Arch. Rational Mech. Anal. 230 (2018) 1017-1102
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-018-1265-x

@ CrossMark

Large Time Behavior of Solutions to 3-D MHD
System with Initial Data Near Equilibrium

WEN DENG & PING ZHANG

Communicated by F. LIN

Abstract

CALIFANO and CHIUDERI (Phys Rev E 60 (PartB):4701-4707, 1999) conjec-
tured that the energy of an incompressible Magnetic hydrodynamical system is
dissipated at a rate that is independent of the ohmic resistivity. The goal of this
paper is to mathematically justify this conjecture in three space dimensions pro-
vided that the initial magnetic field and velocity is a small perturbation of the
equilibrium state (e3, 0). In particular, we prove that for such data, a 3-D incom-
pressible MHD system without magnetic diffusion has a unique global solution.
Furthermore, the velocity field and the difference between the magnetic field and
e3 decay to zero in both L™ and L* norms with explicit rates. We point out that
the decay rate in the L norm is optimal in sense that this rate coincides with that
of the linear system. The main idea of the proof is to exploit Hormander’s version
of the Nash—Moser iteration scheme, which is very much motivated by the seminar
papers by KLAINERMAN (Commun Pure Appl Math 33:43-101, 1980, Arch Ration
Mech Anal 78:73-98, 1982, Long time behaviour of solutions to nonlinear wave
equations. PWN, Warsaw, pp 1209-1215, 1984) on the long time behavior to the
evolution equations.

1. Introduction

In this paper, we investigate the large time behavior of the global smooth solu-
tions to the following three-dimensional incompressible magnetic hydrodynamical
(or MHD in short) system with initial data being sufficiently close to the equilibrium
state (e3, 0) :

%b+u-Vb=b -Vu, (t,x) e RT x R,
ou+u-Vu—Au+Vp=>b-Vb,

divu =divb =0,

(b, u)lr=0 = (bo, up) with by = e3 + &9,

(1.1)
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where b = (b!, b2, b3) denotes the magnetic field, u = (!, u?, u3) and p stand

for the velocity and scalar pressure of the fluid respectively. This MHD system
(1.1) with zero diffusivity in the magnetic field equation can be applied to model
plasmas when the plasmas are strongly collisional, or the resistivity due to these
collisions being extremely small. One may check the references [5,12,14,23] for
more explanations of this system.

Whether or not there is dissipation for the magnetic field of (1.1) is a very
important problem in the physics of plasmas. The heating of high temperature
plasmas by MHD waves is one of the most interesting and challenging problems
of plasma physics especially when the energy is injected into the system at length
scales which are much larger than the dissipative ones. It has been conjectured thatin
the two-dimensional MHD system, energy is dissipated at a rate that is independent
of the ohmic resistivity [7]. In other words, the diffusivity for the magnetic field
equation can be zero yet the whole system may still be dissipative. The goal of this
paper is to rigorously justify this conjecture in three space dimensions provided
that the initial data of (1.1) is a small perturbation of the equilibrium state (e3, 0).

Concerning the well-posedness issue of the system (1.1), CHEMIN et al. [11]
proved the local well-posedness of (1.1) with initial data in the critical Besov spaces.
Lin and the second author [25] proved the global well-posedness to a modified three-
dimensional MHD system with initial data sufficiently close to the equilibrium state
(see [26] for a simplified proof). LiN, XU and the second author [24] established
the global well-posedness of (1.1) in 2-D provided that the initial data is near
the equilibrium state (ey, 0) and the initial magnetic field, by, satisfies a sort of
admissible condition, namely

/(bo —e)(Z(t,a))dt =0 forall e R x{0}, (1.2)
R
with Z(¢, o) being determined by

=bo(Z(1, a)),

{ dZ(t, o)
Z(t,0)|i=0 =«
Similar results in three space dimensions were proved by Xu and the second author
in [31].

In the 2-D case, the restriction (1.2) was removed by Ren, Wu, Xiang and
Zhang in [28] by carefully exploiting the divergence structure of the velocity field.
Moreover, the authors proved that

105,62 + 185, u®)]l2

L2k
<C{t)” 4 forany € €]0,1/2[ and k=0,1,2, (1.3)
1
where (t) def (1 + t2) 2. A more elementary existence proof was also given by
ZHANG [32]. Very recently, Abidi and the second author removed the restriction
(1.2) in [1] for the 3-D MHD system. Moreover, if the initial magnetic field is equal
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to e3 and with other technical assumptions, this solution decays to zero according
to

lu (@)l 2 + 1) — esll g2 < Cl) % (1.4)

Note that (1.4) corresponds to the critical case of (1.3), thatis, € = 0 in (1.3).

This idea of considering the global well-posedness of MHD system with initial
data close to the equilibrium state (e4, 0) goes back to the work of BARDOS, SULEM
and SULEM [2] for the global well-posedness of an ideal incompressible MHD
system. In general, it is not known whether or not classical solutions of (1.1) can
develop finite time singularities even in two dimensions. In the case when there is
full magnetic diffusion in (1.1), one may check [16] for its local well-posedness in
the classical Sobolev spaces and [29] for the global well-posedness of such a system
in two space dimensions. With mixed partial dissipation and additional magnetic
diffusion in the two-dimensional MHD system, CA0 AND Wu [8] (see also [9])
proved that such a system is globally well-posed for any data in H 2(R?). Lately,
HE et al. [17] (see also [6] and [30]) justified the vanishing viscosity limit of the
full diffusive MHD system to the solution constructed by BARDOS et al. [2] for the
ideal MHD system.

The main result of this paper is as follows:

Theorem 1.1. Let e3 = (0,0, 1), by = e3 + ¢ with ¢ = (¢1, ¢2, ¢3) € C° and
diveg = 0, let ug € WNo-I 0 HN0 for some integer Ny sufficiently large. Then there
exist sufficiently small positive constants €q, co such that if

luollwno.r + lluoll grvg < co and & < o, (1.5)

(1.1) has a unique global solution (b, u) so that foranyT > 0,b € Cc([0, T]XR3),
u e C2([0, T] x Rg). Moreover, for some k > 0, it holds that

w20 < Celt)TF%, [Ib(0) —e3llyree = Celt) 3+ and (1.6)

1

@2 + 16@) = esll 2 < Ci0)"2, | Vu@ll2 < Cir)~"

Let us remark that the above theorem recovers the global well-posedness result
of the system (1.1) in [1]. Moreover, the bigger the integer Ny, the smaller the
positive constant «. The main idea of the proof here works in both two and three
space dimensions. The L* decay rates of the solution in (1.6) are completely new.
The L? decay rates of the solution are optimal in the sense that these decay rates
coincide with those of the linearized system (see Propositions 2.1 and 2.7 below),
which greatly improves the rate given by (1.4). We can also work on the decay rates
for the higher order derivatives of the solutions, but we choose not to pursue this
direction here.
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2. Structure and Strategies of the Proof

2.1. Lagrangian Formulation of (1.1)

As observed in the previous references [24,31], the linearized system of (1.1)
around the equilibrium state (e3, 0) reads

Y, — AY, —32Y = f in Rt x R3,
{ tt t 3 f (2'1)

Y|t:0 = Y(O), Yt|t:0 = Y(l).

It is easy to calculate that this system has two different eigenvalues:

2 4 2 4
A1<s)=—%+ %—s% and Az@):—%—,/%—s;. (2.2)

The Fourier modes corresponding to 1, (£) decay like e /1 . By contrast, the decay
property of the Fourier modes corresponding to A_ (&) vary with the directions of

& as
287

EP(1+/1- %)

only in the &3 direction. This simple analysis shows that the dissipative properties
of system (2.1) may be more complicated than that for the linearized system of the
isentropic compressible Navier-Stokes system (see [13] for instance). Moreover, it
is well-known that it is in general impossible to propagate the anisotropic regulari-
ties for the transport equation. This motivates us to use the Lagrangian formulation
of the system (1.1).

Let us now recall the Lagrangian formulation of (1.1) from [1]. Letting (b, u)
be a smooth enough solution of (1.1), we define:

@) =—

— —1 as [§] > c©

t
X(t,y>=y+/ ue X yndt' Cy vy wey Sua xa v,
0

bt y) o xt ). poy) o xw ). A (14 vyv)T" and

Vy dgf Al Vy.

(2.3)

Then (Y, b, u, p) solves

b(t,y) =0p, X(t,y), Vy-b=0,
Y — AyY, — 05 Y = dpybo + g, (2.4)
Yico =YY =0, Yo=YV =uo(y),

where

g = divy[(AA" — Id)V,Y,] = A'Vyp, B S by Vy, and

3 . o 2.5)
(APt X)) =Y VyiVy, (85X 9 X7 = YY) (2. ).
ij=1
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In what follows, we assume that
supp(bo(xp, -) —e3) C [0, K] and bS # 0. (2.6)

Due to the difficulty of the variable coefficients for the linearized system of
(2.4), we shall use a Frobenius Theorem type argument to find a new coordinate
system {z} so that 05, = d;,. Towards this, let us define

1

dyl 0
- = 3 k) ) £ =0 = w )
dys b§ 1, 2, ¥3), Yily=0 1
% = b_O( ) | =w 2.7)
dy3 bg Y1, Y2,y3), Y2 y3=0 2,
y3 = ws,
and
w3 1
71 = wi, 22 = w2, Z3=w3+/ ——— — 1) duwhb. 2.8
0 (bg(y(w)) Jawi. @8
Then we have
0
o f(¥) = f(ya(fu;(z))) and Vy, =Vz =B'()V, with
29
dy(w(2)\~! 29)
8o = (75, ) -

It is easy to observe that

_(yw@)\~t _ dy(w() dw(z)\~!
B(Z)_< 0z ) _( w Bz)
_ <8w(z)>—1(8y(w(z)))—1 _ (8_Z)(3y(w(z))>—1
0z dw ow ow ’
yet it follows from (2.7) that
bl
10 é
(By(w)) _ »?
001
wy 9 (b} wy 3 (b ,
0 a_yl(é)dyé 0 m(l,_g)dyé 0 ;%11 :;%12 §—;22 (2.10)
+ 9 (b2 5 (b2 2 dy2 dyp
R G s Jo™ 3 )O3 0 || o o O
0 0 0/ \dwr dwy duy
def dy(w)
£ 0w+ Arw)(52).
which gives
ay(w) -1
(55,7) = (1d = A203) " A1 w)). 2.11)
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It is easy to observe that

3 1 0 0
( z(w)) = 0 1 0 dﬁfm(w).

dw Wi 9 (1 \qu [ws 0 (1 \q L
0 awl(bg(y(w)))d% fO 3w2(b8(y(w))) 3 bg

(2.12)
As a consequence, we obtain
y(w) = (yn(wn, w3), w3), w(z) = (zn, w3(z)), and
yw(z)) = (yh(zn w3(2)), w3(2)), (2.13)
B(z) = As(w(@) A (y(w(@)(Id — Ar(w(2))),

with the matrices A1, A2, A3 being determined by (2.10) and (2.12), respectively.
For simplicity, let us abuse the notation that Y (¢, z) = Y (¢, y(w(z))). Then the
system (2.4) becomes

{ Yie — ALY, — 333Y = (Vz:Vz = A)Y; + db0(y(w(2))) + g(y(w(2))),
Yio=Y0=0, Y=o =Y1(2) = uo(y(w(2))),
(2.14)

for g given by (2.4). Since 9.,b0(y(w(z))) in the source term is a time indepen-
dent function, we now introduce a smooth cut-off function n(z3) with n(z3) =
0, 3>2+K,
1, —1 <z3 <1+ K and a correction term YsothatY =Y + Y and
0, z3 < -2,

~ 23
Y (2) = n(z3) </ (e3 — bo(y(w(zn, 23)))) dzj
! (2.15)

K+1
- /_1 (63 — bo(y(w(zn, zg))))dzg> ,
which satisfies
0, Y(2) = e3 —bo(y(w(2))), and (3, Y +bo(y(w(2))) = 0. (2.16)
Then in view of (2.23), (2.24) and (2.30) of [1], ¥ solves
_ .
{ ;:,t:; iZ;EO)_jZS_Yf,: s Yt\l:O _ Y(l)’ 2.17)
with
A= (Id + BtVz? + B[VZI?)_I , and
f =BV, [(AA' — ID)B'V.Y,| + B'V, - (B'V.Y,) — A.Y, — (BA)'V,p,
V.p = —V.Adiv.(det(B~)(BAA'B' — 1d)V. p) (2.18)
— V.A7 Mdiv, (det(BN1d — 1d)V.p)

+ V. A7 div. (BAdin (det(B—l)BA(33Y ®KY -V, ® Yt))).
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2.2. The Proof of Theorem 1.1

Before presenting the main result for the system (2.17-2.18), let us first intro-
duce notations of the norms: for f : ]Ri, - R, u : Rtx Ri — R, and
p € [l,4+0o0], N € N, we denote

def def
1 flwre = D IDS flle and Nlullzren = sup(l+ 08 (@)l ..
la|<N t>0
In particular, when p = 1, p = 2 and p = oo, we simplify the notations as

def def def
Nflly = I fllwya,  NIflIv = N fllgw, [fIn = I fllwneo

def def
and lulle,y = Mullp2ens  |uleny = lullpeon.

(2.19)
Theorem 2.1. There exist an integer Ly and small constants n, ey > 0 such that if
IO YL, + 1P YD)y <0 and e < eo. (2.20)

Then the system (2.17) has a unique global solution Y € C%([0, co); CM —4RY)),
where N1 = [(Lo — 12)/2]. Furthermore, for some k > 0, there hold

183Y |3 _n + Yiels_ 5 + V115 < Cen, @221)
and
D17 @Y. ¥)llo.w42 + IV oy 41+ 1Ko, 337) 1y g + IVl -1
— — l — —
HIYll 2 mzy + [@3Y 02 VID | 2 gy + 1Yl €. (222)

Admitting Theorem 2.1 for the time being, let us now turn to the proof of
Theorem 1.1.

Proof of Theorem 1.1. Indeed, in view of (2.3), one has
Y1(2) = uo(yn(zn, w3(2)), w3(z)) and wu(t,y) =Y (1, y +Y(, ),
b(t,y) = bo(y) + bo(y) - VyY(z,y) with (2.23)
Y (¢, (yn(zn, w3(2)), w3(2) = Y (2) + Y (¢, 2).

with ?(z) and Y (¢, 7) being determined by (2.15) and (2.17) respectively.

In view of (2.10), (2.12) and (2.13), we get, by a similar proof to Lemma 4.3
of [1], that for any N € N,

(B~ Id)|y < Cye. (2.24)

Thus, under the assumptions of (1.5), there holds (2.20). Then Theorem 2.1
ensures that the system (2.17-2.18) has a unique global classical solution ¥ €
C2([0, 00); CM~*(R?)), which verifies (2.21) and (2.22). In particular, it follows
from (2.15) and (2.21) that

IV.Ylo,1 < 18:Y]1 + VY ]o1 < C(e + 1),
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which together with (2.23) ensures thatu € C2([0, 00) x R3) and b € C%([0, 00) x
R3 ). Furthermore, due to

X
Y Id’o] = |ZBVZY|O,1 <C(s+n),
dy ’
we deduce from (2.3) that u € C2([0, 00) x R?) and b € C2([0, 00) x R?), which
verifies the system (1.1) thanks to the derivation at the beginning of Sect. 2.1.
On the other hand, by virtue of (2.16), we have

b(t. y(w(2)) = bo(y(w(2))) + 837 (2) + 83 (1. 2) = e3 + Y (1. 2).

which together with (2.21), (2.22) and (2.23) implies that there holds (1.6). This
completes the proof of Theorem 1.1. O

2.3. Strategies of the Proof to Theorem 2.1

Observing from the calculations in [1] that under the assumptions of Theorem
1.1, the matrix B given by (2.13) is sufficiently close to the identity matrix in the
norms of WNo:l and H™o as long as ¢ is sufficiently small. To avoid cumbersome
calculation, here we just prove Theorem 2.1 for the system (2.1) with

A=Id+VyY)", f=Vy (AA = Id)V,Y,) — A'Vyp, and
p=—A;'divy((AA" = 1d)Vyp) (2.25)
+ A3 div, (Adivy (A(0, Y © 0, Y = ¥, @ 1,))),

which corresponds to B = Id in (2.17). The general case follows along the same
lines.

Let us remark that the system (2.1) is not scaling, rotation and Lorentz invariant,
so that Klainerman’s vector field method [22] cannot be applied here. However, the
ideas developed by Klainerman in the seminar papers [19-21] can be well adapted
for this system. We now recall the classical result on the global well-posedness to
some evolutionary system from [20]. Let us consider the following system:

{u;—ﬁu:F(u,Du) with Du = (us, Uy, ..., Ux,), (2.26)

Ujp=0 = U, Pug =0,

def . . . . .
where £ = 2 laj<y o DY with aq being r x r matrices with constant entries. We
have the following assumptions:

(1) L satisfies a dissipative condition of the following type: there exists a positive
definite » x r matrix A such that

either /dER(ALf, f)dx <0 or /dER(Aﬁf, frdx < —||Vf||iz
R R

forany f € C°;
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(2) T'(t)ug is the solution of
ou— Lu=0 and u(0,x) = up(x),
Such that there is a differential matrix P such that
I (Duolo < €)™ lluolly

for any ug € W' N L that satisfies Pug = 0;
(3) AFy, AF,, i =1, d, are symmetric matrices and F;, is independent of
u;. Moreover

|F(u, Du)| < C(lu| + |Du)’*' for |u| + | Du| sufficiently small;

2.27)
(4) pisaninteger and F' is a smooth function so that there holds
1 1
—\ 14+ —) <ko. (2.28)
p p

Klainerman proved in [20] the following celebrated theorem:

Theorem 2.2. (Theorem 1 of [20]). There exist an integer Ny > 0 and a small
constant n > 0 such that if

leolllng + lluoling < 0,

(2.26) has a unique solution u € C'([0, T1; C?) for any T > 0. Moreover, the
solution behaves, for t large, like

_lte
lu(t, x)| = O (: Z ) as t — 00 (2.29)

for some small ¢ > 0. Also,
lu@®)|l;2 =0(1) as t — oo. (2.30)

Let us remark that due to the appearance of the double Riesz transform in the
expression of f in (2.25), the source term f in (2.1) cannot satisfy the growth
condition (2.27); secondly, even if we can assume the source term f is in quadratic
growth of (¥}, 03Y), which corresponds to p = 1in (2.27), the growth rate obtained
in (3.2) below does not meet the requirement of (2.28). This makes it impossible to
apply Theorem 2.2 for the system (2.1), yet by considering the specific anisotropic
structure of the system (2.1), we can still succeed in applying the Nash—Moser
scheme to establish the global existence as well as the large time behavior of
solutions to (2.1-2.25).

Now we outline the proof of Theorem 2.1. According to the strategy in [19-21],
the first step is to study the decay properties of the linear system

ylf_Ayl_a?%y:Ov 231
{37|z=0 =, Yiji=0 = M1 (231)
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Proposition 2.1. Let Y (t) be a smooth enough solution of (2.31). Given é € [0, 1],
N e N, there exist Cs n, Cn > 0 such that:

310N + 18135 + V1)

< Cs.n (1D Qo YDt + DIV THAYo, YD) 232
10V, B3V) | Lo manv+ty + 1AV oo vy + IV VN 2 gn1) )
VBVl 2y < Cn (133Y0, YD lIn+1 + 1AVolIN) 3
02 @, W Lo, + 12 VADl 2w, o34
< Cn (D171 (@30, YD lIn+1 + 1IV0llv):
O AVl ooy < CalI(AYo, YD) Iy 42- (2.35)

We emphasize here that the estimates of (2.32) and (2.33) are of anisotropic
type, which means that the decay rates of the partial derivatives of the solution
to (2.31) are different, which is consistent with the heuristic discussions at the
beginning of Sect. 2. Moreover, the estimate of (2.32) is valid for 6 = 0. Similar
estimates such as (2.34) and (2.35) were not proved in [19-21]; they are purely due
to the special structure of the linearized system (2.31).

With the above proposition, we next turn to the decay estimates for the solutions
of the following inhomogeneous equation of (2.31):

(2.36)

Y — AY; —332Y =8,
Y|z=0 = Yt|t=0 =0.

Proposition 2.2. Let § € [0, 1/4[ and 6 € [1, oo[. We assume that g(t) = 0 if
t > 6. Then the solution Y to (2.36) verifies, for any N > 0,

[03Y 1N + |3zY|%_5’N + IYI%,N < CsnRno(2), (2.37)
where
def 1 1 _
Ry.6(8) = gllys.ny + 602 (021D g 2 gymes 238)
-1 '
+log(6) [ DI g”%—s,N+3’
where

def
liglls,v = WD gl + DN el and gl x
1

! P
= (/0 IIIg(t’)Illé’,th’> : (2.39)

The proof of the above propositions will be presented in Sect. 3.
The goal of Sect. 4 is to calculate the linearized system of (2.1), which reads

(2.40)

Xy — AX, — 32X = f'(Y; X) + g,
X|t:0 = Xt|t:0 = 0,
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where /(Y X) = fo(Y; X)+ f{(Y; X)+ f,(Y; X),and f;(Y; X), f{(Y; X) and
fz’(Y ; X) are determined respectively by (4.6) and (4.7). Furthermore, the second
derivative of f”(Y; X, W) will be presented in Sect. 4.2.

In Sect. 5, we shall derive the W25:1 0 WN+41 and HV ! estimates for the
source term f'(Y; X) in the linearized system (2.40), which will be used to derive
the decay estimates for the solutions of (2.40). The main result reads as follows:

Proposition 2.3. Let the functionals, fy(Y; X), f{(Y; X), f,(Y; X), be given by
(4.6) and (4.7) respectively, and the norm ||| - |||5,y be given by (2.39). Then under
the assumptions that § > 0, and

VY] 3 <& and VY| s <1, (2.41)
B B2

1 2,1

o

for some &1 > O sufficiently small, we have

oY Ollls x < IVY ol VXilinte + IVY ln16llVXi o
+ IVYilloll VX lIn+6 (2.42)
+ (IVYellnte + IVY lIn+61VY2lo) I VX Lo,

and

AT X5y < F1(33Y,83X) and (2.43)
WA Xls v < fi1(Ye, Xo), (2.44)

where the functional f1(x, v) is given by

def
fi@m = lelo(Iliv+s + leloll VX lIn+6) + ol (Il v+6 + VY I v+6lzl1)
+ (llellv+e + IVY v llels) el VX1

Proposition 2.4. Under the assumption of Proposition 2.3, we have

DI £ Xl S IVY ol VX vt + VY vV X llo

(2.45)
F 1Y VX I ve1+ (1 2 + 1Y VY [yv) VX o,
and
DI~ £V X) v S 2(85Y, 33X) and (2.46)
DI (Vs X) vt < F2(Ye, Xo), (2.47)

where the functional f2(x, v) is given by

def , % 2
P = (1 lellg + 1) (VX v+t + VY vt IV X ) + lelolinlv-t

L2
+ (Ielv+1 + VY Inalel) ol + (el lellg =+ [elo) leln-+1 1 VX1



1028 WEN DENG & PING ZHANG

Let us remark that the Riesz transform does not map continuously from L! to
L. Nevertheless due to (4.8) and (4.9), we cannot avoid estimates of this type.
To overcome this difficulty, a natural replacement of WS will be the Besov space
Bfl which satisfies

1
IV=2)"2IDENNILr S Il Vs €R.

‘We now recall the precise definition of the Besov norms from, for instance [3].

Definition 2.1. Let us consider a smooth function ¢ on R, the support of which is
included in [3/4, 8/3] such that

ve>0, Y e =1 and x(m) €13 @) e D0, 4/3).
JEZ Jj=0

Let us define
Aja=F (e /gDa). and Sja=F"'(xQ27/|E)a).
Let (p,r) bein[1, —i—oo]2 and s in R. We define the Besov norm by

L@ 1aal0)

”a”B;r j Z’(Z)'

We remark that in the special case when p = r = 2, the Besov spaces B;’,

coincides with the classical homogeneous Sobolev spaces H*. Moreover, we have
the following product laws (see Corollary 2.54 of [3]):

lablig, < C(lale=lb] g, + llal gy, 1bl) (2.48)

fors > 0, (p,r) €[1, +00]?. Due to the product law (2.48), we need the index §
to be positive in Proposition 2.3.
The estimates of the second derivations of fj, fi and f, can be listed as follows:

Proposition 2.5. Let f, f{', f, be given by (4.13) and (4.14) respectively. Then
under the assumption of (2.41), we have

DI 5 (Vs X, Wl S 1Y (IVXINIVW o + VX oI VW | )
+ ((Yeln+1 + VY INIYADIVX Lo + [ Xe I v41) IVW o + VX NIV W, o (2.49)
+IVXIoIVWeliv + IVY v (IVX oI VWello + [ X: 1 IVW o) + X 1 IV Wy,

and

DI~ (Vs X, Wlly < £3(83Y, 85X, 3W) and (2.50)
DI £/ (Y X, Wl S Fa(Ye, X, W), (2.51)



Decay of Solutions to 3-D MHD System 1029

where the functional §3(x, v, 3) is given by

13 0.5 % ol + 1YY Inlolo) l3llo + I9loll3llv
+ (mo + |;|§||x||§) AV XIxl3llo + [V Xloll3lly + 9111V Wy
(ol + N IVXIDIYWID + el + VY vl [9X 50
+ (m?nxné + |zc|%> ((VXIy + VY IV IVXID VW]
+ VXV W)

L2 L2
+ (IXIN + ey llell y + VY [y <|}3|] + Ixl IIFIIS>> DI IVWiIL.

Remark 2.1. We mention that in the above inequalities, it is crucial to estimate the
vector, X, by L®-norm. In Sect. 9, we shall deal with the estimate of the error term

1
e, = _/0 F"(Yp+ s =8p)Yp; (1= Sp)Yp, Xp)ds,

where the variable, (1 — )Y, is “small” in the L°°-norm, but only “bounded” in
L2-norm.

Proposition 2.6. Ler [/, m = 0, 1,2 be given in (4.13) and (4.14) , the norm

m’

Il - llls, 5 be given by (2.39). Then under the assumption of (2.41), we have

If5 (Vs X, Wllls v S 1Y i (VX 6 IV Wl + VX Lol VW Il v-+6)
+ (IVYelln+e + 1Yl 11 VY llv46) (IVX oIV W llo + IV X [0l VW o)

(2.52)
+ VX0l VWillnte + (IVX [[v+6 + VX0 VY In46) IV Wi llo
+ VW0V XilInts + (IVWlints + IVWIIVY In+6) IV X: llo,
and
A X, Wllls.y S §a(33Y, 03X, 03 W) and (2.53)
I (Y5 X, Wl S Fa(Ye, Xo, Wa), (2.54)

where the functional §4(x, v, 3) is given by

2@ 0.3 % (I3l + 1KoV Wlo + Iello| Y Wo) Iy 16
T (Iellol VX lo + 19 llo) 13l v+6
+ 19103101V Y 56 + lelo (3101 VX s + IV X lloll3ll 46
+ 19V Wy 1)
+ (Il ss + 01V Y v46) (IV X lolslo + VX 11 l3111)
+ (Il e + TEl3IVY ) (D IV WL + [l [V W]o)
+ el el (1Y X s IV W o + IV Wlo) + (19 X o



1030 WEN DENG & PING ZHANG

+IVXI)IVWIIN+6)

+ (Izhi izl v+e + [l 23 1VY IIvte) (IVX oI VW
+ IVX[1IVW]o).

The proofs of the above propositions are similar to those of Propositions 2.3
and 2.4. We skip the details here. Interested readers may check Sect. 9 of [15].

In Sect. 6, we investigate energy estimates for the solutions of the linearized
equation (2.40).

Theorem 2.3. Let Y be a smooth enough vector field and X be a smooth solution
to the linearized equation (2.40). We assume that Y satisfies (2.41) and

IYelloo =1, and |Yiloq < 1. (2.55)

Then for any ¢ > 0, we have

Ite —
&) < Cell(t) 2 IDI ™ gll 21y Ee(Y) and  for N > 1
(2.56)
gl + ven1 ) Z 1D gl 2, ) Ee(Y),

I4e
2

En 0 = Con(Il0)

where

de, _
En() =f|||D| "(Xr, 33X lov+2 + VX lo.n41 + 1 Xl 222
+ ||83X||LIZ(HN+1)§ (2.57)

de 4
E:(Y) :fexp(C(|83Y|i ||33Y|| + |33Y|2%+8 T |Yt|1+s,2)),
I+ ,

LZ(L?)

and
yens1 (1) & 1+|83Y|.+5N+1( 103114 p) + YVilipe N2

+ |33Y|§ ||33Y|| (|33Y|%+5,N+1 +1VYlont1) (258)
2

L7(L?)
FI9¥loren (L 13V, o+ 1057 [y o F Yelige).

We notice that when we perform the energy estimates for the derivatives of the

solutions to (2.40), we are not able to treat the term V - ((AA" — 1d)VX;,), which

appears in f(g(Y; X) (see (4.6)) as a source term. Instead, we need to rewrite (2.40)
as

X — V-8 (AAVX) = 33X = f/(Y; X) + g, (2.59)

where f/(Y: X) = fl(Y: X) + f{(Y: X) + f5(Y: X) with f,,(Y: X),m = 1,2,
given by (4.7), and f;(Y; X) by

R X) ==V (AVXA+ A (VX))A'VY,) = V- (3,(AA)VX). (2.60)

With the energy estimates obtained in Theorem 2.3, we can work on the time-
weighted energy estimate for the solutions of (2.40).
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Corollary 2.1. Under the assumptions of Theorem 2.3, we have

1 1te _
€0+ 1Xe, 500 1 + 102V Xl 241y < Cell(0) T 1DI7 gl 24 B (Y),
(2.61)

and for N > 1,

1
En +I(Xe 333001y + K0TV Xl 2w

1+

1te 1te _
< e (1605 gl 2, + Vo1 O E DI gl 2 ) ) Ee (). (2:62)
Proposition 2.7. Under the assumptions of Theorem 2.3, we have for N > 0,

IVXilin < Cen(IDI T gligen2 + IVY IIy211 D1 gllise.2)
lte lye
+C£,N(”(t) 2 gHLIZ(HN+1)+V8,N+2(Y)”<t) 2 |D| lg”LtZ(Hl)

Ite Ite -1
+IVY llo,n42(I140) 2 82y T ve2(MI) 27 |DI glng(Hl)))Ee(Y).
(2.63)

We emphasize that the decay estimates (2.63) cannot be obtained by energy
estimate. In fact, we will have to exploit anisotropic Littlewood-Paley analysis and
the dissipative properties of the linear system (2.1). The proof of Proposition 2.7
will be presented in Sect. 7, which is of independent interest.

Let us summarize that under the assumptions (2.41) and (2.55), and assuming
2
3

4 2
BY1] L, IB3Y I o FIY R+ Kl < 1. (2.64)

L2(L?)

we have the following energy estimates: for N > 0, (we make the convention
lullk,—1 = 0)

1
EN + (X0, 3X)113 iy + 12V Xl 2y + IV Xl v -1
_ I+e - 3

< Ce,N(“|D| elligener + (1) 2 glng(HN)+y€,N+1(Y)(|||D| Lelliten

(2.65)
e =1 .
+ 10 F DI gl 2 ) ) with
Ven+1(Y) <C(1+ 103Y 11 4o gyt Yilieni2 + VY lon41 + IVYllo,n+1)-

In Sect. 8, we shall present the estimates to the nonlinear source term f(Y)
given by (2.25).

With the preparations of the previous sections, we can now exploit the Nash—
Moser iteration scheme to prove Theorem 2.1. In order to do so, we first recall some
basic properties of the smoothing operator from [19,20]. Let x (1) € C*°(R; [0, 1])
be such that

, x(@)=0fort > 1.

N =

x(@)=1fort <
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Define for 6 > 1, the (cutoff-in-time) operator

SOOY @ = x (). (2.66)

Then we have
ISVOY ey < Crs0* Y sy, if k=520
and
(1 =SV @)Y [sn < Cs0 C Yy if k=5 >0.

For 6’ > 1, we define the usual mollifying operator ) (#’) in the space vari-
ables by

D
5@ a0 Eo(F)ran =7 [ 066 -areae e

where p € S (R3) satisfies

@) = 1for || < % P() =0for|&] > 1,
so that
/RS p(ndy =1, /Rs Yeo(y)dy =0, V|a| > 0.
‘We then have
1SPOY kv < Cnm @) MYy if N =M >0,
as well as

(1= 8SP@)Ylkm < Cym@) " Ny y ifN>M=>0.
Define the operator

50,6 & sO@)s@ @), for 6, 6/ > 1. (2.68)

Then it follows that
150, 0N Y kv < COFS OV MY |5 u,
1) S (6. 6"l Lp s (2.69)
< CO @O MY gl pr gy if k=5=0, N =M >0,
Moreover, due to

1-50,0)=(1-5Y®)+sP©O)(1-52@©)),
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one has
(1= 8,0 Y|sm < CO* Yy +CO) VY|,
16y (1= S0, 0)) gl L ggry < CO™C V10N gl o gymny (2.70)
—(N-M
+CO) NN gl vy
provided thatk > s >0, N > M > 0.
Let us denote

o) Ey, — Ay, — 82y — F(v)

for f given by (2.25). Then we can write (2.1) equivalently as
o) =0, Y(0,» =Y r,0»=r" @.71)

We aim to solve (2.71) via a Nash—Moser iteration scheme in Sect. 9.
Let us define Y via

3 Yo — A3 Yy — 33Yy = 0,

2.72
Y0(0,y) =Y, 9,¥5(0,y) = vD. (2.72)

Inductively, assume that we already determine Y. In order to define Yp 1, we
introduce a mollified version of ®’(Y),) as follows:

LoX /5, y,)X = X\ — AX, — 82X — £/(S,Y,: X).  (2.73)

where S, is the smoothing operator defined by

Sp=S(0,.0,), with 6, =27, 6, =65=2" and p=>0, (274

where S(0, 0’) is defined in (2.68) and £ > 0 is a small constant to be chosen later
on. Then it follows from (2.69) and (2.70) that

1S, Y kv < CONZO N1y y
”(t)kSpg”L,z(HN) < CGI];—SQE(N—M) ”(t)xg”L,Z(HM) (ST)
1S el 15,y < COTY gl L1 5.
and
(1= S loo = Cn (6,5 1¥ k0 + 6,V 1Yo )

1) (1 = Sp)gll 22y < Can (9;<k—s>||<t>kg||Lg(Lz) + 9;5N||<r>sg||Ltz(HN))
(S 1D

fork >s >0, N > M > 0, where the norm || - |||L,‘(6,N) is given by (2.39).
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Remark 2.2. According to Remark 4.1 below, we can write
f/(Spr; X) = fé(Spr; X) + f]/(Spr; X) + fz/(Spr; X)
where
f(;(Spr; X) = FéyU(SpVEJ,Yp, S,VY,) VX, + F(;’V(SPVB,Y,,, Sp,VY,)) VX,
F1(S, Yy X) = F{i(SpdsYy, SyVY )33 X + Fly(S,03Y,, S,VY,)VX,
fé(Spr; X) = F{,(S,,a,Y,,, SpVYp) X, + F‘//(SPB,YP, Sp,VY,)) VX,
where the functionals Fjj, F" will be presented in Remark 4.1.

Following Hormander’s version of Nash—-Moser Scheme [18] (see also Klain-
erman’s seminar papers [19,20]), we define

Ypr1 =Y, +X, with X,=L)"¢g, (2.75)

where L;l isarightinverse operator of L , with zero initial data, thatis: X = L;l &p
solves
L,X =g, with L, given by (2.73),

(2.76)
X(0,y) =0, X,(0,y)=0.

In order to prove the convergence of the scheme, we define

def def
¢, = (¥'(Yp) = Lp)Xp, ) T ®(Ypy1) — D(Yp) — @' (¥,)X,, and
ep Ee, vel. 2.77)

from which we infer
D(Ypi1) — B(Y,) = Q' (V)X + ¢y = '(¥Y,)L,'g, + )
= (DY) — Lp)Ll:lgp +gpte,=e,+e,+gp
As a result, it turns out that
14
O(Yp41) — DY) =y +gp and SXpy1) — Do) = Y () +g)). (2.78)
Jj=0

To achieve that the above limit is equal to —®(Yy) as p — oo, we set

p p—1
3 g+ SpEp = —S,0(Yp) with E, £ Y e, (2.79)
Jj=0 j=0

The last relation defines g, as follows:

go = —3S80P(Yp), and

(2.80)
gp=—(Sp = Sp—DEp—1—Spep—1—(Sp = Sp—1)P(Y0).
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Remark 2.3. By virtue of Remarks 2.2, 4.1 and 4.2, applying a Taylor formula to
(2.77), we have

1
e;’:_/o " (sYp 4+ (1 —9)S,Yp: (1 — Sp)Yp, Xp)ds, and

1
e; = —/(; (1 —s)f”(sY,,_H +(A=9Y,: X,, X,,)ds,

where f” should be understood in the way explained in Remark 4.2. Then we have

ep=epot+ep1+epr, Wwith e, def e:,,,m + e;’m and
1
def
e;),m = _/0 rZ(SYp + A =95)8pYp; (1 =Sp)Yp, Xp)dsv (2.81)
def !
—— —/0 (A=) (Yp+5Xp; Xp, Xp)ds, m=0,1,2.
Let us fix the small constants ¢, € and § > 0 so that
g < 1 cS—i—5_<1 5+ +4_<1 (2.82)
£ < —, £ < -, & £ < -—. .
- 20 4 4
Let us take
L _; B ! + £ (2.83)
= - — 8’ = — 8’ .
V=3 4
and Ny € N is chosen such that
1
eNg > 5= y + B. (2.84)

In Sect. 9, we shall inductively prove the following statements:

Proposition 2.8. Let §1 > 0 be determined by Propositions 2.3, 2.4, 8.1, 8.2, 2.5,
2.6 and Theorem 2.3. Then for the constants B, v, Ny, €, € and & given by (2.82—
2.84), for any 0 < N < Ny, we have

DI @3 Xp 8 Xp) g yya + IVXpllov+1 + 1B X p, 35X )1 vy

1
13X pl 2 vy + [ @3 X (02VEX )| 2 gne (P1, p)
+ IV Xyl vt <o, PHEN

and
5%yl <00y T Sk,
0 X plen <oy TOTTTN s <k < % —s, (P2, p)
X pliy < nop "N if 0<k< %
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and

VY,
LOC

2
t BZ.I

Gy <0 VYL sy <1 18 Ypleo < 1. (0¥l < 1.
(+) ()

: :
0511, 105

2
L,Z(Lz) + |83Yp|%_i_&1 + |81Yp|1+6,2 <1

(P3,p)

Recall the convention that ||u|[x,—1 = 0. We shall deduce the following propo-
sitions from Proposition 2.8:

Proposition 2.9. Under the assumptions of Proposition 2.8, we have, for N > 0:

k—t—y+4EnN . 1 1 _ _
[Sp+193Ypr1le,ny < Ck,NU9p+12 v if k> 5 k — vt EN > &,
1Sp10Yptlin < Connfy V7N ip ks 18 k- (1 - 8) - y+EN2E,
[Sp+1Yprile, Ny < Ck,NUGI;:_)l/+8N if k>0, k—y+4+&N>Eg;
D @)
def -1
Apit = [IDI7'Sps1(33Y ppi, 31Y1’+1)”0,N+2 +1Sp+1VYpt1llo,N+1
+ 1Sp+1(0: Ypt1, 33Yp+l)||%,N+1
1 ..
+ [ Spa183Y pat ()2 Sp 1 VOV p D 12 vy (D) (i)
T USp+10tYptill 2 gv+2y + USp+1 VY pralln n—1
<o {TN i —paEN =&
1 1 _ _
[Sp+103Yprile,n < Crnn  if k= 5 k— 57V +&N < —¢,
ISpr10Yprilin < Conn ifk=1-8 k—(1—8)—y+iN<—5 (DO
[Sp+1Yp+ile, N <Ck,nn i k>=0,k—y +EN < —¢;
App1 <Cyn if —B+EN < —&; () (ii)
k—t—y4EN 1
[(1 = Sp+1)03Ypr1le,N < Ck,Nn9p+12 if 5= k<1, N < Ny,
k—(1—=8)—y+EN . 3
(1= Sps0)dYpriln < Cennblyyy 7N 15 <k <3 -6, N <N,
k—y+&N . 1
(1= SpeD)Yprlin < Connb ) if0<k<2, N<No
(IID)

Proposition 2.10. Let e, g, and Ry ¢(g) be given by (2.77), (2.80) and (2.38)

d
respectively. Let o =ef% — 8 — & > 0. Then there holds the following:

(1) Estimates for ep:

1 _ k+5—y— e(N+3) .
I 2 1DI el 2 vy S 0?0 T TN o<k <o 0= N =N -2
(Iv) @)
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—y—pB+E 1
DI epllisier SnPey 7T PEEED o<k < S 5 N < No -2,
(IV) (i)
1 —y+E(N+5 .
) Zepll 25 5y S 02057 TN if0O<N <Ny—6; (IV) (iii)

(2) Estimates for gp41:

1 _ k+5—y—B+e(N+3) .
Y 21D gl 2ggvery < CrP0y 0y 7P >0, N > 0,
(V) (i)
_ k+8—y—B+e(N+2 . ..
DI gprt ik vt S 0?0,y 7 PHET? ifk=0, N >0, (V)i
—y+&e(N+6 . - _
lgp1ll 1y < Cn?0, 7N if —y +EN +5) > & (V) i)
i (N) r+
gpilll vy < Cn205 4, if —y +EWN +5) < & (V) (iv)
(3) Estimates for Ry g, (gp+1):
3—V+EN - _ .
RN 0,1 (8p41) < C?02 1" if —y +E(N +5) > &, (VD) (i)
1
R0, (gp1) < Cn?02. . (VD) (i)

The following interpolation lemma will be crucial in the proof of the above
propositions, whose proof is exactly the same as that of Lemma 6.1 of [19], of
which we omit the details here:

Lemma 2.1. (Interpolation lemma). Let p € [1,+o00], 6 > 1 and & > 0, which

satisfy
B>¢& ko—B>e, —B+eENg>c¢.
Assume that u € C*°([0, +00) x R") satisfies

el g2y < CO7P,
O ull o vy < COPHEN | for0 <k <ko, 0 < N (2.85)
< Ngpstk—pB+eN >c¢.
Then forall 0 <k < ko, 0 < N < N,

k k—B+eN
IIt) u”Ltp(HN) =< Cko,Noe p+é .

Finally with the previous propositions, we shall prove the convergence of the
approximate solutions constructed by (2.75) in Sect. 9.4, and this completes the
proof of Theorem 2.1.
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3. Decay Estimates of the Linear Equation

3.1. Decay Estimates for the Solution Operator

Following the strategy in [19,20], we first investigate the decay properties of
the solutions to the linear equation (2.31) with )y = 0 and Y| = Y;. By taking
Fourier transform to (2.31) with respect to y variables and solving the resulting
ODE, we write

1
Y, ») =T, DY with T, 6= (2O — M ®) 3.1
A2(§) — 21(8)
where A1(§) and X, (§) are given by (2.2).
Proposition 3.1. Given § € [0, 1[ and N € N, there exists Cs,y > 0 such that
there holds

BT (OY1]1,y + 3T (OY1]3 y + [T (O35 x + TOY1]1
< Cs.n | (IDIP Y1, DN YD| 0 (3.2)

Proof. The estimate (3.2) for general N € N follows from the case when N = 0.
Due to the anisotropic properties of the eigenvalues A1 (£), A2(£), we shall split the
frequency space into two parts: {£ € R?: &2 > 2|&] Jand {€ € R® : €)% <

2)&5] }. When [£[? > 2[&3], let us denote a(6) = /EL' — £2. Then we have
g1 g
/\I(E)——T +a(§) and )»2(5)——7—05(5),

and we write

i ae) L= e

P )igpsie =€ a@®)  LkP=20s) 3.3)
When [£[2 < 2&], let us denote A(&) %= /&2 — £ Then we have
HE HE

ri(é) = -5t if(§) and 12(§) = -5 iB&),

and we write
—Lig)? sin(zB(§))
BE&)
Next we handle the estimate of (3.2) term by term, below.
eEstimates of ||03)(t) || L~ and ||a32y(t)||m.
In view of (3.1), we deduce that

1:V(®)lle < IT(t, )& V1)1

I(, €)1|g\2<2|§3| =e 1|§|2<2|§_—3|. (3.4)

. —t(ﬁ—a(é)) 1 — 6_21‘)[(5) o~
- /mzsz ¢ 2w BN@Id (3.5)

! /IEP 2 |e£szw|g3ﬁ@|d§ Lt b
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It is easy to observe that

lg 12 | — e 22(®)
I = +/ ) (fa) L= S
: </§|23 9> |£2>2&3] ¢ 2“(5) |‘i:3 l(é)l S

dat)
/§| %e {5 a(g))l—@ﬂl(é)ldé

and

2a(€)
g
—t
~ AU 1&]

< lEPT oo/ e 2 T® de

P e ) EP

% 1
< 20EP T 1 / ereote L G s cospdedr
ryr2 —4cos? ¢

< Cllle] Y1||Loo/ / — L wa

<) MDPYI -

Exactly along the same lines, we have

(1 a) L e o
/;>|g|2>2536 2 iy ®)108

<2|||s|Y1||Leo// ereote _SMOCOSD g, gy
2cos ¢ Vr2 —4cos2¢

v r
sC|||$|Y1||Loo/ e—"/ " g
0 2T V2 -4t
<) IDIY Il 1.
This proves
o=y "Dl + 1DPY ). (3.6)

The estimate of /> is much simpler. By virtue of (3.5), we have

2cos ¢ 1
Iz<2|||é|Y1||Loc/ / i T g cosor s
COS r
> _1,2 (3.7)
52|||s|Y1||Loc/ e z’r/ L
0 2 VAt —r2

< C{) " IDIY I 1

dr dr

As a result, we achieve

133V e < C) " (I1DI Y1l + 1IDIPY1 ). (3.8)
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Along the same lines as to the proof of (3.8), we infer
195V (0)]l o

1
< 2|||§‘|4Y1||Loo/ / eI’ $ \/4—z¢sm¢cosz¢d¢dr
cos

1 2g] Y1||Loof f preostg SINPCosP S“‘"’COS o ardg
2cos ¢ VT 40082¢

) 2cos ¢ _er 1 5 5
+ |||5|Y1||Lc>o 2sm¢>cos ¢r?drde,

4cos2¢p —r

so that for ¢ large enough, there holds

193V(0) I
1 45 tcos 1cos” ¢ 1 .
=Ct~ 2 |||§| Y1||L°O \/ﬁsmqﬁcowﬁdfﬁdr
— 4 COS

rz.os reos2 ¢ s1n¢cos¢
+ gl Y1||Loo/ / _SMG0SD 4y ap)
200§¢ VT 4C0$2¢

-~ t..2
+ €T oo/ ¥ r2/ ' aan
T = VAT —r?
This gives rise to
_3
13Vl < C{) 2 (DI Y1l + 11D Yyl L1). (3.9
eEstimate of 10; Y (t)| .
It follows from (3.1) that
S (2@e™® — @)™ ®),
(&) — A1 (&)
so that one has
e (2 &2 1 — e 2e®)
ULt ) gz =€ (Fre®) _ (% a(s))( —e®)
(3.10)

161* sin(tB(£))
2 e

It is easy to observe that for any d € [0, 1],

BT (1 )Ly = € 27 (— +COS(tﬂ(E))> :

_Lig2, & -~ _ g2
/ il |Y1<s)|dss|||s|28Y1||Loo/ &7 P51 dg
R3 R3

_(3_
<o )y ppoyy .,
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and
IR
/ e 251y (8)| de
R3
< |||s|23ﬁ||mo/ |$|_23d$+|||$|4171||mo/ £ d
£l<1 E]>1
< (DYl + 1IDI*Y1 ).
This leads to

g2, ~ —(3-
/R3 PRI < o ) DPrIL + 1D L),

While similar to estimates of (3.6) and (3.7), we infer
2

/ e_l% g32 1— e—ZtC\t(E) |ﬁ(€)| ds
€22 a0

o _ IY1(5(r, 0, )|
2 1005’ ¢ drdo d
= / / /;cos¢ ¢\/ —4cos? ¢ snordr ’

1-25

~ r
52|||s|25Y1||Loo/ v 2[\/7drdr

+2|||é|2ﬁ||po/0 ; drde

ftrﬁ/

3 r«/r2—4r
=3(ID1?y DY

<)y 2(IIDI*Yill + DYl 1)

and

_L|g| |§3|
4 IY (&)d&
/szsms,u T B®

~ T 2sin¢gcos 2e089 o
< 20lIE1P Y1 Iz = e~ 5712079 4r dg

Vacos?p —r? Jo
—(3_s ~ —(3_s
<C{t) € )|||s|25Y1||Loosc<r> € )|||D|28Y1IIL1-

Hence by virtue of (3.10), we obtain

—(2_s
18Ol < ciry G )(|||D|2‘3Y1 I+ ID* Y1l ). G.11)
eEstimate of | YV (¢) || L.
Note that
i e
// drdf</ei (r —21)"2drdr < C(1)72.
27 V2 — 472 0 T
We find

2 _2ia(®)

(8 a@) Lo e o
/gz>2|g3,‘f ra €)1
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< fZ/ZN /OO ooty NG 6, )] r?sin ¢ dr do d¢
- 2cos ¢ %r\/m

f
— clgt Y1||Loo/ / e
2t 4‘L'

~ 2
+C|||5|2Y1||Loo/ e—”f L gar
0 3 ra/r?2 — 472

_1 1
<) 2(IID1Z Y1l + 11Dl ).

Similarly, we have

(62 sin(@B(§))
Y d
/§|2<2|§3|e 2 8@ o V(E)|dE

200s¢ i |)71(§(V,9,¢))| 2 o
g2 MECO DN 5 g
I ¢42—¢-2 e

<l Y1||Loo/ 37 / e
/2 412
<) D,

As aresult, by virtue of (3.3) and (3.4), it turns out that

1Y@l < C6y 2 (I1DI2 Villzs + 1D Yill). (3.12)

Then (3.8), together with (3.9), (3.11) and (3.12), imply the estimate (3.2) for
N=0. O

Lemma 3.1. For N € N, there exists C > 0 such that for t > 0,
I AQT (Y1l oy < Cnll¥illy
and [tVST(OY1ll o gvy < CNIIY1 N1 (3.13)
Proof. The two inequalities of (3.13) follow from the claim that

11§|

2 007 00
tlE|co,I'(t, &) e L77(LgY), and
128,71, &) € LY(Lg e

—1&’T'(t,€) € L°°(L . (3.14)

(1) When |£|? > 2|&3|, we separate the proof of (3.14) into the following two cases:
o If «/T§|§|2 <|&| < %Iélz, we deduce from (3.10) that

kR

T+ EPD,

53

r 1 =¢
B O 5 ey <gjep! =€

—t

2 P 2 ,—ctlés]
<téie 2 1 Ct
p S 183 Blep<ig<) 1gpl = Cré3e

63T, S)lf\swzﬂé <1l
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As a result, we have

2 <
SO O o ey e = € and

1§

2
T B TEO S o e < €

o If &3] < Y2|£[2, then '54‘2 <aE) < % we deduce from (3.10) that

12 £2
. &)1 < el \s|2 3
BTN, e <e T te e
& &
g TEp £2 e
IO, _p,p<—me 70 <Cog=i—e T,
3 B1< R = o) LG
so that there holds
2
HERIOT (L O, y5., < tEPe™ T +re ‘tmz 3 <cC,
&3 1< 2 | HE
t|&]

2
I 6)1 .
T BT =€

(2) When |£]? > 2|&3], we infer from (3.10) that

2
10T (t, )L gpagyey <€ 2 (EPPE+ D),
which implies
HEP19,T (2, ) ponjey | < C.

To prove the second estimate of (3.14), we further divide the region {|&|> > 2|&3|}
into two parts:

o If |‘§|2 < \/§|§3|, then we have |§2—*| < B(&) < |&s], and it follows from (3.4) that

2 r 1 <C _t% = < ;
EITE O e ey = Clésle N TSV

e When v/3|&3] < €| < 2|&3], we have

EIT O fre epajey = Crlésl?e ! <

By summarizing the above estimates, we obtain the second estimate of (3.14). This
completes the proof of Lemma 3.1. O
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3.2. Energy Estimates for the Linear Equation

Lemma 3.2. Let Y (t) be a smooth enough solution of the linear equation (2.31)
with initial data (), Y1). Then for any N € N, there exists Cy > 0 such that there
holds (2.33) and (2.34).

Proof. Taking the L2-inner product of the equation (2.31) with ), and ), — A—IL AY—
AYy, respectively, we get

1d
Ea(ny,n% +18V13) + IVV3 =0

and

4 13}2 »Y|I? lAyz l(yAy)
3 (ST + 1BV + ZIAVIG — 7D AY) 2

3 1
+ IV + 1AVIIG + ZIVa VI = 0.
Integrating the above equalities with respect to 7 gives rise to

1 8Dz + I8Vl 22 < 1330, Y0)llo and
1 Dty + 1AVl zeqazy + IVl 2y + IV Dl 212,
< (@Yo, P + 1AVollo)-

This proves (2.33) for N = 0. The general case with N > 0 follows similarly.
To show (2.34), we first get, by taking the H" -inner product of the equation
(2.31) with )4, that

d
5 3 (AR + 18sD113) + VI3 =0,

so that for any nonegative f(t) € C 1[0, oo[), we have
d
= (FOUPIR + 18VIR)) + 20 OIVHIR = F O + 19:V13).

Taking f(#) = (¢) and integrating the resulting equality over [0, 7], we find

t
OV O3 + 133V 1) +2 fo IV )Ids < 1330, VDI
(3.15)

t
i / (I3 + 18513 )ds.
0
However we have from (2.33) that

IVl 2y + 133Vl 2y < Cu (D17 @30, VDIt + 1VD0llv).

which together with (3.15) ensures (2.34). O
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Recall that V(1) = I'(¢)Y is the solution to (2.31) with initial data (), V1) =
(0, Y1), so that one can deduce estimates for the operator I' from the energy esti-
mates (2.33) and (2.34). Indeed, combining (3.13) with (2.33) gives

) AD T ()Y [l oo vy + INORT O Y | oo zany < CylIYillng2.  (3.16)

Let us remark that

T s[|?<s>|ds S/m 1|s|‘-|s||?<s)|dé+/ E172 - 52T () e

g1>1
< CUIDIY 2 + IIDPY |l 2) < CIIDIY |y (3.17)
Summarizing (2.33), (3.16) and (3.17) then leads to

Corollary 3.1. For N > 0, there exists Cy > 0 such that

IT @Y1l oo wnioey < ChllIDI™ ' Y1lIng2.
103 () Y1l 2wn.ey = CNIYTIIN2, (3.18)
()3 T (DY 1] oo wivooy < CallIDI™ Yl vss,

where ' (t) is the solution operator given by (3.1).
Now we are in a position to complete the proof of Proposition 2.1.

Proof of Proposition 2.1. (2.33) and (2.34) are already proved by Lemma 3.2, so
it remains to deal with the estimates of (2.32) and (2.35). As a matter of fact,
according to the definition of the solution operator I'(¢) given by (3.1), we have

Y) =0,I®)Vo+T @) — Adb), (3.19)
from which, with (3.2), we infer that for any § €]0, 1[ and for N € N,
10311 n +19: V15 5y + V11§ = 18390 Volinv + |3,‘2F(t)y0|%_5,N

HATONol1 y + Cn (1D (AYV0, YDt + 1IDIVFHAY. YD)
(3.20)

Notice that 32T (1)Vo = A3, T ()Jo + 332F(t)y0, so we get, by applying (3.2) once
again, that

1939, D) Vol1.n = 18T ()33Yol1,x < Cy(I1D1FP Vol + DIV #3201 11),
97T OVol3_5 y < 1AGTOV0l3_5  + 15T OV0l3

= Cx (1D Yol + DIV Wol. ).
TVl = Cv (11D Vol + 11D W0l ).

Inserting the above estimates into (3.20) leads to (2.32).
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Finally notice that Aafr(t)yo = A%, T (Vo + A832F(t)y0. Then by virtue
of (3.16), we deduce

IO A Y (D)l Loo vy = ||<I)A3,2F(l)yollL;>0(HN)
+ [{0) A T @) (V1 — AVo)ll oo vy
< Cn (1AM lIn+2 + 1(AV0, YD lIN+2) -

This proves (2.35), and thus we complete the proof of Proposition 2.1. 0O

3.3. Decay Estimates for the Inhomogeneous Equation

Proof of Proposition 2.2. In view of (3.1), we get, by applying Duhamel’s prin-
ciple to (2.36), that

t
Y(t) = / T(t — 5)g(s)ds. (3.21)
0

In what follows, we shall present the proof of (2.37) term by term.
eDecay estimate of 93Y.
We first separate the integral in (3.21) as

t

Y (1, y) = / BT (1 — 5)g(s)ds
0

/2 '
= f sl (t —s)g(s)ds + / a3l (t — 5)g(s)ds.
0 12

We deduce from (3.8) that
1/2 )2
<r>/0 57 — $)g(5)],, ds < cN<r>/0 (t = 5) " DI )42 ds

t/2
< Cy fo D1l 1245 <ClIDIgl 1 gy sa-

Meanwhile, it follows from the second inequality in (3.18) that
t
(t) / |30 (1 — 5)g(s)] ds
t/2

! ) 3 Lol
=0 ] 18 lads)” = COTNN gl zm
t

Hence we achieve
1 1
0¥ 11w < Cn (IIDlgllasary + 0710 gl 2gneny) - (322)

eDecay estimate of Y;.
Noticing that I"(0) = 0, we have

t

' 12
Y:(t) = / o' (t —5)g(s)ds = / 0:I'(t — s)g(s)ds +/ o:I'(t — 5)g(s)ds.
0 0 12
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It follows from (3.11) that
5 t/2
<r>f*’3/0 |87 (t — 5)g(5)| v ds

35 12 *(%*3) 28 4
= Cn(1)? A (t —s) (D1 gy + D g (s)lly)ds
< Cn(IDIPgll i wmay + 1Dl 2 ymny)-
It follows from the third inequality in (3.18) that

3 ! ! 3
<t>r5f |atr(r—s>g(s>l,vdssf (t =)' DI (o) lIv43is) 2 0ds
/2 /2

L _
< Cnlog(O)[146)> 1Dl gl oo v+
< Cylog(6) | |D|_lg”%ﬂs,N+3'

As a result, it turs out that
Yil3 5y < Cw ((|||D|25g||L;(W~,1) +IID el )

+ 10g<9>”|D|_1g”§_5’N+3> .

2

(3.23)

eDecay estimate of Y.
As in the previous steps, we first split the integral (3.21) into two parts. For the
integral from O to 7 /2, we use (3.12) to deduce that

L[t
(12 /O [T —5)g(s)] yds

12
< ()2 /0 Cnit — )2 (D128l + NDIPg()lly)ds

1
< Cn (D128l awmry + NDPel i) ) -

For the integral from ¢ /2 to ¢, we apply the first inequality of (3.18) to get

t
(1)? / TG = $)g(s)]  ds
t/2

t
< cNWf 11D g(5)lln+2ds
12
! 1 2 3 ! ! 1
< CNU)(/ DI~ g(S)||N+2dS) < CnO2|[{t)2|D|™ glng(szz).
12
Hence we obtain

1
Y1y = On (D13 gl gy + 11DRgl Ly gy
(3.24)

1 1 —
+ 021(0)2 DI gl 2 gz, )

By summarizing the estimates (3.22), (3.23) and (3.24), we complete the proof of
237). O
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4. The Derivatives of f Given by (2.25)

4.1. Computation of f'(Y; X)

The goal of this subsection is to derive the linearized equations of the system
(2.1-2.25). We first decompose the pressure function p given by (2.25) as p =
p1 + pp with

P def — A div((AA" — Id)Vp,) + A—ldiv(Adiv(A(33Y ® 83Y))> 4.1)

Py & AV ((AAT — 1)V p,) + A*ldiv(Adiv(A(Y, ® Y,))). (4.2)

Let us denote

A% v, (A —1avyy), A AVp, and £ AV, 43
Then the functional f given by (2.25) can be decomposed as fo — f1 + f>.

Before proceeding, let us recall that for amap f : &/ — ), where U/ is an open

set of X and X déf C*°([0, oo[x R3; R3), the differentiation of f at Y € U/ along

the direction X € X is defined as

s x) 4 i LSO =T®) _d .
s—0 K ds

For f € C®([0, +00) x R*; M3,3(R)), g € C*°([0, +00) x R*; R3), we have
(fe)'(Y; X) = f'(Y; X)g(Y) + f(Y)g'(¥; X).
Then for A(Y) = (Id + VY)~!, we have
AY;X) = A-VX)A, and (A)'(Y;X)=A(-VX)'A", (44
and thus
(AA" —1d) (Y; X) = A(-VX)AA + AA (-VX)' A" 4.5)
As a result, we deduce that
A X)=v. ((AA’ —1d)(v; X)VY,) +V - ((AA' = Id)VX,)
=V (A AL + AL (—VX) A)VY,) (4.6)
+ V- ((AA" = IV X,).
Form = 1,2, we have

fn(¥5 X) = (AY' (Y X)Vp,(Y) + A'Vp,, (Y; X)

4.7
=-—A(VX) A (Vp,)(¥) + A'Vp, (Y; X). @7
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Moreover, it follows from (4.1) that

PLY; X) = A—ldiv( — (AA" — IV (Y X)
— (A(=VX)AA + AA(=VX)A")Vp,(Y)
+ Adiv((A(-VX)A)(33Y ® 33Y))
+ (A(=VX) A)div(A03Y ® 33Y))

+ Adiv(A@Y ® 33X + 03X ® 83Y))>. (4.8)
Similarly, it follows from (4.2) that

ph(Y; X) = A’ldiv( — (AA" — Id)Vp,(Y; X) — (A(-VX)AA
+ AA (=VX) A" )V p,y(Y)
+ Adiv((A(=V)A(Y; ® Y1) + (A=VX) A)div(AY; ® Y1)
+ Adiv(A(Y; ® X; + X ® 1)) ). (4.9)

The linearized equation of (2.1-2.25) then reads as (2.40).

Remark 4.1. Let V € C®(]0, +00) x R3; M3,3(R)) and U € C*®([0, +00) X

R3; R3), we denote i (V) dif (Id + V)~!, and

R, V) E V- (hHhvY = 1d)U),  FU, V) E hvyqW, V) with

q def — AN div((h(VR(V)' — 1d)Vq) + A‘ldiv<h(V)div(h(V)(U ® U))).

Then fo, f1, f» defined by (4.3) can be written as
fo=Fo(VY,, VY), fi=F(@@Y,VY) and f>=F(;, VY),
and hence f;, f{ and f; read

f(Ys X) = F} y (VY VY)VX, + F} y(VY;, VY)VX,
FI(Y: X) = F;(35Y, VY)3: X + F|,(33Y, VY)VX,
(Y5 X) = F,(Y;,VY)X, + Fy,(Y;, VY)VX,

where the functionals Fé’U(U, V), Fé’V(U, V), F/,(U,V)and F},(U, V) are given
by
Fu .0 =V - (kv = 1d)0),
FyU, V)V =V-(((WWV)V)hV) +hV)H (VIV))U),
FL,(U,V)U = h(V)'qy(U,V)U and F,(U, V)V = (k'(V)V)'q(U, V)
+h(V)'gy (U V)V,
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and
W)YV =Ud+ V) ' (=Vv)Ud+ V)™,
g, (U, VU = —A‘ldiv<(h(V)h(V)’ — Id)Vqy (U, V)U
—hV)div(h(V)U ® U + U @ U)))
gy (U, V)V = —A’]div((h(V)h(V)t —1d)Vq', (U, V)V

— (W(V)V)div(h(V)(U ® U))
— h(V)div((W' (V)V)(U @ U)) + ((h' (V)V)h(V)'

+ h(V)(h/(V)V)’)Vq).

4.2. Computation of f"(Y; X, W)

In order to estimate the error that has arisen in the Nash—Moser iteration scheme,
we need the second derivatives of f. Towards this, let us recall the product rule

(f)"(Y; X, W) = f'(Y; X, W)g(Y) + f()g"(¥; X, W)

1 ’ / 1 (4.10)
+ /Y X)g Y W)+ f1(Y; W)g(Ys X).
It is easy to observe from (4.4) that
A"Y; X, W) = AVX)AVWIA+ AVW)ANVX)A. (4.11)

Then applying the product rule (4.10) as well as (4.4) gives
(AA" —I1d)"(Y; X, W) = A(VX)ANVW)AA" + A(VW)AVX)AA
+ AL VX)L AT (VWAL + AAN (VW) A (VX)) A
+ AVX)AA (VW)Y A" + AVW)AA (VX)' AL
(4.12)

Recall that fj is given by (4.3); we deduce from (4.10) that

flY; X, w)=v_. ((AA’ —1d)(Y; X, W)VY,)
+ V- ((AA" = 1) (Y; X)VW;) (4.13)
+ V- ((AA" — 1) (Y; W)VX,).
Similarly, for f,,(Y) = A’V p,,, m = 1,2, we have

(¥ X, W) = (AN (Y: X, W)Vp,,(Y) + AV (p,,(Y: X, W))
4.14)
+ (A (Y X)V(p,, (Y W) + (A (Y; W)V (p,,(Y; X)).
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Then in view of (4.8) and (4.9), to obtain the expression off,;’(Y; X, W)yym=1,2,
it remains to calculate p), (Y; X, W), m = 1, 2. Indeed, it follows from (4.1), (4.2)
and (4.10) that
Pl X, W) = —A—ldiv((AA’ — IV P X, W)
+ (AA" = 1d)"(Y; X, W)V p,(Y))
+ (AA" = 1d) (Y; X)V pi (Y W)
+ (AA" — 1d)'(Y; W)V (Y; X)
- AdiV[A(33X ® 3W + s W ® 03X)
+ A"(Y; X, W)(83Y ® 83Y)
+ A'(Y; X)(03Y @ B3W + 03W ® 03Y))
+ A'(Y; W)(03Y ® 93X + 03X ® 93Y)]
— A'(Y; X)div[A'(Y; W)(3Y ® 03Y)
+ AY @ BW + W ® 03Y)]
— A (Y; Wydiv[A'(Y; X)(33Y ® 83Y)
+ A3Y @ BX + BX Q iY)]
—A"(Y; X, W)div(A(33Y ® a3Y))) (4.15)
and
LY X, W) = —A—ldiv((AAf — [V X, W)
+ (AA" — 1d)"(Y; X, W)V p,(Y)
+ (AA" — 1d)' (Y; X)Vp5H(Y; W)
+ (AA" — 1d)' (Y; W)V P4y (Y; X)
—Adv[AX; @ W, + W, @ X)) + A"(Y; X, W)(Y; ® Y)
+AY; X))V, W, + W, ®Y))
+ AY; W)Y X + X ® Yt)]
— A X)div[AY, @ W, + W, @ ¥)) + A (Y; W)(Y, @ Y))]
- A, W)diV[-A(Yt X+ X, Y+ AY; X)(Y; ® Yt)]
= A5 X, WiV(AY @ 1))). (4.16)
Remark 4.2. In view of Remark 4.1, f,;’ can be written as
oYX, W) = F yy (VY VY)VX, - VW, + FJ ;1 (VY,, VY)VX, - VW
+ Fyyy (VY VY)VW, - VX + Ff (VY VY)VX - VW,
(Y X, W) = Fj;;(33Y, V)X - 3W + F[jy, (837, VY) X - VW
+ Fyy(53Y, VY)VX - 3W + Fy,, (33Y, VY)VX - VW,
HY X, W)= Fjy(Y:, V)X, - Wy + F, (Y, VY) X, - VW
+ Fyy (Y, VY)VX - Wy + Fyy (Y, VY)VX - VW,
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where FétUU(U, VYU, - Uy = 0, and

FilyyWU. VYU -V =V (((h’(V)V)h(V)f + h(V)(h’(V)V)’)U)
=FjyyU, V)V U,
Filyy W VIVE = Vo = V- (" () Vi - VRV 4+ bV (V) - Vo)
+ (W VHVDH (V) + (h’(V)V'z)(h%V)Vl)’)U) with
W' (VYVy Vo = d + V)" (=V)Ud + V) (=Va)(Id + V)™
+Id+ V) N (=V)Ud + V)N (=V)Ud + V)7L
and
Fly (U, VU, - Uy = h(V)'q},, (U, VYU, - Ua,
Fly(U, VYU -V = h(V)' g}y (U, VYU -V + (W (VIV)' gy (U, V)U
= F), (U, V)V .U,
Fy U, V)Vi - Vo= (W' (V)Vy - V2)'qU, V) + h(V) g}, (U, V)V; - Vs
+ (W (V)VD)'q'y (U, VIVa + (W (VI)Va) ¢, (U, V)V,
where
g,y U, VU, - Uy = —A—ldiv((h(V)h(V)’ — 1d)Vq},, (U, VYU, - Uy
—h(V)div(h(V)(U; ® Us + Up ® Ul))>,
g}y (U, VU -V = —A’ldiv<(h(V)h(V)’ — 1)V}, (U, VYU -V
+ (' (VIV)R(V)' + h(V)(H (V)V)) Vg, (U, V)U
— (W (V)V)iv(h(V)(U ® U +U ® U))
— h(V)div((W (V)T @ U + U ® U)))
=4yyW. V)V U,
and
¢y (U, VIV -V = — A‘ldiv(((h’(V)Vz)h(V)’
+h(V)(H (VI)V2)') Vg, (U, V)V
+ (R(V)R(V)' — 1d)V g, (U, V)V) - Vs
— (" (V)Vi - Va)div(h(V)(U ® U))
+ (W VYVDR(V) + (V) (VIV))') Vgl (U, V)V,
— (W' (V)V)div((h' (V)V2)(U @ U))
+ (" V)V - VR(V) + h(V) (" (V)V) - Vo)
— (W (V)Va)div((h' (V)V)(U @ U))
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+ (W (V)V)H (VIVa)' + (0 (V)Va) (W (V)V))') Vg
— h(V)AV((R" V)V - V) (U @ U))).

5. The Estimates of f/(Y; X)

5.1. The Estimate of ||| f'(Y; Xllls. v

The main result of this subsection is listed in Proposition 2.3. As we explained
in Sect. 2, the main idea is to use the norm of the homogeneous Besov spaces By ,

to replace the norm of the classical Sobolev spaces W* ! In order to do so, we need
not only the product law (2.48), but also the following one:

Lemma 5.1. For any s > 0, there holds

labllz;, < € (min(lalolbllz; . lalolibllzy )+ lall 1Bl0) . (5.1)
Proof. We first get, by applying Bony’s decomposition [4], that

ab =T,b+ R'(a,b) with

T,b = Zsj—laAjb and R'(a,b) = Z AjaSjiab.
jez Jez

Due to the support properties to the Fourier transform of the terms in 7,0, we have

I1Aj(Tab)lr < Y ISj—ralolldpblly S dj27lalolibllgy

lj'—Jjl<4
where (d;) jez is a non-negative generic element of £!(Z) so that Y jendi =1
Along the same lines, we also have
1A (Tt = ) ISj—ralolldjbllo S dj2~lallolibl g
lj'—jl=4
and
1A;(R @, b))l < Y NIAjalollSj42blo
Jj'=j—No
< D> dp27 Nl Ibllo < dj2 7 lall g 18],
Jj'=j—No

where in the last step, we used the fact that s > 0. By summing up the above
inequalities, we arrive at (5.1). O
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Notice that A(VY) = (Id + VY)~!, so we write
AA" — Id = (A — Id)(A — 1d)' + (A —1d) + (A — 1d)",

A—1Id = Z(—l)”(VY)”.

n=1

Thus, under the assumption of (2.41), for s > 0, we get, by applying (2.48), that
IAf gy, S A+ IA=Ldlo fllgy + 1A= Ldlig [flo

(5.2)
SUfNay, + 1V g 1flo-
Along the same lines, we get, by applying (5.1), that
LAFllz S UF g +1VY g 1 fllo. (53)

5.1.1. Estimate of ||f6(Y; X)”Bfl In view of (4.6), we have

1A Xl < [A(VXA+ A (VX)) A'VY,|

B + [[(AA" — Id)vxt”léfj"
It follows from (2.41) and (5.1) that
I(AA" — LDVl gyt SAVY Mol VXl g + IVY ll gy 1V X flo-
While applying (5.3) gives
IIAVXAAIVY,HBW < ||VXAA’VY,||BW VYl gy IVXAA'VY o,
it follows from (2.48) and (5.1) that
||VXAA’VY,||BW S ||VX||0||AAIVY1||g;j1 T VXl gy IAA'VY, llo
S IIVXIIO(IIVYrIIl;;fll THVY gy IVY1o)
+ IV X1 g1 IV Yzl
so that it holds that
IIAVXAA'VY;II,_L;AIvjl S IVYelloll VX gy
+ (”VYt”B;ql + |VYt|0||VY||B;j1)”VX”O-

The same estimate holds for || AA"(—VX)" A' VY| zs+1. As a result, we obtain
1,1

13 Xy | = IVY N0V Xl gy + VY ]y 19Xl
11 2,1 2,1
+ IV ol VXl gy + (IVYell gy (5.4)
+ VY 154119 ¥il0) 1 VX Jo-
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5.1.2. Estimate of || f,, (Y; X)||Bf,|’ m=1,2 Inview of (4.7), we have
15 0Ny < 1A' (VXY AV gy |+ ATV (P, (Vs X0)
Applying (5.3) gives
A (VXY AV gy S IOV AVl + IVY g 1V AV, o,
AV (B, (Y XDy | S IV (24 (V3 0) 15+ 1YY g 1V(85, (Y3 0) .
Applying (2.48) and (5.1) leads to
VXY AVl S IVXI0UIV Py lzg, + IVY 15 1VPulo)
+1V X35, 1V Pwlo,
which yields
A (VXY AVl S IVPullol VXI5 + (19 Pl
+ IV I, 19 Pulo) IV X lo.
Hence we have
13 005 SIVPulolVX gy, + (1VPwll 5, + 1Y llg5, 1V P10} IV X o
IV (P (Y3 0)lg; + VY g 1V(P (Y 0o (5.5)
It remains to handle the estimates of
IVPullo: IVPulsy - IV(2n(Y: X))l and [V(p;,(Y: X))lo-

eEstimate of ||V p,, lo.
We first deduce from (4.1) that

IVpillo < |AA" = 1dolIV pillo + [Aloll A@3Y ® 331l 1

2,1

< [AA" = I1d|o|IV pyllo + IAlo <1 + 1A - IdIIB% ) 103 ® 33X [| 1.

Due to the assumption (2.41), one has

<4,

|AA" = 1dlo S IVYlo S IIVYIIB
1

3
p2
2,
so we infer

IVpillo S 193Y @ BY g S 13Y[olldzY 1. (5.6)

Similarly, we have

IVpallo S Yiloll Yell- (5.7



1056 WEN DENG & PING ZHANG

eEstimates of ||me||33 fors > 0.

. Indeed by (4.1), one has

1

We start with the estlmate of [Vp,l %
2

< I1AA —Idll 3 IVeall,

.1 21

from which (2.41) and the product law (2.48) infer

Vel

+ | Adiv(A@Y ® 33Y))]l 3

3
B2
2 BZ,I

IIVP1|I

NNL»

ST+ 14— Id|| 3 )||A(83Y ® 83Y)|| 3

1 21

SU+]A- 1d|0)||32Y®33Y|| + A = 1d||

3
B2
2

% % [33Y ® 03Y 0.
B;, B;

As aresult, by virtue of (2.41), it transpires that

IIVP1I| 3 S1sYlo(IsY1l 5 + VY]

21

a3 a3 103Y o) S 103Y [olld3Y ll3.  (5.8)
2 2

In general, for s > 0, we deduce from (4.1) that
IVPillzy, S IAA = 1dlolIVpyl g, + IAA = Idllz 1V Pilo
+ I Adiv(A@sY ® 037)) 15
from which, with (2.41), we infer
IVPillzg, S IAA = Idll gy 1V pilo + [ Adiv(A@3Y @ 331)) 135 -

It follows however from the product law (5.2) that

1 Adiv (A@3Y ® 83Y)) 1y, < 1183Y ® B3Y [l gt + VY |l 11 [03Y ® B3Y |

VYl (1Y 1183Y o + [VY 11337 [5).

which together with (2.41) and (5.8) ensures that

IVP1llgg, S 103¥10 (1937 gy + (IVY g, + IVY g [03¥ ) . (5.9)

Along exactly the same lines, we have
IVPall 3 < [YelollY:lls and (5.10)

3
B2
21

IVPallzg, S [Yilo (IIY;IIBW + (IIVYIIB;,I + IIVYIIB;jl)IIYtlh). (5.11)
eEstimate of |V p), (Y; X)|lo.
We first deduce from (4.8) that
IVPi(Y; X)llo S 811VPI(Y; X)llo + [A(VXA+ AVX) A'Vp |,
+ | Adiv(AVX.A@B3Y ® 33Y))llo
+ AV X Adiv(A@03Y ® 33Y))llo
+ | Adiv(A(B3Y ® 03X + 33X ® 03Y)) lo- (5.12)
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‘We observe that
IAVXAA VD llo S VX161V Pyl L3,

yet it follows by a similar derivation of (5.6) that
4 2
IVPi s SIAGBY ® 3Y)llwis S 183V 111837 s S 183Y 15 18:Y NG, (5-13)
so that
4 2
JAVXAA'Vp llo < VX6 Vpills S 185V G118 I IV X

Let us handle the remaining terms in (5.12). Indeed with the assumption (2.41), a
direct calculation shows that

[ Adiv(AVXA@B3Y ® 3Y))llo S IAVXIA@BY ® B3Y)]1 < 193V [FIVX]I1,
IAVX Adiv(A@3Y ® 3Y))llo S IVX [0l A@3Y ® 03Y)]1 < 193 [TV X lo,
[ Adiv(A@3Y @ 33X + B3X @ B3Y))llo S 133 ® 03X 11 < 103 11193 X 1.

Substituting the above estimates into (5.12) leads to
4 2
IVPL(Y: Xllo S (10515 1857 [l + 13V 1) IVX 1+ [93Y [1 183X (11 (5.14)
The same procedure gives rise to
4 2
IVPalls S1Yeli IYellgs  and (5.15)
4 2
IVPL(Y: X)llo S (115 1Y2llG + 1Y) IVX I+ 1Yl X (5.16)

eEstimate of |V p), (Y; X)||Bfl with s > 0.

For any s > 0, we deduce from (4.8) that

VPV X0,
< (AA" = 1)V ' (Y X)|

g HIAVXA+AVX) AV, |
+ [ Adiv(AVXA@B5Y ® 337))]

RS
Bl.l

+[ AV X Adiv(A@3Y ® 337)) |

By,
+ [ Adiv(A@3Y ® 83X + 33X ® 33Y)) [ s - (5.17)

s
Bl,l

It follows from (5.1) that
[(AA" — 1d)Vp (Y X)| B
SV Xl + VYl VP )0
Applying (5.2) and (5.1) gives
JA(VXA+ A VX) AV 5
SIVPilolVXlgy  + (”Vpl”[gi] TVl IVPilo) IV Xllo,
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and

| Adiv(AVXA@3Y ® 33Y))|

Bfl
S IVX gy IA@Y @ B3Y) o + [ VX ol A@Y ® 33Y)]|
IVl gy IVXllold3Y 15 + IVY g VX193 111937 fo
S 103X 1ol Y ol VXl gy
+ |33Y|0(||33Y||35ﬁ1 + (IIVYllg;jl + IIVYIIB;V,)|83Y|1>||VX||1,
Exactly along the same lines, we find that

| AVX Adiv(A@3Y ® 83Y))] 5o < 183X 10ll83Y 1l 71 1V Xl 5

I,
+13Y 0 (I95Y g0 + (VY gy + 1V Y 1 g DI0sY 11 )19 X o
and

| Adiv(A@B3Y ® 33X + 33X ® 33Y))|

By
S N9 Nollo3 Xl gyt + 1857 [l g1 193X o
T IVY [l ggr1193Y lollo3 X llo + VY [l g 193Y 11133 X 1

Substituting the above estimates into (5.17) and using the estimates (5.6), (5.8),
(5.9) and (5.14), we obtain

IVPY(Ys Xl < 01(05Y, 33X) with
def
g1@® ) = liellolinllzg+r + leo(llzﬁllollvxllgﬁl + ||2£|I1||VXI|3§1)

+ (¥l g1 + VYl gger + 1Y 1 gg leh) Il

+ 16l (I8l g1 + AUV Y g+ 19 g DIl IV
(5.18)

The same procedure gives rise to
IVPL(Y: Xl g Se1(Yr. Xo). (5.19)

Inserting the estimates (5.6), (5.8), (5.9), (5.14) and (5.18) into (5.5) form = 1
yields

I X0) gy | S01(83Y, 85 ). (5.20)

By inserting the estimates (5.7), (5.10), (5.11), (5.15), (5.16) and (5.19) into (5.5)
for m = 2, we obtain

1 X0) gy | Sa1 (Y, Xo). (5.21)

Let us now complete the proof of Proposition 2.3.
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52—
s2—s1°

Proof of Proposition 2.3. Note that fors; < s < sy ando = one has

1 1 @ l—a
Ifllg, <C (ﬁ + sz—_s) 1% 11
In particular, for s > 0, this yields
Il = C(Ifllo+ If 1l grsier) < CULS Niset- (5.22)
On the other hand, recalling (2.39), we deduce from (5.4) that
N foYs sy < IIVYIIO(IIVXz||322§1+1 + IIVXzIIBQTS)
+ (VY g + 19 1s) IV Xello + IV Y lo (19X W gzt + IV X yss)
+ (IIVYzllgzziﬂ VYl gyes + (VY 2z + ||VY||1';£/1+5)|VYt|0)||VX||O,

which together with (5.22) ensures (2.42). Along the same lines, we deduce (2.43)
and (2.44) from (5.20) and (5.21), respectively. This completes the proof of Propo-
sition 2.3. 0O

5.2. The Estimate of ||| D]~ f'(Y; X)|ln

The purpose of this subsection is to prove Proposition 2.4. We split its proof
into the following steps:

5.2.1. The Estimate of |||D| ™! fo¥; X)lly  We first deduce from (4.6) that
DI~ fo (¥ X)lln S ICAA" = Id) VX |y + [A(VXA + A (VX)) A'VY, |y
(5.23)
Applying Moser-type inequality and using (2.41) gives
ICAA" = Id) VX lIv S IVYIolIVXllv + VY INIVX o,
IAVXAAVY Iy SIVY ol VXl + (IVYiln + VY2 ol VY IN) VX o

Substituting the above estimates into (5.23) leads to (2.45).

5.2.2. L2-estimates for fm(Y; X) We shall divide the proof of (2.46) and (2.47)
into the following steps:
(i) Estimates of ||| D]~ £/.(Y; X)|lo.
By virtue of (4.7), we have
DI £, (Y X lo < [IDITTAYYX) A (Vp, )V, + | A VP, (Y: X)),
(5.24)

It follows from the law of products in Besov spaces and the imbedding LS R3) —
H~'(R?) that

DI A (VX)) A'Vp,llo < (14 14— Id]| 3 MVX) AVl
B3, (5.25)
< CIVXIlollVPul 3,
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from which, with (5.13) and (5.15), we infer
4 2
DI A (VXY A'Vpillo < Cl33Y 13 1857 Il IV X Ilo,
4 2
DI A (VXY AV psllo < CIY 1 1Y2llg 1V X Do

Similarly, we get, by applying the law of products in Besov spaces, that
DI~ AV pr, (Vs X)llo S (1+ A - IdIIB% IV o (Y5 X))l -1

2,1

To deal with the estimate of ||V p/, (Y; X) || -1, we deduce from (4.8) and a similar
derivation of (5.25) that

1P} (Y: X)llo S IAA" — IdIIB

S8

VP (Y5 X)) -1
1

S

FIVXII VPl + (14 1A~ 1d]

)

o

1
x (IAVXA@Y @ 93)lo

+IVX oIl Adiv(A@Y @ B3Y)]l,3

+ 143Y ® 85X o)

4 2
S8lpIY: X)lo + (103Y 17 193 g + I33Y|%)IIVX||0
+ 193 [olld3 X0,

which together with (2.41) ensures that
IP1(Y5 X)llo < <|33Y|§||33Y||§ + |33YI(2)> IVXllo+193Yolld3X1lo. (5.26)
Exactly along the same lines, we deduce from (4.9) that
P55 X)llo < <|Yt|§||Yt”§ + IYzI%) IVXllo+ [Yiloll Xello-  (5.27)

Inserting the above estimates into (5.24) leads to

4 2
DI AV X)llo S (I33Y|f l9sY g + |33Y|(2)) IVXilo +193Y[oll93 X lo.
(5.28)

42
DI~ £ X)llo S <|Ytll3 I1Y:lly + IYzI%) IVXilo + Y¢loll Xello- (5.29)

(ii) Estimates of || f,,(Y; X) |y« for k > 0. By (4.7) we have

1 Y5 Xl e < IA' (VX AV Pyl e + 1AV (), (Y3 X)) . (5.30)

e Estimates for || A" (VX)' A'Vp,, |l g«.
We get, by applying Moser-type inequalities, that

1A (VX) A"V p,, Il
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SIA VX s ID AV Pl + 1D CA (VX)) 16l AV Pyl
SIDE X oIV Byl + 19X o (1D Byl + DC AV Byl 3)

Here and in all that follows, we always denote that D¥ = > )=k %
In view of (4.1), applying Moser-type inequalities yields

ID*Vpy s < |AA = Id|o| DXV pyll s + |AA = Id| |V, 3
+ 1D (A@BY @ 857)) .5,

from which, with (2.41), we infer
ID Y pillps S IVY IV PyllLs + 1D (AGY © 337) 5.
It is easy to observe that

IDMH (A@3Y @ 93Y)) 1,3 S IIDMH (33Y @ 93Y) [ 3+ D*H Alplla3Y @ 37 || 5
S13Y [k 1103Y Ml 13 + VY [kg1103Y [oll93Y |l 13,
which together with (5.13) ensures that
. 1 4 2
ID*Vpills < <|33Y|k+1|33Y|8 + IVY|k+1I33Y|8> 1837 15,
and hence, we obtain
4 2
IA (V) AV pill g < 1BYITI3Y G IVXN it
1 4 2 (5.31)
+ <I33Y|k+1|33Y|8 + IVY|k+1I33Y|8) 103Y lig VXl g1

By the same procedure, we can show that
‘ 1 4 2
ID*Vp,lls < (IYz|k+1IYz|8 + IVY|k+1IYz|8) 1Y llg

and

4 2
A (VX)) AV poll gr < 1YY NG IV X e

1 4 2 (5.32)
+ (IYz|k+1|Yz|8 + IVY|k+1|Yz|8> 1Yellg VX g1

Furthermore, it holds that
1 4 2
IVpillwns < <|33Y|N+1|83Y|8 + IVY|N+1|33Y|8) 1337 [lg (5.33)
2

! 4 2
IVpallwys = <|Y1|N+1IYz|8 + |VY|N+1|Yt|8> 1Y llg - (5.34)

e Estimates of [ A"V (p),(Y; X)) || g.
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Applying Moser-type inequality gives

IA'Y (), (Y X)) e < IV(2y (Vs X))l e + [A" — Id1k IV (Pl (Y5 X)) llos
(5.35)

yet in view of (4.8), we have
IVPL(Y: X))l g
SIAA = IV P X))l g + IA(VXA+ AVX) AV, ||

+ [ Adiv(AVXA@®D3Y ® 837)) Il ge + AV X Adiv(A@3Y ® 93Y)) |

+ | Adiv(A@B3Y ® 33X + 93X ® 3Y)) | .
It follows from a similar derivation of (5.31) that

4 2
IAVXAAV py |l ge < 183Y [ 183 Y 1§ IV X || e
1 4 2
+ (183Y k41103Y | + IVY kg 1183 Y 1§) 183 Y I IV Xl 1.
and we get, by applying Moser-type inequality, that
ICAA" = Id)V p\ (Y X) |l e < C81IVP(Ys Xl ge + VY IV pL(Y5 X)llo

and

[ Adiv(AVXAD3Y ® B3Y))|l g«

S 1Y GIVX I et + (195Y k1103 o + VY 11103 Y 15) 1V X llo
and
IAVXAdiv(A@3Y ® B39)) [l gx S 103Y [1103Y (ol VX |
+ (103 [e41103Y o + IVY|k+1|33Y|(2))|IVX||0,
and finally,
[Adiv(A@3Y @ B3X + B3X @ B3Y)) |l gi < 103Y 101103 X | e
+ (193Y [k1 + VY k41193 Y [0) 193 X Nlo.-
As a result, by virtue of (5.14), we have
IVPL(Y; X))l e < 92(83Y, 33X)  with
def 4 2
Ry = (K Illg + 1) VX st + IVY Len VX D) + [elolnll e

L2
(el + VY gt lzl) ol + el (1215 Tzllg + [elo) IVX 1. (5.36)

Substituting the above estimate and (5.14) into (5.35) for m = 1 shows that
A"V (P} (Y: X)) || j« shares the same estimate as above.
Similarly, we can show that

IVPL(Y; Xl e S g2(Yy, Xo). (5.37)

Substituting the above estimate and (5.16) into (5.35) for m = 2 shows that
A"V (p5(Y; X)) |l g« shares the same estimate as above.



Decay of Solutions to 3-D MHD System 1063
Let us now turn to the estimates of || f{(Y; X)|l g« and || f5(Y; X) |l gx. As a
matter of fact, by inserting (5.31) and (5.36) into (5.30) for m = 1, we achieve
A5 X e S 92(83Y, 33X). (5.38)
Similarly, by inserting (5.32) and (5.37) into (5.30) for m = 2, we obtain
15T Xllge S 92(Ye, Xo). (5.39)
Now we are in a position to complete the proof of Proposition 2.4.

Proof of Proposition 2.4. Itremains to prove (2.46) and (2.47). Indeed, combining
(5.28) with (5.38), we obtain (2.46), while combining (5.29) with (5.39) leads to
(2.47). This completes the proof of Proposition 2.4. O

6. Energy Estimates for the Linearized Equation
The goal of this section is to present the proof of Theorem 2.3.

6.1. First-Order Energy Estimates

Let us first carry out the estimate of Ey(¢) (2.56).

eEstimate of |VX||o.
We first get, by taking L? as the inner product of (2.40) with X, that
d

1
a (E||VX||%+(Xt|X)L2)+||33X||(2) —1X 03 = (f/(Y: X)+g1X) 2. (6.1)

It follows by taking as the L? inner product of (2.40) with (—A)~'X, that
1d

53 (NP7 X3+ 1DI7 8 XI3) + 1403 = (=)™ (F/ (7 X) + 9)1X0) 1

Summing up the above equality with %x(6.l) yields
d (1 —1ly 2 -1 2 1 2 1
— 5 (NDI™ X, llg + NP7 83X 1lg + - 1VX ) + + (X¢1X) 12
dr \2 4 4 6.2)

+ %nxzn% + %I|33X||% =(IDI7'(f'(Y: X) + g)|i|D|X +1DI7' X)),
It is easy to observe that
|(1DI7'v - (A(VXA—i—A’(VX)t)A’)VY,)|‘1—1|D|X~|— IDI7'X,) ]
< CIVY ol VXIlo(IVXIlo + 11DI7" X, ]lo)

and

(IDI7'V - ((AA" - 1d)VX;)|IDIX), > = —((AA" = Id)VX,|VX)
_1d
2dt

(AA" = 1d)VX|VX),, + /3 3 (AAD|VX | dx
R
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and
|(1IDI7'V - ((AA" — 1)V X,)|IDI7' X,)
S IAA" — 14|

2|
IVX -1 1 X llo < C81IX /113

3
B2
2

Hence in view of (4.6), under the assumption of (2.41), by taking §; so small that
Cé; < 7, we obtain

1d
|(1DI7! £y X)|—|D|X+|D| lXt)L2+ ((AA’—Id)VXWX)

2|
< CIVY:lol VXIlo(IVXllo + |||D|_1Xt||0) + ZIIXzIIo- (6.3)

By virtue of (5.28) and (5.29), we have
|(IDITM A (Vs X) + (Y x>>|1|D|X +1DI7'Xy) 1|
%(nxtno + 183X 113) +C(|83Y| ||83Y||O + 195715
F YIS+ %) (IVXI3 + 11D X,19). (6:4)
Inserting (6.3) and (6.4) into (6.2) gives rise to
(ft < (DI X5 + 11D~ 8 X 1IG + — (AA’VXWX)Lz) + = (X,|X)Lz)
+ g(nxtu% +18:X15) < 11D~ gllo(IVX llo + 1217 X, ]lo)
+c(|83Y|§||83Y||§ +[0sY B+ 11 ) (IVXIE + DI X0 0). 6.5)
by applying the assumption (2.55).

On the other hand, since AA’ is a positive definite matrix (JAA' — Id|y <
C8; < 1), it holds that

3
(AAVXIVX),, = (1= Cs)IVXG = ZIIVXII(Z),

L2
so that one has

l -1 2 _18 2 lAAIV V 1

2(IIIDI X:llg + 1ID] 3XI|0+4( X| X)Lz)+4(XzIX)L2

(6.6)

1 1 1
> —IIDI7 X, 12 4+ = |11D] " o3 X 112 + — VX |3
_4I|| | t||0+2||| |"" 03 ||o+32|| o

eEstimate of || X;||o.

Multiplying (2.40) by X; and integrating the resulting equality over R3, we get

d
55(||X,||% + 13 X15) + VX5 = (£ (Vs X) + g]X0)
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In view of (4.6), we infer
(505 X010) 2| <CIVEBIVXIG + SIV X3,
while it follows from (5.28) to (5.29) that
(A5 X) + 05 X)1X0) o

4 2
=C ((|33Y|0||33X||o + 1 Yiloll Xt llo) + <|33Y|f 185 Il

4 2
HY I+ 1V Y g + IYzI%> IIVXIIO) IV Xtllo-
As a result, thanks to the assumption (2.55), we have

d
a(nxtu% + 133 X13) + IVX 115

8 4 (6.7)
< C(IxY1; 1Y II§ + 185 Y [T + v, 13) IV X |12

+ C(13Y 151105 X 115 + 1Y [GI1 X 15) + 411D~ g1
eEstimate of ||V X/||o.
By taking L? as the inner product of (2.40) with —A X, gives
1 d(
2dt
It is easy to observe from (2.41) and (4.6) that

IVX:l72 + IVOBXIG) + 1AX G = — (' (Vi X) + g|AX,) 5. (6.8)

1
I fo(Ys X)llo < ZI1AXdlo + VYl IV (6.9)

Then by substituting the estimates (6.9), (5.38) and (5.39) into (6.8) and using the
assumptions (2.41) and (2.55), we obtain

Ea(nvxtniz + IV XIIG) + IAX/1IG
<c ((IYzlz +1asY 1 105 15 + |a3Y|%) VX
Y 113X 11+ Y1 X+ lgllo) 1AX o,
which implies
%(nvxt 17, + IVasX13) + I AX 115
<c <|Yt|% 1Y 135 3 + |83Y|‘1‘> VX3 (6.10)

+C (13 B8 X I3 + 1Y R1 X 13) + 1913,

o The estimate of |VX|| 7.
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In this step, we shall use the equivalent formulation, (2.59), of (2.40). We first
get, by taking L? as the inner product of (2.59) with —V - (AA'VX), that

1d
PTLAS (AA'VX) G+ (33 X|V - (AA' VX)), — (Xu|V - (AA' VX))

= —(f(¥; X) + gV - (AA' VX)),

By using integration by parts, one has

d
(Xu|V - (AA'VX)),, = —E(VXtIAA’VX)LZ + (VX3 (AA'V X)), 2,

(B3X|V - (AA'VX)),, = (VI X|AA'VI:X)) > + (VI X |93 (AA) VX)), ».

Since AA’ is a positive definitive matrix, we infer

d /1 1
(17 (AXTX) B+ (VX AATX) ) + 5 IV X3

1 6.11
< 20VX§ + IV XIG + C(IVY[G + 10 VY ) IV X ©11)
—(F(¥: X) +gIV - (A4'VX)) 2.
yet under the assumption of (2.41), it is easy to observe from (2.60) that
I/ X)llo < CIVYLIVX1,

whereas it follows from (5.38) and (5.39) that
(A0 X0+ B0 X1V - (AAVX) o] S (195X 118X+ 1Y X
4 2 4 2
+ (103Y 183 1I§ + 193X 1T + V15 1 Yellg + IYzl%)IIVXII1>IIVXII1-

Inserting the above estimates into (6.11) yields
d 1 t 2 t
E(EW (AAVX)I + (VXNAAYX) )
+LIVBX I3 = 30X, 1T + =135 X3
A R (6.12)
+ llgllol VX1
2 5 4 2 4 2 5
+ C183Y 11 + 1Ylf + 183Y 1719V g + Y27 1Yellg ) IV XIS
Let us denote

def 1 _ _ 1
Eo) S 5 (11D X2 + 11D 05X 13 + £ (AA'VX|V X))

(6.13)

I 11
+ (XX + &(Env (AAVX)I+ (VX JAATX) ).
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Then by summing up the inequalities (6.5), (6.7), (6.10) and ﬁ x(6.12), we obtain

4 oy + inxtn% + iuaaxn% < +IIDI " gll}
dr 16 384 -

4 2
+ C(1:Y [ 133 11§ + 183Y ] + 1Yy12) (6.14)
x (IVXI2 4+ DI X3 + 195 X117 + 11X:117)
+ DI gl (VX + 111D1" X, llo)

Notice that
(VX JAAVX),, > [ X113 — %nv (AA'VX)(3
and
IV (AAVX)llo = VXl g1 — I[(AA" = I)VX | g = (1 = CDIIVX | g1,
so we deduce from from (6.6) and (6.13) that
Eo() =~ (DI X B+ 11D 9 XI3 + 19XIF). (619

Hence, for any ¢ > 0, we deduce from (6.14) that

d 1 ), 2 1+ 12
—Eo() + —||1X — | XI5 < (t)" "¢||D
a o(t) + 16|| r||2+384|| 3 X7 <) lIDI gl 6.16)

4 2
+Ce (1071 15Y 1§ + 195} + 1¥il2 + (1)~ Eocw).
Applying Gronwall’s inequality yields for any ¢ > O that
1 2 1 2 ' I+¢& -1 2
Eo0) + 160X, + 55 105X 2, = Ce(( [ 191D gl s)
2
3

4 2
xexpC(1asY 11, 1071

2
Dan YR+ Vi),

which together with (6.15) ensures the first inequality of (2.56).

6.2. Higher-Order Energy Estimates

In this subsection, we shall derive the estimates for
. def
Ei1(0) = 103X 300 + 1Xe W0 + IVX 1y, fork =0, (6.17)

We first get, by taking the H**!-inner product of (2.40) with X, that

1d 2 2 2 ’
Ed_t(”Xt”HkH + ||a3X”Hk+l) + ||XI||Hk+2 = (f Y; X) + g‘XI)I_'[kH»
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which implies

d
3 (X + 105X W) + 1 n < 1/ 0050 + g5 (6.18)
In view of (4.6), it follows from Moser-type inequality that

I oY Xl gx SIVYilol VX gerr + (IVYelig1 + IVYelol VY i) IV X Nl
(6.19)
+ IVYollVXi gt + VY i1 IV X o,

from which, with (5.38), (5.39) and the assumption (2.55), we infer

£/ X0 e
S 13 ol 03 X || gt + 1Veloll X [l st + VY ol X7 || g

4 2
+ (10517103 Il + 103 Y [T + 1Y) (IVX Nl e + VY Ik 1 1V XT) (6.20)
+ (183 kst + VY Lt 193V 1) 133 X M1+ (1Y elir + VY Lt [Ye 1) 1 X D1

1 2
FIVY i1 IV Xello + (105 Y [ 1 (185 Y [G 183X Nlg + 183X 1) + [Yele2) IV X D11

Inserting (6.20) into (6.18), and using assumption (2.41) so that |[VY |y < §;, we
deduce that

d 2 2 3 2 2 2 21y 12

3 X+ 103X W000) + 10X 00 < 183 GO X s + 1V Xy
8 4

+ gl + (103 1103115 + 1037 1§ + 1¥e ) (IVX 1500 + VY174 IV XIT)

+(103Y 74y + VYR 183V D03V 1T + (IYe 124y + VY2 1Y D)X 17

2 4
FIVY R IVXAG+ (103Y 17 (103715 183 1l + 1937 1F) + Vi l2 o) IVX IS
(6.21)

Secondly, by taking the H*-inner product of (2.59) with —V - (AA'VX), we
obtain

1d
531V (AAVX) G, + (93X]V - (AA'VX)) 4o
— (XulV - (AA' VX)) g = —(F/ (V5 X) +g|V - (AA'VX)) .

(6.22)

By using integration by parts, one has

d
—(XulV - (AA'VX)) i = —E(X,W (AAVX)) e — (VX110 (AAV X)) 1
and

3
(VX189 (AA'V X)) | < 11Xl e <§|IVX1I|H1< + VY[V X¢llo

HIVYiloll VX e + |VYt|k||VX||O> ;
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so that we arrive at

d
|(Xul V- (AAVX)) o = 3 (Xel V- (AAVX))

< 201X+ Ce(IVYGIVX % + IVY FIVXG + VY ZIVX ).

Al

Similarly, again by using integration by parts, one has

(3XIV - (AA'VX)) g = (VB X|AA'VHX) 0 + (VO3 X93(AA)VX) i
Since |AA" — Id|yp < C§; < ‘—1“ due to (2.41), applying Moser-type inequality
gives

(VHX|AA'VIX) e > %IIV83XII§1~,,< — G VY21V X3
and
| (V33 X135 (AA) VX) | < %nvasxni-,k +C (1Y RIVX I,
HosY 21 IVXIG)
so that it holds that

1
(VO3 XIAA' VO X) g = 2V X = Ce(IVYFIVI3 X

1Y IV N2, + 103 174, IVX5).

Inserting the above estimates into (6.22) gives rise to

d /1 |
E(EHV ' (.A.AtVX)”iIk - (Xt|v : (.A.AtVX))Hk) + Z||83X”3-‘1k+1
= 2||Xt||§_‘1k+1 + (|33Y|(2) + |Yt|%)”VX”§.’1k+1

+ VY R(IV8 X I3 + VX, 112) (6.23)
+ Ce183Y 1241 + 1V 2 D) IVXIZ + (17 (s X) e
+ gl g ) IV - (AAVX) | .
We remark that
IV (AA'VX) — AX |l g < |AA" = Id]olIVX | grs
+ Ck|-A-At - Id|k+] ”VXHO (624)

1
= 5 IVXl gt + Gl VY et [V X o

Moreover, in view of (2.60), we have

1Y X g S WiVl st + (Welksz + 1V IVY k1) IV X o, (6.25)
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which together with (5.38) and (5.39), ensures that
1F (Y XN e S 103 lolld3 X Nl et + [ Yeloll X Il ot + (103Y k41
+ VY kg 113Y 1) 193 X 1|1

4 2
+ (1Y [ 193 Y 1lg + 103Y 17+ 1Yel1) (IV X1 s

(6.26)
FIVY et IVX ) + 11X (1Y Lt
+ VY k1 1Yil1)
1 2
+ (103Y k1 (185X 1 193 Y [lg + 195Y 1) + [Yilk2) IV X |1
Inserting the above inequalities into (6.23) yields
d /1 1
S(GIV - (A VX = (XY - (AAVX) ) + 210X ey
4 2
< 30X Zeer + (O FENg N5 + Cr(13Y [ 103 11§ + 183 [ + [Yely
+ ()N VX%,
+ Ce((103Y 2y + IVY 211057 2) ()14 + VY 12) 9 X 12 627)

+ Ce((1Ye 3y + IVY R 1% ) + VY ) IX N1

2 4
+ Ck{(|agY|%+1(|asY|3 185Y llg + 183Y 1) + Velzn) ) + 83 17,

8 4
+ VY I (183X 17 183X g + 183 Y 1T + 1Y, 1) (1) e + <r>—<1+8>))}||vxn%
Let us introduce
. def 1
De1 @) = 1Xe e + 105X W01 + 51V - (AA VIO,
— (X |V - (AA'VX)) - (6.28)
Then it follows from (6.24) that
. 1.
Dip1(®) = S Einr (1) = Crn X3 — Cort IVYIZ 4 IIVXIS,  (6.29)

with Ej1(r) being given by (6.17).
Hence by summing up (6.21) and (6.27), and then integrating the resulting
inequality over [0, ¢] and using (6.29), we achieve

. T 1 )
Ejy1 (1) + A (5||Xt||1_'1k+2 + §”83X”Hk+1)ds

< 8Dt () + 1 XG0+ IVYI§ it IVXIG o
! 1 2 1 2
. (EIIXtIIHk+z+§||83X||Hk+1)ds (6.30)

t 4 2 .
5/ (183Y 17 185Y llg + 1837 15 + 1211 + ()" TT) Expa (s) ds
0

14

IO Z 81132 ) + Vedr1 (DPE @),
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where &)(7) is given by (2.56) and y; x4+1(Y) by (2.58). Applying Gronwall’s
inequality to (6.30) and using (2.56), we obtain

1te
2

Er1 1) = Cok (1005 812 + verr1 P10 T IDIT 12, 1)) E(),

from which, along with (6.30), we infer
1(X:, 33X, VX)”LZOO(HHI) + ||Xt||Lr2(1.'1k+2) + ||83X||Lt2(1.’1k+1)

e T 6.31)
< Cet (100 T 8l 2714y + Vesrn DI Z DI gl 2 g1y Eo (V).

Summing up the above inequality with respect to k leads to (2.57). This completes
the proof of Theorem 2.3.
Now let us turn to the proof of Corollary 2.1.

Proof of Corollary 2.1. By summing up (6.7) and (6.10), and then multiplying the
resulting inequality by (¢) and integrating the above inequality over [0, ¢], we find

(1% 1T + ||83X||%)+/ (VX NTds < 1Xell72 1,
0

(U 105Y 185X 4,

8
FCNOHDI g1 0 + CBY I, 105V 15, 0 +105Y1
2 2

L2(H") L2(L?)

+ Vil 0)E5 ().
Then (2.61) follows from (2.56).

Similarly, we get, by multiplying (6.21) by (¢) and integrating the inequality
over [0, ] and taking the square root of the resulting inequality, that

1

kS 3 3
(108 030 e) + (5 X2, ) <S03l 2,
+(1+ |Yt|%,0)”Xt”Lt2(Hk+l) (1+ 193 11 ) 183X 112041,

1
+IVY|o,k+1 ||<t>2VXt||L2(L2)

4
+(|33Y|i ||33YI| +|83Y|21+€]+|Yt|l+a,l)(||VX||L?O([-'1k+l)
2 2 ’

L2(L?)
+ |VY|0,k+1||VX”L$°(H1))
103 122 (IVY Toar1103Y 11+ 183Y |1 )
+ (1Yil1 g1 + VY ok 1Yl 1)||Xt||L,2(L2)

1
(15 1y g (15717, ||asY||L2(L2)+|asY|%+€,])

+ IYz|1+e,k+2)||VX||L,°0(H'>~

Then (2.62) follows from (2.57) and (2.61), and this completes the proof of Corol-
lary 2.1. O
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7. Energy Decay for VX,

The main idea for proving Proposition 2.7 is to use the following proposition:

Proposition 7.1. Let X be a smooth enough solution of

Xy —AX, —B3X =V - ((AA" = IDVX,) +h déff (1.1)
X(0)=0 and X,(0) =0,

on [0, T). Then under the assumption that

VYl 3 <éi, (7.2)
L?O(Bza)

we have, for any t € [0, T] and any ¢ > 0, that

HIVX (1) 2 s@(sup Is'* DI Al 2 + sup ||s1+€|D|h||Lz)
s€0,7] s€[0,7]

< CellIDI " Al 1.2 (7.3)
Moreover, we have, for k € N, that

VX O e

< Cex ((81 +IDEVYI

~(81,)

Admitting this proposition for the time being, we present the proof of Proposi-
tion 2.7.

DI Al + |||D|1h||1+e,k+2> - (7.4)

Proof of Proposition 2.7. In our situation, (2.40),
=V (A(VOA+ A VX)AVY,) = f0X) + [0 X) +g.
We infer from (5.23), (2.46) and (2.47) that for k > 0,

—1
DI~ Al exs2

—1
S103Y 15 o0 X1y n + 1¥il 1y oI Xelly e + 11D gl k2

4 2 (7.5)
+ (|i93Y|;r&1II<‘93YII;O + I83Y|2%+&1 + Yili1e1) IVX llok+2

Vo2V WXy + 1Xelly 4+ 1V XIlo,1),

where y; x42(Y) is given in (2.58). Proposition 2.7 then follows from Proposition

7.1, (7.5), Corollary 2.1 and the fact that ||DkVY|| 3 < |IVY|lok+2- O
Lroo(Bz.l)
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In order to prove Proposition 7.1 we need to exploit the tool of anisotropic
Littlewood-Paley analysis. Similar to the dyadic operators A, and S; given by
Definition 2.1, let us recall the dyadic operators in the x3 variable:

v def __ _ —~ v def _ —~
Ala S F (@7 &Da), and Sfa = F'(x@ Y&ha).  (7.6)

Let us also recall the following anisotropic type Besov norm from [24,25]:

Definition 7.1. Let 51,52 € R, r € [1,00] anda € S}, (R?), we define the norm

def is1 AL
Jjsinls: AV
”a”Bf"SZ = (2 12 2||A./A[a||l2)er( 2).

. def
In particular, when r = 2, we denote |||l ;.5 = lallgis = [IDI Dy [2al -
. g

In order to obtain a better description of the regularizing effect for the transport-
diffusion equation, we will use an anisotropic version of the Chemin-Lerner type
norm (see [3] for instance).

]~)eﬁniti0n 7.2. Let (r,q) € [1, +oo]2 and T € (0, +o0o]. We define the norm
LB (RY)) by

~ =

~ def Jjs1nls2 AV r
liza ey S (D0 @128 A%ull g 1))
(j.bez?

with the usual change if r = oo.

For the convenience of the readers, we recall the following Bernstein type
lemma from [3,10,27]:

Lemma 7.1. Let By, (resp. By) be a ball of]R2 (resp. R), and Cy, (resp. Cy) a ring
ofR2 (resp. R), and let 1 < pp) < py <occand 1 < qr < q1 < 00. Then it holds
that:

if the support of @ is included in 2*By, then

o k(lel+2(L—-L .
1 all Ler o) S2 ( (Pz pl))”a”L}’:z(Lzl)’

if the support of @ is included in 2°B, then

e(p+(E-+
||8:/§3a||L111’|(L31) S2 ( <q2 ’“))”a”L}]:](Lzz);
if the support of @ is included in 2XCy,, then

—kN a .
”a”L}’:l (L S 2 lglli)li/ ”8}1‘1”[‘51 Ly

if the support of @ is included in 2°Cy, then

< 7—LIN | 9N
||a||L}1:1 @iy S 27" 105 a”L}l"l Ly
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Let us now turn to the proof of Proposition 7.1.

Proof of Proposition 7.1. The proof of this lemma is motivated by the proof of
Proposition 4.1 of [24,31]. By applying the operator A j Aj to (7.1) and then taking
the L? inner product of the resulting equation with A Ay X, we write
1d
EE(MA,»Azquiz 1A AYX7,) + IVA;AYX 17,
= (A ALFIAGATX) .

(7.7)

Along the same lines, one has

v v 1d v 2 v 2
(AjA) X |AA A X) — EE”AA/AEX”LZ — ||83VAJ'AKX||L2
= (AjAZf|AAjAZX).
Notice that
d
(AjAZXMAAjAE’X) = d_t(AjAZXt|AAjAZX) + ||VAJ-AZX;||%2,

so that we have

i(lnAA,-Azxnzz —(A;AVX|AA -A"X))

dr\2 L ST (7.8)
—IVAGALX IR, + [195VAAYX 2, = —(A A} FIAAAYX).

By summing up (7.7) with ‘l‘ of (7.8), we obtain
d 2 3 v 2 1 v 2
agj,g(t) + Z”VAjAng”Lz + ZI|33VAJ'A@XIIL2
| (7.9)
= (AJAVf I AjAYX, — ZAA.,-AZX),
where

def 1 1
850 = 3 <||AjAzx,<t>||§z +18,87X O + 7 18,4/ AX 011}

1
—Z(AjA;X,(z)mjAgAX(t)) :

It is easy to observe that
2 AV 2 AV 2 AV 2
80 ~ A AX (D72 + 1A ABX D72 + 1A A AX @) I72. (7.10)

Now, according to the heuristic analysis presented at the beginning of Section 2,
we split the frequency analysis into two case.

S el

e When j < %

In this case, one has

8 ~ IAATX (D72 + 1A A}HX (D)7,
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and Lemma 7.1 implies that

3 1 .

SIVAALXIZ: + 710:V A ATX 222 (18, A X, 132+ 8, A7 0: X132 ).
Hence it follows from (7.9) that

d 4
agj,/z(l) + 2% g o) < IA;AYF(Ol 2,

which, in particular, implies that

t
o (t—<)\22]
gj.e(t) sf e UmIZTIAGAY F(5)l 2 ds, (7.11)
0
and
2J 1A A Xl 2y S 2_j||AjAZf||L[1(Lz). (7.12)

Now let us turn to the estimate of || A ; AZ flg 122y Indeed it follows by the law
of product in the anisotropic Besov spaces (see Lemma 3.3 of [31]) that

[(AA" = 1)V X | 1 300y S ICAA" = Id))]
LDO

t

(Bt%) IV Xz oo

1

SIAA" = 1d)| .
L$°<B

%>||VXt||Z}(H0,0) (7.13)
2,1
S 51||VXt||Ztl(1:10.o),

.3 1
where we use the fact that B22’1 (R?) < Bi’ % (one may check Lemma 3.2 of [25,31]
for details). Hence we obtain

2NA AL FllL a2y S €8IV XLl ooy + 1A AIDI T Bl 1 g2y, (7.14)

where (Cj,/g)jjezz is a generic element of 02(Z?) so that ZMGW Ciﬁ =1.
It follows from Lemma 7.1 and (7.11) that

2HA;AYX (D]l 2
13 .
S / 22 (1 — $)e I A AY((AA = 1)V X,)(s)]] 1 ds
0

t .
+[) 22,/€—c(t—s)221 ”AjAZ((.AAI _ Id)SVX,)(S)”LZ ds (7.15)

t
2 N ;
+t<f +[ )216—0(’—”22/ 1A AVR(s) 2 ds.
0 3

By virtue of (7.13), we have

, |
/ 2 (1 = )e” I A A (AN~ [DVX,)()] 2 ds
0
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S 28 (AA = 1DVX) | 112y S €1 IVXL T o0,
Along the same lines, we have
t .
/ 227 ¢ | A AY((AA" = 1d)sVX,) ()| ds
0

< [a;AL((AA" = 1d)sVX,) ||L,°°(L2)

S cjell(AA" —1d))|
Lfe

[S]

Meanwhile, it is easy to observe from Lemma 7.1 that

t

2 . i
t / 21 g=¢t=2 || A FAYR(s) || 2 ds
0

t
2 . ;
< f (t — 5)2% g=ct=9)2 IA;AYIDI " (s) 2 ds
0
S 1A AYIDIT Bll 1 g2y
and

t .
t / 2 g=et=922 ) A JAVR(s) || 2 ds

2
t

S| =572 +27)IsA AVAGs) I 2 ds

~

t
<

~

/
J

Substituting the above estimates into (7.15) leads to
2| A ATX (D]l
5 cj,E51(||VXt||Z}(HO.0) + ||tVXz||Zt°°(HO,O)) + ||AjAZ|D|_1h”L,1(L2)

t
+[ (t —s)7! <||sAjAZ|D|_1h(s)||Lz + ||sA,-Az|D|h(s)||Lz) ds
2

for all (j, £) satisfying j < 4.
eWhen j > &L

In this case, we have
850 ~ IAGAYX (D72 + A AJAX (D172,

and Lemma 7.1 implies that
3 1
JIVAAXT: + 105V A AL,

>c (22f' IA;AYX N7, + 2227 A ,-Azxniz)
20

2 2
> 557 (18,81 X13: + 18,81 AX12 )

=97 (IsA;AUDIT RO + IsA; AYIDI(S) 2 ) ds.
2

(7.16)
( l,l)ntvxtnzgomo,o) < ¢ 1V X, | poegp00)-
1

(7.17)
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Then we deduce from (7.9) that

d
40 + 22 Dgi (1) < 1AGAY F(D)l 2,

which implies that

_ 2(¢
i) < /0 =2 A CAY £ (s) 2 ds (7.18)

and
22(||A./'AZX”L}(L2) < ”A A(f”L (L?)" (7.19)

On the other hand, we get, by taking L? inner product of (7.1) with A Ay X, that

||A AYX( 2, + IVAGALX 2, = (038 AV + A;ALf | AjALX,) o,

from which, with Lemma 7.1, we infer
d .
318 AX Ol + A VNVNG AGIIE
S22NAGATX Ol 2 + 1A F D)1,

so that it holds that

. oot .
2| AAYX ()] 2 S 22 / e | AGAYX (5)]] 2 ds
0 (7.20)
+2f/ —c(t- Y>2’||A A} £(s)] 2 ds.
0

Then we deduce from (7.19) that for j > <!

VNAGAYX a2y S 2 NA A X N 1 2y + 271887 Fll ) @20
§27’IIA,iAef||L,1(L2)'

Moreover, in this case, it follows from Lemma 7.1 and (7.18) that

t
22”1r/0 e A GAYX (5) ]| 2 ds

S22 AGAYX (o1
S22V A AT AX ez 22Vl el

t
gz”*%/ —ea= 2Dy A A F(s)]1 2 ds,
0
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from which, in a proof similar to that of (7.17), we infer

t .
22+ / =P =9) ) A FAYX(9)|l 2 ds
0

S cjed (IIVthlztl(Ho.o) + IIIVlelz;O(Ho.o))

_ (7.22)
+11A;AYIDI Al 2

t
+ﬂ (t =) (IsA;AYIDI T Rl 2 + s A AYIDIB(s) | 2) ds.
2
Here we use the fact j > £ — Ny for some fixed integer Ny in the operator A;Aj.
By virtue of (7.20) and (7.22), we get, by a similar derivation of (7.17), that

(7.17) holds for all (j, £) € Z?. Furthermore, in view of (7.12)-(7.21), we obtain
forall (j, ¢) € 77 that

2/||A,-Agxt||Lt1(L2) 52_-/||AjAZf||L[1(Lz). (7.23)
Inserting (7.14) into (7.23) gives rise to

2j 2
VXl = | D0 27 1A;A7Xl17 )
jLer?

IA

~ . . —1#02
COIV Xl ooy +C [ D 18 AUDIT AN, o)
jLez?

09—

1
< CoT Xl o +C [ X 18,8007 B | as
0 jeer?

< C (B11VXilz1 ooy + NIDI Bl g2 ) -

In particular, by taking §; to be sufficiently small in (7.2), we conclude that

IVXiliz1 o0y < CHIDI Bll 1 g2y (7.24)

Along the same lines, we deduce from (7.17) that

~ . — 2 j i 2
IV Xillzoe ooy = | D2 2108 AYX el 12,
j.eez?

IA

C (51 <||VX, ”Z,] 0.0y, F VX, ||Z;>0(H0.0)> +l |D|_lh“L,‘(L2)

t
+ [ =97 (151D B+ DI 2) ds) .
2

(7.25)
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Thus, by taking that §; is small enough in (7.2), we obtain
VX2 < 10V Xl 00,

= (DI Al gz

t
+ﬁ (=) (IsIDI 7 i) 2 + 15| DIACs) [ 2) ds )
2
< Ce(sup IIs"™IDI7 Al 2+ sup ' IDIRN L), (7.26)
s€[0,1] s€[0,7]
which leads to (7.3).
The proof of the general estimates in (7.4) follow along the same lines. Indeed
for any k > 1, we have

| D*((AA" — 1d)VX;)

H L} (F0.0)

SCe Y, IDUAA =T g o\ DRV X g g0,
ki+ha=k Lz (BN)

SCo Y IDMVYL g s\ IDRVX T ooy,
ki1+ky=k Ltoo<B22,1>

from which, along with a similar derivation of (7.24), we inductively infer that
ID*V X, 71 o0y < CIIDI " All 12,

+C Yo DAY gy IDRVYL DT g
ki tkg=k L?°<Bz,|> L?Q(BM)

Hence by applying the interpolation inequality, which says that

1=ki/k k for 0 < k; < k,

) ki
IDSVY o\ S VYR Dbyt
L?O(B22,1) L?°<sz,1> L?°<sz.1>

and assumption (7.2), we obtain
k
ID*VX; ||Z[1([-’10,0)

7.27
< cu((on+ 1Dy 7:27)

3
i (B22,I)
It follows from a similar derivation of (7.25) that

12DXV X | 700 700,

—1 k—1
MIDI Bl 2y + NDF By g2 ).

< Ck(|||D|’Hh||L;(Lz) +81(ID* VX 71 00y + 11 DV X Iz 0.0,
+ (81 + D" VY|
LOO

3
‘ (322,1)

t
+ﬁ (t =) (IsIDI " his) 2 + ||s|D|"“h<s>||Lz)ds).
2
Thus (7.4) follows from (7.27) and the argument in (7.26). This completes the proof
of Proposition 7.1. O

)(IVX; IZ1 o0y + 17V X, ||ztoc>(H0.0))
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8. Estimates of the source term f(Y)

In this section, we shall present the estimates to the nonlinear source term f(Y)
determined by (2.25).
oThe estimate of ||| f(Y)lls. 5

Proposition 8.1. Let the functionals fo, f1, f2 be given in (4.3) and the norm ||| -
lls.n by (2.39). Then under the assumption of (2.41), we have:

L foMlls,n S IVY Mol VYilin+e + IVY lIn46lIV Y03 8.1)
A, v S N03Y Mol d3Y Iv4s + IVY In46ld3Y Toll0sY I1: (8.2)
N2Ms,n S 1YellollYelin4e + IVY 46l Yeloll Yellr (8.3)

Proof. As in Sect. 4, we shall deal with the estimate of f(Y) by the norm of the
homogeneous Besov space By | instead of the one in the homogeneous Sobolev

space W+ 1. Indeed, in view of (4.3), we get, by applying the law of products (5.1),
that for s > 0,

1M lgy, S IA A= IV s S IVY oI VYl st + 19 Ly [ V¥, o

We then have that (8.1) follows from the above inequality and the interpolation
inequality (5.22). Along the same lines, we deduce from (4.3) that

1y | S A+ 1A = 1)V Pyl gy + 1A= Tdll g 1V Pllo
SUVPullz + 1Y I 1VPulo.
However, it follows from (4.1) that

IVP1lla;, S 8uIVPlay, + VY a5 1VP1llo + [AGY @ 83Y) | gy
+IVY Ly IAGY ® 85Y) 1,

which, together with (5.6), implies
IVPilg, S 135Y NolldsY L gss + 19 Y 11y ggs11057 Ioll Y I
As a result, we have that
LA S 193¥ Nloll93 Y [l gyt + VY ll gy | gs41195¥ ol 93 ¥ [l
Similarly, we have
1AM, S Wl el gyt + IVY I35 gy Yol ¥ell.

Then (8.2) and (8.3) then follow from the above estimates and the interpolation
inequality (5.22). This completes the proof of Proposition 8.1. O

eThe estimate of ||| D|~! £ (¥) | n41
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Proposition 8.2. Under the same assumptions of Proposition 8.1, we have

DI foM) In+1 S IVYIolIVYilint1 + IVY [v11 IV Y llo; (8.4)
DI A lInet S 183 [0l133Y vt + VY [ng1183Y [0l 83 Y Il (8.5)
DI () vt S IYelollYellv1 + VY [yv1 1 Yeloll Vel (8.6)

Proof. In view of (4.3), we get, by applying Moser type inequality, that
DI fo)lln < 1A' A= I)VY,ln S VYol VYilly + VY [§ VYo,

which gives (8.4). Meanwhile, again by (4.3) and the law of products in Besov
spaces, one has

DI fuMllo S (1+ A" — IdIIB% MV Pl -1

2,1

yet it follows from (4.1) that

IVpillg— S IIVYIIB

3
52
2,

IVpillg-—1+ 1+ 1A - IdIIB% MA@3Y ® 33Y)llo,
1

2,1

from which, with the assumption (2.41), we infer
DI~ il S IVPillg-1 S 15Y lolldsY llo- (8.7)
Similarly, we have
DI~ 2o S IV P2l g1 S Yaloll Yo lo. (8.8)
For N > 0, we deduce from (4.3) that
IAAMIN S IVPily +IVYINIVPio,
and it follows from (4.1) that
VPN SIVY lVPLlIn + IVY NIV pillo + | Adiv(A@3Y ® 837)) v,
which, together with (2.41) and (5.6), ensures that
IVpilln S 103Yloll03Y [[v+1 + VY [n41193Y [oll03Y [l
As aresult,
1AMV S 103Y1oll03Y [In41 + VY [n41103Y ol 93Y [l - (8.9)
The same procedure for f>(Y) yields
12N S elollYellv+1 + IVY v Yeloll Yelli (8.10)

(8.5) and (8.6) follow from (8.7)-(8.10). This completes the proof of Proposition
8.2. O
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9. The Proof of Theorem 2.1

The goal of this section is to prove Theorem 2.1 by using the Nash—Moser
scheme. The key ingredients are the uniform estimates of the approximate solutions
obtained in Propositions 2.8, 2.9 and 2.10, which we will prove by induction in what
follows.

9.1. The Estimates of Yy

Recall that Y solves the linear equation (2.72). Let No = No+6, for n €10, 1,
we choose the initial data (¥Y©, YD) such that (2.20) holds for Ly = Ng + 12.
Then we get, by applying (2.32) of Proposition 2.1, that

1930y 5, +19:Yol3 _5 5, + 1Yol1 7,
’ 28 20 ’ 1 i No+4 2v(0 1 ©.
< Cn (DX Q YD)+ 11D (DY@, YD) 1) < .

Note that

- I - 1 A
1D ko < (fm R @ AE)? + lkllo < thlo + 1klo < IllL1 4 Ihlo.

so that we get, by applying (2.33), (2.34) and (2.35) of Proposition 2.1, that
|||D|_1(33Y0’ 3tYO)||(),1\70+2 + ||VYO||(),NO+1 + ||VatY0||1,1§/071
1@ Yo, B3Y0) Iy gy 1 + 1Yol 245042
1
+ [ @30, 02V, ¥0) | 25001, 92)
< Cy, DI @Y @ Yy DAY D)5 1y
< Cr, (103Y @, YD AY Oy + 1103 Y @, Y DAY D)5 1) <.

By virtue of (9.1) and (9.2), we deduce from Proposition 8.2 that

||(I)IDI_lf(Yo)IILg(HNoH) S 103Y0l1.01103Y0ll 2 m0+1)
+ |atY0|1,0||8tY0||Lt2(HN0+')

| 1 9.3)

+ |VY0|%’0||(t>2V8tYO||Lt2(HN0+1) + |VY()|%,NO+1||([)2V3;Y0||LZZ(L2)

+ IVYOIO,N0+1(|33Y0|1,0||33Y0||L3(H1) + |3zY0|1,0||3zY0||Lg(H1)) < Cnent?,
and

IIIDI_lf(Yo)II%,NOH S 193Y0l1,0193Y0ll1 oy 1 + 18 Yoliolld: Yolly v,
+IVYol1 oIV Yolli,ng+1 + 1VYol1 yoy1 IV Yolli0 (9.4)

+ |VY0|0,N0+1(|33Y0|1,0||83Y0||%’1 + |8tYO|l,O”8tYOH%,1) < Cryn™
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Similarly, we deduce from Proposition 8.1 and (9.1) and (9.2) that

1 1
Y2 f Yol 25,50y S 1V Yollo,0l1{2) 2 VO Yoll 12 rvo+s)

1
+ IVYollo.No+6ll(£)2 VD Yoll 1212
+193Yoll1 oll33¥oll L2(gyn0+6) + 13 Yoll 1 o9 Yoll 2 zrnove)

+ ||VY0||0,N0+6(|83Y0|%’0||33Y0||Lt2(H1) + |8tY0|%’0”8tYO”Lt2(Hl)) < Cnon™.

9.5)

9.2. The Proof of Proposition 2.9 and Proposition 2.10 from Proposition 2.8
Let us assume that
(P1, j), (P2, ), (P3, j) of Proposition 2.8 hold for j < p. (9.6)
We are going to prove Proposition 2.9 and Proposition 2.10.

Proof of Proposition 2.9. Notice from (2.75) that

p
[03Y pr1le, v < 103Y0le,n + Z 103X [k, N
=0

which, together with (9.1) and (P2, j) with j < p, ensures that for % <k<l,
0 <N =< Ny,

k—%—y+EN

. 1 _ _
95¥ il < byt 77N, ik — S~y 4 EN 2,
2 9.7)

1
[03Ypy1lk,v = Cn, ifk_z_y+§N§_§.

For k déf min(k, 1), N déf min(N, Ny), we observe from the property (S I) of
smoothing operator S, that

<k=<1,0=<N <Ny,

N =

[Sp+103Yprile,y < Clo3Ypytle,ny for

[Sp+103Yprile,n

max(o,k—lé)eé max(0,N—N)

S Ck,Nep_;’_] 17+1

|33Yp+1|]21\7 for k>1 or N > Ny;

the first inequalities of (I)(i) and (IT)(i) of Proposition 2.9 then follow from (9.7).
Along the same lines as the proof of (9.7), we have:

eforl—8<k<3-80<N=<N,

K==y HeN - if gk — (1 —8) — y + 5N > &,

p+l ' (9.8)
[0:Ypi1len < Cn, iftk—(1—-8) —y+eN =< —s¢;

10:Ypt1le.n < Cno
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o for0<k<3,0<N <N,
Ypstlon < Cnoy 7TV itk —y +EN 2 &, ©9)
IYpsilen < Cn, ifk—y+&N < —é. '

Then other inequalities in (I)(i) and (II)(i) of Proposition 2.9 follow.
(D(@i) and (IT)(ii) of Proposition 2.9 follow from property (S I) of the mollifying
operator and the following fact:

D17 @3Y 1, Y ps ) g yoa + IVY ptlo vt + 180 Y pst |2 gz,
+ 110 Y pt1, 83Yp+1)”%’1\/+] + IV Yprilli,n-1

1
+ (@3 p41. (t)ZVBszH)”Ltz(HNH) (.10)

B Cno LN, for — p+EN = & N < No,

~|Cn, for —B+eN < —g, N < Ny,

which is a direct consequence of (P1, ) of Proposition 2.8 for j < p and (9.2).
Finally let us prove (III) of Proposition 2.9. Indeed it follows from property
(S II) of Sp 1 that

1 _
-3 —EN,
[(1— Sp+l)83Yp+l|%’0 < C(Q,,f1|33Yp+1|1,o +9,,i1°|33Yp+1|%,N0)~

Due to (2.83) and (2.84), there hold % —y >¢gand —y 4+ &Ny > &, so that we can
apply (9.7) to deduce that

=3 237V | p—ENo—Yy+EN -
(1= Sp41)03Ypiily o < Cn(0,20,. +9pj1°9p+yl ) < cnepfl. 9.11)

Using (9.7) once again gives rise to

3—V+EN
(1= Sps1)d3Ypilin < ClosYppihy <m0 for 0 <N < N,
9.12)
k—1—y+EN 1
(1= Sp1)8Yprileng < ClosYpiileno < 16,7 for o <k<1.
9.13)

Interpolating between (9.11), (9.12) and (9.13) leads to

14z 1
(1= Spen0aYpitlew < Cnol 77 forall 3 <k <10 N < No.

The other two inequalities in (III) of Proposition 2.9 can be proved by the same
procedure. This completes the proof of Proposition 2.9. O

Let us now turn to the proof of Proposition 2.10.
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Proof of Proposition 2.10. We shall divide the proof of this proposition in a num-
ber of steps:

Step 1. The Proof of (IV) of Proposition 2.10. The proof of (IV) will be based on
the following lemmas:

Lemma 9.1. Let ep j p ., for j = 0,1,2, be given by (2.81). Then under the
assumption of (9.6), one has

k—y—B+E(N+1
Iz )2+k|D| l(e”1+ep2)||L2 HNHY ST 29 yoprEVED

if0§k§§,0§N§No—l; (9.14)

14k -1 2 gk—y—B+EN+D)
62PN, | + € )l vy S 020y TP

1
ifOEkSE,OSNENo—l; 9.15)

. _
Lig 1 2 Nk+8—y—B+E(N+3)
16 41D el ol 2w,y S 1200

fO0<k<a,0<N <Ny—2; (9.16)

1 — k+86— N+3
||<t)k+2|D| le;)’()”LZ HN+1) < 77 9 + Y- ,B+8( +3)

f0<k<o,0<N=<Ny—2. (9.17)
Lemma 9.2. Under the assumption of Lemma 9.1, one has

_ k— +e(N+1
11D 1(e”1+e Disenet S n?ey 7 TFTENTD

if0§k§—,0§N§No—1; 9.18)
k— N+1
DI e,y + ¢y Dk S nPey 7 FHENED
1
ifOSkSE,OSNSNo—I; 9.19)
_ k+5—y—B+e(N+2
I1DI7' ) pllskner S mP 07 TFHEED
1
if0§k§§—8,N§No—2; (9.20)
— k+8—y—pB+e(N+2
DI e, ollikv1 S nPy 077 TPV
1
;'f0§k§§—8,N§N0—2. 9.21)
Lemma 9.3. Under the assumption of Lemma 9.1, for 0 < N < Ny — 6, there hold
—B—y+e(N+5
i€ + gl 15y S 17077 9.22)
N+5
1€ + €l 15y, S 1707 9.23)
1 —y+E(N4+5
|||<t>2e;,,0|||Lz((S Ny S0, (9.24)
+ (N+5)
Il)Ze epoll 2oy S0 (9.25)
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We shall postpone the proof of the above lemmas to Appendix 10. It is easy to
observe that (IV) (i) follows from Lemma 9.1, (IV) (ii) from Lemma 9.2, and (IV)
(iii) from Lemma 9.3.

Step 2. The proof of (V) of Proposition 2.10. Recall (2.80) that

8p+1 = —(Sp+1 = Sp)Ep — Spy1ep + (Sp+1 — Sp) f (Yo).

In another paper, we shall handle the above term by term.
eEstimates of S, ¢,

It follows from (IV) of Proposition 2.10 and property (S I) that for k > 0 and
N >0,

k+1 —1 2 pk+8—y—B+E(N+3) .
[I(z) Jr2|D| Sp+1ep||Lt2(HN+1) S 9p+1 >

_ k+8—y—B+E(N+2
DI Spyreplipr it S 0?6,y 7~ FHE2; 9.26)

1 2 —y+E(N+5)
|||(l>2Sp+lep”|Lt2(5,N) S 9p+1 .
Notice that the operator S, contains a cutoff in the variable 7 of size 0,1, so that

1oL —y+E(N+6
1Sp+1€pll 15,5y S (02052102 Spraepll 2 ny S 10,1 00 (927)
eEstimates for (S, 1 — SpE),
We first deduce from (IV) (i) of Proposition 2.10 that for 0 < k < « and
0<N < Ny-—2,

p—1
OS2 1DI Epll 2y < D 1O 2D el 2w
) =0 (9.28)
_ CrPoy PPV PN itk s —y — B+ E(N +3) > &
~lcn?, ifk+8—y—B+&N+3)<—¢

In particular, due to the choice of parameters (2.83) and (2.84), it holds that

1

E—V—ﬁ+2§zé, —y —B+&eNg+1)>¢. (9.29)
We deduce from (9.28) and the property (S ID) of 1 — S, that

1 _
”(t)le' l(Sp-i-l - Sp)Ep”LtZ(Hl)
_ 1 _ —F _ 1 _
S0, N IDIT Epll 2ty + 6, 5N VIO 2 IDIT Epll 2 gyvo-ry (9:30)

< nzeé—y—ﬁ—&-%‘

2 (p—a pa+8—y—p+3E —&(No—1) pd—y—B+E(No+1)
Sn (epaep +9p€ 0 )N p+1

On the other hand, fork <o, N < Ng—2withk+6—y — B+ &N +3) > ¢,
we have
1 _ 1 _
2D (Sp1 = S Epl 2avey S IO IDIT E 2 v,

) (9.31)
2 pk+8—y—B+E(N+3)
Sn70,40 )
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Interpolating between (9.30) and (9.31), we conclude that
J k+8—y—B+E(N+3
Y 21D (Spn = S Epll 2 ggweny S w2050y 7PN (9.32)

forO0 <k <aand 0 < N < Ng — 2. This, together with property (S I) of S,
ensures that (9.32) holds for any k > 0, N > 0.

Similarly we infer from (IV) (ii) of Proposition 2.10 that for 0 < k < % -4,
0<N<Ny-—2,

—1
DI Eplli+k,n+1

p—1
<) DI ejllsa N

]Zz(:) (9.33)
_ CnRoy oY PN itk p s~y — B+ E(N +2) > &
~cn?, ifk+8—y —B+&N+2) <—¢.

Then due to (9.29), we deduce from (9.33) and the property (S II) of 1 — §), that
DI~ (Sp1 = SpEpl.1

—3+3 -1 —&(No—1 -1
SO DI Epliz_g y + 6,5 MV NIDIT E Il ve—1

g 1 : . (9.34)
2 (20,2 V—B+2E —E(No—1) 0=y —B+E(WNo+1)
<1 (9,,2 07 + 0, FNo=Dg Ty e )

~

2,8—y—B+2¢
S 0,41 .
On the other hand, fork < %—5,N < No—2suchthatk+5—y —B+e(N+2) > &,
we get

DI (Sps1 — S Epllicin+1 S NPT Epllisan41
< ﬂzelgii_y_ﬂﬂwﬂ). (9.35)

Interpolating between the inequalities (9.34) and (9.35), we achieve (9.35) for any
0<k< % — 35,0 < N < Ny — 2. This, together with the property (S I) of Sp,
ensures that (9.35) holds for any k > 0 and N > 0.

It follows from (IV) (iii) of Proposition 2.10 that for N < Ny — 6,

p—1 p—1

2 3 —y+e(N+5

IO Eplll 25,y < D 02 el 25 5y S 07 D 6775
Jj=0 j=0

B n29;J)r/1+§(N+5) f—y BN 45> 5

= if —y +EN +5) < -5,

which together with the property (S I) and compact support of mollifying operator
ensures that for any N > 0,

20, N0 —y + BN +5) 2 B

n
Sps1— Sp)E < b+ 9.36
1Spe1 =) ErllLjam = {nze;H, ity e 45 <5 O
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eEstimates for (5,1 — Sp) f(Y0)
Recalling (9.29), we get, by applying (S II) and (9.3), that

0% DI Syt = 59 £ D lizany
p+1||< DD (Spa1 = Sp) F XD 201,
pif"lu VDI (Spat — ) F 0l 2 mot,
(0,8 +6,50) < o6, 777,

whereas for k < % and N < Ngwithk —y — B+ &(N + 3) > &, we deduce from
(9.3) that

1 _ _
KO 21D (Spat = Sp) X0 21y S DI F O 2 oy
2 2 pk—y—B+E(N+3)
ST =00,y :

Interpolating the above two inequalities gives rise to
[ p— +E(N+3
Y 21D (St = Sp) F (X0l 2y < 020, FPHEOH)

forall0 < k < 2, 0 < N < Ny. This, together with the property (S 1) of S,41,
ensures that

OS2 DI (Spst — Sp) f X0 2wy < P67 PN (937)

forallk > 0and N > 0.
Along the same lines, it follows from (9.4) that for k > 0, N > 0,

DI (Sps1 = Sp) F XD kv 1 < 720 PHENH 9.38)

It further follows from (9.5) that if —y + &(N + 5) < —& (implying N < Ny),

1 1 H
CSp1 = Sp) L OO 15y S (020p DN 2 F Y0 205 5y S 70511
and if —y +&(N + 5) > &, one has

L g N—Ny,0
ICSp1 —Sp>f(Yo)|||L;(5,N) < (ogbp) 205 V0O £ (Vo) 205,00

20 —y+E(N+6)
p+l ’
by using (S I) and the fact that £(Ng + 5) > y. Along with (9.26), (9.27), (9.32),
(9.35), (9.36), (9.37) and (9.38), we complete the proof of (V).
Step 3. The proof of (VI) of Proposition 2.10.
In the case when —y + (N + 5) > &, we deduce from (V)(i), (V)(ii) and
(V)(iii) of Proposition 2.10 that

1 1
=1
RN.0,1(8p+1) = Igp+1lll 1 5.3y + Opit [ )2 1D17 8ptt | 2 gyvsny
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+10g(0p4 ) IIDI T 8p+1ll3 5 w4

< 2 <9y+e(N+6) " 9%+8—y—ﬁ+E(N+5) n Qg—y—ﬁ+§(N+5)>

p+1 p+1 p+1
1 -
2,3~ V+EN
S G;Jr] )
provided that
o1 _
6e < 7 and B >4+ 5¢, (9.39)

which are satisfied due to (2.83) and (2.82).
On the other hand, since —y + 6 < —¢g, we deduce from (V)(), (V)(ii) and
(V)(iv) of Proposition 2.10 that

3 Lo
R0.0,11 (8p+1) = Ngprill 5.0 + O [0 211 gt [ 2
+1log(Bp+ )IIDI ™ gpillz s 5.
L 48—y —p+58 L—y—p+58

1
2(pE 2,277
S (9;+1 +9p+1 +0p+1 ) S 9p+1 )

due to (9.39) and % — y > &. This finishes the proof of (VI) of Proposition 2.10
and hence the whole of Proposition 2.10. O

9.3. The Proof of Proposition 2.8 from Proposition 2.9 and Proposition 2.10
Let us assume in this subsection that
both Proposition 2.9 and Proposition 2.10 are valid. (9.40)

We are going to prove (P1, p+1), (P2, p+1) and (P3, p+1), that s, that Proposition
2.8 is valid for p + 1.

Proof of Proposition 2.8. We shall divide that proof into the several steps.
Step 1. The proof of (P3, p + 1) of Proposition 2.8.

(P3, p + 1) is a direct consequence of (9.7), (9.8), (9.9), (9.10) and the choice
of parameters (see (2.83) and (2.82)):

B>38 Cn<6&, y=>38+e-+3c

Step 2. The proof of (P1, p 4+ 1) of Proposition 2.8.
Recall that X = X, 1 solves

Xir — AX; — 33X = £/ (Spt1Ypt1; X) + gpt1- (9.41)

Due to (P3, p + 1), the hypotheses of Theorem 2.3 and (2.64) are satisfied, so
we can apply the energy estimate (2.65) to the system (9.41). When N > 0 with
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—y+&N+1)>¢eand —B 4+ &N > g, we deduce from (I) (i), (ii) of Proposition
2.9 that

Ve N+1(Spr1Ypr1) S1Sp4103Y 41 |%+S,N+l +1Sp+10:Yprili4e N2

+1Sp+1VYpriloN+1

—y+e+S+E(N42 —B+EN
+ 1Sp1 Vprtlloyr + 1 S 0, 1T 4 g pEe

Then in this case, we get, by applying the energy estimate (2.65) to system (9.41)
and using (V) (i), (V) (ii) of Proposition 2.10, that

D17 @3 X p1, 3 X p i) [ yyn + 1V Xt llon41
+ 100: X py1, 33Xp+1)||%,N+1

1
F 10 X p1ll g2 gneey + [ (33X pt1, (t>2V8tXp+l)||Lt2(HN+l)
+ IV Xprilli,n—-1 (9.42)
< Cewn (DI gprilliet + 10

14e
2 8p+1 “L,Z(HN)

~ — Lte —
+ Tt 1 Spt Yo DD ez + 100) T 1D gl 2 )

28—y —B+EN /6425 £438 —y+e+8+28 —B \pe+3E —B+EN
S n 0p+1 (6p+1 + 0p+1 + (0p+1 + 6p+1)9p+1 ) 5 n9p+1 ’

provided that y > § + ¢ + 3¢ which is satisfied due to (2.83) and (2.82). Along the
same lines, we have

[1ID17' @ X pt, 53X pi0) 5 + IV X pt o1
+ ”(atXp—H, 83Xp+l)||%,1 + ||81Xp+1||Lt2(H2)

+ “ (83Xp+1, (t)%vatXpH) ”L[Z(Hl)

e _ (9.43)
< Gl T DI gpiill 2y S 06, %, and

_ Ite _
190X pe1l0 < Co (11D gpetlhe +160) T 1D gpinll 2 )

—p+é
p+1

=no

By interpolating the inequalities (9.42) and (9.43), we achieve (P1, p 4+ 1) for
N > 0.
Step 3. The proof of (P2, p + 1) of Proposition 2.8.

Notice that by definition S,41Yp11 = 0 and gy = 0 for t > 6,41
In order to apply Proposition 2.2 to the equation (9.41), it remains to estimate
RN 6,1 (f'(Sps1Ypi1: Xpy1)) given by (2.38).
eThe estimate of ||| f/(Sp+1Y 415 XP+1)|”L,' G.N)
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It follows from (2.43) that

A S pa1Ypts XDl 15, ny S WSp+193Y prt 20471 (103X pt 12y 46
H1Spr103Y 1114z oI VX prillov ) + 1Sp+103Y pral 1z 1 IV X prallons
X (I1Sp+183Y 1 Iz2¢av+6y + 1Sp+1 VY prillon+6lSp+193Y pt1 ||L,2(H3))
+ (”Sp+1 93Y p41 ||Lt2(HN+6)

+ ||Sp+1vyp+1 ||(),N+6|Sp+la3Yp+1 | %4_5’1) ||83Xp+1 ”L[Z(Hl),

from which, with (P1, p 4+ 1), (I) of Proposition 2.9 and the fact that 8 > 6¢g, we
infer

—B+5E
|||f1/(Sp+1Yp+l§ XP‘H)'”L,I((S,O) S 7791,_51 ..

For —B 4+ &(N +5) > ¢, it follows from (I) (II) of proposition 2.9 and (P1, p + 1)
that

—B+E(N+5)
A Sp1 Yprs Xpr Dl sy S n0pfr N

We have that f3(Sp+1Yp+1; X p+1) can be handled along the same lines.
For fi(Sp+1Yps15 Xpy1), we deduce from (2.42) that
162 £ (St Y15 Xpe )l 25wy < 181V Y1 lo.0lH0) 298, X p1 Il 200,
+ ||Sp+lVYp+1||0,N+6||<t>%vatxp+l le222)
1402 S 1 VY pt 212 IV X pet o, v+
+ (1402 Spe1 VO Yyt | 256,
+ 18p+1 VY p1llo,N+61Sp+1 VY psil148,0) IV X pst llo,0-

Notice that f(Sp+1Yp+1; Xpy1) is supported in {0 < 7 < 6,41} so that

|||f(;(Sp+l Yp+1; XP‘H)'”L,I(S,N)
1 1
< (0g0p )2 102 fo(Sp+1Ypr1: Xp+Dll 25, )

which together with (P1, p 4+ 1) and (I) of Proposition 2.9, ensures that

— 6e
|||f/(Sp+1Yp+l; XP+1)|”L,1(6,O) S Ué’pfr * and (9.44)
—B+E(N+6) . - _
IF (Sps1Ypsrs Xpr Dl sy S 00, LN i — B4+ 8N +5) = &
(9.45)

. 1 _
eThe estimate of || (1) |D|™" f'(Sp+1Yp15 Xp Dl 12gne)
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It follows from (2.46) that
Lo
KO 21D £ (Sp+1Ypsts X pa )l 2 vy
= |Sp+133Yp+l|%’0(”83Xp+1”14t2(HN+1)
+ |Sp+1VYp+1|O,N+l||a3Xp+1||Lt2(Hl))
+ (IVXpsillon+1 + 1Spe1 VY pptlon+1 11V X prtllo1)
4 2
X <|Sp+la3yp+l|z+g’1|lsp+la3yp+l||z?(L2)

+18p+103Yp1q |2%+§’1> + 1Sp+103Y 11 |%,N+1

1 2
X (||33Xp+1 2y + <|Sp+183Yp+l|z+8’0”Sp+la3Yp+1 ”ztz(Lz)
#1813 p1ly 2.0) VX prilonr)

which together with (II) of Proposition 2.9 and (P1, p + 1), ensures that

Sip- —p+28
402 1DI Y F{(Sp1 Vs Xpi0)ll 2y < 00,07

For N satisfying —y + (N + 1) > &, we deduce from (I) of Proposition 2.9 and
(P1, p 4+ 1) that

L - —B+EN
21D (Spi1 Vs Xprd) lzgvery S 0, .

We note that f;(S,41Yp41; Xp41) can be treated similarly.
For f3(Sp+1Yp+1: X p41), by virtue of (2.45), we get
I(1)21D] L F(Sp 1Y pt: Xp+Dll 21y
= |Sp+1VYp+1|0,0||<t)7Vasz+1IILg(HN+|)
F1Sp 1 VY patlon+1 1402 V8 X pa 212,
+1Sp+10: Y pril1+2.11IVX prillo, N1

+ (I1Sp+10: Y pti 142, N+2

+ 18p+10: Y p1 1481 1Sp41 VY prtlo.v+1) IVX prt llo,0-

As a result,

1 _ —B+2¢
o1 L Sp 1Y XprDll 2y S 00, 57 and (9.46)

N . _ _

O 21D (Sp Ypat: XpiD) |2y S 08,07 i —y + 20V +1) 2 .
( ) P

9.47)

eThe Estimate of ||| D]~ f/(Sp+1Y 15 X p11) |l 1N+
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By virtue of (2.46), we have
-1
1D fll(Sp+]Yp+]§Xp+])”%’N+1
< |Sp+183Yp+1|1,0(|Sp+1VYp+1|0,N+1||83Xp+1”%’1
T 193X pr1ll) Ni)

2
(|S,,+183Yp+1|7 AISpr103Y el + 1Sp4193Ypt 3 )

(IIVXp+1||o,N+1
+ 1Sp41 VY it loN+1 I VX prillo,1) + 1Sp+103Y pet 1, N1 103X ppt II%,l
+ (|Sp+133Yp+l|%’N+1|Sp+la3Yp+l|§0||Sp+133yp+1”% 0
+ |5p+133Yp+1|%,N+] |5p+133yp+1|%,0)||VXp+1 llo.1-
Noticing from (2.83) that JT —y > &, we get, by applying (II) (i) of Proposition
2.9, that

|Sp+183Yp+1|%, = 779p+1 s |Sp+183Yp+1|1 0~ n9p+1 s

[Sp+103Ypp1 |% = 779,,+1

As a result,
DI A (Spr1Ypst: XpaD 3 5

2 y—B+3¢ 1y ;‘3+{—0 —2y—pB+3¢

S <9§+1 +9p+f ' +9p+1 (9.48)
2 2 —y—pB+3¢
9p+1 ’

provided that %y + 3,3 > %é, which is the case due to (2.83) and (2.82).

For N with —y 4+ &(N + 1) > &, we deduce from (I) (i) of Corollary 2.9 that
3 = 1 _
3_y+E(N+D) I _yrev+1)
|Sp+la3Yp+1|%’N+1 <00, s 1Sp4133Y pili N1 S 16,4 ,

1 —-
1—V+E(N+1) +&(N+1
|Sp195Ypa1l3 iy < 1054 CISp VY pptlover S 00, 1N,
which, together with (P1, p + 1), ensures that
— B+e (N+1)
DI f{(Sp1Ypsts XpaD I3 iy S 29,;{ ) (9.49)

Similar estimates as to above hold for f;.
To deal with the term fj(S,+1Yp41; X

~1
DI fo(Spr1Ypst: Xp+1)||%_5’,v+1 S ISp—',-lVYp-HI%_g’ollvatxp-i-l||1,N+1

p+1), we get, by applying (2.45), that

FISpr1V¥pitls 5 Nyt VO X ppillio +15p10Yprils s 1 IVXprillon+1

(ISp+19: Y py1 13 5. n2 T 1Sp+10 Y prl3 sy 1Sp+1VYp1 lo,N+1)IVX pytllo,0
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Then along the same lines as to proof of (9.48) and (9.49), we can show that

1 —
— 2,5~y —B+4ze
DI Spr1Ypst: XpaD)ll3 s 5 S 0%6,14 : (9.50)

and for N with —y + &(N + 1) > &, it holds that

1 -
_ 5—Y—B+E(N+2)
DI Spr1Ypst: Xpa D3 s iy S 170,41 . 951

Moreover, we can prove in the same way that

DI £/(SpYp: Xp) o < 0?60, PH2,

_ ) _(9.52)
DI F/(Sp X ps Xp) v S w20, PN for —y +8(N +1) = &.

Recalling (2.38), we get, by summarizing the estimates (9.44), (9.46) and (9.50),
that

_ 1 =
—B+6 5 —B+2¢
Ro.6,41 (' (Spt1Yps1s Xpi1)) S ﬂz(epfl "0,

1 _
;—y—Bt4de 57—
+ (10g9p+1)9;+1 ) 5 n p+1 0

provided that

1
B+szy+6E Bzy+2E Pz 9.53)

which is the case here due to (2.83) and (2.82).
Dueto (9.53), =B+ &(No+5) > g and —y +&(Nop +2) > &, by summarizing
the estimates (9.45), (9.47) and (9.51), we achieve

RN0,9p+1 (f,(Sp+l Yp+l§ Xp+l))

E(No+2) [ n—PB+4E 18
S0 (O, 0 4 07,7 + (log 0,40

3—v+ENo
p+1

L—y—p+2s
p+1

) S 0’6
Now we apply Proposition 2.2 and (VI) of Proposition 2.10 to (9.41) to get
[03X p+1l1,0 + IXp+1,z|%,,g,0 + IXp+1|%,0
< Rog,,1 (F'(Sp1Ypi1: Xpi1)) + Roo,p (8pr1) < CTI29§J:1V
and
195X pt180 + 1 X prtel3 gy + 1Xpil 1 ng

1 -
7 —V+EN
< Rgop (F Sps1Ypr1: Xpi1)) + Rug.o,1 (8pr1) < CU29§+1 ’

Interpolating the above two inequalities gives, forall 0 < N < Ny,

1 -
5—V+EN
03X p+1l1,nv + IXp+1,r|%_5,N + |Xp+l|%,]v S 779,3“ . 9-54)
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It follows from Sobolev embedding and (P1, p + 1) that for any 0 < N < Ny,
—B+EN —y+EN
Xpitlon S IVXpiillonsr <06, 27N < no 7N,

—B+E(N+1 —y+&N
193X p1ly v SN0 X pally yyp < 06,5 <o 7Y 9.55)

—B+E(N+2 —y+eN
10X pa1li-s.v SUVOX prtll v < 06, B2 < po 7N,

provided that 8 > y + 2¢, which is satisfied due to (2.83).
By interpolating the inequalities (9.54) and (9.55), we arrive at (P2, p + 1).
This completes the proof of Proposition 2.8 for p + 1. O

9.4. The Proof of Theorem 2.1

The goal of this subsection is to prove the convergence of the approximate
solutions {Y,} constructed via (2.75) in some appropriate norms, which in particular
ensures Theorem 2.1.

Proof of Theorem 2.1. We infer from (2.76), (9.52), (P1) of Proposition 2.8 and
(V) of Proposition 2.10 that

10X ply o = 188X, BX )1 o + 17 (SpYps Xp)ly o+ gyl g
< Cno, PH3, (9.56)
100 X plly y < Cnf, PHEVF2 0 for —y +E(N + 1) > &,
Interpolating the above two inequalities leads to

190X plly < Cno, PHNTD -y N > 0. (9.57)

Due to the choices of the parameters in (2.83) and (2.82), it follows from (P2)
of Proposition 2.8 that

o o0 o0
D 183Ypt = 83Ypl3_yzn = ) 183Xpl3_gzp <) 6,7 < oo,
p=0 p=0 p=0

o0 (0.¢] (0.¢]
— -5
DYy - WYpls 5 470 = > 19: Xpls 5 450 =1 D6, < +oo,
p=0 p=0 p=0

oo (0.¢] (0.¢]
DYyt — Yoli 4z0= > 1Xpl1_4z2 = ny 6, < +oo.
p=0 p=0 p=0

Similarly, taking No = [1/25] + 1 and Ny & [Np/2], we deduce from (P2) of
Proposition 2.8 and (9.56) that

o0

> (|||D|“(83Yp+1 — 837, 8 Yps1 — 0 Yp) o v i0 F IVt = VYpllon 41
p=0
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1
[ (@3Yp1 = 83Yp. ()2 (VO Ypi1 = VOYp)| 12 ynyany
+0:Yp41 — alYp”L?(HNIH)
+| <8IY17+1 — 0 Yp, 03Ypy1 — 33Yp> ”%,N1+1 + IV Ypr1 — VO Yplli,n -1
o0 ~ oo ~
HYp1 = 0¥l sy, o) =00, <Y 60,7 < +oo.
p=0 p=0
This ensures the existence of ¥ € C2([0, +00); CV1~4(R?)) such that
|03Y — 83Y,,|%_4é’2 + Y — 8,Y,,|§_5_45’2 +1Y — Yp|%_4g,2 — 0 (9.58)
and

|||D|*1(83Y —03Y,, Y — 3tYp)||o,N1+2
HIVY = VYpllon+1 + 1Y — 8 Yyl 2me2)
1
[ (83Y = 3, ()2 (VY — vatYp))UL?(HNlH) + V&Y — V3, Ypll1.n,—1
+| (3 Y — 8,Y,, 83Y — 83YP)||%,N1+1
H9uY = 0uYplls o > 0. as p — +oo, (9.59)

which ensures (2.21) and (2.22).
Next we show that Y is the solution to (2.71). As a matter of fact, we first
observe from (2.78) and (2.79) that

P P
D(Ypi1) — DY) =D ej+ > gi=Ep+e,—SpE, — S,®(Yo).
Jj=0 Jj=0
which implies
O(Ypi1) = ep+ (1 = Sp)Ep+ (1 = 5,)@(Yo),
from which, with (9.34), (9.38) and (IV) of Proposition 2.10, we infer

IPYprlio = llepllio+ 11 =S Eplio+ (1 =Sy f Yoo
8—y—PB+2E
< c9p+{ ) (9.60)
Next, we show that @ (Y1) — ®(Y)as p — +oointhenorm || - ||1,0. Indeed
denoting | dgf 812 — A0y — 832, one has

DY) = @(¥pr)l1o < 10 = YprDllo+ 1F¥) = fF(¥psDlio.  (9.61)
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Using a Taylor formula, applying (2.45), (2.46) and (2.47), and using (9.58) and
(9.59), we have

1Y) = fXprDl10 < [01 IF((1 = $)Ypp1 +5Y:Y —Ypi1)l10ds
S (107 = 83 pally  + 1Y = 0 Yply
+ VY = Vo, Yptillia
+WY—V%HM0—ML%p%+w.
On the other hand, recalling from (2.76) that
OX, = f/(SpYp; Xp) + gp,

we get, by applying (P1) of Proposition 2.8, (IT) of Proposition 2.9 and (V)(ii) of
Proposition 2.10, that

10X pl10 < NF'(SpYps Xp)llio+ lIgpliio
N C(||33Xp||%,1 TN Xpls  HIVEXpllir + IVXplio1) + lgpllio
—B+28 S—y—pB+2e
< CO, P 40, .

Consequently, we achieve

o o0
~ ~ —p+2e
I8 = YpyDlho = Y. 18Xho=C Y 6,77 >0, asp— oo
j=p+1 j=p+1

(9.62)
We then deduce from (9.61) and (9.62) that
@) = P(YpiD)ll1o—> 0 as p — oo,
which together with (9.60) implies ®(Y) = 0. Finally, for each p, we have
Yp(0,9) =Y 87,0,y =YV,
therefore,
Y0,y =YY ¥0.»=r"m,

and thus Y is the desired classical solution to (2.71). This ends the proof of Theorem
2.1. O
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Appendix A: The Proof of Lemmas 9.1, 9.2 and 9.3

The goal of this appendix is to present the proof of Lemmas 9.1, 9.2 and 9.3. Notice

that the estimates for ¢’ ,, ¢” , are the same as (or even better than) those for ¢’ ,,
P2’ "p.2 p,1

p 1» S0 that we only perform the estimates for the latter in what follows.

A.1: The Proof of Lemma 9.1

Since the proofs of (9.14-9.17) are very much similar, here we only present a
detailed estimate to (9.14). Interested readers may check Sect. A.1 of [15] for the
proof of the remaining inequalities.

In view of (2.81), we get, by applying (2.50) (withY >~ Y, +Y, 41, X = W = X)),
that for N > 0,

1 —1_n
121D e 2 gamety S 105X ply 4 133Xl 202
+ |83Xp|%,0||a3xp||L12(HN+1)

p+1
+3 {(|VY,-|0,N+1|83X,,|;,0
j=pr
+ (1037511 nt + IVYjlon+1105Y 11 )1V X plo ) 195Xl 2

! 2
F 0¥y 20 1037515 108517 ) (IV Xl 185X 202
+ |VXp|O,0||83Xp”LtZ(HN+1)
+ |83Xp|%’1||vxp”0,N+l + (|33Xp|%,N+1 + IVY,,'IO,N+1|33Xp|%J

1311 42 01V X plo.) IV X pllo1 )

4 2
3 3 2
+ (I33le;ﬁg’1 18:Y] ; + |33Yj|%+5’1)<|vxp|0,1(||VXp||0,N+1

0
+ IVYjloN+1 VX pllo.1) + IVXpIO,N+1||VXp||0,1>

+ (193Y; |1+£ N1 T 103Y; |3

2
s i 1937 II; )|33Xp|;,1||VXpllo,1}~

A similar estimate holds for ||(¢) |D|_1e;; | ||er(HN+1), with |83Xp|% ; above being
replaced by [03X |1, and [VX |0, by |VX,,|%J.
It follows from (9.7), (9.9) and (9.10) that

|83Yp+1|%+g,] <Cn, |VYpiiloy < Cn since y > 3¢; (A1)
193 Yp41ll1 = Cn since 8 > &. (A.2)
As a result, applying (Pl p) and (P2, p), it turns out that
121D e} 1l 2y S 70,777, and

_ y—pB+e
OIDI" e 2y S 2371
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Interpolating between the above two inequalities gives rise to

1 —y— g .
)2 DI el 2y S P05 TP O <k < (A.3)

N =

ForO < N < Ng— lsuchthat —y +&(N+1) > gand —8+ &N > &, we deduce
from (9.7), (9.9) and (9.10) that

—y+E(N+2 —y+E(N+1
193Yp1l 1 e v = Cn0, 10 N IVY o v = Cng T ENED
—B+EN (AD

133Yprills yyr = Cnbpy
Therefore, for such N, it holds that

2|p|! 20—y —B+E(N+1
1O DI e iz, S 0767 P,

1 _
_ 5—y—B+e(N+1)
OIDI" e U2 vy S 0707 :

Interpolating the above two inequalities, we obtain for 0 < k < % and N < Nyo—1
such that —y + (N +1) > egand -8 + &N > ¢,

) - k—y—B+E(N+1
1) 2 IDI e W2y S nPop 7PN, (A5)

Interpolating between (A.3) and (A.5) leads to (9.14).

A.2: The Proof of Lemma 9.2
As in the previous lemma, here we present the detailed proof of (9.19). One may
check Sect. A.2 of [15] for the proofs of the remaining inequalities.
Applying (2.50) to e;,l determined by (2.81) gives that for N > 0,
DI e 1 w1 S 10 =S8 pl10 (185X, 1y vy + 9V plons1185Xp1y o)

1 2
FIA = Sp)BYplin+1133Xp11 o + <|83Yp|%’1 +193Y) ; NESAH 1)

S}

x(101 = SpVYply ya 103X,11 1

+ |(1 - Sp)vypg,] (||83Xp||%’1\/+1 + |83Yp|%,N+1 ”VXp ”0,1)

+10 = $0Ypl w1 1V X pllo, + (1= Sp)asYpl11 (19X pllo.v-+1
+I9Yplon+11VXpll0.1))

+(103¥ply gy + IV plon+1185Yply I = SHVYply 103Xl

1 2
G AR AN CYATIN (LA AR AN

4
(1031 15,15, +105Yp13 ) (10 = S)VTply iy IVXpllo

2
3
1
25

T =SpVYpl1  (IVXpllon+1 + VY plon+1 VX ||o,1)>.
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A similar estimate holds for |||D|_leju.1 l1,n+1, with [(1 — §,)33X p]1,; and |(1 —
SP)VXP|%J above being replaced by [(1 — Sp)83Yp|%’l and (1 — S,)VX,lo,,
respectively.

Hence we deduce from (A.1) that

_ 1 P
- —y—B+ - 7=V —B+E
DI e, e S 070,775, DI ey, 15, S 0% .
Interpolating the above two inequalities yields
—y—B4E 1
IDI" e, il S 06,7 for0 <k <o (A.6)

For N < Nop — 1 satisfying —8 + &N > g and —y + &(N + 1) > &, (A.4) holds,
so we infer that

-1 2,—Y—B+E(N+I)
DI, v+t S 06,77

! -

-1 2,5~ V—B+E(N+1)
D] 627,1”%,1\/4.1 S 95 .
Interpolating the above inequalities leads to

_ k—y—B+E(N+1

DI e,y lskvr1 S n26y, 7 PHENED (A7)

forO <k < %,N < No—1lsuchthat —f+&éN >éeand —y +e(N + 1) > &.

We then conclude the proof of (9.19) by interpolating between (A.6) and (A.7).
A.3: The Proof of Lemma 9.3

Here we present the detailed proof of (9.24). Interested readers may check Sect.
A.3 for the proof of the remaining inequalities.
Applying (2.52) to e;,o gives

1 1
|”<t>2eg,0”|L$(5,N) S IVXpllooll )2V Xpll 2 (x40

1
+IVXpllon+6ll(1)2 V8, X pll 1212,

p+1
+ ) 13:Y 121 IV X llon+611V X ll0,0
j=p

1
+ 1Y llo.n+61V X ploo 1) 2V, X pll 2,2,

1
+(I) 2V, Y, 226y + VY llo.n-+619: Y 1142.1) IV X plo.oll VX pllo.0

Again due to 8 > 7¢, we deduce from (9.10) that

1
IVYptillos + 1K) 2V Ypiallz2gey = Cn. (A.8)
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As aresult,

1

llr)2 e}

< 2 —B—y+5¢
P»0”|L,2(8,0) S0 .

In the case for when N < Ny — 6 with —8 + &(N +5) > &, it follows from (9.10)
that

1 o _
IVYpiillon-s + D2V Y paill 2 gvssy < Cnf, PHENEI 0 (A9)

so that in this case, we have

1 2,—B—y+EN+5)
e 2ep 0l 205 3y S 170 :

Then (9.24) follows by interpolating the above inequalities.
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