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Abstract

Consider the time-harmonic acoustic scattering from a bounded penetrable ob-
stacle imbedded in an isotropic homogeneous medium. The obstacle is supposed to
possess a circular conic point or an edge point on the boundary in three dimensions
and a planar corner point in two dimensions. The opening angles of cones and
edges are allowed to be any number in (0, 277)\{rr }. We prove that such an obstacle
scatters any incoming wave non-trivially (that is, the far field patterns cannot van-
ish identically), leading to the absence of real non-scattering wavenumbers. Local
and global uniqueness results for the inverse problem of recovering the shape of
penetrable scatterers are also obtained using a single incoming wave. Our approach
relies on the singularity analysis of the inhomogeneous Laplace equation in a cone.

1. Introduction

Consider a time-harmonic acoustic wave incident onto a bounded penetrable
scatterer D C R” (n = 2, 3) embedded in a homogeneous isotropic medium. The
incident field u'" is supposed to satisfy the Helmholtz equation

Aw+k*w=0 inR", (1.1)

with the wavenumber k > 0. Throughout the paper we suppose that " does not
vanish identically and that the complement D¢ := R"\D of D is connected. The
acoustic properties of the scatterer can be described by the refractive index function
q € L°°(R") such that g = 1 in D¢. Hence, the contrast function 1 — g is supported
in D. The wave propagation is then governed by the Helmholtz equation

Au+k*’qu =0 inR". (1.2)
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In (1.2), u = u'™ + u*¢ denotes the total wave where u* is the scattered field
satisfying the Sommerfeld radiation condition
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- iku“} =0. (1.3)

Across the interface d D, we assume the continuity of the total field and its normal
derivative,

ut=u", dut=08,u” ondD. (1.4)

Here the superscripts ()* stand for the limits taken from outside and inside, re-
spectively, and v € S"! := {x € R” : |x| = 1} is the unit normal on d D pointing
into D¢. The unique solvability of the scattering problem (1.2), (1.3) and (1.4)
in Hﬁ) -(R") is well known (see for example, [6, Chapter 8]). In particular, the
Sommerfeld radiation condition (1.3) leads to the asymptotic expansion
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. . 1
u(x) = |X|("—_1)/2 u®x)+ 0 <|x|_"/2> . lx| = oo, (1.5)

uniformly in all directions X := x/|x|, x € R". The function ©*°(X) is an analytic
function defined on "' and is referred to as the far-field pattern or the scattering
amplitude. The vector £ € §"~! is called the observation direction of the far field.
The classical inverse medium scattering problem consists of the recovery of the
refractive contrast 1 —g or the boundary d D of its support from the far-field patterns
corresponding to one or several incident plane waves. This paper is concerned with
the following two questions:

(1) Does a penetrable obstacle scatter any incident wave trivially (that is, u*¢ = 0)
?

(i) Does the far-field pattern of a single plane wave uniquely determine the shape
of a penetrable obstacle ?

A negative answer to the first question means that acoustic cloaking cannot be
achieved using isotropic materials, while a positive answer to the second one implies
uniqueness in inverse medium scattering with a single plane wave. It is widely
believed that these assertions are true for a large class of scatterers; however, little
progress has been made so far. If D trivially scatters any Herglotz wave function
of the form

u™(x) =f  exp(ikx - d) g(d) ds(d), g e LX(S",
Sn=

then A = k2 is called non-scattering energy, or equivalently, k is called non-
scattering wavenumber; see [2]. A negative answer to the first question obviously
leads to the absence of non-scattering energies. Moreover, it implies that the relative
scattering operator (or the so-called far-field operator [6]) has a trivial kernel and
cokernel at every real wavenumber, which is required by a number of numerical
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methods in inverse scattering. Recall that k > 0 is called an interior transmission
eigenvalue associated with the potential ¢ in D if the coupling problem

2. 2.
{Aw—i—k w=0, Au+k’qu=0 1inD, (1.6)

w=u, oyw = oyu on oD

has at least one non-trivial solution (w, u) € H'(D) x H'(D) such that w — u €
HOQ(D); see for example, [4,7,8,38]. A non-scattering wavenumber must be an
interior transmission eigenvalue associated with the given potential, but not vice
versa. An interior transmission eigenvalue k is a non-scattering wavenumber only if
the eigenfunction that satisfies the Helmholtz equation (1.1) in D can be analytically
extended as an incident wave into the whole space. We remark that the second
question is more difficult than the first one. In fact, D cannot scatter any incident
wave trivially if D could be uniquely determined by a single far-field pattern of
any incoming wave. However, we do not know whether the reverse statement holds
(see Theorem 1 and Remark 2 (i)).

The answer to the uniqueness question provides an insight into whether or not
the measurement data are sufficient to determine the unknowns, playing an impor-
tant role in numerics (for example, using optimization-based iterative schemes).
The shape identification problem in inverse scattering with a single far-field pattern
is usually difficult and challenging, because it is a formally determined inverse
problem, that is, the dimensions of the data and the unknowns are the same. For
sound-soft obstacles, local uniqueness results were proved in [9,16,37]. Global
uniqueness results have been obtained within the class of polyhedral or polygo-
nal sound-soft and sound-hard scatterers (for example, [1,5,11,20,30]), using the
reflection principle for the Helmholtz equation under the Dirichlet and Neumann
boundary conditions. However, the proofs of these local and global uniqueness
results do not apply to penetrable scatterers. See also [25,29] for the proof with
infinitely many plane waves based on ideas of Schiffer and Isakov. Earlier unique-
ness results in inverse medium scattering were derived by sending plane waves with
distinct directions at a fixed frequency (see for example, [13,22,25]), which results
in overdetermined inverse problems. Intensive efforts have also been devoted to the
unique determination of the variable contrast 1 — g from knowledge of the far-field
patterns of all incident plane waves or by measuring the Dirichlet-to-Neumann map
of the Helmholtz equation. We refer to [32,36] and [6, Chapter 10.2] for the unique-
ness in 3D and to recent results [3,21] in 2D with certain regularity assumptions
on the potential.

The study of non-scattering energies dates back to [28] in the case of a convex
corner domain, with the main emphasis placed upon the exploration of the notion
of scattering support for an inhomogeneous medium. In the recent paper [2], it was
shown that a penetrable scatterer having C°°-potentials with a rectangular corner
scatters every incident wave non-trivially. The argument there is based on the use
of complex geometric optics (CGO) solutions, and the approach was later extended
to the cases of a convex corner in R? and a circular conic corner in R? whose
opening angle is outside of a countable subset of (0, ) (see [35]). In the authors’
previous work [12], any corner in R? and any edge in R? are shown to be capable
of scattering every incident wave non-trivially if the potential is real-analytic. In
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addition, the shape of a convex penetrable obstacle of polygonal or polyhedral
type can be uniquely determined by a single far-field pattern. The approach of [12]
relies on the expansion of solutions to the Helmholtz equation with real-analytic
potentials. The CGO-solution methods of [2,35] also lead to uniqueness in shape
identification but are confined so far to convex polygons in R? and rectangular
boxes in R3 with Hélder continuous potentials (see [19]).

The aim of this paper is to verify uniqueness and the absence of real non-
scattering wavenumbers in a more general setting. We shall consider curvilinear
polygons in R?, and curvilinear polyhedra and circular cones in R3 (see Section
2 for a precise definition) with an arbitrary piecewise Holder continuous potential.
We present a novel approach that relies heavily on the corner singularity analysis
of solutions to the inhomogeneous Laplace equation in weighted Holder spaces. If
a penetrable obstacle scatters an incoming wave trivially or two distinct penetrable
obstacles generate the same far-field pattern, one can always find a solution to the
Helmbholtz equation (1.1) in the exterior of an obstacle D which extends analytically
across a sub-boundary of D. However, we prove that in conic and wedge domains
non-trivial solutions to the Helmholtz equation with certain boundary data cannot be
analytically extended into a full neighborhood of the corner and edge points because
of both the interface singularity and the medium discontinuity; see Lemmas 1, 2,
3 and 4. Our approach is different from those in [12,35] and extends the results of
[2,12,19,35] to a large class of potential functions and corner domains. Moreover,
we obtain a local uniqueness result for the inverse scattering problem with a single
incoming wave and the global uniqueness within the class of convex polygons and
polyhedra with flat surfaces; see Theorem 2 and Corollary 1. It should be remarked
that our arguments are applicable to the case of more general incident fields (see
Remark 1), because only local properties of the Helmholtz equation are needed in
our case of penetrable obstacles with singular boundary points. However, the far-
field behaviour of the total field seems to be necessary in the unique determination
of a general impenetrable scatterer.

The paper is organized as follows. Our results will be presented and verified
in the subsequent Sections 2 and 3. The proofs can be reduced to the analysis of
a coupling problem between Helmholtz equations with different potentials near a
boundary corner point; see Lemma 1. We first carry out the proof of Lemma 1 for
polygons in Section 4.2 and then generalize the arguments to polyhedra in Section 5
by applying the partial Fourier transform. The techniques will be adapted to handle
curvilinear polygons and polyhedra, and circular cones in Sections 6 and 7. In
Sections 4.1 and 7.1, we shall state the auxiliary solvability results for the Laplace
equation in weighted Sobolev and Holder spaces for two and three dimensional
cones, respectively. The proofs of several propositions that are used in Sections
4-7 will be carried out in the Appendix.

2. Main Results

We introduce several notations before stating the main results. For j € Ny :=
{0} UN, V{ stands for the vector of all partial derivatives of order j with respect
tox = (x1, x2, ..., x,) € R", that is,
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Vie={odlol - oliu: Jia e €Nosji 2t 4 n =)

In the particular case j = 1, the notation V;u = V,u means the gradient of u.
If j = 0, we have Vgu = u. The spatial variable x will be dropped when V/ is
clearly understood from the context. Denote by O the origin in R”. Let (7, 6) be the
polar coordinates of x = (x1, x2) € R%. Define # = %, := {(r,0) : r > 0,0 <
6 < w}, a sector in R? with the opening angle w € (0, 27) at the origin. Denote by
B,(P) := {x € R" : |x — P| < a} the ball centered at P with radius a > 0, and
by I the n-by-n identity matrix in R"*”. For simplicity we write B,(O) = B,.
We first introduce the concepts of (planar) corner points in R?, and edge and cir-
cular conic points in R3; see Fig. 1 for illustration of planar corners of a curvilinear

polygon.

Definition 1. (see for example, [31, Chapter 1.3.7]) Let D be a bounded open set
of R?. The point P € 3D is called corner point if there exist a neighbourhood V of
P, a diffeomorphism ¥ of class C? and an angle w = w(P) € (0, 27)\{m} such
that

VU (P)=1eR>*?, w(P)=0, ¥(VND)=.%,NB. (2.1)

We shall say that D is a curvilinear polygon, if for every P € 9D, (2.1) holds with
w(P) € (0,2m).

Definition 2. Let D C R> be a bounded open set. The point P € D is called a
vertex if there exist a neighbourhood of V of P, a diffeomorphism ¥ of class C 2
and a polyhedral cone IT with the vertex at O such that V¥ (P) = [ € R¥*3,
W(P) = O and ¥ maps V N D onto a neighbourhood of O in I7. P is called an
edge point of D if

w(VND) = (4,NB)) x (-1, 1) (2.2)

for some w(P) € (0, 27)\{m}. We shall say that D is a curvilinear polyhedron if,
for every point P € d D, either (2.2) applies with w(P) € (0,2w) or P € dD is a
vertex.

A curvilinear polygon resp. polyhedron allows both curved and flat surfaces
near a corner resp. edge point (see Figs. 1 and 2). The conditions (2.1) and (2.2)
exclude peaks at O (for which the opening angle of the planar sector is O or 27).

Let (r, 6, ¢) be the spherical coordinates of x = (x1, x2, x3) € R>.Let ¢ = %,
be an infinite circular cone in R3 defined as (see Fig. 2)

C ={r0,0):r>0,0<0 <w,0= ¢ <27} 2.3)

for some w € (0, w)\{m/2}. Clearly, the vertex of % is located at the origin and the
opening angle of € is 2w € (0, 27)\{r}. The cone %, is identical with the half
space x3 > 0if o = /2.

Definition 3. We say that a bounded open set D C R? has a circular conic point
P € aD if D N B,(P) coincides with € N B, for some a > 0 up to a coordinate
translation or rotation. D is called a circular conical domain if it has at least one
circular conic point.
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Fig. 1. P € 3D is a corner of the curvilinear polygon D, whereas P’ is not a corner

o/

Fig. 2. Tllustration of a curvilinear polyhedron (left) and a circular cone %, with the opening
angle 2w € (0, 2m)\{7} (right)

Let D be a bounded penetrable obstacle in R”, with O € 9D being a planar
corner point in R?, and an edge or circular conic point in R3. Denote by W and
H* = W*? the standard Sobolev spaces. We make the following assumption on ¢
in a neighborhood of O:

Assumption (a): There exist [ € Ny, s € (0, 1), ¢ > 0 such that
geC(DNB)NWH(B,), Vig—1)#0 at O. (2.4)

Note that the potential has been normalized to be one for x € D¢ due to the
homogeneity of the background medium, and that for/ > 1 the relation V! (¢—1) #
0 at O means that at least one component of the vector V/ ¢(0) does not vanish.
By the assumption (a), ¢ is required to be C* continuous up to the boundary
only in a neighborhood of O. The relation (2.4) with / = 0 means the discontinuity
of g at O, thatis, g(O) # 1, and has been assumed in [2,12,19,35] in combination
with other smoothness conditions on ¢ |z near O. A piecewise constant potential
such that g|;; = go # 1 fulfills the assumption (a) with / = 0. When [ 2 1,
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Fig.3. D and D, cannot generate the same far-field pattern due to the presence of the corner

point O € (0Dy\dD1) N 082, where §2 is the unbounded component of Rz\(Dl U D»).
The corner point P lies on d Dy\d D1, but P ¢ 952

it follows from the Sobolev imbedding relation WI’OO(BE) cC l_l(Bg) that the
function q is C'~1-smooth in B, implying that g (x) = 1 + ﬁ(|x|l) as |[x|] — Oin
D. Physically, this means a lower contrast of the material on D N B, compared to
the background medium.

The main results of this paper are stated as follows:

Theorem 1. Under the assumption (a), a penetrable obstacle with a planar corner
point in R2, and with an edge or a circular conic point in R3 scatters every incident
wave non-trivially.

Theorem 1 implies the absence of real non-scattering wavenumbers in curvilinear
polygonal and polyhedral domains as well as in circular conic domains. To answer
the second question mentioned in Section 1, we present our uniqueness results in
the following theorem and corollary (see Fig. 3 for geometrical illustration):

Theorem 2. Let D; (j = 1,2) be two penetrable obstacles in R" (n = 2,3).
Suppose that the potentials q; associated to D; fulfill the assumption (a) for each
corner; edge and circular conic point. If 3 D; differs from 9Dy in the presence of
a corner, edge or circular conic point lying on the boundary of the unbounded
component of R"\ (D1 U D»), then the far-field patterns corresponding to D and
qj incited by any incoming wave cannot coincide.

Clearly, the geometrical assumptions in Theorem 2 are fulfilled if D; and D>
are convex curvilinear polygons or polyhedra whose singular boundary points do
not coincide. In particular, the latter always holds if D and D; are two distinct
convex polygons and polyhedra with piecewise flat boundaries. Hence, we obtain
the following global uniqueness results for the inverse scattering problem:

Corollary 1. If the potential fulfills the assumption (a) near each corner resp. ver-
tex, then the shape of a convex penetrable polygon resp. polyhedron with flat sides
can be uniquely determined by a single far-field pattern.
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3. Proofs of Theorems 1 and 2

We first show the regularity of the total field in Holder spaces depending on the
smoothness of the potential.

Proposition 1. Let u € HZZO (R") be a solution to the Helmholtz equation (A +
qQu=0inR", n =2,3, and let 2 C R" be a bounded Lipschitz domain. Assume
1 €Ny IfVig e L°(R") forall j =0,1,...,1, thenu € CH1-2(2)N H*2(2)
forall o € [0, 1).

Proof. By Sobolev’s imbedding theorem (see for example, [15]), we know that
u € C(R") for n = 2, 3. Therefore qu € LﬁC(R”) for all p = 2, and by elliptic
regularity u € leo’f (R™). Moreover, again applying Sobolev’s imbedding theorem
(see [15, Theorem 7.26]) yields W>P(£2) c C1%(2) fora =2 —n/p — 1. This
implies the assertion with [ = 0 by choosing the index p = 2 arbitrarily large. In
the general case of [ 2 1, one can prove by induction that gu € Wllo’f (R™) for all
p =2, givingrise tou € W 2P (R") and u € CH1(2) forall a € [0,1). O

The proofs of our results essentially rely on the following lemma:

Lemma 1. Let D C R” (n = 2, 3) be a bounded domain. Assume that g € L°°(D)
satisfies the assumption (a) near the boundary point O € 9D and that g = 1 in
R™\ D. It is supposed that one of the following cases holds:

() O is a planar corner point if D C R? is a curvilinear polygon;
(ii) O is an edge point if D C R is a curvilinear polyhedron;
(iii) O is the vertex of some circular cone if D C R3 is a circular conic domain.

For ¢ > O sufficiently small, let I', = d D N B be a sub-boundary of 9 D containing
O. If the solution pair u; € H*(B,) (j = 1,2) solves the coupling problem

Aup +kuy =0, Aup +k2qu2 =0 in B,

3.1
3wy —ur) =0 onlyg, j=0,1,2,...,1+1, G-

then uy = uy = 0 in B,;. Here the number | € Ny is specified by the regularity of
q in the assumption (a).

Note that when [ = 0, the transmission conditions in (3.1) are reduced to the
classical TE transmission conditions

uy =ur and Jdyuy = oyup on I.

Lemma 1 with / = 0 can be interpreted as follows: the Cauchy data of non-trivial
solutions to the two Helmholtz equations in (3.1) do not coincide on the boundary
I'; if the values of the potentials involved are not identical at O € I%. In other
words, there are non-trivial solutions to the Helmholtz equation in D¢ N B, that
cannot be analytically extended into a full neighborhood of O due to both the
interface singularity at O € I, and the discontinuity of ¢ at O. For I = 1, the
transmission conditions in (3.1) are well defined by Proposition 1. Below we shall
prove our results by applying Lemma 1.
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Proof of Theorem 1. Consider the scattering problems (1.1)—(1.5) for the pene-
trable obstacle D C R”. Denote by O € 3D the planar corner point in R?, the edge
point or the circular conic point in R?. By Proposition 1, the total field u has the
regularity

ueC*DNB)NHT (DN B,) foralla €[0,1)

under the assumption (a). Hence, if the scattered field vanishes identically, there
hold the transmission conditions

Ju=>0ju" only, j=0,1,....1+]1,

where I'; C 3D contains O. Now, applying Lemma 1 tou; = " and ur = u gives
u'" = 01in B,. By unique continuation, #'" = 0 in R”, which is a contradiction.

O

Proof of Theorem 2. Denote by (D}, g;) (j = 1, 2) the two penetrable obstacles
and the associated potentials. If the far-field patterns incited by some incoming wave
corresponding to (D1, g1) and (D>, ¢g2) coincide, then by Rellich’s lemma the scat-
tered fields must also coincide in the unbounded component 2 of R*\(D; U D3).
Suppose without loss of generality that there exists a corner O € 9D, N 952 such
that O ¢ 9D (see Fig. 3). Then, one can find a small ¢ > 0 such that D; N B, = (.
Applying Lemma 1 to the domain D := D, N B, with u; being the total fields
corresponding to (D}, q;), j = 1,2, we finally get u; = 0in D and thus u; = 0
in R”. This implies that the scattered field u}® := u; — u'™ can be extended to
the whole space as a solution to the Helmholtz equation with the wavenumber k2.
Hence, 1} = 0, and thus u" = 0 in R”. This contradiction implies that (D1, q1)
and (D3, g2) cannot generate identical far-field patterns. 0O

Remark 1. The proofs of our results carry over to all non-vanishing incident fields
that satisfy the Helmholtz equation (1.1) in a neighborhood of D, including the
incident point source waves of the form

. EHD k|x — , n=2,
um(x; y) — 481/(\,9_”( | y|)
drlx—yl’

x#y, yeD°
n=3,

Here Hél) denotes the Hankel function of the first kind of order zero.

Remark 2. It is not straightforward to generalize the global uniqueness result of
Corollary 1 to the class of all curvilinear polygons and polyhedra, because in general
one cannot always find a singular boundary point in a neighbourhood of which
the wave field is analytic; see the proof of Theorem 2. Due to the same reason,
our approach for proving Corollary 1 does not apply to non-convex polygons and
polyhedra. For a non-convex scatterer, the unique determination of its convex hull
follows from the proof of Theorem 2. We refer to [1,5,11,20,30] where non-convex
impenetrable polygons and polyhedra were treated, relying on reflection principles
for the Helmholtz equation in combination with properties of incident plane or
point source waves.
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Remark 3. Lemma 1 does not hold in the absence of interface singularities on I,
for instance, if I is an analytic surface. To see this, we let! = 0, g|p = qo # 1,
and suppose that I'; = {—& < x| < &} C R? is a line segment. Then it is easy to
check that
—ikxyp + 1 — 40 eikxz Uy = 2 e—ikqoxz

1+ qo 1440
are non-trivial solutions to (3.1). In fact, u; and u; denote respectively the unique to-
tal and transmitted fields in the upper and lower half spaces incited by the incoming
wave exp(—ikx») incident onto x, = 0 from above.

uyG=e

The rest of this paper is devoted to the proof of Lemma 1 for curvilinear polygons
and polyhedra in Sections 4-6, and for circular cones in Section 7. In the case of
[ = 0 and a real-analytic refractive index ¢ on D N B,, an alternative and more
straightforward proof was presented in [12] for polygons and polyhedra with flat
surfaces.

4. Corners in 2D Always Scatter

This section is concerned with the acoustic scattering from a penetrable polygon
with a piecewise linear boundary in R2. The curvilinear polygons will be treated
later in Section 6. Our approach relies on the singularity analysis of the inhomoge-
neous Laplace equation in a sector. We refer to the fundamental paper [26] and the
monographs [17,31,33] for a general regularity theory of elliptic boundary value
problems in domains with non-smooth boundaries.

4.1. Solvability of the Laplace Equation in a Sector

We introduce two classes of weighted spaces on the sector Z introduced in
Section 2. For k € Np and 8 € R, the weighted Sobolev spaces Vé‘ () are defined
as the completion of C;°(.%") with respect to the norm

1/2

lullvsn =1 2 /ﬂ‘ﬂ*”f'nv;u(xnzdx
JjeNo,j <k x

Denote by Ag’“ (¢') the weighted Holder spaces endowed with the norm

il ase oy = sup v = y[7 [l Vi u) — [y Vi u(y)]
X, yEN

+sup Y P V)|
xe X

JjeNo,j<«

fora € (0, 1).1fu € AF*(H), then V/u € Af;f*“(,){) forall j =0,1,...,«.In
addition, the inclusion A;’“(Jé/ ) C A;’_ffl (-¥") holds for functions with a compact
support in JZ.
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Let Ap resp. Ay be the operator of the Dirichlet resp. Neumann problem corre-
sponding to the inhomogeneous Laplace equation with the homogeneous boundary
condition on 3. . In this subsection the operators Ap and Ay will act on the
spaces

AGDH) = {u € AY*(H):u=0on 31/}’
V,é(,p(%/) = {ueVg(%):u:OOn&%/},
and
A4 = ue A5 ) Do =0on o},

Vg N(H) = {uEVg(%):ath:Oona,%/},

respectively. In the following we state solvability results for the Laplace equation
in the weighted spaces Vﬁz(,/“i/ ) and A%’“(%/ ).

Proposition 2. [33, Chapter 2, Proposition 2.5]

(i) The operator Ap V;D(Ji/) — V/g(,/"i/) is an isomorphism if | — 8 # jm/w
forall j € Z\{0}.

(ii) The operator Ay : Vﬂng(Ji/) — Vlg () is an isomorphism if 1 — B # jn/w
forall j € 7.

Proposition 3. [33, Chapter 3, Theorem 6.11]

(i) The operator Ap : A%”% () — Ag’a (X)) is an isomorphism if 2+ o — B #
jm/w for all j € Z\{0}.

(ii) The operator Ay : Aé‘}‘v () — A%’“(Ji/) is an isomorphism if 2 +a — B #
jm/wforall j € Z.

Proposition 4. [33, Chapter 2, Proposition 2.12] Let y; < y < 2 and assume
24+a— B # ju/o for B = y,y1 and for all j € N. Moreover, let f €
A)(}‘"(J/) N Ag’l"‘ (') and denote by vg the unique solution of the Dirichlet prob-

lem Apv = f € A%“ (X)) in Aé‘f}‘) (X). Then we have the relation

vy = vy + Y Cir sin[(j/w)d), C;eC, (4.1)
j

where the sum is taken over all j € N such that jr/w € Q4+ o —y,24+ o — y1).
For the Neumann problem, the sin functions in (4.1) should be replaced by the cos
functions.

Let P, be the set of homogeneous polynomials of degree ¥ € Ny in R". Below
we present a special solution to the two-dimensional Laplace equation when the
right hand side is a homogeneous polynomial; see [33, Section 2.3.4].



664 JoHANNES ELSCHNER & GUANGHUI HU

Proposition 5. Consider the inhomogeneous Dirichlet problem Apv = p, € P,
in & € R%. There exists a special solution of the form

V= gieq2 if (k+2w/m ¢N,
v=gx+2+Cp Fet2 {Inrsin(k +2)0 + 60 cos(k +2)0} if (k+2)w/7m €N
4.2)

for some Cp € C and g2 € P42 satisfying Aqie+2 = pe-
For the Neumann problem Ayv = p, € Py, a special solution takes the same
form as (4.2) when (k + 2)w/m ¢ N, but with

V= geq2 4+ Cy r* 2 {Inr cos(k 4+ 2)0 — Osin(k +2)0}, Cy € C,
if (k +2)w/m € N.

4.2. Proof of Lemma 1 for Polygons

Let # C R? be an infinite sector with the angle w € (0, 2)\{r}. Recall that
Bj is the unit disk centered at the origin O. Assume g € C Ls (- N By) for some
I € Ny, s € (0,1) satisfying ¢ = 1 in B;\.# . Consider the coupling problem
between the Helmholtz equations

Auy +Kuy =0, Aup —|—k2qu2 =0 in By,
3 (uy —up) =0 ond A NBy, j=1,2,....1+1,
4.3)

where 9; denotes the normal derivative of order j at 3.% and v is the unit normal
pointing into the exterior of .. The proof of Lemma 1 for a polygon with piecewise
linear boundary follows straightforwardly from the lemma below, which implies
that corners in 2D always scatter.

Lemma 2. Let uy, up € Hz(Bl) be solutions to (4.3), and suppose that q satisfies
the assumption (a) near the corner O with D :== J N By. Then u; = uy = 0 in
B;.

Lemma 2 will be proved by applying the solvability results of the Laplace equation
in the weighted spaces introduced in Section 4.1. For simplicity we write Ag’a =

Ag’“ (X)) and V§ = VE(X) to drop the dependence on the sector % in this
subsection.

Proof. Obviously, u; is real-analytic in By and by Proposition 1,
u, € CHYBHY N HITXB)) foralla € [0, 1).

Hence, the traces of u and u; on 3.2 N By occurring in (4.3) are all well defined.
For clarity we shall divide the proof into five steps.
Step 1. Setting u := u; — u», we have

Au+k2qu = k*>(1 —q)uy in# N By,
Hu=0 ond A NBy, j=1,2,....,0+1.
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Let? = Viu.Then v € C¥(# N B))NH?*(# NBy) solves the following Cauchy
problem for the Laplace equation with an inhomogeneous right hand side

AD = —k>V!(qu) + kK>V!(huy) in # NB;, 9=0,0=0 ond.# NB,

where i := 1 —g¢q. Here and in the following a scalar differential operator is assumed
to act componentwise on a vector function.

We shall analyze the singularity of v near the corner O. Since the solvability
results in Propositions 2—4 refer to the case of an infinite cone, we will introduce
a new boundary value problem defined over .%". For this purpose, we choose a
cut-off function x € C{°() suchthat x = 1in . # N By and x = 0in ¢ N BY.
Define a new function v as

- x ¥ in.# N By,
10 inJZ NBY.

Introduce the commutator in ¢ N By:
[A, x]V := A(xV) — x AV = VAx +2V1-Vy

and extend [A, ]9, ¢, h, u and u; by zero to # N Bf. Simple calculations show
that

Av = —k>x Vi(qu) + kK> x Vi(huy) — [A, x10 =: f in ¥,

4.4)
v=0,v=0 ond A .

We shall study the boundary value problem (4.4) in the weighted Holder spaces
Aé’a(% ) (B < 1) introduced in Section 4.1 where the weight 8 will be improved

step by step. The inhomogeneous term f in (4.4) belongs to C %%(_#) and thus
to A?’“ forall @ < s, while v € C1¥(#) N H2(#). Recall that s is the Holder
exponent of g.

Step 2. We show that v € A%% N A%(fv if the Holder exponent 0 < o < s is
sufficiently small.

First it holds that v € VOZ, since v has compact support, v € H>(.#) and by
the vanishing Cauchy data,

r2 ol +r T Vol = 0% asr — 0.

Hence, by Proposition 2 with 8 = 0, v is the unique solution of (4.4) in the weighted
Sobolev space V& pN VO% n> note that 1 # jm/w for all j € Ny since the opening
angle w € (0,2m)\{m}. On the other hand, since f € A%a forall B = 1, by
Propositions 3 and 4 there are unique solutions vp,y of the first equation in (4.4)
satisfying vp € Az”‘}‘) and vy € Az’,‘}‘v for all B = 1 sufficiently close to 1 and
a > 0 sufficiently small. Note that, for those & and 8,2 + o — 8 # jm/w for all
Jj € N.Moreover, vp,n € A%’a implies that xvp,n € VZ. Sincealsovp/y € A/ZS’“
for some B > 1, it is easy to check that (1 — x)vp,n € VO2. Therefore, we obtain
VUp/N € Voz, implying that v = vp = vy and the required regularity of v in this
step.
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Step 3. We show that f ¢ Ag’“, v e A(z)’“ for o > 0 sufficiently small, and
u1(0)=0.
From the regularity assumption on g it follows that

Vino)=0, j=0,1,....1—1, V'h(0)#0. 4.5)

The last relation means that 8?1 8)1612 h(0) # Oforsomel;, l» € Ngsuchthatl/+ 1, =
1. Using (4.5) and the fact that v € A?’a we get

xViqu) € AT C AYY, KX [V (hur) — V'Ih(0) u1(0)] € AY.
Hence, the right hand side of (4.4) takes the form
f=xpo+ fo. poi=kVh(O)u1(0), fo:=f—xpoe Ay, (4.6)

that is, x po is the only part of f € A(l)’“ that does not belong to Ag’a. Therefore,
it suffices to verify the vanishing of the constant vector py in this step.
Consider the boundary value problems

Apvo = po, Anvo=po on A . 4.7)

Applying Proposition 5 with k = 0 yields special solutions vo, p, vo,n to (4.7) of
the form

vo.p = qz,D+cDr2{lnrsin20+Gcos20}, 49
Vo N = qz,N+ch2{1nrc0529—95in29}, ’

where g2 p/y € P2, cp/n € C satisfy
Ag2.p/N = po, cp/N =0 if 20/7 ¢ N.

For the (unique) solution v € A%:”l’) N A%‘IJ’V of the problem (4.4), we set

2
wo,p/N ="V — X vo,p/N € AT,
Using (4.6), one can readily check that
0 0
Awo,p = fo —[A, xJvo.p =: go.p € Ay N AT,
Awoy = fo — [A, x1von = go.v € Ag® N AT

We apply Proposition 4 with y; = 0 and y = 1 to the previous two boundary value
problems to get the unique solutions in A%’a of the form

wo.p = x »_dp /™ sin[(jm/w)0]+dbp, dp;eC. ipe Ay,

! _ i i ,, 49
wo,N = X ZdN'j pimle cos[(jm/w)0] + wy, dNyj eC, wye€ A():N’
J

where the sums in (4.9) are both taken overall j € Nsuchthat jr/w € (14, 24+a),
or equivalently, jr/w € (1 + «, 2]. Comparing (4.8), (4.9) and recalling that v



Acoustic Scattering from Corners, Edges and Circular Cones 667

solves both the Dirichlet and Neumann boundary value problems, we obtain the
following expressions as r — O:

v=" dp ;ri™ sin[(jz/@)0]+ q2,p +cpr* {Inrsin26 + 60 cos 20} + O(r* )
j
= ZdN’j rITIO cos[(jr jw)0] + @.N+cn 2 {Inrcos20 — 0sin20} + O+,

J
(4.10)

Note that both wp and w y are subject to the decay of order & (r“"‘) near the corner.
Letting r — 0 and using the linear independence of the sin and cos functions, we
get the relations (see Section 7.2 for the proof in the more complicated case of
circular cones)

Cp =CN =0, dD,j =dN7j =0 ifjr[/a) < 2.
Hence, the lowest order term of v near O takes the form
dpr?sin20 4 qrp =dyr? cos20 + gy =: q2 € Pa,

where dp = dy = 0if w # 7 /2, 37 /2. Moreover, the polynomial g> must satisfy
g2 = dy,g2 = 0 on 9. % and the equations

Agy = Agap = Aqan =po € Py, A’y =0 in.%.

Making use of Proposition 10 in the Appendix, we then get go = 0, so that pg = 0.
This implies that v € Aé’“. Finally, the relation u1(O) = 0 follows from (4.5) and
the definition of pg in (4.6).
Step 4. For any m € N, we show via induction that, for « > 0 sufficiently
small,
feal®, veAl® . Viu(0)=0 forall j €Ny, j<m—1.(411)

1—m>

Note that the case m = 1 has been covered by Step 3, and the last equality in (4.11)
means that 37! 8/2u1(0) = 0 for all ji, j» € N such that j; + j = j. Assuming
the induction hypothesis that the relations in (4.11) hold for some m > 1, we have
to show that

feA’ vea% V" (0)=0. 4.12)

—m>

Denote by u; ,, € P, the homogeneous Taylor polynomial of degree m of u; at
O. By the last relation in (4.11), we have uy ; = 0 for all j <m-—1.
From the induction hypothesis and the assumption on g it follows that
xViquy e A%, c A%, KPxVihuy) € A,

—m>?

This implies that the right hand side can be split into

f=xXpm+ fm € Al();am
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with
. k2 Vlh 0,0( e 0,0(
Pm = (0)u1,m7 XPm € Alfma Jmi=f—xpm € Az,

By Proposition 10 in the Appendix we see that Ap,, = kZVIh(O)AuLm =0.
Repeating the arguments in Step 3 and applying Proposition 5 with k = m, we
find that v € A%f‘m pN A%flm v takes the form

V=Y {qm+2,D +cprmt? {Inr sin(m + 2)6 + 6 cos(m + 2)9}}

+ x ZdD,j rI7 sin[(jmr Jw)0] + Wp
J
=X {Qm+2,N + ey "2 {Inr cos(m + 2)0 — 6 sin(m + 2)9}}

+ x ZdNJ r7e cos[(jm/w)0] + by,
J

(4.13)

for some II)D/N € A%Z,D/N’ Cp/N € C, dp/N,j € C and dm+2,D/N € Ppi2
satisfying Agyu12,p/N = pm. The two sums in (4.13) are taken over j € N such
that

ja/w e (1+a +m,24ao +m), orequivalently, jr/w € (14« +m,2 + m].

It is easy to observe that Wp/y = O (r¥tm+ey a5+ — 0. Hence, it follows from
(4.13) by letting r — 0 that

cp=cy=0, dpj=dyN ;=0 if jm/o <m+2;

see again the proof of Lemma 5 for the details. Therefore, the lowest order term
gm+2 of v near O belongs to P, ;> and satisfies

Agm+2 = Agms2,D/N = Pm € Pms A%Guin = Ap =0 in
Gm+2 = Ovgm4+2 =0 on 9.7 .

Using Proposition 12 in the Appendix we arrive at ¢,,+2 = 0. Consequently, it
follows that p,, = 0 and u ,, = 0 which implies the relations in (4.11).

Step 5. We have proved that V/u(0) = 0 for all j € Ny in the previous step.
Hence, u; = 0 in B due to the analyticity. Finally, the vanishing of u; follows
from the unique continuation for elliptic equations; see for example [23, Chapters
3.2 and 3.3] for a proof based on Carleman estimates. This finishes the proof of
Lemma?2. O
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5. Edges in 3D Always Scatter

This section is devoted the proof of Lemma 1 for a polyhedron with flat surfaces.
Consider an infinite wedge domain 7" = % x Rin R3, where the notation % still
stands for a sector with the opening angle w € (0, 27)\ {7 }. For simplicity we write
x’ = (x1, x2) so that x = (x, x3) € R>. Analogously, the origin O € R can be
written as O = (0’, 0) where O’ = (0,0) € R?. Let U, = {x € R?: xl2 +x§ <
1, |x3] < a} be a cylinder of height 2a for some @ > 0. Then O € % N U,
is an interior edge point. Let A = A, and A,/ be the three and two dimensional
Laplace operators with respect to the variables x and x’, respectively. Suppose that
g € CH(# NU;p) forsomes € (0, 1)and € Ny and that g = 1 in #¢ N Uj. As
the counterpart of (4.3) in 3D, we consider the problem

Aup +k*up =0, Auy +k2qu2 =0 inUj,
3 (uy —u2) =0 ond¥# NUy, j=1,2,...,1+1.
(5.1)

The analogue of Lemma 2 in a wedge domain is formulated as follows:

Lemma 3. Assume that q satisfies the assumption (a) with D := # N U] near the
edge point O. Letuy,uy € H2(U1) be a solution pair to (5.1). Then uy = up; =0
in U].

Based on Lemma 3 one can prove that an edge with an arbitrary opening angle
w € (0, 2m)\{m} scatters every incident wave non-trivially (see Section 3). Below
we extend the arguments for proving Lemma 2 to a wedge domain by using partial
Fourier transform. Lemma 1 in the case of a polyhedron with flat surfaces is a direct
consequence of Lemma 3.

Proof. By Proposition 1, u :=uy —u; € Cl’“(ﬁl) NH2U)) forall a € [0, 1).
To prove the lemma, we set & := 1 — ¢ and v(x) = X(x/)<p(x3)VfCu where
x € C§° () is the cut-off function introduced in the proof of Lemma 2 and
¢ € C°(—1, 1) satisfies ¢ = 1 in (—1/2,1/2). Then v € Che YN HA W) is
a solution to the inhomogeneous Laplace equation (cf. (4.4))

Av = —k?xo Vi(qu) + P x o Vi (huy) — [A, xol(Viu) =t fo in W

" (5.2)
v=0,v=0 ond¥.

Introduce the partial Fourier transform

Fese(0(x', x3)) = Fo(x', §) = v(x', x3) € dxs, E€R

7 .

and set

wo = Viu, wk' &) = x&)Fwo(x', &) = Fv,§).
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Applying the partial Fourier transform to (5.2), we obtain a Cauchy problem for
the two-dimensional Laplace equation in the infinite sector .Z~ depending on the
parameter £ € R:

Avw',§) = F fox, §) + Ew, §) = f(',§) in A,

w(-, &) = dw(-. £) =0 ongx. O3

Note that the right hand side f is analytic in & for any fixed x’ € R?. Moreover, for
all ¢ € R, we have for o < s that

w(,§) € CY ) NHX ), f(€) € COOF) C AV (H)
and
8 = f(O,8) € AY* ().

Applying Step 2 in the proof of Lemma 2 to (5.3) yields w(-, &) € Ai%(%) N
A%’?V(%/ ), if 0 < @ < s is chosen sufficiently small. Further, by arguing analo-
gously to Step 3 in the proof of Lemma 2 we obtain

fCE) e AP, F(O.8)=0. w(.&) € ATHA)NAFY(H). VEER.

Together with (5.3) thisleads to # fy(O’, &) = Oforall§ € Randthus f(O’, x3) =
0, x3 € R. In view of the definition of f{ on the right hand side of (5.2) we see that

0= fo(0',x3) = k*VLh(O', x3) 11 (0, x3) forall [x3] < 1/2,

where we have used the fact that V/u = Qon 9% NU; forallj =0,1,...,/4+1.By
the continuity of V)lch(O’, x3) near x3 = 0 and using the assumption Vfch(O) # 0,
we get u1(0’, x3) = 0 for |x3| sufficiently small. Further, u1(0’, x3) = 0 for all
x3 € R by the analyticity, and in particular u1(O) = 0.

For B = (B1, B2) € N3, let |8 = Bi + Ba. Denote by uy (-, x3), j € No, the
homogeneous Taylor expansion of degree j of u; (-, x3) at x’ = O’ which takes the
form

ul,j(x/,)g) = Z cp,j(x3) x/ﬁ, x'P =xf]xg2. 5.4)
1Bl=j

For some m € N, m > 1, we make the induction hypothesis that

w(-, §) € AT (), f(.&) €AV (#) forall & €R,

u,;j =0 forall j < m.

(5.5)

We need to prove that
w(, §) € A*4(H), f(.&) e A% (x) forallé €R, up,, =0.

Note that the relations in (5.5) for m = 1 have been verified in the previous step
and that the last relation in (5.5) implies that, for all x3 € R,

ur(x', x3) — upm(x', x3) = O(x' " as x| — 0. (5.6)
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The right hand side of the equation in (5.3) takes the form (cf. (5.2))

f=kxF @ V)~ x F (9 Vi(qu) -~ F (A, xel(Viu) + &% w.
(5.7)

Obviously, .Z ([A, X@](Viu))(-, &) e A(Ef,‘, (). Using the induction hypothesis
on w and the regularity of ¢ it can be readily checked that, for all £ € R,

2w, &) € ATY (#) C AYE(H), F(pViiqu)(, &) e A%L(x).

To estimate the first term on the right hand side of (5.7), we use (5.6) and the
assumption on ¢ to derive the decompositions

h(x', x3)up(x', x3) = h(O', x3) uy pm (x', x3) + o(x'|HmE,
<P(X3)V)l¢[h(x/7x3)ul(x/7x3)] = (p(X3)V)[C[h(0/’x3)] Ml,m(x/,)g) + w(X3)ﬁ(|x/|m+1)

as |x’| — 0. Taking the partial Fourier transform gives
F (go (vi(hul) —VLh(0', x3) ul)) (&) € A% () forall £ € R,
(5.8)
Now, combining (5.4), (5.7) and (5.8) we see that
FCE) = Xk Pl §) € AL (),

where p,, (-, &) € P, is defined as

P ) = Y GE X, GE = F (p)VAA(O 3] cpn(x)) (©).
|Bl=m

Note that the coefficients ¢4 are analytic on R and belong to L'(R), since the
functions (pV)lC [h(O’, x3)lcg,m are continuous and have a compact support on R.
Applying the arguments in the proof of Lemma 2, we may conclude that the lowest
orderterm Q,,+2(-, &) of w(-, &) near the corner of .%Z" belongs to IP,;, 1, and satisfies
the Cauchy problem

Ay Qmi2(,§) = pm (-, §) in 7,

5.9
Omsa2( €)= 0,Qmsa(- 6) =0 on dA (-9
forall ¢ € R.
Since .Z p,,(x', -) € L' (R), its inverse Fourier transform is given by
P (¥, x3) = @(x3) Vi[h(O', x3)] ur (¥, x3). (5.10)

Recalling the induction hypothesis that u j(x", x3) = 0 forall 0 < j < m (see
(5.4) and (5.5)), we get

i (x', x3) = uym (', x3) + O(Ix| + |x3 — )™,
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as [x’| = 0,x3 — tforallz € R. Hence, u1 ,, coincides with the lowest order term
U1, in the Taylor expansion of u1 at (x', r) € R3. As a consequence of Proposition
11 (iii), it holds for all x3 € R that A,/u; ,, (x", x3) = A Uj ,, = 0 and thus

A (pn(x, x3)) = p(x3)Vi[h(0', x3)] Agurm(x',x3) =0.  (5.11)
Taking the partial Fourier transform of (5.11) with respect to x3 gives
Ay pm(x' E) =0 forall £ eR.

Together with (5.9) this implies that Q,,+2(+, &) is a biharmonic function with
vanishing Dirichlet and Neumann data on 9.%". Now, applying Proposition 12 to
Qma+2 gives the relations Q,,42(-, &) = pm (-, ) = 0 for all & € R, which further
result in

8 e A% ), w(, &) e AZE(H), pm=0.

Since V)ZC [7(O’, x3)] # 0 in a neighborhood of x3 = 0, it follows from (5.10) that
u1,m(x’, x3) = 0 in a neighborhood of the plane x3 = 0 in R3. Hence, ui,m =0in
RR3 due to the analyticity. This proves the relation V”u; = 0 at O. Since m € Ny
is arbitrary, the relation u; = 0 follows. Finally, we obtain uy = 0 by unique
continuation. The proof of Lemma 3 is thus complete. O

6. Curvilinear Polygons and Polyhedra Always Scatter

In this section we shall adapt the arguments in Sections 4.2 and 5 to the case
of a curvilinear polygon or polyhedron. Lemma 1 in the cases (i) and (ii) can be
equivalently stated as

Lemma 4. Let D be a bounded curvilinear polygon or polyhedron and let the
potential q satisfy the assumption (a) near a corner or edge point P € 0D. For
e > 0 sufficiently small, let I, = B.(P) N dD be a sub-boundary of 0D such
that P € I%. If the solution pair u; € H2(Bg(P)) (j = 1,2) solves the coupling
problem (3.1), then uy = up = 0.

Proof. For brevity we only indicate the changes that are necessary to reduce the
case of a curvilinear domain to a sector or wedge domain. We start with the same
argument as in the proof of Lemmas 2 and 3 by choosing an appropriate cut-
off function x in a neighbourhood of P in D. Consequently, the function v :=
X (x)V)lC (u1 — up) satisfies the boundary value problem (cf. (4.4) and (5.2))

Av=f inDNB(P), v=2av=0 onl, 6.1)

for some Holder continuous function f supported in a neighborhood of P in D.
Denote by y = ¥(x), y = (y1, Y2, ---» ¥n)s X = (x1, X2, ..., X), the diffeomor-
phism specified in Definitions 1 and 1 mapping a curvilinear domain near P to a
sector or wedge domain with flat boundaries. For notational convenience we write
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Y = ¥ in two dimensions and Z = # = % x R in three dimensions. Under
the transformation

i) =v@ '), fO)=f@ (), yeR,
we have

Ay =A@ 1) — g5 () = fO) — g5 (y) In%, 6.2)
5o ~0 on %, )

where
%0 - v
i) = ) laij(») —8ijl ——+ ) _bi(y)—.
g (y i; 50 =81 5 ; S
aij(y) == (Ve yi(x) - Vo y,(0) lmu—1(y)
bi(y) = (Ayx yi(x))|x:q/71(y).

Here §;; is the Kronecker delta symbol. Compared to the right hand sides of (4.4)
and (5.2), the term —g; in (6.2) is additional. Since V¥ = [ and ¥ is of C2-
smoothness, it holds that

aij(y) = 8ij = O(yD, bi(y)=0(1) asy—> 0, i,j=12,....n

Hence, if ¥ € A%f‘m (%) for some m € Ny, then it must hold that g; € A(l’f;(%)
because

v v
) = 8ij] ——— € AYW), bi(y)— € AL
[GU(J’) t/] ayjayi 7m( ) z(y)ayi 7m( )
forall i, j = 1,...,n. Proceeding by induction on m, suppose that f € A%f‘m

(B¢ (P) N D) takes the form
f=xPm~+ fur xpm € AV (DO Bo(P)), fu € A%E(D N Be(P))

for some p,, € PP,,. Then by the assumptions on ¥ the transformed function f can
be written as

JZZ Xqm + &n, Xqm € A]();am(%)’ 8m € AE’:;(%)

for some g,, € P,,. Further, the relation g,, = 0 then implies the vanishing of p,,
and also of the m-th order terms in the Taylor expansion of u#; at P. Applying the
arguments in the proof of Lemmas 2 and 3 to the equation (6.2), we successively
obtain ¢, = 0 for all m € Ny, which implies u; = u; =0. O

7. Circular Cones Always Scatter

This section is concerned with the scattering problems corresponding to a pen-
etrable obstacle with circular conic corners on the boundary. We first present the
solvability of the Laplace equation in a three-dimensional cone and then verify
Lemma 1 in the case (iii).
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7.1. Solvability of the Laplace Equation in a Circular Conic Domain

Let % be the infinite circular cone introduced in Section 2.3.For B e R,k € Ny
and o € [0, 1), we define the weighted spaces V"(‘K) D / N(©), A (%) and

A% 5 D / n(€) in the same way as in Section 4.1, where only the sector Ji/ Cc R?

is replaced with the cone ¥ C R3 and r denotes the distance of x to the conic
point O. In this section we denote by Ap resp. Ay the operator of the Dirichlet
resp. Neumann problem corresponding to the inhomogeneous Laplace equation
with the homogeneous boundary condition on 3% acting on the spaces Vé" Y M)

and A%, s (©). Consider the Dirichlet and Neumann boundary value problems

Apu=f  Ayu=f on%. (7.1)

Using spherical coordinates we may rewrite the Laplace operator as

1(8)2+8+A A 1 3_93+182
= —5(r— r— , =—|—=smb—+——,
r2 | or ar sinf \ 96 90 sin@ 9¢?

where A is the Beltrami operator defined on S?. To study the solvability of the
boundary value problems (7.1) in the weighted Sobolev spaces V/g (%) and Holder

spaces A;’“ (%), we shall apply Kondratiev’s method [26] by looking for solutions

of the homogeneous problems (7.1) (that is, f = 0) in the form u(x) = V(%)
withx = x/r € S2; ¢f. [27,33]. Then V satisfies the eigenvalue problem

AV+A0.+ DV =0 inR:=5N¢%,

(7.2)
V=0 o 9,V=0 on 052.

The Dirichlet and Neumann eigenvalues of (7.2), Ap ;j and Ay ; (j € Z\{0}),
counted with their finite multiplicities, form a discrete set in R. Further, there are
corresponding orthogonal (in L?(£2)) sequences of eigenfunctions Vi,pand V;
(see for example [27, Chapter 2]).

Below we present a more explicit description of the eigenvalues and eigen-
functions in our case of a circular cone. For this purpose we need the definition of
Legendre functions and spherical harmonic functions. For A € R, denote by P, the
Legendre function of first kind satisfying the Legendre differential equation

d (1 z%ﬂ AL+ 1D f=0 (7.3)
d,[ _ dt} 1 =0, .

By P;" (m € Np) we denote the associated Legendre functions of the first kind
defined via

2)m/2dmpk(f)

PM(t):=(1—t e

which satisfy the associated Legendre differential equations

d 2 df m? B
—[(1—t)Ej|+[)»(k+l)—1_t2]f_0. (7.4)

dt



Acoustic Scattering from Corners, Edges and Circular Cones 675

Recall that the normalized spherical harmonic functions of order n € Ny are defined

by
2n+1(n—m) .
Y"0, ) =/ - plm ) '™ 7.5
(0, 0) I i mp (cosf)e (7.5)

for all m = —n,...,n. By [10], A € R is an eigenvalue to the Dirichlet resp.
Neumann boundary value problem (7.2) if and only if there exists some m € Z such
that Pklm‘ (cos w) = O resp. (Pk‘ml)/ (cos w) = 0, with the associated eigenfunction
V= Pklml(cos 0)e!™? e C*®(£2). In the special case that A = n € N and |m| <
n — 1, the eigenfunction V = P,‘Zml(cos 0)e!™¥ is a spherical harmonic function
of order n and "V € P, is a homogeneous polynomial of order n. Note that
Dirichlet and Neumann eigenvalues may coincide. For instance, if (P20 )Y (cos w) =
Pj(cos w) = 0, then le (cos w) = sin a)(PZO)’(cos ) = 0, implying that A = 2 is
both a Dirichlet and Neumann eigenvalue. Since P;" = P™ _,, we have

Ap/N,—j=—Ap/N,j— 1, Ap1>0,Any1=0, Ay _1=-1.

Below we state the solvability results for the Laplace equation in the weighted
spaces Vﬂ2 (¢) and AIZS’“(‘K).

Proposition 6. [33, Chapter 3, Theorem 5.1] The operator Apn : Vgﬁ D/N (6) —
Vg(%) is an isomorphism if 1/2 — B # Ap/n,; for all j € Z\{0}.

Proposition 7. [33, Chapter 3, Theorem 6.11] The operator Apy : A%”% /N (€¢) —
Ag’“(%) is an isomorphism if 2+ o — B # Apn, j for all j € Z\{0}.
Proposition 8. [33, Chapter 3, Theorem 6.9] Let y; < y < 2 and assume 2 + a —
B # Apyn,jforB =y, yiandforall j € N. Moreover, let f € A%“(%) N A)O;l"‘(‘g)
and denote by vg € Alzg’,“D IN (€) the unique solution of the problem Ap;nv = f €
Ag’a(%). Then the relation

v = vy + DS CN V() CjeC
J

holds, where the sum is taken over all j € N such that Ap/n,j € 2 +a —y,2 +
o — ]/1).

The following is a special case of [33, Chapter 3, Lemma 5.11] with additional
information in the case of a circular cone.

Proposition 9. For k € Ny, consider the inhomogeneous problem Ap,yv = p, €
P on €. There exists a special solution of the form

Vp/N =4qD/Ni+2 € Prg2 (7.6)
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ifAp/N,j Kk +2forall j €N, and

UV =¢p/Nx+2t Z Coynmr ™ {Inr Y2, &) + ¥pvm)} (7.7
m

if k + 2 is a Dirichlet resp. Neumann eigenvalue. In (1.7), Cp/n.m € C, ¥p/n.m €
C>®(82) and the sum s taken overallm € 7 suchthat|m| < k and P,(lr_'f_‘2 (cosw) =0

in the Dirichlet case and (Pklr_':_‘z)’ (cos w) = 0 in the Neumann case.

Proof. Applying Proposition 11(i), we may expand p, € P, as

n
Dic(r, 0, 9) =71~ Z Z a,(l{,)n YO, ¢).

n,jeNo:n+2j=x m=—n
Hence, it suffices to prove the proposition for a term of the form
pe(x) =r* Y"(x) forsome0=n =<«, |m|<n. (7.8)

One can readily look for a polynomial g, to the equation Ag,42 = p, in the
form

_ 1

T WD+ —n+ 1)

G2 () =L YR, ¢ (7.9)

We first consider the Dirichlet boundary value problem. In the case x +2 # Ap

for all j, we have PKlr_"Fé (cos w) # 0. Setting

4D s12(X) = G2 (X) — geya(r, 0, @) P (cos 6)/ P (cos ),

we obtain the requested polynomial solution. Now we assume that ¥ + 2 is a

Dirichlet eigenvalue of (7.2) with the associated eigenfunction V = Y., ,, which

implies that Plﬁlz (cosw) = 0. As in [33, Chapter 3] we make the ansatz
vp(r,®) = cr* P Inr Y, (%) + r TP W) (7.10)

with an unknown constant ¢ € C and an unknown function W to be determined
from the Dirichlet boundary value problem

AW+ K+ Kk +HW = —cQ + )Y ", +Y" = F in 2=¢nS%,
W =0 on 052,
(7.11)

where the number n € Ny is the same as that in (7.8). Note that if W solves the
previous boundary value problem, then the solution vp of the form (7.10) must be
a Dirichlet eigenfunction to (7.2). The constant ¢ will be selected such that the right
hand side F is orthogonal to Y,f”+2 in the L2(S2)-sense, that is,

fo YY", ds
Cc = .
2k +5) [o 1Y), ds
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Hence the problem (7.11) admits at least one solution by the Fredholm alternative.
Now we may rewrite vp in (7.10) as

vp = Gei2 + Cpm 2 {Inr ¥, +Ypm} .

where g2 = ¢ r*T2 Y™ € Py, satisfies the equation Agei2 = pi (see (7.9))
and

Ypm =W —=2Y"/c, Cpn=c.

Hence we obtain the assertion for the Dirichlet boundary value problem with our
special right hand side. The case of the Neumann boundary condition can be treated
analogously. O

7.2. Proof of Lemma 1 for Circular Cones

Recall that By is the unit ball centered at the origin O and that € C R? is an
infinite circular cone with the angle 2w € (0, 27)\{m}. Assume g € C Ls (¢ N By)
for some [ € No, s € (0, 1), satisfying ¢ = 1 in B;\%. Consider the coupling
problem between the Helmholtz equations

Aul—i—kzul:O, Au2+k2qu2:0 in By,

, (7.12)
0y —u)=0 ondéNBy, j=1,2,....01+1,
where 31{ denotes the normal derivative of order j at 3¢ and v is the unit normal
pointing into the exterior of €. The following lemma implies Lemma 1 in the case
(iii) and the fact that a circular cone scatters each incident wave non-trivially:

Lemma 5. Let uy, up € H?(By) be a solution pair to (7.12), and suppose that q
satisfies the assumption (a) near the vertex O with D := % N By. Then we have
u; =uy =0in By.

Proof. We shall proceed following the lines in the proof of Lemma 2. In order to
avoid repeating the arguments used in Section 4.2, we only indicate the necessary
changes for circular cones. For simplicity we shall carry out the proof for Holder
continuous potentials only, that is, under the assumption (a) with / = 0. Hence, we
have ¢ € C%*(¢ N By) and g(O) # 1. The general case of [ > 1 can be treated
analogously to the proof of Lemma 2.

Step 1. Choosing an appropriate cut-off function x € Cg° (%) and setting
v := x(u; — uz), we have by Proposition 1 that v € cle (?) N H2(%) for all
«a € [0, 1). Further,

Av=—k*x qu+k*x huy — [A, xlv=: f in¥,

v=20,v=0 on 0%, (7.13)

with &4 = 1 — g. Here the commutator [-, -] is defined in the same way as in Section
4.2. Applying Proposition 6 with 8 = —1/2 and using the vanishing of the Cauchy
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data on 9%, it follows that v is the unique solution of (7.13) in VEI /2(%). Note that
we have Ap/n,; # 1 forall j € N, because

Plo(cos w) =cosw # 0,
Pl (cosw) = —(P}) (cosw) = sinw # 0,

(P}) (cosw) = —cosw/sinw # 0

for all w € (0, m)\{m/2}. On the other hand, by Propositions 7 and 8, there exist
unique solutions vp,y of the first equation in (7.13) satisfying vp,y € A%”aD / N (%)
for all B = 1 sufficiently close to 1 and @ > 0 sufficiently small. Note that
2+a—p # ipyn,jforthosea, fandall j € N. Sincevp/y € A%’a(%)ﬁA%a(%)
for some B > 1, itis easy to check thatvp,y € VEI/Z(‘K). Hencev =vp = vy €
ATHE) N ATH(D).

Step 2. To show that f € Ag’“(%), ve Aé’a(‘ﬁ) and u1(0) = 0, we rewrite
the right hand side f € AY*(%) in the form

f=xpo+ fo, po:=k*h(0)ui(0) €Py, fo:=f— xpo€ Ay (&Y. 14)

and consider the boundary value problems Ap,/yvo = po on €. Applying Propo-
sition 9 with ¥ = 0 yields special solutions vp,y,o of the form

vp,0() = gp2() +epr {Inr Y{H) + ¥po(® ]

on0(¥) = .2 (@) + en 1 {inr Y0 + Yo} (7.15)

where gp/n2 € Po satisfy Agpno2 = po. Ypno € CP(R), cp = 0 if
Pr(cosw) # Oandcy = Oisz/(cosa)) #0.Setwp,/N0:=v—XVp/No € A%’a.
It follows from (7.14) that

Awp/n,o = fo—[A, xlvp/no € AS’“(%) N A(l)’a((f)-

Applying Proposition 8 with y; = 0, y = 1 and @ > 0 sufficiently small, we get
the representations

Wp/N,0 = X ZdD/N,j r* PNV p N (R) + DpyN (7.16)
J

withdp,y j € C,wp/n € A%‘;{N’O(%),where (Ap/nN,j» Vj,p/N)is the eigensystem
corresponding to (7.2) and the sum is taken over all j € N such that Ap,y, ; €
(1 + «, 2]. Here the eigenvalues are counted with their multiplicities. Note that
we may assume that there are no Dirichlet and Neumann eigenvalues of (7.2) in
the interval (2,2 4+ «). Combining (7.15) with (7.16) and recalling that v solves
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both the Dirichlet and Neumann boundary value problems, we obtain the following
expressions for v as r — 0:

v="Y dp ;i Vip®) +qpa+cpr’ {hlr Yy + 1/fD,0} + 00T

j
= dn i Vin®) +gna+on {lnr Yy + 1//N’0] L O,
J

(7.17)
from which we get the relations (see Step 3 below for the proof in the general case)
CD/N = 0, dD/N,j =0 if )"D/N,j < 2.

Equating the lowest order terms in (7.17) as r — 0 allows us to define g» € P, as

g :=qps+r? Z dp,j Vip@R) =qno+1? Z dn,j Vjn ().
JENiAp ;=2 JeENAy ;=2

Using Ar*p/N.j V;,p/n = 0 and Proposition 4, we get
Agy=Aqpa=Aqn2=po € Py, A’q2=0 in%.

Moreover, g, has vanishing Cauchy data g = 9,q2 = 0 on 3%. Applying Propo-
sition 13 in the Appendix, we arrive at g» = 0, so that pp = 0. This implies that
v € A%’“(%). Finally, the relation u1(O) = 0 follows from the definition of pg in
(7.14) and the assumption g(O) # 1.

Step 3. Assume for some m > 1, m € N and o > 0 sufficiently small that

feA) (@), ve Al (), VIiu(0)=0 forall jeNg, j<m—1.

m
(7.18)
We want to show in this step that
feA’ (@), ve AZNE), V"u1(0)=0. (7.19)

Again denote by u; , € Py, the homogeneous Taylor polynomial of degree m of
up at O. By the last relation in (7.18), we have u; ; = 0 for all j < m — 1. Using
Proposition 11 (iii) we get Auy ,, = 0.

By (7.18), the right hand side in (7.13) can be split into

f=xpm+ fm, Pmi= kzh(o)ul,m e Py, m:=f— XPm € Agﬁ(%)

Repeating the arguments in Step 2, we find that near the conic point O the function
ve A?f‘mﬁ p(©) takes the form

V ={gD,m+2 + CDk }"m+2 {lnr YVIK1+2 + WD,K} + Z dD,j }")LD'/. V/’D(XA) + IIJD
J
(7.20)
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as a solution to the Dirichlet boundary value problem, whereas v € A%flm N (&)
can be expressed as

V=¢GN, m+2 —+ CN.k’ rm+2 {ln )"Y,’:l,_i_z —+ ]/IN,K/} + Z dN,j r)LN.]' Vj,N(i) + II)N
J
(7.21)

as a solution to the Neumann boundary value problem. The parameters and functions
involved in (7.20) and (7.21) are described as follows:

(i) wp/N € A%‘Z’D/N(‘f), YD YN € CP(R). Hence wp y = O(r™ )
asr — 0;

(i1) The integers k and «’ satisfy |k, k'] £ m and P| lz(cos )
= (P| +2) (cos w) = 0. Further, it holds that |«| # |«|, since P"+2(cos )
and (P} 2) (cos w) cannot vanish simultaneously for 0 < n < m + 2; see
Proposition 14 (ii);

(iii) cp/n, dpyn,; € C. Moreover, cp = 0 if P‘I ‘z(cosw) # 0 for all k| < m,
while cy = 0 if (P| 2) (cosw) # O forall |«'| < m;

(iv) Thesumsin(7.20) and (7.21) aretaken overall j € Nsuch that the eigenvalues
(counted with their multiplicities) fulfill Ap,y ; € (m + 1 + o, m + 2];

(V) gm+2,p/N € Py satisfies Agy12 p/n = pm € Py

‘We first claim that
dD/N,j =0 if)\D/N,j <m++2. (7.22)

For this purpose we denote by A* = min ;{1 p ;, Ay, ;} the smallest exponent of r on
the right hand sides of (7.20) and (7.21). Supposing on the contrary that (7.22) does
not hold, we then have A* < m + 2. Subtracting (7.20) from (7.21), multiplying
r~" to the resulting expression and letting » — 0, we arrive at dp/n,; = 0
for Ap,n,j = A* due to the orthogonality of the eigenfunctions V; p and V; y.
Repeating this process yields (7.22).

The relation (7.22) implies that A* = m + 2. We now multiply (#"+2Inr)~!
to both equalities (7.20) and (7.21) and consider the difference of the resulting ex-
pressions to obtain c¢p » = ¢y = 0, where we have used the linear independence

of P‘K‘ 4o and P‘ ‘2 for || # |«’|. Hence, the lowest order term ¢, 1, of v near O
belongs to Pm+2 and takes the form

2
qm+2 = qD.m+2 + Z dp,; " Vjp
JiAp j=m+2

2
=gNm+2 + Z dy,j " Vi
JiAN j=m+2

This further yields

Agm+2 = pm € Py, Azqm+2 =App, =0 in%
gm+2 = 0qm+2 =0 on 0%.
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Again using Proposition 13 in the Appendix, we get g, +2 = 0. Consequently,
pm = 0and uy ,, = 0, which implies the relations in (7.19).

Step 4. Having proved that V/u1(0) = 0 for all j € Ny in the previous steps,
we obtain #1 = 0 in B; due to the analyticity. Finally, the vanishing of u» follows
from the unique continuation for the Helmholtz equation. This finishes the proof
of Lemma5. O

8. Appendix

In the appendix, we prove several propositions that are used in Sections 4-6.
In particular, Propositions 10 and 11 below extend the results of [2]. We present
an alternative method of proof relying on the expansion of real-analytic solutions,
which is of independent interest.

Proposition 10. Suppose that (A + k*)u = 0 in a neighbourhood of the point
O € R2. Then the two lowest order terms in the Taylor expansion of u at O are
both harmonic functions.

Proof. Suppose that the lowest degree in the Taylor expansionof #; at O is M € Ny
and that all terms of order less than M vanish. Then the function u; = u(r, 0) can
be expanded into the convergent series (see, for example, [14, Lemma 2.2])

u= Z erj(O), Fi0) = Z (cimcosn9+c,:msinn9),
jeNg,j=M n,meNg,n+2m=j
(A
where ¢if, € C satisfy the recurrence relations

+ K +
c = - C
LT A m + D+ m+ 1)

In particular, the coefficients of the first three terms in the expansion are given by

for all n, m € Ny.

Fo(0) = ¢y
F1(0) = ¢y cos6 +c7sin6,
Fy(0) = cf | + 3y cos20 4+ c5 o sin20, ¢l = —cf k> /4.

Hence, if M = 0, it is obvious that both Fj and r F| are harmonic. If M = 1, we
have c& o = 0 and both r F and r2 F, are harmonic functions. Now assume that
M= 2.Itthenholdsthatc,fm =O0foralln+2m < M —1.Forn,m € Ng,m = 1
such that n 4+ 2m = M, it follows from the recurrence relations that

C = —-——————-C =
mm dm(n +m) "1

since n + 2(m — 1) = M — 2. This implies that the lowest order term, given by

k2
+ + 0’

Fy = CL’O cos MO + CIT/I,O sin M0,

M+1

is harmonic. Analogously, one can prove that r Far4+1(0) is also harmonic. O
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Next we prove the result corresponding to Proposition 10 in 3D.

Proposition 11. (i) A real-analytic function u = u(r, 9, ¢) can be expanded in a
neighbourhood of the origin as follows:

u(x)= Yy 3 Z al, v, ¢, al), ecC. (A.2)
n,leNy m=—n

(i1) A solution to the Helmholtz equation (A + k*)u = 0 can be expanded in the
form (A.2) where the coefficients a fulﬁll the recurrence relations

2
LD _ k N0
. T20+ D)L 2+ 3) B

n,leNyg, m=—-n,—n+1,..., n—1,n.

(iii) Suppose that (A + k*)u = 0 in R3. Then the two lowest order terms in the
Taylor expansion of u at O € R are both harmonic functions in R3.

Proof. (i) Recall that P, denotes the collection of all homogeneous polynomials
of degree n € Ny. We denote by H,, the subset of P, consisting of harmonic
homogeneous polynomials of degree n. Then, for any H,, € H,, there holds the
expansion

n
Hy(x)=7" " cam ¥J'0.9). cameC. (A.3)

m=—n

Since P, = H,, + |x|2 P,_>, we obtain by induction that any p, € P, can be
written in the form

pn)= Y b x" Hyo(x), b €C, HyyeHy o (A4
1eNg,n—2120
Since u is real-analytic, applying the Taylor expansion and using (A.4) yields
u) =Y capa@ =Y e Y. bl Hyy().
neNy neNg 1eNg,n—2120
Rearranging the terms in the previous expression, we get
u(x) = Z x|% Z a,(l[) H,(x), a,(ll) e C,
lENo nENO

which together with (A.3) proves the first assertion.
(i1) The second assertion follows from the relation

Au= )" 20Ql+2n+ Dr"t2 Z al, Y@, ¢)

neNp,leN m=—n

> 20+ D)@+ 20+ 3)r Z altVyre, ). (AS)

n,leNy m=—n
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(iii) To prove the third assertion, we rewrite the expansion (A.2) as

ux)= Y riFj0.9). Fj0.9):= > al), vre. o).

Jj€No n,leNg,n+2l=j m=—n

Proceeding in the same way as in Proposition 10, one can verify the third
assertion. O

In [2], Propositions 10 and 11 are verified for the lowest order term of solutions
to the Helmholtz equation only. Proposition 12 below implies the absence of non-
trivial biharmonic functions with vanishing Dirichlet and Neumann data on the
boundary of a sector in R

Proposition 12. Let # = #,, C R? be the sector defined in Section 2 with the
opening angle o € (0, 2m)\{7}. Suppose that u € H?*(B)) solves the boundary
value problem

A’u=0 in#NBi, u=00u=0 ondX¥ NB. (A.6)
Thenu = 0.

In [28], Proposition 12 was proved for a homogeneous polynomial p; such that
Apy is harmonic. Our proof differs from that in [28]. It is also elementary, since
simple calculations using Cartesian coordinates are involved only. Alternatively,
Proposition 12 also follows from the expansion (A.1) under polar coordinates; we
refer to the proof of Proposition 13 below where the spherical coordinates are
employed to prove the analogue of Proposition 12 for circular cones in 3D.

Proof. Denote by 7; and v; (j = 1, 2) the unit tangential and normal vectors on
the two half-lines of 9. starting at the corner O. Since the opening angle of %
is not 7, the tangential and normal vectors are linearly independent. Without loss
of generality we suppose that vi = ¢;7] + ¢ with ¢, c2 € R, ¢ # 0. Hence,

1 c1
0, = aavl — aarl. (A7)

We shall prove by induction that V"'« (O) = 0 for all m € Ny, which implies the
proposition.

From the Dirichlet and Neumann boundary conditions of # on 3. we see that

u=Vu=0, 92u=05u=0a,d u=0 atthecomer 0.  (A.8)

Combining (A.7) and (A.8) gives the relation d;, d;,u = 0 at O. Since each entry
of the vector V? can be expanded as a linear combination of 831 , 8,22 and 0, 9,, we
obtain V2u = 0 at O.

To prove that V3u(0) = 0, we observe that

O u =0 u=070,u=0,0,u=0 atO.
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Applying afl to both sides of (A.8) yields a?l 0, u(0) = 0. Analogously we can
get 832 0-,u(0) = 0. Hence, the relation V3u(0) = 0 follows from the fact that
the differential operators 831, 8,21 0z, , O 832 and 832 span the vector V3.

Now we want to verify that V4#u(0) = 0. Arguing as in the previous step we
get

O u =02 0u = 0,05 u=0u=0 at0. (A.9)

Hence it suffices to prove 92 32 u(0) = 0. Using (A.9), 9,, = ¢19y, + 20, and

T1°T)
A%y = 0, this follows from the identity

0= A%u(0) = (8], + 32 17u(0) = [2(1 + ¢])c3 + 4cic3] 07 97,u(O).

1

For m > 4, we make the induction hypothesis that
V/u(0)=0 forall j=0,1,...,m. (A.10)

We then only need to verify that V**1u = 0 at O. For j € Ny, denote by Vg the
vector of all tangential derivatives of order j, that is,

Viu= laffa{g u: ji,jp€eNoj1+ = j}~
Using the relations in (A.6) and (A.7) again, we have

VIIA U =00 = 0 dyu = 3 00 = 9T u =0 at 0.

Therefore, it remains to prove that the span of the differential operators V;”"3A2,
8;’1’“, 32"y, 0y, 072 and 82“ contains the vector V1.

It can be readily checked that

A= (14 cD A1) A(9),

1
07 = 5 (A1(9) + £ A2(9)),
iclmc
1
07, = A1(0) — A2(0)),
5 2iImc( 1(9) 2(9))
where
cicr +ico _
ci=—", = —c/c,
l—i—c% ¢ /

A1(0) := 07y + €0y, A2(3) := 0y +COr,.
Consequently, it suffices to verify that the span of the differential operators
AU ASATAS, Y i j2 € No, ji+ jp=m =3,
together with

(A1 +CA)™ L (A +¢A)™ (AL — Ap), (A + LA (A} — A)™, (A — Ap)™ T
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contains the set of differential operators {A{lAé2 : j1 + jo = m + 1}. This
is equivalent to the claim that the polynomial expressions containing the terms
2 20, 2128, 25 in the expansion of

(z1 —z2)"z1, (z1 —22)"z2, (1 +Cz22)"z1, (21 +¢22)" 22

are linearly independent. Simple calculations show that

(z1 — 22"z 1 —m (=" 0 fran
@—2"2 | _[0 1 D" 'm D" |2
(z1+¢z2)"z | |1 m¢ om 0 212
(z1 +¢z22)"22 0 1 mem=1 I et

m—1
+ 3 M©)z
=2

with M; € R**! Tt is easy to check that the determinant of the 4-by-4 coefficient
matrix on the left hand side of the previous equation vanishes if and only if

m* "N+ 0%+ DM D" — 1P = 0.
If m € Nis an odd number, the previous relation implies that
mi" = (1 +€m>2 Y L SR [
I+¢

Since |¢| = 1, the modulus of the right hand side of the previous identity equals to
m? only if ¢ = —1, which however is impossible. If m is even, the number ¢; = —¢
is a solution of

2.m—1 1 - é‘lm ? m—1 m—2 2
=\ gDy ) TG T DY

which cannot hold for [¢1| =1and {1 # 1. O
Proposition 13. Let € = €, C R be the circular cone defined by (2.3) with the

opening angle 2w € (0, 2)\{7}. Suppose that u € H?(By) solves the boundary
value problem

A’u=0 in€NBy, u=adu=0 ondéNB. (A.11)
Thenu = 0.

Proposition 13 extends the result of Proposition 12 in a planar corner domain to
a circular conic domain in R3. Being different from the proof of Proposition 12
using Cartesian coordinate, our proof of Proposition 13 relies on the expansion of
real-analytic functions using the spherical coordinates.



686 JoHANNES ELSCHNER & GUANGHUI HU

Proof. By Proposition 11 (ii), a real-analytic function u = u(r, 6, ¢) in By can be
expanded as the following convergent series

u(x) = Z n+21 Z all, Y@, e), a), ecC. (A.12)

n,leNy m=—n

Simple calculations using (A.5) show that

0= A%y = Z 40 4 1) +2)(2L + 21 +3)(2L + 2n + 5)r"+2!

n,leNy

x Z altDyme, o).

m=—n

The previous relation implies that a(l+2) =0foralll,n € Ny and |m| < n, since

ri+2lym ¢ P,y are linearly independent. Hence, we only need to prove that

a,(ll)m =0foralll =0, 1andn € Ny, |m| < n.
The expansion of « in (A.12) can be rewritten as

u) =y Z all), Y@ =Y r"F(®), 2=0,9),

neNy,/=0,1 m=—n neNy
(A.13)
with
a(O)YO(A) if n=0;
Fu(%) := 2,‘"__1 al” Yri) if n=1,

1 A .
Sen @ YO + 02l YL@ i 022
Making use of the boundary conditions
u=0%u=0 on{(r,0,9):0<r<1,0=w, 05 ¢ <27},

we see that F,(w, ¢) = 0pF,(w,9) = 0 forall 0 < ¢ < 2. In view of the
definition of the spherical harmonics (see (7.5)), we obtaln the following results
by inserting (A.13) into the boundary conditions and equating the coefficients of
equal powers of r :

@) aéo()) = 0 in the case n = 0, because Y0 J1/Q2m) #0;
(i) a(o) le‘(cosw) = aiol)n(P‘ml) (cosw) = 0 form = —1,0,1 whenn = 1.
Applying Proposition 14 (ii), it follows that a(O) = 0, since P,Ilm‘(t) and

(P,‘,ml) (t) cannot vanish simultaneously for any ¢ € (—1, 1);
(iii) Foralln =2 2 and |m| < n — 2,

P (cos w) P,lm'z(cos o) \ [ am \_, (A.14)
(P,,llml)/(COS (,()) (P 2) (COS 6()) (1) - Y. .

By Proposition 14 (i) below, the determinant of the matrix on the left hand side
of (A.14) never vanishes forw € (0, m)\{r/2}. Therefore, a,g 2,1 = aél)z’m =0
forn =2 2and |m| <n—2;
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(iv) Foralln =2 2 and |m| =n,n — 1,

a\), )" (cos ) = a%), (P") (cos w) = 0.

n,m n,m

In view of Proposition 14 (ii) we get a,(,?,)q, =O0foralln = 2and |m| =n,n—1.
To sum up the above results in (i)-(iv), we obtain a,(,{),,, =O0foralll =0,1,
n € Ng and |m| £ n, m € Z, which finishes the proof of the proposition. 0O

Proposition 14. Let t € (—1, 1) and m, n € Z. Then:
(1) It holds that

Pl (1) P ,(1) .
det ((Pr:n)/(t) (P,;nz)/(t)> #0 forallt #0,n —2 =2m = 0;(A.15)

(ii) It cannot happen that P (t) = (P")' (t) = 0 forall 0 < m < n.
Proof. (i) Introduce the augmented Wronskian of the form

L Pn(f) Pn—'(t)
Wa(z; j) = det <P,;(t) P,:_;(”)y

The number ¢y € (—1, 1) is called a nodal zero of W,, if W,, has opposite signs for
t =to+ hand t = ty — h, h sufficiently small. It has been shown in [24, Chapter
4, Theorem 9] that W,,(¢; j) has exactly j — 1 nodal zeros in the interval (—1, 1).
Hence, when j = 2, W,(¢; 2) has only one nodal zero o in (—1,1). If n = 2
is odd, then P,(0) = P,_»(0) = 0, since both P, and P,,_; are odd functions.
This implies that fo = 0 is the nodal zero of W, (¢; 2). If n = 2 is even, we have
P, (0) = P, _,(0) = 0. Hence, fo = 0 is also the nodal zero. This proves the first
assertion with m = 0.

Inthecasem = 1,the functions P (¢), n = m, m+1, ..., satisfy the associated
Legendre differential equation (7.4).

The proof of [24, Chapter 4, Theorem 9] depends solely on the form of the
governing equation (see (7.3) in the case of Legendre polynomials) and extends to
the associated Legendre differential equation (7.4). Hence, the determinant on the
right hand side of (A.15) has also one nodal zero in (—1, 1). On the other hand, it
is easy to check that either P;" (0) = P," ,(0) =0 or (P;")'(0) = (P ,)'(0) =0,
implying that #o = 0 is the unique nodal zero. Hence, the first assertion for m = 1
follows from the proof for the Legendre polynomials.

(i1) The second assertion is a consequence of the fact that the zeros of P,lm‘ and
(P,lml)’ are all simple and strictly interlaced. Note that when |m| = n, we have the
explicit expression (see for example [34, Chapter 2.4])

2n)!

2nn' (l _ t2)n/2

Py(1) =
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Finally we present a corollary that extends the results of Propositions 12 and
13 to a more general case. It can also be considered as a local non-solvability result
on the Cauchy problem for the Laplace equation on a cone and it is proved just as
Lemmas 2 and 5.

Corollary 2. Let % be the sector ¥, C R? or the cone Gw2 C R3 defined in
Section 2 with the opening angle € (0, 2m)\{r}. Suppose thatu € H*(% N By)
solves the Cauchy problem

Au=hg in?%, u=0u=0 ond% N By,

where h € C*(% N By) for some a € (0, 1), h(O) # 0 and (A + A)g = 0in By
for some ) € C. Thenu = 0.

Note that Corollary 2 does not hold in the case of a half space (w = ) where even
a global existence result for the analytic Cauchy problem can be proved; see [18,
Theorem 9.4.8].
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