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Abstract

We study the Navier—Stokes equations governing the motion of an isentropic
compressible fluid in three dimensions interacting with a flexible shell of Koi-
ter type. The latter one constitutes a moving part of the boundary of the physi-
cal domain. Its deformation is modeled by a linearized version of Koiter’s elastic
energy. We show the existence of weak solutions to the corresponding system of
PDEs provided the adiabatic exponent satisfies y > % (y > 1intwo dimensions).
The solution exists until the moving boundary approaches a self-intersection. This
provides a compressible counterpart of the results in Lengeler and Ruzi¢ka (Arch
Ration Mech Anal 211(1):205-255, 2014) on incompressible Navier—Stokes equa-
tions.

1. Introduction

Fluid structure interactions have been studied intensively by engineers, physi-
cists and also mathematicians. This is motivated by a plethora of applications any-
time a fluid force is balanced by some flexible material; for instance in hydro- and
aero-elasticity [7,16] or biomechanics [4]. In this work we consider the motion of
an isentropic compressible fluid (in particular a gas) in a three-dimensional body.
A part of the boundary is assumed to be changing in time. The displacement of
the boundary is prescribed via a two dimensional surface representing a Kirchhof—
Love shell. Its material properties are deduced by assuming small strains and plane
stresses parallel to the middle surface. We prove the existence of a weak solution
to the coupled compressible Navier—Stokes system interacting with the Kirchhof-
Love shell on a part of the boundary. The time interval of existence is only restricted
once a self-intersection of the moving boundary (namely the shell) is approached.
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1.1. Motivation and State of Art

Over the last century mathematicians have been fascinated by the dynamics of
fluid flows. The theory of (long-time) weak solutions started with the pioneering
work of Leray concerning incompressible Navier—Stokes equations [34]. A com-
pressible counterpart has been provided by Lions [37]. Lions’ results have later
been extended by FEIREISL ET AL. [19,21] to physically important situations (includ-
ing, in particular, monoatomic gases). Today, there exists an abundant amount of
literature for both incompressible as well as compressible fluids. In the last decades
fluid structure interactions have been the subject of active research. The interac-
tions of fluids and elastic solids are of particular interest. A major mathematical
difficulty is the parabolic—hyperbolic nature of the system resulting in regularity
incompatibilities between the fluid- and the solid-phase. First results concerning
weak solutions in the incompressible case consider regularized or damped elastic-
ity laws, see [3,5,8,33]. The fluid interacts with an elastic shell which constitutes
a moving part of the boundary of the physical domain in Lagrangian coordinates.
The existence of strong solutions in short time was shown in [9]. We also refer to
related studies in [13, 14], where the motion of an elastic body in an incompressible
fluid is considered. Long-time weak solutions in a similar setting have finally been
obtained in [32] assuming a linearized elastic behavior of the shell. The authors of
[32] consider a general three dimensional body in Eulerian coordinates. The elastic
shell is a possibly large part of the boundary and may deform in the direction of
the outer normal. Its material behavior depends on membrane and bending forces.
A solution exists provided the magnitude of the displacement stays below some
bound (depending only on the geometry of the reference domain) which excludes
self-intersections. The results from [32] have been extended to some incompress-
ible non-Newtonian cases in [31]; see also [24]. Results for incompressible fluids
in cylindrical domains have been shown in [38,39] and [6]. The paper [38] deals
with a cylindrical linear elastic/viscoelastic Koiter shell in two dimensions (the
shell is prescribed by a one-dimensional curve). The papers [6,39] extend this to
cylindrical three-dimensional fluid flows. Note that in [39] even nonlinear elastic
behavior of the shell is allowed.

In contrast to the growing literature on incompressible fluids the knowledge
about compressible fluids interacting with elastic solids is quite limited. To the best
of our knowledge, the only related result is [28]. Here, a compressible fluid interacts
with a structure modeled by a linear wave equation in Lagrangian coordinates. The
result of [28] concerns the existence of short-time strong solutions. It is related to
earlier results about the incompressible setting, see [13]. Results on long-time weak
solutions from problems coupling compressible fluids with a priori unknown elastic
structures seem to be missing. The aim of the present paper is to open this field by
developing a compressible counterpart of the theory from [32]. More, precisely we
are going to prove the existence of a weak solution to the compressible Navier—
Stokes system coupled with a linear elastic Koiter-type shell. The two dimensional
shell is connected to the velocity field via boundary values on the free part of the
boundary. Moreover, momentum forces acting on the boundary are in equilibrium
with the membrane forces and bending forces (flexural forces) of the shell.
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1.2. The Model

We consider the Navier—Stokes system of an isentropic compressible viscous
fluid interacting with a shell of Koiter-type of thickness &9 > 0. The Koiter shell
model is a version of the Kirchhoff-Love shell. More precisely, it is a model reduc-
tion assuming small strains and plane stresses parallel to the middle surface of the
shell. Physically this means that the shell consists of a homogeneous, isotropic
material. Its mathematical formulation is as follows. Let 2 C R3 be the initial
physical domain and let 7 > 0. We devide 92 into the fixed in time part I" and its
compact complement M, the part where the shell is located. The shell is assumed to
be driven solely in the direction of the outer normal v of €2, cf. [8,23]. This allows
one to write the energy for elastic shells via a scalar function n : M — (a, D).
Here, the numbers a, b are fixed and depend only on the geometry of €2, such that
self intersections of the boundary are not possible. For example, in case of a ball
Q = B, the interval is (—r, 00). The elastic energy of the deformation is then
modeled via Koiter’s energy [26, eqgs. (4.2), (8.1), (8.3)]

1 1
K() = —80/ C:0(v)®a(nv) dH? + —8(3)/ C:0(nv)®60(nv) dH>,
2 " Ju 6 " Ju

which is the sum of two terms reflecting different material properties. The first
term is the membrane part of the energy which would remain even in the case of
thin films. Indeed, the term o (nv) depends linearly on the pullback of the first
fundamental form of the two dimensional surface n(M). The second term reflects
the flexural part of the energy. Respectively, the argument # depends linearly on the
pullback of the second fundamental form (the change of curvature). The coefficient
tensor C is a non-linear function of the first fundamental form. For more details on
the derivation of this model we refer to [25,26], where Koiter’s energy for nonlinear
elastic shells has been introduced; see also [11,12] for a more recent exposition.
Following [12, Thm. 4.2-1 and Thm. 4.2-2] one can linearize ¢ and  with respect
to  and obtain

K'(n) = mAEn + By (1.1)

for the L2-gradient K’ of K. Here, m > 0 depends on the shell material (to be
precise on gp and the Lamé constants), B is a second order differential operator
and Ar is the Laplace operator associated to the covariant derivative of the surface.
In particular, it is shown in [12, Thm. 4.4-2], that

1
K(n)zzf K’(n)ndezco/ V2 d?
M M

for all n € HO2 (M) with some co > 0. Equation (1.1) is a Kirchhoff-Love shell
equation for transverse displacements, cf. [10]. The technical restriction, that we
only allow forces to act on the shell in (a fixed) normal direction, is the most severe
restriction in our paper. Under this assumption we will, however, show long time
weak solutions; they exist as long as the shell does not approach a self intersection.
We also observe that long time existence results seem to be unavailable for less
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restrictive geometric assumptions. Even for one dimensional boundaries and for
incompressible fluids no long time existence result seems to be available for less
severe restrictions. Finally, observe that since 7 is assumed to have zero boundary
values on d M, there is a canonical extension by zero to d€2, which we will use in
the following without further remark.

We denote by €2;(;) the variable in time domain. With a slight abuse of notation
we denote by I x 2, = [, {1} X 2)(1) the deformed time-space cylinder, defined
via its boundary

Q) = {x + (1, x)v : x € 9Q}.

Recall that €2 is a given (smooth) reference domain with outer normal v.

Along this cylinder we observe the flow of an isentropic compressible fluid
subject to the volume force f : 1 x Q,, — R3. We seek the density o : I x 2, — R
and velocity fieldu : I x €, — RR? solving the following system:

00 +diviow) =0, inl x 2y, (1.2)

0;(ou) +diviou @ u) = pAu+ (A + p)Vdiva
—Vp(o) +of inl x Q, (1.3)
u(t,x + n(x)v(x)) = on,x)v(x) onl x M, (1.4)
u=0 onl/ xT, (1.5)
0(0) =00, (ow)(0) =qo in2y,. (1.6)

Here, p(o) is the pressure which is assumed to follow the y-law, for simplicity
p(o) = ap?, where a > 0 and y > 1. Note that in (1.3) we suppose Newton’s
rheological law

Va+val 1 2N
S =S(Vu) = 2M<T — 5d1vuI> + ()» + §u> divuZ,

with viscosity coefficients p, A satisfying
2
l’l’ > 0’ A‘ + 5/“" > 09
see Remark 1.3 for the case A + %/L = 0. The shell should respond optimally with
respect to the forces, which act on the boundary. Therefore we have
€005’ n +K'())=g+v-F on I xM, (1.7)

where o5 > 0 is the density of the shell. In (1.7) g : [0, T] x M — R is a given
force density and we have

F:=(—1v,) o ¥, |det DW, )]
7 :=S(Vu) — p(o)Z.

Here, ¥,,(;) : 02 — 02 is a change of coordinates and 7 is the Cauchy stress.
To simplify the presentation in (1.7) we will assume that

goos =1
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throughout the paper. We assume the following boundary and initial values for n:

T’(Oa ) = 1o, 81‘77(0’ ) =171 on Ma (18)
n=0, Vp=0 on IM, (1.9)

where 1o, n1 : M — R are given functions such that
Im(no) C (a,b).

In view of (1.4) we have to suppose the compatibility condition
9o
n@v(x) = 5@ +n(x)v(x)) on M. (1.10)

By the canonical extension of 1 and 9,7 by 0 to d€2 we can unify (1.4) and (1.5) to
u(t, x +n(t, x)v(x)) = dn(t, x)v on I x IN. (1.11)

Our main result is the following existence theory for the system (1.2)—(1.9) which
can be written in a natural way as a weak solution. The precise formulation can be
found in Section 7, cf. (7.1) and (7.2):

Theorem 1.1. For regular data and y € (%, 00) there exists a weak solution

(n,u, o) to (1.2)—(1.9) satisfying the energy estimate

SUPf Qlulzdx+sup/ dex+f/ |Vu)? dx do
1 Q I Q,7 1 Qr]

n
0iml*  » 2240
+sup | ——dH " +sup [ |V p|“dH
1 Ju 2 1 Jm

< o, g, q0. 00, N0, M1)-

(1.12)

The interval of existence is of the form I = [0, ), wheret < T only in case Q)
approaches a self-intersection when s — t.

The function space for weak solutions to (1.2)—(1.9) is determined by the left-
hand side of (1.12), taking into account the variable domain. For the precise assump-
tions on the given data, as well as the precise definition of a weak solution see The-
orem 7.1 in the last section of the paper. We remark that in the three dimensional
case the bound y > % is less restrictive then the bound y > % appearing in the
pioneering work of LioNs [37], but more restrictive than the bound y > % arising
in the theory by FEIREISL ET AL. [21]. A detailed explanation can be found in the
next subsection. For more information on the restrictions for the growth condition
of the pressure see Remark 1.2 at the end of this section.
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1.3. Mathematical Significance and Novelties

A primary task is to understand how to pass to the limit in a sequence of solutions
(M, Uy, 0n) to (1.2)—(1.9) which enjoys suitable regularity properties and satisfies
the uniform estimate (1.12). The passage to the limit in the convective terms g, u,
and o,u, ® u, follows by local arguments combined with global integrability,
see (6.13) and (6.14). Here, problems with the moving boundary can be avoided.
Note that this is totally different to the incompressible system studied in [32],
where huge difficulties arise due to the divergence-free constraint. As it is common
for the compressible Navier—Stokes system, the major difficulty is to pass to the
limit in the nonlinear pressure. A key step is to improve the (space)-integrability
of the density to ensure that p(g,) actually converges to a measurable function
(and not just to a measure). Locally, where the effect of the moving boundary
disappears, this can be done by the standard method, see Proposition 6.3. However,
our test-functions in the weak formulation are not compactly supported. This is
crucial for the coupling of fluid and shell. Note, in particular, that this is different
from [18], where the interaction of compressible fluids and rigid bodies is studied.
In [18], at least the symmetric gradients of test-functions are supported away
from the area of interaction. In our case, however, it is essential to exclude the
concentration of p(o,) at the boundary. On account of the limited regularity of
the moving boundary (it is not even Lipschitz continuous in three dimensions, see
(1.12)) the common approach based on the Bogovskii operator fails. We solve this
problem inspired by a method introduced in [29] for compressible Navier—Stokes
equations in irregular domains; see Propositions 6.4 and 7.4. Consequently, we can
exclude the concentration of the pressure at the boundary. This, in turn, allows us
to prove that the weak continuity of the effective viscous flux

p@) — (A +2p)diva

holds globally, see (6.35) and (7.29). In order to combine this with the renormal-
ized continuity equation we are confronted with another problem: we do not have
zero boundary conditions for the velocity at the shell. In general, it seems to be
extremely difficult if not impossible to combine the properties of the effective vis-
cous flux with the renormalized continuity equation in this case (see the remarks
in [42, Section 7.12.5]). This is due to the additional boundary term which appears
when extending the continuity equation to the whole space. However, due to the
natural interplay between fluid flow and elastic shell, our situation can be under-
stood as no-slip boundary conditions with respect to the moving shell. Hence, the
just mentioned boundary term disappears due to the Lagrangian background of
the material derivative. To make this observation accessible, a careful study of the
damped continuity equation in time dependent domains is necessary. We refer to
Section 3.2 and in particular Theorem 3.1, which collects the necessary regularity
results for the density function on time changing domains; it implies, for instance,
the respective renormalized formulation. This is the second essential tool which
allows one to show strong convergence of an approximate sequence @, and hence
to establish the correct form of the pressure in the limit equation.
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The third difficulty is to construct a sequence of solutions. In the present case,
this is rather difficult to do, since the geometry and the solution are highly coupled
via the partial differential equations. Hence, in order to use the ideas explained
above rigorously, we need a four layer approximation of the system as follows:

e Artificial pressure (8-layer): replace p(0) = ap” by ps(0) = ao” +380” where
B is chosen large enough.
Artificial viscosity (¢-layer): add € Ao to the right-hand side of (1.2).
Regularization of the boundary (k-layer): replace the underlying domain £,
by €2, where 7, is a suitable regularization of 1. Accordingly, the convective
terms and the pressure have to be regularized as well.

e Finite-dimensional approximation (N-layer): the momentum equation has to
be solved by means of a Galerkin-approximation.

The first two layers are common in the theory of compressible Navier—Stokes
equations, see [21]. The third layer is needed additionally due to the low regularity
of the shell described by n. By (1.12) we have n € W22(M) such that Sobolev’s
embedding implies n € W19 (M) forall ¢ < oo butnot necessarily n € W (M).
So, we do not have a Lipschitz boundary. In addition, it is necessary to regularize
the convective terms in (1.2) and (1.3) (see the comments on the N-layer below for
a detailed explanation).

On the last layer we are confronted with the problem that the function space
depends on the solution itself. As a consequence a finite-dimensional Galerkin
approximation is not possible, as the Ansatz functions depend on the solution itself.
Motivated by [32] we apply a fixpoint argument in 7 and u for a linearized problem.
(Roughly speaking we replace ou ® u in (1.3) by ou ® v and ou in (1.2) by ov
for v given, see Section 4.3 since it is crucial for our fixed point argument that the
momentum equation is linear in u. For (¢, v) given we solve the system on the
domain £2,. The domain still varies in time but is independent of the solution. Note
here that o is computed by solving the continuity equation with convective term
independent of u. The existence of a weak solution (7, u) to the decoupled system
can than be shown by the Galerkin approximation without further problems. This
is due to the good a-priori information for ¢ from Theorem 3.1, see Theorem 4.4.
The next difficulty is to find a fixed point of the mapping (£, v) — (1, u) in an
appropriate function space. The compactness of the mapping situated on the shell is
rather easy as we apply a proper regularization with arbitrary smoothness. The main
issue is the compactness of the velocity. Inspired by ideas from [32] we can prove
compactness of u, in L2(I x R3) (where u, is extended by zero). This is based on
Lemma 2.8, where we prove a variant of the Aubin-Lions compactness theorem
for variable domains. It is noteworthy that we are unable to exclude a vacuum
even in the situation of a damped continuity equation. To prevent the problem with
the vacuum we replace on the «-level the momentum 9, (ou) by 9;((0 + x)u) in
the momentum equation, which allows us to show that u, is strongly compact in
L2(I x R3).
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1.4. Outline of the Paper

In Section 2 we present basics concerning variable domains as well as the
functional analytic set-up. In Section 3 we study the continuity equation (with arti-
ficial viscosity) on variable domains. The renormalized formulation is of particular
importance. Section 4 is concerned with the decoupled system, its finite dimen-
sional approximation and the fixed point argument. The main result of this section
is the existence of a weak solution to the regularized system with artificial viscosity
and pressure. In Section 5 we pass to the limit in the regularization (of domain and
convective terms) and gain a weak solution to the system with artificial viscosity.
Compactness of the density can be shown as in the fixed point argument. Hence
we can pass to the limit in all nonlinearities without further difficulties. The pro-
ceeding Sections 6 and 7 deal with the vanishing artificial viscosity and vanishing
artificial pressure limit respectively. Both follow a similar scheme, where the major
difficulty is the strong convergence of the density. The argumentation is based on
the weak continuity of the effective viscous flux, oscillation defect measures and
the renormalized continuity equation. The main result of this paper (the existence
of weak solutions to (1.2)—(1.9)) follows after passing to the limit with § — 0 in
Section 7. The full statement is given in Theorem 7.1.

Remark 1.2. The restrictiony > 17—2 in three space dimensions is needed to exclude
concentrations of the pressure near the moving boundary. Indeed, such concentra-
tions are excluded by constructing a test-function ¢, whose divergence explodes
at the boundary while | p(0,) div ¢, is still bounded. This requires, in particu-
lar, estimation of the integral || I an onWy 0;9, dx dt. Naturally, the function ¢,
depends on the distance to the boun'ziary and as such on the shape of the moving
boundary which only has low regularity. Indeed, the given a priori estimates imply
that 9;¢,, can only be bounded in L>(I; LY) for all ¢ < 4 (using (1.4)). Hence,
we need to know that g,u, is bounded in L2(I; LP) uniformly in n for some
p > ‘—3‘. This follows from the a priori estimates provided we have y > % (using
that g,u, € L2(I; L%/+9) in three dimensions). In the two dimensional case
we have instead 9,9, € L (I; L?) for all ¢ < oco. Consequently, no additional
restrictions on y are needed and the result holds for all y > 1.

Remark 1.3. Our proof requires the bulk viscosity A + %u to be strictly positive.
In case A + % n = 0 it is necessary to control the full gradient by the deviatoric
part of the symmetric gradient. Such a Korn-type inequality is well-known for
Lipschitz domains, see [43]. In our context of domains with less regularity, a Korn-
type inequality for symmetric gradients is shown in [31, Prop. 2.9] following ideas
of [1]. The integrability of the full gradient is, however, less than the one of the
symmetric gradient. We believe that a corresponding trace-free version can be
shown following similar ideas. Thus, the case A + % @ = 0 could be included for
the price that the velocity only belongs to W7 for all p < 2.



Compressible Fluids Interacting with a Linear-Elastic Shell 503

2. Preliminaries

The variable domain €2, can be parametrized in terms of the reference domain
2 via a mapping ¥, such that

v, . Q — Q, is invertible
! . 2.1
and ¥, |yq : 022 — 0%, is invertible.

The explicit construction can be found below in (2.8).
Throughout the paper we will make heavily use of Reynolds transport theorem,
which we will use without any further reference. This theorem says that

d
— gdx = / B,gdx—i—/ a,nvo\lln_l ~v,,gdH2, (2.2)
dr Ja,, Q) 0]

provided all terms are well-defined. The above can easily be justified by transpo-
sition and a chain rule. The heuristic beyond is that v is the direction in which
the domain changes (which in our model is a fixed prescribed direction) and 9,7
describes the velocity of change. Therefore, the scalar 9;7v o W, L. v, is the deriva-
tive of the change of the domain; i.e. the forces acting in direction of the outer
normal of 9€2,(;). For a couple of functions (¢, b) which satisfy tr,(¢) = b in the
sense of Lemma 2.4 we have

/ <de2=/ oW, |det(D\Il,7)|dH2=/ b |det(DW )| dH>.
aQy, aQ aQ

2.1. Formal a Priori Estimates and Weak Solutions

We introduce the weak formulation of the momentum equation, which will be
coupled to the material law of the shell. This is motivated by the a priori estimates.
We will now derive these estimates formally. First, we multiply the momentum
equation by u and integrate with respect to space (at a fixed time). We multiply the

2
continuity equation by % and integrate with respect to space (at the same time).
Subtracting both and applying a chain rule yields

[ (e

uf?
= Bt(gu) -udx — B,QT dx

Qn Qn
= / (— div(ou @ u) + uAu+ (A + w)Vdivu —aVe” +Qf) -udx

$2y

- luf?
+ div(ou) 55— dx

2y

:-/ g#uw)nd?’{z%—/ divr-udx~|—f of -udx
0Q, Qy S
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_ _ [u? 2 2 )
= o5-u-v,dH” + Tu- v, dH T : Vudx
9y, a9y, Q,
—i—/ of -udx.
Q’I
By Reynolds’ transport theorem we get

— Q—dx:/ r(u-vn)o\lln|detD\Il,7|dH2—,u/ |Vu|? dx
M

n

—(A—i—,u,)/ |divu|2dx+/ ag”divudx—i—/ of -udx.
Q, Q

n n
To control the pressure term, we multiply the continuity equation by y o ~! and

gain

0:/ atgydx+f (divuyg” +u-Vg”)dx

2y 2y

:/ o0V dx + (y — 1)[ oV divudx +/ div (ug”) dx.
QU QU Qn

We obtain by Reynold’s transport theorem and the assumed boundary values that

0 oVdx+(y =1 o” divudx.

dr Q, Q,

Later we will make this step rigorous via the use of so-called renormalized formu-
lation of the continuity equation, see Section 3.1 below. Hence, we have

d lu|? y>
— — d
dr Q”(Qery—lQ *
2/ r(u-v")o\Il,7|detD\Il,7|dH2—,u/ [Vu|? dx
M Q,
—(A+w |divu|2dx+/ of -udx.
Q'? Q’?

The boundary term represents the forces which are acting on the shell. Naturally
these have to be in equilibrium with the bending and membrane potential of the
shell. Formally, this is achieved by multiplying the shell equation (1.7) with 9;7.!
Using once more that u o ¥, = d;nv on M we find that

d [ 13
dr Jyy 2

d
dx+—K(n)=/ F-v8mdx=/ F-uoV,dx.
dr M M

1 Recall that we assume ggpg = 1.
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Thus, the right-hand sides of both equations cancel. Finally, we gain

2
/ @<r>|;(r>| © +/ y(,)dxw// Vul? dx do
Qy

+0‘+M)f/ | div u] dxda-|—f |8,;7| H2 + K(”)

=/f Qf.udxda+//ga,ndH2da
0 Ja, 0 Jm

2 2

K

/ 90! dx (mo) /Iml dH2
Q,, 200 2 M2

This implies, by Holder’s inequality and absorption, (1.12). In coherence with the
a-priori estimates we introduce the following weak formulation of the coupled
momentum equation:

d
/(—/ Qu~(pdx—/ Qu-8,¢+gu®u:V(pdx>dt
r\dr Jo Q

n

+// (/LVu:Vgo—i—()»—i—/t)divudivgodxdt—ag” diV(p)dxdt
1Je,

d
+/—/ a,ndez—/ amatde2+/ K'(n) bdH?*dr
1 dt Jy M M
=// Qf-¢dxdt+f/ gbdxdr
1JQ, 1JM

for all test-functions (b, @) € C5°(M) x C®(T x R?) with try¢ = bv.

2.3)

2.2. Geometry

In this section we present the background for variable domains, see [32] for
further details. Let  C R be a bounded domain with boundary 3 of class C#
with outer unit normal v. In the following 2 will be called the reference domain.
We define for o > 0 the set

={x e R?: dist(x, 0Q) < a}.
There exists a positive number L > 0 such that the mapping
A:90Qx (—L,L)— S., Alg,s)=q+sv(q) (2.4)

is a C3-diffeomorphism. It is the so called Hanzawa transform. The details of
this construction may be found in [30]. This is due to the fact, that for C 2
domains the closest point projection is well defined in a strip around the bound-
ary. Indeed, its inverse A~! will be written as A~'(x) = (g(x), s(x)). Here
q(x) = argmin{|q — x||q € 92} is the closest boundary point to x (which is
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an orthogonal projection) and s (x) = (x — g(x)) - v(g(x)). For the sake of simpler
notation we assume with no loss of generality that

A(g,s) € Qforalls € [-L,0).

Hence, s(x) is the negative distance to the boundary if x € 2 and the positive
distance, if x ¢ 2. The orthogonality of the mapping is best characterized via the
equation Vs(x) = v(g(x)). For a continuous function n : 92 — [—L, L] we
define the variable domain

Qy=Q\ S U{x eS8 : s(x) <nlgkx))). (2.5)
Now

vy (x) is defined as the outer normal at the point x € 9€2,,. (2.6)

Definition 2.1. (Function spaces)For I = (0, T), T > 0,andn € C(I x 9Q) with
Inll < LwesetI x Qy:=J,c{t) x Qe C R*. We define for 1 < p,r < o0
LP(I; L7 (Qy) == {v e L'(I x ) : v(t,") € L" ()
forae.t, lv(t, )lLr(@,q) € L”(I)},

LP(I; W (@) = {veLP(I; L"(Qy): VveLPU; L"(2))}.
Lemma 2.2. ([32], p. 210, 211 and references given there.) Letn : 02 — (—L, L)
be a continuous function such that:

(a) There is a homomorphism ¥, : Q- 5,7 such that W, q\s, is the identity;
(b) If n € CX(R) for k € {1, 2,3} then ¥, is a C*-diffeomorphism.

As the impact of the geometry on the PDE is quite severe we will include an
explicit construction of ¥,,. Since we will use the parametrisation below locally we
will assume Im(n) C [—%, %], where L is a fixed size, such that A given in (2.4)
is well defined on the set 02 x [—L, L]. We relate to any 1 : 92 — (—L, L) the
mapping ¥, : 2 — ,, such that

¥, : Q — @, is invertible,

.. . 2.7
W, : 902 — 0, is invertible.

This can be constructed as follows. Let ¢ € C°°( —3TL, 00), [0, 1]) such that

¢ = 0in [—3TL, —%] and ¢ = 1 in [—%, 00). Moreover, we assume that ¢ is
a C* diffeomorphism on [—%, —%] with gD(l)(—%) =0= (p(l)(—%) foralll

{1,...,k}. Werelate to any n : 92 — (—L, L) the mapping ¥, : Q@ — £, given
by

4(0) + (500 + 1@(e(s () )v(g (), if distr, 99) < L,

X, elsewhere

¥, (x) = {
2.8)
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Hence, the two one-to-one relations in (2.7) are satisfied.
If [7]leo < % the mapping ¥, can be extended such that

W,:Q. — QUS,. is invertible. (2.9)
21 2

C QU Sr. The

Due to the assumption [|7]s0 < % we have that @ C Qé_n
2

extension is obtained by setting

v, (x)

a(0) + () + (@) (g(x)), if x ¢ Qand s(x) + n(g(x) < £,
=14 + (5 + 1@e () )v(g(x), ifx € Qands(x) < L,
X, elsewhere.

(2.10)

We collect a few properties of the above mapping W,.
Lemma 2.3. Let 1 < p < oo and o € (0, 1]. Then:

@ If n € W22(0RQ) with |nlleec < L, then the linear mapping v +— v o v,
(Vi> Vo \11771) is continuous from LP () to L" (2) (from LP(2) to L™ (2y))
forall1 £r < p;

d)If n € W»2Q) with ||nllec < L, then the linear mapping v +— V o v,
(V> vo ‘I’;l) is continuous from Wl’p(Q,]) to Wl'r(Q) (from Wl'p(Q) to
WL (@) forall 1 <r < p;

() Ifn € COL(@Qwith |nllee < L, then the linear mapping v > voW, (vi> vo
\II;I) is continuous from WP (Q2,)) to WP (Q) (from WP (Q) to WP (Qy)).

The continuity constants depend only on 2, p, r, o and the respective norms of .

Proof. The first two properties can be found in [32, Lemma 2.6]. The third assertion
follows by transposition rule and the fact, that VW, V\Iln’1 are uniformly bounded.
Indeed, letus assume that f € W ?(Q) forsome o € (0, 1). Recall that this means
that

— p
| f 1o :/Q A %dx dy < oo. (2.11)
Then
|f o Wy(x) — foW,(nI”
/ x — y[PHee drdy

1f (@) — FB)IP » y
/ / W (@) — Wiy | CHPY Dl daldet DY, DD

34ro

// |f(a) — fFD)IP ¥, (¥~ (@) — ¥, (¥ ()]
Q,Jo, la—bP*trT W, (@) — W, L (b)PH0

| det(DW;, 1)| da |det(DW; )| db
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< clldet (DY, 7 IV, //|f(a) for .

b|3+pa

In case 0 = 1, the result follows directly by the transposition rule. Since the
argument can be applied analogously to f o ‘I’n_l , the proof is completed. 0O

The following lemma is a modification of [32, Cor. 2.9]:

Lemma24. Let | < p < 3 and n € W>2(3Q) with ||nll.~@q) < L. Then the
linear mapping tr), : v — vo W, |3q is well defined and continuous from whp ()
to Wl_%’r(aQ)for allr € (1, p) and well defined and continuous from W”’(Qn)
to L1(0K2) forall 1 < q < 32_—pp. The continuity constants depend only on Q, p,
and ||n|ly2.2.

Proof. The claim is a consequence of Lemma 2.3 and the continuity of the trace
operator on the reference domain €2, which is assumed to be smooth. 0O

The following lemma allows us to extend functions defined on the variable
domain to the whole space IR? this is not trivial for n € W22(92) because the
boundary is not Lipschitz continuous, however, it requires the additional assumption

Inllzepe) < 5

Lemma 2.5. Let | < r < p < oo and n € W>2(dQ) with |[nl|L=@xe) < 5. There
is a continuous linear operator &, Wl’p(Qn) — WL (R3) such that cg’n|9 =Id.
n

Proof. If n W1 (3) the result is standard. There is a continuous linear oper-
ator

Epa:WhP(A) — WEP(RY)

for any bounded Lipschtz domain A and 1 £ p < oo, see, for instance [2, Thm.
5.28], where even slightly less regularity of the boundary is required.

For the general case we use the extension above to transfer from a functions
space over the variable domain to a function from a functions space over the refer-
ence domain. Indeed Lemma 2.3 implies that the mapping

WP (@) s u s u" e WHI(Q), u(x) = u(¥,(x))

is continuous for any 1 £ 7 < p. Since 2 is assumed to have a uniform Lipschitz
boundary it is possible to extend the function u" to the whole space. Hence, using
the Extension operator on €2, we find

E;q") € W (R?) and E; qu")|q = u.

In order to transform back we use the fact, that W, is invertible on Q; where

Qc Q; due to the assumption ||5]l L= o) < %, cf. (2.9). By Lemma 2.3 we find
that the mapping

W@ s v vy e WH(QU SL). vy) = (¥, (x)
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is continuous for any 1 < r < 7 < p. Finally, we set

& = Erqus, ((Er.qu") ueWhP(Q,).
2

QZ)T]
It is now easy to check that &, has the required properties. O

Remark 2.6. If n € L®(I; W>2(3K2)) we obtain non-stationary variants of the
results stated above.

2.3. Convergence on Variable Domains

Due to the variable domain the framework of Bochner spaces is not available.
Hence, we cannot use the Aubin—Lions compactness theorem. In this subsection we
are concerned with the question how to get compactness anyway. We start with the
following definition of convergence in variable domains. Convergence in Lebesgue
spaces follows from an extension by zero.

Definition 2.7. Let (i) C C(I x 3 [—0L,0L]), 0 € (0, 1), be a sequence with

n; — n uniformly in I x 9€2. Let p € [1, oo] and k € Ny. Then:

(a) Wesay thatasequence (g;) C L¥ (1, L1(S2;,)) convergestogin L¥ (1, LY(2y,))
strongly with respect to (1;), in symbols g; —" gin L¥ (I, L1(2,,)), if

XQ, & — X, in LP(I, LY(R%);

(b) Let p,g < oo. We say that a sequence (g;) C LP(I, L9(2,,)) converges
to g in LP(1, L9(R,,)) weakly with respect to (1;), in symbols g; —7"
ginLP(I, LY(2y,)), if

X9, & = x9,¢ in LP(I,LI(RY));

(c)Let p = oo and g < oco. We say that a sequence (g;) C L*(I, L1(2,,))
converges to g in L>°(1, L9(£2,,)) weakly* with respect to (n;), in symbols
gi =" gin L%(1, L9(S2y,)), if

xe, & —* xa,g in L™, LI(R)).

Note that in case of one single 7 (i.e. not a sequence) the space L (1, L9(2;))
(with1 £ p <ooand 1 < g < o0) is reflexive and we have the usual duality
pairing

LP(I, LY(Qy)) = LP' (I, L9 (), 2.12)

provided that 1 is smooth enough, see [41]. Definition 2.7 can be extended in a
canonical way to Sobolev spaces. We say that a sequence (g;) C L” (I, wha (25,))
converges to g € LP (I, Wl’q(Qm)) strongly with respect to (;), in symbols

g —"g in LP(I, WhP(Q,)),

if both g; and Vg; converges (to g and V g respectively) in L” (I, L9(£2y,)) strongly
with respect to (1;) (in the sense of Definition 2.7 a)). We also define weak and
weak™* convergence in Sobolev spaces with respect to (n;) with an obvious meaning.
Note that an extension to higher order Sobolev spaces is possible but not needed
for our purposes.
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2.4. A Lemma of Aubin—Lions Type for Time Dependent Domains

For the next compactness lemma we require the following assumptions on the
functions describing the boundary:

(A1) The sequence (n;) C C(I x M;[—6L,0L)), 6 € (0, 1), satisfies
=" n in LI, Wo (M),
dmi —* dn in L, L*(M));
(A2) Let (v;) be a sequence such that for some p, s € [1, 0co) we have
v —~"Tv in LP(1; Wh(Q,));
(A3) Let (r;) be a sequence such that for some m, b € [1, co) we have
ri ="Tr in L™(I; L* ().

Assume further that there are sequences (Hl.l), (H,.z) and (h;), bounded in
L™(I; Lb(Q,h.)), such that d,r; = divdiv Hl.1 + div Hl.2 + h; in the sense of
distributions, i.e.,

// rialwdxdt:// H}~V2(pdxdt+// H[~2~V(pdxdt
1/, 1JQ, 1JQ,
+// h; @ dx dt
1Ja,

forall g € C3°(1 x y,).

Lemma 2.8. Let (n;), (v;) and (r;) be sequences satisfying (Al)—(A3) where Yl* +

1 _ 1 L4 1_1 2 ; ;
;=37 <land o + s =3 < 1.7 Then there is a subsequence with

vir; = vr weakly in L9(1, L°(2y,)). (2.13)

Remark 2.9. Assumption (A3) in Lemma 2.8 can be extended in an obvious way
to the case of higher order distributional derivatives. We have chosen the version
above as it is most suitable for our applications.

Proof. First we show local compactness. Consideracube Q = J x B suchthat Q €
Qél_ for all i large enough. By (A3) we know that r; is bounded in L™ (I; L?(B)) and

that 9,r; is bounded in L™ (I; W22 (B)). We can apply the classical Aubin-Lions
compactness Theorem [35] for the triple

LY(B) <> w10(B) > w=P(B),
and gain

ri—r in L"(J; W P(B)). (2.14)

2 Here, wesets* = 33%, ifs € (1, 3) and otherwise s* can be fixed in (1, 00) conveniently.
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Note that we do not have to take a subsequence since the original sequence already
converges by (A3). Now note that (A1) implies

ni —n in C*(I x M)
for some « € (0, 1) by interpolation. Consequently, for a given ¥ > 0 there is
ig = ig(k) such that
£4(1 X (2 \ szl)) <k V=i, (2.15)

where we have set

Q=)

izl

Now we fix a measurable set A, € I x €; with £* ((1 X Ql) \ AK> < k and cover
it by at most countable many cubes Qy = Jx x By such that
Acc|J ok e (1 x ).
k

They can be chosen in such a way that we find a partition of unity () associated
to the family Qy such that ¥ € C§°(Qy) and

> = 1in A,.

In particular, by taking a diagonal sequence, we can assume that (2.14) holds with
Q = Q. Forw e C3°(I x R3), we have

/A;} (xe,, rivi = xe,rv) wdx dr
[ JIR3
=§ // (rivi — rv) Ypw dx dt
= J1Jr

//3(X i l XSZU v) § (1 Wk)lﬂdxdt.

On account of (2.14) (with Q = Q) and (A2) the first integral on the right-hand
side converges to zero. Due to (2.15) the second integral can be bounded in terms
of k. Here, we took into account the boundedness of X, TiVi in L" (I x R3) for

some r > 1 which is a consequence of the assumptions % + % < land % + % < L.
As «k is arbitrary we have shown

lim // (XQU_ViUi — ngnrv) wdxdr =0,
i—oo J1 JR3 !
which means we have

xq, Tivi = xe,rv in D'(I x RY). (2.16)

However, our assumptions imply that xg, r;v; converges weakly in L4 (1, L* ®R3))
at least after taking a subsequence. As a consequence of (2.16) we can identify the
limit and the claim follows. O
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Remark 2.10. In the case r; = v;, we find that

T T
/ / |vi|2dxdt—>/ / [v|? dx dt.
0o Ja, 0 Jo,

Since weak convergence and norm convergence implies strong convergence, we
find (by interpolation) that
v; = v strongly in L2(1, Lz(Qm.)).

Showing such a result for the velocity field in the context of incompressible fluid
mechanics is the main achievement of the paper [32]. As opposed to (A3), the
time derivative is only a distribution acting on divergence-free test-functions in the
incompressible case. In contrast to the compactness arguments in [32], the proof
of Lemma 2.8 does not face this difficulty.

3. The Continuity Equation in Variable Domains

3.1. Renormalized Solutions in Time Dependent Domains

This subsection is concerned with the study of the continuity equation
d;0 + div(ou) =0 (3.1)

in a variable domain Q, with n € L®(I; W>2(3Q)) and u € L2(I; W'2(Q,)).
Observe the following interplay of the two terms of the material derivative, that
shall be used many times within this work. A (strong) solution to (3.5) satisfies for
any i € C®°(T x R3)

fg (000 +diviowy) dx

n

| (e + diviuw ) ax = [ (o0 +ou- vy d

Q¢ Qy

d
— oy dx + / oy (u— (9mv)oWy) - VndH2 dt
dr Jg, 99,

—/Q (Qa,w +Qu~V1/f)dx.

n

In the case of our consideration we find, due to tr; (w) = 9d;nv, that

d
/,Efgné”/fdxdf—/[/% (Qazlﬂ-l-gu-vw)dxdtzo (3.2)

forall y € C (T x R3). Equation (3.2) will serve as a weak formulation of (3.1).
It is worth mentioning, that by taking ¥ = o, in (3.2) we find that the total mass
is conserved in the sense that

/ o(t)dx =/ 0(0)dx
0) Qy0)
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forall t € 1. Following DIPERNA AND LioNs [15] we will introduce a renormalized
formulation which will be of crucial importance for the reminder of the paper.
An important observation is that the formulation in (3.2) can be extended to the
whole space despite the fact that u does not have zero boundary values (this will be
essential to prove strong convergence of the density, see Section 6.4). In fact, we

have
d
/—/ dexdt—/f (Qatl/f—l—gu-Vl//)dxdt:O (3.3)
1 dr R3 1 JR3

for all € C®°(I x R3) provided we extend o by zero. It is essential to introduce
the principle of normalized solutions on variable domains. To be explicit we wish
to study the family of solutions 6 (o), where 6 € C 2(R*; R1), such that 8” = 0 for
large values and 6(0) = 0. In what follows we only argue formally. For a rigorous
derivation of the renormalized continuity equation we refer to the next subsection
and the derivations in Sections 6.3 and 7.2. We may use the test function 6’ (o) v
with ¥ € C®(I x R3)in (3.3) and hence find that

d
o= [ 4 [er@vaa- [ [ (aer@n-aer@v
1 At Jg3 1 JR3
+ div(e#' (0)u w)) dxdr + f / (er’(g) “uy + 00/ (o) div u) dx dr
1 JR3
d .
=[5 [Leo@vara- [ [ (aeo@w +dveseu)arar
1 At Jg3 1JR?
+ / / (ate(g)w + div(6(0)u) w) dx dr
1JR3
+ / (09" (0) — 0(0)) divu yr dx dr.
R3
Now, integration by parts and Reynolds’ transport theorem imply that the first line
vanishes. Again, integration by parts and Reynolds’ transport theorem transfer the

second line in the appropriate weak formulation. Hence, we find the renormalized
formulation is

0=/i/ e(g)wdxdt—// (6@ + 6@ - vy ) dras
I dr Q, e,

(3.4)
+ f / (09" (0) — 0(0)) divu yr dx dt
1)a,

forall € C®(I x R?).

3.2. The Damped Continuity Equation in Time Dependent Domains

We will need very explicit a-priori information about our approximation of
the density o. The necessary result is collected in Theorem 3.1 below. For the
analogous results for fixed in time domains see [21, section 2.1]. We will assume
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that the moving boundary is prescribed by a function ¢ of class C3(I x M). For a
given function w € L2(I; WI*Q(Q;)) and ¢ > 0 we consider the equation

90 +diviow) =eAp in I x Q;, 0(0) = 0o in Q¢ (o), s
- (3.5)
v;Q|8Q Lo(w — (3,¢v) O\Ilgl) “ve on I x 9.

A solution to (3.5) satisfies (formally) for any ¥ € C*®(I x R?)

/Q { (8,91// + diV(Qw)Ip) dx

/Q{ (a, (V) + div(wa)) dx — / <Q3tlﬂ +ow- vw) dx

Q

d
— Ql/fdx+/ Qlﬂ(w—(at{v)o\ll;)mgd?'{zdt
dr Jo, (lo8

. / (ga,w +ow- vw) dx.

Q¢

On the other hand, we have

/ 8AQ1//dx=/ eaugwde—// eVo -V dxdr
Q Q 179

=f oY (W — (3;¢v) o Wy) - v dH dr

// eVo - Vyrdxdr.
$2

This motivates the choice of the Neumann boundary values in (3.5) which implies
the following neat weak formulation:

/i/ Q’ﬁdxdt—// (0¥ + ow - V) dx dt
1 dr Jo, 1Je;

- / / eVo -V dxdr (3.6)
1Je,

for all y € C®(I x R?). We wish to emphasize that this weak formulation is
canonical with respect to the moving boundary, as it is the only formulation which
preserves mass. This turns out to be the essential property to gain the necessary
estimates and correlations.

Theorem 3.1. Ler¢ € C3(I x M, [%, %]) be the function describing the boundary.
Assume that w € L*(I; W'2(Q2¢)) N LI x Q) and 0o € L*(Q¢(0))- Then:

(a) There is a unique weak solution o to (3.6) such that

0 € L®0, T; L*(Q2) N L*0, T; W' (Q,));
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(b) Let6 € Cz(R+; R) be such that 0'(s) = 0 for large values of s and 6(0) = 0.
Then the following holds, for the canonical zero extension of 0 = 0xq, -

/i/ H(Q)wdxdt—/ 0(o) 0: dx dr
1 dr Jgs IxR?

= —/ (09'(0) — 6(0)) divw ¥ dx +/ 0(0)w - Vi dx dt
IxR3 IxR3
— / exe,VO(o) - Vi dxdr
IxR3
- / exe.0"(@)IVel*y dx dr 3.7
I xR3

forall y € C®(I x R3);
(c) Assume that 0o 2 0 a.e. in Q¢ (). Then we have ¢ 2 0 a.e. in I x Q.

Proof. In order to find a solution to (3.6) we discretise the system. It is standard to
find a smooth orthonormal basis (@ )ren of WL2(Q). Now define pointwise in ¢

Wy = @ 0 ‘I’c_l.

By Lemma 2.2 we still know that wy belongs to the class C3(§; (t)). Obviously,
(or)ken forms a basis of W12(Q (¢)). We fix the initial values as the L*(Q2; (0))-
projection onto Wy = Span{wy, . ..wy} such that

Q(I)V—>Q() in Lz(Qg(o)).

We are looking for a function oy = Y Brwy satisfying foralll = 1,..., N

d
_ QNa)ldx—/ (QN 8,a)1+QNw-Va)1)dx
dt Q Q
_ / Vo - Vo d, (3.8)
Q

with initial data QS’ . This is equivalent to

dpBx d
—/ wrw;dx = —,Bk—f wrw; dx + ,Bk/ (a)kafwl + wEw - Va)l) dx
dr Q dr Q Q

- ,Bk/ eVay - Vay dx, (3.9)
Q¢

and ,31 ) = ,3(’). Here, the S ’s are the unknowns (as functions only on time). Now,
we define the matrices A, B € RV by

Ar. =/ wyrw; dx,
Q

d
Bri=—— wyw; dx ~|—/ (a)katwl + wrw - Va)l) dx
dt Q Q
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—/ eVwr - Vaydx.
2

Because (wy) is a basis of W12 (S2¢(ry) the matrix A is positive definite. Hence (3.9)
can be written as 8/ = A~ BB where B is the vector containing the f;’s. This is
a linear system of ODEs which has a unique solution. In order to pass to the limit
N — oo we need uniform a priori estimates. So, we multiply (3.9) by f; and sum
over [/ such that

d [ lonl?
dr Q 2

dx +f e|Von|*dx
Q

2
:/ lov] (a,gv)o\v;l-v;deJr/ ONW - Voy dx
09, 2 Q

< cf |QN|2dH2+C/ lon|IVonldx =: (Dy + (I y.
Q2 Q¢

We use Lemma 2.3 and the trace theorem W%'Q(Qg) — LZ(BQ;) (note that ¢ is
Lipschitz continuous uniformly in time) to conclude that (see [2, Chapter 7.7])

2

2 2
Wi T c@)(Jlen ”LZ(Q{) +lon| ).

2
(DN = llen 720, = @ en]| SR
where | - |W%_2(Q ) is given by (2.11). Interpolating W22 between L2 and W2
(2
(see see [2, Chapter 7.3]) we obtain for x > 0 arbitrary
(hx = [ lenPar? <x [ 1VenPax+ew) [ P G10)
39 Q Q

The same estimate holds for (/7)x by a simple application of Young’s inequality.
Combining both and applying Gronwall’s lemma we have shown

supf |QN|2dx+// 3|VQN|2dth§C/ lool? dx
1 Q; I Q{ Q((O)

uniformly in N, where C depends on &, ||w||, and |/| only. Hence, we obtain the
existence of a limit function

0 € L®(I; L*(Q)) N L*(1; Wh2(2,))

using (2.12). Moreover, oV converges weakly (weakly*) to o. The passage to the
limit in (3.8) is obvious as it is a linear equation. The uniqueness is shown in the
following way: assume that we have two solutions py, p2. The differences of the
two solutions 01 — @2 and p2 — p; are both solutions with zero initial datum. Now
we may take ¢ = 1 as a test-function for both equations and find that

0< / (01(1) — 02(1))dx <0 forall ¢ €.
Q¢ (1)

Hence, a) is shown.
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Next we show b). We extend o by zero to I x R3 and obtain

d
/—/ dexdt—/f (QBﬂ//—G—QW-VI//)dth
; dr Jgr3 1 JR3
:—// exe, Vo - Vi dxdr
IJR3

for all € C®(I x R?). Now, we mollify the equation in space using a standard
convolution with parameter ¥ > 0. Then we find that the following PDE is satisfied:

010k + div (QWXQ()K = div (XQ; VQ)K in I xR, 3.11)

We observe that this equation implies in particular, that 9,0, is a smooth function in
space. To proceed we need to use an extension operator on w. Since €2, is uniformly
in C? there exists a continuous linear extension operator

& WH(Qo) > WHRY),
see, for instance, [2, Thm. 5.28]. Using this operator, we can reformulate (3.11) by:
o + div (0c 6 w) = re +ediv (xo, Vo), in I xR, (3.12)

where r, = div(o, &; W) —div(0&; w),.. We infer from the commutator lemma (see
e.g. [36, Lemma 2.3]) that for a.e. ¢

1 1 3
T ll Lo (m3) = IWllwizmwsylloll zios g3y, =211

=]

as well as
r, > 0 in LI(RY (3.13)

a.e. in 1. Note that a) implies that o € L'9/3(1 x ;). Now we multiply (3.12) by
0’ (o,) and obtain

30(0c) + div (0 (0) & W) + (0c0’ (0x) — 0(0x)) div & w
=r:0'(0c) + div (¢(xe, Vo), 0'(00))
- (x2. Vo), - 0" (@) Vo- (3.14)

Due to the properties of the mollification and # € C? we have (at least after taking
a subsequence)

6(o) > 0(0) in LI(I x RY),
6(o0) =*6(0) in L¥( x RY)
for all ¢ < oco. The same is true for 6’ (o, ) and 6” (o, ). Consequently, we have

(xe, Vo), -0"(e)Vae = x,0"(©@I|Vol* in L'(I x R?)
and (xq, Vo), 0'(0c) = xe.0'(@)Vo in L*(I x R?).
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Hence, multiplying (3.14) by ¢ € C*°(I x R?) and integrating over / x R implies

/3t/ Q(Q)I//dxdt—/ 0(o) 0;y dx dt
I R3 IxR3

+f (00'(0) — 6(0)) div & w yr dx dt

I xR3

=f 6(0)Ew - VY
I xRR3

[ exavo@ vwdrdi— [ a6 @velydrr.
I xR3 I xR3

This proves b) since &; w = win ;. In order to prove c) we use (3.7) for y = x[o0,1]
and 6 = 6, where 6, is a smooth approximation to 6(z) = z~ = — min{z, 0}. Itis
possible to define 6, as a convex function such that

O —> 0, 6,0 (3.15)
pointwise as n — oo as well as
02D = ¢+ 1z, 16, = c, (3.16)

uniformly in 7 and z. This yields

f 60 (1)) dx — / 6 (00) dx
R3 R3

! 13
0 JR3 0o JRr3

t
= —/ / (06,(0) — 6n(0)) div wdx.
o JR3

On account of (3.15) and (3.16) we can pass to the limit by dominated convergence,
so we have

t
/ 0(0(n) dx —/ 0(go) dx < —/ / (00'(0) — 0(0)) divw dx = 0,
R3 R3 0 JR3

which implies 6(o) = 0 a.e. by the definition of 6 and the non-negativity assump-
tion on gg. This implies ¢). O

4. The Regularized System

The aim of this section is to prepare the existence of a weak solution to the
regularized system with artificial viscosity and pressure. In order to do so we have
to regularize the convective terms and the variable domain. We start by introducing a
suitable regularization. Here and in the following we will use, whenever necessary,
zero-extensions to the whole space for quantities which we wish to regularize via
convolution without further reference.
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4.1. Definition of the Regularized System

We will construct a mollification of both ¢ and v. At first, for any

c(ixan[-L L

¢ € ( X [ 2’2])’

we introduce a standard regularizer. Since we cannot extend ¢ to R in time, we
use convolution with half intervals. Firstly, we take . € Cgo((—/c, 0], Ry) and
7}t € C§°([0, k), Ry) with | tF = 1. Secondly, we take ¥ € C*([0, T, [0, 1])
suchthaty = 0on|[0, T/4],v¥ = 1 on[3/4T, T] Then we define 7, = 1//1,C++(1 —
Y7, . Now, we convolute ¢ with the product of 7, and a standard mollification
kernel ¢, on 92 (i.e. a smooth function with ¢, —* §y and f ¢« = 1) and define
Fi (L, q) = (te@r %2) (2, q). By classical theory we have the following properties:

Lemma 4.1. (a) We have Z,.t € C*(I x M).

(b) If « — 0 we have %, — ¢ uniformly.

(©) If¢ € LA(I; Wy* (M) then we have & — ¢ in L*(I; Wy'> (M) fork — 0.

(@) If 0, € LP(I x M) we have 0, %, = %#,(0;¢) — 90,;¢ in LP(I x M) for
K — 0.

(e)If ¢ € CY(I x M) for some y € (0, 1) we have Z.¢ — ¢ in CY (I x M) as
K — 0.

(f) We have max |%,.¢| < max |Z|.

On the other hand, for functions belonging to L? (I L? (R3)) we define v, to be
the standard space-time mollification kernel with parameter «. Note that functions
defined on the variable domain can be extended to the whole space by zero (i.e.
a smooth function with ¥ —* 8y and f Y = 1). To be precise, we will use the
definition for the regularization

(Bev)(x) 1= /};{ Ul =5y = D ixg, (5, )V(s, y)dy do

Since we may assume that i, is an even function, we find that, for u,v €
Lll (Rn+l)
ocC ?

/ %Kvudxdtzf V%, udxdr.
IxQgp ¢ IxQgp ¢

With no loss of generality, we assume that pg, qo are defined in the whole space
R3. We also set ug = g—g and assume that ug € L2(R3). Finally, in accordance with
(1.10), we assume that

trog, nolo = N1v.

This can be achieved as done in [32][p. 234, 235] (in fact, our situation is easier as
we do not have to take into account the divergence-free constraint).
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The aim is therefore to get a solution to the following system: we are looking
for a triple (1, o, u) such that

00 +div(oZcu) =eApo inl x Qgy, y,
(o +1)u) +divioZcu®@u) =ecA(pu) + pAu+ (A + p)Vdiva
— % V(ao” +80P) +of inl x Qs
8,,%,MQ(~, -+ % nv) =0, u(s, -+ %cnv) =0onv inl x 092,
0(0) =00, (ow)(0)=qp inQgz, y©),
I+ K'(m=—v-(—tv)oW,! |detDWy .| inlxM,
7 =¢V(pu) —2ueP @) — Adival
+ % (ag” + 8071
n =0, Vn=0 inl x IM,
n0) =no, 9n0)=mn inM. 4.1

The choice of the regularization of the above system will be clear by defining the
weak formulation. In fact, the weak form of the above system can be written in two
equations. Every other piece of information will be imposed upon by the choice
of convenient function spaces. For this reason we define the following function
spaces: we set

Y= WO LA(M)) N L®(I; W22(M))
and for ¢ € Y! with ||{ |l < L we define
Xg = L2(1; W)

A weak solution to (4.1) is a triplet (n,u, o) € Y x Xﬁ/? n X X(ﬁi , that satisfies
the following:

(K1) The regularized weak momentum equation

d
/—/ (Q+K)u-g0dxdt—/<// ou - ;¢ dx dr
1 dt Q»%’kﬂ Q%’Kn

—/f oZ-u®u: Vgodxdl—i—// uvu : Vo dx dt
1JQz .y Q7 n

+// O+ ) divu div e dx dr
Q%

—// (ao” + 80%) div %, ¢ dx dt
Q% n

d
+/<d / danbdH? / dm 0,b dH? +/ K(n)dez)
// eV(ou) : V(pdxdt+// of - pdxdr
Q/KU Q/K’I
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+// ebdxdi 42)
1 JM

for all test-functions (b, @) € C{°(M) x C(1 x R3) with trop, ,9 = bv.
Moreover, we have (ou)(0) = qq, 7(0) = no and 9,1(0) = ;.
(K2) The regularized continuity equation

/(i/ Qlﬂdx—f <Q8,¢+Q%Ku~vw)dx)dt
I dr K Fien

+€// Vo -Viyrdxdt =0
I JQgp .y

for all € C*°(I x R?) and we have 0(0) = o.
(K3) The boundary condition trg, ,u = d;nv holds in the sense of Lemma 2.4

4.3)

For more details on the interplay of the convective term and the time derivative on
the boundary we refer to the next subsection.

4.2. Formal a Priori Estimates for the Regularized System

To understand the particular regularization we briefly discuss how to obtain

2
formal a priori estimates for (4.1). By taking % in the continuity equation and
subtracting it from the momentum equation tested by the couple (u, 9;1) we find

t t
/ (@ + K)|u(t)|2dx +/ / (4|Vu? + (1 + w)ldiv ul?) dx do
Qion N 2 0 JQy .,

+ / [ é‘Q|Vll|2 dxdr + / M dHZ + (1)
0 Q/}ZKTI M 2 2

t
—f/ (0" + 80%) div %, udx do
0 JQyp .y

2 2 2
K
=/ 90/ dx+/ [nol dH® + [71] dH + (mo)
Qw2 M 2 M 2 2

t t
+/ / of -udx da—l—/ / g 0 dH? do. (4.4)
0 JQyp .y 0 JM

The right-hand side of the inequality is as wanted, since all dependencies on 71, u
can be absorbed to the left hand side. Therefore, the only term that needs an extra
treatment is the pressure term. We multiply the continuity equation by o’ ! to
obtain

d

0=—
dt

oV dx + / (y — DoV divZ, udx
Q/"/’,‘KU QK’ZKn

+ef y(r — Do’ Vol dx.
Qr%’/(’?
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Repeating the above for 6(p) = Qﬂ , We can estimate the pressure term in (4.4)
accordingly and deduce the following a priori estimate:

sup/ (Q—|—K)|u|2dx+sup/ (aQV +8Q‘3) dx+// |Vu|2dx dr
1€l VL oy 1€l JQgz oy 29

+sf/ QV*2|VQ|2+Q|Vu|2dxdz+sup/ EX] dH2+supK(n)
X rn tel

c(f laol® | +/ (0} +3805) dx—i—/ 1912, )dt)
Qz a0y Q0 Q% 10 #
+c / |no|2dH2+/ |m|2dH2+K(no)+/llgH2 dr>,

( p p ALELVE (4.5)

with a constant ¢ that is independent of «, §, €. The rest of this section is now
dedicated to the proof of the following existence theorem:

A

Theorem 4.2. Suppose that no, n1, 00, qo, £ and g are regular enough to give sense
to the right-hand side of (4.5), that oo 2 0 a.e. and (1.10) is satisfied. Then there
exists a solution (n,u, Q) € Y x Xé? n X Xé] 0 to (K1)—(K3). Here, we have

I = (0, Ty), where T, < T only if lim;— 7+ |[n(t, )llrepe) = % The solution
satisfies the energy estimate (4.5).

Remark 4.3. The restriction ||n]lcc < % is needed for the construction of our
extension operator, see Lemma 2.5. The latter one is used for the renormalized
continuity equation, see Theorem 3.1 b) and, in particular, Section 6.3. This is why
we keep the assumption ||7]leo < % during the whole construction and only relax
it at the very end in Section 7.4.

4.3. Definition of the Decoupled System

The strategy for proving Theorem 4.2 is to first construct a weak solution to
a decoupled system and eventually apply a fixed point theorem. Let us consider a
given deformation ¢ € C(I x M) and a given function v € L*(I; R?). We will
decouple (4.1), by replacing there %, n with %, ¢ and %, u by %, v. Firstly, we
find from Theorem 3.1 that there exists a unique ¢ € X g, . that satisfies

d
/—/ dex—/ (Qa,wdxdz+Q%Kv-w)dxdt
1 drJa,, . Q7 ¢

—i—e// Vo -Virdxdr =0
Qg ¢

forall y € C*° (7 X R3). Observe that p exists independently of u, 7.

(4.6)
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Secondly, we repeat the interplay of the boundary deformation with the con-
vective term for the momentum equation and find that smooth functions satisfy

[ (atesow ot dvedvon-g)a
Qt%’/cf
= / (40 +1)u-9) +divie Z V@ U @) dx
Q‘?K[
—/ ((Q+K)u~8;<p+Q%,<v®u:V(p>dx
Q¢
(Q+K)u-(pdx—/

Q‘%K[

—+—/ Qu-¢<ﬁxv-vgxg—(8t%,< g‘v)o\Il;;)de
3, ¢ «

= — (Qu-8t¢+Q%KV®u:V¢)dx
dr Qi c

—+—/</ u- @ % Cvo\I’;jlgde —/ ku - d;¢ dx dr. (4.7)
3, ¢ * Q

% i ¢
Observe that in the case of a fixed point u = v, n = ¢ we find that

(%K u- (at %K T)U) © \II;Z}( 77) Ve = 0 on an]K n

which implies that the boundary integrals will vanish. For this reason, we will
solve the decoupled momentum equation with boundary values of u, which are
implicitly defined by removing the first boundary term (this is analogous to the
Neumann boundary data of the decoupled continuity equation, see Section 3). For
the same reason we neglect the second boundary integral as well as the very last
integral. Concerning the other terms of the momentum equation, when adapting
partial integration we get force terms acting on the boundary in normal direction
(pressure, diffusion, exterior forces). These are then assumed to be equalized by
the elastic forces of the shell. Observe here that 7 is identical for the decoupled
system and the coupled system.

All together we require from (n, u, ) € Xé?d X X&M x Y1 that it satisfies
the following:

(N1) The regularized decoupled momentum equation

d
/—f (0 + Kk)u- @dxdt
1 dt Q<%K(
—/f (Qu'3t¢+g.%’KV®u:V(p>dxdt
1R, ¢

+/f (uVu:V(p+(k+u)divu diV(p)dxdt
1IQgp, ¢

- / f ((QV 1 80%) div e @ — eV (ou) : w) dx dr
1JQ%, ¢

d
+/<—/ a,ndeZ—/ atna,de%r/ K’(n)de2> dr
\dt Jy M M
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:// Qf~(pdxdt—|—// gbdxdr 4.8)
199, ¢ 1JM

holds for all test-functions (b, @) € C§°(M) x C®°(1 x R?) with oy @ =
bv. Moreover, we have (ou)(0) = qo, n(0) = ng and 9;n(0) = n1.

(N2) The decoupled regularized continuity equation (4.6) is satisfied with initial
datum o (0) = go.

(N3)  The boundary condition trg, ;u = d;nv holds in the sense of Lemma 2.4

The a priori estimates are formally available as before for the regularized system in
Section 4.2. First, one uses (u, d;7) as test-function in the momentum equation and

. . . . 2 .
subtract the continuity equation tested with % Second, one uses the renormalized
formulation (3.4) to estimate the pressure term.

Theorem 4.4. For any ¢ € C(I x M;[-5, %)) and v € L*(I; L*(R?)) there
exists a solution (n,u, o) € v x ng ¢ X Xéj ¢ to (N1)—(N3). Here, we have

I = (0,Ty), where Ty < T only if lim/—7+ [[n(t, )L~ = 5. The solution
satisfies the energy estimate

Q(t) 2
-— 4+ d
/%K[ ( K)|u(t)| X

t
+f / ((M+89)|Vu|2 + (A+M)Idivu|2> dx do
0 JQz, ¢

2 K
+/ ( T Qﬁ(t)) dx+/ PO g2 KOO)
Q¢ Y -1 M 2

B—1 2

2
§// ,of-udxda+/f g8,ndH2d0+/ ol
1oz, . 1Jm Qe Q0

a 5 g K (no) Inol® . »
+/ ( ol + 0 )dx+ + dH
Q. 0y =10 p—17° 2 M 2

112

dH?
v 2

+
for all t € [0, T*], provided that no, n1, 00, Qo, f and g are regular enough to
give sense to the right-hand side, that oo = 0 a.e and (1.10) is satisfied. Here, the
constant c is independent of all involved quantities; in particular, it is independent

of vand¢.

Proof. In order to prove Theorem 4.4 we discretise the system. It is standard to
find a smooth orthonormal basis (Xg)gen of WO1 ’Z(Q) and a smooth orthonormal
basis (Y)xen of WO2 ’2(M ). We define vector fields Yy by solving the homogeneous
Laplace equation on 2 with boundary datum Yxv (which is extended by zero to
92). Note that standard results on the inverse Laplace operator guarantee that Yy
is smooth. Now we define, pointwise in 7,

Xy = ik o ‘I’élg_, Y, = §k O‘I’;Z,l{.
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By Lemma 2.2 we still know that X; and Y; belong to the class C3(§,%>K§(t)).

Obviously, (X)ren forms a basis of WS’Z(QE@K ¢(2)). Now we choose an enumer-
ation (@y)ren of Xg @ Y. In return we associate wy := @; o Wy, |3QE,,]K{ - V.
Analogous to the arguments in [32, p. 237] we find that

= Span[(wwk, pwp) lp € C(I), k e N}
is dense in the solution space
Zp, ¢ = H(S, 9) e Yl x X{%M D vy = tr%(;go],
and in the space of test-functions
Zy, o =€ 0 e CT WG M) x L2 W'(Qap, ) N C(T: LA (Rt 0))
—]
Now, we can begin with the construction of the solution. First, we fix o =
0(Zy ¢, %, v) as the unique solution to the continuity equations subject to the ini-
tial datum gq existence of which is guaranteed by Theorem 3.1, where { = %, ¢

and w = %, v. Next we seek for a couple of discrete solutions (nV,u") € V7
of the form

N

N t
nN =no+ Z arywido, uy = Z Ok N W,
k=1 J, k=1

which solves the following discrete version of (4.8):

| e+ oun® o
ij{
t
—/ / (,QuN-a,wk—l—Q%’KV@uN:Vwk)dxdt
QJK{
t
+ / / (/LVUN Vo + (A4 p)divay diva)k> dx do
Q¢
t
- f / ((gy + 80P) div Z, o — £V (ouy) : Vcok) dx do (4.9)
Qa,f Iq
t
+/ / K’(mv)wk — N Bzwk) dH? do +/ I (Hw (1) dH?
/ / of - wkdxdt+/ / g wy dx dr
ijt

/ @ - 90, )dx+/ i we dH
Q2 4 £(0)
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We can choose «y (0) in such a way that uy (0) converges to qo/00-
The system (4.9) is equivalent to a system of integro-differential equations for the
vector ey = (o N),Icvzl; it reads as

t t o
Aoy () = / B(o)ay(o)do + f / B(s, o)ay(s)ds do
0 0 Jo

t
+f c(o)do +¢, (4.10)
0

Aij = / (0(t) + K)wi(1) - w; (1) dx + / wi (Hwj(t) dH?
Q¢ M
Bij:/ (Qwi'atw.j‘i‘gz%,(v@wi :ij>dx
Q%’K§
+ / (Mvwi :Vw; 4+ (A + p) divew; div wj> dx
Q%KC

—/ e(Vo®w; +0oVw;) : Vew;dx do —/ w; dwj dH?
Q%KC aQ%KC

B; =f K'(wi(s)w; (o)) dH?,
M

Ci=/ (QV+6Q’3) div%Kwidx+/
Q¢

Qﬁr’/{(

G =f q0 - ;i (0, -)dx+/ n w; dH>.
Q7 10) M

As (o + «) is strictly positive (recall Theorem 3.1) and the @y and wy from a
basis the matrix A is bounded (by the integrability of ) and positive definite
(due to ¥ > 0). Hence the inverse A1 exists and is bounded as well. We find
a continuous solution «y to (4.10) by standard arguments for ordinary integro-
differential equations. Since we wish to use it as a testfunction in the momentum
equation we have to show, that d,ay € LZ(I ), for some s > 1. The difficulty here
is that o is not weakly differentiable in time. This has to be circumvented. First
observe that by the Leibnitz rule, we find that

Qf~wl-dxdt+/ gw; dH?
M

o= A" (8,(«40() - 8,Aot>.

Due to (4.10) and the integrability of ¢ from Theorem 3.1 we have 9;(Aay) €
L(I). Moreover, A~! is uniformly bounded (due to ¥ > 0). Consequently, it
suffices to prove that 9;4; ; € L2(I) to conclude the differentiability of ay. By
taking the test function @; - @; in (4.6) we find that

0r Ai'—/ww-de =i/ Qaz)'-co-dx+i K®; - ®;dx
JJ iwj i@ i@
M dr Qa, ¢ dr Qe
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=/ Q(al(wi-(z)j)-F%KV'V(wi'(z)j)—‘rSVQ'V((x)i'wj)dx
Q¢

+K/ (0w - @) +w,--8,wj)dx+/</ & Ky {wi - @j dx.
Qi ot 9

¢ Q%’ K¢
Since the right hand side is in L?(I) (note that the w; are smooth also in time) and the
w; are smooths in time we find that 3,y € L* (1) and hence dyuy € L*(I X Q. ().
The a priori estimates are now achieved by differentiating (4.9) in time, testing

with (d;ny, uy) and subtracting (4.6) tested by %|uN|2. The terms with the time
derivative and the convective terms cancel and we obtain

f (0(t) + 1)
Qz ¢

t
+/ f ((u—i—eg)quNIz+(A+M)|diqu|2) dx do
Q]KC

=f/ pf~uNdxdcr+/f gy dH2d0+/ |q0|2dx
Q¢ Q22 ¢
/ |770| 42 + f |7’11| "4 K(Uo)

+// (ao” + 80P) div %, uy dx do. (4.11)
QJK(

luy (1) N O ., K@n@)
> dx + /M — dH” + -

Finally, we use Theorem 3.1 b) in order to rewrite the last integral. Choosing
@ = X[0,7] yields

t
/ / (06'(0) — 0(0)) div Z, uy dx dt
0 JQyp, ¢

g/ 9(9(0))dxdt—/ 0(o(t)) dx dt
Qe (O)

Qe

for any convex 6 € C%(R,;R,) such that '(s) = O for large values of s and

0(0) = 0. We approximate the function s ﬂ + ﬂ by a sequence of such
functions and obtain

t
/ / (ao” + 80P) div % uy dx do
Qii{(

a é
< ( o) + Qﬂ>dx
_/Q%K((O) y—19 " g—17"°

a 5 4
- — +— d
/Q%[(y_ 2o (1) 1% (t)) X
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By Young’s inequality we can absorb the terms that depend on uy or 9;ny in the
left hand side of (4.11) such that

uy[® a L
sup (0 +«) dx + sup < o’ + 0 ) dx
1 Q¢ 2 I JQyp . ¢ ]/—1 ﬁ_l

+// IVuN|2dde+f/ (n + €0)|Vuy|?) dx do
I QA%K( 1 Q/qu

K
+// (k+u)|diqu|2dx+sup/ |a,;7N|2c1Hz+supM
1 Qt’%’/{( 1 M 1 2

< c<// |f|2dxdo+// lg|? deda)
ey, . 1Ju
2
+c(f 4ol dx+/ |no|2dH2>+C<f |m|2dH2+K(no)>
Q% ¢ ¢ 0) 00 M M

+cf ( L o+ o Qg>dx. (4.12)
Q@ VY — 1 B—1

This implies that there is a subsequence such that

oy —=*n in Y, uy —u in X{%;K{
for some limit function (1, u). As (4.9) is linear in (ny,uy) we can pass to the
limit and see that (, u) solves (4.8). 0O

4.4. A Fixed Point Argument

Now we are seeking for a fixed point of the solutions map (v, ¢) +— (u,n)
on L2(I, L3(R3)) x C(I x 3K) from Theorem 4.4. As we do not know about
uniqueness of the solutions constructed in Theorem 4.4 we will use the following
foxed point theorem for set-valued mappings:

Theorem 4.5. ([22]) Let C be a convex subset of a normed vector space Z and
let F : C — P(C) be an upper-semicontinuous set-valued mapping, that is, for
every open set W C C the set {c € C : F(c) € W} C C is open. Moreover, let
F(C) be contained in a compact subset of C, and let F(c) be non-empty, convex
and compact for all ¢ € C. Then F possesses a fixed point, that is, there exists some
co € C with ¢y € F(cp).

4.5. Proof of Theorem 4.2

We will prove Theorem 4.2 by finding a fixed point of a suitable mapping
defined below. We denote I, = [0, T,] with T sufficiently small. We do not know
about the uniqueness of solutions. Hence, we apply Theorem 4.5 to get a fixed
point. We consider the sets

D ;:{(;, v) € C(T, x 99) x L3(I,, L2 (R%)) :
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£ =no, ¢l S M. IVl 22y < K

for M = (Inollc + L)/2 and K > 0 to be chosen later. Note that the coupling
at the boundary between velocity and shell is not contained in the definition of D.
This is a feature which one only gains via the fixed point and not before. Let

F:D — B(D)
with
F:(v,0)— {(u, n) : (u, n) solves (4.8)
with (v, ¢) and satisfies the energy estimate].
Note that we extend u and 7 by zero to R? and 9 respectively. First, we have

to check that F (D) C D. We will use the a priori estimate from Theorem 4.4 to
conclude

2
sup/ (o + K)& dx + sup/ (aQV + 5Qﬂ) dx
L JQgq ¢ 2 Lo JQgz ¢

+// |Vu|2dxda+sup/ (|8,n|2+|V2n|2)dH2
LJQyp . ¢ I JM

< c(f, g, 90, 10, 11, Q0)

independently of L, K and the size of I,. This implies that n € C*(I x M), by
Sobolev embedding for some « > 0, with Holder norm independent of L and K.
We obtain

In(t, )| < In(t, x) = 10(0, )| + [10(0, )| = c(T*)* + [[n0]loo- (4.13)

Therefore, we find for 7* small enough (but independent of v and ¢) such that

Il Lo (1, x00) = M.

Hence we gain F'(D) C D for an appropriate choice of K € R,.

Next, since the problem is linear and the left-hand side of the energy inequality
is convex, we find that F'(¢, v) is a convex and closed subset of Z. It remains to
show that F (D) is relatively compact. Consider (1,,u,), C F(D). Then there
exists a corresponding sequence (¢, V,), C D, such that (1,, u,) solve (4.8), with
respect to (v, ;). Due to the energy estimate we may choose subsequences such
that

M —*n in L%, Wy 2 (M), (4.14)
I =% n in LO(L,, L*(M)), (4.15)
w, ~*"u in L¥(L; L* (R, o)), (4.16)

Vu, =" Vu in L*(I; L*(Qz, ) 4.17)
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Note also that we can extend u,, and u by zero to the whole space and gain
u, ~*u in L™ L*>(R?)). (4.18)

The compactness of 1, in C(I, x 3S2) follows immediately by Arcela—Ascoli’s
theorem, since we know that 7, is uniformly Holder continuous. The proof of the
compactness of u,, is much more sophisticated. We first need to show compactness
of 0,,, where g,, is the unique solution to (4.6) with v = v,,. A direct application of

Theorem 3.1 a) shows
on —"0 in L*(L; W' (Qg, ), 4.19)
on =10 in L% LA, 1), |

at least after taking a subsequence Firstly, we find for all k,/ € N that
llo; IVk By 0nl Loo(IxaQ) = < ¢(k, k, 1). Hence, there is a (not relabeled) subsequence
such that

Ry tn — Bt C*(I x 09). (4.20)
Next, we claim that
on —"0 in LI(IL; LIQgp.,) 4.21)

forany ¢ < %. In fact, the assumptions of Lemma 2.8 are satisfied due to (4.6). In
particular, (A3) holds with H! = 0, H2 = %,v, + ¢V, and h, = 0. Due to the
uniform bounds on g;, in (4.19) and the bounds on v,, encoded in the definition of D
we gain strong convergence of o, in L? by Remark 2.10 at least for a subsequence.
Combining this with (4.19) proves (4.21). Now, again by Lemma 2.8, we find for
the couple (x + o,)u, and u,, that

(c + o)lus > = (c + @)u® in L* (1 x Qz, 1) (4.22)
for some s > 1. To be precise, we infer from (4.8) that

3 ((on + )u,) = —div(0pZic vy @ W) + A(0ny) + AU, + (A + p)Vdivua,
— AN () +80f) + onf

holds locally in the sense of distributions. In particular, (A3) is satisfied with
Hzlz = £0,u, + Ru,, Hﬁ = _Qnﬂxvn Xu, — %K(Ql)’: + 8@5)17 h, = o.f,

choosing p = s = 2, m arbitrary and b € (g’ 3) Here R € R3*3 is chosen
appropriately. We obtain (4.22). On account of (4.21) and (4.22) we conclude
(extending o with 0 outside of Qg )

lim// u, |2 dx dr = lim// Kt on 2 dxdr
n—o00 * JR3 n—o00 + JR3 K+

+lim// @ Oy, P dxdr
n—>0o0 Jrx JR3 K+
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=// lu? dx dr.
I+ JR3

Since strong norm convergence and weak convergence imply strong convergence
the compactness is shown and the existence of a fixpoint follows by Theorem 4.5.
This gives the claim of Theorem 4.2.

5. The Viscous Approximation

In this section we want to get rid of the regularization operator %, in order to
find a solution (1, u, 0) € Y/ x X g x X ,1] to the viscous approximation satisfying
the following:

(E1) The regularized momentum equation holds in the sense that

d
/—/ Qu~(pdxdt—// (Qu-8,¢+gu®u:V(p>dxdt
1 dr Jg 1Ja
n n

+// (u,Vu:V¢+(A+u)divudiv¢)dxdt
179,

—/ (0" + 80P) divedx dt—i—// eV(ou) : Vo dx dt
1/, 1/,

d
+/—/ B,ndezdt—// 9 d;b dH> dt
1 dt Sy 1Jm
+// K'(n) bdH? dt
1 JM

=// Qf-(odxdt—i—// gbdxdr
1JQ, 1JM

for all test-functions (b, ¢) € C5°(M) x C®(I x R3) with tr,@ = bv.
Moreover, we have (ou)(0) = qop, n(0) = no and 9;17(0) = n;.
(E2) The regularized continuity equation in the sense that

d
/z(E/sandx_/]/szn (Qatw-f-gu-le)dx)dt
+,s/[ Vo Viydrdr =0

1Ja,

for all Y € C*®(I x R?) and we have 0(0) = 0.
(E3) The boundary condition tryu = 9;nv in the sense of Lemma 2.4.

(5.1)

(5.2)

Theorem 5.1. There is a solution (n,u, o) € Y! x X,Ii X Xg to (E1)—~(E3). Here,
we have I = (0, Ty), where T, < T only if im,_, 7« ||[n(t, )|lLx0o) = % The
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solution satisfies the energy estimate

SUP/ olul dx—i—sup/ (ao” + 80” dx+// [Vu|? dx dr
Q’]

tel tel
—i—a// 0" 2Vol|* + o|Vu| )dxdt—i—sup/ 10,1|> dH? + sup K (i)
tel JM tel
< c<f |q0|2dx+/ (Qg+895)dx+/||f||iz(9 )dt>
Q, Q, I !

+c<fM|no|2dH2+/M|n1|2dH2+K(no)+/I||g||iz(M)dr), (5.3)

provided that no, 11, 00, qo, £ and g are regular enough to give sense to the right-
hand side, that o9 2 0 a.e. and (1.10) is satisfied. The constant c is independent of
S, &.

Lemma 5.2. Under the assumptions of Theorem 5.1, the continuity equation holds
in the renormalized sense that is

/if O(Q)wdxdt—// (9(@)8,1/f+9(g)u-V1p)dxdt

1de Jo, 1Ja,

5.4

§—// (QQ/(Q)—G(QH))diVUIﬁdde—8// Vo - Vi dx de
1Je, 1Je,

for all y € C®(I x R3, [0, 00)) and all convex & € C'(R), with #(0) = 0 and
0'(z) = 0 for z = Mp.

Proof (Proof of Theorem 5.1). In Theorem 4.2 we take k := 1/n where 1/n is the
regularizing parameter. We call the corresponding solution (1, u,, 0,). If n — oo
then #1/, — id. Now we analyze the convergence of (1, u,, 0,). The estimate
from Theorem 4.2 holds uniformly with respect to n. Additionally, by testing the
continuity equation with g, and using 8 = 4 we find that

on € L™(I; L*(Q,,,3,))- Vou € L*(I; L*(Q,,,,,)) uniformly. — (5.5)

Hence, we find that there is a subsequence such that for some « € (0, 1) fixed we
have

na =% in LO(I; W2(M)) (5.6)
na —*n in WHO(I; L* (M), (5.7)
ne — n in C*(I x M), (5.8)
w, ~"u in L3I W(Qg,,,,))- (5.9)
\/Lﬁun =10 in L L*(Qp,,,,,))- (5.10)

on =70 in LI LP(Qg,,,n,)- (5.11)
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Moreover, Remark 2.10 and (5.5) imply

on =""0 in L¥U; L*(Quz,,,n,): (5.12)
on =" in LX(I; W(Q,,)), (5.13)
on —>"0 in L*(I; L*(Qp,,,))- (5.14)
The last convergence, (5.9) and Lemma 2.8 imply
ontty =" ou in L*(I; L*(Qp,,,1,))- (5.15)
0, ®u, =" ou@u in L'(I; L' (%1 unn)). (5.16)

Therefore, we can pass to the limit in the equation and obtain a weak solution
to the viscous approximation. The energy inequality is a consequence of lower
semi-continuity. O

Proof of Lemma 5.2. First, observe that since g, is a renormalized solution to the
continuity equation by Theorem 3.1 b), i.e. we have

[ 5 [ oenvasar— [ [ (o@oy +onu, - vu)axar
7 dr Jgr3 1 JR3

= - // ((Qne/(Qn) —0(on)) divu, ¥ dx dt
I JR3

- / / (56" (@n) IVoulPy +eVo, - vy ) dxdr.
I JR3

As 0 is convex this yields

[ 5 [ oenvasar— [ [ (o@nay +o@u, - vo)arar
7 dr Jgr3 1 JR3

<_ / / (@8 (@n) — B(on) divu, v dx dr (5.17)
1 JR

—S// Vo, - Vi dxdr
1JR3

forall ¥ € C®(I x R3) and all # € C*(R) with #(0) = 0 and #'(z) = 0 for
7 = Mjy. By approximation its is easy to see that the assumption § € C!'(R)
suffices for (5.17). Due to the convergences (5.8), (5.9), (5.13) and (5.14) we can
pass to the limit in (5.17). This implies (5.4). O

6. The Vanishing Viscosity Limit

The aim of this Section is to study the limit ¢ — 0 in the approximate system
(5.1)—(5.2) and establish the existence of a weak solution (1, g, u) to the system
with artificial viscosity in the following sense. We define

W, = Cy(T: LF(Qy)).

A weak solution is a triple (7, u, 0) € Y/ x X ,’, X VT’,{ that satisfies the following:
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(D1) The momentum equation in the sense that

d
/—/ Qu~(odx—/ (Qu-aﬂp—l—gu@u:Vq))dxdt
1 dr Jo, Q,

+// (,Nu:V¢+(x+u)divudiv<p)dxdz
1Jq,

—// (0" + 80P) div g dx dr
1JQ,

+/(§ / b dH? — /amatdez /K(n)de2>
f/ of - (pdxdt—}-// gbdxdr 6.1

for all (b, @) € C3°(M) x C®(I x R3) with tr,¢ = bv. Moreover, we

have (ou)(0) = qo, 7(0) = 1o and 9;7(0) = 1.
(D2) The continuity equation holds in the sense that

d
/Iafszngwdxdt—/[/% <Q3tw+gu~V1p>dxdt=0 6.2)

for all y € C*®°(I x R3) and we have o(0) = 0o.
(D3)  The boundary condition tryu = 9;1v holds in the sense of Lemma 2.4.
Theorem 6.1. There is a solution (n,u, 0) € Y x X,1] X VT’HI to (D1)—~(D3). Here,

we have I = (0, T), where T, < T only if lim;— 7+ [n(t, )llL~0po) = % The
solution satisfies the energy estimate

sup/ olu| dx+sup/ (ag” + 80P) dx

tel tel

/f |Vu|2dxdt+sup/ |0;m|%> dH? + sup K ()

tel tel

|qol*
<e¢ </ —dx + (ag) + Sgg) dx + ||f||ioc(s2n) dt
Q, Qo Q I

n n

+c(/ |n0|2dH2+/ |m|2dH2+K<no>+/||g||iz(M)dr),
M M 1

provided that ngo, n1, 00, Qo, £ and g are regular enough to give sense to the right-
hand side, that oo = 0 a.e. and (1.10) is satisfied. The constant c is independent of
8.

Lemma 6.2. Under the assumptions of Theorem 6.1 the continuity equation holds
in the renormalized sense that is

fif G(Q)dedt—// (9(@)8t1/f—|—9(g)u~vw)dxdt
1 dt Jg, /e,

6.3)
- f f (08'(0) — 6(0)) divu ¥ dx dt
1Ja,
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forall € C®(I x R®) and all 0 € C'(R) with 0(0) = 0 and 6'(z) = 0 for
22 My.

The proof will be split in several parts. For a given ¢ we gain a weak solutions
(Mg, Wg, 0¢) to (5.1)—=(5.2) by Theorem 5.1. The estimate from Theorem 5.1 holds
uniformly with respect to ¢. In particular,

sup / 0¢ |ug|* dx + sup /
tel JQ tel JQ

nNe

(agg+5g§)dx+/]/9 |Vu,|* dx dr
Ne

ne

+ sup / |9:ne|* dH? + sup K (1)
M

tel tel

(6.4)

< C(m. g.f, 00.90)

is satisfied uniformly in ¢ for the time interval /. Hence, we may take a subsequence
such that for some « € (0, 1) we have

ne —=*n in L®(I; W»3(M)) (6.5)
ne —~*n in Wh(I; LY (M), (6.6)
ne — 1 in C*(I x M)), (6.7)
u. —~"u in L*(1; WhA(Q,,)), (6.8)
0c =~*" o in Lo LF(2y,)). (6.9)

Now, using the a-priori estimates (6.4) and the bounds that one gains (using the
renormalized continuity equation from Lemma 5.2 with 6(z) = z? and testing with
¥ = 1) we find, due to 8 > 4, that

// e|Voe*dxdt £ C, (6.10)
1JQ

Ne

with C independent of €. This and (6.8) imply

eVo. —"0 in L*(I x ,,), 6.11)
eV(ue0:) =70 in L'(I x Q). (6.12)

We observe that the a-priori estimates (6.4) imply uniform bounds of g.u; in
2
L°°(I, L#+T). Therefore, we may apply Lemma 2.8 with the choice v; = u,,
ri = 0, p =5 = 2,b = B and m sufficiently large to obtain
osu, =~Tou in  LI(I, LY(2,)), (6.13)

where a € (1, ;—fl) and g € (1,2). We apply Lemma 2.8 once more with the

choice v; = ug, 1, = 0, p =5 =2,b = ﬁz—fl and m sufficiently large to find

that

o ®u, ~"ou®@u in  L'(I x Q). (6.14)
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6.1. Equi-Integrability of the Pressure

First, we have to handle the problem that the pressure is merrily bounded in
L' in space. Consequently, it might converge to a measure and not a measurable
function. This is usually excluded by showing that the pressure possesses higher
integrability properties. From this we deduce a weakly converging subsequence (in
some Lebesgue space) and hence get a function as a limit object. In the case of a
moving domain standard procedures do not apply and global higher integrability
on the moving domain can not be achieved. The solution is two divide the problem
in two steps: the first step is to improve the space integrability of the pressure inside
the moving domain; the second step is to show that the mass of the pressure can
not be concentrated on the boundary. Combining the two results will imply equi-
integrability of the pressure which is equivalent to weak compactness L'. The next
two lemmata settle that matter. The first one is happily a localized version of the
standard procedure.

Lemma 6.3. Let Q = J x B € I x Qy be a parabolic cube. The following holds
SJorany ¢ < g9(Q):

/ (agl ™" + 80l dx dr £ C(Q), (6.15)
0

with constant independent of ¢.

Proof. We consider a parabolic cube O=JxBwithQe Q el x ;. Due to
(6.7) we can assume that Q € I x Qgs (by taking ¢ small enough). Next we wish
to test with 1//VAEIQ£ where ¢ € C(‘)’O(Q) with ¢ = 1in Q and A;Qg is defined

as the unique Wz‘ﬁ(f?) N Wé’ﬁ*(é)—solution to the equation

—Av =p, in B. (6.16)

The test-function (' VA ™! g,, 0) is indeed admissible in (5.1) since ¥ has compact
support. Moreover, regularity follows from local theory for the respective parabolic
equation. In order to deal with the term involving the time derivative we use the
continuity equation. We find that

—Adv = 0,0, = —div(pcus + eV;) (6.17)

in the sense of distributions such that d;,v = —8,VA;Q8 = VA; div(p.u, +
eVoe). Hence, we have
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Jo :=// (a0l ™ + 80P 1) dx do
1 JR3
:u// qu81V2Aflggdxda
1 JR3 B
+M// Vugsz®VAflggdxdo
1 Jre B
+(A+u)// Y divu, o, dx do
1JR3
+(A+u)// divu, Vi - VA g, dx do
1 JRr3 B
—// wggu£®u5:V2ATIQsdxda
1 Jr3 B
- U, Qu, : Vi @ VA g. dx do
‘/[/]R}Qse £ BQE (618)
+s// V(uSQS):VzATIngdde
1 Jr3 B
+e// V(ueee) : VAL 0 ® VY dx do
// aQF+5Q8 Vi - VA dixd(r
—// st~VAT 0s dx do
1 Jr3 B
+// wQEUSVAfldiV(QEUE+8VQ£)dXdO’
1 Jr3 B

—// 0 ocu, - VAleE dx do
1 JR3 B
= Ji+-+Ji.

Our goal is to find an estimate for the expectation of Jy which means that we have
to find suitable bounds for all the other terms. Using the continuity of the operator
VA;1 and Sobolev’s embedding theorem, we obtain for some p > 3 that

”VA;QSHLDO([?) =C ”VZA;QSHLP([;) =C ”Qé‘”Lp(é)s (6.19)

using (6.9) and 8 > 3. Note that, in particular, we have shown that wVAIEIQS €

L(I xR3) uniformly ine. As g, € L2(I x Q) uniformly due to 8 = 2 we deduce
that |J1| £ C as a consequence of uniform bounds on u, in (6.8) and the continuity
of the operator VZA;. Similar arguments lead to the bound for J;, J3, J4. The
most critical is the convective term Js. It can be estimated using the continuity of
V2AZ!, Sobolev’s embedding theorem (combined with Poincaré’s inequality and
the fact that u, = 0 on I'), Holder’s inequality and (6.4)

1€ [ el el gz e sy d

< C sup lleell]s 5, fQ |Vu > dxds < C.
J
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The term Jg is estimated similarly. For J7 we obtain
241
1 = s VG el f (V2 5, + E21V0e s 5, +e2ll0e s ) ) s

which is uniformly bounded due to (6.8), (6.9) and (6.10). Similarly, Jg is bounded
by

< —1 2
sl < sup 198 anLw(B)( / 1Vuel2, 5 + el g,

+ 621Vl 2 5, + €7 lee N2 5, @ )

taking into account (6.19). The terms of Jo, Jjo can be estimated using by the
bounds on the operator VAE1 and Holder’s and Young’s inequalities. The same is
used to estimate

1 1
2 2
i < c/~ |Q£u8|2c1xdz+sc(/~ |qu8|2dxdt) (f |VQ8|2dxdt> ,
0 0 0

which is finite since we have uniformly in ¢

oeu, € L2 ( ﬁﬁ(é)) (6.20)

The latter bound is a consequence of the fact that

e € LX(J: L7 (B)),  u. € L2(J; LO(B)))
uniformly in . Finally, J12 can be estimated using (6.19) and (6.20). Plugging all
of this together we obtain (6.15) uniformly ine. O

The standard method as used in the proof of Lemma 6.15 does not apply up to
the boundary. Also, the usage of the Bogovskii-operator—common in literature as
well—does not help (recall that our boundary depends on time and is not Lipschitz-
continuous). In the following Lemma we show equi-integrability at the boundary
related to the method from [29]:

Lemma 6.4. Let « > 0 be arbitrary. There is a measurable set A,, € I x Sy such
that we have for all ¢ < &g

/1 o (ao? +80F)xq,, dxdt < k. (6.21)

Proof. We construct a test-function which has a positive and arbitrarily large

divergence. For this let ¢ € C§°(S¢; [O, 1]), such that x5, < ¢ < xgquus, and
7

[Vo| = < . Since we know that |n.| < %, we find that ¢(x) = 1 in S% N, . We

extend ¢ by zero to R? and define

@ (1, x) = gmin {K(s(x) — 1e(t, g (x))), 1}v(g(x)),

where K > 0 will be chosen later. It is well defined, since ¢ # 0 only in Sz, where
the mapping x — (g(x), s(x)) is well defined, see Section 2.2. Observe that we
take coordinates with respect to the reference geometry 2 and with respect to the
reference outer normal v on d2. On account of Vs(x) = v(g(x)) we have
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3j (1, x) = dj(x) min {K (s(x) — (1, ¢(x))), 1vi(q(x))
+ K Xk (s()—ne (1,90 <13 Vi (@ )i (g (x)) @ (x)
— KXk (s()—ne .o <1y Ve (1, q(x)) - 3 (x)vi(g (x))p(x)
+ @(x) min {K (s(x) — n.(t, g(x))), 1}9;v;(g(x))
= &j(1, %) + &1, %) + &1, x) + £}, x).

Observe that £' and &* are uniformly bounded by some constant c¢. Moreover, for
every p € (1,00), g > p, it holds that

1 1
P P
(// |§3|dedt) < cK(// X{K(Snsoq)<]}|Vn8|dedt)
I JQy, I JQy, -

1
q 1
cK(// memm)WK@—mowgnvv
I JQy,

-4
S cpK pa

A

A

A

uniformly in &, cf. (6.5). Estimating £ in a similar way we gain

1
P _
(// |V¢g|pdxdt>p < cp(K1 ' +1) (6.22)
1JQy,

for all p < oo uniformly in . Finally, we use the fact that Vg’ are all living in
the tangentplane of 92 and are therefore orthogonal to v(g(x)). Hence, we have
S; ;= 0. This implies that for every K > 0 there is a k such that we have

. . . 1
divg, 2 K —cg in Q, \ {x € Q,, @ dist(dR2,,) 2 E} (6.23)
Finally, we calculate

0@ (t, x) = _KX{K(S(x)—nS(t’q(x)))gl}at Ne(t, g(x))v(q(x)).
Due to (6.6) we have

1 1

T 2
(sup/ |8,<p8|rdx> < cK(sup/ |8,n8|2dxdt>
1 Q 1 Q

Ne Ne

{K(s —ns0q) < 1}
< s

(6.24)

2—r
2r

for all » < 2, is a fashion similar to (6.22). Now, using ¢, as a test-function (note
that ¢, = 0 on 9€2,, ), we obtain by smooth approximation that

// (0 + 80%) divwsdxdtg—// 0cu; 0,9, dx dt
I JQy, 1JQy,

+C(K'"™ +1) (6.25)
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for some fixed C > 0 and A € (0, 1), where C, A are independent of ¢. Here, we
used the uniform integrability bounds of all other terms of the momentum equation
(5.3) and (6.22). Taking (6.20) and 8 > 3 into account we see that the remaining
integral in (6.25) is uniformly p-integrable for some exponent p > 1 in terms of
(6.24) cf. (6.4). This means we have

f/ (0" 4 80P) dive, dxdr < C(K'™ +1) (6.26)
1 Qﬂs
uniformly for some A € (0, 1). Now, we set
1
A = {x € Q,, @ dist(d2,,) = E}’

where K = K («) is the solution to
C(K'™*+1)
K —cg =K
with C given in (6.26). Note that such a K always exists if « is small enough. As
a consequence of (6.23) and (6.25) we gain
1 .
f (0" + 80P) div e, dx dr
K —cg Jixr3\a,
C(K'™*+1)
= T
K —cg

/ (0" +80P)dxdr <
IxR3\ A,

The claim follows. O

We connect Lemmas 6.3 and 6.4 to get the following corollary:

Corollary 6.5. Under the assumptions of Theorem 6.1 there existence of a function
P such that

ol +80f =" pin L'(1; L'(2,)),

at least for a subsequence. Additionally, for k > 0 arbitrary, there is a measurable
set Ay € I x Qy such that po € L'(A,) and

/ pdxdr < k. 6.27)
(IXQ,])\A,(

Combining Corollary 6.5 with the convergences (6.5)—(6.14) we can pass to the
limit in (5.1)—(5.2) and obtain the following. There is (7, u, 0, p) € ¥Y! x X,é X

W,{ x LY(I x 2,,) that satisfies (in the sense of Lemma 2.4)
u(-, - +nv) =0y in I x 92,

the continuity equation

d
/F/ dexdt—/f (00¥ +ou- V) dvdr =0 (6.28)
14t Jo, 1Je,
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for all ¥ € C*®(I x R3) and the coupled weak momentum equation

d
f—/ Qu-(pdxdt—// (Qu-8t<p+gu®u:V(p)dxdt
1 dt Jg, /e,

+/ (;LVu:V(p—i—(k—i—u)divudiwp)dxdt
Q'I
- f P divedx dt
/e,
d 2 2 / 2
v | = | ampdr®— | amabdr*+ | K'bdH2de
1 dt Jm M M

=f/ Qf'(pdxdl—i—// gbdxdt
179, 1JM

for all (b, ) € C°(M) x C®(I x R?) with tr, ¢ = bv.
It remains to show that p = ao” + 8o”. This will be achieved in the following

(6.29)

two subsections.

6.2. The Effective Viscous Flux

We fix g9 > 0 and consider in the following just ¢ € (0, &g). Next, we define

Qo= ) Q.-

e<ep
It is the aim of this subsection to show that for y» € C(‘)X’(I x $2¢,) we have
/ Y2 (ao? +80f — O+ 2u) divu,) 0 dx dr
IxQy,
e (6.30)

—> Y2 (p — (r +2) divu) o dx dr
IxQy,

as & — 0. Testing the momentum equation with ¥ VA~! (1 o,) implies

Jo :=// v (0! + 80%) 0. dx do
1 JR3
=Mf/ YV, : V2AT (Yo,) dx do
I JR3
+p,/f Vugzvtjf@)VA_]l//dixda
1 JR3

+(A+M)// Y2 divu, o, dx do
I JR3

—i—(k—l—u)// divu, Vi - VA~ (Y 0,) dx do
I JR3

— / /}R2 Oelly QU : VzA*I(wQS)dx do
I 3
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—// 0sU; @ U, 1 VY ® VA~ (Yo,) dx do
/[ Y +80P)Vy - VAT (Yo,) dx do
—// Q€f~VA_1(1/fQ6)dxdo
I JR3
- f / 3 oeus - VA~ (Yg,) dx do
I JR3
- / / VA @ 0s) - eup dx do
1JR3
+// Yosu, - VAT (¥ div(ug0,)) dx do
I JR3
+8// wQSuE-VA_l(WAQS)dde
I JR3

e[ [ (w9 v2alwen
1JR3

+ V(00 : VAT (o) ® Vi) drdo
=Ji+--+Ju+E+E.

We rewrite
Ji = M/{/ﬂ@ Y2 divug Y oe dx do + Jj,
=i [ [ (u 9w e —u @ vu: Vo o) drdo
as well as
Ji = /I /R3 Yoeu, - VAT div(Yug0p) dx do + Jj,
Ji = _/1/]1@3 Yosu, - VATV - u,0,) dx do.
We define the operator R by R;; := 9, A~15; and obtain

+Z// ul (Yo Rijlvocull — yoculRijlee]) dx do.
i1 R3

Similarly, we obtain by testing the limit equation (6.29) by ¥ VA~!(y0)

Ko :=// wzﬁgdxda
1JR3
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:,u// qu:VzA_l(wQ)dde
1 JR3
+u// Vu: Vi @ VA~ (y0) dx do
I JR3
—i—(k—l—u)// 1/f2divugdxdo
1 JR3
—i—(k—i—u)// divu Vi - VA~ (Yo) dx do
I JR3
—ff ou®u. VA~ (yp)dxdo
I JR3
—// ou®u:Vy ® VA~ (o) dxdo
I JR3
—// ﬁVW-VA_l(wQ))dxda—f/ of - VA~ (Y0) dx do
I JR3 I JR3
—// 8t1//Qu~VA_1(wQ)dxda—// VA~ (8,%0) - oudx do
I JR3 I JR3

+ /1 /M You- VA~ (Y div(up))dxdo = K| + - - + K11.
In a manner similar to (6.31) we obtain
/I/R3¢2(ﬁ— (. + 2) divu)o dx dt
=K+ K+ Ks+Kes+-+ Kio+ Kj, (6.32)

+y f / u (YoRijlyou’] — You' Ryj[yel) dx do,
i 1 JR3
where
K| = u// (u VY Yo —u® VY V2A_1(¢Q)) dx do,
I JR3

K11=—// You- VA~V - up) dx do.
1 JR3

Hence we now have that

/ Y (a0l +80f — (A +2p) divu,) o, dx dr
IXQna

—/ ¥ (P — (0 +2p) divu) o dx dr
IxQy,

=J—K|+h—Ky+Js—Ks+Js—Ke+ -+ Jio— Kio
+J1/1_K11+E1+E2

+ Z/ / ui(wQaRij [WQaué] - W«Qs”gRij[wQs]) dx do
i IJR3
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- /1 /W u' (YoRijlwou’] — you Rij[¥el) dx do. (6.33)

We will now show that the right hand side converges to 0 as ¢ — 0. Observe

that after this preparation everything is localized and the known approach can be

enforced to our problem. Nevertheless, to keep the result self contained we repeat
the main steps of the argument here.

First, by the assumption 8 > 3 and the continuity of VA~! we find that

< 241 3 ; -1 3 _

|Ea| = C\/E(HV A (WQa)HL&(I’(L;(B)) +IvA (WQs)HL&(I’(L;(B))

3 3 3 3

+ IIVuslle(Q) + llug IILz(i’(Lﬁ(B)) + IVeVoe ||L2(Q) + [Ive0e ||L2(i,(L6(B))

~ 3 3 3 3
Ve (12613 e 7. 3y + 1706 2 ) + IVEV@ENS s ) FINERE D 7 o)
Cve

using, additionally, the fact that /e Vo, Vu, are uniformly bounded in L?, cf. (6.8)
and (6.10). Similarly, we find |E;| £ C./e as well. Hence, we have Eq, E; — 0.
All other couples converge to O (by the known weak and strong convergences
we have) except for the last couple on the right hand side of (6.33). The crucial
point is to estimate the commutator term. We will prove that Yo, R[Vo-u:] —
Yo.u.R[Yo.] converges strongly in L2(W~12). Then the crucial term converges,
since yru converges weakly to 0 in L2(W!2). For the identification of the limit we
make use of the div-curl lemma. From (6.9) and (6.13) we obtain that

A

A

0 — 0 1in LPR?) ae.inl,
28
0su; — ou in LFT(R?) ae.in .

Hence we can apply [21, Lemma 3.4] (to the sequences 1 0, and ¥ o, ug) to conclude
that

IﬂerRfij [WQeué] - WqugRij[wQ‘e]
= YoRilyou’] —you Rijlye] in L' (R
a.e. in t, where
1 I B+1 6
r B 28 5
Therefore L" (©) is compactly embedded into W ~12(0) for O € R>. As a conse-
quence we have
Ve Rijlyoeul] — voaulRijlvoe) — YoRij[¥ou’]
—You'Rijlyel in WHARY
a.e. in tusing the compact support of the involved functions. Moreover, it is possible
to show that for some p > 2,

/I |V oe Rl eeuel — YocusRIV e 312 s, dt

2pr 2pr
=C /~||Q8||L,3+1(1§)dt +C sup llosusl™ 5  dr =C,
! tel LA+1(B)
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using (6.13) and (6.15) together with 8 = 4. This gives the desired convergence

Yo RV osue] — vo.u.R[Vo:] — YoR[Youl
—youR[Yo] in L*(I; W™ L2(R?))

as ¢ — 0. Thus, we conclude that

Ve ug(Rijlyocul] — YoculRijlyroc]) dx de

IxR (6.34)
=) vou' (Rijlyou’]l — vou Rij[yel) dx dt,
I xR
and, accordingly,
f Y2 (ao? + 808 — O+ 2p) divu,) o dx dt
3
IxR (6.35)
—> Y2 (p — ( +2p) divu) o dx dr
I xR3

ase — 0.

6.3. Renormalized Solutions

The aim of this subsection is to prove Lemma 6.2. Similarly to Lemma 3.1 b)
the proof is based on mollification and Lions’ commutator estimate. Due to (6.7),
(6.9) and (6.13) it is easy to pass to the limit in (5.2). Hence, we obtain

/i/ QIPdXdl—f/ (00 +ou-Vy)dxdr =0
]d[ Q, 1Ja,

for all v € C>®(I x R3?). We extend g by zero to I x R and u by means of the
extension operator

&t WhA Q) — WIP(RY),

constructed in Lemma 2.5 where 1 < p < 2 (but may be chosen close to 2). Hence,
we find that

d
/—/ dexdt—// (Q81w+gza@nu~V1//)dxdt=0
1 dr Jgs 1 Jr3

for all Y € C>(I x R?). Now, analogous to the proof in Theorem 3.1 we mollify
the equation in space using a standard convolution with parameter « > 0 in space.
The following holds:

doc +div(oc&u) =1 in I xR, (6.36)

where r, = div(oc&;u) — div(eé,u),. Due to f > 2 we can infer from the
commutator lemma (see e.g. [36, Lemma 2.3]) that for a.e. ¢

Il o) < Iéullwireslols@), §=5+ %



546 DoMINIC BREIT & SEBASTIAN SCHWARZACHER

as well as
r, > 0 in LI(R>) (6.37)
a.e. in I. Now, we multiply (6.36) by 8’(0,) where 0, satisfies (0) = 0 and obtain
30 (o) + div (0 () E;W) + (0c0'(0c) — O(0r)) divEu =10 (o). (6.38)

Due to the properties of the mollification and 6 € C ! the terms 0 (o) and 6'(0,)
converge to the correct limits (at least after taking a subsequence). Hence, multi-
plying (6.38) by ¥ € C°°(I x R?) and integrating over I x R3 implies

/i/ G(Q)lpdxdt—/ 0(o) 0;y dx dr
1 dr Jps IxR3

+ / (00'(0) — 6(0)) div &u yr dx dr (6.39)
IxR3

= [ o@éu-vv.
IxR3

6.4. Strong Convergence of the Density

In order to deal with the local nature of (6.35) we use ideas from [18]. First
of all, by the monotonicity of the mapping z — az” + 8z, we find for arbitrary
non-negative ¥ € Cy°(£2g,) that

A+ 2p) lim inf/ w( divug 0. — divu Q) dx dr
e—=0  JixR3

e—0

— lim inf / (w(ﬁ — (A +2u) divu)o
IxQyp,
— y(ao? +80f — (n +2u) divu,) gg) dx dr

+ lim inf/ l/f(aQB;Jrl + 80P — Po) dx dr
e—0 IxQy,

= lim inf/ v (ao! +80f —P)(0e — 0) dxdr =0,
e=>0 JrxQ,,
using (6.35). As i is arbitrary we conclude
divup = divaup ae.in I x Q,, (6.40)
where
divus oo =" divug in LY L'(2,,));

recall (6.8) and (6.9). Now, we compute both sides of (6.40) by means of the
corresponding continuity equations. Due to Lemma 5.2 with 6(z) = zlInz and
= X[0,r1 we have

/ / divu, g dxdo < / 00 In(op) dx — / 0:(t) In(oe(1))dx. (6.41)
R3 R3 R3
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Similarly, equation (6.39) yields

t
/ / divupdxdo =/ 00 In(00) dx—/ o(t)In(o(¢)) dx. (6.42)
0 JR3 R3 R3

Combining (6.40)—(6.42) shows

lnnsup‘A;3gsu>ln<ggu>>dx < jL}Q(ﬂln(Q(ﬂ)dx

e—>0
for any r € I. This gives the claimed convergence o — ¢ in L'(1 x R?) by
convexity of z > zInz. Consequently, we have p = ap” + 80f and the proof of
Theorem 6.1 is complete.
7. The Vanishing Artificial Pressure Limit
A weak solution to (1.2)—(1.9) is a triple (1, u, 0) € xY! x X,g X WUI, where
W) = Cy(I; L7 (),

which satisfies the following:

(O1) The momentum equation is satisfied in the sense that

d
/—/ Qu~q)dx—/ <Qu~8t<p+gu®u:Vq))dxdt
1 dr Jg, Q,

+// (uVu:V(p—l—()»—i—,u)divudiwp)dxdt
Q’]

// ap? div e dx dr
Q’I

+/<d / dmb dH> famatdez /K’(n)de2>dt
M

holds for all (b, @) € C3°(M) x C>®(I x R3) with tr,(¢) = bv. Moreover,
we have (ou)(0) = qo, 7(0) = no and 8;17(0) = 7.
(0O2) The continuity equation is satisfied in the sense that

d
/Iafgngwdxdt—f[/% <Q8t¢+gu~vw)dxdt=0 (7.2)

holds for all Y € C®(I x R3) and we have 0(0) = po.
(O3) The boundary condition tryu = 9;1v holds in the sense of Lemma 2.4.
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Theorem 7.1. Let y > 17—2 (y > 1in two dimensions). There is a weak solution
(n,u,0) € Y x Xé X Wn[ to (1.2)—(1.9) in the sense of (O1)—(0O3). Here, we have
I =(0,T,), with T, < T only in case ,(s) approaches a self intersection with
s — Ty. The solution satisfies the energy estimate

SUP/ Q|U|2dx+sup/ ag”dx—i—// [Vu|* dx dr
el Ja, el Ja, /e,

+sup | 19,7 dH* + sup K (1)
tel JM tel

l90/”
Q Qo Q 1 1

+c</ |no|2dH2+/ |n1|2dH2+K(no)>,
M M

provided that ngo, n1, 00, Qo, £ and g are regular enough to give sense to the right-
hand side, that g 2 0 a.e. and (1.10) is satisfied.

Lemma 7.2. Under the assumptions of Theorem 7.1, the continuity equation holds
in the renormalized sense that is

/i/ G(Q)wdxdt—// (0(Q)B,I/I+G(Q)U~V1//)dxdt
1 4t Jg, 1/,

=—// (06'(0) — 0(0)) divu yr dx dt
1JQ,

forall v € C®(I x R3) and all € C'(R) with 0(0) = 0 and 0'(z) = 0 for
Z 2 My.

(7.3)

For a given § we gain a weak solutions (75, us, 0s) to (6.1)-(6.2) by Theo-
rem 6.1. It is defined in the interval [0, 7], where T is restricted by the data only.
The estimate from Theorem 6.1 holds uniformly with respect to §. Hence we may
take a subsequence, such that for some « € (0, 1) we have

s —*n in LI Wyl (M) (7.4)
ns —*n in WH(I; L*(M)), (7.5)
ns — n in C*(I x M), (7.6)
us —~"u in L2(1; WhE(Q,,)), (7.7)
o0s =T o in L%(I; LY (Qy)). (7.8)

By Lemma 2.8 we find for all ¢ € (I, %) that

osus =" ou in  L>(I, LY(Ry,)) (7.9)
osus ®us —~" ou®u in  L'(I; Ll(Qm)). (7.10)

Also we have, as before in Proposition 6.3, higher integrability of the density.
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Lemma 7.3. Let y > % (y > lintwo dimensions). Let Q = J x B € I x Q,;, be
a parabolic cube and 0 < © < %y — 1. The following holds for any § < 8y(Q):

/Q (a0} T® + 8001 dx dr < C(0Q) (7.11)

with constant independent of §.
Proof. The proof follows the lines of Lemma 6.3 with the difference that we test
with wVAEIQ?. We only show how to handle the most critical integral

J =/ Vosus ®us : VAL 0P dx di
Q

arising from the convective term. The bound ® < %y — 1 is needed to estimate it.
It can be estimated using the continuity of VZAE1 and Holder’s inequality by

T
2,0
Il = 6‘/ loslly lusligllos Il - dz,
0

where r := % We proceed, using Sobolev’s inequality (note thatus = O on I'),

by

T
1= c( sw tasty)( s o9l [ ivusidar
0<t<T 0<t<T 0

We need to choose r such that ©r < y which is equivalent to @ < %y — 1. Now,
the various a-priori bounds yield |J| £ ¢ uniformly in §. O

In a fashion similar to Lemma 6.4 we can exclude concentrations of the pressure
at the moving boundary. However, we have to assume y > % for this.

Lemma 7.4. Let y > 17—2 (y > lintwo dimensions). Let k > O be arbitrary. There
is a measurable set A, € I x 2y such that we have for, all § < 8,

fl - (a0} +80) x,,dxdr < k. (7.12)
X K

Proof. We follow the approach of Proposition 6.4 replacing ¢ by §, so we test with

@51, x) = emin {K (s(x) — n5(z, g(x))), I}v(g(x)).

The critical term is again

// osus 05 dx dr. (7.13)
ISy,

Following the proof of Proposition 6.4 this can be estimated provided y > 3. We
want to improve on this. In order to do so we write

005 = —K Xk (s(0)=ns (1,90 <1y 05 (£, g (x))v(g (x))
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= — KXk s)-ns(t.qa <185 © ¥s (2, 0, g (x)).

By Lemma 2.4 and since Vug is uniformly bounded in L? (recall (7.7)) we find
that

us o Wslgo € L2(I; L1(3)) Vg < 4 (7.14)

uniformly in § (¢ < oo in two dimensions). In a manner similar to (6.24) we obtain

N
(/(/ |a[<o5|’dx>)
AN
2
cK(/ (/ lus o Ws(t, 0, (x))|4 dx)q
1 Q

ns

A

1
2(q—r)

- 2
{x e Qyy: K(s—ns(t,q) S 1} 7 dt) (7.15)

2 1
< CK(/ (/ lus o Ws(t, 0, g(x))|9 de)q dt)2
1\ Jaq,,

q—r
qr

sup [{x € Qp; : K(s — ns(t, ) < 1}
1

q—r

< kT

forallr < g <4 (allr < g < oo in two dimensions) uniformly in §. Now, the
proof can be finished as in Proposition 6.4. We take

6
05U € L2<I; LvTVﬁ(R»*)) (7.16)

into account (which follows from the uniform a-priori bounds) and y > 17—2 (which

yields % > ‘—3‘). We see that the integral in (7.13) is uniformly bounded by

K'=* for some A € (0, 1) using Holder’s inequality and (7.15) (choosing r and ¢
appropriately). O

Lemmas 7.3 and 7.4 imply equi-integrability of the sequence Q(); XSy, - This
yields the existence of a function p such that (for a subsequence)

aol +80f =7 in L'(I xR, (7.17)
80f =0 in L'(I xR). (7.18)
Similarly to Corollary 6.5 we have

Corollary 7.5. Let k > 0 be arbitrary. There is a measurable set A, € I x Qy
such that

/ pdxdr < k. (7.19)
IxR3\ A,
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Using (7.17) and the convergences (7.4)—(7.10) we can pass to the limit in
(6.1)—(6.28) and obtain

—// Qu-at(pdxdt—// 00,1 9 by (n) dH> dt
1JQ, 1JM
+// div(gu@u)-«pdxdt+,u/f Vu: Vedxdt
1JQ, 179,
+()»+;L)// divudiv«pdxdt—/f P div e dx dr
179, 179,
—// a,na,dezdt+2// K'(n) bdH> dt
1JM 1 JM
=/f Qfo(pdxdt—i-// gbdH?dr
1JQ, 1M

+/ uo~¢(0,~)dx+/ no b dH?
Q M

1o

(7.20)

for all test-functions (b, @) withtr,¢ = bv,@(T, ) = 0and b(T, -) = 0. Moreover,
it holds that

// QB,l/fdxdt—// div(gu)wdxdtzf oo ¥ (0, ) dx (7.21)
1Jq, 1/, Q

forall ¥ € C°°(I x ;). It remains to show that p = ap?.

7.1. The Effective Viscous Flux
We define the L°°-truncation

Ti(z) ==k T(%) €R, keN, (7.22)

Here T is a smooth concave function on R such that T(z) = z for z < 1 and
T (z) = 2 for z 2 3. It is the aim of this subsection to show that

/ (a0} + 808 — (. + 2u) divus) Ty (0s) dx dr
IxQy
) (7.23)
— (7 — (0 + 2w divu) T dx dr.
Ix,

For this step we are able to use the theory established in [37] on a local level. We
fix a small 8y and consider an arbitrary cube Q = J x B € I x Usero.501 Qna To
this end, we can choose 0 = T in the renormalized continuity equation for gs, cf.
Lemma 6.2. Hence, we find

3 Tk (0s) + div (Ti(s)us) + (Ty(0s)0s — Ti(0s)) divus = 0, (7.24)

in the sense of distributions in / x R>. In order to pass to the limit in this equation,
let T1% denote the weak limit of Tr(0s) and let T2k denote the weak limit of
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(Tk’ (05)os — Tk (95)) divus (here it might be necessary to pass to a subsequence).
To be more precise, the following holds:

Te(os) = THK in Cu(T; LP(RY) Vp e [l,00), (7.25)
(T{(05)05 — T (0s)) divus — T>F in L*(I x R?). (7.26)

Thus, letting § — 0 in (7.24) yields
3T +div (T"*u) + T2* =0 (7.27)
in the sense of distributions on  x R3. Note that we used
Ty (0s)us — T'*u in L2(I X R3).
This, in turn, is a consequence of the convergences

Ti(os) — THF in L2(1; W12 (R?)),

us —u in L3(I; Wh2@RYY). (7.28)
We remark that the former one follows from the compactness of the embedding
Cuw(T; LP(0)) = L*(I; W12(0)) for O € R? and (7.25) (with p > £). Note
that u; is extended to R by means of Lemma 2.5.

Next, we take Q with Q €@ Q € I x 2,6 and a cut off function ¢ €
C(‘)X’(Q) withO < < landy = 1in Q = J x B. Now, we test (6.1) with
YVA~ (Y Tk (05)) and (7.20) with VA~ (y T1¥). Using similar arguments as
in Section 6.2 we find that

/ tpz(ag(); — (A +2p) div u(;) T (o0s) dx dt
I (7.29)
— wz(ﬁ— (A +2p) div u) 7% dx dr.
IxR3
We have to remove ¥ in order to conclude. For some given « > 0 we choose a
measurable set in accordance to Lemma 7.4 and Corollary 7.5 for §p small enough
(using the fact that ns — n uniformly, cf. (7.6)). Without loss of generality we

can assume that 0A, is regular. Hence we can cover A, with parabolic cubes
Q; = J; x B; such that

AcclJoie ) (T xa).

8¢€[0,80]

They can be chosen in a way that we find a partition of unity (v;) with respect to
the family Q; such that y; € C5°(Q;) and

> yi=1inA,.
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In particular, (7.29) holds with ¢ = ;. We gain
/ (0 + 80F — (L +2u) div us) Tx (0s) dx dt
Ix 2y
:/ ((1 —Z%)QZ{ +5Q§ - (k+2u)divu3) Tk(Qg)) dx dr
Ix 2y i
- Z/ i (0} + 808 — (. + 2u) divus) Te(os) dx dr.
i 0;

Using (7.7) and (7.12) the first integral on the right-hand side is bounded in terms
of k. Using (7.29) and (7.19) we find that

lim
§—0

/ (Qg + 5Q§ — (A +2p) div ll5) T (0s) dx dt
Ix Qs

—/ (P(x + 2p) divu) T"F dx dt
IxQ,
is bounded bin terms of k. As « is arbitrary we finally conclude that (7.23) holds.

7.2. Renormalized Solutions

The aim of this section is to prove Lemma 7.2. In order to do so it suffices to
use the continuity equation and (7.23) again on the whole space.

First, we observe that g; is renormalized solution to the continuity equation by
Lemma 6.2, i.e. we have

3:0(05) + div (6(0s)us) + (6 (05)05 — 0(05)) divus = 0O (7.30)

in the sense of distributions on / x R3. Note that (7.30) holds in particular for
0(z) = z, which implies that the continuity equation can be regarded as a PDE
on the whole-space. We are interested in the particular choice 6 = T, where the
cut-off functions T} are given by (7.22).

We have to show that, similar to (7.30), equation (7.27) actually holds globally.
Thus, choosing 6 = T} in (7.30) letting § — 0 yields

d

z_/ Tl’klpdx—/ (T"*3,y + 7" u - V) dx
dr R3 R3

+ / T>*y dx
]R3

0
(7.31)

for all y € C®(I x R3). This means that we have

aT"* 4+ div (T u) + T>* =0 (7.32)
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in the sense of distributions on I x R3. Note that we extended o by zero to R3. The
next step is to show

lim sup/ T (0s5) — Ti (o)) dxdr £ C, (7.33)
§—0 IxR3

where C does not depend on k. The proof of (7.33) follows exactly the arguments
from the classical setting with fixed boundary (see [21, Lemma 4.4] and [17]) using
(7.23) and the uniform bounds on u. We explain the details for the convenience of
the reader. First, note that we have

lim//3 ((gg +80%) i (05) —ﬁTl’k) dx dr
R

§—0Jy

= lim (// (Qg +580f — (0" +5Qﬁ))(Tk(Qs) — Ti(0)) dx dr
1JR3

§—0
+ / /3 (7 — (@ +8")(Ti(@) — T"") dx dt).
1 JR
By convexity of z — z¥ + 8z7 we conclude that

lim// (0} + 805)Ti(0s) — PT"F) dx dr

(S—)O I
> i )T — T dxd
_Bgl%//w (Tk(0s) ) dx ds
> / / Tk (0s) — Te(@) " dx dr. (7.34)
1 JR3

Moreover, we have

limsup// (divus Ti(os) — divu 7"F) dx dr
§—0 1JR3

:limsup// (Ti(os) — T"*) divus dx dr
1JR3

§—0

< c limsup [Tk (0s) — T"* Il 21 w3
§—0

< c limsup [|Tk(05) — Te(@)ll 121 xr3)- (7.35)
§—0

Now we combine (7.34) end (7.35) with (7.23) to conclude (7.33).
By a standard smoothing procedure we can consider “renormalized solutions”
for T1¥ and deduce from (7.32) that

3O (T +div (0(T"Fyu) + (/T HT* —o(T")) divu
+0/ (T Tk =0 (7.36)

in the sense of distributions / x R3. Here, we use that 6'(z) = 0 for z > My. We
want to pass to the limit k — oo. On account of (7.8), we have, for all p € (1, y),
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]’k . .
1T = 0117 gy = iminf 1 7i(05) = @517 5 1)

< 2P lim inf/ los|? dx dt
820 Jilos| 241

< 2PpPTY liminf/ los|” dxdt — 0, k — oo,
§—0 I xR3

so we have
TV > o in LP(I x RY) (7.37)
as k — oo. Therefore, we are left to show that
o'(T"MHT?>* > 0 in L' x R?) with k — oo. (7.38)
Recall that 0 has to satisfy 8’(z) = 0 for all z = M for some M = My. We define
OQrm = {(t,x) e I x R} T < )

and gain by weak lower semicontinuety that

/ 0/ (T" T | dx dr < sup |0/ @) | x0T dxdt
IxR3 =M Q

A

C liminf / X0ww |(T{(05)0s — T (05)) div us | dx dr
§—0 IxR3

< C sup|ldiv UaIILz(lxR3>1igIlj(I)lf 1T (05)05 — Ti(@3) Il 12 (0, o)+
It follows from inte‘%’polation that

I T]!(QS)QS — T (0s) ”iz(Qk,M)

(I-e)r+D)  (7.39)

< 1T (08105 = Tr (@915 1z I TY @)05 — Tr(@n) 5ty D

where o = VT_I Moreover, we can show similarly to the proof of (7.37) that

1T (0s)0s — Te(@8) |1 (1 xmyy = Ck'TY Sl;P/ - los|” dx dt
I xIR-

— 0, k— oo.

(7.40)

Thus, it is enough to prove

sup |7 (08)0s — Tk (08) | Ly+1(gp 0 = C (7.41)
s

independently of k. As Tk/ (2)z < Ti(z) it holds by the definition of Qy s that
||T1¢/(Q<S)Q6 - Tk(QzS)”LVH(Qk_M)

2(||Tk(Q8) — Tk(@  pr+11xm3y + IITk(Qa)IILr+1(Qk_M))

A

[IA

2(I17k08) = Ti@ 1 sy + 1Tk(@8) = T L1k
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+ ||T1’k||LV“(Qk,M)>'

< 2(ITk(@s) = T (@l r1rxmy + I1Tk(@s) = Tl iy ) + M,

Firstly we find that (7.33) and (7.25) imply (7.41). Secondly, (7.39)—(7.41) imply

(7.38), so we can pass to the limit in (7.36) and gain

360(0) + div (9 (@)u) + (6'(0)o — 0(0)) divu =0

(7.42)

in the sense of distributions on I x R3. The proof of Lemma 7.2 is complete.

7.3. Strong Convergence of the Density
We introduce the functions L by

zlnz, 0<z<k

L =
k@) Izlnk—i—z I Ti(s)/s*ds, z > k.

We can choose 6 = Ly in (7.42) such that
3 Li(0) + div (Ly(@)u) + Ti(0) divu =0
in the sense of distributions on I x R3. We also have that

3 Li(0s) + div (Li (0s)us) + Ti(0s) divus = 0

in the sense of distributions, cf. Lemma 6.2.
Using the testfunction ¥ = 1 in both equations implies

/ Li(os) dx — / Ti(05(0))9(0) dx
R3 R3

t
—/ / Ti(0s) divug dxdo <0
0 JR3
and

f Li(o)dx — f Li(0(0))9(0) dx
R3 R3

'
—// Ti(0)divu dx do = 0.
0 JR3

The difference of both equations reads as

fR3 (Li(os) (1) = Li(0) (1)) dx < /11@3 (Lk(05)(0) — Li(0)(0)) dx

(7.43)

(7.44)

(7.45)

t
+// (Tx (o) divu — Ty (¢) divu) dx do.
0 JR3

We have the following convergences for all p € (1, y):

Li(os) — L"* in C,(I; LP(R?), §— 0,
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o0sIn(os) — L** in C,(I; LP(R?)), &§— 0,

which is a consequence of the fundamental theorem on Young measures (see,
for instance, [40, Thm. 4.2.1, Cor. 4.2.19]) and the convergence of ps in
Cy (7; LA (R3)). The latter one follows from the a-priori information on o from
(7.8) in combination with the control of the distributional time derivative of gs
coming from the continuity equation (considered on the whole-space), so we gain
(using also the fact, that g5(0) = 09 = 0(0))

t
f (L") = Li(@)() dx < lim sup / f (Tio) divu — Tx(os) divus) dx do
R3 =0 Jo JR3

t
< /0 /R2 (Tk(@) — T"*) divu dx do, (7.46)

using (7.23) together with the monotonicity of the pressure. Due to (7.37) the right-
hand side tends to zero if k — oo such that

lim | (L™ (1) — Lr(0)(1)) dx £ 0.

k—00 JR3

Thus, we have shown

lim// lengadxdt§/f olnpdxdr.
=0 )7 JRr3 1 JR3

By weak lower semi-continuity for convex functionals the converse inequality holds
as well. This finally means that

// lenQ,gdxdl‘—)// olnodxdz.
1JR3 IJR3

Convexity of z — z In z yields strong convergence of gs. Hence, due to (7.20), the
proof of Theorem 7.1 is shown, for the time interval [0, 7], with T, depending on
the data only (such that ||7(#) ]l < % in (0, T%)). In the next section we will show
how the interval of existence can be prolongated by a change of coordinates.

7.4. Maximal Interval of Existence

The interval of existence in Theorem 7.1 is restricted by the quantities of the
given data, as well as the geometry of 9<2. By our assumption on the initial geometry
we find that €,,(7,) has no self intersections. We define n* = (n(7%)), where « is

a convolution operator in space. We define 2 = Q€ C*. If « is conveniently
small, then also €2 has no self intersection either. In particular, there exists some
L > 0 such that on

S; = {x e R?: dist(x, 3Qy) < L},
the function (see the beginning of Section 2.2)

A:3Qx (=L.L) = §;, A@G.5) =g +5v(g)
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is well defined. Here we have (g, s) = A:l (c}) and v i§ tlje outer normal of the
initial geometry 9€2. This implies that for ¢ : 92 — [—L, L], we may associate

Q; =0\ S Ulx €571 5(x0) < LG}

g .
By the definition of L, there exists a diffeomorphism
\I’E Q- QE’

cf. Lemma 2.2. In particular, we may define the function

£:0Q >R, g L(g+vn"@)+n"(9)
as satisfying

¢(q) € [n*(q) — L, n*(q) + L] forall g € 32,
where (¢, s) = A~!(@). This implies that the mapping

W i=WeoW, i Q— Qp =Q;

is a well-defined diffeomorphism. The transformation can also be inverted. For any
n: 092 — R with

n(q) € [n*(q) — L, n*(q) + L] forall ¢ € 32,
we may define
0@ = (=L, L1, > 0@ = v(@n"(@) = 1"(@)
By this construction we have changed the coordinate set €2, since
U, =WVsoW,«: Q— Q, =Q;.

This transformation can be used to extend the solution. To be precise, we set:

o 1o =n(Ty),

o 7 =0on(T"),

e 00=0o(T%),

o qo=o(THu(T™).

By the construction above, we can associate to any { € C ([T*, T**] x
92, [—%. £1) a function ¢ € C([T*, T**] x 9R) such that

i 0
1) € [1'(@) — 5 .n"(@) + 5 | forall g € 002,

Moreover, the mappings ¥, : 2 — Q¢ and ¥y, : Q — Qg . are both well

defined, provided we choose k small enough. Now, first Theorem 4.4 provides a

solution (1, w) to any given pair

(¢, V) € C(IT*, T™] x 992, R) x L>([T*, T*] x R?).
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Second, we wish to get a fixpoint by applying Theorem 4.2. The only modification
is that the fixpoint mapping has to be adjusted slightly. Indeed, the fixed point has
to be found in the set

D= {(E, V) € C(IT*, T x 9Q) x L2(T*, T*] x R3)) :
N
£ = AT, 1EIo £ 50 IVlzqre, 7oy S K .

Here K has to be adjusted to 7** in accordance with the proof of Theorem 4.2.
Finally, we set F : D — SB(D),

F:G.v) {(ﬁ, w) : (1, u) solves (4.8)

with (¢, v) and satisfies the energy bounds},

where 7) is defined via the solution n by 7 = n(g —v(q)n*(¢)) —n*(q) as introduced
above. The rest of the argument of Theorem 4.2 does not change, since the L™
bounds of 7, ¢ (which are critical for the fixed point argument) do not change by
coordinate transformations. Once the fixed point is established, we may pass to the
limit with «, € and § as before. Observe, that in Section 6.3 one has to use the exten-
sion operator from Lemma 2.5 with respect to the coordinate transformation ¥ as

it satisfies [|77]lco < % (here we use the fact that 2; = €2, by our construction).

We remark that the solution 7 and 2, ,, are defined via the same reference coor-
dinates 0€2. This means it truly extends the solution and we can extend the interval
of existence. Finally, the above procedure can be iterated until a self intersection is
approached. This finishes the proof of Theorem 7.1.
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