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Abstract

We prove the existence of global in time weak solutions to a compressible
two-fluid Stokes system with a single velocity field and algebraic closure for the
pressure law. The constitutive relation involves densities of both fluids through
an implicit function. The system appears to be outside the class of problems that
can be treated using the classical Lions—Feireisl approach. Adapting the novel
compactness tool developed by the first author and P.-E. JABIN in the mono-fluid
compressible Navier—Stokes setting, we first prove the weak sequential stability of
solutions. Next, we construct weak solutions via an unconventional approximation
using the Lagrangian formulation, truncations, and a stability result of trajectories
for rough velocity fields.

1. Introduction

Multi-component fluid models arise in various applications including studies of
water wave impact on coastal structures (violent aerated flows) [17], the petroleum
industry [21-24], cancer cell migration in compressible media [20], or turbulent
mixing in the nuclear industry, reactive flows, propulsion and sprays [16], to name
only a few. Classical derivation of multi-fluid models begins writing the equilibrium
equations for each component of the flow at the microscopic level with small scale
interfaces. The second step is to perform a volume averaging under suitable closure
assumptions. Averaged models bypass the local geometrical complexity of the
interphase at the cost of including new variables—the volumetric rate of presence
of each fluid/phase, see [16]. This formal derivation can be found in the monographs
of IsHu and HiBik1 [28], and of DREW and PAassmaN [19]. Mathematically rigorous
derivation of several models from mono-fluid systems may be found in [1,5-7,39].
The reader is also referred to the recent chapter [4] for discussion on modelling and
mathematical studies of multi-fluid systems in the compressible setting.
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In the present paper, we analyze a bi-fluid compressible system in the semi-
stationary Stokes regime. We assume a common velocity field and pressure for both
fluids (algebraic pressure closure). Our system of equations reads

3 (aFo™) + divieToTu) =0, (1.1a)
—pnAu— A+ p)Vdiva+ Vp =0, (1.1b)
ot +a =1, (1.1c)
p=p =p, (1.1d)

with constant shear and bulk viscosities i and A such that A +2u > 0 and u > 0.
The unknowns of the system (1.1) are the volumetric rates of presence of fluid +
and —, ™, o, respectively, with

0<at <1, (1.2)

the two mass densities o, 0~, and the common velocity field u. By p*, p~ we
denote the internal barotropic pressures for each fluid with the explicit form

p+ _ a+Q+V+’ P = a,Q,y—, (1.3)

+

where a* > 0, y* > 1 are given constants. The purpose of this paper is to

prove the existence of solutions “a la LERAY” (finite energy) to this system on the
d-dimensional torus T¢, d = 2, 3, under the following constraint:

/ u(t,x)dx =0 for re(0,7), (1.4)
’]I‘d
and with the initial conditions

atotli=o=Ro, @ @ li=0=Q0. Ry20, Qp20. (L5

Moreover, we ask for the following compatibility condition for the initial data:
Ol+|t:0 = 043’ o |i=0 = o
af Fog =1, a5y 20, prlef) =p (e (1.6)
Remark 1. If Q(‘)" is nonzero, then ozar = Ro/ Q(‘f . Because of the algebraic pressure
+

Y
law closure which provides ¢, = (ayfa )7~ (Qa_) ¥~ # 0 we can also define
a, = Qo/9 - If, on the other hand, Q(T =0, = 0, we choose a(jf = 1/2 for each

phase.

Our main result for system (1.1) reads as follows:
Theorem 1.1. . Let y* > 1,y £ y~, a™ > 0, A +2u > 0, u > 0, and let the
initial data (1.5) satisfy (1.6). Assume that

/(Rg++Qg_)dx<oo, O</ Ry dx < o0, 0< Qp dx < o0.
Td Td Td



Finite-Energy Solutions for Compressible 989

Then there exists a global weak solution (a®, oF, w) of system (1.1)—(1.4) satisfying

a0 € L0, T: L (T9)) N LY (0. T) x T¢) N C([0, T]; LY (T%)),
0* € L0, T; LY (T%) N L ((0, T) x T¢) N C([0, T]; LY" (T%),
ue L0, T; H' (T?),
where Equations (1.1) are satisfied in D'((0, T) x T4 and the initial conditions

(1.5) are satisfied in D’(Td). Moreover, the equations (1.1a) are satisfied in the
renormalized sense.

Note thatifat =a~ = 1land y+ = y~, system (1.10) is reduced to the semi-
stationary Stokes version of (1.17). In this case our technique provides stronger
results that the classical technique of Lions. Indeed comparing [34, Theorem 2]
(see also [35, Theorem 3.1]) with the proof of Theorem (1.2) we see that we are
able to prove compactness of sequences approximating R, Q and Z, while the
results from [34] provide strong convergence of a sequence approximating Z, but
only a weak convergence of o, — ©. To get Theorem 1.1, we first prove the global
existence of weak solutions for a reformulation of the system (1.1). Introducing the
notation

R=0%a", Q=07a", Z=o",
we check that the pressure p is expressed in terms of R, Q. In fact we have
p=PR, Q) =a"2" (1.7)

for Z = Z(R, Q) such that

N\ /vy~
a R . Y+ 1
(=) e=(1-7)z wn =2 o

and
R Z. (1.9)

The system (1.1)—(1.4) can be therefore transformed to the following form:

3R + div(Ru) = 0, (1.10a)

3,0 + div(Qu) = 0, (1.10b)

— (v 42w divu +a* (Z(R, 0" —(Z(R, Q)”+}> -0, (1.10c)

rotu = 0, / u(t,x)dx =0, (1.10d)
Td

where {f} = (J7a f(x)dx)/|T¢| and Z is related to R and Q through the non-
explicit formula (1.8). The initial conditions for the previous system reads

Rli=0=Ro, Qli=0=0Qo. Ro20, Qo=0, (1.11)
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with the following compatibility condition on Z|,—y = Zy:

Iy~
a RO % .
- = - — < 1.12
<a+> Qo <1 Zo) z;, with Ry < Zo. (1.12)

For system (1.10) we prove the following:

Theorem 1.2. Let y* > 1, yt # y~, a™ > 0, A +2u > 0, u > 0, and let the
initial data be given by (1.11) with Z defined through (1.12). Further, assume that

/(Rg++Qgi)dx<oo, 0</ Ro dx < oo, 0</ 00 dx < oo.
Td Td Td
(1.13)

Then there exists (R, Q, Z,u)—a global in time weak solution to the system (1.8)—
(1.10) for (t, x) € (0, T) x T¢, such that

ReL®0,T; L (TN L¥ (0, T) x TY) nC([0, T]; L (T%)),
Qe L®0,T: LY (T NLY ((0,T) x T NCq0,T]; LY (T?))
ZeL®0,T; L (T NL¥ (0, T) x T NnC(o0, T1; LY (T9)),
ue L0, T; H'(T)),

where Equations (1.7)—(1.10d) are satisfied in D' ((0, T) x T%), and the initial
conditions (1.11) with the constraint (1.12) are satisfied in D'(T?). Moreover;
equations (1.10a) and (1.10b) are satisfied in the renormalized sense.

Our paper provides the first proof of the existence of global-in-time weak so-
lutions for a bi-fluid system with constant viscosities under algebraic pressure law
closure in physical dimensions 2 and 3. The only other available results treat the
density dependent viscosities with two velocity fields, see [3], and [8] (see also
[23,24] for specific linear pressure laws). The main difficulty in analysis of the
system (1.1) is due to, roughly speaking, the complex form of the pressure. In-
deed, by @™ + a~ = 1 and (1.3), the pressure p depends on ato™ and @ o~
(R and Q, respectively) in nonlinear implicit, see the relation (1.8). This means
that the nowadays standard approach developed by Lions [32] and FEIREISL [25],
see also [34], seems to be not applicable in all generality. Therefore, we adapt a
brand new technique from [9-11] that could be used to cover more complicated
case in a future work for instance with viscosities depending on the volumic rates
a*. By reformulating system (1.1) in terms of the pressure argument Z and one of
the conserved quantities, for example R = o™, we show that the new technique
provides compactness for sequences approximating both unknowns.

Let us briefly discuss various contributions related to global weak solutions to
the study of compressible fluid equations with intricate pressure law.

Mono-fluid systems Note that putting ™ = 1 in (1.1), we get the usual semi-
stationary compressible Stokes system

9;0 + div(ou) = 0,

. (1.14)
—pAu— A+ p)Vdiva+ Vp(e) =0,
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which has been studied, for instance, in [32], with a monotone pressure law p(o) =
ao? with y > 1, and more recently in [10] with a non-monotone, locally Lipschitz,
pressure law p(p), such that p(0) = 0 and

C o —C<plo)SCo” +C,  [ps) <ps” !

for some constants C > 0, p > Oand y > 1.

Compressible systems with two continuity equations Two-components compress-
ible systems have been studied in the density dependent viscous case in [3,8] for
instance. Concerning the constant viscosity case, the existence of weak solutions
to the two-phase model

90" +divietu) =0
dro~ +divio u) =0

(o™ + o w) +div(le" + o lu®u) + Vpe*.0")
—puAu— A+ pw)Vdiva =0

(1.15)

was recently proven by VASSEUR et al. in [42], for the pressure law equal to
pet,07) = (") + (¢7)” with y > 9/5 and @ > 1. For the existence of
strong solutions close to equilibrium we refer, for example, to [27]. For the exten-
sive analysis of two-component models in the one-dimensional setting we refer to
papers of EVIE et al. [21,22] in the constant viscosity case and with specific linear
pressure law.

In another recent paper of MALTESE et al. [34], see also [26,35], the authors
considered the system used in the geophysical flow modelling

dr0 +div(ou) =0
os+u-Vs=0 (1.16)
0r(ou) +diviou ®@u) + Vp(o,s) — uAu— (A + w)Vdiva = 0,

where s denotes the entropic variable, with the pressure law given by p(p, s) =
0?7 (s)withy > 1,5 > 0,and 7 (-) a given smooth and strictly monotone function.
They proved the existence of weak solution to the following reformulation of (1.16)

d;0 + div(ou) =0
37 +div(Zu) = 0 (1.17)
9;(ou) + diviou @ u) + VZ¥ — pAu — (A + pw)Vdiva = 0,

where Z denotes o[7 (s)]'/7, after which they proved the equivalence between
solutions to systems (1.16) and (1.17) for y = %. For analysis and numerical
simulations of system (1.17) with the so-called congestion constraint we refer to
[14,15].

Note that the two systems mentioned before (1.15) and (1.16) include pressure
laws which are monotone with respect to variables satisfying continuity equations.
This allows the authors to adapt the tools already developed by Lions [31,32] and
FEeIREISL [25] for mono-fluid systems. It is not the case for the two-fluid Stokes
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system (1.10). For this system, although 0rZ, 9pZ > 0, we do not have the
crucial property

Z(R, Q) 2 Z(R. Q)

for Z(R, Q) denoting the weak limit of Z,,(R,, Q) when the approximation pa-
rameter n goes to +00. Looking at the reformulation (1.10), the pressure argument
Z is given implicitly in terms of R and Q. As a consequence, Z does not satisfy a
simple continuity equation, but we have

d-»Z-RZ

0, Z +div(Z divu = 0.
; Z + div(Zu) + V(Z—R) +R ivua

The additional friction term (1];(?_(—2;5)%2 divu means that its seems that we have

no compensation of compactness between div u and the pressure p. The continuity
equation with production term in the Navier—Stokes type of system has been re-
cently investigated by VAUCHELET and ZATORSKA [41]. In this case, the so-called
effective viscous flux equality does not imply a strong convergence of the sequence
approximating Z.

In this work we show that the recent development proposed by BRESCH and
JABIN [9] may be adapted to treat the bi-fluid system (1.10). Our work therefore
provides a generalization of this result to the pressure law that depends on two
transported quantities, as in semi-stationary compressible Stokes system.

In [9], the authors explain how to handle the non-monotone truncated pressure in
the heat-conducting Navier-Stokes system. In this system the pressure depends on
two variables: the density and the temperature. The density satisfies the continuity
equation, while the temperature is given by the heat equation, and hence some
properties providing compactness in space of the second unknown are available.
Our result in this paper covers the pressure laws depending on two quantities without
knowing any a-priori compactness in space for any of them.

In our proof we rescale the unknowns and the viscosity coefficient A + 214 so
thata™ = a~ = 1. Since wekeep y* # y ~ this assumption does not lead to loss of
generality. For the sake of brevity, we will always consider y ™ < y ~, equivalently
y < 1. However, due to the symmetry of the problem, the result will remain in
force alsoif y T > y~.

The paper is divided into two parts:

Part I'n Section 2, we first prove energy estimates and extra integrability properties
on the solutions of the system (1.10). We also study the nonlinear relation between
Q, R and Z and present the equation satisfied by Z. Then, in Section 3, we prove
the weak sequential stability of solutions to (1.10). This means that the hypothetical
sequence of sufficiently smooth solutions {R;,, Qn, Z,, u,};° | satisfying the en-
ergy and extra integrability estimates uniformly w.r.t. n, has a limit when n — oo,
that is a weak solution to (1.10).

Part II In Section 4, we construct the approximate solutions and show that they
converge to solutions of system (1.10). The starting point is the Lagrangian refor-
mulation of (1.10) with truncation of the pressure. Using CripPA and DE LELLIS’
stability of the flow result (see [13] and [12]) we show that approximate solutions
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constructed in the Lagrangian coordinates define suitable approximate solutions of
the system in the Eulerian coordinates. These solutions satisfy the uniform bounds
requested in the first part of the paper. It is worth emphasizing that our construction
does not introduce any parabolic regularization of the continuity equation com-
monly used in compressible setting. In a sense it is similar to the construction of
regular solutions [36-38].

2. Preliminary Observations

Here we provide basic a-priori estimates for the sequence of solutions {R,,, O,

Z,, u,}22 |, uniformly with respect to n. We assume that for any n = 1(Ry, On, Zy,

u,) is a smooth solution to (1.10), defined on (0, T') x T4. We drop the index n,
when no confusion can arise, and we recall that we assume y < 1. Moreover, the
results from this section do not depend on the value of the viscosity coefficient if
only A + 2 > 0. Therefore, without loss of generality we take

A42u=1.

Lemma 2.1. Let R, Q, u be sufficiently smooth solutions to (1.10), then
0<R,0Q and R,Q € L®(0,T; L' (T%). (2.1)

Moreover, assuming that R, Q 2 0 is given, there exists a unique Z solving (1.8)
and (1.9).

Proof. Integrating equation (1.10a) over T¢ we deduce that

d Rdx =0
— x =0,
dr Td

i.e. [ra Ro(x) dx = Mg, implies [, R(,x) dx = Mg forany ¢ € [0, T].

Moreover, since R is smooth and Ry > 0, we have the estimate

T
R(t,x) 2 inf Ry(x)exp (—/ Il divu||Loo(R)dt>, (2.2)
xeTd 0

in particular R > 0. Repeating the same procedure for Q we obtain (2.1).
For fixed nonnegative R and Q, we find a candidate Z = R satisfying the
equation (1.8), i.e.,

fro(Z)=2" —RZ"' -0 =0.

Note that fr o(R) = —Q < 0 and 3z fr.o(Z) = yZ?~%(Z — R) + RZV 2.
Therefore in the range Z = R there exists a unique Z solving (1.8). O
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Our next goal is to derive estimates for R, Q, Z, and u following from bound-
edness of the energy associated with system (1.10):

Lemma 2.2. Let R, Q, u be sufficiently smooth solutions to (1.10), then the follow-
ing estimates are valid:

T
sup/ "+ R+ 0 )dx + // vudedr £C, (2.3)
Td 0JTd

t<T

and

T
/ %" + RY" 4 Q¥ )dxdt £ C(1+T), 2.4)
0JTd
forany T > Q.

Proof. First note that from de Zg ’ dx < oo and (1.12) it follows that

/ Ry+ dx < o0 / Qyi dx < o0 2.5)
0 J ;20 . :
Td T

On the opposite, assuming that (2.5) holds then using the Holder inequality and
+
(1.12) it follows that de Zg dx < 0o. We next define « as a solution to

s

By (1.9) we deduce that 0 £ o < 1. From (1.8) we have that

if Z£0

NI= N>

otherwise.

v R\""
zV*:(TQ—) ifa # 1 orequivalently zfzz(—) if a # 0.
- o
(2.6)
Therefore, the gradient of the pressure can be written as
R\"" v~
VP =vZ2' =aV <—> + (1 —a)V <L>
o 1l -«
2.7

+ R\ -1 - y~ -1
— Y gy(2 + Y ov (-2 .
yt—1 o y——1 -«

Multiplying the last term on the L.h.s. of (1.10c) by — divu, and integrating by
parts, we obtain
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—/ (P—{P})divudx:/ VP -udx
Td Td
+ R\ -1 - y -1
:/ Y RV(—) + 7 QV( Q ) wdx
™ \yT —1 o y——1 l -«
+ RNV -1 - y -1
-7 /div(Ru) (—) dx — % /div(Qu) <L> dx
yt —1 Jpa o y— —1 Jma l—«o
+ yt-1 - y -1
Y R Y 0
= R | — d b —_— d
y*—l/wl (a> x+y‘—1/qrd ’Q(l—a) *
1 d R\ R\
=—— = d Z) ded
y 1 w(a) “ x+/1rd(0l> o &

1 d 0 v 10) v
+y——15 Td(]—d) (l_a)dx_f]l‘d<]_a> v dx

d 1 R\"" 1 o\
_chAd<)ﬁ—l<a) OH—)/_—l(l—a) (1—a)>dx.

Multiplying the Lh.s. of the momentum equation (1.10c) by — divu we therefore
get

L (&) o s () amo) s
sup — o — — -« X
1€(0,T) JT¢ yT =1\« y-—1\1l—«
T
+/[ | divu|? dx dr (2.8)
0JTd

</ L (R oy ! 2 )" (1 _up) a
> — (01 — X.
= Jr\y =1\ RRRVE S o 0

On account of (2.6) and (2.5) the r.h.s. is bounded. Using (2.8) and (2.6) again, we
obtain

sup / 7" dx = sup / (Zy+a+ZV+(l—a)> dx
te(0,7) J T4 te(0,7) JTd

+ (0] v
= sup / ZV o+ | — 1—-a)] dx=C,
1€(0,7) JTd -«

which provides the uniform estimate for Z V+, as stated in (2.3). The uniform es-
timate for R can be obtained using (1.9), and then (2.6) provides the uniform
estimate for Q7 .

In order to estimate the full gradient of u we notice that

T T T
f/ |Vu|2dxdt=/f | divul|? dxdt—i—// [rotu|? dx d#;
0JTd 0JTd 0JTd

the first term is bounded due to (2.8), and the second one is equal to 0 on account
of (1.10d).
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In order to prove (2.4) we multiply momentum equation (1.10c) by P and
integrating over time and space we get that

// P2 dxdt = /f d1vudedt+// {P}P dx dt
Td Td Td
=// d1vudedt+/ {P} dt;
0 T‘[

The last term is bounded due to (2.3), and we use the Cauchy inequality to estimate

T 1 T 1 T
. 2 : 2
// divuP dx dr §—// P dxdt+—// | divul|® dx dt
0J1e 2 Jo Jrd 2 Jo Jrd
1 T
§c+—// P? dx dr.
2 0JTd

Thus, combining (2.10) with (2.9) we obtain the uniform estimate for Z27" as
in (2.4). The rest of bounds from (2.4) follows, as previously, from the relations
between Z, R, and Q, see (1.9), and (2.6). O

(2.9)

(2.10)

We can now use the above estimates in order to deduce that R and Q satisfy
equations (1.10a) and (1.10b) in the renormalized sense.

Lemma 2.3. Assume X € L1((0, T)xT¢) withq = 2, andu € L*(0, T; WH2(T%)).
Let (X, u) solve

X +div(Xu) = f in D' ((0, T) x T%),

where f € LP((0, T) x T%) for some p > 1, p’ (% - 1) < 1. Then (X, u) is also
a renormalized solution, i.e. it solves

9b(X) + div(b(X)u) + (b'(X)X — b(X))divu = fb'(X) in D'((0, T) x T%),
(2.11)

where
b e C(0,00)), |b'(s)| £ Cs*, fors>1, where < % —1. (2.12)

The proof of this lemma is a consequence of the DiPerna-Lions theory [18] of
renormalized solutions to the transport equation.

We now derive the equation satisfied by Z. If R, O, u are smooth, the evolution
equation for Z = Z(R, Q) can be deduced from the continuity equations for R and
for Q, and the formula (1.8). However, we will use the the equivalency between
the equations (1.10a), (1.10b) and the evolution equation for Z at the level of weak
solutions, i.e. solutions with regularity specified in Lemma 2.2. For such solutions
we have the following result:

Lemma 2.4. Let u € L2(0, T; WH2(T9)), R € L2 ((0,T) x T?) N L>(0, T;
LY (T?), 0 € L¥ ((0,T) x T¢) N L>®(0, T;: LY (T9)), and let (R, Q, u)
solve (1.10a) and (1.10b) in the sense of distributions, and (1.10c) and (1.10d)
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a.e. in (0,T) x Q. Then Z defined by (1.8) belongs to L2V+((O, T) x T N
L0, T; LV+(']Td)) and it satisfies

0,7 + divizuy + L NE=BZ o 2.13)
! v(Z—R)+ R ’ '

in the sense of distributions. Conversly, let (R, Z,u) solve (1.10a) and (2.13) in
the sense of distributions. Then Q defined by (1.8) satisfies (1.10b), in the sense of
distributions.

Proof. The fact that Z € L2 ((0, T) x T) N L>®(0, T: L? " (T4)) follows from
Lemma 2.2. Testing the equations (1.10a) and (1.10b) by &,(x — -), where &, is a
standard periodized mollifier, we obtain

3 Ry + div(Ryu) =r),

) ) (2.14)
0; 0y +div(Q,u) = Iy

satisfieda.e.in (0, T') x T, where ay denotes a*&,. From the Friedrichs commutator
lemma we know that

ry =0 in LP'((0, T) x T,
2

(2.15)
rp = 0 in L”((0, T) x T%

14 1 .
=35+ vl We now define Z;, via

Ry
and as previously we find that R, < Z,,. Let us now apply 99, 9r, to both sides
of the above formula to obtain, respectively,

1 =y2zY '9g,Z, — Ryy — DZ! 239, Z,,
0=yzl "o, 2y — 207" = Ry(y = 221 o, Z,.
This gives us that

y—1
1 z)

= R, Zy = :
—1 -2’ n 1 -2
YZ,T = Ry(y — DZ) ! vZ)~ —Ry(y —1Z)

(2.16)

8Qn Z,;

Using the assumption y < 1andinequality R, < Z,, we check that we can estimate
the partial derivatives of Z, (R, Q) by the integrable function, more precisely

z
|8ann|§ ';/ , |8R,,Zn|§

R | =
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This means that 99,2y and ORr,Zy are suitable test functions for (2.14). We now
check that

O Zy =30, Zy0 Qy + 0r, Zyd Ry
= — g, Zy div(Quu) — g, Z, div(Ryw) + 1} dg, Zy, + r}dg, Z,
= —[80,Z,V Oy + dr, ZyVRy] - u —[Qydg, Zy + Ry, Z,]divu
+ r,% aRn Z, + rgaan,]
=—VZ, u—[0,30,Zy+ Rydg,Zyldivu+r)dg, Z, +r;dg,Zy.
therefore

N Zy + div(Zyw) + [Qyd0, Zy + Rydr, Zy — Zy)diva = r)og, Zy + 1790, Zy.
2.17)

Substituting (2.16), we compute

0y +RyZ " =2,y 2 = Ry(y = )Z) Y
vzl ' — R,y — )z}
Zy — Rz "+ RZV T —yZ) + Ry — DZ] T (L= y)(Z, — R)Z,
vZ! TV Ry(y — )z C y(Zy—Rp+Ry

0000,Zy + Rydr,Zy — Z; =

Using this, the equation for Z, can be written as

(I =y)Zy—Ry)Z

& Zy + div(Zyu) +
e " v(Z, — Ry + R,

Ldiva = r)dg, Zy + 1,90, Zy.

(2.18)

X . (]7y)(Z,77R,7)Zn
Note that since y < 1, we easily show that S Z, R R,

% < 177”(2,, — Ry € L2 ((0, T) x T¢). This allows us to let
n — 0 in the Lh.s. of (2.18). The r.h.s. of (2.18) vanishes provided that p; = 1
and - + ;;—1 < 1, which is fulfilled provided that y+ > 1.

In order to recover the equation for Q from the equations for R and Z, one
derives the equation on Q!/7 first. It is easy to observe that (1.8) yields

> 0, moreover

aQlly

<1/y.
sk | =Y

Yo RAd
0Z

<1 and ‘

Therefore, the rigorous procedure involving mollifying and passage to the limitn —
0, described above, can be repeated for Q. In this manner we obtain a renormalized
version of the equation for Q:

3,07 +div(Q"u) + 07 divu = 0.
This finishes the proof. O

As a consequence of this Lemma and Lemma 2.3 we have
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Corollary 2.5. The couple (Z,u) is a renormalized solution to (2.13).

Proof. Indeed, for the assumptions of Lemma 2.3 to be fulfilled we note that

d-»Z-RrRZ

divu| £ CZ|divu|,
y(Z—R)+ R

and the r.h.s. is bounded in L! (0, T) x T9) on account of (2.3)and (2.4). O

3. Sequential Stability of Solutions

The purpose of this section is to pass to the limit n — oo in the sequence
{Ry,, On, Z,, un};’f’: | and to verify that the limit (R, Q, Z, u) satisfies the system
(1.10) in the weak sense. We prove the following theorem:

Theorem 3.1. Let T > 0. Assume that for any n the quadruple (Ry,, Qn, Z,, 0y)
satisfies (1.8)—(1.10) with the initial conditions

Rn|t=0 = RO,na Qn|t=0 = QO,n’ RO,n 2 Os QO,n 2 0,
with Z,|i=0 = Zo,, satisfying (1.12), and s.t.

R,0— Ro stronglyin Ll(']Td),
Zno — Zo stronglyin Ll(Td).

Let the estimates from the Lemmas 2.1 and 2.2 hold uniformly with respect to n.
Then up to the subsequence

R, — R stronglyin L2y+_8((0, T) x T9),
0, — O stronglyin L* ~¢((0, T) x T%),
Z, — Z stronglyin L2y+_£((0, T) x TY),
u, —> u weakly in LZ(O, T, Hl(Td)),

for any ¢ > 0. Moreover, (R, Q, Z,u) satisfies (1.8)—(1.10) in the sense of distri-
butions.

Passage to the limit # — oo in the two first equations of system (1.10) requires
at least weak convergence of the sequences R,, O, and u,. This can be deduced
directly from the a-priori estimates from Lemmas 2.1 and 2.2 using nowadays
classical techniques (see, for example LioNs [32] or FEIREISL [25]), and we skip
this part. The core of the proof of Theorem 3.1 is to pass to the limit in the non-
linear term of the momentum equation (1.10c). Indeed, identification of the limit
lim,— p(R,, On) = p(R, Q) requires some sort of strong convergence of se-
quences R, and Q,,. Instead of proving the strong convergence of these sequences
directly, we use the equivalence between the system (1.10) and its reformulation in
terms of (R, Z, u), as stated in the Lemma 2.4. The proof of Theorem (3.1) can be
therefore reduced to the proof of compactness of the sequence Z,, and justification
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that the limit quantities R, Q, Z satisfy the relation (1.8). We follow the strategy
proposed by BRESCH AND JABIN [9] (see also [10]) in the context of compressible
Navier—Stokes equations with the non-monotone pressure law. As a byproduct of
this approach, we obtain a compactness result for the sequence R,,, and using (1.8)
the strong convergence of the sequence Q,, concluding the proof of Theorem 3.1.
The rest of this section will be therefore devoted to the proof of the following result:

Proposition 3.2. Let T > 0. Assume that {(R,, Z,, u,)}° | satisfies

3R + div(uR) = 0, (3.12)
0,7 +div(zuy + S—DEZRZ o, (3.1b)
v(Z—R)+R
diva=2z"" — {27}, (3.1¢)
rotu =0, / u(t,x)dx =0, (3.1d)
Td

with the initial conditions (1.11) satisfying (1.12), and let the estimates from the
Lemmas 2.1 and 2.2 hold uniformly with respect to n. Then the sequences {R,}°
{Z,};2, are compact in LY((0,T) x TY).

3.1. Preliminaries

In order to prove the strong convergence of {R,,, Z,}> | necessary to pass to the

limit in the momentum equation, we will use the compactness criterion introduced
in the context of Navier—Stokes equations in [9]. First let us introduce the necessary
notation. We define the positive, bounded and symmetric function {Kj};~0 such
that

1
Kp(x) = ———
N E5T
with |x| = Zf-l:lxiz for |x| < 1/2 with some a > d and K}, positive, in-

dependent of & for [x| = 2/3, Kj positive constant outside B(0,3/4) so that
K € C®(T4\B(0,3/4)) and it is a periodic function. Further, we denote

_ K I an
Ki(r) = —n0) e = / Kn(x)—. (3.2)
1 Knll L1 Tdy ho h

We also use the following properties of the kernel Kp:
Kp(x) = Kp(=x),  [x|[VKp(x)| = CKp(x), (3.3)
for some constant C > 0 independent of & and
ol L1 (ray ~ 10g hol. (3.4)

We recall the following compactness criterion (for the proof see [2], Lemma
3.1):



Finite-Energy Solutions for Compressible 1001

Lemma 3.3. Let {X,,}°° | be a sequence of functions uniformly boundedin L? ((0, T) x

n=1
T with 1 £ p < 4o00. Assume that K, is a sequence of positive, bounded func-
tions s.t.

(i) Y > 0, sup;, /d Kn () 1ix: jxj=n dx < 00,
(it) \Knllp1(pay — +00 ash — 0.
If {0, X )2 | is uniformly bounded in L ([0, T1, WL (T4 withr > 1 and

1 T
lim sup( / / Kn(x — )| X,(t,x) — X, (2, y)|? dx dy dt) — 0,
n I1KrllLr Jo Jr2a
ash — 0,

then, {X,}7° , is compact in LP ([0, T] x T4). Conversely, if {Xn}po, is compact
in LP([0, T1 x T9), then the above lim sup converges to 0 as h goes to 0.

3.2. Propagation of Oscillations

Having transport equations for R and Z together with necessary a-priori bounds,
our next goal is to derive the equations for perturbations of both of these quantities.
Perturbations are described by the evolution of |R(z, x) — R(¢, y)| and |Z(t, x) —
Z(t, y)|, respectively, for any couple of points x, y € T?. To obtain them we first
subtract the equations for R(¢, x) and R(¢, y)

% (Ry — Ry) +dive(uy (Ry — Ry)) + divy(uy (Re — Ry))
1 1
= E(divx u, +divyuy) (Rx — Ry) — E(divx u, —divyuy)(Ry + Ry),

where we denoted R, = R(t, x), Ry, = R(t, y). Multiplying this equation by the
sign of their difference sg = sign(Ry — Ry) we get
31|Rx - Ry| + divx(ux|Rx - Ry|) +diVy(uy|Rx - Ry|)
I . . | .
= E(lex u, +divyuy)|R, — Ry| — E(dlvx u, —divyuy) (R, + Ry)sg.
(3.5)
By a similar token, we obtain the equation for |Z; — Z, |, namely
0| Zx — Zy| +divy(uy|Zy — Zy]) +divy(uy|Zy — Zy|)
. . L. .
= E(dwx u, +divyuy)|Zy — Zy| — E(dlvx u, —divyuy)(Zy + Zy)sz

3 [(1 —V(Zx —RIZyx . (1—y)(Zy—R))Z,

div, u, — divyu, | s7.
y(Zy—R)+R: " y(Zy—R)+R, ’] ?
(3.6)

We now multiply (3.5) and (3.6) by wy + wy, where wy = w(t, x) denotes the
solution to the transport equation
{8,w+u~Vw+9Dw =0,

w(0, x) = 1, @37
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where 6 is a constant parameter that will be chosen later on and D depending on u

and Z. Our next step is to write equation for
S() = / K = ) Osmy(wy + wy) dx dy,
T
where Ox_y = |Ry — Ry| +|Z, — Zy|, we have

d
—S@) = / VEKp(x —y)(ux —uy) Ox—y(wy + wy) dx dy
dr T2d
1
t5 /w Kp(x — y)(divy uy +divyuy) Oy—y(wy + wy) dxdy
T

1 . .
—5 / Kp(x — y)(divy uy —divyuy)[(Ry + Ry)sg
T2d

+(Zx + Zy)szl(wy + wy) dx dy
1-— Zy —R)Z, .
-/ Kh(x—y>[( PN = ROZe iy,
T2d v(Zx — Ry) + Ry
_ (11— V)(Zy - Ry)Z
v(Zy — Ry) + R,

> div, uy} sz(wx + wy) dx dy

+ fzd Kn(x — y)Ox—y (3;wy +uy - Vwy) dxdy
T

+ /M Kp(x — y)Ox—y (dywy +uy - Vw,) dxdy. (3.8)
T

Using the symmetry of Kj(x — y), Ox_y, and the symmetry of the second, third

and fourth integrals on the r.h.s. we obtain

d
G50 = [ VK= 9= )00 s+ w,) drdy
t T2d

+ _/u Kp(x — y)(divy uy +divyuy) Oy _ywy dx dy
T

— de Kp(x — y)(divy uy — divyuy)[(Ry + Ry)sg
T

+(Zx + Zy)SZ]wx dxdy
1-— Zy — R)Z
_2/ K,,(x—y)[( N(Ze—ROZe (o
T2d V(Zx — Ry) + Ry
_(1 —yv)(Zy—Ry)Z,
v(Zy — Ry) + Ry

divy uy] szwy dx dy

+2/2d Kp(x —y)Ox—y (0ywy +uy - Vwy) dxdy.
T

(3.9)

Finally, writing (div, u, +divy uy) = —(divy uy —divy uy) + 2 divy u, and com-

bining the second and the third term on the r.h.s. we obtain
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d
—8@) = / VKjp(x —y)(uy — uy)Ox—y(wx + wy) dxdy
dr T2d

_ /Zd Kp(x — y)(divy uy — divyuy)[Rysg + Zysz]w, dx dy
T

— 2/ Kn(x —y) |:(1 — (s — RIZy div, uy
11'251

V(Zx - Rx) + Rx
_(1 —¥)(Zy — Ry)Zy
yY(Zy = Ry) + Ry

divy uy] szwy dx dy

+ 2/2d Kp(x —y)Ox—y (Bwx +uy - Vwy + divy uywy) dxdy
T

=hLh+hL+15L+1.

(3.10)
We now estimate each term in (3.10) separately.
Estimate of I1. Recall that K, satisfies (3.3), we also know that
[uy —uy| < Clx — YI(Djx—yjuy + Dix_yuy), where
1 Vu 3.11
= [ Deda G0
h Jizign |2l

Recall that Dyu £ M|Vu|, where M denotes the maximal operator

1
Mf(x) =sup ———
r<i1 180, 1) Jpo,r

For the proof of this fact we refer the reader to [29, Lemma 3.1 and Eq. 3.3].
Combining estimate (3.11) with (3.3), we have

fx+2)dz.

I = [ﬂ?d VEKp(x — y)(uy — uy)Oxfy(wx + wy) dxdy

<cC /2d Kn(x — y)(Dx—yjux + Djx—yjuy) Ox_ywy dx dy.
T

Next, writing
Dix—yux + Diy—yjuy = Dix—y[ty = Djx—yUy +2Djx—yuy,
and estimating D|,_yju(x) by the Maximal operator M |Vu|(x), we get
I éc /2d Kp(x — y)(Dlx—yluy - D\x—y\ux)ox—ywx dxdy
T (3.12)
+ C/Zd Kp(x — y)M|Vuy|Ox—yw, dx dy.
T
Estimate of I Due to (3.1c), we can write that
— (divy uy — divyuy) [Resg + Zysz]
- (z)ﬁ+ - Zf) Rosp — (Z;+ - Z;’+) Z.s7.



1004 DIDIER BRESCH ET AL.

Note that the last term is always nonpositive, hence the contribution to /; coming
from this term can be moved to the Lh.s. of (3.10). Concerning the first term, it can
only be estimated from above. Using Ry = o, Z, we get

L =— /zd Kp(x — y)(divy uy —divyuy)[Rysg + Zysz]wy dx dy
T

al al
<- y Kn(x = )|Zy —Zy |Zywy dxdy
T N X (3.13)
+/2d K — 120" = 20 0 Zew, dxdy
T

a a
= ) Kn(x =2y —Zy [(ax — DZiw, dxdy.
T

Since a, < 1, the integral 1> is nonpositive and can be moved to the left hand side
of (3.10).
Estimate of I3 The estimate of this term is most lengthy and requires splitting the

term in a big bracket several times. We first note that

divy u, —

_ |:(1 —yY)Zx — Ry)Zy (I=y)(Zy—Ry)Zy diveu i|SZ
Y=y

v(Zy — Ry) + Ry v(Zy — Ry) + Ry
t+1 41
P [ (Z: = ROZ! (Zy — R))Z} } .,

v(Zy — Ry) + Ry B v(Zy — Ry) + Ry
(Zx - Rx)Zx (Zy - Ry)Zy

—(y —1 — ] A

— (-1 (Zy — Ry) (ZWH _ Zy*+1> sy
Y(Zy —Ry) + Ry \'" Y

(Zy — Ry) (Zy — Ry) 7 pH
-1 _ 27
T )[V(Zx—Rx)-i-Rx y(Zy — Ry) + Ry | Sz
(Zy — Ry) .
—(r—=1 - Z.—Z, zv
v )V(Zy_Ry)+Ry( v)sz{Z7 )
(Zx - RX) (Zy _ Ry) ] .
—rd - 742" )57, (3.14
v )[V(ZX_RX)+Rx v(Zy = Ry) + R,y (27 sz, G

where we used (3.1c) to substitute for divu, and the observation that {Z}ﬁ} =
)’+
{Zy }.
Observe that
(Zy - Ry) _ (1— Oly)

= 0,1 , 3.15
Y Z - Ry R, y(—apta, <O @15)

therefore, the first term on the r.h.s. of (3.14) is non-positive for y < 1 and can be
eventually considered on the Lh.s. of (3.10). For the second term on the r.h.s. of
(3.14) we continue to write
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Z.— R Z, — R,
(V_])[ (Zy ¥) _ (Zy y) ]Z;)c/tHSZ
Y(Zx — Ry) + Ry v(Zy — Ry) + Ry
R.Z,—R.Z
= -1 rox Z{ sy
(¥(Zx — R) + Ry) (y(Zy — Ry) + Ry)
Ry(Z, — 7
= -1 ) Uty
(¥ (Zx — Rx) + Ry) (V(Zy - Ry) + Ry)
(Ry — RV Z, +

+ —1
X )(V(Zx — Ry) + Ry) (V(Zy - Ry) + Ry)

again, the first term has a good sign, while the second one can be transformed to

R, —R,)Z,
()/ _ 1) ( y x) y Z))(/++1SZ
(¥ (Zx — Ry) + Ry) (V(Zy —Ry) + Ry)
(Ry — Ry) Z}Y/+SZ

—(y—1
D e e (1 —ay) + )

11—y +
—= IR — R |Z} .

The third and fourth terms on the r.h.s. of (3.14) can be treated similarly and
estimated by |Z —Zy |{ZV }, and by ;V O, _ y{ZV }, respectively.
Putting all the terms together, we conclude that

L= _2/ Kp(x — |:(1 —Y)(Zx — Ry)Zx div, 0,
(Zx - Rx) + Rx

d=y)Zy—Ry)Z

y(Zy — Ry) + Ry

J divy uyi| szwy dx dy

(Zy — Ry) +41 +41
_2(1_;/)/ Kn(x — ) y o zy T ‘wxdxdy
T2 v(Zy — Ry) + R,
Ry|Zx_Zy|

-Ja—w/ KnGx — y)
T2d (Y(Zx — Ry) + Ry) (V(Zy - Ry) + Ry)
Z}C/++1wx dx dy
+ +
+ C/Zd Kp(x — Y)|Ry — Ry|ZY wy dxdy + C{Z""}
T

/ Kp(x —y)Ox—yw, dx dy,
T2d
(3.16)

with some constant C depending on y.
Estimate of 14 For the last term in (3.10) we simply use the definition of the measure

w from (3.7), we therefore get

Iy =2/2d Kp(x —y)Ox—y (0;wy +uy - Vwy +divy uywy) dxdy
T (3.17)

=2/ Kp(x —y)Ox—y(divy uy — 0Dy )w, dx dy.
T2d
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As a conclusion, we obtain from (3.10), using estimates (3.12), (3.13), (3.16), and
(3.17) that

d »t yr

d_S(t)+ Kn(x = )Zy —Zy |1 —oyx)Zywy dxdy
t T2d

(Zy - Ry)

R | 41
231 — Kn(x — yH gy ‘ dxd
L y)fw =) P |7 7w dxdy
R |Zx_Zy|
+20-p) [ K- .
T2d (y(Zx — Ry) + Ry) (V(Zy - Ry) + Ry)
Z;C/Jr“wxdxdy

< C[pd Kp(x — y)(Dlx—yluy - Dlx—ylux)Ox—ywx dxdy
+ C/Zd Kp(x — y)M|Vuy|Ox_yw, dx dy
T
a a
+C [ K= IR = RyZ wy dxdy +C{27)
T
/ Kp(x —y)Ox—ywy dx dy
T2d
+ 2/21 Kp(x —)Ox—y(divy uy — 0D )w, dx dy.
T(

(3.18)

Note that the only assumptions are y < 1,i.e. y* <y~ and a € [0, 1].

3.3. Compactness Criterion with Weights

At this point of the proof it is convenient to chose the D from the definition of
the weight wy (3.7). Taking, for example,

D = M|Vu| + |diva| + 2" +{2""} (3.19)

and 0 sufficiently large, we obtain, from (3.18),
d
—8@) £ Cf Kp(x — y)(Djx—yjuy — Djx—yuy) Ox—ywy dx dy.
dr T2d

Note that, thanks to uniform estimates from Lemmas 2.1 and 2.2, we have that
D defined in (3.19) is uniformly bounded in L2((0,T) x T¢) (note that
IMIValll 20, 7)xTd) < ClIVull12(.1yx1e))- This allows us to deduce the fol-
lowing properties of the weight w:

Proposition 3.4. (Proposition 7.2 in [9]) Assume that D defined in (3.19) is given
and that it is bounded in LZ(O, T xT9 ). Then, there exists a weight w solving (3.7).
Moreover, we have that

() Forany (t,x) € (0,T) x T, 0 S w(t,x) < 1;
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(i) If we assume moreover that the pair (X, w) is a solution to the continuity equa-
tion:

;X + div(Xu) =0,
and X is bounded in L*((0, T) x T%), there exists C = 0, such that
/ X|logw| dx £ C6. (3.20)
Td

Let us now introduce

Sho(6) /1 S@) dh /1 B — ) On s (W + wy) dx dy O

h = —_— = nix —y _v(w Wy xday —.

0 ho I1Knllpr h ho JT2d DR ! h
(3.21)

Recalling the notation (3.2), and changing the variables z = x — z we get from
(3.21) that

dh

d 1 —
—Sho (1) §C/ / Kp(x —y) |D\x—y\u(y) - Dlx—ylu(x)| Ox—ywy dxdy —
dr ho JT2d h

Le dh
<C KnIDu(-) — Dizu(- + 2)||2dz —,
ho J T4 h

where to get the last inequality we have used the Cauchy-Schwarz inequality, L?
integrability of R and Z together with boundedness of the weight w. Integrating
with respect to time we obtain

t pl
_ dh
Sho (1) — Spo(0) §C/ / / K@l Dzu(-) = Dizju(- +2) |2 dz — ds.
0 Jho JTd h
(3.22)
We now use the following lemma from [9]:

Lemma 3.5. (Lemma 6.3 in [9]) There exists C > 0 such that for anyu € H Ledy,

' 2 dh 1/2
y Kh (Z)||D|Z|ll — D|Z|ll( + Z)”Lz(Td) dZT § C| log ]’l()| ”u”Hl(T‘[)'
hog JT
‘ (3.23)
With this at hand (3.22) gives

t
Sho (1) = Sny(0) < C|log(ho)|'/? /O [a(s)ll 71 pay ds.

From this, boundedness of uw in L2(0, T; H(T%)) we get that

Sho (1) < C|1og(ho)|/* + Sy (0). (3.24)
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Using the reversed Lemma 3.3 and strong convergence of initial data we get that

i Sno (0)
im sup
n | 10g hOI
Jrza King e = 9)[[ 1206 = Z0. )] + 1Ro.n() = Ron()]] dx dy
= lim sup — 0,
n [log ho|

as ho — 0. Therefore, (3.24) yields that

Sho
sup — 0, as ho— 0. 3.25
el 7 110g ol (3-25)

3.4. Removal of the Weights

We now want to remove the weights from (3.25) to prove that

lim sup ( IChO (X — y)[ |(Zx)n - (Zy)n‘

n

logh
[log hol Jr2¢ (3.26)

+ 1R = Ryl | dx dy) S0

as hg — 0, while for the moment we only have only convergence with the weights,
see (3.21) and (3.25). We present a formal argument leading to the estimate (3.20)
for X = Z,. Itis clear that estimate (3.20) holds for X = R,,, we will explain why
one can expect the same estimate for X = Z,,. Recall that from (3.7) know that the
weights satisfy the equation

o logwy,| +u, - V|logw,| = 6D,, (3.27)
with
. + +
Dy = M|Vuy| + | divu,| + Z7 +{Z,’f }

Multiplying (3.27) by R, and using the fact that R, satisfies the continuity equation
we get

d
— R,|logw,|dx = 9/ R, D, dx. (3.28)
dr Td Td

Mimicking this procedure for Z, satisfying equation (3.1b) we have

d

— Zy|logwy| dx = Gf Z, D, dx
dt Td Td (3 29)
(I—=y)(Zy—RZ '

B Td V(Zn - Rn) + Ry

The integrability of the terms R, D,, and Z,,D,, onr.h.s. of (3.28) and (3.29), respec-
tively, follows from the fact that R, D, < Z,D, is bounded in L'((0, T) x T%).

~ divu,| log w,| dx.
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Indeed, on account of Lemma 2.2 and the assumption y* > 1, we have z) T €
L'((0, T) x T%). Therefore from (3.28) it follows that

f R,|log wy| dx < C6. (3.30)
Td

To deduce the same inequality for Z,, we rewrite the term div u, in (3.29) using
the formula (3.1c)
d 1— Z,—Ry)Z
— Zy|logw,| dx + ( V)(Zn n) ”Z,)l/+|logw,,|dx
dt Jra ¢ VY (Zy— Ry) + Ry
(1 —y)(Zy— R))Z

= 0/ Z, D, dx —
Td Td V(Zn - Rn) + Ry

Recalling (3.15), the second term on the 1.h.s. is nonnegative, while the second term
on the r.h.s. can be bounded, therefore we have

" (2] Y logw, | dx.

d
4 zn|logwn|dx§e/

I—y o+
ZuDy dx + — 2120y [ Zullogwy] dx.
dr Td Td Yy Td

(3.31)

Applying the Gronwall Lemma we can show that
/ Z,|log w,|(¢) dx
Td

ot
gexp{—l yV/{ZZ (s)}ds}
0

t
(/ Z,|log w,|(0) dx + 6’/ / Z,D,(t) dx ds) .
Td 0 JTd

Thus, due to (3.7), Lemma 2.2 and the discussion above we get that
/ Zy|logw,| dx < C6. (3.32)
Td

The above reasoning may be made rigorous by following the proof of the Propo-
sition 3.4 presented in [9, Proposition 7.2] with minor changes due to presence of
additional terms in the equation for Z,,.

Let n < 1. We define w,, = {x : w < n} and denote by wfl its complementary.
We have

L — dh
/ Kno(x —¥)Ox—y dxdy = f / Kp(x —y)Oy—ydxdy— = A1 + Az,
T2d ho JT2 h
(3.33)

with

1
_ 1

Ay =/ / Kpn(x —y)Ox_ydxdy— < =Sy,
ho J (xew)Ufyews) h —n

0
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due to (3.21), and

! — dh
Ay = Kp(x —y)Ox—ydxdy—
ho J{xewyN{yew} h

1 dh
[logw)| 4 4

1
§2f / Ky(x — y)[R(x) + Z(x)] y—,
ho JT24 | log | h

where we use the symmetry of K; and the fact that, by definition, for n < 1,
| log w(x)|_§ [logn| for all x € w,. Changing the variables z = y — x, and
recalling || K|l = 1, we get
2 logh
el [ 1R+ Zeollog o] dr.
llogn|

where the integral on the r.h.s. is bounded due to (3.30) and (3.32).
Summarizing the estimates of Ay, A, we obtain

| log hol

1
[, Kt =9 [120n = @l + 180w = Rl s < 253, + L2220,

Applying (3.24), we obtain

L Kt = [ 100 = @l + 1R = Rl axdy
T2d

log ho|1/% + 1 logh
CIOg ol'/°+ Clog ol’
n [log n|

Next, due to (3.4), we have

1
m /’H‘Zd Ko (x — y)[ |(Zx)n - (Zy)n| + [(Rx)n — (Ry)n|] dxdy

|log ho|'/? + 1 C
1| log hol [logn|’

s0, choosing for example = |log ho|~!/4, and letting hg — 0, we show (3.26),
which proves the compactness criterion from Lemma 3.3.

3.5. Concluding Remarks

From the previous section it follows that the sequences R, and Z, converge
strongly in L' ((0, T) x T?) to R, Z, respectively. Using the uniform bounds from
Lemma 2.2, we therefore deduce the strong convergence of both of these sequences
in L27’+’5((0 < T) x T?), for any & > 0. Using the equivalence relation (1.8), and
the uniform estimates on Q,,, we deduce that Q,, — Q strongly in L¥ ~¢((0 <
T) x T¢). With this information at hand, it is possible to pass to the limit in all equa-
tions of system (1.8)-(1.10). The proof of Theorem 3.1 is therefore
complete. O
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4. Existence of Approximate Solutions
Here we prove the existence of solutions to certain approximation of system
(1.10) involving parameter k. Let us denote 7y (+) the truncation operator 7y, : R, —
R for k € R4 such that
Te(®)=tfort <k and 7T;(t)=kfort = k.

We consider the following approximate system for (¢, x) € (0, T) x T¢:

0y R + div(uR) =0, (4.1a)

0:Q +divluQ) =0, (4.1b)

0= (1—;) Z¥, RZ7Z, 4.1¢)

divu = (T(2)" — {(T(2)"}, (4.1d)

rotu = 0, (4.1e)

/ u(z, x)dx =0. (4.11)
Td

Note that combination of (4.1e) with (4.1f) defines u as a potential flow, i.e. there
exists ¢ (¢, x) such that u = V¢, equivalently A¢ = divu. The main result of this
section is existence of solutions to the approximate system (4.1) supplemented by
the initial conditions

Rili=0 = Rok»  Qklt=0 = Qo ik, (4.2)
and Zy ;=0 = Zox defined by (1.12).
Theorem 4.1. Let the initial conditions (4.2) be such that

0 < Rox, Qox <ooa.e.in Td,

and let they satisfy (1.12) and (1.13). Then there exists a global in time weak solution
to (4.1) such that

R Re, 07" Ok, Z7', Zk € L®((0,T) x T,

& Ri +ug - VR € L%((0, T) x T%),

3 Ok +u - VO € L™((0,T) x T9),

& Zr +ug - VZi € L0, T) x T?),

Veu € L0, T; BMO(TY)), divue L¥(0,T) x T¢),

du e L>0, T; L*(T?)),

(4.3)

where Equations (4.1a), (4.1b), and (4.1d) are satisfied in D'((0, T) x T4, and
the initial conditions (4.2) are satisfied in D'(T¢).



1012 DIDIER BRESCH ET AL.

The rest of this section is devoted to the proof of this Theorem:; it will be divided
into three main steps:

Step 1. Proof of existence of solutions to the Lagrangian reformulation of system
4.1).

Step 2. Construction of characteristics for certain regularization of the flow.

Step 3. Passage to the limit with regularization parameter and retrieval of the Eu-
lerian formulation.

4.1. Proof of Theorem 4.1—Step 1

The starting point for this section is system (4.1) written in the Lagrangian
coordinates. We omit the definition of these coordinates at this level on purpose,
we will come back to this issue in the consecutive steps of the proof of Theorem 4.1.

We consider the following system for (¢, y) € (0, T) x Td:

or +ro =0, (4.4a)
0rq +qo =0, (4.4b)
o = (k@)™ —{(Tk(@)" )z, (4.40)
z

where by {-}, we denote the average on the torus

1 t
{fic = —d/ [, y)exp </ o(s,y) dS) dy. 4.5

|'T¢| Ja 0

The unknowns of the (4.4) are r = r(t,y),q = q(t,y), z = z(t,y), and 0 =
o(t,y), whereas z = z(r, ¢) is a unique solution to (4.4d), see the proof of Lemma
2.1. We supplement the system (4.4) with the following initial conditions:

r(0,y) = ro(y), q(0,y) =qo(y), 0<rp, qo<ooae.inT?

ro
r0 =20, qo= <l—z—>zg.
0

Note that there are no space derivatives in system (4.4), which is the main advantage
of the Lagrangian reformulation. In fact it allows to transform the PDE system to
the system of ODEs with a nonlocal term {(7;(z))"*+},. In addition to that, we
know a-priori that any solution of (4.4) satisfies the estimates

loll Loo (o, 7yxT) < K™ (4.6)
and

sup NI, g, 77"y g Moy () < 0. qo. 7 gyl oo cray exp(TRYH).

1€(0,T)
4.7)
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This information suggests the choice of functional space for the fixed point theorem
that will be used to prove the existence of solutions to system (4.4). In what follows
we show that the map
® : L0, T) x T x L®((0, T) x T¢) — L>®((0, T)
x T?) x L=((0, T) x T9),
@(r,q) = (r,q),

where 7, g are the solutions to the following system in (0, T) x T¢

37 +ro =0, (4.82)

8 +qo =0, (4.8b)

o = (@) —{(Te(2))" ), (4.8¢)

g = <1 _ i) o or<a (4.8d)
Z

is a contraction, at least for short time ¢ € (0, T').
Let us denote

r=r1—r, 6q=q1—q, Or=r1—ry, 8q=4q1—q, 60 =o0]—03.
Using (4.8) we compute

67, 8q) = ®(r1,q1) — P02, q2),
and we have

0,01 + 016r +ré0 =0, (4.9a)
0:6q + 016q + g280 =0, (4.9b)
S0 = [(Tr )" = (T (22" ] = U Tk (1)) e = {(Ta(z2)* ) 2], (4.9¢)

where z; and z are functions depending respectively on (71, g1) and (r2, ¢2)
through the nonlinear implicit relation (4.8d). Therefore, similarly to (2.16), we
can show that

18- Tk ()|l oo 0. 7yx ey = Ck), and |3y Tx (2) || oo 0.7 xmdy = C (k)
this implies, in particular, that

sup 187k (2) [l ooy (1) < C(k) sup (1187 | pooay (1) + 8¢ || oo (pay (1)) -
te(0,T) 1€(0,7)

(4.10)

To apply the Banach fixed point to the map &, we need to show that ||§r,
8 ooc0.1yxmdy = ClI87, 8l 1000, 7)x ey With some constant C < 1. To this
end we need to estimate o appearing in both equations, (4.9a) and (4.9b), by §r
and 8¢q. Analyzing equation (4.9¢c) we notice that since the first term on the r.h.s.



1014 DIDIER BRESCH ET AL.

can be treated using (4.10), the only challenge is due to the nonlocal term. Using
(4.5) and (4.10) we write

ITHT @) )2 0) = (Te@)* )20

t
= ‘/ (Tr(z(r1, 1)) exp (/ o1 (s, Y)dS> dy
T 0

t
—/ (Tx(z(r2, q2)))"+ exp </ oo (s, y)ds> dy‘
Td 0

t
/Td exp (/O o1(s, y)dS> (Te (1, g™ = (T (2(r2, %)))”*)dy‘

t t
- ‘/ (Tr(z(r2, g2)N"* |:€Xp </ o2(y, S)ds) —exp (/ o1 (s, )’)ds)} dy‘
T 0 0

<

t
< €0 (1571 ey )+ 18l ®) + €O [ | [ 566,905 ay
< O (197 00y 0+ 139 ]2 0y )
£C01 sup [(TE) 20 ~ (BN e,
5€(0,1
@.11)

where the last inequality follows from the last equation in (4.9). Taking now supre-
mum over time 7 € (0, ) on both sides of (4.11) for tC (k) < 1/2|T¢| we find

S(I(J)P) H(Te @) }(0) = {(Tk(22)"* } ()] = C (k)
re(0,t

sup (1187l oo pay (1) + 118Gl oo (pay (1)) - (4.12)
t€(0,7)

With this estimate at hand we can return to (4.9) and compute that

sup (11871l oo pay (1) + 18G || oo (pay (1) = C (k)1
0<t<t

sup (11871l ooy (1) + 118G || oo ay (1)) , (4.13)
0<t<t

s0, choosing t small such that tC (k) < 1, map & is a contraction on a time interval
[0, T]. Since T depends only on the truncation parameter k which is constant, we
can iterate this procedure to obtain a unique solution to (4.4) on the whole time
interval (0, T').

4.2. Proof of Theorem 4.1—Step 2

4.2.1. Explanation of the Strategy The existence of the solutions proved before
corresponds, in some sense, to the Lagrangian reformulation of system (4.1). We
now want to define the Eulerian coordinates and show that we can recover the
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velocity vector field at the level of the Eulerian coordinates. Using the mathematical
jargon, we intend to solve the equation

divyu(t,x) = o (1, y), 4.14)

which means that for given o, we will find u and x = x(¢, y) such that the above
equality is satisfied. Our candidate x = x(t, y) is a solution to an ODE defining
the Lagrangian transformation

dx
T ut,x), xl=0=y. (4.15)

Combination of (4.14) and (4.15) leads to the nonlinear PDE-ODE system which
we intend to solve using the following variant of the Leray-Schauder fixed point
theorem.

Theorem 4.2. Let ® be a continuous, compact mapping, X a Banach Space. Let
forany ¢ € [0, 1] the fixed point v = { P (v), v € X be bounded. Then ® possesses
at least one fixed point in X.

Let us now explain how we intend to apply the above theorem. We will consider
a regularization of o

os(t,y) =o(t,y) *ks(y),

where «; is a standard mollifier and o is a known function—the solution found in
the previous step of the proof. We further define a map ¢ (u) = u

@ : C0,T; WP (T9)) — C(0, T; W2~%P(T%)),

for ¢ > 0 arbitrary small, and p > 1, in the following way:
1. Foragivenu € L?(0, t; W>~%P(T¢)) we use the Cauchy-Lipschitz theorem to
find a unique x = x(¢, y) such that

dx(t,y)

g S ux(y). X y)l=0=y; (4.16)

2. We then differentiate (4.16) with respect to y, to check that H(t, y) = g—’y‘(r, y)
satisfies the equation

O H(t,y) = Vyu(r, x(¢, y)H(,y), H(, y)li=0 = 1d.

Therefore, integrating in time, we get

T T
exp (—/ IIVxﬁIILOO(Td)dl> S 1H | oo 0,7y xTd) S €XP </ ”VX‘_‘”L"O(W)dt) :
0 0

Note also that the determinant of H (¢, y), J(¢,y) = det g—’y‘,(t, y) satisfies the
equation

0:J(t,y) =diveu(t, x(t, y)J (1, y), 4.17)
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and so
T
exp (—/0 [ diVxﬁIILoo(qrd)dt> = MVl oo 0,7y xT4)
T
0
This means that H(t, y) is invertible, and moreover we have
ay ro__
_— § exp ||vu||Loo('Ed)dt 5 (419)
ax L®((0,T)xTd) 0

3. Because H is invertible we can express y as a function of ¢ and x. For such
y = y(t, x) we will look for solution

u(t,x) = Vo (t,x), where A d(t, x) = os(t, y(t, x)). (4.20)

Remark 2. This approach guarantees not only that div, u(t, x) = os(t, y(¢, x)),
but also, that u has a structure of a gradient flow and will satisfy (4.1e) and (4.1f).

Remark 3. The solution u constructed above depends on the parameter § and
should be denoted u®, but we omit this index at this stage of the proof.

4.2.2. A Priori Estimates We assume here that u = a € C(0, T; W2~%P(T4))
such that there exists u(z, x) = V,¢ (¢, x) and it satisfies

Axp(t,x) = Cos(t, y(t,x)), ¢ €[0,1]. (4.21)

We will show that every solution of this equation is bounded in C(0, T'; W2~%P (T%))
uniformly with respect to ¢.

Estimates of space derivative. First note that the standard elliptic estimate for (4.21)
gives

sup (Vi (t, 0)llwrocray < EC(Pas(t, y(t, X))l (o.rywrey < C (P, K
t€(0,7)

and so

sup [[Vullgyocra) = C (k)
oob BMO(T%) (4.22)

for any p < oo. In particular, taking p > d, we obtain W!7(T9) << C(T4).
Differentiating equation (4.21) with respect to x; gives

ap(t, x)

A
* 00Xy

8
= V,05(t. y(x.1)) - a—y (4.23)
Xk

therefore using the estimate (4.19) with u = u we obtain

sup |IVyullyip e = ¢C(p)lIVyos | oo (0, 7)xT4) €XP <T sup ||qu||Lw(1rd)> .
te(0,T) 1€(0,7)
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We now use the following estimate for p > d:

1/2
IV fll ooy S COYA + IV fllgproeray (1T AV Fllwrepay + 1 Fll Lo (pe))) / ).
(4.24)
The proof of above inequality on can find in [33] in Corollary 2.4 inequality (2.6).
The original proof holds for the whole R, but taking an extension operator E :
T ~ [0, 119 — R preserving regularity in W>? we get the same result on the
torus. Together with (4.22) and ¢ < 1, we can write

sup ||Vyullyipra)
1€(0,7)

= C(p,d)exp (TIIVxUIle<o,T;BM0(Td>)(1 +In" ||qullLoo(o,T;W'»P(Td»)l/2>
o 2
< C(p,d)exp 3 In™ IVl oo, 7, wiop(rayy + €A +T7)
2 1/2
é C(pa S)eC(1+T )”qu”L/OO(O,T;WI*”(Td))'

We therefore have

sup ”quuwl.p(']rd) é C. (425)
t€(0,T)

In this way we find the a-priori information about u:
u(t, x) € L0, T; W>P(T%), divyu(t,x) = o xks(t, y(t, x)).
The estimates uniform in § are
Vaull ooo.7: Bmocrdy + 1 dive ull poo 0.7y <y = C. (4.26)
Estimate of the time derivative. We want to check the time-regularity of u(z, x). For

fixed § we expect better information, however here we present only the estimates
uniform with respect to §. We therefore switch to the weak formulation of (4.21):

[, sspnmrar=c [ sty o an
Td Td
= / 08, V) (x(t, ¥))J (¢, y) dy,
'ﬂ"(
where 7 is a smooth function on T¢. We now differentiate this identity in time:

d
9 Avpt om0 dx = ¢ /T ylop(0, )T, )T, )] dy

dr Td
=¢ /Td 0o5(t, y)m(x(t, y)J (¢, y)dy
+¢ Ad os(t, y)om(x(t, y)J (¢, y)dy

+¢ /Td os(t, ) (x(t, y)3; J(t, y)dy.  (4.27)
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We now need to estimate all terms on the r.h.s. of (4.27). For the first one, we
differentiate (4.4d) in time, use expressions (4.4a) and (4.4b) for d;r and 9;¢q, and
proceed as in (4.10) to check that

|0,05] = |(30) * k5| < |9r0] < C(K)(Ir:| + lge]) € L2, T) x TY.

Next, for the second term on the r.h.s. of (4.27) we use (4.16) withu = u to
write

o (x(t, y)) = Vxnfl—): =u(t, x (1, y)Vam (x(t, ),
so, thanks to (4.26), 9;7(x(¢, y)) is bounded in L>®(0, T'; L*>(T¢)). At last, the
formula (4.17) with u = u together with (4.18) provides that 9, J (¢, y) is bounded
in L>®((0, T) x T%), so the third term on the r.h.s. of (4.27) is also bounded.
Summarizing, we get that A,d;¢ is bounded in L*°(0, T; W_I*Z(Td)) uni-
formly with respect to §. In particular, using the Helmholtz decomposition, we
deduce that

||3tu||L00(o,T;L2('J1‘d)) = ||Vx31¢||L00(0,T;L2(11'd)) < C, (4.28)

with the constant C that does not depend on §. Obviously, combining the estimate
(4.28) with (4.25) and (4.26), we verify that any fixed point satisfying (4.21) is
uniformly bounded in C(0, T'; W2-p(TdY), independently of ¢.

4.2.3. The Fixed Point Argument We are now ready to proceed with the fixed
point argument explained in Section 4.2.1. We therefore take i € C(0, T'; W>~%?
(T9)), and show that the operator ®(u) = u defined through (4.20) and (4.16) is
continuous and compact in C(0, T'; w2-p(Td)).

Compactness is straightforward. Indeed, taking ¢ = 1 in the system (4.21) we
see that our a-priori estimates for u, estimates (4.28) with (4.25) and (4.26), stay
in force. Hence, on account of the Aubin-Lions lemma, the map & is compact.

We now check the continuity of the map &, by investigating the difference of
two solutions u; = V¢ and up = Vy¢

/ |Axg1(t, x) — Ao (t, x)|7 dx
Td

= /d |03(t7 )’I(I»x)) - 05(t7 )’Z(E x))'P dx
T
< ClIVyos(t, Y )G oy V110 %) = 3208, O oo ey (429)

Recalling (4.16), we note that for the regular characteristics intersecting in the point
(t, x) we have

t
ly1Ce, ) = y2(x, Ol oo (pay = /(; 8y — Wall 00 (paydt’.

Thus if (i; — @) — 0 in C(0, T; W2=%P(T%)), then of course (ii; — ip) — 0
in C(0, T; LOO(Td)), which thanks to (4.29) implies that (¢1 — ¢2) — O in



Finite-Energy Solutions for Compressible 1019

C(0, T; W>P(T4)). Therefore, using boundedness of u;, u, in L>°(0, T; WP (T%)),
and interpolation, we deduce that (u; — wp) — 0 in LP(0, T; W2~%7(T¢)). By
the Leray—Schauder fixed point theorem we have the existence for approximative
system for § fixed.

4.3. Proof of Theorem 4.1—Step 3
We want to let § — 0 in the equation
A (1, x%) = 051, y(2, x°)), (4.30)

remembering that w’ (7, x°) = V,¢?(¢, x%) and x? is associated with the flow u®

via (4.16) with @ = u®. We know that uniformly with respect to § we have

V20| 0,7 Barocray) + 11 div Wl o 0,7y sy + 1900° oo o, 712y < C-

We use again the weak form of (4.30), to get
T T
/ / A (1, x*)E(r, x%)dx’ dt = / / o xks(t, y(x°, 0)E(r, x°)dx’ dt
0 J1d 0J1¢

T
=ff o kst EE X (1, y))T°(t, y)dy dt
0 JT1d
4.31)

for any smooth &, where we denoted

1 ‘
Jo(t, y) = exp (/ div, ul (¢, X% (7, y))dt/) = exp (/ o * kst y)dt’) )
0 0

We see ¢® — ¢ weaklyin L0, T; W>P(T9)),and o %ks — o a.e.in (0, T)x T<.
Using the Crippa—Dellelis result from [13, Theorem 2.9 (stability of the flow)]
and saying that

sup flx(t, y) = x* (. W piepay  ClnClu = w0 || 1.7y e~
te(0,T)

we therefore get
x0(t,y) = x(t,y) in L%, T; L' (T?)),

since u’ is compact in L'((0, T) x T?). Hence we can let § — 0 in both sides of
(4.31) to obtain

T T
// Ax¢(r,x>s(r,x)dxdr=f/ o (1, E®, x(v, 1) (1, y) dy. dr.
0JTd 0 JTd

Now we substitute for o using (4.8c), and use Lemma 3.1. from [12] to write the
weak formulation of the momentum equation in the Eulerian coordinates

T
// div, u(t, x)&(t, x) dx dt
0JTd

T (4.32)
= [ [, (@m@eon - (@zam) s arar
0JTd
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where Z(t, x) is defined by Z(¢, x(¢, y)) = z(t,y). Defining R(t, x(t,y)) =
r(t,y) and Q(t, x(¢t,y)) = q(t, y) we can also pass to the limit in the weak for-
mulation of (4.1a) and (4.1b). Note that for the limit case, characteristics x(z, y)
are now well defined. Thus, solutions given in the Lagrangian coordinates give us
weak solutions to the original approximate problem (4.1).

5. Existence of Solutions to System (1.10)

Having proven the existence of solutions to the approximate system we now
intend to pass to the limit with the approximation parameter k — 00, recovering
the system (1.10) and concluding the proof of Theorem 1.2. This section will also
include rigorous justification of the compactness result from the previous section
at the level of the approximate system.

From Theorem 4.1 it follows that there exists a sequence {Ry, Qk, Zr, uk},fi 1
satisfying system (4.1) in the sense of distributions belonging to a class (4.3). Note,
however, that this information is not uniform with respect to k.

5.1. Uniform Estimates

Although (4.3) is not uniform with respect to k, we can still use (4.7) from the
previous section to deduce that

Ry =20, 0r=0

uniformly with respect to k. Moreover, repeating the proof of Lemma 2.1, we find
unique Zj defined via (4.1c), therefore uniformly w.r.t. K we also have that

Ri < Zy.

In the rest of this section we will skip the index k where no confusion can arise.

5.1.1. Estimates of (7;.(Z ))7’+ Uniform w.r.t. & We use the renormalized equa-
tion for Z, (2.13), that can be derived from (4.1a) and (4.1b) using (4.1c). Testing this
equation respectively by (y4—1)(7x(2))"+ > T/(Z) andby (y+—y)(Te(2))"+ 77!
T,(Z), we obtain

W(T(2) T +u-V(T(Z) T+ T = D(T(2) P T(Z)Z divu
(1= y)(Z = R(T(2))" T} (2)Z

-1
+ (y ) S (Z—-R) +R

divu =0,

and

W(T(2) Y +u-V(THZ) T+ (T — ) (T2 VT (Z)Z divu

(=) (Z - R(T(2)" 7" 'T/(2)Z .
divu = 0.
y(Z—R)+R

+ @t -y
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After simplification we get

W(T(2) T +u-V(T(zZ) !

— —y div =0
1 i 1 y
—+ (y ) ( ) wvulz<,

and

W(T(2) Y +u- V(T2

N grt-y+l

—yY)——————divul =0.

+ (v V)V(Z_R)JrR wvulz <

If we multiply the first equation by R and the second by Q and use the continuity
equations (4.1a) and (4.1b) we get

o (R 1) +div (RT2)" " u)

. Rzt (5.1)
—1)—————divul =0,
+ (y )y(Z—R)+R ivul<;

and

i (02" ) + diviQ (Tuz)”" 7u)
+_ (5.2)
NNV aa _
+ (v y)y(Z—R)—I—RleUIng_O'

respectively and noticing that

Multiplying equations (5.1), (5.2) by (V+ ik (y, ik

yt—y

H =Yy we obtain

yr-1 1 yT—y
oo (RE@ )+ o (@)
1 . +_1 1 . +_
+ G =1 div (R(Tk(z))y u) + o--1 div (Q(T,{(Z))V yu)

+ R+yQzlr

+ 2z
y(Z—R)+R

divul ;< £0,

which, after integrating with respect to space, and noting that 0Z!~" = Z — R,
gives

1 d
W——DE/W R(Ti(2)) ' dx +

+/1divuZ”+1Z§k dx 0.
Te -

5 [, em@y 7w
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Let us note that ZV+IZ§k = (’Z}c(Z))”+ and {77((2))”} is constant in space,
therefore

/ divuz” 1<, dx =/ divu (Zy+lzgk - {77<(Z))V+]) dx.
Td - Td -

Thus, using density of smooth functions in L2, and taking in (4.32) £ = divu, we
get

1 d
o fw R(T(2))" ' dx +

+/ divZudx £0,
'ﬂ‘d

ﬁdt/ O(Ti(2))”" 7 dx

(5.3)

hence,
d [ | o ra@@y ;Qm(znyw} <0, (54
dr (yt—1 (y——=D -

We now observe that
R(T(2) ™'+ 0Tz 7
= R(T(Z2) '+ (Z - Rz (Tu(2)"" (5.5)
= 2V (T(Z)" 7 + R~ = 271 (Te(2)" 7.
Since y — 1 < 0, the last term is nonnegative, therefore
(Ti(2))"" £ RT2) ' + Q(T(2))" 7. (5.6)
Therefore, using (5.6) and integrating (5.4) over time, we obtain
||Tk(Z)||LOC((),T;LV+(Td)) g C, 5.7

uniformly w.r.t. k.

5.1.2. Uniform Estimates of R” " and on 27"
Recall that the equation on R reads

3R + div(Ru) = 0,

and is satisfied in the sense of distributions on (0, 7") x T?. Due to (4.3), this
equation is satisfied in the renormalized sense, therefore we have

HR” +div(R” W) + (yT — )R divu =0.

Using (4.1d) and integrating with respect to space, it gives

d
9 R at ot -1 / R (Tuz))" dx
dt Jra T

=@yt - l)f R dx/ (Te(2))"" dx.
Td Td
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Using (5.7), we get through Gronwall Lemma
IR oo, crayy + IRY (T2 piorywry C, - (5.8)
uniformly w.r.t. k. Performing exactly the same procedure for Z we obtain
0Z1 e 0,710+ iy + 1@ 2 (0. 1y xerty < C- (5.9)

These bounds are important to pass to the limit in the system (4.1) with respect
to k. Note that the bound on Z provides the same bound on (7;(Z)). Finally,
renormalizing the approximate equation for Q we easily deduce that

- +
||Q||L°°(0,T;LV_(Td)) + ”Qy (ﬂ(z))y ||L1((()7T)><']1‘d) § C. (510)

5.1.3. Uniform Estimates of u With the estimate (5.9) at hand we can now
estimate div u directly from (4.1d), we have

|| divu”L”(O,T;Ll(Td)) + || divu||Lz((0,T)XTd) é C.

Using the fact that rotu = 0, we therefore find that

lall 2, 7: w2y = C. (5.11)

5.2. Compactness Argument

The uniform estimates from the previous section are sufficient to perform the
limit passage k — oo inall linear terms of the approximate system (4.1). Estimating
the time derivatives of Ry and Qj from equations (4.1a), (4.1b), respectively, and
using the uniform estimate (5.11) together with a Div-Curl type argument, we justify
that Riuy converges to Ru and Qjuy converges to Qu in the sense of distributions.

The last problem to solve is to pass to the limit in the nonlinear term in the
momentum equation (4.1d)—the pressure. This requires a strong convergence of
the sequence {Z;};2 | approximating Z. For the moment we only know that Zj

converges weakly* to Z in L*°(0, T’; L (T?)). To improve this convergence, we
adapt the compactness criterion presented in Section 3.

We first justify how to obtain the equivalent of equations (3.5) and (3.6) on the
approximate level. First, we write the equation for Ry — Ry using (4.1a) we get

3 (Ry — Ry) +divy(uy (Re — Ry)) +divy(uy (R — Ry))
1
= E(divx u, +divyuy) (Rx — Ry)

I . .
— E(lex u, —divyuy)(Ry + Ry).
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Regularizing this equation over the space variables, i.e. testing the equation by
&y(x—-)&,(y—), where &, is a standard mollifier, and denoting S, [ f] = &y (§*, f)
we obtain

3 Sy[ Ry — Ry] + divy (uy Sy[Ry — Ry]) 4 divy (uy Sy[Ry — Ry])
1 . .
=TIy + zsn [(lex u, + ley lly) (Rx — Ry)] (5.12)
1 . .
- ESn [(divyu, — divyuy) (R + R))],

where on account of the Friedrichs commutator lemma, r,, — 0in LP((0, T) x T??)
for any p < co. We then multiply (5.16) by

-2

2

Sy[R: — Ry] (S,][Rx — R+ 5) ,
where § > 0. Note that on account of (4.3) this function is bounded in L*°((0, T') x
T?) uniformly w.r.t. 5. We therefore obtain

1 23
5 ((SulR = Ry1)* +3)°

| 2 5
+ g dive ((SalR = Ry1)* +3) " u,

i S,[Ry — R,]) (Sg
+,E ivy (( 2[Ry — Ry]) +) Uy (5.13)

1
= {ra + 3 [@ive us +divy uy) (R = R))]

1 . .
_ ESW [(divy u, — divyuy)(Ry + Ry)] ]
B2

2

x Sy[Ry — Ry] (S,,[Rx — R+ 5)

This equation can now be multiplied by Kj,(x — y) (wx + wy), where K} is the
same as in Section 3.1, and w, = w(¢, x) satisfies the equation

oow+u-Vw+0Drw =0,
{w((),x) _1 (5.14)
with
Dy = M|Vul| + | divul + (Te(2))" + (Tu(2))"). (5.15)

The choice of Dy, is to accommodate the extra terms appearing in the main com-
pactness estimate, and will be explained later, the same applies to the choice of
the constant 6. The most important observation at this level is that for any &, fixed
Dy € L®((0,T) x T¢) and that due to regularity of u = uy, see (4.3), Equa-
tion (5.14) has a unique distributional solution, see for example Lemma 6.10 and
Lemma 6.12 from [9].
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Therefore, letting 6 — 0, 8 — 1, and 5 — 0O in fTZd (5.13) dx and using the
dominated convergence theorem, we recover

d
ar - Kn(x — y)IRx — Ry| (wx + wy) dxdy

= /M VKjp(x —y)(uy — uy)|Rx — Ry[(wx + wy) dxdy
T
— / Kp(x — y)(divy uy — divyuy)Rysgwy dx dy
T2d

+ Z/Zd Kp(x — )Ry — Ry| (0,wy +uy - Vwy +divy uywy) dxdy.
T
(5.16)

To obtain the equation for |Z, — Z,| we proceed in a similar manner. As a conse-
quence, the analogue of (3.10) can be now written as

d
S = / VK (6 — y)(Uy — ty) Oy y (wy + wy) dx dy
t T2d
= /TN VKp(x — y)(uy —uy) Oy (wy + wy) dx dy

—_ de Kp(x — y)(divy uy — divyuy)[Rysg + Zysz]wy dx dy
T

(Zy — R Zy divyuy
y(Z, — Ry) + R,

+2a1 —y)/ Kh<x—y>[
Tzd

(Zx — Ry)Zy divy uy
- szwy dx dy
V(Zx - Rx) + Rx

+ 2/24 Kp(x —y)O0x—y (0ywy +uy - Vwy +divy wywy) dxdy
T

4
= Z 1,
- (5.17)

where Oy_, = |Ry — Ry|+|Z, — Z,|. For abbreviation we will only comment on
the changes due to the presence of new approximation terms and truncations. The
changes due to truncation in the momentum equation apply to terms />, and /3. For
the first one we use (4.1d) to write

— (divx u, — divy uy) [Rysgp + Zysz]

=~ (®@D" = B@)") Resp = (REZD = BEZ)) Zusz,
(5.18)

which gives the following contribution to the Lh.s. of (5.17):

/T KaG =) [Tz = @@z | (CanZew, dedy. (5.19)
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For I3 we write as in (3.14)
Zy— Ry)Z,divyu Z,— R\)Z,divyu
(1_3/)[( y )) y y y_( X ) Zy divy x]sz

)/(Zy - Ry) + Ry Y(Zx — Ry) + Ry
ey | B RILGZ) (2= ROZUTZ)) |
V(Zy _Ry)+Ry v(Zy — Ry) + Ry

(1—y) |: (Zy — Ry)Zy . (Zy B RY)ZY
Y v(Zy — Ry) + Ry v(Zy — Ry) + Ry

o (Zy — Ry) vt »t
== 2 (B @@ - 2@z ) sz

} sZAT(Z)" )

(Zx - Rx) (Zy — Ry) :| N
-1 3 oy
+ )[V(Zx —R)+ R y(Z,—R)+R, Z(T(Z)) sz
(Zy — Ry) .
B -1 x — Ti(Zy y
v )V(Zy — Ry)+ Ry (Z Zy) sz{(Tk(Zx))" '}
(Zx — Ry) (Zy — R}) ] .
) - - x Tk X 4 .
(v )|:V(ZX_Rx)+Rx v(Zy — Ry) + R, Z AT (Z)) sz

(5.20)

The first term has a good sign, while the rest of terms can be treated exactly as in
the Section 3, using in particular the definition of the weight (5.14) and (5.15) with
6 sufficiently large to absorb all the unwanted terms by /4 in (5.17).

The above considerations allow us to deduce

. 1
llmksup (Ilog—hol /Tld Ko (x — y)[ [(Zok — (Zy)i]

HI(ROk = (Rl dx dy) = 0

by noticing that the thesis of Proposition 3.4 stay in force also for (X, u) satisfying
the continuity equation with a friction term. Indeed, since Dy € L?((0,T) x Q)
independently of k (see (5.9) and (5.11)), the crucial estimate (3.20) holds for both
sequences {Ri}p2 . and {Z;}72 | independently of k. This observation finishes the
proof of Theorem 1.2. O

With this at hand, using Remark 1 to define o™ and o, we find a weak solution
to our original system (1.1). The proof of Theorem 1.1 is therefore complete. O
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