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Abstract

This paper shows global-in-time existence and asymptotic decay of small solu-
tions to the Navier—Stokes—Fourier equations for a class of viscous, heat-conductive
relativistic fluids. As this second-order system is symmetric hyperbolic, existence
and uniqueness on a short time interval follow from the work of Hughes, Kato and
Marsden. In this paper it is proven that solutions which are close to a homogeneous
reference state can be extended globally and decay to the reference state. The proof
combines decay results for the linearization with refined Kawashima-type estimates
of the nonlinear terms.

1. Introduction

In relativistic fluid dynamics, stresses in perfect fluids are described by the
inviscid energy—momentum tensor

T = (p + p)u“u® + pg*?, (1.1)

where p and p are the internal energy and the pressure of the fluid, u“ is its 4-
velocity.! In this paper we will exclusively consider causal barotropic fluids, a
class defined by the property that there exists a one-to-one relation between p and

ps
p = p(p), (1.2)

! Greek indices run from 0 to 3 and are raised or lowered by contraction with g*P, 8ap>

where g"‘/3 = diag(—1, 1, 1, 1) is the standard Minkowski metric; cf., for example [7],
Section 2.5.
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with a smooth function p : (0, 00) — (0, co) that satisfies 0 < p’ < 1. One way
to describe the dynamics of dissipative barotropic fluids is via a system

9
a—ﬁ(T"‘ﬁ—l—AT“ﬂ) =0, 0=0,12,3, (1.3)
X

of partial differential equations—the conservation laws of energy and momentum—
in which the “dissipation tensor”” ATP is linear in the gradients of the state variables
determined by coefficients 7, ¢ of viscosity and x of heat conduction.? Freistiihler
and Temple have recently proposed a particular new way of choosing AT*? such
that basic requirements, notably of causality, are met; see [3] for this and also for
a discussion of the interesting history of the causality problem. According to [3],
AT®P is given as

oy

—AT* = B (y) =,
0x

where 1 denotes the so-called Godunov variables

u
Uy =
TTf
with f the Lichnerowicz index of the fluid. The key property of Godunov variables
is that in these, the first-order part of a system of conservation laws, here
a
— TP,
dxP

becomes symmetric hyperbolic [4].> Now, the requirement that

0 p
7 (AT*P)
should also be symmetric hyberbolic when written in the same variables determines
a set of coefficient fields B*fY? (¢) which make (1.3) an element of a class of
systems that was introduced by Hughes, Kato and Marsden and shown to be well-
posed in Sobolev spaces [5]. As established in [3], the requirements of equivariance
(isotropicity) and other physical necessities indeed make B*#?% (y) determined by
the coefficients n, ¢, x.

The purpose of this paper is to provide a global-in-time solution theory of
these relativistic Navier—Stokes—Fourier equations (1.3). To this end, we analyze
first the linearization of (1.3) at some homogeneous reference state and then the
nonlinear problem as a perturbation of the linear one, both with techniques that were
developed or are similar to techniques developed by KAwASHIMA and co-authors,
notably in [1,6].

2 We use the Einstein summation convention.
3 See [2] for details and the history of the use of such variables in relativistic fluid dynamics.
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To have a clear setting, we carry out the whole argument under the additional
assumption that the fluid is indeed thermobarotropic, which means, in addition to
(1.2), that its internal energy is a function of temperature alone:

o= p6). (1.4)
In this case, the Lichnerowicz index is identical with the temperature,
f=9, (1.5)

and actual heat conduction can be an integrated part of a four-field theory, see [2].
An important physical example of this is given by the case of the pure radiation fluid
[7], whose internal energy as a function of particle number, density and specific
entropy is given by

4 4
3

p(n,s) =kn3ss.

The results of this paper extend to barotropic fluids that do not satisfy (1.4), (1.5)—
one just has to replace 6 by f everywhere—but then the “x -terms” attain the role of
an “artificial heat conduction”. We plan to later use this hyperbolic regularization
for studying the “purely viscous” (x = 0) case via the limit y | 0.

2. Preliminaries and Main Result

We begin by introducing some notation. For p € [1, oo] and some m € N just
write L? for LP(R3, R™). For s € Ny we denote by H* the L2-Sobolev-space of
order s, namely

H' = {u €L’ VaeN! (o] <s): 9% ,2 < oo]

with norm

lully = > l0%ull

0=|a|<s

We just write ||u || instead of ||u|g. Fors, k € Noand U = (u;, us) € H® x H* set

1

2
101k = (lln 12+ 1)
and for U € (H® x H*) N (LP)? set
1Ullskep = WUl + 10l oy

Foru € H® andintegers 0 < k < s, 3* shall denote the vectorin RN, N = m#{a €
NG : lee| = k}, whose entries are the partial derivatives of u of order k.
Forue H,ve H= ' (0 <1 <s)and o € NV, || < s, set

[0Y, ulv = Y (uv) — udyv.
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For § > 0 let ¢5 denote the Friedrichs mollifier and set

[¢s*, ulv = @5 * (uv) — u(gps * v).

As stated in the introduction, the goal of this paper is to prove the existence and
asymptotic decay of global-in-time solutions of (1.3) near homogeneous reference
states. First, writing (1.3) in Godunov variables gives

d
i ;”ays + 5T W) ~ (B“W(w) 1”“ =0,

«=0,1,2,3. 2.1)

— B ()

In our case of a thermobarotropic fluid the dissipation tensor and the inviscid
energy—momentum tensor are given by

B () = x0%uu gP° — couPu’* + zom*Prnve

%Haﬁnﬁ
3

+00 (uulg”® —uu’g??) + 50 (uPu? g”° —u’u’g"’)

+ 16 <1‘1‘W e 4 n*nfr —

witho = (%n—i—;‘)/(l —c%)—c?x@,f = {—}—cfa—cf(] —cf)x@,wherecsz = p'(p)
is the speed of sound (cf. [3]), and
ad

T _ 2 By B yay Y pof =2y, B,v
axﬂT sn6 [ +u” g +u’ g™ + B+ c; Hutulu ]

Yy
axpb’

with particle number n and specific entropy s.* It was shown in [3] that (2.1) is
symmetric hyperbolic in the sense of HUGHES—KATO-MARSDEN [5]. Thus, using

Yy oy

— Baﬁy(s
axPoxs W) axPoxd

B ()
with
B (y) = (B“M(I/f) + B (y))
= x0*u®u? g# — couPu I + 2oTI*PY? 4 o (1'[0”’ e + %H“ﬁy‘s) ;
where
nesrd = %(n“ﬁm“ + N k),

we can write (2.1) as

3 3
AW = Y Bij(W)Vuin; + Y DjW)Vin, + FO, ¥, 0:9) =0, (2.2)

i,j=1 j=1

4 We use the standard projection T1%F = g®f 4+ y%uP.
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where

oo o
A= (=B No<ay<3 Bij = (B )o<q <5

=0y
Dj =(-B yj)Oga,y§3

are symmetric 4 x 4 matrices, A(Y) is positive definite, Z?,j:l & Bij(Y)§; is
positive definite for arbitrary & € R3\{0}, and

0
oxP

Throughout the paper we will consider the Cauchy problem associated with
(2.2):

)2

=T ) - (B“W(w =0,1,2,3.

3 3
AVt — D BijYrw; + Y DjVux, + f =00n (0, T] x R, (2.3)
ij=1 j=1
¥ (0) =% onR?, (2.4)
¥ (0) = 'y on R. (2.5)

The main result is the following:

2.1 Theorem. Let s >3and ¥y = (071,0,0,0,) with a constant temperature
0 > 0. Then there exist 59 > 0, Co = Co(5g) > 0 such thatfor all initial data

Oy, gy € (HST s HY) 0 (LY x LY) satisfying | O — ¥, ") 13, 1 < do
there exists a unique solution \ of the Cauchy problem (2.3)—(2.5) such that

s s . sl—j
weQCf <[0,oo),H 1)

Y satisfies the decay estimates

t
I @) = 9, eI, + /O I (0) = ¥ Y (D541 s dT

< Coll Oy — . "Iz, . (2.6)
W (@) = T e ) lss1 < Col+ 073 1CO% — 5. "Wllesrs 27)
forallt € [0, 00).

3. Decay Estimates for the Linearized System

In this section we study the linearization of (2.2) about a quiescent, isothermal
reference state ¥ = u/60,u = (1,0, 0, 0)", 0 > 0. The resulting equations read

3 3
AV = 3" B Y, +aVyn + ) by, =0, (3.1)

i,j=1 J=1
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where
AW — (X020
0 o060l3)°

B _ (X078 0 )
ij 0 Onhlsij+410(C +in(ei®ej+ej®e))’

2V — e 20 W _ g2 _
nso O L) bj =nsf°(e; ®eg+eyRej),

where n, s, x, cs, n,f are evaluated at the reference state. Note that no mixed
derivative ¥, ; occurs here, as

Ba()yj — Bajyo -0

at the reference state. Multiplying (3.1) by (ns)~ 192 and setting ¥ = x(ns)~!,
n= n(ns@) ! ; = ;(nse) 1 5 = o (nsd)~!, we arrive at the equivalent system

AP — Z B Wy +a® v + Zb%x, =0, (3.2)
i,j=1 j=1
where
A = (X 0 g _ (X0 _ 0
061" i 0 7138 + 5 (¢ + 371) (i @ ¢j +ej ®ep)

-2
2 c;,” 0 )
@=(% 1) W=asarase

Finally, multiplying (3.2) by (A®))~2 and writing it in variables (A®))2 yr gives

3 3
1//11 - Z Bijllfxixj +al//[ + Zb]‘(/jxj = O, (33)

ij=1 j=1
where
B (511 0 )
YN0 e (B8 + 5 (C+30) (ei®ej+ej®e)))
75

fz—fl 0 N |
4= (CA (;( ) bj=(x5)"2(ej®eo+er®ej).

The goal is to prove a decay estimate for the Cauchy problem associated with (3.3):

3 3
— > Bijx, tavi+ Y _bj; =00n (0.T] xR, (34)

i,j=1 j=1
¥(0) ="y on R?, (3.5)
U (0) = 'y on R3. (3.6)
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3.1 Proposition. For some s € Ny let Oy, 'y) € (HT! x H) N (LY? and
(W (1), ¥ (1)) € HT! x H* be a solution of (3.4)~(3.6). Then there exist ¢, C > 0
such that for all integers 0 < k < s and all t € [0, T],

_3_k
15w Ol + 195901l £ €A+ 07372 (1% + 1wl
+ce (ko + 15wl . G
To prove Proposition 3.1 we consider (3.4)—(3.6) in Fourier space, that is

Vi + 1EPBE + avr, — i|E|b(E)Y = 0on (0, T] x R?, (3.8)
¥(0) = "9 (£) on R?, (3.9)
¥ (0) = "9 (£) on R?, (3.10)

where £ = £/|&],

3
_ 1 0
B@) = ) wibjo; = <0 e (i + (L +37) (@® w))) ’

ij=1
> 1 (0 o

b(w) =Y bjw; = (35)"? (w 0) , we S
j=1

We get the following pointwise decay estimate:

3.2 Lemma. In the situation of Proposition 3.1 there exist ¢, C > 0 such that for
(1,§) € [0, T] x R"

(L+ EDIP . &)1 + [ (1. )
< Cexp(—ep @) ((1 + EPIFOP + P @), 31D

where p(&) = |E12/(1 + [£]?).

Proof. Our goal is to arrive at an expression of the form

1d
_ = <
2th(t, E)+F(, &) =0, (3.12)

where E (¢, £) is uniformly equivalent to

Eo(t,8) = (L + [ED2 1Y (1, ) + [ (1, 6) %,

and F = cp(§)Ep. Then (3.11) follows by Gronwall’s Lemma.
W.lo.g. assume & = (|§1, 0, 0) (otherwise rotate the coordinate system). Since
(4/3)n + ¢ = 7, (3.8) decomposes into the two uncoupled systems

wy + 1EPw + dw, — ilgbw = 0, (3.13)
v + 76 EPv + 67 v = 0, (3.14)
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where w = (Yo, ¥1), v = (Y2, ¥3),
-—1.-2
X ¢ 0 ~  __ _1(0 1
( 0 5 ), b= (x0) ( . (3.15)
Obviously, this allows us to prove estimate (3.11) for w and v independently.
First, consider (3.14), where the estimate is fairly easy to obtain. Take the scalar

a=

product (in C2) of this equations with v; + 1/(25)v. The real part reads

1d o po_yg

2dt
where _ | :
E® = o2 + DigP o + o250 + =%(v. v), (3.16)
o 20 o
and | _
FO = — 2+ —L 21w 3.17
26|vt| +262IE| [v] (3.17)
Since
167 R 0] S s ol + 2 w2
1s = 36_2 4 13 )
E® is uniformly equivalent to E(()z) = |v/ > + (1 + |&»)|v|? and as
2 1 2
£ = 20 (1+161).
16;1,612 _

we have F® > clp(S)E(()z) for some ¢; > 0.
Next, we study system (3.13). For notational purposes seta; = x~

G 2and b; = ()Zc"r)’%. Now, take the scalar product of (3.13) with aw;. The real

part of the resulting equation reads
1 d ~ 2 ~ ~ 2 . =~ ~
5 3 ((@wr w) + 18P G0, w) + awi? + 91 (=ilglbw.aw) = 0. (3.18)
Taking the scalar product of (3.13) with —i |€|bw and considering the real part
gives
d ~ . o -
= (. =il bw)) + 9t@wy., —ilg bw) + g lbw =0, (3.19)
Then we take the scalar product of (3.13) with w. The real part is
(3.20)

1d
—— ({aw, w) + 2R (wy, w)) — |we|* + £ |w|* = 0.

2dt

Set
1 0 a —am
S=— .
2by \a2 — aj 0
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Since i S is Hermitian,

RS ) Ld (i§ )
e w, wy) = —— w, w
WS W = 5
holds, and we can write (3.20) as
1d . .
3q ((aw, w) + 20 (w;, w) + 2[E[(iSw, w))
— Jw;* + [EP|w]* — 2R (&[G Sw, wy)) = 0. (3.21)

Now, add (3.18)+(3.19)+«(3.21) (for some a > 0 to be determined later) to obtain
1d

——ED 1 F) =, 3.22
5@ + (3.22)
where
EW = (aw,, w,) + [ (@w, w) + 2R (wy, —i[£|bw))
4+ a ((aw, w) + 2R (w;, w) + 2|1&|(i Sw, w))
and

FO = |aw,|* — alw | = 20GIE[{@h — SHyw, w)) + [P |bw]* + al€]* [w]*.

for Proposition 3.1 First, show that E() is uniformly equivalent to EJ” = (1 +
1ED) w2 + |w; % Obviously, there exists C; > 0 such that

EV <cE.

For

ST
N———

<

I
Y
S Qe

and W = (w;, —i|€|w),
(@wr, wy) + 1§ @w, w) + 2R ((wy, —ilg|bw)) = (MW, W)ca.

Itis easy to show that o (M) = o (a+b)Uao (a —b). Furthermore ¢ € (0, 1) yields
a+b=>0,a—b>0.Thus M is positive definite, that is

(@wy, wy) + &7 (@w, w) + 20w, —il€|bw)) = Colw;* + &7 [w?)
for a C; > 0. Furthermore, by Young’s inequality there exists C3 > 0 such that
129wy, w) + 20§ [(Sw, w)| < §|w|2 + C3(EP [w]* + |w ),

where d = min{ai, a»>}. In conclusion

d
ED > Co(lw, > + [EFIwl?) — aC3(1EH w]* + [w]?) + a§|w|2.
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Hence, for « sufficiently small there exists C4 > 0 such that
1
EYV > cEM.

Finally show F > c,o(g)E(()l) for « sufficiently small. To this end write
FO = Fl(l) + FV, where

1
F{V = (@i = a)lw P + ] + )50’

. ayp —az 2 -
— 2N <l|§| (a1b1 + o 3 )w w}),

1
AV = (@3 — o)|w?* + b} + a)|EPlw')?

. az —aj _
—29i<z|§|(02b1+a %51 >w1w3>.

Since

a —ap
2b;

2
(@ —a)(bj + o) — (alzn +a ) = a(aiay — b7) + 0(e?)

and ajar > b% there exist ¢ > 0 such that
F = acy(lw) | + 1€ [w?)
for « sufficiently small. In the same way we get
Fy" = acy(lwf > + [P [w' ).
Therefore
FO = acy(quil? + P P) = a5 p(6) By,
which finishes the proof. O
Based on Lemma 3.2 the proof for Proposition 3.1 goes as [1, Proof of Theo-

rem 3.1].
Next consider the inhomogeneous initial-value problem

3 n
Vi — Y Bij; +avi + Y bj, =h, on (0,T1 xR, (3.23)

i,j=1 j=1
¥ (0) ="y, onR?, (3.24)
¥ (0) = 'y, on R?, (3.25)

for some £ : [0, T] x R3 — R*. We get the following results:
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3.3 Proposition. Let s be a non-negative integer,
Oy, ') e (HT x H)Y N (LY2 and h € C([0, T1, H* N LY. Then the solution
¥ of (3.23)—(3.25) satisfies

lo5w @l + 1059 Ol S CA+ 07320l + 1Ml
+ Ce (a5 Qv + a5yl
+C /t(l + 1t — )R () ||
+ Ce)(zp(—c(t — o5 nr(0)| dr (3.26)
forallt € [0,T]and 0 < k <.

Proof. For ¢ € [0, T'] let T'(¢) be the linear operator which maps (Ow, 11#) to the
solution (Y (¢)), ¥, (t)) of the homogeneous IVP (3.4)—(3.6) attime . By Duhamel’s
principle the solution of (3.23)—(3.25) is given by

'
WO, @) =TOCY, 'y) + fo T(t = 7)(0. h()) dr.
Hence the assertion is an immediate consequence of Proposition 3.1. O

3.4 Proposition. Let s be a non-negative integer. There exist C1, Co > 0 such
that for all Oy, ') € HT' x HS and h € C([0, T], H®) the solution \ of
(3.23)—(3.25) satisfies

t
c1 (I8 IR + 1829 017) + 01/0 1980w (012 + 132y (o)) de
< ¢ (0 W + 19 ) l?)
t
+ [ eaaun?+ (sh. Jorv +atw) L ar - G2D
0 L?

forallt € [0,T] and a € Ng, la| = s.
Proof. Consider (3.23) in Fourier space, that is
Vi + 1EPBEY + avy — ilEIbEY = h.

We proceed similarly as in the Proof of Lemma 3.2. Again w.l.o.g. assume § =
(|&€], 0, 0), then (3.23) reads

wir + 1EPw + aw, — ilglbw = B°, 1", (3.28)
v + 76 EPY + 67w = (R (3.29)
where w = (1/}0, 1/}1), v = (1/}2, 1&3), a, b are given by (3.15). First, take the scalar
product of (3.29) with v; + 1/(20)v and consider the real part
1d

o~ 1
EEE(Z) +F® = <(h2, v+ £v>, (3.30)
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where E@® | F® are given by (3.16), (3.17). Since E® is uniformly equivalent to
v |2 + (1 + [P |v]? and F? > ¢(|v;|> + |€]*|v]?), integrating (3.30) leads to

t
Cr (Il + A+ 1gPDi) + ¢ /0 e[ + 1§ P[] dr

t
= & (IwOF + 1+ EDROF) +/ M<<ﬁ2,fz3)’, v + i_v> dr.
0 20
(3.31)

Next, take the scalar product of (3.28) with w, + (a/2)w. The real part reads

1d A 1.
EEE(” + FO =9w(@° nY, w, + Saw), (3.32)
where
1
EW = 1w, > + & lw]* + §|aw|2 + Raw,, w)
and

1. o 1 N |
FO = 5(aw,, wy) + R(—i|&|bw, w;) + 5|§|2<aw, w) — Eﬂ‘i(zlélbw, aw).

Using Young’s inequality it is easy to see that E() is uniformly equivalent to
lw;|? + (1 + |£/?)|w|?. Furthermore,

1 ! ;
FO = MW, Wci — S9(i[&|bw, dw),

-

and W = (wy, —i|€|w). As M is positive definite (see Proof of Lemma 3.2) there
exist ¢y, ¢ca > 0 such that

where

S Q

2
Ccl c
FO > ci(lwe* + 1P w]?) — calgl|wl|w] > 3<|w,|2+ &2 wl?) — 2—jl|w|2.

Thus integrating (3.32) leads to
t
Ci (|wt|2+(1+|s|2)|w|2)+61/0 Jwil® + [E 2 w]? dr
< G (1w )P + (1 + €P)w(O) )

! 2, o0 A1yt a
+ [ Calwl + RGN wi + Sw) dr. (3.33)
0
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Adding (3.31) and (3.33) gives

t
Cr (I + A+ 1EDIR) + € /0 9l + €210 dr

1
N N N A A a ~
=G (1P ++1gPIdP) +/0 Coldh 2 + Mk, iy + S dT. (334)
Finally the assertion follows by multiplying (3.34) with £2¢ for @ € N2, |a| = s,
integrating with respect to £, and using Plancherel’s identity. O

4. Global Existence and Asymptotic Decay

The goal of this section is to prove Theorem 2.1. We will proceed as follows:
First we show a decay estimate for all but the highest order derivatives of a solution,
Proposition 4.1, and then an energy estimate for the derivatives of highest order,
Proposition 4.3. Then Theorem 2.1 follows from combining the two, Proposition
4.4,

As in Section 3 fix § > 0, multiply (2.2) by (n(8)s(@)~'6-2(A®)~2 and
change the variables to (A(z))%w such that the linearization at (6!, 0,0, 0) is
given by (3.3). In addition, consider ¥ — ¢ with ¥ = (67!, 0,0, 0) instead of
v, %9 — ¢ instead of %y, A(- + ¥) instead of A(-) and so on, such that the rest
state is shifted from (9__1, 0,0,0) to (0,0, 0, 0). In the following, when (2.2) or
(2.3)-(2.5) are mentioned, we actually mean these modified equations.

Write U = (¢, ¥;) and Uy = (°, '4) for a solution to (2.3)—(2.5) and the
initial values, respectively. Lets = so+1 (so = [3/2]+1),T > 0,Uy € HstUx HS,
and v satisfy

v e ﬂ c ([o, 7], HS“—-/). 4.1)

j=0

For0 <t <1 < T define

1
Ny(t.t)* = sup U3, + / IU ()34, dr.
t

Telt, ]

We write N;(¢) instead of N, (0, t). Furthermore assume that N;(T) < aq for an
ap > 0. Since s = sg, H® < L is a continuous embedding. Hence N(T) < ag
implies that (1, ¥, 3,) takes values in a closed ball B(0, r) C R* x R* x R!?
for some r > 0.

First we prove the decay estimate. To this end it is convenient to rewrite (2.3)
as—cf. (3.3)

3 3
Vi — Y Bij; +av + Y b, = (W, 0, 079, 0,9n),  (42)

i,j=l1 j=1
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where
3 -
BV 0 03 ) = 3 (AW By ) = By) b,
i j=1

3
=Y AW T'Dj (Y)Y,

j=1

3
— AW W Y W)+ av 4+ Y bjv

j=1
4.3)

4.1 Proposition. There exist constants aj (< ag), 81 = 81(ay), C1 = Ci(ay, §1) >
0 such that the following holds: If || Uo > < 81 and Ny(T)? < ay for a solution

s,s—1,1

¥ oof (2.3)—(2.5) satisfying (4.1), then
1UOls.s—1 = Cr(1 + t)fglonlls,s—m (r €[0,T]). (4.4)

Proof. Let t € [0, T] and v be a solution to (2.3)—(2.5). Since B;;(0) = Eij,
D;(0) = 0and

3
avi + Y bjx, = DF O, v, dc¥),

j=1

Lemmas A.1 and A.2 show that there exist C,c > 0 (¢ < ag) such that h(r) €
H*"!'nL!and

1@t = CIF @l (1029 O ll—1 + 13 O l5-1)

+ CIW @), Y (@), e )17,
S CIUO 151U @ 15,51
Ih®ll < CIU M3,

if Ny(T) < ¢, which we will assume throughout this proof. Proposition 3.3 yields
1U@®ls,s—1 = C(1 + t)_%”UO”s,s—l,l
+C /Ot exp(—c(t — ) IA@lls—1 + (1 +1— 1)1 AT 1 dT,
which leads to
U@ 1.6 € CA+D7H Vol s-1.

t
+C sup IIU(r)||s+1,s/ exp(—c(t = )NU(T)lls,5—1 dT
7€[0,1] 0

t
3
n c/ (I+1— D) 3 U@, dr.
0
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3
Multiplying with (1 + )4 gives

3
L+ DFNUDls,s—1 = CllUolls,s—1,1
3
+ CNs (@) pr () sup (14+1)*|U(T) 5,51

7€[0,7]

3
+ Ca(t) sup (1+0)2|UM@IZ,_,,
7€[0,1]

where
3 (7 _3
ui@) =1 +1)% / exp(—c(t — )1+ 1) *de
0
3 [! _3 _3
ua(t)y = (1 +1)4 (I+t—1)" %1 +1) 2dr1.
0
Since 11, (o are bounded functions on [0, 00), we get

3
sup (L 4+ D)3 U@ 5,51 = CllUolls,5-1,1

t€[0,1]
3
+ CNs(t) sup (1 +7)4[[U(T)lls,5-1
7€[0,1]
3
+C sup (L+D2U@IF -
7€[0,1]

We can deduce from this equation that there in fact exists a; > 0 (a; < ¢), §; > 0
and C; > 0, such that

3
sup (1 + D)3 U@ ls,5-1 = CillUolls 51,1
€[0,1]

whenever Ny(T)? < a; and ||U0||§S_1 1 S48, O

4.2 Corollary. In the situation of Proposition 4.1 there exists a Co, = Ca(ay, §1) >
0 such that

Ny—1(T)? £ Gl U125y (4.5)

whenever Ny(T)* < ay and ||U0||§s_1 | S 6.

Proof. The function t — (1 + t)_% is square-integrable on [0, 00). Therefore the
assertion is a direct consequence of Proposition 4.1. O

Now it is convenient to write (2.3) as

3 3
Vie — 3 BijWhu, +avi + Y bjv; = LY +ha(f, . 0cv). (4.6)

i,j=1 J=1
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where
3 _ 3
LOY = — AWDY — > (Bij = Bij(W ) Van; — Y D) Vs,
i,j=1 j=1

3
ha (Y, Wi, 0) = @y + Y bt — [, i, B,

j=1
4.3 Proposition. There exist constants ay(< ag) and c3, C3 = C3(ap) > 0 such

that the following holds: if Ny(T)? < as for a solution ¥ of (2.3)—(2.5) satisfying
4.1), then

t
1859 (OI1F + 1859 (1) 12 +/O 151y ()12 4 185 v (1) )12 dr

t
— 3 /0 159 @12 de < C3 (100l + No@?) (€[0.TD.  @47)

Proof. We prove the result in two steps.
Step 1: Let Uy = "y, 'y) € H*! x H® and

VRS h c/ ([0, T, H”z‘f) (4.8)

j=0

be a solution to (2.3)—~(2.5). By Lemma A.2 there exists a ¢ > 0 such that [ —
AW), Bij — Bij(¥), Dj(¥) € H**! provided Ny(T) < c¢. We will assume this
throughout the proof. Then due to (4.8) and [6, Lemma 2.3] L(y)¥ € H®. Lemma
A.2 yields hy € H®. Thus we can conclude by Proposition 3.4 that

195w 1T + 1195 ¥ (1> +C1/ 195 9y ()17 + 1105 ¥ (0 I* de

II/\ —~

C2 (12 CIT + 102 ) 12)
t
+C2/0 169 (0)]1? de
t
+ [ (Eew@wo .o + avm) a0 @)
0 L

forall @ € N3, || = s. First, obviously

(o2, 0291 + 202w | < Clmat w1, (4.10)
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and integrating by parts gives

a

> S CILE) Y lls—1 1 lls+1

S CH = AW s e lls—1 1Y lls1

(o=,

o)

3
+C 1By — Byl 129 ls—1 ¥ lls1

i,j=1

3
+ CY D) s 10 lls—1 1 lls41-

j=I
4.11)
Next write
o (LY = LYY + [, (I — AW
3 3
— Y 0%, (Bij — Bij(W) W — Y195, Dj () ;.
i,j=1 j=1

Since I — A(Yr), B,-j — B;j(¥), Dj(y) € H* [6, Lemma 2.5(1)] yields

6%, (I = AW DIl = Cllox AW ls—1 12 lls—1
1185, (Bij — Bij (W) Wy, Il = ClIdx Bij () lls—1 [l ¥ ls—1 (4.12)
I00Y, Dj ()i I = ClIOx D () ls—1 e, lls—1-

Furthermore integration by parts and the symmetry of A, B;; and D; give

/0 (L2, 9%y) ., de

t
<c /0 10, All L2 9% @3 ¥, W) |12 dr

3 3
+ (Z 19; Bijll oo + N1 BijllLoe + > ||axD,-||Loo) 198 (@xr, ¥)[1* dr

i.j=1 j=1

i,j=1

3
+C (nl — Alx + Y I1Bij — By ||Loo) 19 @, Y lI*

+ C113% 3y, "y)II%. (4.13)
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In conclusion, (4.9) and the estimates (4.10), (4.11), (4.12) (4.13) lead to

t
18y (NI + 110 (1)1 +/0 1028,y (D12 + 110% v (1) 1> de
t
—c/o 1%y (0] dr
t
S ClUIZ,,, +C /O B2 IU 51,5 + Ri@HIU N2, dT

t
+C/O I = AW sl lls—1 1 U lls 41,5 dT

+ CRIWIU D34 (4.14)
where
Ry = 13 AW Ils + I — AW is
3 3
+ > 19 Bi; (W) ls + 1Bij — Biy(W)lls + Y 1D )l
i,j=I j=1
and

3
RaW) = I = AGDls + 3 1Bij — Bis(W)lls.

ij=1

Step 2: Now let ¢ be a solution to (2.3)—(2.5) satisfying (4.1). For 6 > 0 set
V% = ¢ % . Applying ¢s* to (4.6) yields

3 3
Vo — Y B, +aw) + ) bivl = LY’ + R (%) + k3,

i,j=1 j=1

where h = ¢s * hy and

n

RO = [gsw. (I — AW — D [gs*. Bij — Bij () Wi,

ij=1

3
= [gs*, Dj ()W

j=1
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Due to [6, Lemma 2.5 (ii)] R%(y/) € H®. Hence L(y)y® + R*(Y) + hS € HS.
Thus proceeding as in step 1 yields

t
1042 ()13 + 109w (1)) +f0 188,92 ()12 + 8%y (v) |1 do
t
—c/ 1% y° (v)||* dr
0

t
SCIRIG s+ C / B3NN U lls1.s + RIGOIUCIZ,
0
1T = A =1 U 41,5 dT

t
+C /0 IR (W) I I1U° 41,5 dT + CRa (WU (D12, -

It is easy to see that U® — U and h§ — hy in L™ ([0, T], H**! x H®) and in

L?([0, T, H*), respectively,as § — 0.Furthermore R®(y) — 0in L>([0, T'], H*)

as § — 0 due to [6, Lemma 2.5(ii)]. Hence we get (4.14) for ¢ satisfying (4.1).
Furthermore, by Lemma A.1 we have

lhalls € CIU 450
and by Lemma A.2,
Ri(Y) + Ro(¥) = CllU 5415,
for Ny (T) sufficiently small. Finally, since i satisfies (2.3),

I lls—1 S CABRZY lls—1 + 10x Wi i1 + ILF @ Y, W) ls—1) S CHU 5415

holds for N(T') sufficiently small. Therefore we can deduce from (4.14) that
'
log ¥ OI1F + 195 v 011 +/0 195 39 (D) I” + 1195 ¢ (T I d
t
- c/o 198y (0)[|* dr

1t
S ClUoll 415+ CIUMD ;15 +C fo U@, dr.

The assertion is an immediate consequence of this inequality. O

4.4 Proposition. In the situation of Proposition 4.1 there exist constants az(<
min{az, a1}), C4 = Cy(az, 1) > 0 (81 being the constant in Proposition 4.1)
such that the the following holds: If ||U0||2 < 81 and Ny(T)? < a3 for a

s,s—1,1 =

solution ¥ of (2.3)—(2.5) satisfying (4.1), then
Ny ()* £ CF U031y 51 (€10, TD). (4.15)

Proof. This follows directly by adding (4.5)+¢(4.7) for ¢ sufficiently small. O
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Finally we turn to the Proof of Theorem 2.1.

Proof of Theorem 2.1. Let 77 > 0,5, > 0 such that for all Uy = (Yo, Y1) €
Ht x HS, where ||U0||f+m < &2, there exists a solution U = (y, ;) of the
Cauchy problem (2.3)—(2.5) with

Ve ﬂ c/ ([0, 1, Hf“—f').

j=1

This is possible due to [5, Theorem III]. Furthermore let asz, §; and C4 be the
constants in Proposition 4.4. Choose 0 < ¢ < a3/(2(1 + T1)). Due to [5, Ibid.]
there exists 83 > 0, (835 < ;) such that for all Uy = (Yo, Y1) € Hst1 x H% where

IUolI7,,., < 83, the solution U of (2.3)~(2.5) satisfies

2
sup UM 5415 <&
1€[0,T1]

Now set §o = min{4y, 83, 83/Ca, az/(2C4)} and choose any Uy € (HSJrl X HS) N

(L' x L") for which ||U0||f+1’s’1 < 8. Since 8¢ < 83, we have

2 a3
Ns(T1))” < e+ Tie < >
Hence by Proposition 4.4 and || Uy ||32,+1’S’1 < 81

Ny(T1)* < CyllUoll34 1,5 < Cado < 83. (4.16)

Furthermore due to Proposition 4.1, (2.7) holds for all ¢ € [0, T1]. In particular
(4.16) yields
IUTD)I5 4, < 83 @.17)

Thus we can solve (2.3) on [T7, 2T1] with initial values (¥ (71), ¥;(T1)) and get
Ny(T1,2T)* S & + Tie < “73

Now extend the solution (i, ¥;) continuously on [0, 277]. We can conclude

asz o as
— 4+ =

NsQ2T1)? < Ny(T1)* + Ny(T1, 2T)? < S t5 =a

Since we have already assumed || U()||§+1,S’1 < 81, Propositions 4.1 and 4.4 yield
N;s(2T1) = Cado, (4.18)

and (2.7) holds for all ¢ € [0, 277]. Due to (4.18) we can repeat the former argument
to obtain a solution on [0, 377] and further repetition proves the assertion. O
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A. Appendix

AlLemma.Letn,N € N, s 2 50 := [4]+ 1 and F € C°[R"), F(0) =
Then there exist § > 0, C = C(8) > 0 such that for all u € H® with ||lu|s < 6,
F(u) —0,F(0) € H® and

IF(u) — 3, FO)ully < Cllull;.
Proof. Since s = sy, there exists a C; > 0 such that
lullLe = Cyllulls

for all u € H®. Furthermore due to F(0) = 0 there exist §; > 0, C, = C2(8;) > 0
such that

|F(y) — 8y F(0)y| £ Calyl?

for all y € RN with |y| < 8. Now let u € H® such that |[ul|y < 8;/C; (that is
llullee < 81). Then

IF () = 3 F O)ul| £ Collull < Jull < C1Callull;. (A.D)

Furthermore for, « € Nj with 1 < |a| = j < s, we get

O F(u) =0, F(u)diu + R,
where

R=Y" (Z)afu 0% ~P F (u).
1SIB1<i
Since d,u € H*~ ! and |u|/L~ < 81, we get 3, F(u) € H*~! and
0 F () lls—1C3 | Ox el s—1
for a C3 = C3(62) > 0 by [6, Lemma 2.4 ]. Therefore [6, Lemma 2.3] yields
IRI = Calldculls—1 18 F)lls—1 < C3Calldeul}_,

for a C4 > 0. On the other hand there exist §; > 0, C5 = Cs(8,) > 0, such that

[0y F(y) — 3y F(0)| = Cs]y|

for all y € RN with |y| < 8;. Assuming |jul|y < 8>/ C entails

18% (F () — 8, FO)| < 118 F () — 8, F(0)8%ull + | R]|
< N8 F(u) — 3, F(O) || oo lulls + C3Calldulls—1
< max{C3Cq, Cs}l|ul?.

Since o was arbitrary, this estimate together with (A.1) yield the assertion for
6 = min{éy, §2}/C;. O
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A2Lemma. Let n, N € N, s > 5o and F € C®@RN,RV*N). Then there exist
§ >0, C = C®) > 0 such that for all u € H*(R",RN) with |ully < 6,
(F(u) — F(0))u € H® and

I(F () = FODulls < Cllul;.
Proof. First note that there exist §; > 0, C; = C(8;) > 0 such that
|F(y) = FO)| = Cilyl
forall y € RV, |y| < 8; as well as C» > 0 such that
[vllizee = Callvlls

forall v € H*. Now letu € H*, |Julls < 81/C3. Then

IF(u) — FO)Il = Cyllulls
holds. On the other hand by [6, Lemma 2.4] 9, F (1) € H 5=l and

[0: F ) lls—1 = C3l[9xulls—1

fora C3 = C3(8;) > 0. Hence F(u) — F(0) € H® and
I F(u) — FO)|ls = Callulls
for |lu|ls £ 8 = 81/ C,. Now the assertion follows from [6, Lemma 2.4]. O

The results of this paper were obtained as part of the doctoral thesis the author
wrote at the University of Konstanz under the supervision of H. Freistiihler.
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