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Abstract

We establish the interior and exterior Gauss—Green formulas for divergence-
measure fields in L? over general open sets, motivated by the rigorous mathemat-
ical formulation of the physical principle of balance law via the Cauchy flux in
the axiomatic foundation, for continuum mechanics allowing discontinuities and
singularities. The method, based on a distance function, allows us to give a repre-
sentation of the interior (resp. exterior) normal trace of the field on the boundary
of any given open set as the limit of classical normal traces over the boundaries
of interior (resp. exterior) smooth approximations of the open set. In the particular
case of open sets with a continuous boundary, the approximating smooth sets can
explicitly be characterized by using a regularized distance. We also show that any
open set with Lipschitz boundary has a regular Lipschitz deformable boundary from
the interior. In addition, some new product rules for divergence-measure fields and
suitable scalar functions are presented, and the connection between these product
rules and the representation of the normal trace of the field as a Radon measure is
explored. With these formulas to hand, we introduce the notion of Cauchy fluxes as
functionals defined on the boundaries of general bounded open sets for the rigorous
mathematical formulation of the physical principle of balance law, and show that
the Cauchy fluxes can be represented by corresponding divergence-measure fields.
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1. Introduction

We are concerned with the interior and exterior Gauss—Green formulas for
unbounded divergence-measure fields over general open sets, motivated by the
rigorous mathematical formulation of the physical principle of balance law via
the Cauchy flux in the axiomatic foundation, for continuum mechanics allowing
discontinuities and singularities. The divergence-measure fields are vector fields
F € L? for 1 £ p < oo, whose distributional divergences are Radon measures.
These vector fields form a Banach space that is denoted by DM?. Even though the
definitions of normal traces for unbounded divergence-measure fields have been
given in CHEN-FRID [12] and SILHAVY [57] (see also [32]), the objective of this
paper is to give a representation of the interior (resp. exterior) normal trace on
the boundary of any given open set and to prove that these normal traces can be
computed as the limit of classical normal traces over the boundaries of interior
(resp. exterior) smooth approximations of the open set. In particular, this implies
analogous results on general domains (that is, open connected sets).

The approximation of domains is a fundamental problem that has many appli-
cations in several fields of analysis. The answer to the question at hand depends
on both the regularity of the domain and the type of approximation that is needed.
Our interest in this problem is motivated from the field of hyperbolic conservation
laws. It is important to approximate the surface of a discontinuity wave (such as a
shock wave, vortex sheet, and entropy wave) by smooth surfaces from one side of
the surface so that the inferior and exterior traces of the solutions can be defined
on such a discontinuity wave as the limit of classical traces on the smooth approx-
imating surfaces. Furthermore, the physically meaningful notion of Cauchy fluxes
as functionals defined on the boundaries of general bounded open sets requires the
understanding of the flow behavior in both the interior and exterior neighborhoods
of each boundary.

In this paper, we consider arbitrary open sets, which include especially domains
with finite perimeter. The sets of finite perimeter are relevant in the field of hyper-
bolic conservation laws, since the reduced boundaries of sets of finite perimeter are
rectifiable sets, while the shock surfaces are often rectifiable, at least for multidi-
mensional scalar conservation laws (cf. DE LELLIS— OTTO—WESTICKENBERG [24]).
Moreover, one advantage for the sets of finite perimeter is that the normal to these
sets can be well defined almost everywhere on the boundaries.

A first natural approach to produce a smooth approximation of a domain is via
the convolution with some mollifiers ;. Indeed, it is a classical result in geometric
measure theory (see the classical monographs of AMBROSIO-FUSCO-PALLARA [2,
Theorem 3.42] and MAGGI [43, Theorem 13.8]) that any set of finite perimeter £
can be approximated with a suitable family of smooth sets Ej such that

LYERAE) — 0, A" YO Ey) —» A" YO*E)  ask — oo, (1.1)
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where L£" is the Lebesgue measure in R", 9* E is the reduced boundary of E, and
A denotes the symmetric difference of sets (thatis, AAB := (A \ B) U (B \ A)).

The approximating smooth sets Ey are the superlevel sets Ag.; := {ux > t},
for almost every ¢t € (0, 1), of the convolutions uy := xg * 1, for some suit-
able subsequence g — 0 as k — oo. The main difficulty with the convolution
approach is that the approximating surfaces uk_l (t) do not provide an interior ap-
proximation in general, since portions of uk_l (#) might intersect the exterior of the
set. This problem was solved by CHEN—TORRES—ZIEMER [14] and CoMi-TORRES
[17] by improving the classical result and proving an almost one-sided approxi-
mation that distinguishes the superlevel sets for almost every ¢ € (%, 1) from the
ones corresponding to almost every ¢ € (0, %), thus providing an interior and an
exterior approximation of the set with

f%””*l(u,:1 (HNE% — 0  foralmostevery ¢ € (%, 1),
jiﬁn_l(uk_l (tyNEY - 0  foralmost every 7 € (0, %),

where E° and E! are the measure-theoretic exterior and interior of the set, re-
spectively. Moreover, for any measure || < ¢ n=1 the classical result (1.1) was
improved to

Il (Ak AE') — 0, 52" (0Ak,) — "' (3°E) for almost every 1 € (%, 1),
il (Ak A (E' UD*E)) — 0, 5" (3Aky) — 2" (9*E) for almost every 1 € (0, %).

This new one-sided approximation for sets of finite perimeter is sufficient to

obtain the Gauss—Green formula for vector fields F € DM%’C. Indeed, we have

|divF| <« "1,
as first observed by CHEN—FRID [11] (also see [14,56]), which implies

divF (Ag,) — divF(E") for almost every € (3, 1),
divF (Ay,) — divF(E' U9*E)  for almost every € (0, 1).

This allows us to obtain the interior and exterior Gauss—Green formulas over sets
of finite perimeters (see [14, Theorem 5.2]).

Our focus in this paper is on the Gauss—Green formulas for DM? fields, that
is, unbounded weakly differentiable vector fields in L?” whose distributional di-
vergences are Radon measures. It has been shown that, for F € DMP? with
1 £ p < oo, the Radon measure divF is no longer absolutely continuous with
respect to .7~ ! in general. Indeed, it is absolutely continuous with respect to the
Sobolev and relative p’-capacities if p = ﬁ and can be even a Dirac measure
ifl <p< ﬁ (see [56, Theorem 3.2, Example 3.3], [14, Lemma 2.25], and
[48, Theorem 2.8]). Thus, a new way of approximating the integration domains
entirely from the interior and the exterior separately is required, since we cannot
rely anymore on the approximation described above, as in [14].
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A second approach to approximate a domain U is to employ the standard dis-
tance function and define

U® = {x e U : dist(x, 0U) > &};

see [57, Theorem 2.4]. In this case, since dist(x, dU) is only Lipschitz continuous
for the domains with less than the C2-regularity, the coarea formula implies that
{x € U : dist(x,dU) = ¢} is just a set of finite perimeter, for almost every
& > 0; see Section 5. In Section 7, we also use a regularized distance p, which
is C*°, introduced by LIEBERMAN [41] for the Lipschitz domains and developed
further to the C°-domains by BALL-ZARNEScU [7]. For these domains, smooth
approximations are obtained, since p~!(g) is smooth for any ¢ > 0. Thus, the
use of the distance functions provides an interior smooth approximation satisfying
divF (U?) — divF (U) even for unbounded divergence-measure fields.
As for the exterior approximation, we consider the sets

Uy := {x e R" : dist(x, U) < &},

which clearly satisfy similar properties as U*. Indeed, we will unify the exposition
by defining the signed distance d from dU and its regularized version analogously
in Section 5.

Another motivation of this paper is from a result of ScHURICHT [53, Theo-
rem 5.20], where it is proved that, for any F € DM}OC(.Q) and any compact
set K € §2, the normal trace functional can be represented as an average on the
one-sided tubular neighborhoods of K in the sense that

1
divF(K) = lim ~ F v dx, (1.2)
e—>0¢ K \K

where K, = {x € 2 : dist(x, K) < ¢}, and v‘Ii((x) = V.,dist(x, K) is a unit vector
for Z"-almost every x € 2 such that dist(x, K) > 0. This last property says
that v,"; is a sort of generalization of the exterior normal. It is clear that K, C K
if ¢ < ¢ and that [,y K. = K, which implies that divF(K,) — divF(K).
Therefore, this approach is similar to the one of the exterior approximation U, of
a bounded open set U. In Section 5, we use this approach as a starting point by
differentiating under the integral sign before passing to the limit in ¢, so that we
can obtain a boundary integral on the right-hand side.

The classical Gauss—Green formula for Lipschitz vector fields F over sets of
finite perimeter was proved first by DE GI1oRGI [22,23] and FEDERER [29,30], and
by BURAGO-MAZ’YA [8,44] and VOL'PERT [62,63] for F in the class of functions
of bounded variation (BV). The Gauss—Green formula for vector fields F € L*
with divF € M was first investigated by ANZELLOTTI [4, Theorem 1.9] and [5] on
bounded Lipschitz domains, and his methods were then exploited by AMBROSIO—-
CRiPPA-MANIGLIA [1], KAWOHL-SCHURICHT [38], LEONDARDI-SARACCO [40],
and SCHEVEN-SCHMIDT [50-52]. Independently, motivated by the problems arising
from the theory of hyperbolic conservation laws, CHEN—FRID [11] first introduced
the approach of defining the interior normal traces on the boundary of a Lipschitz
deformable set as the limits of the classical normal traces over the boundaries of the
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interior approximations of the set, in which the Gauss—Green formulas hold. One of
the main objectives of this paper is to develop this approach further for unbounded
vector fields to understand the interior normal traces of divergence-measure fields
on the boundary of general open sets, and to show the existence of regular Lipschitz
deformations introduced in [11]. Even though, locally, we always have the natural
regular Lipschitz deformation ¥ (3, t) = (3, y(3) + t) for y as in Definition 2.5
and y = (y1, ..., Yn—1), it may not be possible to extend this deformation globally
to AU in such a way as to satisfy Definition 2.5 in general.

Later, the Gauss—Green formulas over sets of finite perimeter for DM *°-fields
were proved in CHEN—TORRES [13], SILHAVY [56], and CHEN—TORRES—ZIEMER
[14]. Subsequent generalizations of these formulas were given by CoMI-PAYNE
[16], CoMI-MAGNANI [15], and CrasTA-DE Cicco [18,19]. We refer [16,20] for
a more detailed exposition of the history of Gauss—Green formulas.

The case of divergence-measure vector fields in L?, p # oo, has been studied
in CHEN-FRID [12] over Lipschitz deformable boundaries and in StLHAVY [57] for
open sets. The main focus of this paper is to obtain the Gauss—Green formulas by
using the limit of the classical traces over appropriate approximations of the domain,
instead of representing it as the averaging over neighborhoods of the boundaries of
the domain as in CHEN—FRID [12] and S1LHAVY [57]. Even though a representation
of the normal trace similar to the one in this paper can also be found in Frip [31],
it is required in [31] that the boundary of the domain is Lipschitz deformable. In
Section 8, we show that this last condition can actually be removed.

DEGIOVANNI-MARZOCCHI-MUSESTI [25] and later SCHURICHT [53] sought to
prove the existence of normal traces under weak regularity hypotheses in order to
achieve a representation formula for Cauchy fluxes, contact interactions, and forces
in the context of the foundation of continuum physics. The Gauss—Green formulas
obtained in [25,53] are valid for F € DMP(£2) for any p = 1, but are applicable
only to sets U C 2 which lie in a suitable subalgebra of sets of finite perimeter
related to the particular representative of F. One of our objectives in this paper
is to use the representation of the normal traces as the limits of classical normal
traces on smooth boundaries to obtain an analogous representation for the contact
interactions and the Cauchy fluxes on the boundaries of any general open set.

This paper is organized in the following way. In Section 2, some basic notions
and facts on the BV theory and DM P-fields are recalled. In Section 3, we establish
some product rules between DMP-fields and suitable scalar functions, including
continuous bounded scalar functions with gradient in L? for any 1 £ p < oo,
which has not been stated explicitly in the literature to the best of our knowledge.
In Section 4, we investigate the distributional definition of the normal trace func-
tional and its relation with the product rule between DM P-fields and characteristic
functions of Borel measurable sets. We also provide some necessary and sufficient
conditions under which the normal trace of a DMP-field can be represented by
a Radon measure. In Section 5, we describe the properties of the level sets of the
signed distance function from a closed set and their applications in the proof of
the Gauss—Green formulas for general open sets. As a byproduct, we obtain gen-
eralized Green’s identities and other sufficient conditions under which the normal
trace of a divergence-measure field can be represented by a Radon measure on the
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boundary of an open set in Sections 5-6. In Section 7, we show the existence of
interior and exterior smooth approximations for U and U respectively, where U
is a general open set, together with their corresponding Gauss—Green formulas. In
the case of C° domains U, we employ the results of BALL-ZARNEScU [7] to find
smooth interior and exterior approximations of U and U in an explicit way. Indeed,
we are able to write the interior and exterior normal traces as the limits of the
classical normal traces on the superlevel sets of a regularized distance introduced
in [7,41]. In Section 8, we employ Ball-Zarnescu’s theorem [7, Theorem 5.1] to
show that any Lipschitz domain U is actually Lipschitz deformable in the sense of
CHEN-FRID (c¢f. Definition 2.5). In addition, we recall the previous approximation
theory for open sets with Lipschitz boundary developed by NECAs [45,46] and VER-
CHOTA [60,61] to give a more explicit representation of a particular bi-Lipschitz
deformation ¥ (x, t), which is also regular in the sense that
lim J2YW, =1 inL'@U; 2",
t—>0t

where W, (x) = W(x, 1), and J?V denotes the tangential Jacobian. Finally, in Sec-
tion 9, based on the theory of normal traces for DM P-fields obtained as the limit of
classical normal traces on smooth approximations or deformations, we introduce
the notion of Cauchy fluxes as functionals defined on the boundaries of general
bounded open sets for the rigorous mathematical formulation of the physical prin-
ciple of balance law involving discontinuities and singularities, and show that the
Cauchy fluxes can be represented by corresponding divergence-measure fields.

2. Basic Notations and Divergence-Measure Fields

In this section, for self-containedness, we first present some basic notations and
known facts in geometric measure theory and elementary properties of divergence-
measure fields.

In what follows, £2 is an open set in R”, which is called a domain if it is also
connected, and M (£2) is the space of all Radon measures in §2. Unless otherwise
stated, C and C are equivalent. We denote by E € §2 a set E whose closure Eisa
compact set inside £2, by E the topological interior of E, and by 0 E its topological
boundary.

To establish the interior and exterior normal traces in Section 5 later, we need to
use the following classical coarea formula (cf. [27, §3.4, Theorem 1 and Proposition

3]):
Theorem 2.1. Let u : R" — R be Lipschitz. Then

/ [Vu|dx = / A" VAN () dr for any L"-measurable set A.
A R

(2.1)

In addition, if essinf|Vu| > 0, and g : R" — R is Z"-summable, then g|,-1 ) is
" summable for £ -almost every t € R and

o0
/ gdx = / / id<%”"71ds foranyt € R.
{u>r} t {u=s} |V’/‘|
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In particular, for any t € R and h 2 0 such that set {u = t + h} is negligible with
respect to the measure g dx,

1+h g
f gdx = / f do#" 1 ds. (2.2)
{t<u<t+h} t {u=s} |V”|

In the case that g : R" — R" is £"-summable, the same results follow for each
component gi, i =1,...,n.

The notions of functions of bounded variation (B V') and sets of finite perimeter
will also be used.

Definition 2.1. A function u € L'(£2) is a function of bounded variation in $2,
written as u € BV (£2), if its distributional gradient Du is a finite R"-vector valued
Radon measure on §2. We say that u is of locally bounded variation in §2, written
as u € BVjpc(£2), if the restriction of u to every open set U € £2 isin BV (U). A
measurable set £ C 2 is said to be a set of finite perimeter in §2 if xp € BV ($2)
and said to be of locally finite perimeter in 2 if xg € BVioc(§2).

It is well known that the topological boundary of a set of finite perimeter E can
be very irregular, since it may even have positive Lebesgue measure. On the other
hand, DE GIoRGI [23] discovered a suitable subset of 3 E of finite .~ !-measure
on which |D x| is concentrated.

Definition 2.2. Let E be a set of locally finite perimeter in §2. The reduced boundary
of E, denoted by 0* E, is defined as the set of all x € supp(|Dxgl|) N £2 such that
the limit

1 Dxe(B(x.r))
ve(x) := lim ——
r=0 |Dxel(B(x, 1))

exists in R” and satisfies
ve(x)| = 1.

The function vg : 3*E — S"~lis called the measure-theoretic unit interior normal
to E.

The reason for which vg is seen as a generalized interior normal lies in the
approximate tangential properties of the reduced boundary (cf. [2, Theorem 3.59]).
Indeed, E N B(x, ¢) is asymptotically close to the half ball {y : (y — x) - vg(x) =
0}N B(x,e)ase — 0, and

|Dxg| = 2" 'L9o*E. (2.3)

Itis a well-known result from the BV theory (cf. [2, Corollary 3.80]) that every
function u of bounded variation admits a representative that is the pointwise limit
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"~ 1-almost everywhere of any mollification of u and coincides .7~ !-almost
everywhere with the precise representative u™ as follows:

. lim ——— u(y)dy if this limit exists,
ut(x) ;== {r=0|B(x, )| Jp@,n

0 otherwise.

In particular, if u = xg for some set of finite perimeter E, then xié = % on 0*E
2"~ !-almost everywhere.

We state now the generalization of the coarea formula for functions of bounded
variation, which indeed shows an important connection between BV functions and
sets of finite perimeter; see [2, Theorem 3.40] for a more detailed statement and
proof.

Theorem 2.2. If u € BV (82), then, for £ -almost every s € R, set {u > s} is of
finite perimeter in §2 and

o0
|Dul|($2) = / |D Xu=>s)|(§2)ds.
—0oQ

We recall now the definition of divergence-measure fields, the main object of
study of this paper.

Definition 2.3. A vector field F € LP(£2; R") for some 1 < p < oo is called
a divergence-measure field, denoted as F € DMP(£2), if its distributional diver-
gence divF is a real finite Radon measure on £2. A vector field F is a locally
divergence-measure field, denoted as F € DM{;C(.Q), if the restriction of F to U
isin DMP(U) for any U € 2 open.

These vector fields have been widely studied in the last two decades; for a
general theory, we refer mainly to [1,11-14,16,31,32,53,56,57] and the references
cited therein.

We recall that Lipschitz functions with compact support can be used as test
functions in the definition of distributional divergence, since C2°(£2) functions are
dense in Lip,.(£2), the space of Lipschitz functions with compact support in £2.

Finally, we introduce two definitions, which are required in Section 8, in order
that the results on the smooth approximation of domains of class C° by BALL—
ZARNESCU [7] can be employed to show that the boundary of any bounded Lipschitz
domain is Lipschitz deformable in the sense of CHEN—FRID [11,12].

Definition 2.4. Let 2 C R” be a domain of class C°. For a point P € R", define
a good direction at P, with respect to a ball B(P, §) with § > 0 and B(P,5) N
382 # @, to be a vector v € S"! such that there is an orthonormal coordinate
system Y = (y, v,) = (¥1, y2, ---Yn—1, Yn) With origin at point P so that v = ¢,
is the unit vector in the y,-direction which, together with a continuous function
f: R SR (depending on P, v, and &), satisfies

RNBP, 8 ={yeR" 1y, > f(¥), Iyl <8}
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We say that v is a good direction at P if it is a good direction with respect to some
ball B(P, §) with B(P,8) N 382 # 0. If P € 952, then a good direction v at P is
called a pseudonormal at P.

Definition 2.5. Let £2 be an open subset in R"”. We say that 92 is a deformable
Lipschitz boundary, provided that the following hold:

(i) For each x € 3£2, there exist » > 0 and a Lipschitz mapping y : R*~! — R
such that, upon rotating and relabeling the coordinate axis if necessary,

2NOx,r)={yeR" 1y, >y, ... }a-D}N Qx, 1),

where Q(x,r) ={y e R" : |y; —x;| <r,i =1, ...,n}.

(ii) There exists a map ¥ : 352 x [0,1] — £ such that ¥ is a bi-Lipschitz
homeomorphism over its image and ¥ (-, 0) = Id, where Id is the identity map
over d§2. Denote 0£2; = ¥ (352 x {t}) for T € (0, 1], and denote 2, the open
subset of £2 whose boundary is 0§2;. We call ¥ a Lipschitz deformation of 9£2.

The Lipschitz deformation is regular if

lim J%?w, =1 inL'(00; " ", (2.4)

T—0t

where ¥, (x) = ¥ (x, 1), and J?*° denotes the tangential Jacobian.

3. Product Rules Between Divergence-Measure Fields and Suitable Scalar
Functions

In this section, we give some new product rules between DM?P-fields and
suitable scalar functions. We start by proving a product rule for vector fields in
DMP forany 1 £ p < oo, which is the explicit formulation of a particular case
of the product rule for DM?-fields stated in [12, Theorem 3.2].

From now on, as customary, we always use a standard mollifier:

n € C°(B(0, 1)) radially symmetric, with = 0 and fB(o,l) nx)dx =1,
3.1)

and

new = (). (3:2)
Proposition 3.1. If F € DMP(2) for 1 £ p < o0, and ¢ € C°(2) N L®(£2)
with Vg € LV (2; R") for p' = #, then

¢F € DMP(£2),

and

div(¢F) = ¢ divF + F - V. (3.3)
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Proof. Itis clear that o F € LP(§2; R"™).
We first consider the case 1 < p < 00. Take ¢ := ¢ * 1., where 1, is defined
in (3.2). Then ¢, — ¢ uniformly on compact subsets of §2, and V¢ — V¢ in

Ll (82;R").
For any test function ¢ € C, Cl (£2), we have

/¢8F.V1/,dx=/ F-V(q&gl//)dx—f W F -V, dx (3.4)
2 2 2
:_/ 1/f¢gddivF—/ W F - Ve, dx.
2 2

We can now pass to the limit as ¢ — 0 to obtain (3.3) in the sense of distributions.
On the other hand, it follows that

< (1@l oo ()| divF | () + ”F”L”(Q;R”)||V¢||Lp’(Q;Rn))”w”Lw(Q)-

’/ ¢F - Vi dx
2

This shows that div(¢ F) is a finite Radon measure on £2, by the density of CC1 (£2)
in C(£2) with respect to the sup norm, and that (3.3) holds in the sense of Radon
measures.

For the case p = 1, we mollify F instead, since ¢ € W1 (2) C Lip;,.(£2).
For any ¢ € CCl (£2), we obtain

/ ¢ F,-Viydx :/ F. V(¢y)dx —/ Y F,-Vodx.
2 Q2 Q
By passing to the limit as ¢ — 0, the L'-convergence of F, to F implies

/qu-vwdx:/ F-V(qw)dx—/ W F -V dx
2 2 2
z_/ 1//¢ddivF—/ v F -V dx.
2 2

This shows (3.3) in the sense of distributions for p = 1. Then we can conclude by
arguing as before. O

Remark 3.1. Notice that, if ¢ € L°°(§2) and V¢ € Lp/(.Q; R"™), then ¢ €
Wlé’cp (£2). Thus, if p’ > n (thatis, 1 £ p < =), we do not have to require

n—1

that ¢ € C°(£2) in Proposition 3.1, since this follows by Morrey’s inequality (see
[27, Theorem 3, §4.5.3]).

Proposition 3.1 can be extended to the case p = oo, by taking g € BV (£2) N
L*°(£2). Indeed, a product rule between essentially bounded divergence-measure
fields and scalar functions of bounded variation was first proved by CHEN—FRID
[11, Theorem 3.1] (also see [31]).
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Theorem 3.1. (CHEN-FRID [11]) Let g € BV (£2) N L*°(2) and F € DM (£2).
Then gF € DM (2) and

div(gF) = g*divF + F - Dg (3.5)

in the sense of Radon measures on $2, where g* is the precise representative of g,
and F - Dg is a Radon measure, which is the weak-star limit of F - Vg, for the
mollification g, := g * n., and is absolutely continuous with respect to |Dg|. In
addition,

|F - Dg| < [|Fll o (2;rm)|Dgl.

One could ask whether it would be possible to obtain a similar result also for
F ¢ DMP(£2),1 £ p < oo, by imposing some other assumptions on F weaker
than the essential boundedness. It is obvious that g F € L?”(£2) and that div(g F) is
a distribution of order 1, by definition; hence one should look for conditions under
which it can be extended to a linear continuous functional on C.(£2).

Our investigation is motivated by the following example, where g is the charac-
teristic function of a set of finite perimeter E, and F is a vector field in DM{;C, 1<
p < 2, which is unbounded on 9*E.

Example 3.1. Letn =2, g = x(g, 1y2, and

L (x1,x2)
F(xi,x) ==-—5—>,
27 xi + x5
which implies that divF = §(9,0). Then gF € DM{Z)C (R?) forany 1 < p < 2 with

. 1
div(gF) = 15(0’0) + (F, Dg), (3.6)

where

1 1
(F,Dg)(¢) = L o0 1) dxq +/ (. x2) dxp | forany ¢ € Co(R?).
27 \Jo 1+x} 0o 1+x3

(3.7)

This pairing functional can also be regarded as a principal value in the sense that

(Fv Dg)(d’): lim ¢F'l)(0 I)Zdﬁl,
=0 J3(0,1)2\B(0,¢) ’

so that |(F, Dg)| < |Dg| = s'L9*(0, 1)2. Moreover, term %8(0,0) comes from
the fact that g*(0) = % (that is the value of the precise representative of g at the
origin).
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In order to prove these claims, we take ¢ € Ccl. (R2) to see

/ gF -V¢dx = lim F -V¢dx
e=0J0,1)2\B(0.¢)

:llm(f‘/\ d)F'V(Ol)Zdz%l
=0 9(0,1)2\B(0,£) ’

¢(xl’x2)i (1, %2)  (x1,x2) d%p1>

)
—|—x2 /x2+x22

/d)(Ox) 0. x2) (1,0)dxa

/ o (x1,

/éB(O.s)ﬁ{xl >0,x2>0}

g

/

+ d)(scos@,ssin@)d&)
0

1 Lp(xy, 1 Lo, x
:7< ¢ (x1 2) d + é( i)
2r \Jo 1+x3 0o l4+x;

ol

1
dxz) - Z(b(o, O)

This shows that div(g F) is a distribution of order 0, so that it is a measure, since it
can be uniquely extended to a functional on C..(R?) by density.

In addition, for any ¢ € C°([0, 11%) with V¢ € LP ((0, 1)?) for some p €
[1, 2), the following integration by parts formula holds:

X1, X T
/ 00 22) 9 a1, xa) oy dis + 590.0)
0,1)2 xl + x5

Lo, 1) Lo, Xz)
dxi +
o 1+x7 0 1+x2

(3.8)

Indeed, since x 12 F € DMP(R?) for any p € [1,2), then (3.3) yields

dIV(¢X<0’1)2F) = ¢ dIV(X(O,])ZF) + X(O,l)ZF . V¢,

which, by (3.6), implies

, 1
div(¢x,1)2 F) = Z¢(O’ 0)80,0) + ¢(F, Dx(0.12) + x0.12F - Vo.  (3.9)

Finally, (3.8) follows by evaluating (3.9) over R?, using the fact that ¢ xo.12F

has compact support to obtain div(¢ X(0,1)2 F)(R?) =0 by [16, Lemma 3.1], and
employing (3.7).

In this example, the cancellations between F and v ;)2 play a crucial role in
order to ensure the existence of a measure given by the pairing of F and Dg.

Indeed, we can impose the existence of such a measure in order to achieve a
more general product rule.
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Theorem 3.2. Let F € DMP(2) for1 < p < oo, andlet g € L®(2)N BV (£2).
Assume that there exists ameasure (F, Dg) € M(82) suchthat F.-Dg — (F, Dg)
for any mollification F; of F. Then
gF € DMP (),

and

div(gF) = g divF + (F, Dg), (3.10)
whereg € L*®(82, |divF|) is the weak™*-limit of a suitable subsequence of mollified
functions g, of g, which satisfies g(x) = g*(x) whenever g* is well defined. In
addition,

I(F,Dg)| < #" " ifp=c0,
and, if p € [n"Tl, oo)
|(F, Dg)|(B) =0 for any Borel set B with o -finite AP measure.

Proof. It is clear that gF € L7 (£2; R"). We now divide the remaining proof into
two steps.

1. In order to show (3.10), we take any mollification g, = g * n, with 5, defined
in (3.2). Then we select ¢ € Lip,.(§2) to obtain

/ g F -Vodx = —/ ¢g. ddivF —/ ¢F - Vg, dx. (3.11)
Q Q 2
Since g — g in Lf’o/c(.Q), we have

/ g.F-V¢pdx —>f gF -V¢pdx ase — 0. (3.12)
2 2

Notice that |g¢(x)| < |lgllzeo(s) for any x € £2. Then there exists a weak™-
limit g € L*°(£2, |divF|) for a suitable subsequence {g,, } so that g coincides
with the precise representative g* whenever this is well defined. Therefore, we
obtain

/ ¢g. ddivF — / ¢g ddivF (3.13)
2 2
up to a subsequence. As for the last term, we have

/(2¢(X)F(X) - Vge(x)dx = /Q(¢F)e(y) - dDg(y). (3.14)

By the uniform continuity of ¢, for any § > 0 and x € £2, there exists &g > 0
such that |¢(y) — ¢ (x)| < nforany y € B(x, ¢) and ¢ € (0, &g). Since ¢ has
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compact support in §2, we can also assume that B(x, &) C £2 without loss of
generality. This implies

[(@F)e(x) — p(X)Fe(x)| = VQ (p(») — ¢(x))F(y)ne(x — y)dy

§8/ |F(x 4+ ¢ez2)In(z)dz
B0, 1)
< ‘SHUHLP’(B(()J))”F”L!'(.Q;]R”)-

Hence, it follows that

/Q(¢F)a(y)- dDg(y) = /Q¢()’) Fe(y) - dDg(y) +o.(1). (3.15)

Now we use our assumption on sequence F to obtain

/Qqﬁ(y) F.(y)- dDg(y) — /qu(y)d(F, Dg)(y). (3.16)

Combining (3.11)—(3.16), we conclude that g is actually unique and that (3.10)
holds. In particular, we see that div(gF) € M(S2), which implies that gF €
DMP($2).

2. As for the absolute continuity property of (F, Dg), we notice that

(F, Dg) = div(gF) — g divF

and F, gF € DMP(§2). We recall now that |divF| + |div(gF)| « " !
if p = oo (see [11, Proposition 3.1] and [56, Theorem 3.2]) and that, if p €
25, 00), |divF|(B) = |div(gF)|(B) = 0 for any Borel set B with o-finite

"7 measure, by [56, Theorem 3.2]. This concludes the proof. O

It seems to be delicate to characterize the cases in which measure (F, Dg) does
exist and the absolute continuity, that is [(F, Dg)| < |Dg| holds as in Example
3.1. We give here a partial result.

Corollary 3.1. Let F € DMP(2) for 1 < p < oo, and let g € L®(£2) N

BV (£2). Assume that there exists F e Li» ($2,|Dgl; R") such that F X Fin
Ly (82,1Dgl; R"), where F. = F * 1, is the mollification of F. Then gF €
DM (2) and

div(gF) = §divF + F - Dg,

where g € L*(82; |divF)|) is the weak™*-limit of a subsequence of g so that g(x) =
g*(x), whenever g* is well defined. In addition, for any open set U € §2,

|F-Dg|LU < inf |F|lpoorn |Dg|L_U. (3.17)
UeU' e

U’ open



Cauchy Fluxes and Gauss—Green Formulas for DMP 101

Proof. The first part of the result follows directly from Theorem 3.2, since the
assumptions imply that F, - Dg — (F, Dg) = F- Dg. Moreover, since F e
Ly .(82,|Dgl; R"), we have

|F - Dg| < ||;7||Loo(U,‘Dg‘;Rn)|Dg| on any open set U € £2.

Finally, since |F¢(x)| < | F|lLo@+B(0.e):rn) for any x € U, then, for any open
set U’ satisfying U € U’ € 2, the lower semicontinuity of the L°°-norm with
respect to the weak*-convergence implies

||F||L°°(U [Dgl;RM) = 11m1nf sup |[Fe(x)| < | Fllreowr;rry-
xeU

By taking the infimum over U’, we obtain (3.17). O

Remark 3.2. The assumptions on F are satisfied in the case F € CY(2: R"), for
which F = F.
If FelLf®

loc

(£2; R™), then, for any open set 2" € £2,

|Fe(X)| = | FllLe(2r4+-B0.);rny  forany x € 2.

> (2,|Dgl; R") such that F —
F in L* (£2,|Dgl; R™), up to a subsequence. This implies the result of Corollary
3. lagam Moreover, since |divF| < "=, by [56, Theorem 3.2], we can conclude

Thus, by weak*-compactness, there exists FelLX®

* |divF |-almost everywhere

g=g¢
since the precise representative of a BV function g exists .7~ !-almost everywhere
In addition, by the product rule established in Theorem 3.1, we obtain the identity:

F-Dg=TF - Dg.
Thus, if v, is the Borel vector field such that Dg = v,|Dg|, then
F-Dg = (F -vy)|Dg|.

That is, F - Vg is the density of measure F - Dg with respect to |Dg]|.

Finally, the assumption that F eLlOC(Q R™) canberelaxedto F € LIOC(U; R™),
for some open set U D supp(|Dgl). Indeed, this implies that F. is uniformly
bounded in L>(U’, |Dg|; R"), for any open set U" € U and & small enough,
which ensures the existence of a weak*-limit F € Ly (U, |Dgl;R"), up to a
subsequence.

On the other hand, we have seen that there are some examples of unbounded and
discontinuous D M?P-fields which admit a product rule of this type, as in Example
3.1. Moreover, there exists an unbounded DMP-field G and a set of finite perimeter
E for which a product rule holds, but [(G, D xg)| is not absolutely continuous with
respect to |D xg|, as shown in the following example.
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Example 3.2. Letn = 2, E = (0, 1)2, and F as in Example 3.1. We have shown
that xz F € DM?P (R?) for any p € [1,2) and that

loc

. 1
divixe F) = 780.0) + (F. DX), (3.18)

by (3.6). Letnow G := g F.Itisclearthat xz G = G sothat div(xgG) € M(R?).
Let 1. (x) be the mollifiers defined in (3.1)—(3.2), and let ¢ € CC1 (R?). A simple
calculation shows that

[ s 201G Voar == [ o005 1) adivG = [ 96 Vo5 e ax.

By Lebesgue’s dominated convergence theorem, we have

f(ng*xE)Gdee/ xEG-V¢dx:—/ ¢ ddivixsG),
R2 R2 R2

and
. 1
/ d(Me * xp)ddivG = f ¢ (e * x£) d(=800,0) + (F, DXE))
R2 R2 4

1 1
- 0, 0 = d F’ D ’
—>16¢( )+/a*52¢ ( XE)
since |(F, Dxg)| < |Dygland xj(0,0) = }T. This and the density of CCI(RZ) in
C? (R?) show that G - V(. * x ) is weakly converging to some measure (G, D xg)
that satisfies

1

div(xgG) = T

1
80,0y + E(F’ Dxg)+ (G, Dxg). (3.19)
However, it is clear that div(xg G) = divG = div(xg F). Therefore, (3.18)—(3.19)
imply

3 1
(G,Dyxg) = ES(O,O) + E(F’ DxE). (3.20)

Therefore, |(G, Dxg)| < |Dxe| = 'L 9*E does not hold, since there is a
concentration at (0, 0).

4. Regularity of Normal Traces of Divergence-Measure Fields

In this section, we investigate the connection between these product rules and
the representation of the normal trace of the DAMP-field as a Radon measure.

We first introduce the notion of generalized normal trace of a DMP-field F on
the boundary of a Borel set E, which has indeed a close relation with the product
rule between F and xg.
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Definition 4.1. Given F € DMP(£2) for 1 < p < 00, and a bounded Borel set
E C £2, define the normal trace of F on 0 E as

(F-v,d)9E :=/ ¢ddivF+/ F-V¢dx  forany ¢ € Lip.(R"). (4.1)
E E

Remark 4.1. Since divF is aRadon measure, any Borel set E is |divF |-measurable.
Moreover, for any |divF |-measurable set E, there is a Borel set B O E such that
|divF|(B\ E) = 0, so that there exists a |divF |-negligible set Nz with Ng = B\ E.
Therefore, if Ng is Lebesgue measurable, then E is admissible for the definition
of normal traces.

Furthermore, by the definition, the normal trace of F € DMP?(£§2) on the
boundary of a bounded Borel set E C £2 is a distribution of order 1 on R”, since

. 1-1
[{(F v, ¢)ye | = [I@llLoo@n|divF|(E) + V| Loy [EI" 7 | FllLr(£:rn)

forany ¢ € C Cl (R™). Moreover, the normal trace is not stable a priori under the
modifications of E by Lebesgue negligible sets. Indeed, if E is any Borel set such
that |[EAE| = 0, then, unless |divF | <« £", we may obtain that |divF|(EAE) #
0, even though the second terms in (4.1) are equal.

Therefore, the normal trace depends on the particular Borel representative of
set E, noteven only on d E. Indeed, if U C £2 is an open set with smooth boundary,
then 9U = dU; however, when |divF|(dU) # 0, the normal traces of F on the
boundary of U and U are different in general.

Remark 4.2. By the definition of normal traces, we have
(F -v,¢)yp = div(p F)(E).

Therefore, Theorem 3.1 implies that, if F € DMP(2)forl < p < 00,(F - v, )55
as a functional can be extended to the space of test functions ¢ € C 0(2)NLX(2)
such that V¢ € L”/(.Q; R™). Under such conditions, we can also take any Borel
set £ C 2, since

(F v, @)ap | S ll@pllLoe)divEI(E) + IVl Ly (q.pm 1 F llLre:rm-

Therefore, if F € DMP(£2) for 1 £ p < 00, and E is a Borel set in £2, then the
normal trace (F - v, -) 5 can be extended to a functional in the dual of

{0 e COUR)YNLX(R2) : Vo e L7 (2;RM)).

Proposition 4.1. Let F € DMP(82) for | < p < oo. Then the normal trace of
F on the boundary of a bounded Borel set E C 2 is a distribution of order 1
supported on OE.

Proof. LetV € 2\ 0E and ¢ € CLI.(V). We need to show that (F - v, @)y = 0.
Since o F € DMP(£2) and supp(¢p F) C V, then supp(div(¢ F)) C V. From
this, it follows that

(F v, ¢)yp = div(¢ F)(E) = div(¢ F)(V N E).
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We may assume that E # & (otherwise, there is nothing to prove) and V C E,
without loss of generality. Then [16, Lemma 3.1] implies that div(¢ F)(V) = 0 so
that (F - v, ¢)yp = div(pF)(V) =0. O

Remark 4.3. Given F € DMP(£2) for | £ p < oo, then, for any Borel set E in
£2, the following locality property for the normal trace functional holds:

(F-v,-)gg = —(F v, )y@\p)

in the sense of distributions on £2.
Indeed, given any ¢ € Ccl. (£2), o F € DMP(82) by Proposition 3.1, and

/ ¢dd1'VF+/ F -V¢dx =div(gF)(£2) =0
2 2

by [16, Lemma 3.1], since supp(¢ F') is compact in §2. Then

/¢ddivF+/ F-qudx:—/ ¢>ddivF—/ F-V¢dx.
E E Q\E Q\E

Theorem 4.1. Let F € DMP(2) for 1 £ p < o0, and let E C §2 be a bounded
Borel set. Then

(F-v,-)p = xedivF — div(xg F) (4.2)

in the sense of distributions on 2. Thus, (F - v, )yg € M(IE) if and only if
div(xg F) € M(82); that is, xp F € DMP(82). In addition, if (F -v, )y is a
measure, then

(i) [(F-v, )y | < A" 1LIE, if p = o0; /
(i) | (F - v, )y |(B) = O for any Borel set B C JE with o-finite "~ P measure,
ifilg=p<oo

Proof. By Proposition 4.1, the support of distribution (F - v, -),;5 is dE. As for
the equivalence, we notice that

(F'v,qb)aE—/qbddivF:/ F.v¢>c1x=/ xeF - Vg dx
E E 2

for any ¢ € Lip.(£2). This implies (4.2) in the sense of distributions. Since divF €
M(8£2), it follows that (F - v, )5 € M(IE) if and only if div(xg F) € M(£2),
by the density of Lip.(£2) in C.(§2) with respect to the supremum norm. Since
xeF € LP(82;R"), then div(xg F) € M(S2) implies that xyg F € DMP(£2).
As for the absolute continuity properties of the normal trace measure, we argue as
those in the end of the proof of Theorem 3.2, by employing (4.2) and [56, Theorem
32]. 0O

We now employ (4.2) to show the relation between (F - v, -)sp and (F - v, ),
for any another Borel representative E, with respect to the Lebesgue measure, of a
given bounded Borel set E.
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Proposition 4.2. Let F € DMP(Q) for 1 < p < oo, and let E,E C £2 be

bounded Borel sets such that |E A E | = 0. Then

(F-v,)op —(F-v,-)y5 = (Xp\F — XE\p)dIVF, 4.3)
which means that (F - v, -)op — (F - v, )35 € M(£2), and
[(F v, )ag —(F -v, )35 | = Xpap|divF|. 4.4)

In particular, if U is an open bounded set in 2 with |0U| = 0, then
(F v, )5 — (F v, Yoy = xou divF. (.5)

Proof. Since |E AE | =0, div(xgF) = div(xgF) in the sense of distributions.
Thus, by subtracting (4.2) for E from the same identity with E, we obtain (4.3).
Then we see that (F - v, -)ap — (F - v, -)y5 € M(£2) and (4.4). Finally, if U is
open bounded set with [dU| = 0, (4.5) follows from (4.3) with E = U and E=U.

O

Remark 4.4. While div(xg F) is not a Radon measure in general, we can employ
(4.2) to obtain some information on its restriction to some particular sets. Indeed,
since (F - v, -) 5 is supported on d E, by Proposition 4.1, it suffices to restrict (4.2)
to 9E and E to obtain

(F v, Y5 = xeropdivF — div(xg F)LLOE, divF_E —div(xgF)LE = 0.

In particular, this means that div(xg F) L E =divFLE , so that this restriction is a
Radon measure for any F € DMP (£2) and bounded Borel set E in £2. In addition,
if U is an open bounded set in £2, then

(F -v,)yy = —div(xy F)LaU.

We now state a particular result concerning the sets of finite perimeter and the
case p = oo, which gathers much of the known theory (see [14,16]). It also provides
a generalization of the Gauss—Green formulas by allowing for scalar functions
¢ € CY(£2) with Vo € LIIOC(Q; R™). Such a result can be seen as a particular case
of [18, Theorem 5.1], when 2 = R”".

First, we need to recall the definitions of both measure-theoretic interior and
measure-theoretic boundary of a measurable set E:

IB(x,)NE|

E! = {xeR":nm _1}, ME =R\ (E' U®R"\ E)}).

r—=0  [B(x, )
By Lebesgue’s differentiation theorem, it follows that [EAE'| = 0and | E| = 0.
By [27, Lemma 5.9, §5.11], E' and 9" E are Borel measurable sets.

Wenotice that, if F € DM% (£2),and E C §2 isasetoflocally finite perimeter,
then 9*E is a |divF|-measurable set. Indeed, 9*E C 9™E and #" ' (3™E \
0*E) = 0 by [27, Lemma 5.5, §5.8]. This means that 3" E = 9* E U N for some
set N satisfying 7" ~'(Ng) = 0. Since |divF| <« "~ by [11, Proposition
3.1], 0*E is |divF|-measurable, because it is the difference between the Borel set
9™ E and the |divF|-negligible set Nz. This means that, if F € DM{? (£2), and
E C £ isasetof locally finite perimeter, then (F - v, -}y g1 and (F - v, -)yg1up+ )
are well defined.
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Proposition 4.3. Let F € DM, (£2), and let E € 2 be a set of finite perimeter.
Then the normal trace of F on the boundary of any Borel representative E of set E
is a Radon measure supported on 9*E U (EAE ) COE. In particular, sz E!
or E = E'UJ*E up to A" -negligible sets, then

[(F v, )5 < A" ' LO*E

with density in L*(3*E; "~ "). More precisely, for any set E of locally finite
perimeterin 2 and ¢ € CO(2) suchthat V¢ € L} (82; R") and x g ¢ has compact
support in S2, then

loc

qbddivF—i—/ F - Vodx = —/ ¢ G- vp)doa" !, (4.6)
E! E *E

f qbddij-l—/ F Vpdx = —/ ¢ @e-ve)da" ", @)
EVUO*E E *E

where (§i-vE), (e -vE) € L. (3" E; SV are the interior and exterior normal
traces of F, respectively, as introduced in [14, Theorem 5.3].

Proof. Assume first that £ € §2. By [14, Theorem 5.3] and [16, Theorem 4.2], it
follows that the normal traces on the boundaries of E! and E' U 3*E are Radon
measures. They are indeed absolutely continuous with respect to .7~ _3* E and
with densities given by essentially bounded interior and exterior normal traces: For

any ¢ € Lip.(£2),
(F v, )1 = / b @i vp) da
(F-v,9)y10vE) = — f3*5¢ (Fe - ve)do" L.

These two formulas hold also for any set E with %”"’1(1:5 AEY = 0 or
A" VWEA(E' UJ*E)) = 0, respectively, since |divF| « #" ! if F € DM>®
(£2), by [56, Theorem 3.2].

Let E be > any Borel representative of E with respect to the Lebesgue measure
so that |EAE| = 0, which implies that E'=E!L By (4.3), we have

(F-v,9)y5 = (F-v,¢)yp

+f ¢ (Xg\p1 — Xpn\g) ddivF for any ¢ € Lip,.(£2).
Q

This shows that (F - v, -), 5 is a Radon measure on 0*E U (EAEI), while this set

is contained in 8 E , since E CE'CE , coherently with Proposition 4.1.

Finally, let E be a set of locally finite perimeter in 2, and let ¢ € C°(£2)
such that V¢ € LIOC(Q; R™) and supp(xg¢) € £2. Then (4.6)—(4.7) follow from
[16, Theorem 4.2]. Indeed, such equations hold for ¢ € Lip),.(£2) such that
supp(xep) C V & 2 for some open set V. Thus, we can take any mollifica-
tion ¢, of ¢, with ¢ > 0 small enough, such that supp(xg¢s) C V. Then we pass
to the limit as ¢ — 0 by employing the fact that ¢ — ¢ uniformly on V and
V$. — V¢ in L' (V; R™). This completes the proof. 0O
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Remark 4.5. Given F € D./\/lﬁ)%(ﬂ) and a set of locally finite perimeter £ C £2,
(4.6)—(4.7) hold for any ¢ € Lip,.(§2). This shows that the normal traces of F on
the portion of the boundaries d E' N2 and 8 (E' Ud* E) N §2 are locally represented

by measures (J; - vg) #" 'L 0*E and (3, - vg) #" ' 9*E, respectively.

Remark 4.6. Proposition 4.3 can be seen as a special case of Theorem 4.1, because
of Theorem 3.1. In addition, it shows that the normal trace measures of F €
DM>®(2) on JE" and 9(E' U 8*E) are actually concentrated on 3*E = 9*E! =
3*(E' U 3*E), for any set of finite perimeter E € £2.

Moreover, if F € DMP($2) for 1 £ p < oo, the normal trace on dE is not a
measure that is absolutely continuous with respect to .~ ! in general, as shown
in [16, Example 6.1]. However, as we will see in Section 7, the normal trace on
the boundary of open and closed sets can still be represented as the limit of the
classical normal traces on an approximating family of smooth sets.

Remark 4.7. Theorem 4.1 shows that, in the case of Example 3.1, the normal trace
is a Radon measure on d E, since a product rule holds between

I (x1,x2)
F(-xlvxz) =

and for E = (0, 1)2.
o x12 +x§ XE ( )

Indeed, we have

. 1
div(xgF) = 15(0.0) + (F, Dxg)

with

_ L frheGrD L1, 1)
(F, Dxgp)(¢) = _E< A 1+x% dx1+/(; l+x22 dxy |.

Using (4.2) and (0, 0) ¢ E, it follows that, for any ¢ € Lip,. (R?),
(F v, )op = / pxr ddivF — / ¢ ddiv(xp F) = - / $ ddivix F)
R2 R2 R2

1
= _qu(o, 0) — (F, Dxg)(#).

Therefore, (F - v, -) 5 is a Radon measure on 0 E.
In this example, E is also a set of finite perimeter with £ = E!, but the normal
trace is supported on 9 E, not only on 9*E, since (0, 0) ¢ 9*E.

Remark 4.8. Theorem 4.1 implies that, if F € DM?(§2) does not admit a normal
trace on d E representable by a Radon measure, then xg F ¢ DMP(£2), even for
a set of locally finite perimeter E.

An example of such a vector field was provided by [57, Example 2.5] and [32,
Remark 2.2] as follows:

(_x29 xl)

F(x1,x3) := .
x12+x22
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Then F € DMIOC(RZ) forany 1 < p <2,divF =0on E = (—1,1) x (—1,0).
For any ¢ € Lip,.((—1, 1)2), we have

/ XEF~V(]5dX1 dXQ
(—1,1)?

Lo 0 0

=/ / ) ) (—x2 ¢ +x1—¢> dxde]
1o x4 x3 dx1 9x2
—¢ d 0

lim (/ / )/ (—x2—¢ +x1—¢> dxs dx
e—0 | x? —I—x2 dx] 0x2

= lim {/ 2 2( P (—&,x2) + (e, x2)) dx2

e—0 -1 52 + x5

—& 1
+</ +/>¢(x1’0)dx1}
—1 £ X1
1
:P.V./ PELO) gy,
—1 X1

since the two area integrals are simplified and

A
hm/ — 2 (— ¢, x2) + (e, x2)) dxz

e—0/_1 g2 —|—x2
1

ex
< 2L lim 2

1
dxy=Llimelog(l+ —)=0
e~0Jo &2 4x3 Rl og ( +82) ’

where L is the Lipschitz constant of ¢. This shows
1
div(xg F) =P.V.(—)L(=1, 1) ® do,
X1

so that div(xg F) ¢ M((—1, 1)), which means that xz F ¢ DMP((—1, 1)?) for
any 1 £ p < 2.
The argument can be generalized to

F(xl,x2)=(_x2—’xl)a for2 <a <3

(x? +x3)2
to obtain

div(xg F) = (P.V.sgn(x)) |x1 ') (=1, 1) ® &.

Remark 4.9. By Theorem 4.1, F € DM?(§2) admits a normal trace on the bound-
ary of a Borel set E € £2 representable by a Radon measure if and only if
xeF € DMP(£2). This condition is generally weaker than the requirement of
E to be a set of locally finite perimeter in £2. Indeed, there exist a set E C R?
with xg ¢ BViee(R?) and a field F € DMP(R?) for any p € [1, co] with
(F -v,)sr € M(JE). The key observation in the construction of such a set E is
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Fig. 1. The open bounded set E

that, given a constant vector field F = v € R", (4.2) implies that the normal trace
is given by

(vev, Dgp = —div(xev) = — Y v; Dy XE-

Clearly, the requirement that Z;=1 vjDy; xg € M(£2) is weaker than the require-
ment that xg € BV (£2), since there may be some cancellations.
We choose E as the open bounded set whose boundary is given by

= ({0} x [0, 1]) U ([0, 1] x {0}) U ([0, 1 +1og2] x {1}) U S

as shown in Fig. 1, where
= (. 5) U120 (5))
Ul X S 5= 5)

n1
2n k—1 2n+1 k—1
(=D (=D 1
U(L>J1[1+]§T,1+;T]x{1_m})
lk 1 n—1 -1 k—1 1
Uy I L)
nz1 =

Then xg ¢ BVioc (R2), since 7! (S) = oo. However, we can show that Dy, xg €
M(R?).
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Indeed, given any ¢ € Ccl. (R?), we have

/—dxl dxp
n 1"’_Zkl
/ /—dxldxz-i-Z/ ZH/ T¢dx1dx2

:/0 (#(1, x2) = $(0, x2)) dx2

OO l—ﬁ n (_l)k—l
+Z/1 RS 0 ¥2) —9(0.x)) dx
n=1%""72"

k=1

1

1
—/ (0, x2) dxy + 2¢><1,x2>dxz
0

71+1 (— )k 1
+ Z/ ? X , x2) dxo.
k

=1

This implies

DX] XE
= "L ({0} x (0, 1))

_%IL(({I}X(O,;) (U 1+Z( D

n>1

1 1
X(l—z—n,l—ﬁ))>,

which is clearly a finite Radon measure on R
Now we observe that, if F(x1,x2) = f(x2)g(x1)(1,0) for some f € L?(R)
and g € C!(R), then F € DMP(R?),

divF = f(x2)g'(x1).22,
and
div(xg F) = f(x2)g(x1)Dx, xE + xg(x1, x2) f(x2)g' (x).L%. (4.8)

Indeed, for any ¢ € C Cl (R2), we have

[ e Voandn = [ e s dxidv,

9(g(x1)p(x1, x2))
3)(1

¢ (x1, x2)
0x]

= /]RZ XxE(x1, x2) f(x2) dxidxs

- A;{z XE(x1, x2) f(x2)@ (x1, x2)g" (x1) dx1dxy
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= _/Rz f2)gx)@ (x1, x2) Dy xE
- /RZ XE (X1, x2) f(x2)@ (x1, x2) 8" (x1) dxpduxz.

Thus, by (4.8), div(xg F) € M(R?) so that (F - v, Yo € M(IE), by Theorem
4.1, even if E is not a set of locally finite perimeter in R?. In addition, by (4.2), we
have

(F v, )op = xedivF —div(xgF) = — f(x2)g(x1)Dx, XE»

from which the following is deduced:
1
[(F v, )5 | < J‘fll_(({O} < (0, D) [ J (113 x (0, E))

U1+ S - 551 - 55

n21

On the other hand, as we will show, whether (F - v, -)5¢ is a Radon measure
on d E or not does not play any role in the representation of the normal trace of F
on the boundary of an open or closed set as the limit of classical normal traces on
the boundaries of a sequence of approximating smooth sets.

We provide now a necessary condition for the normal trace to be a Radon
measure.

Proposition 4.4. Let F € DMP(2) for 1 £ p < oo, and let E C 2 be a Borel
set such that there exists 0 € M(JOE) satisfying

(Fov.ghe = [ ¢do joranyg e Lin ).
oFE

Then, if 1 < p < 25, for any x € 3E and r > 0, there exists a constant C > 0
such that |0 |(0E) + |divF|(E) 2 C and

‘/ Fy). 2= dy’ <cr. (4.9)
B(x,r)NE ly — x|
If p 2 ;%5 forany x € 9E andr > 0,
y—x)
‘ f F(y-2—2 dy‘ = o(r). (4.10)
B(x,r)NE |y - )C|

Moreover, given any a € (0, n], for 7*-almost every x € dE and r > 0, there
exists a constant C = Cg f x > 0 such that

‘/ F(y). Y=Y dy( < oot 4.11)
B(x,r)NE ly — x|
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Proof. We just need to choose ¢(y) := (r — |y — x|) xB(x,n(y) so that, by (4.1),

/ (r —ly —xdo(y)
B(x,r)NOE
(y—x)

=/ (r—|y—x|)ddivF—/ F(y) - dy.
B(x,r)NE B(x,r)NE ly — x|

Then we obtain

/ F(y)- & =x) dy‘ < r(|o|(B(x, ") NIE) + |divF|(B(x, r) N E)).
B(x,r)NE |y —Xl

4.12)

Now, if 1 = p < %5, then divF and o = xgdivF — div(xg F) do not enjoy

any absolute continuity property in general, by [56, Example 3.3, Proposition 6.1],
so that (4.9) holds from (4.12).

If p 2 .25, then |divF|({x}) = |o|({x}) = 0, by [56, Theorem 3.2] and The-
orem 4.1. Therefore, (4.12) implies (4.10). Finally, a consequence of [2, Theorem
2.56] is that, given a positive Radon measure © on §2, its «-dimensional upper
density O (i, x) satisfies the property:

O (u, x) < 00 for 5% -almost every x € £2.

This means that, for J#*-almost every x € £2, there exists a constant C = C,,
such that

w(B(x,r)) < Cr.

Therefore, this argument holds for both measures |divF | E and |o|L dE. Then,
from (4.12), we achieve (4.11). O

Remark 4.10. The result of Proposition 4.4 does not seem to be very restrictive,
since the example in Remark 4.8 satisfies all the three conditions at any point on
(—1,1) x {0}

Indeed, consider points (¢, 0) for some ¢t € (—1, 1), and r > 0 small enough
so that B((¢,0),r)N{x, <0} C E = (—1,1) x (—1,0). Since (—x2, x1) - (x1 —
t, xp) = xot, we have

x| —1,x
f FOram) - 0% g,
B((1,0),r)NE [(x1 — 1, x2)]

Xt

~/B((l,0),r)ﬂ{x2<0} (‘xlz +.X§) /(-xl _ t)Z +X§

= redvdu.
/3((0,0),1)m{u<0} ((t +rv)2 + r2u?)Vv? + u?

dxq dxp
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Therefore, for ¢ # 0, we have

X1 —1t, X
‘/ F(xl,xz)~udx1 dxy
B((1,0),)NE [(x1 —t, x2)]

L r3 t|cos6
Z// —l —r2dgdp
0 Joz rip* 4+t + 2trp sin @
1

rp+t
ro—t

r2 5
dp:m—l—o(r)

=/ rsgn(t) log
0

for any sufficiently small r; while, if # = 0, we just have

/ F(xl,x2)~de1dx2=O for any r > 0.
B((0.0).)NE [(x1, x2)]

These calculations also show that this F satisfies (4.11) for any « € (0, 1], which
is sufficient, since the Hausdorff dimension of 0 E is 1.
Moreover, for any F € L?($2; R"),

0= b ik
[ re S Ral s ([ ipra) e
B(x,)NE ly — x| B(x,r)
n

Then condition (4.10) is satisfied for any r € (0, 1]ifn — i > 1,thatis, p > .

n—1

On the other hand, we obtain a better decay estimate for Z°“-almost every
x € 0E, forany @ € (0, n]. Indeed, F € Ll (§£2;R") so that measure u = |F|.Z"

loc

satisfies (B (x, r)) < Cr* for 7#*-almost every x € §2. This implies

‘ / F(y)- k) dy| = Cr®  for #*-almost every x € JE,
B(x,r)NE |y - xl

while we obtain the higher exponent & + 1 in (4.11).

5. The Gauss—Green Formula on General Open Sets

We now consider a general open set U C R” and provide a way to construct its
interior and exterior approximations via the signed distance function, suitable for
the derivation of the Gauss—Green formula for F € DM? for 1 < p < oo.

For the given open set U in R", we consider the signed distance from oU':

_ dist(x, aU) for x € U,

d(x) = .
—dist(x,9U) for x ¢ U.

(5.1)

We summarize some known results on the signed distance function in the following
lemma.
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Lemma 5.1. The distance function d(x) is Lipschitz in R" with Lipschitz constant
equal to 1 and satisfies

IVd(x)| =1 for Z"-almost every x ¢ 0U.
In addition, Vd = 0 £"-almost everywhere on sets {d =t} forany t € R.
Proof. The elementary properties of the distance show that d is Lipschitz with
Lipschitz constant L < 1, and hence differentiable .#"-almost everywhere. Then
itis clear that |Vd(x)| < 1.

Let now x € U such that d is differentiable at x and |Vd(x)| < 1. Then there
exists a point y € U, depending on x, such that d(x) = [x — y|. Indeed, given
z € U such that d(x) < |x — z[, then we can look for y € B(x, |x — z|) N dU,
which is a compact set.

Setting x, := x+r(y—x), weseethatd(x,) = (1—r)|x —y| forany r € [0, 1].
Otherwise, if there would exist z € dU such that |x, —z| < |x, — y|, then we would
obtain

X =zl = |x — x|+ [x, =zl <7ly = x|+ |x —y| =[x =yl

which contradicts the assumption that y realizes the minimum distance from x.
Since d is differentiable at x, then

d(x;) —d(x) =Vd(x)-(y —x)r +o(r),
that is,
ly — x| =Vd(x) - (x —y) +o(l),

which yields a contradiction with the assumption that |[Vd(x)| < 1.

Similarly, we also obtain a contradiction, provided that d is differentiable at
x € RP\ U and |Vd(x)| < 1. Since the Lipschitz constant L satisfies L >
IVd|l 1 ®n g7y, we conclude that L = 1.

As for the second part of the statement, we refer to [3, Theorem 3.2.3]. O

For any ¢ > 0, denote
U? :={x eR":d(x) > &}, (5.2)
and
Us:={x e R":d(x) > —¢}. (5.3)
Then U¢ C U® when ¢’ > ¢, and
Juve=u.
e>0
Similarly, U, C U, when &’ < ¢, and

((U.=TU.

e>0

Itis clear that, for K := U and K, := U,, we recover the same settin g of Schuricht’s
result as in (1.2).
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Remark 5.1. By Lemma 5.1, we can integrate indifferently on {d = ¢} and {d > ¢}
for any t € R with respect to Vd dx (or, analogously, on {d < r} and {d < t}). This
means that dU* and dU, are negligible for measure Vd dx for any ¢ = 0 (with
U =Uy="U).In particular, it follows that (2.2) holds for any # € R and & = 0,
ifu =dand g = f Vd for some f : R" — R _Z"-summable.

We can say more on the regularity of sets U® and U,. Indeed, since d is a
Lipschitz function, which is particularly in B V}o. (R"), the coarea formula (Theorem
2.2) implies that the superlevel and sublevel sets of d are almost all sets of locally
finite perimeter. Thus, we can conclude that U? and U, are sets of locally finite
perimeter for .#!-almost every & > 0. In fact, we can show the following slightly
stronger result.

Lemma 5.2. For any open set U in R", for £ -almost every & > 0,

AN QUEN 9*UP) =0, Vd(x) = vye(x) for " L-almost every x € JUE,

where vye is the measure-theoretic interior normal to U®. Analogously, for £ -
almost every ¢ > 0,

"N QU N\ 97U, =0, Vd(x) = vy, (x) for A" -almost every x € dU,.

Proof. By the previous remarks, U? is a set of locally finite perimeter for .#!-
almost every ¢ > 0. Then, for any smooth vector field ¢ € C Cl (R™; R™),

/ divpdx = —f @ -vgeds"! for £'-almost every & > 0.
& a*US
(5.4)

Consider now the functions

£ if x € U?,
vl (x) = 1d@x) ifx e U\ U,
0 ifx¢U.

Then

/ WY divedx =e/ d1vgpdx+/ d(x) dive dx
U U U\U®

= / ¢ - Vddx
U\u*

Z/ ¢ - Vd|Vd|dx

\TF
= / / .Vdd" ! dr,
0

o
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since |Vd(x)| = 1 for .Z"-almost every x ¢ dU and Vd(x) = 0 for .Z"-almost
every x € 0U® (Lemma 5.1 and Remark 5.1), and by the coarea formula (2.2) with
u=dand g = xye - Vd |Vd|. Indeed, using (2.2), we have

/ Xng~Vd|Vd|dx:/ xue - Vd |Vd|dx
R\T® (d<e)

=/ xue - Vd |Vd|dx
{—d>—¢}

o0
// xue - Vdd#" ! dr
—& J{—d=t}
£
=// xue - Vddz" 1 dr
—oo J{d=t}

£
=// ¢-vddx"ar,
0 auU!

sinced > 0in U and |Vd(x)| = 1 for £"-almost every x € aU.
We can repeat the same calculation with ¥, for & > 0, and subtract the two
resultant equations to obtain

e+h
h/ ddive +/ (d(x) — &) ddivep = —/ / @ -vddx" " dr.
yeth UE\U8+h e qU!

We now divide by 4 and use the fact that 0 < d(x) —e < hin U \ U and
|U®\ Ust"| — 0as h — 0 to conclude

/s divpdx = —/ K Vdd#"""  for #'-almost every € > 0.
" (5.9
Notice that, for any R > 0,
"1 (B(0, R) N 3*U®)

— sup { /U div(i—g)dx : ¢ € CL(B(O, R); R"), [¢]loo < 1}. (5.6)

Now, we can take a double index sequence of fields ¢ ,, in C, Cl (B(0, R); R"™) such
that

Pkm = Xp(o Rfi)Vd in LI(R”; R"™) as k — oo, for any fixed m € N.

m

For each k and m, there is a set Ny ,, C R with 2! (N} ) = 0 such that (5.5) holds
for any & ¢ Nim. Set N := U 4 myen2 Ni.m- Then, for any & ¢ N, we obtain

sup {/ div(—p)dx : ¢ € CL(B(0, R); R"), [[¢]loo < 1}
U€

> / div(—gg ) dx = / Ok - Vd A"
U aue
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Now we let k — oo and employ (5.6) to obtain

"B, RYNd*U*) = #" 1 (B(0, R — i) nau*),

m

and the arbitrariness of m € N yields
A"Y(B0, R)N3*U®) = "~ (B(0, R) N U®). (5.7
Combining (5.7) with the well-known fact that 3*U*¢ C dU?, we obtain
A"Y(B(0, R) N (AU® \ 9*U®)) = 0,

which implies that 7~ 1(dU*® \ 9*U?) = 0, by the arbitrariness of R > 0.
Therefore, from (5.4)—(5.5), we have

/ ¢ (e = Vd)d#"1 =0 for any ¢ € C}(R”; R™),
I*U*®

which implies our assertion.
The second part of the statement is proved in a similar way by considering the
following functions instead:

e ifx e U,
gV (x) :=1dx)+¢ ifx e U\ U,
0 if x ¢ Ue.

O

Using similar techniques as in the proof of Lemma 5.2, we are able to show the
following Gauss—Green formulas.

Theorem 5.1. (Interior normal trace) Let U C 2 be a bounded open set, and
let F € DMP() for 1 £ p < oo. Then, for any ¢ € CO(£2) N L>®(2) with
Ve € L7 (2, R"), there exists a set N C R with LY(N') = 0 such that, for every
nonnegative sequence {e} satisfying e ¢ N for any k and g — 0, the following
representation for the interior normal trace on dU holds:

(F~v,¢)3U=f¢ddivF+/ F -V dx
U U

= — lim OF -vye d" 1, (5.8)

k—o00 9* Usk

where vy is the inner unit normal to U on 0*U*®k. In addition, (5.8) holds also
for any open set U C 2, provided that supp(¢p) N U® € $2 for any § > 0.

Proof. We divide the proof into three steps.
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1. Suppose first that U € £2. Then U? € £2 for any small ¢ > 0. Recall that
U® cU*ife’ >eand|J,.,U® = U.Define

£ ifx e U®,
yV(x) = 1dx) ifxeU\U",
0 ifx ¢ U.

Since ¥V € Lip.(£2), we can use it as a test function. In addition, for any
¢ € COU2)NL®(2) with V¢ € LV (2; R"),pF € DMP($2) by Proposition
3.1. Then

/ wU ddiv(¢F) = —/ ¢F -Vddx = —/ ¢F -Vd |Vd|dx
U U\U?®

U\U*®

&
= —/0 i t¢F~Vdef"_1dt, (5.9)
U

by the coarea formula (2.2) withu = d and g = xy¢F - Vd |Vd|, by Lemma
5.1 and Remark 5.1. Thus, we use test functions 1//8U and ‘l’glih with & > 0 to
obtain

/ eddiv(¢ F) + / d(x)ddiv(pF) = —/ / OF -vddx#""\dr,
1% U\U*® o Jaur
and

/ (¢ + h) ddiv(¢ F) +f d(x)ddiv(¢ F)
yeth U\US'H’

e+h
= _/ / F -Vddx""dr.
0 au!*

Subtracting the first equation from the second one, we have
h / ddiv(F¢) + f (d(x) —e)ddiv(F¢)
yeth Us\Us+h

e+h
= —/ ¢F -Vdd"dr.
3 au!
We now divide by 4 and use the fact that
05dx)—e <h inUS\ U, |div(F¢)|(U®\ Uty >0 ash— 0
to conclude
/ ddiv(F¢) = — / OF -Vd d#"" for #!-almost every ¢ > 0.
Ue aue
(5.10)

We can take any sequence g — 0 of such good values to obtain

/¢ddivF—|—/ F.Vgdx =— lim ¢F -Vd d"'. (5.11)
U U

—o Jyusk
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By Lemma 5.2, such a sequence can be chosen so that /2"~ 1 (U \8*U %) = 0
and Vd is the inner normal to U®* at .7~ !-almost every point of 3*U?. Then
the result follows.

. Now let U C £2 be bounded. Since U? & £ for any § > 0, we can consider
the test functions

& if x € USTY,
YV ) = {d@) =6 ifx e US\ U,
0 ifx ¢ US.

Clearly, 'V e Lip.(§2) for any 6, & > 0. Arguing as before, identity (5.9)
becomes

&+48
fwfsddiv(¢F):—/ / OF - Vdd""dr.
Us § au!

. s 5
We use the test functions WSU and sﬂ ,, for any i > 0, and then subtract the
UIS

. . . . . 8 .
equation involving ¥, , from the one involving YU to obtain

h / ddiv(p F) + / (d(x) — 8 — &) ddiv(¢ F)
U£+h+5 Ue+6\Us+h+5

e+h+6
= —/ ¢F -vdds"'dr.
&+48 aU!

We can divide by 4 and send 7 — 0 to obtain

/ ddiv(¢pF) = —/ ¢F -Vdd#""! for ! -almost every ,8 > 0.
yets QUEtHs

Now set &’ := ¢ + 8. We choose a suitable sequence &; — 0 for which Lemma
5.2 applies so that (5.8) holds by (3.3).

. Consider the case that U C £2 is not bounded. Then we take ¢ with bounded
support in £2. Thus, we can choose test functions nlﬂg ’ for some ¢, § > 0 and
n € C2°(82) satisfying n = 1 on an open set V such that supp(¢) N Ulcve

2. Indeed, nyU” € Lip,(£2) and ¢y V" = ¢yU’. By the product rule (3.3),
we have

/d)t/fel/addivF:/ r]l/fgusddiv(d)F)—/ YU F . Ve dx.
2 2 2

Again, by the product rule, we obtain that supp(div(¢ F)) C supp (¢), which
implies

/nwfaddiV(¢F)=/ vV’ ddiv(g F),
2 Q

since n = 1 on supp(¢) NU? > supp(div(¢p F)) N supp(t/fsua). Therefore, from
this point, we can repeat the same steps as before to conclude the proof. O
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Remark 5.2. Theorem 5.1 implies that we may take U = £2 in (5.8) to obtain the
Gauss—Green formula up to the boundary of the open set where F is defined.

As an immediate consequence of Theorem 5.1, we obtain approximations of
the classical Green’s identities for scalar functions with gradients in DM? (£2).

Theorem 5.2. (First Green’s identity) Ler u € WLP(2) for 1 < p < oo be
such that Au € M(82), and let U C $2 be a bounded open set. Then, for any
¢ € CYUR) N LX) with V¢ € LP/(.Q; R™), there exists a set N' C R with
LY(N) = 0 such that, for every nonnegative sequence {ei} satisfying ex ¢ N for
any k and g — 0,

/ ¢ dAu —|—/ Vu-V¢dx = — lim dVu vy d (5.12)
U U k—00 Jaxyek
where vyex is the inner unit normal to U on 9*U %k,

In particular, ifu € WH2(£2) N CO(2) N L>®(2) with Au € M(£2),

/udAu—i—/ |Vu|>dx = — lim uVu vy d"1 (5.13)
U U k=00 Jorue

In addition, (5.12) holds also for any open set U C §2, provided that supp(¢) N
U® & §2 for any small § > 0. Analogously, (5.13) holds for any open set U C £2,
provided that supp(u) N U® € 2 for any § > 0.

Proof. In order to obtain (5.12), it suffices to apply Theorem 5.1 to the vector field
F = Vu, which clearly belongs to DM?(§2). Then, if u € W2(£2) N C%(2) N
L*°(£2), we can take ¢ = u to obtain (5.13). O

Corollary 5.1. (Second Green’s identity) Leru € WP (2)NCY(£2)NL>(2) and
ve WP @2)nco () NL*®(82) for 1 £ p < o0 be such that Au, Av € M(£2),
and let U C $2 be a bounded open set. Then there exists a set N C R with
LY(N) = 0 such that, for every nonnegative sequence {si} satisfying ex ¢ N for
any k and ¢ — 0,

/ vdAu —udAv = — lim (WVu — uVv) - vy d"1, (5.14)
U k—o00 Jorpek
where vye is the inner unit normal to U on 0*U**. In addition, (5.14) holds also
for any open set U C $2, provided that supp(u), supp(v) N U® € §2 for any small
6 >0.

Proof. We just need to apply Theorem 5.2 to the vector field Vu, by using v as
scalar function, and vice versa. Then we can obtain (5.12) for the vector fields Vu
and Vv with the same sequence U, since it is enough to select one sequence
suitable for Vu and then extract a subsequence for Vuv. Thus, we have

/ vdAu+f Vu-Vuvdx = — lim vVu - vyex dorn—1,
U U

k—o00 Ja*yek

/ udAv +/ Vu-Vvdx = — lim uVo - vye dA"!,
U U

k—o00 3*U6k

and subtracting the second equation from the first yields (5.14). O
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Theorem 5.3. (Exterior normal trace) Let U € 2 be an open set, and let F €
DMP(2) for 1 £ p < oo. Then, for any ¢ € CO(2) with V¢ € L/’,(.Q; R™),
there exists a set N' C Rwith LY (N') = 0 such that, for every nonnegative sequence
{ex} satisfying e, ¢ N for any k and g, — 0, the following representation for the
exterior normal trace on dU holds:

(F-v,¢)BU:/7¢ddiVF+/;F~V¢dx = — lim ¢F vy, ds" !,
U U

k—o0 o* ng

(5.15)

where VU,, is the inner unit normal to Uy, on 9* Uy, . In addition, (5.15) holds also

for any open set U satisfying U C 2, provided that supp(¢) is compact in 2.

Proof. We start with the case U € §2. Then U, € 2 for any ¢ > 0 small enough.
We consider the Lipschitz functions

& ifx e U,
gV(x) = 1dx)+¢e ifx €U\ U,
0 if x ¢ Us.

By Proposition 3.1, ¢F € DMP($2’) for any open set 2’ satisfying U, €
2’ € £ for any ¢ > 0 small enough. Thus, we can use £V as test functions to
obtain

/ gV ddiv(pF) = —/ ¢F - Vel dx = —/ ¢F - Vddx
2 2/ U\U

&
=—/0 ) ¢F -vdd"ds, (5.16)
U;

by the coarea formula (2.2) with u = d and g = xo\y¢F - Vd|Vd|, by Lemma
5.1 and Remark 5.1.

Now we proceed as in the proof of Theorem 5.1: Take SEU and Eg’r/’l for some
h > 0 small enough as test functions so that

/ _(dx) +¢) ddiv(d)F)—i—/isddiv(qSF) =—/8 ¢F -vddx#"""dt,
UA\U U

o Jau,

and

f _(dx) + &+ h)ddiv(¢F) + ﬁ(s + h) ddiv(¢ F)
U, U

+1\U

e+h
- —/ ¢F -vdd""'dr.
0 1
By subtracting the first equation from the second one, we have

f _ (dx) + e+ h)ddiv(¢F) +f hddiv(¢pF)
Us+h\Us Us

e+h
= —f ¢F -Vdd""dr.
5 aU;
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It is clear that 0 < d(x) + & < h on Uy, \ U, and that Mhso Us+n = U, for any
& > 0 implies

|div(¢F)|(Usyn \Us) = 0 ash — 0.

Then we can divide by 4 and let & — 0, by applying the Lebesgue theorem, to
obtain that, for .#!-almost every ¢ > 0,

7¢dd1'vF+/ F -Védx=— | ¢F-vddx"", (5.17)

U, U, AU,

by the product rule (3.3). We now choose a sequence & — 0 such that (5.17) holds
and pass to the limit to obtain

/qﬁddivF—i—/ F-V¢dx = — lim $F -vdd#""'.  (5.18)
U U k=00 Jyu,,

As in the proof of Theorem 5.1, we can choose the sequence in such a way that
the assertion in Lemma 5.2 also holds. Thus, we obtain the result.

In the general case, U C £2, and supp(¢) is a compact subset of £2. Hence, we
can argue as in the last part of the proof of Theorem 5.1, by taking a smooth cutoff
function n € CZ°(£2) such that n = 1 on an open neighborhood V of supp(¢).
Following the same steps and replacing EgU as test functions, we obtain the desired
result. O

Remark 5.3. The previous results apply in particular to the case when U is an open
set of finite perimeter.

Remark 5.4. As a byproduct of the proofs of Theorems 5.1 and 5.3, we obtain the
Gauss—Green formulas for almost every set that is approximating a given open set
U from the interior and the exterior. More precisely, if U € £2 is an open set,
F € DMP(2) for 1 < p < 00, and ¢ € CO(2) with V¢ € LP' (2; R"), then,
for .#!-almost every ¢ > 0,

/ ¢dd1'vF+/ F-V¢dx = —/ OF -vye d#" 1, (5.19)

E3 E3 a*U&‘

/7¢dd1‘vF+/‘ F-V¢dx = —/ ¢F - vy, da" ", (5.20)
& & B*Us

This follows from (5.10) and (5.17) and by taking ¢ > O (up to another negligible
set) such that Lemma 5.2 holds, so that "~ 1(3U® \ 9*U?) = 0, #" 13U, \
3*U,) = 0 (which implies that |dU?| = 0), Vd = vye "~ -almost everywhere
on 9*U°®, and Vd = vy, "~ !_almost everywhere on 8*U,.

In addition, (5.19)—(5.20) also hold for any open set U satisfying U C $2,
provided that supp(¢) is compact in £2. In general, this statement is valid for .#’!-
almost every ¢ > 0 because we need to apply Lemma 5.2 and to derive the integrals
inh > 0:

e+h e+h
/ / OF -Vdd#"""dr, / / OF -vddx""dr.
& au? £ U,
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Therefore, such a condition may be removed as long as the conclusions of Lemma
5.2 hold for any & > 0, and [, ¢F - Vd d#"~" and Jou, #F - Vd do ! are
continuous functions of ¢ > 0.

Remark 5.5. It is not necessary to use the signed distance function to construct a
family of approximating sets suitable for Theorems 5.1 and 5.3. Such an argument
is related to the one in [57, Theorem 2.4].

If, for a given open set U € £2, there exists a function m € Lip(£2) satisfying
m > 0inU,m = 0on dU, and essinf(|[Vm|) > 0in U, then sets {m > ¢}, & € R,
can be used for the approximation. In fact, sets {m > ¢} are of finite perimeter for
#1almost every ¢ > 0 and, for such good values of ¢, the measure-theoretic unit
interior normals satisfy

Vm

— 2"~ -almost everywhere on 9*{m > ¢}.
[Vm|

Vim>e} =

In addition, if there exists such a function m with C*, k = 2, or C* regularity, then
{m > &} has a C*¥ or smooth boundary.

As we will see in Section 7, if U is an open bounded set with co boundary, then
there exists a smooth regularized distance p satisfying the previously mentioned
properties. For a general open set U, this may be false.

We can extend Theorem 5.3 to any compact set K C §2, in the spirit of [53,
Theorem 5.20]. Indeed, we just need to choose the following Lipschitz functions
as test functions:

g if dist(x, K) =0,
P (x) == { e —dist(x, K) if 0 < dist(x, K) < &,
0 if dist(x, K) = &,

and then argue as in the proof of Theorem 5.3 to achieve the following result:

Corollary 5.2. Let K C £2 be a compact set, and let F € DMP(S2). Then, for
any ¢ € CO(2) withV¢ € LP (2; R"), there exists aset N C Rwith L'(N) =0
such that, for every nonnegative sequence {¢y} satisfying e ¢ N for any k and
e — 0,

/ ¢ ddivF +/ F-V¢dy = lim oF - Vdist(x, K) d#" 1,
K K

— 00 3ka

(5.21)

where K.: = {x € £ : dist(x, K) < &}. In addition, (5.21) holds also for any
closed set C C 2, provided that supp(¢) is compact in S2.

The right-hand side of (5.21) can be seen as the definition of the generalized
normal trace functional related to F on 0 K, where Vdist(x, K) plays the role of a
generalized unit exterior normal, even in the case K = &.
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Remark 5.6. The results of SCHURICHT [53, Theorem 5.20] and SILHAVY [57,
Theorem 2.4] can be recovered by (5.16) and (5.9), respectively.

Indeed, under the same assumptions of Theorem 5.1, we divide by ¢ in (5.9),
use the product rule (3.3), and send ¢ — 0 to obtain

1
/ ¢ ddivF +/ F . -V¢dx = — lim — ¢F -Vddx, (5.22)
U U e—>0 ¢ U\U*

U
since 0 < 1//75 < lonU\U¢® and |div(F¢)|(U \ U?) — 0 as & — 0. On the other
hand, applying the same steps to (5.16) yields

1
ﬁ¢ddivF+/ F-V¢dx = — lim - ¢F -Vddx,  (5.23)
U

U e—>0¢& U \U

if FF, ¢, and U satisfy the conditions of Theorem 5.3. In particular, this works for
any compact set K C £2, as in Corollary 5.2:

1
/ ¢dd1‘vF+/ F - Védx = lim - OF - Vdist(x, K)dx. (5.24)
K K e—0 & K \K

Remark 5.7. Formulas (5.8) and (5.15) can be used to obtain the Gauss—Green
formula on the boundary of U € £2:

div(F¢)(dU) = div(F¢)(U) — div(F¢)(U)
=jim ([ oFownarr = [ oF o, anrt).
Uk 0*Us,

k— 00

(5.25)

since we can extract the same subsequence & for U and U. The same result holds
for U such that U C §2 if ¢ has compact support in §2.

Remark 5.8. If U = B(xo, r), we obtain the Gauss—Green formula for .2 -almost
every r > 0.

Indeed, dist(x, 0 B(xg, 7)) = r — |x — xo| for any x € B(xg, ) so that (5.19)
implies that, for & L_almost every ¢ € (0,r),

/ ddiv(¢ F) :/ SO F(x) - T 750 g pen=15
B(xg,r—¢) |x - x0|

dB(xg,r—¢)

= —/ OF - VB(xy,r—s) d" 1.
dB(xg,r—¢)
Since the initial choice of r is arbitrary, we conclude

/ ddiv(¢p F) = —/ OF - vp(xy,r) dor"! for .21 -almost every r > 0.
B(xo,r) dB(xq,r)

(5.26)
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Moreover, the same argument works with closed balls so that, by (5.20),

/ ddiv(gpF) = —/ OF - vp(xy.r) ds"" for £ -almost every r > 0,
B(xo.r) 0B(xo,r)

(5.27)

since dist(x, dB(xg, 7)) = |x — xo| — r for any x ¢ B(xg, ).
This can also be seen as a consequence of the fact:

|div(¢ F)|(dB(xo,7)) =0  for .£'-almost every r > 0,
since div(¢ F) is a Radon measure.

We now present a concrete example of applications of (5.8) and (5.15) to a
DMP-field whose norm blows up on the boundary of the integration domains.

Example 5.1. Let F : R\ {(0, 0)} — R? be the vector field:

(x1, x2)

F(x1,x2) := ————.
xlz—i—x%

(5.28)

This is the particular case for n = 2 of the vector field F : R" \ {0} — R”" given by

F(x):= —  forx #0.
|x|"

Then F € DM (R") for1 < p < —=5 and

loc

divF = nw,dy, (5.29)

where w, = |B(0, 1)|. In particular, if n = 2, F € DM{;C(Rz) forl £ p < 2,
and divF = 271(3(0’0).
Consider U = (0, 1)2. CHEN-FRrID [12, Example 1.1] observed that

0 = divF(U) # —/ Fovydw' =2,
U 2
d T
X1 = —.
x? "7y
The approach employed in the proof of Theorems 5.1 and 5.3 enable us to solve
this apparent contradiction, by showing that

1
since F - vy = 0on ({0} x (0, 1)) U ((0, 1) x {0}) and/ . :
0

0=divF(U) = — lim F -vye d,
e—0 Joye

27 = divF(U) = — lim F vy, d",
e—>0 AU,
where U? and U, are given by (5.2) and (5.3), respectively.
In this case, we do not have to select a suitable sequence g — 0. Indeed, F
is smooth away from the origin, and U? and U, are sets of finite perimeter for any
& > 0. Moreover, for this choice of U, Lemma 5.2 is valid for any ¢ € (0, 1). Also,
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the continuity condition mentioned in Remark 5.4 can be checked. Therefore, by
(5.19)—(5.20), we obtain that, for any ¢ > 0,

0 = divF (U*) = —/ F -vye do?, (5.30)
au¢

27 = divF(U,) = —/ F vy, ds". (5.31)
AU,

Passing to the limit verifies our assertion.
We may also verify this statement by hand. Observe that U? = (e, 1 — &)? for
any ¢ € (0, 1). Therefore, we have

1—e l—e 1—¢
/Fvusd,%” / dxl—/ ———dxy
aue &2+ 1?2 —i—xl e (1—8)?+x

1—¢ 1-¢

€ 1-—
T e - E

& 82+.x & (1—8)2+x2

1—c¢ T e
)—Z—Z—I—arctan(l_g))

= Z(arctan(
= 0= —divF(U®)
for any ¢ > 0, which is (5.30). As for (5.31), dU; is the union of four segments:
O,1) x {—¢}, {14+e}x@O, 1, (0,1)x{l+e}, {—¢e}x(0,1),

and of four circumference arcs of angle 7 and radius ¢ centered at the corners of
square U. Therefore, these terms give

/ F-I)US(L%1
au,
1 e 1 1+¢ 1 1+¢
[ e [ [ e,
0 &2+x; 0o (1+8)?2?+x3 0 (14+8)?2+x3

1 3l P .
1 0
_/ dez—f-/ (__)gdg_/ wdg
0 lsz—l—x2 - e z 1+e?+2esind
/2” e(e +cosh) 40 /72' e(e +cosf +sinh)
3 1+ &2 4+ 2ecosh 0 24824 2e(cosf +sinh)

18)—£—z+arctan(l_8)

1
= —2arctan (g) — 2 arctan (1 >3 e

T 1 b4 e 1
- = tan (=) — = — arct t
2—i—arcan(g) arcan( 2)+arcan(1+8)
= —§7'[ — arctan (l) — arctan( ) + T_ arctan ¢ — arctan (1 + &)
2 & 1+e¢ 2
3 T .
=——m— — =21 = —divF (Uy) for any ¢ > 0.
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6. Other Classes of Divergence-Measure Fields with Normal Trace Measures

In this section, as a result of the construction in Section 5, we characterize a class
of DM?P-fields whose normal traces on dU are represented by Radon measures.

Remark 5.6 allows us to find a new sufficient condition under which the normal
trace functional on an open or closed set can be represented by a Radon measure on
the boundary. Such a condition requires a particular representation for the vector
field F, first introduced by SILHAVY [56, Proposition 6.1]. We also need to recall
the notion of lower (n — 1)-dimensional Minkowski content.

Definition 6.1. Given a closed set K in R”, the (n — 1)-dimensional Minkowski
content is defined as

_ .. . |K+B(,¢8)]
MK =1 f————.

» (K) L0 2¢
Proposition 6.1. Let F € DMP(£2) for1 < p < oo, andlet U C $2 be a bounded
open set such that e///f_l (0U) < oo. Assume that divF has compact support in U
and that

1 —
F(x) = /Q (x—y|zl ddivF (y)  for Z"-almost every x € §2.

nwy x —y
(6.1)
Then
(F v, Yoy € MQU).
Similarly, if K C $2 is a compact set such that ///,f_l (0K) < 00, then
(F - v, )y € M@OK),
which is in particular true for K = U if U € £2.
Proof. The normal trace (F - v, -)5y has the following representation:
.1 .
(F -v, @)y = — lim — @(x)F(x)-Vd(x)dx  forany ¢ € Lip.(R");
e—>0¢& U\U*®
(6.2)

see (5.22) and the observations in Remark 5.6. Thus, in order to prove that
(F v, )5y € M(U), it suffices to show

[(F-v,¢)u | < Cllollr=pu) (6.3)
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for a constant C independent of ¢. Let V. C U be a compact set such that
supp (|divF|) C V. Then it follows that

1
| (F v, ¢)yy | = lim ‘-/ @(x)F(x) - Vd(x) dX‘
e—~>01¢g U\U*

.1 (x—y) ..
— lim |~ go(x)( dd1vF(y)-Vd(x)) dx‘
e=>0le Jy\ue 2 lx—=yI"
1 1
< timinf = [l s e / / . d|divF|(y)dx
=0 g O e Jy e — T

1 1
= liminf — o0 e —— dx d|divF ,
minf - loll oo )/va\w T | ()

(6.4)
where we have used Fubini’s theorem and the fact that |Vd| = 1 £"-almost
everywhere (Lemma 5.1). Moreover, limg_,¢ SUp\ e lol = ll@llLe@u), by the

continuity of ¢.
Since V C U is a compact set, there exists k = k(V) such that, for small
enough ¢,

x—y|> orany x € andy € V.
yl =k f y U\UfandyeV

Then it follows that

. I
(F - v, )0 | < llollpopu) [divF (V)K" lim inf —|U \ U°|

1
< 2k divF (V) @]l oo ouy liminf —|9U + B(0, &)
e—0 2¢

< 2k divF (V)42 BU) 1@l L o) -

This proves (6.3), since dU is of finite lower (n — 1)-dimensional Minkowski
content.
In the same way, using (5.24), we can show that (F - v, )y € M(3K) if
K C £2 is a compact set, especially when K = U for some bounded open set U.
O

Remark 6.1. Condition (6.1) is not strongly restrictive in the sense that F' may not
be compactly supported and unbounded. Indeed, let F(x) = # as in Example
5.1. Then, by (5.29), F satisfies (6.1), even though F is unbounded and supported
on the whole R”.

Moreover, (6.1) is satisfied by a large class of vector fields F, as shown in [56,
Proposition 6.1]. Indeed, given any u € M (£2) with compact support in §2, the

vector field
1 _
Fx) = / D 4y
Q

nw, Jo |x —yl"
satisfies divF = p in M(£2), and F € Lf;c(.Q; R") forany I = p < 5. In

addition, if -5 < p < oo, then F € L{ (£2;R") if |u|[(B(x, r)) < cr™ for any

loc
x e R" and r € (0, a), for some m >n—p%,a > 0,and ¢ > 0.
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Remark 6.2. Proposition 6.1 applies to a particular subfamily of sets of finite
perimeter. Indeed, any bounded open set U with //[f_l(aU ) < oo is a set of
finite perimeter in R".
Even though the result is well known, we give here a short proof for the ease
of the reader. Let
dist(x, U?%)
ge(x) 1= max {O, 1-— T} .

Then g, — xy in L'(R"), and |Vg,| = éXU\UE- Thus, for any ¢ € CCI(R"; R™),
we have

‘/ XUdiV¢dx = lim )/ g€d1v¢dx = lim
Rn n

e—0 e—0

|U\NU
&

dx

< 19l @ ey lim inf <o l(aU)nqsnLoo(Rn RY).-

This implies that U is a set of finite perimeter with | D xy |(R") < 2///;1_1 @U).

Arguing analogously, we can also show that any compact set K with .1 (3K )
< o0 is a set of finite perimeter in R”, with |D g |(R") < 2///;’_1 (0K). This can
be shown by considering the functions

fo(x) 1= max {0, ) - 4 K) } ,

e
which satisfy that f, — xx in L'(R") and |V f,| = %XKE\K-

In the case p = oo, assumption (6.1) is superfluous, as shown in the following
proposition, which can be seen as a particular case of [57, Theorem 2.4] and [32,
Theorem 2.4].

Proposition 6.2. Let F € DMP(2) for1 < p < oo, andlet U C §2 be a bounded
open set such that ///;f_l(aU) <00 lf p=o00,0rl < p < ooandF satisfies

1
lim sup—/ |F|P dx < oo, (6.5)
& U\U®

e—0
then
(F - v, )yy € M(@U).
Analogously, let K C £2 be a compact set such that ///:_1 (0K) <o0. If p =00
or1 < p < oo and F satisfies
lim suplf |F|? dx < oo, (6.6)
e—0 € JKN\K
then
(F -v,)yx € M@OK).

In particular, this implies that, if U € £2, ///;'_1(8 U) < oo, and the same assump-
tion on F is made with K = U, then

(F v, )y € M(@U).
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Proof. Arguing as in the proof of Proposition 6.1, we see that, for any ¢ €
Lip.(R"),

| (F v, )5y | = ;%‘%/[]\Ugw(X)F(X) - Vd(x) dx
< liminf ol o0y <10\ U7 IR lLLoorsee
If p = oo, we have
| (F v, )0 | £ 20IF | Losirny 4~ QU) llpll 1o auy -
If 1 £ p < oo, then
[(F v, g)oy | < a2 0U)) 7 umlpf% I lLo@vemn 19l @0, -

from which (F - v, )5y € M(JU), because of (6.5). The case of the compact set
follows analogously from (5.24), by employing (6.6), if F ¢ DM (£2). 0O

This proposition may also be seen as an alternative way of obtaining a part of
the results of Proposition 4.3 in the case that £ is an open or compact set whose
boundary has finite Minkowski content.

Remark 6.3. In particular, Propositions 6.1 and 6.2 hold also for U = §2, when 2
is an open bounded set such that ///f’l (082) < oc.

Remark 6.4. We can reinterpret Theorems 5.1 and 5.3 in the distributional sense.
Indeed, given F € DMP(2) for 1 £ p < 00, and an open bounded set U C £2,
(5.8) is equivalent to the following: there exists a set V' C R with £ (N") = 0 such
that, for every nonnegative sequence {e;} satisfying e, ¢ N for any k and g — 0,

F -vye A" VLU = F - Dyye Ao (F-v,)su (6.7)

in the distributional sense on R"; that is, testing the traces against ¢ € Lip.(R").

Analogously, if U € £2, (5.15) implies that there exists a set A7 C R with
L'(N) = 0 such that, for every nonnegative sequence {e;} satisfying &; ¢ A for
any k and ¢ — 0,

F vy, A" LUy = F - Dxy, — —(F-v. )5 (6.8)

in the distributional sense on R”. In particular, this means that, if (F - v, -)yy €
M(8£2), then, by the uniform boundedness principle, we have

lim sup ||F - Vyek ||L1(3*U£k;jiﬂ"71) < Q.
k—o00

Analogously, if (F - v, -),77 € M(£2), then

lim sup ”F . Ung ||L1(3*ng;=9f”71) < Q.
k— 00



Cauchy Fluxes and Gauss—Green Formulas for DMP 131

Furthermore, if U is an open set of finite perimeter in £2, then
Dxys — Dyu
in the sense of Radon measures, where ¢ is a vanishing sequence for which the
conclusions of Lemma 5.2 hold. Indeed, for any ¢ € CLI. (£2; R"),

—/ ¢ - dDyye =/ Xuek divgpdx —> / XUdiv¢dx=—/ ¢ - dDyxy,
2 2 2 2

and the assertion follows by the density of CC1 (£2; R") in C.(£2; R™) with respect to
the supremum norm. If U is also a set of finite perimeter in §2, then D xuv., = Dxy
analogously.

Thanks to Remark 6.4, we can show that the normal traces on open and closed
sets of finite perimeter agree with the classical dot product, provided that F is
continuous. It is true that F € C%(2;R") N DMP(£2) for 1 < p < oo implies

that F € DMG;, (£2). Thus, we may expect the existence of normal traces as locally

bounded functions by the known theory ([14,16]). Through (6.7)—(6.8), we now
give a more direct proof.

Proposition 6.3. Let F € C°(2; RY)NDMP(2) for1 < p < 00, andletU C 2
be an open set of finite perimeter. Then

(F v, Yy =—F -vp " 'L0"U  in Mioe(£2).
Similarly, if U C $2 is a set of finite perimeter, then

(F-v, )5 =—F vy 'Lo*U  in Mige(£2).
In addition, if U € $2, the previous identities hold in M($2).

Proof. Let ¢, — 0 be a sequence such that both (6.7) and the conclusions of
Lemma 5.2 hold. By Remark 6.4, we obtain

OF - vy d""! — ¢F -vyd"""  forany ¢ € C.(£2),
AUk *U

since pF € C.(£2; R") and
vy AN YU = Dyyex — Dyxy = vy " 'L9*U  in M(R2).
This implies
(F v, )y = —/ ¢F vy d"~"  forany ¢ € C.(£2),
o*U
which means that (F - v, -y = —F - vy "~ 'L 8*U in Mjoc(£2).

We can argue in a similar way with (6.8) and the fact that D xuv., — Dxg in
M(£2) to prove the second part of the statement.
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Finally, if U € $2, there exists n € C.(§2) such that » = 1 on U. Hence, for
any ¢ € CO(2), np F € C.(£2; R") so that

OF - vye dot" ! =/ n¢F - vye, d"!

AUk AUk

— ngF - vy da"! = ¢F vy dot" !,
*U o*U

which implies that (F - v, -)3y = —F - vy A" 9*U in M(£2). Arguing simi-
larly for U, we complete the proof. O

This result also allows us to obtain Green’s identities for scalar functions in
C'(£2) with gradient in DM? (£2) and open sets of finite perimeter.

Proposition 6.4. Let u € C'(£2) N WP (2) for 1 £ p < 00 be such that Au €
M(2), and let U € $2 be an open set of finite perimeter. Then, for any ¢ € C°(£2)
with V¢ € LV (£2; R"),

/ ¢ dAu +/ Vu-Vedx = — éVu vy d" L. (6.9)
U U *U
In particular, if u € C1(£2) N WH2(82) with Au € M(82), then
/ udAu+f |Vu|? dx = —f uVu - vy do" 1. (6.10)
U U a*U

In addition, ifu € C'(2)NW'P(2) andv € C'(2)NWLP (2) for1 < p £ 0
with Au, Av € M(S2), then

/ vdAu—udAv:—/ (wVu — uVv) vy d#" (6.11)
U U

Finally, we can also consider open sets of finite perimeter U C S2, if the supports
of ¢, u, and v are required to be compact in 2.

Proof. Clearly, Vi € CO(Q : R")NDMP(£2) and Vv € CO(Q; R")NDMP (£2).
Thus, it suffices to combine the results of Theorem 5.2, Corollary 5.1, and Propo-
sition 6.3 to complete the proof. O

We notice that (6.9) and (6.11) are closely related to the results of COMI-PAYNE
[16, Proposition 4.5], where Green’s identities are achieved for C! functions (whose
gradients are essentially bounded D M-fields) and sets of finite perimeter.

Arguing in a similar way and employing the refinement of the Gauss—Green
formula for DM -fields given in Proposition 4.3, we now achieve all Green’s
identities for Lipschitz functions with Laplacian measure and sets of finite perime-
ter.
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Proposition 6.5. Letu € Lip,,.(£2) be suchthat Au € Mioc(£2), andlet E C §2 be
a set of locally finite perimeter. Then there exist interior and exterior normal traces
of Vu: (Vui - vg), (Vue - vg) € LL.(3*E; 1) such that, for any v € C°(£2)

loc

satisfying Vv € Ll (£2; R") and supp(xgv) € £2,

loc

/ vdAu +/ Vv - Vudx = —/ v(Vuj - vg) da" !, (6.12)
E! E *E
/ vdAu—}—/ Vv-Vudx:—/ v(Vue - vg)ds#" 1. (6.13)
E'U3*E E O*E
For any open set U € 2, the following estimates hold:

Vi - vEl Lo 3+ Enu; sen-1y S IVUllLo@wnEsR? (6.14)
||Vue . VE”LOQ(B*EOU;Jf”’I) é ||VM||LOO(U\E;RIL). (615)

In addition, if v € Lipy.(£2) with Av € Moc(82), and supp(xgv), supp(xgu) €
$2, then the following formulas hold:

/ vdAu —udAv = —/ (U(Vui -vg) —u(Vy; - vE)) dom 1,
E!

9*E
(6.16)
f vdAu —udAv = —/ (U(Vue -vg) —u(Vue - vE)) dom1.

EVU*E O*E
(6.17)

In particular, if supp(xgu) € 2, then
/ udAu—i—/ [Vu|* dx =—/ u(Vui - vg)ds" 1, (6.18)

E! E 9*E

/ udAu+/ |Vu|2dx=—/ u(Vue - vg)ds#""1.  (6.19)
EYUO*E E *E

Proof. Since Vu € DM, (£2), the existence of interior and exterior normal traces
in Ly (0*E; "1y and estimates (6.14)—(6.15) follow from [16, Theorem 4.2]
and Proposition 4.3. Analogously, (6.12)—(6.13) are an immediate consequence of
(4.6)-(4.7), with F = Vu and ¢ = v.

In addition, if supp(xgu) € £2 and v € Lip,,.(£2) with Av € Mo (£2), then
we can exchange the role of # and v in (6.12) and (6.13):

f udAv+/ Vv-Vudx:—/ u(Vop - vg)ds™ ', (6.20)
E! E *E

/ vdAv+/ Vo - Vudx = —/ u(Vue - vg)ds#"~ 1. (6.21)
EVU3*E E 0*E

Thus, it suffices to subtract (6.20) from (6.12) to obtain (6.16), and to subtract (6.21)
from (6.13) to obtain (6.17). Finally, choosing # = v in (6.12)—(6.13), we obtain
(6.18)—(6.19). O
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7. Normal Traces for Open Sets as the Limits of the Classical Normal Traces
for Smooth Sets

In this section, we show that the approximations of a general open set U can
be refined in such a way that (F - v, -);¢y and (F - v, -) .77 can be regarded as the
limits of the classical normal traces on the boundaries of smooth sets. In the case
that the open set U has continuous boundary, we can exhibit explicit approximating
families of open sets with smooth boundary as deformations to the open set U.

7.1. The General Case

In order to achieve the smooth approximation, we recall another remarkable
result concerning the approximation of any open set by an increasing sequence
of open sets with smooth boundary, a very simple proof of which was given by
DANERS [21, Proposition 8.2.1].

Proposition 7.1. Ler U C R” be an open set. Then there exists a sequence of
bounded open sets Uy with boundary of class C* such that Uy € Uiy € U and

UkUk:U

We can use this result to extend Theorem 5.1, via showing that the normal
trace can be approximated by a sequence of the classical normal traces on smooth
boundaries.

Theorem 7.1. Let U C 2 be a bounded open set, and let F € DMP(S2). Then,
forany ¢ € CO(£2) N L®(2) with V¢ € LP (2; R™), there exists a sequence of
bounded open sets Uy with boundary of class C* such that Uy € U, | J, Uy = U,
and

(F-v,¢)yy =— lim OF - vy, d" !, (7.1)
k—o00 AU
where vy, is the inner unit normal to Uy. In addition, (7.1) holds also for any open
set U C £2, provided that supp(¢) N U® € 2 for any 8 > 0.

Proof. We just need to apply Proposition 7.1 to U in order to obtain an approxi-
mating sequence of smooth sets U,,, and then argue as in the proof of Theorem 5.1
with respect to any U,.

We note that sets U,, have smooth boundaries, for any 0 < ¢ < §,,, for some &,
sufficiently small. Indeed, the (signed) distance function d,, from dU,, is smooth

inUp, \ U,‘,im and satisfies Vd,, (x) = vye (x) for any x € 90Uy, which implies that

|IVd,, (x)| = 1 forany x € Uy, \ U,?{” (for a proof of these facts, we refer to [35,
Appendix B] and [34, Lemma 14.16]). Therefore, the level sets {d,, = ¢} = 0U},
are smooth for any ¢ € [0, 6,,).

Then we obtain a sequence of open bounded sets U,ij with smooth boundary
satisfying

/€,¢ddivF+/£, F-Védx = —/ L OF v d"t (12)
J U./ aUmJ m

m m
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for some decreasing sequence £; — 0 and any m, j € N.

Clearly, U,i,j S U;jH and U,ff S U,i,”l, so that we can find a subsequence
U,fk =: Uy satistying Uy € Uiy, Ur € U, and Uk Ui = U. Therefore, we can
pass to the limit on the left-hand side of (7.2) by the Lebesgue theorem to obtain
(7.1) (in the case that U is not bounded, we employ the condition on the support of

¢). O

Similarly, an analogous kind of approximation can also be shown for closed
sets.

Proposition 7.2. Let C C R” be a closed set. Then there exists a sequence of closed
sets Cy with boundary of class C* such that C D ék D Ck+1 D CO’kH D Cand
(i Ck = C. In addition, if C is bounded, then the closed sets Cy can be chosen to
be bounded.

Proof. Let U := R" \ C. Then it suffices to define C; := R" \ Ui and apply
Proposition 7.1 to U. The result follows easily.

In the case that C is bounded, then, for any § > 0, there exists ko large enough
such that dU; N dCs = & for any k = kg, where Cs = {x € R" : dist(x, C) < 8}.
Then we set Cy = Cs \ U, up to relabeling the sequence Uy in such a way that it
starts from k. 0O

Arguing similarly as before, Proposition 7.2 can be used to represent the exterior
normal trace as the limit of the classical normal traces on smooth boundaries, thus
improving the result of Theorem 5.3.

Theorem 7.2. Let U € 2 be an open set, and let F € DMP(82). Then, for any
¢ € CO(2) with V¢ € LP (2; R"), there exists a sequence of bounded open sets
Vi with boundary of class C* such that U € Vi C £2, (;, Vk = U, and

(F-v,¢),;7 = — lim OF -vy, d" !, (7.3)
k—o00 Vi

where vy, is the classical iﬁner unit normal to V. In addition, (7.3) holds also for

any open set U satisfying U C 2, provided that supp(¢) is compact in S2.

Proof. It suffices to define Vi := C; and apply Proposition 7.2 to C = U. Then
the result follows in an analogous way as in the proof of Theorem 7.1. O

7.2. The Case of C° Open Sets

We now consider the question of constructing the interior and exterior normal
traces as the limit of classical normal traces over smooth approximations of the
open bounded set U with C° boundary. In general, as it has been explained in
the introduction, it is a challenging question to approximate an open (bounded)
set U with smooth domains U?¢ essentially from the inside in such a way that
divF (U?) — divF (U) and an interior Gauss—Green formula holds for unbounded
DMP-fields. Indeed, in Section 5, we have used the standard signed distance d to
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obtain Theorems 5.1 and 5.3, but the approximating sets are not smooth. We have
shown that such results in Theorems 7.1 and 7.2 can be improved. On the other
hand, such an approximation is quite abstract, and it gives little insight in the actual
shape of the approximating sets.

Remark 7.1. We observe that an open bounded set U with C° boundary might not
have finite perimeter; such examples include von Koch’s snowflake [64]. Also, we
do not have a notion of unit normals to a C” open set. Thus, such a type of sets is
more general in this sense. On the other hand, an open set of finite perimeter may
have really wild topological boundary even with full Lebesgue measure (see for
example [43, Example 12.25]) so that it is not a C® open set in general, since it is
well know that, if 0U can be seen locally as the graph of a continuous function,
then [0U| = 0.

We now exhibit here a rather explicit family of open smooth sets approximating
a given bounded open set with C? boundary from both the interior and the exterior.
To this purpose, we consider a different type of distance, the regularized distance
0, which was introduced in LIEBERMAN [41].

Definition 7.1. p is a regularized distance for U if the following conditions hold:

() p € C2(R™ \ dU) N Lip(R");

(i1) The ratios % and % are positive and uniformly bounded forallx € R"\oU,

where d is the signed distance introduced in Section 5.
It was proved by LIEBERMAN [41, Lemma 1.1] that any open set U has a regu-
larized distance, since the signed distance d is a 1-Lipschitz function (Lemma 5.1).

Indeed, given any n € Cz(R”), suppn C B(0, 1), and fR,, n(z)dz = 1, we can
define

G(x.1) =/ d(x — Ln(2) dz. (7.4)
B(O0,1) 2

The regularized distance p is then given by the equation:

px) = G(x, p(x)), (7.5)
which has a unique solution for every x € R”. Moreover,

(x)
(x)

he)

=

<2 forall x € R" \ U. (7.6)

N =
QU

Then the following result holds, for which we refer to LIEBERMAN [41, Lemma 1.1,
Corollary 1.2] and the comments before it:

Lemma 7.1. Every open set U has a regularized distance p. Moreover, if n €
C°°(R") is chosen for (7.4), then p € C*°(R" \ aU).
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Even though every open set U has a regularized distance, it is important to
obtain properties concerning the non-degeneracy of gradient Vp. Indeed, if the
gradient of p does not vanish in a neighborhood of dU, then we can apply the
techniques in Section 5 to obtain the interior and exterior Gauss—Green formulas
for DMP -fields.

The non-degeneracy of V p might not be true for general open sets U (see [41,
Corollary 1.2] and the comments following it). However, it was proved by BALL—
ZARNESCU [7, Proposition 3.1] that this property holds for C° domains, which
yields the following result:

Theorem 7.3 (Ball-Zarnescu). If U is an open bounded set with C° boundary,
then |V p(x)| # 0 for all x in a neighborhood of U but x ¢ dU.

Remark 7.2. The argument of the proof of Theorem 7.3 relies on both the con-
struction of a suitable good neighborhood for any point of dU and the use of the
compactness assumption. Hence, we see that the local version of this result also ap-
plies to general open sets with C? boundary: For any compact subset K C U, there
exists a suitable neighborhood V of K such that |[Vp(x)| # 0 forany x € V \ oU.

Thanks to Ball-Zarnescu’s theorem (Theorem 7.3), we can proceed as in Sec-
tion 5 to obtain an analogous statement, by approximating U and U in §2 with the
following smooth sets:

U :={x eR":px)>¢}, Usp:={xeR":pkx)>—c} fore > 0.

Theorem 7.4. (Interior normal trace via smooth approximations) Let U C 2 be
a bounded open set with C° boundary, and let F € DMP(2) for 1 < p < .
Then, for any ¢ € C°(£2) N L™(2) with V¢ € L”/(Q; R™), there exists a set
N C Rwith LY(N) = 0 such that, for every nonnegative sequence {e}} satisfying
ek ¢ N forany k and g — 0,

(F.v,¢>3U=/¢ddivF+/ F-Védx
U U

— lim OF - vyero d" 1, (1.7
k—o00 QU kP

where vyee is the inner unit normal to the smooth sets UFP. In addition, (7.7)

holds also for any open set U C $2, provided that supp(¢) NU® € $2 for any small

> 0.

Proof. Since p is smooth and |V p(x)| # 0 for any x € U \ U®” for small enough
g, it follows that {x € R" : p(x) = ¢} is a smooth hypersurface in R". Therefore,
aU®P = 9*U*P and

|V—'O|(x) = vyer (x) for every x € 9U®".
p

We can now proceed in the same way as in the second step of the proof of Theorem
5.1 by noticing that the only difference is in the application of the coarea formula
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and in the use of p, instead of d, in the definition of wg;p for §, & > 0. Indeed,
using Theorem 7.3, we rewrite (5.9) in the case U &€ §2 as follows:

/ v’ ddivigF) = —/ OF - Vpdx
U

US./J\urH—s./J

Vp
=- F - ——|Vp|dx
US-P\US+e.p |Vp|

S+¢ \V/
- —/ / OF - L s,
P Jute Vol

by the coarea formula (2.2) withu = p and g = xys.,@F - % |V pl, since

essinf|Vp| >0  on U%P\ Us+%F forany 8, ¢ > 0.

Then we can proceed as in Steps 2—3 of the proof of Theorem 5.1. Finally, in
the case that U is not bounded, we employ Remark 7.2 to obtain the desired result.
]

Remark 7.3. In particular, Theorem 7.4 implies that, if £2 is of co boundary, the
Gauss—Green formula up to the boundary holds by approximating 952 with a se-
quence of smooth sets. This can be seen by taking U = £2 in (7.7).

Analogously, we also have a smooth version of Theorem 5.3, in which we
employ the fact that [9U| = 0 if U has a C° boundary, by Remark 7.1, in order to
integrate F - V¢ only on U.

Theorem 7.5. (Exterior normal traces via smooth approximations) Let U € £2 be
a CY open set, and let F € DMP(2) for 1 < p < oo. Then, for any ¢ € C°(£2)
with V¢ € L”/(Q; R™), there exists a set N' C R with LY(N') = 0 such that, for
every nonnegative sequence {sy} satisfying g ¢ N for any k and g, — 0,

(F-v,qb)aﬁ:[ﬁ¢dd1vF+/l]F~V¢dx

= — lim ¢F vy, , d" !, (7.8)

k—o00 3U£k1p

where VUe, o is the inner unit normal to the smooth sets Uy, ,. In addition, (7.8)

holds also for any open set U satisfying U C 2, provided that supp(¢) is compact
in £2.

8. The Gauss—Green Formula on Lipschitz Domains

In BALL-ZARNESCU [7], it is shown that, if a domain U is of class C 0 then there
is a canonical smooth field of good directions defined in a suitable neighborhood of
aU, in terms of which a corresponding flow can be defined. By means of this flow,
U can be approximated from both the interior and the exterior by diffeomorphic
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domains of class C°; see also HOFMANN-MITREA-TAYLOR [37] for the definition
of a continuous vector field transversal to the boundary of an open set of locally
finite perimeter.

On a related issue, CHEN—FRID [11,12] introduced the notion of regular Lip-
schitz deformable boundary (see Definition 2.5). Then, for a bounded open set U
satisfying this condition, they proceeded to obtain the Gauss—Green formulas for
DMP-fields F. For the case p # 0o, the normal trace of F is defined as a distribu-
tion which is expressed as an average over a neighborhood of Lipschitz deformable
boundary dU determined by the Lipschitz deformations. However, as explained in
the introduction, the main goal of this paper is to present the Gauss—Green formula
for the case p # oo, by using the classical normal traces F - v which are defined
on almost every surface that approximates dU. Thus, the present paper aligns with
the later work by CHEN—TORRES—ZIEMER [ 14], in which the Gauss—Green formula
for bounded D.M-fields has been established over arbitrary sets of finite perimeter
E via the normal trace on 9*E as the limit of classical normal traces on smooth
approximations of E. The goal of this section is to show that the main result in
BALL-ZARNEScU [7] implies that any Lipschitz domain satisfies condition (ii) of
Definition 2.5, which indicates that condition (ii) holds automatically for a Lipschitz
domain.

For a domain U in the class C°, the concept of a good direction (see Definition
2.4) has been introduced, and the following result has been established in [7].

Proposition 8.1. [7, Proposition 2.1] Let U C R" be a bounded open set with
boundary of class C°. Then there exist a neighborhood V of dU and a smooth
function G : V. — S"~! so that, for each P € V, the unit vector G(P) is a good
direction.

Remark 8.1. Proposition 8.1 can be localized. Indeed, if U is an unbounded open
set with boundary of class CY thenUN B(0, R) is abounded open set with boundary
of class C¥ for any R > 0. Therefore, there exist a neighborhood V of any compact
set K C 9U and a smooth function G : V — S"~! so that, for each P € V, the
unit vector G (P) is a good direction.

We recall that v = G(P) is a good direction if U is the graph of a continu-
ous function in a small neighborhood B(P, §) and in some system of coordinates
(', yn), where v is a unit vector in the direction of y,. Using the field of good
directions G(p), a flow S(-)(-) : R x R* — R" can be defined through:

x(t) =yx@)Gx@), x(0) = xo, (8.1)

with x(f) = S(¢#)(xo) as the solution of the initial value problem (8.1) for the
differential equation at time ¢, where y is an appropriate smooth function (see [7,
§4] for the details on the construction of the flow).

By exploiting the properties of the flow of good directions, the following the-
orem has been proved in BALL-ZARNEScU [7], which is very helpful in the rest of
this section.
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Theorem 8.1. [7, Theorem 5.1] Let U C R", n > 2, be a bounded domain of class
CO. Let p be a regularized distance defined in Section 1. For ¢ € R, define

U’ ={x eR": p(x) > ¢}, Ugp={xeR":pkx)>—¢}

Then there exists g9 = eo(U) > 0 such that, if 0 < & < &o, Ug,p, and U*" are
bounded domains of class C* and satisfy the following:

() MNo<e<ey Ueip = U, Uo<ee, U = U, and

U’ cUandUy, > U, ,if0 <& <é < e
(ii) For —eg < & < &, there is a homeomorphism f (g, -) of R" onto R" with
inverse denoted f —I(e, ) so that
— fe,U)=U""and f(s,0U) = dU*P for & > 0,
fe,U)=U_s,and f(e,dU) = dU_; , for & < 0;
— f(s,x) = x for |p(x)| = 3lg|, so that f(0,-) is the identity;
— f(e,)) : R*"\ oU — R"\ oU®” for e > 0, and f(e,-) : R" \ U —
R"\ 0U_;,,, for e < 0 are both C* diffeomorphisms. In addition,

£ 7 e C%(—e0, £0) x R"; R™).

(iii) There is a map g : (0, &9) X (—&g, 0) x R" — R" such that, if ¢ € (0, &)
and &' € (—¢g, 0), then
— g(e, €, ) isa C™ diffeomorphism of R" onto R" with inverse g~ (¢, €', ) :
R" — R";
— g(e, e\ UP)=U_p ,, g(e, &', 0U%P) = dU_p ,;
— g, &, x)=xfor3e < p(x) < 3¢

Remark 8.2. An easy consequence of Theorem 8.1(ii) is that f(e, -) converges
uniformly to the identity. Indeed,

|f(e,x) —x|=0 in{x : |[p(x)| = 3lel},
and
|f(e,x) — x| = diam({|p| < 3le]}) in{x : [p(x)| < 3lel},

since f (e, -) is injective so that, for any x such that |p(x)| < 3le|, f(e,x) — x
cannot belong to {|p| = 3|¢|}. Then this shows that

sup |f(e,x) —x] -0 ase — 0.
xeR”

We now proceed to show that condition (ii) of Definition 2.5 is not necessary;
that is, any Lipschitz domain admits a bi-Lipschitz deformation. Even though the
proof of Theorem 8.2 is outlined in [7, Remark 5.3], we present a detailed proof for
our purpose of the subsequent developments. First we recall a result of LIEBERMAN
[42, Lemma A.1] and an extension theorem for Sobolev functions.
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Lemma 8.1. If U is a Lipschitz domain with Lipschitz constant of the local
parametrization of dU uniformly bounded, then there exists § > 0 such that, for
any x with 0 < [p(x)| < 6,

%0 (x) = 2 (3.2)
X _, .
0xy 31+ L2

where x = (x', x,) is an orthonormal coordinate system for which dU is locally
parametrized by a Lipschitz function with Lipschitz constant less or equal to L, and
e, is a good direction.

Remark 8.3. Lemma 8.1 applies to the case that U is a bounded Lipschitz domain,
since, by compactness, dU can be covered with a finite number of charts of the
local Lipschitz parametrization. However, there are cases of unbounded U which
still satisfy the assumption, such as the half-spaces. In addition, since (8.2) is alocal
result, it holds for any open set U with Lipschitz boundary, up to the localization
to a bounded subset of 0U.

Lemma 8.2. Let U be a domain satisfying the minimal smoothness conditions; that
is, there exist ¢ > 0, N € N, M > 0, and a sequence of open sets {V;} such that:

(i) If x € dU, then B(x, ¢) C V; for some i,
(ii) No point in R" is contained in more than N of {V;},
(iii) For each i, there exists a Lipschitz function \; with Lipschitz constant less or
equal to M such that V; N U is the subgraph of V; inside V;.

Then there exists a continuous linear operator £ : wWkr(U) — wWk-P(RM), for any
keNand1 < p < oo, suchthat E(f) = f on U.

For the proof of this result, we refer to STEIN [58, Chapter VI, §3, Theorem 5].
These conditions are satisfied for any bounded open Lipschitz domain U. However,
they may fail in the general case of an unbounded open Lipschitz domain.

Theorem 8.2. If U is a bounded Lipschitz domain, then f,(-) : U — U’
bi-Lipschitz with Lipschitz constants uniformly bounded in ¢ > 0. If ¢ < 0, the
corresponding result is also true.

Proof. Unless otherwise stated, in this proof, V stands for the gradient with respect
to the spatial variables, denoted by x, y, or z € R". We divide the proof into five
steps.

1. We first consider 0 < & < &g, for some gy > 0 sufficiently small to be assigned.
From Theorem 8.1, f(e,-) : R* — R” is continuous with continuous inverse
f~L. Thus, the restriction

fe,): U—>U""

is also continuous with continuous inverse. We need to show that f (e, -) : U —>
U’ is Lipschitz with the Lipschitz constant uniformly bounded in ¢ € (0, &p).
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Following the proof of [7, Theorem 5.1], the continuous map f (e, -) is defined
as

(8.3)

f(e,x) = j(t(e,x))x for x € U \ U,

for x € U3,
where ¢ (g, x) is the unique ¢ > 0 such that

p(S(t(e, x))x) = p(x) + h(e, p(x)), (8.4)

and h(e, ) : Ry — [0, €] is smooth with value ¢ on [0, €] and 0 on [3£, 00)
and, forsomeo > 0, —14+0 < g—f(e, r) < 0 for any r = 0 and ¢ sufficiently
small.

In view of (8.3), it suffices to show that 7 (¢, x) is Lipschitz, with Lipschitz
constant uniformly bounded in €. Define

F(t,e,x) = p(S()x) — p(x) — h(e, p(x)). (8.5)
Then, from (8.4),

F(t(e,x),e,x)=0. (8.6)
We take derivatives in (8.6) with respect to x; to obtain adf 63; + d rri = 0; that
is, aaxt = aF (aaf ) . We need to show that | | is bounded from above. By
definition (8 5) it follows that
oF a(S)x) adp
——V(S(t))~———— ( p())— (8.7)
ax; 0x; 0x;

Notice that | (8 p(x))| < 1 by the definition of 4, and |[V(S(f)x)| £ M =

M, umformly on x € U\ U*0P for some g9 > 0, since it is the flow of
the smooth compactly supported vector field y G; see (8.1). Thus, it suffices to
show that |V p(x)| is bounded above. Relation (7.5) implies

G

dp _9G  9G dp ap fre VG
ax; x| 9T ax; ox;  1- 10 PO =1"76
T aT

(8.8)

From (7.4), we obtain

VG(x, 1) :/ vd(x — zz)r;(z) dz,
B, 1) 2

1

G T
—(x,r):——/ Vd(x — =z)zn(z) dz.
at 2 B(0,1) ( 2 )

In turn, it follows that

0G 1
IVG(x,1)| <1, ‘B—(x, ‘L’)‘ < 3 forany x € R" and 7 = p(x),
T
(8.9)
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so that
[Vp(x)| <2  foranyx € R", (8.10)

since |Vd| = 1 £"-almost everywhere by Lemma 5.1. Therefore, from (8.7)
and (8.9), we have

IVF| <2(M +2).

It remains to show that |%| is bounded away from zero. From (8.5), it follows
by [7, Remark 3.1] that

88_1: =y&@®) (Vp-G)(S()x) >0
for any ¢ small enough and x in a suitable neighborhood of U .
However, in order to prove the uniformity of this estimate in x € U \ U>0-?,
independent of ¢, we need to employ the compactness of dU. As recalled in
[7, Remark 5.3], in the case that dU is Lipschitz, Lemma 8.1 can be applied.
In this way, since G (x) is a field of good directions, we use (8.2) to show that
there exists § > 0 such that, for any x € U with d(x) < §,

2
Vox) G(x) 2 ——, (8.11)
3V1+L?
where L is the maximal Lipschitz constant of the Lipschitz parametrization of
aU. This implies that there exists g = €9(§) > 0 such that (8.11) holds for
any x € U \ If“’ and any ¢ € (0, &g). Since y can be chosen in such a way
that y = 1 in U \ U0 (see [7, §4 and Theorem 5.1]), we obtain

oF _ 2
ar = 3T+ L2

Thus, this implies

|Vt(e, x)| S 3(M +2)y1+ L2 forany (e, x) € (0, g9) x (U \ U¥*0:P).
(8.12)

From the proof of [7, Theorem 5.1], we also know that t € C*°((0, g9) x U) N
CO([0, 89) x U) and 1 (¢, x) = O forany x € U3, From (8.12), it follows that
f(e, ) € Wh(U; R"). Since aU is only Lipschitz, the classical extension
theorems for Sobolev mappings (cf. [27, Theorem 1, §4.4] and [28, Theorem
1, §5.4]) do not apply, and we know only that f (e, -) € Lip;,.(U; R") (cf. [27,
Theorem 5, §4.2.3] and [28, Theorem 4, §5.8.2]). However, Lemma 8.2 can be
applied in the case p = oo.

Therefore, there exists a function f(e,-) € WL (R”; R"), uniformly in
e € [0, &g), such that f(e,-) = f(e,-) on U. Moreover, f(e,-) and f(e, -)
also agree on dU since, for any x € 0U, there exists a sequence {x;} C U
with x; — x, so that f(e,x) = f(a, x) because both f(e, ) and f(a, -) are
continuous in U. Clearly, f (e, -) is Lipschitz in R” uniformly in & € [0, &g) so
that f (e, ) € Lip(U; R™) uniformly in ¢ € [0, &).
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Let us now consider the inverse map f (e, -) : U"" - U. From the proof of
[7, Theorem 5.1], we know that it can be defined as
S(Be,z)z  ifzeU "\ U*P,

ifz € U+,

e )=

where B (e, z) is the unique solution to the equation

g(e, z, Ble,2)) =0,

where

g(e,z,1) == p(2) — p(S(1)2) — h(e, p(S(7)2)).

By the implicit function theorem, B(e, -) € C*(U**) N CO(U*"). It is also
clear from the definition of & that (e, z) = O for any z € U>*. In addition,
we have

Vg(e, z, B(e, 2))

VB(e, 2) = — ,
T T e 2 Be o)
and
Vg(e,z,t) = Vp(z) — V(S(1)2) - Vp(S(1)z2)
oh
- a—r(& p(S(1)2))V(S(1)z) - Vp(S(7)2), (8.13)
ag oh
5(8, z,7) = —Vp(S(1)z2) - (G (S(D)2)(1 + 5(5, p(8(1)2))). (8.14)

Arguing as above and using (8.9), we obtain
IVg(e, z, Ble, 2))| = 2(Mg, +2)

for any ¢ € [0, g9) with any fixed g9 > 0, and z € U’
As for the estimate on the denominator, we can use (8.2) and the fact that

oh
—(&,r) 2 =140 > —1, for some o > 0 independent on ¢, in order to show

r
that there exists g = £9(5) > 0 such that

ad
8—g(s, z, B(g, 2)) o foranye € [0,g0) and x € U%” \ U3,
T

2
>—
31+ L?

Therefore, for any ¢ € [0, g9) and x € U®* \ y3er,

IVB(e, 7)] < ;(M+2)\/1+T

for some 7 depending on the choice of i, M = M, depending on domain U,
and L depending on the Lipschitz parametrization of 0U .

This implies that f~!(e, ) € WL (U*?; R") uniformly in ¢ € (0, o).
Thus, arguing as before, there exists an extension f~!(e,-) € WL°(R"; R")
uniformly ine € (0, &9), which coincides with f~! (e, -) on U’ by the uniform
continuity, and it is Lipschitz uniformly in ¢ € (0, g9). Thus, we have proved
that f~'(e, -) € Lip(U""; R") uniformly in & € (0, &9); that is, the Lipschitz
constant of f ~l(g,-) on U is uniformly bounded in ¢ € (0, &p).
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4. Letnow e < 0. By the proof of [7, Theorem 5.1], we know that, for ¢ € (—¢&gp, 0)
and x € U, f is defined as

fle, x) = g(=¢ ¢, f(=e x)),

where g(—e¢, ¢, -) is the diffeomorphism introduced in Theorem 8.1 (iii), and f
is the map defined in the first part of the proof; see also definition (5.16) in the
proof of [7, Theorem 5.1].

Since f(—e, -) is uniformly Lipschitz as proved in the first part of the proof,
we need to check the same property for g(—e, ¢, -). In order to do so, we need
to introduce some auxiliary functions from the proof of [7, Theorem 5.1].

Let & = 0(z, y) be the unique solution to the equation: p(S(@)y) = 7. By
[7, Lemma 4.1], such a function is well defined for |7| < 3gp and |p(y)| < 3eo,
is smooth for T # 0, and

__V(SO)y) - Vp(S©)y)
Vo(S©@)y) - (yG)(S©O)y)

by the implicit function theorem, since d(S(0)y) = (yG)(S(#)y). This im-
plies that, using (8.2) if 0 < |d(S(0)y)| < § for some § > O sufficiently small,
the denominator of VO (z, y) is bounded away from zero uniformly in 7. Ar-
guing in a similar way as above, we can show that there exists g = g9(5) > 0
such that

Vo(z,y) =

(t,y) (8.15)

VO (t, )| < 3Mgyv/'1 + L? (8.16)

forany 7 € (—3e0. 30),7 # 0,and y € Usey ,\U " since d(S(O(1, y))y) =
0 if and only if p(S(0(z, ¥))y) = 0, which means that t = 0. On the other
hand, for our purposes, 7 = 0 if and only if ¢ = 0; in such a case, f(0, x) = x
for any x € R", which is clearly Lipschitz.

Furthermore, 6(t, y) is increasing in t for fixed y, and

a0 1 3 ——
3__[(77)’)= - 1+L21

(Vo - (yGNGO@ y)y) 2

_ . . o —3e, L
which is uniformly strictly positive in Uz, , \ U P Given & € (0, g9) and
g’ € (—¢ggp, 0), we obtain

0(2¢', y)

qE, &, y) = ~3GE ) =0T ) (8.17)
-, 0E ) -0, y)

re e,y = 8025.) — 60 y)’ (8.18)

G y) = NEY) 7028, ) (8.19)

0(28,y) —0(2¢', )

By the monotonicity property of 0, it is clear that r, s € (0, 1).

Letu : (0,1) x (0,1) x R — R be the smooth function described in [7,
Lemma 5.1], which particularly satisfies the property that u(a, b, ¢) = ¢ for
any (a,b) € (0,1) x (0, 1) and ¢ ¢ [0, 1].
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Finally, we define g by

(8.20)

- o SwE ey if p(y) € (3¢, 38),
g(8,8 ’)’) L

otherwise,
where

w(E, e, y) = (028, y) —0Qe, y)u(rE &, y), s ¢, y),qE €, y)
+602¢, y). 8.21)

We observe that, if y € U, then§(2¢’, y) > Osothatq (g, ¢/, y) > 0. Moreover,
if g(&,¢’,y) > 1, then w(g, &', y) = 0 by the property of u. Hence, we can
restrict ourselves to the case that 0 < ¢ (&, &', y) < 1, without loss of generality.
In our case, we are dealing with g(—e¢,¢,y) fore < 0,and y = f(—e,x) €
U~%P sothat we can select ¢ = —g and ¢’ = ¢.

Since S is the flow of the smooth vector field y G, it suffices to show uniform

bounds on the gradient of w for y € U \ﬁ380’p . We have

Vw(—e, ¢,y)
=VOQ2e,y)+ (V0(728, y) — VO (2e, y))u(r(fe, e,y),s(—¢e,¢,), B(—¢e, &)

d
+(0(=2¢, y) — 02, y))(%(r(—a, £.y),5(—&, &, ). g(—¢. £, V) Vr(—¢, £, y)
d
+ FZ(’("’” &), s(—=&,8, ), g(—&, &, ) Vs(—e, &, y)

0
+ %(r(—e, e, y), (=, ,7) q(—e, e YIVq(=e,, ).
(8.22)

Observe that & is smooth, and r(—e¢, ¢, y), s(—¢,¢,y) € (0,1) for any ¢ €
(—€p,0)and y € U \5380"0 by the properties of 6. In addition, only the
intersection with set {(g, ¥) : 0 < g(—¢, ¢, y) < 1} is relevant to us, since w
vanishes on the outside of the intersection. Therefore, & and all its derivatives

are uniformly bounded in U \ U380’p for any ¢ € (—&o, 0).
Moreover, by standard calculations, we have

(9(_25’ Y) - 0(25’ Y))V‘](—& g, )’)
= V02, y) — q(—s, 6 y)(VO(=2¢, y) — VA28, y)),

(0(—=2¢,y) —0(2e, y))Vr(—¢, ¢, y)
= VO(—¢e,y) —VOQ2e,y) —r(—e, ¢, y)(VQ(—Ze, y) — VO (2e, y)),

(9(—28, y) — 6(2¢, y))Vs(—s, £,y)
= VO(e,y) — VOQ2¢e,y) —s(—e¢,z¢, y)(V@(—Zs, y) — VO (2e, y)).
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From these formulas, the bounds on (g, r, s), and (8.16), we conclude that
Vw(—e¢, ¢, -) € L% \ U*0°; R") uniformly in ¢ € (—¢o, 0).
Arguing now as in the previous two cases, we can extend f (¢, -) fore < 0 to
a Wl'oo-map on the whole R”, whose restriction on U coincides with f(e, )
thus proving that f (e, -) € Lip(U; R") uniformly in & € (—&, 0].

5. Finally, the inverse map for ¢ < 0 is given by

e x) = f N (—e, g7 (~&,6,x)) forx €U, ,ande € (—&, 0)
(8.23)

for some g9 > O sufficiently small (c¢f. definition (5.17) in the proof of [7,
Theorem 5.1]).

The inverse map g~ !(—¢, ¢, -) is defined in a similar way to (8.20), by
using hl (a, b, -) instead of h; that is, the inverse function of 4 (a, b, -). Since
h’l(a, b,d) = d for any (a,b) € (0,1) x (0,1) and d ¢ [0, 1], then we can
argue as before to obtain the uniform essential boundedness of V g_1 (—e,¢,-),
which concludes that f (¢, -) for & < 0 is a uniform bi-Lipschitz function. O

Remark 8.4. As a consequence of Theorem 8.2, we can show that, if U has Lips-
chitz boundary, then V f (¢, -) — I, in LP(R"; R"*") forany 1 £ p < oo.

Indeed, by Theorem 8.1 (ii), V f (¢, x) = I, for any x such that |p(x)]| > 3|e].
This implies that V (¢, x) — I, for any x € R" \ U, and

/ IVfe,x) —1|Pdx = CPZ"({lp(x)| = 3lel}), (8.24)
Rn

where C is a constant depending only on U and n, since the Lipschitz constants of
f (g, -) are uniformly bounded for ¢ € (—&y, €9), by Theorem 8.2. This implies the
convergence, since Z"(dU) = 0.

As an immediate consequence, we have

Theorem 8.3. The boundary of any Lipschitz domain is Lipschitz deformable in
the sense of Definition 2.5.

Proof. Indeed, we can employ Theorem 8.2 to construct a Lipschitz deformation
Y as in Definition 2.5. It suffices to set

U(x,7):= f(rer,x) forany 0 < €1 < ¢,

where f is given in Theorem 8.1. By the properties of f(e,-), ¥ (-, ) is a bi-
Lipschitz homeomorphism over its image uniformly in v € [0, 1]and ¥ (-, 0) = Id.
0

Remark 8.5. In fact, Definition 2.5 refers to open sets with Lipschitz boundary,
while, thanks to Theorem 8.2, we are able to deal with open bounded Lipschitz do-
mains. However, the connectedness assumption is not relevant, since one can work
separately with each connected component of a bounded open set with Lipschitz
boundary to achieve Theorems 8.2 and 8.3 for each component. In a similar way,
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one can also consider an unbounded open set with Lipschitz boundary U, and then
localize the problem by considering, for instance, U N B(0, R) for R > 0, which
are open bounded sets with Lipschitz boundary. It is then clear that Theorems 8.2
and 8.3 apply to U N B(0, R) for any R > 0. Thus, we can conclude that any open
set with Lipschitz boundary has a regular Lipschitz deformable boundary, at least
locally.

An immediate consequence of the existence of such Lipschitz diffeomorphism
between dU and dU®* or dU; , is that the area formula can be employed in order
to consider only integrals on 0U .

Theorem 8.4. Let U € £2 be an open set with Lipschitz boundary, let F €
DMP () for1 < p < o0, andlet ¢ € CO(2) withV¢ € LP (2; R"). Then there
exists a set N C R with L'(N) = 0 such that, for every nonnegative sequence
{ex) satisfying e ¢ N for any k and g, — 0,

/qbddivF—i—/ F-V¢dx
U U

k—o00

— — lim (¢F Ve )(f(sk NI Fler, 1) d "N, (8.25)
U Vol
and

/qbddivF+[ F -V¢dx
U U

k— 00

— — lim <¢F Vo )(f( g0, NI Fl—ep, x)d" (8.26)
U Vol

where f(Ze, -) is the bi-Lipschitz diffeomorphism introduced in Theorem 8.1.

In addition, (8.25) holds also for any bounded open set U with Lipschitz bound-
aryif ¢ € L°°(82), and even for an unbounded open set U with Lipschitz boundary
if supp(¢) N U® € 2 for any § > 0. Similarly, (8.26) also holds for any open set
U satisfying U C $2, provided that supp(¢) is compact in £2.

Proof. We need to apply the area formula to the Lipschitz maps f(¢,-) : 0U —
oU®? in (7.7)—(7.8).

We denote by J%U f (e, ) the (n — 1)-dimensional Jacobian of f (e, -) on dU,
and recall that the inner unit normal to dU®” is given by \g_fﬂ from Theorem 7.4.

Then
V n—1
/E)Usk*/’ (¢F |V |>( x) dA

= [ (0P 2 e flen vy dn
s\ IVl

We can argue analogously with dUy, ,. Therefore, we can rewrite (7.7)—(7.8) as
(8.25)—(8.26). O

From this result, we can deduce some known facts again from the theory of
DM -fields.
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Corollary 8.1. Let F € DMP(2)NCY(2; RY) for1 < p < 00, letgp € CO(2)N
L® () with V¢ € Lp/(SZ; R™), and let U C §2 be a bounded Lipschitz domain.
Then

(F-v,¢>)3U=/ ¢ddivF+/ F-V¢dx
U U
=— | ¢F-vydx"" (8:27)
aU

If F € DM®°(£2), then the normal trace functional on dU is indeed a Radon mea-
sure, absolutely continuous with respect to 7"~ _9U, with essentially bounded
density function —F; - vy € L®@QU; 4" 1).

Proof. In order to prove the first statement, we consider ¢ € C Cl (R™; R™).
Notice that

/diw/fdx:—/ v vg da"
U 104
v
/ divy dx = —/ v L aen,
uer auee VPl

Arguing as in the proof of Theorem 8.4, we obtain

\
f v - P gt
duer Vol

_ o 1)) (Lo £ e, ) I f(e, ) dem=!
—/BUW D) (o ) e 1 fie
Since
lim divy dx = f div dx,
uer U

e—0

we conclude

- Vo U n—1
im [ o e (o f)e s e an

= /an vy da! (8.28)

for any ¢ € Ccl(R"; R™). By the density of Ccl(R"; R™) in C.(R"; R") with
respect to the supremum norm, we can deduce that (8.28) holds also for any
¥ € C.(R"; R"™). Thus, by (8.25), we conclude that (8.27) holds.

As for the second part of the statement, we can argue as in the proof of [11,
Theorem 2.2], since U has a Lipschitz deformable boundary, by Theorem 8.3. O

Remark 8.6. Corollary 8.1 can also be regarded as a consequence of Proposition
6.3, together with the well-known fact that .~ (dU \ 8*U) = 0 for any open
set U with Lipschitz boundary. In addition, this implies that, in the case that dU is
Lipschitz regular, 3*U can be substituted with U in (6.9)—(6.11).
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We end this section by recalling an alternative result concerning the approxi-
mation of open bounded sets with Lipschitz boundary which has been proved by
NECAs [45]. For this exposition, we refer mostly to the paper of VERCHOTA [60], in
which the result in [45] is extended and applied.

Definition 8.1. We denote by Z(P, r) the truncated cylinder centered at point P
and with basis radius r. Given a Lipschitz domain U and a point P € dU, we say
that Z(P, r) is a coordinate cylinder if

(i) The bases of Z(P, r) have a positive distance from dU;
(ii) There exists a coordinate system (X, x,) such that {x, = 0} is the axis of
Z (P, r), and there exists a Lipschitz function ¢ = ¢z : R"! — R such that

Z(P,r)NnU = Z(Par)m{()envxn):xn > 90(5511)};

(iii)) P = (0, ¢(0)) or, equivalently, P is the origin of the coordinate system and
@(0) = 0.
The pair (Z, ¢) is called a coordinate pair.

Remark 8.7. If the Lipschitz domain U is bounded, then 0U can be covered by
a finite number of coordinate cylinders {Z; W j=1- to which corresponds a finite
number of coordinate pairs. In addition, cylinders Z; can be selected in such a way
that some dilation Z’; =X;Zj, »j > 1, still gives a coordinate pair (Z7, ¢;). We
denote by L the maximum of the Llpschltz constants of functions ¢ ;. Also we may
assume that ¢; € Lip (R"™ 1) without loss of generality.

Remark 8.8. Given ¢ € Lip.(R"), there exists a sequence ; € C°(R") such
that Y% —  uniformly, ||Vl Loo@nrry S V@Il Loo®n:rny, and Vi — Vg in
L1(R"™; R™) for any 1 < ¢ < oo. This can be achieved by taking the convolution
of ¢ with a smooth mollifier.

The following approximation results hold, for which we refer to [45, Theorem
1.1], [46, Lemma 1.1], [59, Appendix], and [60, Theorem 1.12]; see also the alter-
native proof given in [26]. For the self-containedness, we also give here a sketch
of the proof.

Proposition 8.2. Let U be a bounded Lipschitz domain. Then the following state-
ments hold:

(i) There exists a sequence of open sets Uy satisfying that dUy, are of class C,
U €@ Upy1 € U, andUkUk =U,

(ii) There exists a covering of dU by coordinate cylinders such that, for any
coordinate pair (Z, ¢) with ¢ € LipC(R"_l), Z* N Uy for each k is the
graph of a function <pk € COO(R"_l) satisfying that ¢ — ¢ uniformly,
IVl oo 1. -1y = ”V(p”LOO(Rn L.gn-1), and Vop — Vo L Lalmost
everywhere and in LY (R"~'; R"~ 1)for any 1 < g < o0;

(iii) There exists a sequence of Lipschitz diffeomorphisms fi. : R" — R”" such that
fx(U) = 0Uy, the Lipschitz constants are uniformly bounded in k, fi — 1d
uniformly on dU, and V fi, — 1,, for " '-almost every x € dU;;
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(iv) There exists a sequence of nonnegative functions wy, = J°U fi both uniformly
bounded and bounded away from zero such that (fk_l)#(if"_1 LoUy) =
wp AN AU:

A"V OUL N fi(E)) =/ wr d""" for any Borel set E C U,
E

and that oy — 1 7" '-almost everywhere on dU and in LY (U ; 7"~ ")
forany 1 < g < oo;

(v) The normal vector to Uy satisfies that vy, o fx — vy for J€ =1 _almost
everyx € 9U and in L(3U; "~ ") forany 1 < g < oo, and an analogous
statement holds for the tangent vectors;

(vi) There exists a C* vector field H in R" such that

H(fi(P)) - vy, (fe(P)) 2 C >0  forany P € 9U,

where C = C(H, L), and L is the maximal Lipschitz constant of the parametriza-

tion of 0U.

Sketch of Proof. Results (i)-(ii) have been proved by NECAs [45] (see also [59,
Appendix]); while the others follows from the first two.

Indeed, we can define the homeomorphisms f; in each coordinate cylinder Z;
by

Jie(x) = En, xn + @c(Xn) — @(£n))

for the coordinate system (X,, x,) related to Z;, and then glue these definitions
together with the aid of some cutoff functions, by using the fact that the same
coordinate pair can also be used in the larger cylinder Z;. In this way, the uniform
convergence follows immediately.

As for result (iv), we can find that

F7N0) = Gus v — 0k Gn) + 0Gn)),

where (3, yn) is the coordinate system related to some Z ;. This also shows that fj
is invertible with continuous inverse, so that it is indeed a homeomorphism. In fact,
since ¢ € Lip,. (R* 1y and ¢ € cx (R"~1), we can conclude that f; is a Lipschitz
diffeomorphism, with Lipschitz constants uniformly bounded in k, by using that
Vor — Vo for " -almost every £ € R" 1.

Moreover, by employing the area formula, it follows that wy is exactly the
(n — 1)-dimensional Jacobian of f; on 8U, JY f;. Notice that

Vi Lo
T\NV@ - )

where [,,_; is the (n — 1) x (n — 1) identity matrix. Therefore, the convergence of
Vi (x) to Vo (x) for "1 = s#"-almostevery x € dU impliesthat V f; — I,
for "~ !-almost every x € dU, which in turn implies that J%V f; — 1 for .#"~!-
almost every x € dU. Then the L7-convergence follows by the Lebesgue theorem
and the boundedness properties, which can be shown by calculating the Jacobian
explicitly. O



152 GUI-QIANG G. CHEN ET AL.

Proposition 8.2 allows us to refine Theorem 8.3, by showing that any open
bounded set with Lipschitz boundary admits a regular Lipschitz deformation in
the sense of Definition 2.5. Analogously, if the set is unbounded, such a statement
should hold locally.

Theorem 8.5. If U is a bounded open set with Lipschitz boundary in R", then there
exists a regular Lipschitz deformation ¥ (x, 1) = W (x) of AU satisfying

im, Jw, =1 inL'OU; 2", (8.29)
Proof. Set
vY(x, 1)
= (k41— k(k + D7) fir1 () + (k(k + D7 — k) fi(x) if 7 e (ﬁ, ]%],

where functions f; are given by Proposition 8.2. It is clear that ¥ (-, 7) is a bi-
Lipschitz diffeomorphism from U over its image, by Proposition 8.2(iii), with Lip-
schitz constants uniformly boundedin v > 0. Since J%Y f; — 1in L4(dU; 5"~ )
forany 1 £ ¢ < oo, by Proposition 8.2 (iv), and

0Sk(k+Dr—k<1, 0Sk+1—k(k+Dr=1 forte (g, )

we conclude that JOUW (x, 1) — 1in L9(dU; " 1) for 1 < g < oo, which
implies (8.29). O

Remark 8.9. HoFMANN-MITREA-TAYLOR [37, Proposition 4.19] worked with a
strongly Lipschitz domain U in R” such that there exists a C!-vector field / satis-

fying
h(x)| =1, hx)-vyx) =k  for 2" '-almost every x € dU

for some k € (0, 1). In the literature, a domain is said to be strongly Lipschitz if the
Lipschitz constants of the parametrization of dU are uniformly bounded, so that
any open bounded set U with Lipschitz boundary is a strongly Lipschitz domain, by
compactness. For a more detailed exposition, we refer to [6, Appendix B]. Then, if
U; :={x—1h(x) : x € U}, there exists 79 > 0 such that, forany t € (0, t9), U; is
a strongly Lipschitz domain satisfying U; C U and 8U, = {x — th(x) : x € dU}.
In addition, the results of Proposition 8.2(ii)—(vi) hold with Lipschitz regularity,
instead of C°. However, it is clear that more regularity on the vector field 4 would
imply more regularity of 0U-.

Moreover, a similar approximation holds from the exterior of U, if we consider
U_, for T € (—1y, 0], for some 7; > 0.

Following Theorem 8.5, we see that the assumptions of HOFMANN—MITREA—
TaYLOR [37, Proposition 4.19] are not strictly necessary; however, they allow us to
have this particular representation of the approximating sets.
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9. Cauchy Fluxes and Divergence-Measure Fields

In Continuum Physics, the fundamental principle of balance law can be stated
in the most general terms (cf. DAFERMOS [20] and Lax [39]): A balance law in an
open set §2 of R" postulates that the production of a vector-valued “extensive”
quantity in any bounded open subset U € §2 is balanced by the Cauchy flux of this
quantity through the boundary of U.

For smooth continuum media, the physical principle of balance law can be
formulated in the classical form:

/ b(y)dy = / FO A" () ©.1)
U oU

for any given open set U that is of smooth boundary, where f is a density function of
the Cauchy flux, and b is a production density function. In mechanics, f represents
the surface force per unit area on dU, while f gives the heat flow per unit area
across the boundary 0 E in thermodynamics.

In 1823, CaucHY [9] (also see [10]) established the stress theorem, which states
that, if f(y) := f(y, v(y)), defined for each y in an open region §2 and every unit
vector v, is continuous in y, and b(y) is uniformly bounded on §2, and if (9.1) is
satisfied for every smooth region U € £2, then f(y, v) must be linear in v; that is,
there exists a vector field F such that

f,v) =F(@y)-v.

The Cauchy postulate states that the density flux f through a surface depends on
the surface solely through the normal at that point. Since the time of Cauchy’s stress
result [9, 10], many efforts have been made to generalize his ideas and remove some
of his hypotheses. The first results in this direction were obtained by NoLL [47] in
1959, who set up a basis for an axiomatic foundation for continuum thermodynam-
ics. In particular, NoLL [47] showed that the Cauchy postulate may directly follow
from the balance law. In [36], GURTIN—MARTINS introduced the concept of Cauchy
flux and removed the continuity assumption on f. They represented the Cauchy
flux as an additive mapping F on surfaces S such that there exists a constant C > 0
so that

IF(S)| < CA"(S), |F@B) < CL"(B) 9.2)

for any surface S and subbody B.

In 1983, ZIEMER [65] proved Noll’s theorem in the context of geometric measure
theory, in which the Cauchy fluxes were first formulated via employing sets E of
finite perimeter to represent the bodies and 9*E to represent the surfaces. His
formulation of the balance law for the flux function yields the existence of a vector
field F € L>® withdivF € L°°.The papers by SILHAVY [54,55] extended definition
(9.2) by requiring

|[F(S)] ffhd%"_l, |F(0B)] §/gdx 9.3)
N B
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for suitable functions g and & in L? for p > 1 and almost every surface S. The
vector fields obtained under these conditions have distributional divergences that
are integrable; that is, F' € L' and divF € L'. However, all the previous formula-
tions of Cauchy fluxes do not allow the presence of “shock waves” since divF is
absolutely continuous with respect to £".

DEGIOVANNI-MARZOCCHI-MUSESTI [25] further generalized conditions (9.2)
and considered the Cauchy fluxes defined on almost every surface and satisfying

|F ()] thdﬁf"_l, |F(B)| <o (B) 9.4)
S

for a suitable function & € LlloC and a nonnegative Radon measure o . This definition
of Cauchy fluxes induced the existence of a vector field F € D/\/llloc. SCHURICHT
[53] studied an alternative formulation to (9.2), which consists in considering the
contact interactions f as maps on pairs of disjoint subbodies (instead of surfaces).
Thus, f (B, A) is the resultant force exerted on B by A. The function f is assumed
to be countable additive in the first argument (that is, a measure) and finitely additive
with respect to the second argument. This alternative formulation also implies the
existence of F € DM}OC, depending on A, such that divF = f(-, A). The Gauss—
Green formulas obtained in [25] and [53] are valid for F € DM?P (§2) forany p 2 1,
but only on the sets of finite perimeter, £ C £2, which lie in a suitable subalgebra
related to the particular representative of F. In other words, these Gauss—Green
formulas are valid only on almost every set, thus missing the exceptional surfaces
or “shock waves”. In order to recover the flux on every surface, it is necessary to
develop a theory of normal traces for divergence-measure fields.

In CHEN-TORRES—ZIEMER [14], such a theory of normal traces on reduced
boundaries of sets of finite perimeter has been established for DM (£2)-fields.
The method in [14] consists in constructing the normal trace as the limit of the
classical normal traces over smooth approximations of the set of finite perimeter.
This approach requires a new approximation theorem of sets of perimeter that
can distinguish between the measure-theoretic interior and exterior of the set. The
Cauchy flux introduced in [14] is defined on every set of finite perimeter, £ € £2,
and on every " -rectifiable surface S C 9*E (so that S is oriented with the
normal to the set). The conditions that there exists a nonnegative Radon measure
o such that

IFO*E) S a(EY, |FES)I S (s) 9.5)

imply the existence of a DM>-field F so that the Cauchy flux over every surface
can be recovered through the normal traces of F on the oriented surface (see Remark
9.1(ii) below).

The Cauchy fluxes in the sense of CHEN—TORRES—ZIEMER [ 14] allow the pres-
ence of exceptional surfaces (that is, shock waves) in the formulation of the axioms.
In this setting, divF = go for some function g and Radon measure o, and hence
divF is not in general absolutely continuous with respect to £". The measure o
does not vanish on the exceptional surfaces and the Cauchy flux F has a discon-
tinuity since F(S) # —F(—S). Formulations (9.2)-(9.3) deal with the particular
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case 0 = L", and hence the measure vanishes on any 2"~ _dimensional surface,
excluding the shock waves.

Example 9.1. Let
F(x1,x2) = f(x2)g(x1)(1,0) for some f € L°(R) and g € Cg(R),

so that F € DM (R?), and let E be as in Remark 4.9. Then, by (4.8), G = xg F
is also in DM (R2), while G ¢ BVioc(R?; R?), since E is not a set of locally
finite perimeter.

If U :=(0,2)> =U', then ENU = E and xyG = xgF. Hence, applying
(4.8) again, we obtain

(G-v, v
= xudivG — div(xy G) = (xy1 — DdivG = (xy1 — 1) f(x2)g(x1) Dx, XE

13
= —f(2)g(en) A L ({0} x (0, 1)) + f(x2)g(x1)#" L ({2} x X Z))'
(9.6)

On the other hand, if L := U U3*U instead, we still obtain that y; G = xg F = G
and

(G -v,)y. = xLdivG — div(x. G) = (xp — 1)divG
= (Xytug=v (X1, x2) — 1) f(x2)g(x1) Dy, xE = 0, 9.7

since supp(| Dy, xg|) C U' U 3*U. Hence, it follows that

(G-v, Yoy #(G v, )ywusrv) 9.83)

in general. This condition is satisfied, for instance, if g(0) < 0, g(2) = 0, and
f > 0in (0, 1), since (G - v, )5y is a nontrivial nonnegative Radon measure in
this case.

Thanks to the fact that G € DM (R2), we can define an associated Cauchy
flux F by using the theory developed in [14]. Given a bounded set of finite perimeter
M, there exist the interior and exterior normal traces of G: (&;-vy) and (B -vyy) €
L®(9*M; ") (see Proposition 4.3). Then we define

F(S) = — / &; vy d!, 9.9)
S

if S is an 7! -rectifiable surface such that S C 3*M which is oriented by vy, for
some bounded set of finite perimeter M; and

F(S) = —/QSe-vM ds!, (9.10)
S

if S is an 7 !-rectifiable surface such that S C 8*M which is oriented by —vyy,
for some bounded set of finite perimeter M.
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It is not difficult to check that F is a Cauchy flux in the sense of [14]. Indeed, by
definition, F is a finitely additive functional on disjoint surfaces. Since the normal
traces are essentially bounded, from (9.9)—(9.10), we obtain

IF(S)| < CHAS).

Then |F(0*M)| £ o (M) for any bounded set M of finite perimeter, if o = |div G|
is chosen. Indeed, we need just to employ the Gauss—Green formulas and the fact
that G has compact support.

In particular, if we apply (4.6) to G, a bounded set of finite perimeter M and
¢ € Lip.(R?) with ¢ = 1 on M, then

FO*M) = — G- vy d# = divG(M").
M

Arguing analogously, from (4.7), we have

F(—0*M) = —/ Ge - vy A = divG(M' U d*M).

M

Since G has compact support in R2, by [16, Lemma 3.1], we obtain

0 = divG(R*) = divG(M"' Ud*M) + divG((R>\ M)"),
from which it follows that

FO*R*\ M)) = F(—0*M) = —divG((R*>\ M)").

Thus, (9.5) is satisfied. Then we have proved that F is a Cauchy flux in the sense
of [14].

Choose S := 9*U oriented by vy, by (9.10), Proposition 4.3, and (9.6), we
have

FOU) = (G vty == [ 6130 fGa)go0) dDs 15

forany ¢ € Lip,(R?) with¢ = 10n U. Arguing analogously, by (9.10), Proposition
4.3, and (9.7), we have
F(=3*U) = (G - v, ®)ywusrv) =0,
for any ¢ € Lip,. (R?) with ¢ = 1 on U. Then, by (9.8), it follows that, in general,
F@*U) #—-F(—=3*U),
which shows that 7 may have a discontinuity on the rectifiable surface 9*U.

In this paper above, we have developed a more general theory of normal traces
for unbounded DM? fields. In particular, we have shown that the normal trace can
be represented as the limit of the classical normal traces on smooth approximations
or deformations. Hence, we can now give a more general definition of Cauchy
fluxes over general open sets (not necessarily of finite perimeter).
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Definition 9.1. (Side surfaces) A side surface in §2 is a pair (S, U) so that § € 2
is a Borel set and U &€ §2 is a open set such that S C dU. The side surface (S, U)
is often written as S for simplicity, when no confusion arises from the context.

Definition 9.2. (Cauchy fluxes) Let §2 be a bounded open set. A Cauchy flux is a
functional F defined on the side surfaces (S, U) such that the following properties
hold:

(1) F(S1U 8) = F(S1) + F(S,) for any pair of disjoint side surfaces S| and S
in dU, for some U € £2;
(ii) There exists a nonnegative Radon measure o in §2 such that

|[FOU)| <o) for every open set U € £2;

(iii) There exists a nonnegative Borel function & € Llloc(.Q) such that

|F(S)| < / hd"!
S

for any side surface S C dU and any open set U € £2 (the integral could be
00, in which case the axiom is also true).

For simplicity, the Cauchy flux is often written as F(S) as (i)—(iii) above, when no
confusion arises from the context.

We state now our main result on the representation of general Cauchy fluxes.

Theorem 9.1. Let F be a Cauchy flux in 2 with h € L} (£2) as in Definition 9.2.

loc

Then there exists a unique F € DMIIOC(.Q) such that, for every open set U € £2,
the following properties hold :

(i) Forany ¢ € Cg (82) such that ¢ = 1 on a neighborhood of U,
FQ@U) =(F-v, ¢)yy , 9.11)

and there exists an interior smooth approximation U of U as in Theorem 7.1
such that, for a suitable subsequence ¢, — 0 as k — oo,

F@OU) = — lim F -vye do" ™!
&—0 Jayer
where F - VU,, denotes the classical dot product,
() If xu F € DM%DC(.Q), then there exists jup € M(OU) such that

F@U) = / dpp;
U

(iii) If U is a C° domain, then there exists a sequence of smooth set U as in
Theorem 7.4, which can be represented as a deformation generated by f (e, x)
(defined in Theorem 8.1) that is C* in x when e > 0 and C° in x when e = 0,
such that, for a suitable subsequence e — 0,

F(@U) = — lim F - vyeo do#" 1

&—0 Joyek-r
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(iv) If U has a Lipschitz boundary, then there exists a regular Lipschitz deformation
VU(x,e) =: W(x) of dU such that, for a suitable subsequence g — 0 as
k — oo,

F@U) =— lim0 F W, (x)) - vy (W, () J g, (x)d" " (x).
U

Ef—> 9
Proof. We divide the proof into four steps.

1. We first show the existence of suchan F € DM lloc (£2). Let Zg; be the collection
of all closed cubes in R” of the form

I = [alabl] X e X [ansbn]a
such that I € §2. For almost every s € [a;, b;], define
lis:={yel:yj=s}

Let {eq, ..., e,} be the canonical basis of R”. We fix j € {1, ..., n}. For every
cube I € I, define

. bj
w/ (1) = / Fys)ds.
Llj
From Definition 9.2(iii), we have

. bj bj
1w ()| g/ F (L)l ds gf / hd%"‘ldséflhldx= Wl .
a aj Ijs 1

J

where the Fubini theorem has been used. Thus, for any finite collection of

disjoint cubes I, ..., Ig, we have
K K
Do DTS D Al gy S Whlliok g (9.12)
i=I i=1

Since h € Llloc(.Q), then, for every ¢ > 0, there exists § > 0 such that

LA <5 = /|h|dx<8.
A

Hence, if {I,-}l.K: | 1s a finite collection of disjoint cubes Iy, ..., I, satisfying
Y LU = LUK 1) < 8, then

K

Do DS Ak gy <& 9.13)

i=1
Hence, p/ is an additive set function defined on Z. We can now apply a
generalization of Riesz’s theorem, due to FUGLEDE [33] (see also [14, Theorem
9.5]), to conclude that there exists f; € L} (£2) such that

loc

,uj(1)=/fjdx forevery I € Zo,.
I
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We take sequences o, j 1 s and By ; | s as k — 0o. We have

1 Br.j 1 Br.j
—/ Fljs)ds = —/ / fjdxds.
Br.j — . j Joy Br.j — kj Jar; Ji;,

Letting k — oo yields
Fjs) =/ fi d#"~! for £!-almost every s.
Ij,s

Define

F:=(fi,..., fn).

We obtain that, for every j € {1,...,n},

Fjys) = —/ F(y)-e;j d"'(y)  for #'-almost every s.
Ljs

9.14)

From this point on, we say that a statement holds for almost every cube if it
holds for all cubes whose side intervals with endpoints in R \ V, for some .Z 1
negligible set V.

From (9.14), it follows that, for almost every cube I € Zg,

FOI) = / F(y) v () d (), 9.15)
a1
which, by Definition 9.2(ii), implies

\/31 FO) -0 d#" ™ )| = IFODI S o) SoD), (0.16)

where / denotes the open cube.

Using (9.16), we can now proceed as in [14, Lemma 9.6], or use [25, Theo-
rem 5.3], to conclude that F is a vector field with divergence measure satisfying
|divF| < o, which means that F € DM, (£2).

. Uniqueness of the DM'-field F. Assume now that there exists another vector
field G = (g1, ..., gn) such that (9.14) holds. For fixed j € {1,...,n}, we
obtain that, for any cube I € 7,

bj bj
[ o= ["[ pawtoas = [7 [ garrioas = [ g
1 aj IS,j aj Ix,j 1

Hence, f;(x) = g;(x) for £L"-almost every x.
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In order to prove (i), we approximate dU with closed cubes in such a way that

o0
AU = ﬂJ,-,
i=1

where each J; is a finite union of closed cubes in Zg,, which can be chosen so
that (9.15) holds, and J;+1 C J;. In addition, we can also choose {J;} in such
a way that

(F v, = —F v, " ' aJ;. 9.17)

This follows for instance from [25, Theorem 7.2], which states that, for almost
every closed cube I € Zg,, we have

divF(I) = —/ F v dsm, (9.18)
ol

On the other hand, for any ¢ € Lip.(£2), oF € DM (£2) by Proposition 3.1.
It is clear that, by (3.3),
div(pF)(I) = div(e F)(I) — / @ ddivF.
I
By Remark 4.2 and (9.18), it follows that

(F-v,9),; = divigF)(I) = —f (pddivF—/ oF vy da"!.
al al

Then, arguing as in [2, Example 1.63], we obtain that |divF [ (/) = Ofor almost
every I € Zg, since divF is a Radon measure. All in all, we conclude (9.17) for
almost every finite union J of closed cubes; then the sequence {J;} is chosen
from these finite unions {J} of closed cubes.

Now, from Definition 9.2(ii), we have

IFOU; NUNI < o).
Standard measure theory arguments imply that
illrgoa(fimU) =o((NJ)NU) =c(@UNU) =0, (9.19)
so that

lim F(3(J; NU)) =0. (9.20)

Now, we consider (F - v, ¢>a(i,-mU) for some ¢ € C} (£2). We notice by Theo-

rem 5.1 that, for any ¢ € CC1 (£2),

(F-v,¢)yy = — lim OF - vye d" 1. 9.21)

k—o00 a*Uek
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In the same way, we have

(F-v,8)y00) = —klim / QF vy d"=! forany ¢ € CL(£2),
—00 J g* Wek
(9.22)
where d W¢ is defined as the superlevel set of the signed distance function
associated to W = Jol- NU,asin (5.2).
We now choose a test function ¢ € C Cl (£2) such that ¢ # 0 in a neighborhood

of U, but ¢ =0 on £2 \ J;. Since J; is closed, then ¢ = 0 in a neighborhood
of 3J; N U. With this choice of ¢, (9.22) reduces to

(F v, )y nyy = — lim xj®F - vys do" ! (9.23)

k—oo Jaryer 7t

and, from (9.21) and the fact that J; N 9*U® = d*U** for & small enough and
i fixed, we obtain

(F - v, ¢>a<imu> =(F -v,¢)3u for any such ¢. (9.24)

Therefore, the distribution (F - v, -)
Arguing similarly, we can show

a(JnU) coincides with (F - v, -)5;, on dU.

(F - v, '>a(1°,nU) =(F -v, ')3J°1 onU NaJ. (9.25)
Therefore, we conclude
(F v dyinwy = (X5 F v, )y + X F v, Dai;
=(F-v, oy + (xvF -v, -)yj (9.26)
since J; D dU. By (4.2), we have

(F-v,-) divF — div(x jy F). 9.27)

ad.nuy = Xjnu

If we now choose ¢ € Ccl. (£2) such that ¢ = 1 on a neighborhood of dU, then
¢ = 1ondU UdJ; forany i large enough. Then, from (9.17) and (9.24)-(9.27),
we obtain

(F-v, ¢)yy —/

F v, ds" ' =(F-v, ¢)yy —/ dxuF -vy, d"!
UnaJ; dJ;

= (F -V, ¢>BU + (XUF -V, ¢)3j,
=(F-v,9)yn0)

- / ¢ ddivF —f ¢ ddivixj ~, F)
Jinu 2 !
=ﬁ ¢ddivF+/ F-V¢dx — 0
JinU JinU
asi — oo, since |J; N U| — 0 and |d1'vF|(J°,~ N U) — 0. This implies

(F v, ¢)yy = lim F(y)-vy,(n)d"" 1 (y). (9.28)
I—>00 UnaJ;
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On the other hand, by Definition 9.2(i), we have
F@OUiNU)) = FQOU)+FUNI),
so that, from (9.15) and (9.20), we obtain

F@U) = lim F(y) - vy, (A" (). (9.29)

i—o0 JungJ;

Finally, from (9.28)-(9.29), we conclude (9.11). Then Theorem 7.1 implies the
second part of point (i) (see also Theorem 5.1).

4. For (ii), we notice that xy F € DM! (£2), since U € £2. Hence, Theorem 4.1
implies the existence of a finite Radon measure (., on dU such that

(F v, )5 =/ ¢duy  forany ¢ € CL(2).
U

Thus, if we take ¢ = 1 on a neighborhood of dU, result (i) immediately
implies (ii). Cases (iii) and (iv) follow analogously from (i): for (iii), we need to
apply Theorem 7.4; while (iv) is obtained by employing the bi-Lipschitz regular
deformation ¥, (x) from Theorem 8.5 as in Theorem 8.4. O

Remark 9.1. In particular, the following assertions also hold:

(1) If U is an open set of finite perimeter, o (dU) = 0, and fa*u hd#" ! < oo,
then

F(BU):—/ F . vydsm !,
*U

where F - vy is the classical dot product.

To see this, we use the assumption that o (dU) = 0 and fa*U hd#"! < oo
to apply [25, Theorem 5.4], which shows that (F - v, -)p is represented by the
classical dot product between F and vy . Hence, from Theorem 9.1(i), we have

FOU) = —/ F(x) - vy (x)do#" 1 (x):
*U

(ii) If the Borel function £ in Definition 9.2(iii) is constant and U is an open set of
finite perimeter, then F € DM (£2), and

loc
FOU) = /B*U(& vy don

where §; - vy € L®(3*U; 2"~ ") is the interior normal trace of F on 9*U.

This corresponds to the case already treated in [14, Theorem 9.4], since U € 2
is a set of finite perimeter and / is constant. Hence, we obtain F € DM;’;’C (£2),
and the normal trace (F - v, -) 5, is represented by the measure — (§;-vy) A"~

L 8*U, for some (F; - vy) € L>®(3*U; 7" 1); see also Proposition 4.3.

Remark 9.2. The importance of Theorem 9.1 and Remark 9.1 is that the flux can
be recovered on every open set U.
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Remark 9.3. It has been discussed above that SCHURICHT [53] considered an al-
ternative formulation for the axioms, representing the contact interactions as maps
f(B, A) on pairs of disjoint subbodies (instead of surfaces). In this formulation,
our results on normal traces for DM ?-fields improve those in [53, Theorem 5.20,
equation (5.21)], since f(B, A) can be written as the limit of the classical normal
traces on the approximations of B, versus an integral average.
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