statement of the theorem: conver-
gence of the Nj’s principal symbols in Ez(g,,).

Since composition with o* multiplies principal symbols pointwise by ¢*, it is
a linear operator on eZ(Q,,) with norm at most 1. Therefore o*7o*7, the operation
of principal symbol composition with o* Ro* R, has norm at most 1 as an operator
on zz(g,,).
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Let ny, @, and i denote the principal symbols of Ny, A, and the identity with
respect to the J;. We will see that a’s existence implies the convergence of ny by
the spectral theorem, applied to a symmetrization of o*7.

Restricting to G, suppose

(I —o*Fo*F)u =i forsomeu € £*(G,). (3.31)

Then u = i + v for some v in the range of o*. In particular, v is supported in
G, N T*@™. Solving (3.31) for w = v/+/o* gives

(1 - J?fa*fﬁ)% — Vo Fa*Fi. (3.32)
O-*

As the process is reversible, u is a solution of (3.31) ifand only if w = (u—i)/~/o*
solves (3.32) in the weighted space 02 (‘Ma T*@®™, 0*). Now, if there is any solution
to (3.32), applying Lemma 2.14 to the self-adjoint operator v/o*7+/o* shows that
the Neumann series

oo
wo =3 [\/;FU*F\/U_* ]kJa_*fa*fi (3.33)
k=0

converges in ZZ(Q77 N T*@™, 6*) to the minimal-norm solution of (3.32). The
corresponding uo = i 4+ v/o*wy € zz(gn) is exactly lim n.

In particular, u = a is a solution of (3.31) and itis in 52(g,7) since its support in
G, is finite. Hence, the Neumann series partial sum principal symbols converge in
0? (Gy). They may not converge to a, as I —o*7o*7 may have a nontrivial nullspace.

Consider this nullspace. Suppose (I — oc*ro*r)g = 0 for some g € Ez(g,,), SO
that g = o*Fo*Fg. But since the operator norms of o* and 7 are at most 1, we must
have

gl = llFgll = ||c7*;7gH = Hfa*fg ” = ”G*fa*fgu . (3.34)

The second equality implies that 7 g is supported in T*@"*. Taking g = a — lim n,
we conclude 7a and 7 o lim ny are equivalent in 7*@"*, finishing the proof. 0O

3.7.2. Constructive Parametrix (Section 3.4)

Proof of Proposition 3.4. The proof is purely technical, specifying a recursive pro-
cedure for constructing a set of incoming singularities that ensure that only the
directly-transmitted singularity reaches D;',[DT. The notation of Appendix A will
be used throughout.

Our key constructions will be order-0 FIO E‘i ES: C*R x03Z) — D'(Z)
producing tails outside ® for (£)-escapable bicharacteristics. Following Section 3.4,
the Ei{o—constructed tail for a singularity on a (4)-escapable bicharacteristic en-
sures this singularity escapes ® at time 27, without generating any singularities
in hAypr’s microlocal forward domain of influence, D;,IDT. The Ei/°-constructed
tail generates a given singularity on a (—)-escapable bicharacteristic, again without
causing any singularities to enter D;CIDT. The Y are defined on outgoing boundary
data while the E!, are defined on incoming data, microlocally near the final, resp.,
initial covectors of (4)-escapable bicharacteristics.
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Lety: (t_,ty) — T*Z be a (+)-escapable bicharacteristic. Denote by B° the
pullback to the boundary of its final point: 8° = (dir)*y (1), where by abuse
of notation we consider y(¢+) as a space-time covector, in ]o”*(]R x 7). Define
B = (dir)*y (t5) similarly. We now define E!/° microlocally near g'/°, starting
with the incoming maps E‘i

— Ifty € (0,2T): We simply follow the bicharacteristic and apply ES at the
other end. In the (+) case define E‘+ = B9 Jy_p near ﬂi. In the (—) case,
define E_ = E_J,_,M near ,Bi, where Jy_ o = vJy-pv is like Jy-p but
propagating backward in time.

— If y escapes, t+ ¢ [0, 2T]: This is the terminal case. In the (4) case, there is
nothing to do: define E, = 0 near ,Bi. For the (—) case, define E_ = Jc_la
near ' to obtain the necessary Cauchy data.

We now turn to £, considering each case in the definition of (£)-escapability.

— If y escapes: This case never arises: ', is not defined in terms of ES. for such
y.

— If all outgoing bicharacteristics are (£)-escapable: Recursively apply E‘i to
the reflected and transmitted (if any) bicharacteristics, defining £} = .M
near 8°.

— If one outgoing bicharacteristic is (£)-escapable, and the opposite incoming
ray is (F)-escapable: This is the core case. In the (4) case, near 8° let

o _ | ELM My + B (My — MMy M), case (R),
T e My My + B (M — MMy M), case (T),

[a]

(3.35)

according to whether the reflected (R) or transmitted (T) outgoing ray is (+)-
escapable. The inverses are all microlocal. The (—) case is slightly different:
near f3°,

[

[1]

(3.36)

Clelmyt e MMy, case (T).
For case (R), the requirement in the definition that ¢ be discontinuous at Bi/e
implies that MR’s principal symbol is nonzero there (cf. (A.4)), guaranteeing
the existence of a parametrix My ! near ,Bi/ . For case (T), Mt always has
positive principal symbol, regardless of c.

{Ei_MI;l +E MM, case (R),

While EY/° is defined recursively, by definition only finitely many recursions
are needed to reach the non-recursive case where y escapes. Since all the cases are
open conditions on 3, operators Eio are well-defined (assuming that in regions
where both the second and third cases hold, we decide between them consistently).
Furthermore, the Eio are order-0 FIO, since they are microlocally sums of com-
positions of order-0 FIO associated with invertible canonical graphs.

We now use Zi{° to define a parametrix A. Givenn € S C T*@’, consider the
escaping bicharacteristics starting at n. Each is associated with a distinct sequence
of reflections and transmissions s = (sq,...,5t) € {R, T}k for some k, and a
corresponding propagation operator

Ps = J8—>8Msk t J8—>3Ms2J8—>8Ms1 Jey. (3.37)
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Let G be the set of escaping bicharacteristic sequences s, and define

Ay=1+ES ) P, (3.38)
se6

Then define A by patching together the A, with a microlocal partition of unity. As
Ei", Py are FIO of order 0, so is A.

We now check that A isolates Aypt and is therefore a microlocal right in-
verse for I — 0*Ro*R by Lemma 3.2. Let &g be microsupported in a sufficiently
small neighborhood of n € S and let hoo = Ahg. Define the outgoing boundary
parametrix

o0
B=Jius Yy (MIy_p)t. (3.39)
k=0

With Py, G as bef~ore, define G to be the set of sequences s for whichno s’ € &
is a prefix. Then Fh splits into three components:

Fheo = F(hoo —ho) + BM Y Psho+ Y F. (3.40)

seS seGL

For t € [T, 2T1, the last term is the wave field of hypt; accordingly, it suffices to
prove that the sum of first two terms are smooth in D;CIDT. Rewrite

F(hoo —ho) +BM Y Pshg =Y (FES + BM)Psho. (3.41)
se6 se6

By construction, F ES + BM is smoothing at the terminal end of (+)-escapable
bicharacteristics, and in particular on WF(P;hg) for each s € G, as desired. Hence
Rzrho = RThMDT. Applying Lemma 3.2, we conclude (I — o*Iéa*Ié)Aho = hy.
The same result holds for all 2 € D’ by a microlocal partition of unity. O

3.7.3. Uniqueness (Section 3.6)

Proof of Proposition 3.9. Let by, by, i be the principal symbols of By, B,, and the
identity. Letting o* and 7 denote the operators on the space of principal symbols
induced by multiplication with ¢* and composition with R, respectively, (I —
0*ro*7)(by — by) = 0. As in the proof of Theorem 3.5, it follows that 7 (b — b>)
is supported in 7*@™*. O

4. Comparison of the Exact and Microlocal Analyses

Both the exact analysis of Section 2 and the microlocal analysis of Section 3
prove that scattering control isolates a certain portion of the wave field of kg at
t = T, while effectively erasing the rest. Our two analyses, however, predict the
isolation of two different portions of the wave field. Surprising at first glance but in
fact quite reasonable, this disparity provides further insight on scattering control,
which we explore in this section.
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While the arguments are quite general, we consider for simplicity two particular
examples that illustrate the fundamental differences between dimensions n = 1 and
n > 1. In the one-dimensional example, the microlocal and exact analyses align as
hpt and hyprt are essentially equal; the result is unconditional convergence of the
Neumann iteration, both exactly and microlocally. In higher dimensions, however,
hpt and hypt can be quite different, causing a loss of convergence in finite energy
space.

4.1. Convergence in n = 1 Dimension

Let Q2 = (¢, 00) and ©® = (0, 00) for fixed € > 0; let ®’, ®” be arbitrary. Let ¢
be piecewise smooth on R, and equal to 1 on 2*. In general, the distance of a point
from 0@ is the minimum distance of a singularity at that point from 9®:

d(x,30) = min d(&,0T*O). 4.1)
5670";1[&

In one dimension, this means dj.y(§) = d§(x) if & € YO";R. Hence, hpt and
hwmpr are essentially equivalent, differing only in their respective usage of harmonic
extensions and smooth cutoffs. We now discuss the microlocal and exact behaviors
that arise in scattering control.

On the microlocal side, (4.1) implies every returning bicharacteristic is trivially
(+)-escapable, as no glancing or totally reflected waves arise. Consequently, the
constructive parametrix A may be defined everywhere in 7*@’, and hence by
Theorem 3.5 microlocal Neumann iteration always converges in principal symbol.

On the exact side, the exact Neumann series converges to a finite energy solution
hoo of (I — 7*RT*R)hs = ho, thanks again to microlocal analysis. To see why
this is the case, first separate the initial data into rightward- and leftward-traveling
waves (possible since ¢ = 1 there). The rightward-traveling portion has a directly
transmitted component inside ®, which is its image under an elliptic graph FIO.
Due to the ellipticity this directly transmitted wave carries a positive fraction of the
initial energy, by Garding’s inequality and unique continuation (compare Stefanov
and Uhlmann’s work [18]). Leftward-traveling waves, meanwhile, may be safely
ignored, since c is constant for x < 0. The full proof requires some care, and we
defer it to Section 4.3.

Proposition 4.1. Let 2, ©, ¢ be as above, and € < 2T. Then |[t*Rn*R| < 1 on
H'(*) @ L2(*); in particular Z,fio (1* R)*k hg always converges.

4.2. Convergence in n > 1 Dimensions

Considerahalfspace ® = {x, = 0},andletc(x) = 1.Anyn = (x/, x,,, &', &,) €
T*® withx, > T then belongs to 7*(@r). However,if ' # 0, thendj..g (1) > x,
and n ¢ (T*®)r if T is sufficiently close to x,, (Fig. 16). This discrepancy, which
of course occurs for general ®, ¢ when n > 1, implies that hpt is fundamen-
tally smaller than hypt. Furthermore, it prevents the exact Neumann series from
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>T Q.
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Fig. 16. A singularity in hypT but not Apt. Its distance along the slanted bicharacteristic
is greater than T, but its base point is less than distance 7 from the boundary. Hence n €
(T*O)7\T*(Or)

converging (in finite energy space) for any A producing singularities in the gap
(T*O)r\T*(O71), as we now show.

Suppose € WE(R7ho) N ((T*@)7\T*(O7)), and y is the bicharacteristic
passing through n at ¢+ = T. If there were a finite energy solution i, € C of the
scattering control equation (2.12), the proof of Theorem 2.5 implies (via unique
continuation) that the wave field v(z, x) = (FTRhoo)(2T — ¢, x) is stationary
harmonic att = T on @7, and in particular smooth at 7. Propagation of singularities
makes this impossible, since y ([0, 27']) lies completely inside ®. Henceno i, € C
exists, and the Neumann series for 2o must diverge, implying that ||[z*R7*R| = 1.

Using this argument, a divergent Neumann series may be constructed whenever
(T*®)r # T*(Or). Hence we expect |7*Rn*R|| = 1 in general for n > 1 di-
mensions, in opposition to Proposition 4.1 in 1D. Itis worth noting that in numerical
tests the Neumann iteration appears to follow its microlocally predicted behavior
(isolation of hypT) more closely than its exact behavior (isolation of Aprt).

4.3. Proof of Convergence in One Dimension

Proof of Proposition 4.1. This proof is inspired in large part by a proof of Stefanov
and Uhlmann [18, Prop. 5.1]. Let x(¢) be the inverse function of the travel time
t = f(jc c(xH)ldx' = dg(x); then ®; = (x(r), 00). Choose § > 0 small enough
that |[f; — #2| > &/2 for any distinct x (1), x(f2) € singsupp c.

In (—o0, €) take the factorization 3,2 — A = (0; +1i9,)(9; — idy) associated
with d’Alembert solutions u (¢, x) = f(x —t) + g(x + t). Identifying ho with
(f.g) e H' x H',

2 ¢ 2| 72 / 712 _ 2 2
ol = |2 1g = P17 4o ax =2 (17 1+ Ig']i) - @2)

The leftward-traveling component g is trivially handled, since it is preserved by
Rn*R: indeed, if f = 0, then supp Rhg C (—2T, —2T + ¢€), and 7*Rn*Rhg =
7*R?hy = 0. Hence we restrict attention to rightward-traveling initial data hy =
(f, 0).

Intuitively, the energy of the direct transmission of f, that is, its image under
the graph FIO components of R involving only transmissions, should be bounded
away from zero by Garding’s inequality since these components are elliptic.

To start, assume supp & is contained in an interval (a, b) of width b —a < §,
so that no multiply-reflected rays enter the direct transmission region I = (x(a +
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2T), x(b+2T)). Furthermore, assume c is constant on /, so that Rh( again divides
into leftward- and rightward-travelling components F, G.

On [ we have Rhy = (R]JgT + Rpp)ho, where RST are elliptic graph FIO
(one for each family of bicharacteristics) associated with propagation along purely
transmitted broken bicharacteristics; see Appendix A. Let my = %(1 +iH) be
the projections onto positive and negative frequencies (where H is the Hilbert
transform), and define the elliptic FIO Rpt = RB‘TJT+ + Rppm—. Now on I we
have F’ = 9, Rptd;, /. Applying Gérding’s inequality to the normal operator
of 0y RpTd, !, with an appropriate spatial cutoff,

lholl =2 f'] 2 < Clﬁ”F/”LZ(I) +Kf')
= C1 (Ef(Rho))'/? + | K holl (4.3)
< C1 [T Rholl + |1 Khol,

where K, K are compact operators. In fact, hop = (f, 0) L ker T R, so the compact
error term || K ho| may be eliminated. To see this, by unique continuation | =
(f1,81) € kerwR implies Fh; = 0 along R x 92 and [€,27] x d0. Since
Fhy = fi(x —t) 4+ g1(x + t) outside 2, we conclude f; = 0. Conversely,
7 (0, g1) =0sothatkermR = {(0, g1)} L ho.

Hence on the subspace g = 0, for some constant C, > 0,

|7 Ra*R| < 2R <1 @4)

and as 7* R *R(f, g) = n*Rx*R(f, 0) this proves the result for all A¢.

The same is true even if ¢ is not constant on /, since without affecting 7* Rm*R
we may modify ¢ so as to be constant on some deeper interval (x(2T”), 00), T’ >
T +¢/2, and deduce an estimate analogous to (4.3), but at the later time t = 2T’. By
finite speed of propagation and conservation of energy, we can move the estimate
back to r = 2T to establish (4.3).

Finally, if € > §, it is possible that the direct transmission of a shallower part of
ho may be cancelled by that of a deeper part of &, derailing the Garding estimate.
However, if this occurs the shallower and deeper parts of /o must be related by an
elliptic FIO; therefore, the shallower part’s energy is controlled by the deeper part’s
direct transmission.

To make a simpler version of this idea rigorous, cover (=27, €) with intervals
of width &:

I = ((j — 13, jb), j=1-2T/8),....[e/8]=k.  (45)

Choose f; € HILC with f]f =1;f ', where 1 1; denotes the characteristic function.
For each j, we have an estimate of the form (4.3) with hg = (0, fj). Let E; =

«/§||fj/.||Lz be the energy of f;. Now, let jo be the smallest j for which E; 2
2C2_l Zi>j E;; this is true of j = k so such a jj always exists. By finite speed of
propagation, the energy of Rhgin I” = (x(2T + (jo — 1)8), x(2T + jos)) depends



Scattering Control for the Wave Equation with Unknown Wave Speed 449

only on f; withi 2 jo. But the direct transmission of f}, contributes at least energy
23 jo Ei>so by conservation of energy and Garding’s inequality

|7l 2 S Err(Rho) + 1 K o]l (4.6)

However, we may bound all of f’ in terms of f Jfo. For, if j > jo certainly || f ]/ I <

£}, 1I; for j < jo, this is also true as E; 2 2C{1Ejo. Hence

|/ .2 < C3Er(Rho) + I K holl, @4.7)

with a constant C3 = C3(C», €, §, T). The remainder of the proof follows as before.
O

5. Connecting Scattering Control to the Marchenko Equation

In this section, we illustrate the connection between Marchenko’s integral equa-
tion and scattering control by first generalizing Rose’s focusing algorithm [15] to
higher dimensions. This will show how one can eliminate multiple scattering in
higher dimensions to eventually obtain a focused wave. We will start by summa-
rizing Rose’s approach in one space dimension to eliminate multiple scattering
and obtain a focused wave. We will then explain the drawbacks to his approach,
and provide our results that generalize his one-sided autofocusing results to higher
dimensions. In addition, the one dimensional case will provide an accurate illustra-
tion of the microlocal solution A constructed in Proposition 3.4. This will provide
a clear distinction between the scattering control process and Rose’s focusing al-
gorithm where the advantages of scattering control are readily apparent. Lastly, we
will connect our results with the 1D Marchenko equation used to solve the inverse
scattering problem.

5.1. Rose’s One-Sided Autofocusing

In [15], Rose tries to focus an acoustic wave (working in R, x R,) inside a
medium occupying {x > 0}. On the left side, {x < 0}, the wave speed is known,
say 1 for simplicity. Inside x < 0, the total wave field u may directly be decomposed
into its incoming and outgoing components:

u(x,t) = uin(x, ) + oy (x, 1).

One is given the reflection response operator that we denote R(¢) which relates
the incoming and outgoing waves at the boundary {x = 0}. By linearity, one has
exactly

Uout(x =0, 1) = /R(t — ) uin(0,¢)dr.

The goal of Rose is to determine a boundary control uj, (x = 0, ¢) such that the total
wave field u will be a distribution with support equal to {x = x ¢} at time ¢ = 0 for
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some focusing pointx s > 0 oneisinterested in. Letting ¢ r denote the focusing time,
thatisty = d.(0, x r), Rose uses the ansatz ujy, (x = 0, 1) = 8(t +17) + Qi (¢; 1),
and then finds an equation that 2¢,; must solve in order to obtain focusing.

Rose shows that 2,5 must solve (see [15, Equation (8)])

Quait(—1; 1) + R(Quait (=25 17)) = =R(8(—t + ty)) fort < ty, (5.1

where the action of R applied to a test function ¢ is
(0.¢]
Rp = / R+ 1o dr. (5.2)
—00

Equation (5.1) for Q1 (—1; t7) is the Marchenko equation encountered in 1D po-
tential scattering, wh~ich we will describe in more detail later. Also, if one denotes
ro = 8(t — ty) and Ky = Qil(—1; t5), then this equation reads

Igtail + Rktail = —Rrgfort < tr,

Note that this approach relies heavily on the directional decomposition of a
wave field into incoming and outgoing waves. In higher dimensions, such a de-
composition may only be done microlocally, and as such, the reflection response
operator Rg,s. would only be defined microlocally (see [20] for a detailed account
on doing this direction decomposition). The seismic literature has avoided this issue
by ignoring the presence of evanescent and glancing waves, so a rigorous math-
ematical proof to obtain exact focusing in the presence of conormal singularities
in higher dimensions has never been done. The whole point of using Cauchy data
rather than boundary data is to avoid such microlocal considerations and obtain an
iteration method in an exact sense.

Thus, based on the above equations, if we wanted to generalize this to higher
dimensions in an exact sense using our Cauchy data setup, one may naively guess
that the appropriate equation should be

Kt + 7*RKil = —7* R

for ro, Kwii € C, with rop having support in ® and Ky,; having support outside
®. Notice that no directional wave decomposition is necessary to write down this
equation. This in fact turns out to be the correct equation, and we provide a rigorous
analysis in the next section.

5.2. Elimination of Multiple Scattering via a Generalized Marchenko Equation
Using Cauchy Data

We prove here a generalization to arbitrary dimension of Rose’s equation (5.1)
that allows one to eliminate multiple scattering of the pressure wave field. This is the
key step that will allow one to focus a pressure field or velocity field at a given time.
However, to avoid difficult microlocal issues with directional wave decompositions,
we prove a theorem using Cauchy data rather than boundary data. Afterwards, we
relate how this connects to Rose’s algorithm for focusing discussed in the previous
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section as well as the classical Marchenko equation, which use boundary control
rather than Cauchy data.

We now state the following general theorem about eliminating multiple scat-
tering above a certain depth level T (given in travel time coordinates) inside the
medium, that is within ©%..

Theorem 5.1. Let u be the solution to the wave equation with Cauchy data r~c =
ro + Kuwil € C, where ro has support in ©, and K has support outside ©. Let
T > 0. Then:

(i) (Necessity) If u(T) has support in O, then necessarily K satisfies the
following equation:

Kyl + 7*RKj) = —t* Rrro; (5.3)
(ii) (Partial converse) Suppose K satisfies
Kuit + 7" RKit = —7* Rro.

Then I u(T) = 0 and u(T)|o; = Rrrole,s

(iii) (Uniqueness of the tail) Any two tails may only differ by Cauchy data that is
totally internally reflected, and does not penetrate ® in time 2T. That is, if
Kl + m*RK i1 = 0, then Ky = 0in C;

(iv) (Almost Solvability) The set of ro € H for which one has a convergent Neumann
series solution for K,

Q= {ro ceH: (I +7*R) " rg € C]
is dense in H.

(Note that [T} denotes the orthogonal projection from H ] (@?) onto HO1 (@;).)

Remark 5.2. The main content of this theorem is that once ry is given, then one has
a formula to construct Ky, that controls the multiple scattering inside ®7 at time
T. The construction of Ky gives no information on what happens inside @7 at
time 7T since Ky, does not affect this region. What happens inside @7 is entirely
determined by rg. Thus, for the purposes of focusing, one needs to construct rg
beforehand such that the associated pressure field restricted to @7 at time 7 will
have a singular support at a single point. In Wapenaar [24], the authors assume they
have an approximate velocity profile to construct an approximation to the direct
transmission (denoted ’Tdinv in equation (16) there), which is analogous to the ry
we have here. They then construct a tail (denoted by M) analogous to our Ky, to
control the multiple scattering.

Remark 5.3. Notice that this theorem never mentions a focusing point but rather
an inside region ®7. This is because in order to make the theorem more general,
we did not specify any support conditions for ry. Typically however, one sends an
incident pulse rg that is supported close to but outside €2, which is meant to be the
direct transmission. Then the domain of influence of r inside ®r at time 7 is only
a small region in a neighborhood of d®7 containing the desired point of focus (see
Fig. 2). We relate the above theorem to focusing via a corollary at the end of this
section.
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Remark 5.4. As mentioned in [15] as well, this result only describes how to control
multiple scattering of the pressure field, but says nothing about the velocity field
at time 7'; hence energy is not controlled and the wave field may still have a large
kinetic energy even at time 7. Also, after the time + = T, the Cauchy data inside
©7 generate waves that may and generally do enter the inner layer ®7 even before
time ¢t = 2T. The main advantage of scattering control is that it controls both the
pressure and velocity field so that for T < t < 27T, the wave generated by the time
T Cauchy data inside ®7 will not penetrate the domain of influence of the direct
transmission 777 Ry rg.

Proof. We start with (i). Suppose we found a wave field u such that u(7) has
support in ®7, and Cauchy data ro, = g+ Kiajl as in the statement of the theorem.
Let us denote

w) =u(T +1t)+u(T —1).
Observe that

w(0) = 0 outside O, and wy(0) = 0.

By finite propagation speed, one also has w(#, x) = 0 when d(x, ®1) > t. Notice
that all points in ®* are at least distance 7" away from ®7 so one has

7*w(T) =0
This precicely, means, that
u(2T) = —u(0) on ®*
and

—u;(2T) = —u;(0) on O*.

Written in operator form, this amounts to

TV 0 RaTreo = — T Foo,

where we recall that R; does not just propagate s units of time, but also give the
Cauchy data at time ¢ = 5. Plugging in roo = ro 4+ Ktaj) above gives

T*R(ro + Kuil) = —*(ro + Krail)
& *Rro + T RK il = —7°rg — 7% Kil = —Kuail
& Kuil + 7" RK iy = —7* Rrg. 5.4

Proof of (ii) First, if one adds ry to both side of (5.4), and brings —z* Rrg to the
the left hand side, one obtains
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(I +7*R)roo = 19. (5.5)

Again denote u(t) = (Froo)(t), and let w(¢) be a superposition of u(¢) and its time
reversal; that is

w(t) = (Froo)(t) + (Froo) 2T —t).
Then using (5.5) and recalling that r( vanishes outside of ®, we have
w(0) = 7o + Rroo is harmonic in ®*.
Similarly,
W(2T) = Rorroo + V0 roo = Vo (Rreo + Foo) is harmonic in ©*.

Note that w;(2T) = 0 = w,;(0) in ®*. Since w also solves that wave equation,
then 3w vanishes wherever w is harmonic. By translation invariance of the wave
operator, d;w (the mollification argument to make this precise is exactly as in the
proof of (2.13)) also solves the wave equation while also having Cauchy data at
times t = 0 and r = 27 vanishing in ®*. By Lemma 3, 9,w(7) = 0 inside OF.
Looking at just the first component of w(T') this says exactly that «(7") is harmonic
in @7, which is equivalent to IT;u(7) = 0. The second statement in the theorem
follows from finite propagation speed, as Ky, is supported in ®*.

Proof of (iii) Suppose that K + 7*RKi = 0. Since * is a projection and R
is unitary, one has

|7* RK it | < 1 Kaitll -

However, since K,j) = —m* R Ky,il, then the inequality above must in fact be an
equality and so ||77* R K1l = || Ktitll- Since R is unitary, one has

I Kaitll* = IR Kt > = | 7* RKwit| * + 17 RKwitll > = | Keaitl * + 17 R K it .

Thus, 7 RK i1 = 0 and so K,jj = —7* RK i1 = — R K1, implying that Ky, € G.

Proof of (iv) Denote K; = lezo(—n*R)f(—n*Rro). The proof follows almost
verbatim as the proof showing the density of the set Q defined in (2.19). 0O

In order to make Remark 5.2 more transparent on how this theorem relates to
focusing, we add the following corollary. First, we conjecture that following the
methods of boundary control in [10], one may extract certain travel times between
points on the boundary to points in the interior and use that to create an ro supported
outside €2, such that at a time 7', the first component of Rr(ro)|o, has singular
support equal to a single point. Thus we believe that it will be possible to satisfy
the assumption in the following corollary using boundary control methods.

Corollary 5.5. Supposerg € C, atimet = T, and ® D Q are such that supp(rg) C
O and the singular support of F (ro)(T)|e, is nontrivial, contained inside B (x y)
for some small ¢ > 0. Then if K solves (5.4), then the singular support of u(T)
is nontrivial and contained in B (x r).
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The corollary is stated using the energy spaces employed throughout the paper.
However, we believe it can be refined to encompass general distributions and in
particular a point singular support so that one has a focusing wave in the usual
sense.

Remark 5.6. We emphasize again that despite the attractiveness of the corollary, it
only gives focusing of the pressure field and says nothing about the velocity field.
Thus, once one goes past time t = T, one has lost all control and one has no
information on the wave field at such times, which is usually quite complex since
K1,i1 needs to be quite complicated in order to control the multiple scattering that
allows focusing. Thus, the scattering control procedure is much more useful in this
regard.

We close this section with an analogous theorem to Theorem 5.1 which controls
the multiple scattering of the velocity field instead. The proof is almost identical
excepting sign changes so we omit it.

Theorem 5.7. (Multiple scattering control of velocity field) Let u be the solution
to the wave equation with Cauchy data roo = ro + Kil € C, where ro has support
in ©, and K; has support outside ©. Let T > 0.

(1) (Necessity) If u;(T) has support in Or, then necessarily K; satisfies the
following equation
Kl — 7*RK it = =1 Rro

(i1) (Partial converse) Suppose Ky satisfies
Kuil — 7*RK il = —7* Rro.

Then u;(T)|es. = 0 and w(T)|e, = Rrrolor-

(iil) (Uniqueness of the tail) Any two tails may only differ by Cauchy data that is
totally internally reflected, and does not penetrate © in time 2T. That is, if
Kol — m*RKi) = 0, then Ky = 0in C.

(iv) (Almost Solvability) The set of ro € H for which one has a convergent Neu-
mann series solution for K,

Q= {ro €H:(I—7"R)'rp e C}
is dense in H.

Remark 5.8. We note that an almost identical proof used to recover kinetic energy
of the almost direct transmission in Propositions 2.11 and 2.12 may be used here
to recover this energy from Ky, instead.

At this point, one might be led to believe that information may be lost or gained
by using our Cauchy data setup versus the boundary setup that is done in Rose.
This is actually not the case, and we show in the next section that in one dimension,
where one does not worry about glancing rays, both formulations are completely
equivalent.
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5.3. Equivalence Between Cauchy and Boundary Formulations in One Dimension

For simplicity, we assume here that 2 occupies x > 0 and ©® is exactly the
half-space {x > —e} for some ¢ > 0. Without loss of generality, we assume that
the wave speed is constantly equal to 1 outside €2, that is c|g+ = 1. Then any wave
field inside Q* is of the form

ulgr = ft —x) +gx +1). (5.6)

We assume that supp(f(s)) C {—T < s < T + &} (T is the focusing time; that
is we are focusing at a point x7 which is distance T away from 0 using the metric
determined by c) and that the left going wave g is activated only after the right
going wave f hits the boundary {x = 0}. Precisely, this means that

supp(g(s)) C {s > —T}.

As described in the last section, one has
o
gt)=Rx* f =/ R@E —t)f(')dr. (5.7)
—00

This is well-defined in an exact sense precisely since there are no glancing rays in
1 space dimension. See for example [1] for details.

To avoid dealing with harmonic extensions, as they do not add anything es-
sential, we will assume that R applied to any of our Cauchy data has O trace on
90* = {x = 0}. This merely ensures that

7*R=1¢+R = 1p<—gR

when applied to such Cauchy data.

Next, observe that since g(s) = 0 when s < 0 and using the support condition
of f, our Cauchy data (initially given at t = —T as opposed to ¢+ = 0) and its
time-27 propagation is

f(x) :=u(-T) = (f(_T - x)) ,

f'(=T —x) .
T*R@(=T)) = 7*RE = 1<) (_gg({;;))c )) ‘
Then by (5.7) we have
(T*RE(t — T) = Ly<r—eyvg(t) = Lj<r—ev(R* ) (1), (5.9)

where we get an equation for g’(r) by differentiating (5.7), and we use the notation
f, g to represent a column vector of f, g and their derivative. Let us denote Jc
as the Cauchy-to-boundary map, which maps Cauchy data at time t = —7 to
boundary data on {x = O0}. In this simple setting, it is well-defined as a map
Josy 1 D'(Ry) — D'(R;) explicitly defined on smooth functions as

Jo—av(t) = v —T),
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with an obvious extension to elements in C. Since f = chaf(—-) and Rx¢p(—-) =
R (-), we have a nice relationship between Ry7 and R given by

JeosRor ISy (B(=) = R(E(—))  fort < T. (5.10)

Proposition 5.9. (Equivalence of Rose and Cauchy—Marchenko in one dimension)
Let f(t) = Kuil(t) 4+ ro(t) denote the incoming boundary data, and f x) =
JC__l)a (K1 (1) + ro(2)) = ktail(x) + ro(x) be the corresponding Cauchy data
at time —T with all the assumptions described earlier. Then, ktail satisfies the
Cauchy—Marchenko equation with 1y iff Kwi satisfies the Rose equation with ro;
that is,

Kuit(x) + 7 RK il (x) = —* R
<=
Kil(—1) + R(Kwil(—) = —R@ro(—=)) fort <T —e¢.

Proof. Suppose we start with the Cauchy—Marchenko equation in the form (5.5)
(translating everything by time 7 and using the notation of boldface letters to
represent a vector consisting of the funcion and its time derivative):

u(=T) + 7*Ru(=T)) = 7u(=T)

& f(x) + n*Rf(x) = 7f(x) (5.11)
& Jooof + Jongm* RE = Joognf (5.12)
S (=) + Lp<r—eyv(R *£)(1) = ro(—1).

This is essentially the right equation for Rose, but we rewrite it in the more
familiar form:

£(—1) + Lyp<r—ev(R * £)(1) = ro(—1)

& Kuil(—1) + V(R * Kpin) (1) = —v(R*1rp) () fort < T —¢
& Kuil(—1) + VR (Kgit(—)) = —vR(ro(—)) fort < T — &,
Kuil(—1) + R(Kuit(—)) = —R(ro(—))

L[ Keit(—1) + R(Kuit(—)] = —4R(ro(—))
4 Kuil(=1) + R(Kil(—)) = —=R(ro(—=)) fort < T — ¢,

fort <T —¢

where the first equality is obtained be subtracted ro(—¢) from both sides of the first
equation and writing f = ro + Kyj. O

Remark 5.10. The above result helps explain the truncation that Rose does in [15]

to obtain his autofocusing algorithm. The Corollary essentially shows that K, (¢)
must satisfy

17 ) Kt (=) + 1 cr— ey R(Kwit (=) = =11 R(ro(—)).
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One naturally assumes that the tail come after the direct transmission ry, which
means Ki,;i(¢) is supported in ¢+ > —T + ¢ and hence 1j;o7_¢) Kii(—1) =
K1 (—1t). Thus, the Neumann series becomes

Kuit(—1) = =1y 27—y R(ro(=)) + Qp<r—eR)*(ro(—-))
— A=1-e R (ro(—=)) + . ...,

and we may clearly see the truncation happening at each step of the algorithm. The
truncation is essential since we just proved the equivalence of Rose’s algorithm to
our Cauchy scheme, and we already proved that our Equation (5.4) is necessary
and sufficient to control multiple scattering. The proof shows that the truncation
essentially comes from (5.4) only holding within a certain region in space (that
is ®* in that theorem) that was determined by finite speed of propagation and
unique continuation. In one dimension and after using the Cauchy-to-Boundary
map, this spatial region corresponds to the time-truncation appearing in Rose.

We will describe in the following sections the connection between the equations of
the previous theorems, the Marchenko equation, and scattering control.

5.4. Connection to the Marchenko Equation

Burridge [4] considers the 1-dimensional inverse scattering problem for the
plasma wave operator [J;, = [+ g(x) where ¢ = 0in x < 0. (recall that in 1
dimension, the acoustic wave equation may be put into this form by a change of
variables as in [4]). Since it is not relevant for this part, we will avoid describing
the function spaces where all of our distributions here belong. One is interested in
solutions to [, u = 0 with certain boundary conditions at x = 0 that allow for only
left-going solutions inside x < O (see [4, Section 3] for details). It is shown in [4]
that there is a special Green’s function solution of the form G = §(t —x) + K (x, t)
such that supp(K) C {|¢| £ x, x = 0} and one may recover g from knowing K.

The given data are the reflected waves due to a right-going incidence wave in
the region x < 0. Analytically, there is a causal Green’s function

Gi(x,t)=6(t —x)+ K1(x,1),

with supp(K1) C {r = |x|, t > 0}. One is given the data M(r) = K{(x = 0, 1)
(interpreted as a generalized trace), and the goal is to recover K from R. Then it is
shown in [4, Section 3] that for each fixed x, K must satisfy the following integral
equation known as the Marchenko equation:

X
K(x,t)+/ Kx, o )Mt +1)dt = —M(t + x) fort < x. (5.13)
—X
To relate this to (5.3), change variables to travel time coordinates

X
Z =/ c(x)~Tdx'.
0

Comparing with (5.1), we see thatty = z(x ) and K (z, 1) = Quii(—1; z) solves the
Marchenko equation above with R as the given data in place of M. The connection
to (5.3) is now readily apparent from the previous subsections.
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Al Al
2T

(a) A pulse with Rose’s tail (b) A pulse with scattering control tail

Fig. 17. These figures correspond to the incident pulse in Fig. 1a. In Rose’s setup, the tail
has extra waves to ensure the pressure field is quiescent exactly at# = T except for the direct
transmission. In a, the tail (constructed by the formula in (5.3)) consists of three (positive
amplitude) waves being sent in after the (positive amplitude) incident pulse. The first wave
cancels a returning wave which would create further scattering between the interfaces. The
other two waves in the tail cancel the backscattered (negative amplitude) waves atz = T', and
only there. Thus, at r = T, the singular support of the pressure field is precisely one point
determined by the direct transmission. b The tail constructed using the scattering control
algorithm. For scattering control, we only care about the returning bicharacteristics, so the
tail consists of only one wave to eliminate the one returning wave. Thus, for ¢t € [T, 2T]
the total wave field only consists of the direct transmission and two waves that will never go
deeper into the medium

5.5. Connection to Scattering Control

Notice that the proof of multiple scattering control in Theorem 5.1 and its
corollary essentially utilizes the operators / +7* R and / —7* R to control scattering
from the pressure field and the velocity field respectively. Our scattering control
series is a middle ground that allows one to control scattering in both the pressure
field and the velocity field such that after time ¢+ = 2T, the exterior data coming
from the direct transmission is distinguished. Indeed, the scattering control operator
is precisely

[ —7*Ra*R=( —n*R)(I + 7*R),

whose Neumann series solutions involve exactly the even terms in the Neumann
series of / — w*R. Figure 17 depicts the differences between Rose’s autofocusing
and scattering control in a simple one-dimensional example.
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A Wave Equation Parametrix with Reflection and Transmission

We briefly review how a parametrix for the acoustic wave equation initial value
problem with piecewise smooth wave speed may be constructed in terms of reflec-
tions and transmissions, neglecting glancing rays. This is now-classical FIO theory,
drawing from the work of many authors, including Chazarain [6], Hansen [8], and
Taylor [23]. As nothing novel is developed here, we do not include proofs; our goal
is simply to provide a bookkeeping system for use in the paper.

Recalling Section 3.1, consider c(x) piecewise smooth with singular support con-
tained in disjoint closed smooth hypersurfaces I';, with I' = | I';. The interfaces
separate R"\ I into disjoint components €2 ;. In order to distinguish the sides of each
hypersurface I';, consider an exploded space Z in which the connected components
of R™\TI" are separate. It may be defined in terms of its closure, as a disjoint union

Z=| |2, z=J9cZ
J J

In this way, 0 Z contains two copies of each I';, one for each adjoining £2;.
Before proceeding further, we perform a standard microlocal splitting in order to
separate forward- and backward-moving singularities. Recall that 8,2 — c? A factors
microlocally into half-wave operators (9; +i Q)(9; —i Q). The full solution operator
F is then equivalent microlocally to a sum of solution operators F* corresponding
to d; £ i Q, with initial data related by a microlocally invertible matrix WDO P:

Jo
P |:fl:| . (A.1)

The Cauchy data (g4, g—) may be interpreted as a single distribution g on a doubled
space Z = Z, L Z_ containing two copies of Z.

We now describe a parametrix R for R = v o Ry7 as a sum of graph FIO on Z built
from sequences of reflections and transmissions, along with operators propagating
data from one boundary to another, or propagating the initial data to boundary
data. The key feature of the propagators is that waves reaching the boundary of a
subdomain 2; simply leave €2; rather than reflecting. To handle reflections and
refractions, we record the outgoing boundary data left by waves escaping €2; and
convert them to appropriate incoming boundary data on each side of the interface,
which generate reflected and refracted waves.

F(fo, f) = Fge+F g, [ij]

Cauchy Propagators: Jc-s, Jc-s+, Jc—s We firstdevelop areflectionless solution
operator Jc_g for the Cauchy problem on Z. To begin, extend each restriction
cj = c|g; to a smooth function on R". Let E;t be the half-wave Lax parametrix
associated to d; +iQ, Q = (—C%AQ)I/Z. Each n € T*Qi,j is associated with a
unique c;-bicharacteristic y,(¢) in 7*R" passing through n at ¢+ = 0, which may
escape and possibly re-enter 2+ ; as t — Zoo.

To prevent re-entry of wavefronts, we introduce a pseudodifferential cutoff ¢(z, &),
omitting some details for brevity. Let ze+, #,+ denote the first positive and neg-
ative escape and re-entry times; let ¢(z, y;,(t)) be identically one on [fe_, fey]
and supported in (t—, #+). Modify ¢ on a small neighborhood of R x f"*BQi, j
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(the glancing rays) to ensure it is smooth. Finally, let Jc_g be the restriction of
@(t, Dy) o Eji to R x 4 ;; this is the desired reflectionless propagator.

We also require a variant Jc_,s+ of Jcogs in which waves travel only forward in
time. For this replace ¢ with some ¢ supported in (f._, ;1) and equal to 1 on
[0, te+]. Restricting Jc—s+ to the boundary, we obtain the Cauchy-to-boundary
map Jc-y = JC—’5+’RXBZ'

It can be shown (cf. [6]) that Jc—s, Jcos+ € 1’1/4(Z - R x Z), and Jc—y €
I19(Z > Rx9Z). As desired, Jo_.s and Jc— s+ are parametrices: (0;£i Q) Jo—sh, (9; %+
iQ)Jcos+h = 0 for WFE(h) lying inaset V C T*Z whose bicharacteristics are
sufficiently far from glancing. By a direct argument with oscillatory integral rep-
resentations, it can also be shown that Jc_j is elliptic at covectors in }V whose
bicharacteristics intersect dZ. The near-glancing covector set JV of Section 3 is
then T*Z\V.

Boundary Propagators Outgoing solutions from boundary data f € D'(R x Z)
may be obtained by microlocally converting boundary data to Cauchy data, then
applying Jc—s. The boundary-to-Cauchy conversion can be achieved by applying
amicrolocal inverse of Jc_,5, conjugated by the time-reflecting map S;: t +— s —¢
for an appropriate s. More precisely, near any covector 8 = (t,x’; 7,&") € 9Q ;
in the hyperbolic region |t| > c|&’| there exists a unique bicharacteristic y passing
through® B and lying inside €. ; in some time interval [s, ¢), s < ¢. Then Jy_g
may be defined as S Je—sJ¢ —1>3 S microlocally near 8.

On the elliptic region 7| < c¢;|€’| define Jy_s as a parametrix for the elliptic
boundary value problem; see for example [18, §4.8]. Applying a microlocal partition
of unity, we obtain a global definition of Jy_.g away from a neighborhood of the
glancing region || = ¢;|£'|. It can be proven that J;_.5 € I7V4Rx3Z - RxZ).
Its restriction to the boundary ry o J;_,g consists of a pseudodifferential operator
equal to the identity on )V and an elliptic graph FIO Jy_3 € I°(R x Z — R x 3Z)
describing waves traveling from one boundary to another.

Reflection and Transmission It is well known that transmitted and reflected waves
arise from requiring a weak solution to be C' at interfaces. Given incoming bound-
ary data f € &'(R x dZ) (an image of Jc—j or Jy—3) microsupported near 8, we
seek data fg, fr satisfying the C! constraints

[+ R =fr,

(A2)
o (vlysuf + J3—>SfR)|RX3Z = Lavja_’SfT|R><3Z'

Here, v is time-reversal, so vJy_sv is the outgoing solution that generated f. The
map ¢: dZ — 9Z reverses the copies of each boundary component within 0Z,
and 9, denotes the normal derivative. The second equation in (A.2) simplifies to a
pseudodifferential equation

Nif + NrfrR = N1 fr (A.3)

8 Thatis, (di)*y (t) = B, where i : 0Z <> Z.
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with operators Ny, Nr, Nt € UHR x §Z7) that may be explicitly computed. The
system (A.2—A.3) may be microlocally inverted to recover fr = MR f, fr = Mt f
in terms of pseudodifferential reflection and transmission operators Mg, (Mt €
WOR x 9Z). Let M = Mg + Mr.

The principal symbols of Mg and (Mt have well-known geometric interpretations.
In the doubly hyperbolic region where |t| < c|&’| on both sides of the interface,

cotBr — cot Ot 2 cotORr
—_—, oo(tMy) = —————,
cot R + cot Ot cot Br + cot Ot

where 6r, Ot are the angles between the normal and the associated reflected and
transmitted bicharacteristics. Here cot O = (CE 22 |& |2) 172 /1&"|, where cp is the
wave speed at 8 on the reflected side, and similarly for 1. From (A.4) we deduce
M is elliptic in the doubly-hyperbolic region, while MR is elliptic as long as c is
discontinuous at the interface. Note that while the principal symbol of :MT may
exceed 1, this does not violate energy conservation since Mt operates on boundary
rather than Cauchy data.

o0(MR) = (A.4)

Parametrix With all the necessary components defined, we now set

(0.¢]
F = Jcos + JyosM Z(JaﬁaM)chaa,

=0 (A.5)
E =rr o F,
where rp7 is restriction to ¢ = 27, plus time-reversal. Again omitting the proof, it
can be shown that F = F and R = R away from glancing rays; that is, for initial
data hg such that every broken bicharacteristic originating in WF (ho) is sufficiently
far from glancing. Recalling that M = MR + M, we may write R as a sum of
graph FIO indexed by sequences of reflections and transmissions:

R= Z Rs, Ié() = rrJc-s,
. k ad
selR.T} Rsy..s0) = rar Jas My Jo—g - - - My, Jo—g My, Jep.

(A.6)
The solution operator F likewise decomposes into analogous components Fj.

Comparison with Layered Media Parametrices The above construction is in fact
the natural generalization from the flat interface case of a layered media. Indeed,
suppose our space ® is only a small perturbation of the flat layered media case
(see [9] for notation and analysis in the flat case). This ensures that bicharacteristic
segments starting from I'; hit I';_; or ;41 first before hitting another interface
(here, €2; lies below I'; and above I';11). The full wave field may be microlocally
decomposed into upgoing and downgoing components at each interface I'; de-
noted u) =, resp. u¥ as described in [21, proof of Theorem 3.1]. Then localizing
the construction of the boundary-to-boundary maps Jjy_,5, we obtain J{;’lj(;l (resp.
Jgigl), which propagate u”>* (resp. u’7) to interface I'; ;1 (resp. I';_1).

Next, there are reflection and transmission operators, denoted R"/, 7"/ € WO(R x
I';) which are essentially the Mg, M7 operators from before but microlocally re-
stricted to a particular “side” of a particular interface. The indexing is such that R/
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denotes the reflection coefficient of a wave inside €2; reflecting off of I';. While
T%J denotes the transmission coefficient for a wave from €2; into Q j where the
constructions are made exactly as in the previous section. Under this simplified
geometry, the outgoing waves at interface I'; are given by

(l)+ Tl*l 1]1—11 (i—1)+ + Rz tJH-ll i+1)—

and

(z)— _ Rz t—lJ l—l)+ + Tl 1—1J1+11 (i+1)—

This is all for i = 2, while for i = 1 we must take into account the source term
¢ € D'(I') (assuming this is the only source) and only those incoming waves from
I':

D+ _ pl,1 42,1 (2)—
( ) =R J c’)u( ) +¢source
1H)— 1,0 42,1 (2)— —

M( ) =T ]8—>Bu( ) + ¢source'

Denote u* = [uD*, ... u™F)T Thus, as done in [7], we may combine, the R, T
operators and the corresponding Jy_5 occurring in the above formulas into one
operator (for example, R" ’Jéiﬁl becomes a single operator). Then we form 7=

and RT, each a r x r matrix of FIO’s, to obtain the following recursive formula:

utl [T+ RY| [ut (D irees 05 - -, O
w | TR T [ | T oy 0, OV |

Hence, it is fitting to denote Sy, = [IT; ?f] as the scattering “matrix”, which
corresponds to Jy_,3 M appearing in (A.5). To connect this construction to (A.5),
start with Cauchy data ¢cauchy € C with microsupport close to a single covector,
whose corresponding geodesic hits I'; transversely. Then the solution restricted to

I'1 near this first intersection is microlocally equal to

¢F1 = (bincoming + ¢sourcev

where ¢incoming = JC—>3¢Cauchy and ¢sturce = TO’I Jo=a ¢Cauchy and ¢s_0urce =
RM0Jo_y @Cauchy- So the upgoing and downgoing parts of the solution at the inter-
faces are given by

|:”+i| (¢1ncommg’ Yot Z Svc I:(¢s+ource’ R 0)§i| )
u (¢1ncom1ng’ L ((pSOUI‘CC’ L 0)
After applying the boundary to solution operator, we obtain a formula exactly

analogous to (A.5), and one can use the scattering matrix to track the principal
symbols of the wave field in each €2; separately.
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