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Abstract

We consider a family of porous media equations with fractional pressure, re-
cently studied by Caffarelli and Vizquez. We show the construction of a weak
solution as the Wasserstein gradient flow of a square fractional Sobolev norm. The
energy dissipation inequality, regularizing effect and decay estimates for the L”
norms are established. Moreover, we show that a classical porous medium equation
can be obtained as a limit case.

1. Introduction

We consider the evolution problem

du —divuVv) =0 inR? x (0, +00),
(—A)Yv=u inR? x (0, +00), (1.1)
u(0) = uo,

where the initial datum wuq is a Borel probability measure on R?, d > 1, and
0 <5 < min{l, %}. The linear operator (—A)* is the s-fractional Laplacian on RY,
defined by means of Fourier transform as

(=A)V)(E) = 57 D).
We define the Riesz kernel K by the relation 1€s (€) = &%, that is,
K(x) = Caslx] 7%,

where Cy  is a normalization constant. With our convention for the Fourier trans-
form, thatis, @(§) = [pa e 7% @(x) dx, we have

Cos=n"2272T(d)2 - 5)/T(s), (1.2)
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where I is the Euler Gamma function, see for instance [1, Section 1.2.2]. The
relation between u and v, in the second equation of (1.1), is understood as v =
K * u. Therefore, problem (1.1) corresponds to an evolution repulsive interaction
equation, characterized by the Riesz kernel Kj.

Problem (1.1) has been studied by CAFFARELLI and Vazquez in [14], where the
existence of solutions was proved for non-negative bounded initial data which decay
exponentially fast at infinity. The existence result of [ 14] has been generalized to L'
positive initial datain [11] and to positive finite measure data in [27,28]. Moreover,
[11,16] contain comprehensive results about the Holder regularity of solutions.
Barenblatt profiles and asymptotic behavior are investigated in [15]. Exponential
convergence towards stationary states in one space dimension, after changing to self
similar variables, has been obtained in [18]. More general nonlocal porous media
equations are considered in [6,28-30]. See also [32] and the references therein.

The system (1.1) is derived by starting from the continuity equation

du + div(uv) = 0,

which governs the evolution of the density distribution u, driven by a velocity vector
field v. Now, as happens for the classical porous medium equation, we suppose that
v is the gradient of a scalar function v, the pressure, which is assumed to be a
function of the density u. The system (1.1) emerges by choosing the nonlocal
closing relation v := —Vv = —V (K * u).

Let us briefly discuss the extreme cases s = 0 and s = 1. When s = 0, the
second equation formally reduces to the identity v = u and thus the system in (1.1)
becomes

1 2
du — 5 Au’ =0, (1.3)

whichs a classical (local) porous medium equation. Among the other results, in this
paper we will make this transition rigorous (see Theorem 1.3). The other extreme
situation corresponds to the case s = 1, d > 2, where the second equation becomes
—Av = u. The resulting system (1.1) is related to the Chapman—Rubinstein—
Schatzman’s mean field model in superconductivity (see [17]) and to the E’s model
in superfluidity, at least for positive solutions (see [20]). Existence for this system
when s = 1 was first proved in two space dimensions in [23]. More recently, Serfaty
and Vazquez [27] proved that the solutions of the system (1.1) converge in a proper
way when s ' 1 to the solutions of the corresponding system with s = 1.

The gradient flow structure. Our main contribution is the rigorous construction
of non-negative solutions for the Cauchy problem (1.1) as trajectories of a gradient
flow. More precisely, we consider the space P,(R?) of Borel probability measures
on RY with finite second moment endowed with the 2-Wasserstein distance, here
denoted by W (see Sect. 2). For u € P>(R?) we define the energy functional

1 N
Fyw) = S lully JJEIT @) dg,

—5(Rd) = 5 (27T)d ~/R
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that is, F is the square norm of the homogeneous Sobolev space H 5 (R?), see
Sect. 2.2. We observe that this functional admits the alternative representation

fs(u)zlf / Ky (x — y) du(e) du(y),
2 Rd Rd

enlightening the structure of an interaction energy, characterized by the Riesz con-
volution kernel K. Within the gradient flow interpretation, we prove that a so-
lution to the Cauchy problem (1.1) can be obtained by means of the minimizing
movement approximation scheme, applied to the functional F in the metric space
(P2(R%), W). A general theory of minimizing movements in metric spaces and its
applications to the space (P (R9), W) is contained in the book of Ambrosio, Gigli
and Savaré [2]. The gradient flow approach in (P> (R?), W) was first exploited by
Jordan—Kinderlehrer—Otto in the seminal paper [22]. Let us illustrate the strategy
in our case: given ug € H R NPy(RY) and T > 0 we introduce the following
time discretization scheme. We consider a uniform partition of size t of the time
interval [0, +00) and we let ug be a suitable approximation of the initial datum
(see (3.2)). Then, we recursively define

1
u € Argmin, cp, o) {fs(u) + 5 W2 (u. u’;‘l)} . fork=1,2,...014)

If {u’j}keN c P(RY) isa sequence defined by (1.4), we introduce the piecewise
constant interpolation

ur (1) = ul’"1 1 €10, +00),

where [a] := min{m € N : m > a} is the upper integer part of the real number a.
We refer to u, as discrete solution. We prove that this family of piecewise constant
curves admits limit points as T — 0, and that a limit curve is a weak solution to
(1.1), satisfying some additional properties (see Theorem 1.1).

Nonlocal evolution equations with singular kernels appear in several mathe-
matical models. However, up until now the corresponding gradient flow approach
was limited to less singular interactions. Besides the works [3,4], dealing with
the Chapman—Rubinstein—Schatzman superconductivity model, gradient flows of
equations involving Newtonian interaction appear in the study of the Keller—Segel
model for chemotaxis, see [9] and the reviews [7,8]. The approach we propose here
is strictly related to the latter contributions, and problem (1.1), with the correspond-
ing functional Fj§, turns out to be a remarkable example of Wasserstein gradient
flow.

The main result. We shall now state the results. The main one is Theorem 1.1,
which contains all the properties of the gradient flow solutions. Throughout the
paper we denote by H : P>(RY) — (—o00, +00] the entropy defined by H(u) :=
fRd ulogu dx if u is absolutely continuous with respect to the Lebesgue measure
and H(u) = +o0 otherwise. We use the notation D(H) = {u € Po(RY) : H(u) <
+o0} for the domain of H. Moreover, in the statement of Theorem 1.1, the ap-
proximation ug of the initial datum u( is not arbitrary, but given by the suitable
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Gaussian regularization defined in Sect. 3 below, see (3.2). See also Sect. 2.1 for
the definition of narrow convergence and Sect. 3.2 for the definition of the space
AC([0, 4+00); (P2 (RY), W)).

Theorem 1.1. Letd > 1,0 < s < min{1, 4} and ug € H=*(R?) N Po(RY). Then
the following assertions hold:

(i) Existence and uniqueness of discrete solutions. For every t© > 0, after
having defined M(T) by (3.2), there exists a unique sequence {uf k=1,2,...}
satisfying (1.4);

(ii) Convergence and regularity. For every vanishing sequence T, there exists a
(not relabeled) subsequence t, and a curveu € AC?([0, +00); (P2(RY), W))
such that

ug,(t) — u(t) narrowly asn — oo, for anyt € [0, 4-00).
Moreover, u € L*((Tp, T); H'™* (Rd))for every) < Ty < T, and
Uy, — u strongly in L2((To, T); lenc(Rd)) asn — 00.

Defining v, (t) := K * u.(¢t) and v(t) := K; xu(t) Vt > 0, we have that
Vv e L>((Ty, T); L*(RY)) for every 0 < Ty < T, and

Vu,, — Vv weakly in L*((To, T); L*(R%)) asn — oo;

(iii) Solution of the equation. Given u, v from point ii), the first equation in (1.1)
is satisfied in the following weak form:

+o00
/ / (09 — Vo -Vo)udxdr =0, forall ¢ € C°((0, +00) x Rd);
0 R4
(iv) Energy dissipation inequality. Given u, v from point ii), there holds

t
Fs (1)) +/ /d IVo(r)Pu(r) dx dr < Fy(ug), ¥t €0, +00); (1.5)
o Jr

(v) Regularizing effect and decay estimates. For every p € [1, +00] there is a
constant C, depending only on p, d and s (independent of ug) such that

lu)llpgay < Cpt™ Vi >0,
where y, = pT_ld-&-Z?l—s) Jor p < +00 and yoo = m. In particular

u(t) € D(H) N LP(R?) for every t > 0;
(vi) Entropy estimates. If, in addition, uy € D(H), then

Hu(t)) < H(up), Vi>D0.
Ifup € LP(Rd)for some p € [1, 400], then

lul Lrray < luollpr@ray, V2> 0.
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Remark 1.2. The proof of Theorem 1.1 will be given as a collection of different
results throughout the paper. Let us give some comments here.

e If ug € D(H), then the results of point (ii) also hold for Ty = 0 and the results of
points (i)-(ii)-(iii)-(iv) do not require the approximation of the initial datum (that
is, we could define u? = uo in this case).

o The value of the constant C), in point (v) is explicit, see Lemma 4.10 below for
p € (1, +00) and Theorem 7.2 for p = 4o00. If p = 1 we have C; = 1 and
equality holds in points (v) and (vi) because mass conservation is an automatic
consequence of the Wasserstein gradient flow construction of solutions.

e Forevery p € [1, +00] the exponent y,, in point (v) is sharp, since the Barenblatt-
type solutions constructed in [15] have the same decay rate.

e The solutions that we construct are weak energy solutions in the terminology
of Caffarelli and Vazquez. Consequently they are also Holder continuous thanks
to [11, Theorem 5.1]. The finite speed of propagation is obtained by Caffarelly
and Vazquez in [14] and relies on their construction of weak solutions (see also
[21] and [29]). It would be an interesting problem to obtain the finite speed of
propagation directly from our discrete scheme.

e Theorem 1.1 holds if we consider positive measure data in H~*(R?), with finite
second momentand mass M > 0.1Insuch case, the constant C, from point (v) gets

multiplied by M where £, = SIS f p € [1, +00) and £oo = 25050,
This scaling is the same obtained in [11] for positive L'(R?) data. See also

Remark 7.3 below.

Let us summarize the main techniques and the strategy that we shall use in the
paper. We start with the analysis of the discrete variational problem (1.4) proving
existence and uniqueness of the discrete solutions. Moreover we analyze the reg-
ularity of minimizers, which are indeed shown to belong to H!=S (Rd ), and not
only to H~*(R%). In order to do this we make use of the flow interchange tech-
nique, described by McCann, Matthes and Savaré in [24]. The improved regularity
of minimizers allows as to perform variations along transport maps and to derive
a corresponding Euler-Lagrange equation, which yields a discrete formulation of
problem (1.1). Moreover, the obtained regularity estimates entail sufficient com-
pactness in order to pass to the limit in such discrete formulation, obtaining a weak
solution to problem (1.1). Finally, in order to obtain the energy dissipation inequality
of functional F; along the solution we use the De Giorgi variational interpolation.
In these steps we often work in Fourier variables; this approach reveals useful and
appears quite natural, starting from the definition of the energy functional.

The other important features that we discuss are the regularizing effect and the
decay rate at infinity of L? norms stated in point v) of Theorem 1.1. We stress
that the regularizing effect allows as to treat the case of general P> N H~ initial
data. The decay rate of the L” norms was already obtained in [11]. From our point
of view, this relates to the interesting issue of finding general L? estimates at the
discrete level of the minimizing movements scheme, along with the corresponding
decay rates for large times, which is new in this framework. At the discrete level,
for p < 400, we obtain an estimate of the form
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Ik 1y < min {||u2||Lp(Rd), cp(kz)*yv} YR, k=123, ..,
where y, = %m and R; is a suitable remainder term. Such an estimate
is proved by combining the flow interchange technique with Sobolev inequalities.
The term R is then shown to vanish as 7 — 0, thus yielding the desired decay
estimates of the L” norms for p < 4o00. However, it is not possible to directly
pass to the limit as p — +o00, because the multiplicative constant C,, blows up.
We note that an analogous difficulty for the case of the porous medium equation
was observed for instance in [10], when trying to obtain the decay rate of the L™
norm by making use of Sobolev inequalities.

In order to obtain the L°° decay, a refined argument is indeed necessary. Here,
we adapt the techniques of Caffarelli-Soria—Vazquez [11] to the discrete setting.
Their approach for proving L°° decay estimates was previously introduced by
Caffarelli and Vasseur [12,13] for the case of the semigeostrophic equation, and
it is based on the De Giorgi technique for elliptic equations. In order to apply
this technique within the discrete setting we introduce a sequence of minimizing
movements approximations on a smaller scale. This construction represents one of
the main novelties of the paper (see Section 7). The new approximation provides
the required information on the solution, allowing for an L? to L argument to get
L*° decay with the expected rate yo, = lim,_, 100 ¥p, corresponding to the one
obtained in [6,11].

Thelimitass — 0. A final result that we prove is the convergence of the constructed
solutions to a solution of the standard porous medium equation (1.3) as the fractional
parameter s goes to zero. This complements the result of Serfaty and Vazquez
[27], where the limiting case as s — 1 (corresponding to the interaction with
the Newtonian potential) is analyzed. More precisely, the result is stated in the
following Theorem:

Theorem 1.3. Let ug € L2(R?) and {uy}se(0,1) be a family of initial data such that
uy € D(F), uy converges narrowly to ug as s — 0, supy¢ (g 1) fRd |x|? duj(x) <
“+ooandlimg_, o Fy(uy) = Fo(uo) where Fo(-) = %”'”LZ(Rd). Foreachs € (0, 1),
letu® be a solution to the corresponding equation (1.1), with initial datum uj, given
by Theorem 1.1. Moreover, let u be the unique solution of the Cauchy problem for
the porous medium equation

(1.6)

du—SAu? =0 inRY x (0, +00),
u(0) = ug

satisfying the energy identity

T
Fou(T)) +/ /d IVu @) 2u(t) dx dt = Fo(ug), VT > 0.
0 R

Then we have

u®(t) = u(t) narrowly as s — 0 for every t > 0,
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and, for every Ty and T such that T > Ty > 0,
ut — u stronglyin L>((Ty, T); L? (RY)) ass — 0,

loc

Vu® — Vu weakly in L>((Ty, T): L*(R%)) ass — 0.

Plan of the paper. Section 2 introduces the basic framework for gradient flows
in the Wasserstein space and for fractional Sobolev norms. Section 2 shows the
convergence of the scheme to some absolutely continuous curve in P> (RY), owing
only to the general theory of minimizing movements, and not relating to the specific
choice of functional ;. Section 4 introduces the flow interchange, which will be
repeatedly used in order to obtain further regularity of minimizers, the regularizing
effect of the dynamics, and the L?” decay estimates for p € (1, 0o0). Section 5 is
devoted to the Euler—Lagrange equation for discrete minimizers, thus building up
the key element for the existence result. Section 6 proves existence, by showing
that the limit curve found in Step 3 is in fact regular enough for giving sense to the
term u Vv and satisfies equation (1.1). This is moreover a gradient flow solution, so
that (1.1) holds in the sense of distributions and an energy dissipation inequality for
functional F; holds. Section 7 introduces the double scale approximation and proves
the L™ decay estimates, thus completing the proof of Theorem 1.1 Eventually,
Section 8 contains the proof of Theorem 1.3.

2. Notation and Preliminary Results

2.1. Wasserstein Distance

We denote by P(R?) the set of Borel probability measures on R?. The narrow
convergence in P(R?) is defined in duality with continuous and bounded functions
on RY, that is, a sequence {u,} C P(R?) narrowly converges to u € P(RY)
if [pa¢du, — [pa@du for every ¢ € Cp(RY), where Cp,(R?) is the set of
continuous and bounded functions defined on R¥.

We define P>(R?) := {u € P(R?) : fRd |x|? du(x) < +oo} the set of Borel
probability measure with finite second moment. The Wasserstein distance W in
P> (RY) is defined as

W(u, v)
1/2
= min {(/R |x—y|2dy<x,y)) L (m)ay =u, (nz)#y=v},

yePRIxRY) dxRd
2.1

where 7;, i = 1, 2, denote the canonical projections on the first and second factor
respectively. Denoting by I the identity map in R, when u is absolutely continuous
with respect to the Lebesgue measure, the minimum problem (2.1) has a unique
solution y induced by a transport map 7}, in the following way: y = (I, T,))#u. In
particular, 7, is the unique solution of the Monge optimal transport problem

min {/ 1S(x) — x|*du(x) : Syu = v}.
Rd

S:Rd R4
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Finally, we also recall that if v is absolutely continuous with respect to Lebesgue
measure, then

TYoT) =1 u-ae. and T)oT) =1 v-ae.

The function W : P>(R%) x P>(R?) — R is a distance and the metric space
(P2(R%), W) is complete and separable. Moreover the distance W is sequentially
lower semi continuous with respect to the narrow convergence, that is,

up, = u, v, — v, narrowly = liminf W (u,, v,) > W(u, v),
n——+00

and bounded sets in (P> (R?), W) are narrowly sequentially relatively compact.

2.2. Fourier Transform and Fractional Sobolev Spaces

We denote by S(R?) the Schwartz space of smooth functions with rapid decay
at infinity and by S'(R?) the dual space of tempered distributions. The Fourier
transform of u € S(R?) is defined by (&) = fRd e~ %€ y(x) dx. The Fourier
transform is an automorphism of S(R?) and by transposition it can be defined on
S’ (R?). Moreover, the Plancherel formula holds:

/ G(E)W(E) dE :(Zn)d/ u()wx)dx,  Vu,w e L*(RY).
R4 R4

Letr € R. For every tempered distributionu € S’ (R?) suchthatii € L} (RY),

we define

loc

13 sy = G5 )d/ (1+ 5P 1a ) &

and

el gy = (zl)d / €17 1a(8) I db.
The fractional Sobolev space H” (RY) is defined by
H (R = [u e S'®RY :ii e L (RY), Jullgrzay < —I—oo} :
and the homogenous fractional Sobolev space H' (R?) is defined by
H (RY) = [u e SRY : e L, (RY), Nl g, < +oo} .
The next proposition summarizes some basic facts about fractional Sobolev spaces,

which will be used many times in the sequel. We refer for instance to [5, Sec-
tions 1.3, 1.4].

Proposition 2.1. The following assertions hold:
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e Interpolation. If ro < r1 < ry then

ol s ety < 10 ot 10U ey @ Nl ety = Nl o 1000,

where 0 is defined by ri = (1 — 0)rg + 0ra;

o If ri < rathen |[ullyr (ray < llull groray- If r > O then |[ull grgay < lull grra)-
If r <0 then ||M||Hr(Rd) < ||M||HV(R<1)' Ifr =0 then ”“”HO(Rd) = ||M||HO(Rd) =
||”||L2(Rd);

o Ifp € SRY) and u € H" (RY) then there exists a constant ¢, depending only on
¢, r and d, such that

¢ ull gr ey < cllull grray:

o If¢p € SRY), r1 < ry and sup,c unll gra iy < +00, then {¢pu, : n € N} is
relatively compact in H" (R?).

Letd > 1 and r € (0, d/2). Then the fractional Sobolev inequality

A

lull o gty < Sarlull e e (2.2)

holds for any u € H' (RY), where q = dEer > 2 and (see for instance [19])

Sd,r

B 2r/d
_ g2 L@/ r>< r (")) . 23)

T'(d/2+r) \I'(d/2)

From (2.2) and interpolation of L? norms we obtain that for g1, g> such that 1 <
g1 <q2<q= %’ the inequality

lull oz ey < S4 r||”||Lq|(Rd)||M|IHr(Rd)

holds for any u € H"(R?) N L9 (R?), where 6 = %. In particular, for any

ue H (RY) N L'(RY) and g = 2 + 2, there holds

2r/d

2
Ll(Rd)”u” :

Ml oy < S5 ull (2.4)

L2 (RY) — "R

Similarly, from (2.2) and the interpolation of L” norms between the exponents

1 < p < d{g{;rl), for p € (1,+o00) and nonnegative u € L'(R?) such that

uPt/2 ¢ gr(RY), we have

+1 (1-0)(p+1D) 1)/2,20
el ey < Saolely gy N P21 s (2.5)

_ dp*-D)
where 9' = p(?[;erp). o

In dimensiond = 1, for s € (0, 1/2), we shall also need the following inequal-
ities:

4-—2s SZ 2s
LA ZT(R) 1, l v

2—2s
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and
B 84, 2p—2sp+1)/(p—1 292
ey < S8 el gy NP L @)
where 8, = 2(1;# and p € (1, +00). Indeed, by (2.2) and the interpolation

property of Proposition 2.1, we have

l—s—r)/(1— 1
Il 2, g snnunHr(R)<Sn||u||‘Lz@§)”/< D u ||;§§ e

foreveryr,s € (0, 1 /2) Choosing r = norm

between L! and L = we obtain (2.6), Whereas similar interpolation arguments and
(2.5) entail (2.7). )
Ifd = 1and r € (0, 1), the scalar product in the space H F(Rd ), defined by
1

Wl = G

f &7 5 (€)W (&) dE,
Rd

can also be expressed as

(v, w), = Car / / W) — VN WE) — WO — ¥~ drdy. (2.9)
R4 JRd

This equivalence follows from [5, Proposition 1.37]. The value of the positive
constant Cy,, can be obtained through the following formal computation. Since the
Riesz kernel satisfies AK, = —K,_1, using the Plancherel formula and integration
by parts we have

(v, w), =

L /R JETTE D@ @) d

= / (Ki—r * Vv)(x) - Vw(x) dx
R4

1
= 5/ SAK - (x =) () — () (wx) — w(y))dx dy

- ——cd 4[ / P () — v () W) — w(y) dx dy,

thus (2.9) holds with Cd,r = —iCd,_r, where Cy —, < 0 is given by extending
formula (1.2) to values of the second index in (—1, 0).
We also have the following:

Proposition 2.2. Let d > 1 and r € (0, 1). Let v € H' (RY). If F: R - Ris
nondecreasing, the(t (v, F(v)), > 0. If, in addition, F is Lipschitz continuous on
R4, then F o v € H" (R?) and there hold

(v, F(v))r = L(v,v)r, (F(v), F(v))r < L{F(v), ),

where L is the Lipschitz constant of F. Moreover, if v is nonnegative and p €
(1, 4+00), the following Stroock—Varopoulos inequality holds:

4p
{ P22 (2.10)

UU)r_( +1) H’Rd)
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Proof. The first properties follow at once from the representation (2.9). (2.10) is
also a consequence of (2.9), by means of the elementary inequality

(@ —b)(aP —b") > (i—pl)Z <a<P+1)/2 _ b(p+1>/2)2’
p

which holds for any couple of nonnegative numbers a, b. O

3. Energy Functional and First Convergence Result

Henceforth it will be always assumed that d > 1 and 0 < s < min{l1, %}.

3.1. Energy Functional

After noticing that a Borel probability measure u is a tempered distribution with
i in L}OC(Rd), we define the energy functional F; : P>(R?) — (—o0, +-00] by

1 2
FS(“) = EHMHH_Y(Rd)

We state a basic property of functional F:

Proposition 3.1. The following assertions hold:

o D(Fy) = H(RY) NPy (RY);
o Fs(u) > 0 foreveryu € Py (RY);
o F; is sequentially lower semicontinuous with respect to the narrow convergence.

Proof. The first two points are obvious. In order to prove the third one, let {u,} C
P>(RY) be a sequence, narrowly converging to u € P>(R?), and such that
sup,, Fs(uy) < +oo. Using the notation U, (§) := |&| %11, (£), the previous as-
sumption reads as sup,, ||Up || 2re)y < +00. By L? weak compactness there exists
a subsequence of {U, } that weakly converges in L2(R%) to some U € L%(R?). By
the narrow convergence of u,, we have that z,,(§) — () forevery & € R4, and then
U, (§) — |E|7%0(&) for every £ € R?. By uniqueness of the weak limits and the
lower semicontinuity of the L? norm we obtain that Fy () < liminf,_ o0 Fs (its)
and the statement holds. O

3.2. Wasserstein Gradient Flow, Minimizing Movements

Let ug € Po(RY), r > 0. We let
1
T, (x) = We*'ﬂz/‘“, xeR, 10, 3.1)

and we define a regularized initial datum as

—1/logt if T € (0,1/2)

. (3.2)
—1/1og(1/2) ift €[1/2,400).

ug = Dy(2) * uo, where w(t) := {
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We consider, for k = 1, 2, .. ., the problem

1
min Fyu) + — W2 (u u’;*l) . 3.3)
uePs(R7) 2t

Proposition 3.2. For every t > 0 and every ug € P>(R?) there exists a unique
sequence {uX : k =0,1,2,...} C D(F,) satisfying u® = T r) % uo and such that

ulé is a solution to problem (3.3) fork = 1,2, ....

Proof. Let > 0 and k € N. By Proposition 3.1 and the properties of the Wasser-
stein distance, the functional u — Fy(u) + % W2(u, ulé_l) is nonnegative, lower
semicontinuous with respect to the narrow convergence and with narrowly com-
pact sublevels. The existence of minimizers follows by standard direct methods in
calculus of variations. The uniqueness of minimizers follows from the strict con-
vexity of the functional u — Fs(u)+ % W2(u, ulg_ 1) with respect to linear convex
combinations in P, (R?), since F; is a square Hilbert norm. 0O

By Proposition 3.2, the piecewise constant curve
ur(t) ;= u?/ﬂ (3.4)

is uniquely defined, where [a] := min{m € N : m > a} is the upper integer part.
We say that a curve u : [0, +00) — P>(R?) is absolutely continuous with
finite energy, and we use the notation u € AC?([0, +00); (P>(R?), W)), if there
exists m € L%([0, +00)) such that W (u(t1), u(t2)) < fttlz m(r)dr forevery t, t; €
[0, +00), 11 < 12. Ifu € AC?([0, +00); (P2(RY), W)), then there exists its metric
derivative defined by
W+ h), u())

lu'|(t) := }}1;% ] for a.e. t € [0, +00),

and |u/|(t) < m(¢) for almost every ¢ € [0, +00).

Theorem 3.3. (First convergence result). Let ug € H™S (RN NP (RY) and u, the
piecewise constant curve defined in (3.4). For every vanishing sequence t, there ex-
ists a subsequence (not relabeled) T, and a curve u € AC2([0, +00); (P2 (RY), W))
such that

ug,(t) = u(t) narrowly asn — oo, forany t € [0, +00). 3.5)

Proof. The proofis based on the compactness argument of minimizing movements,
stated in [2]. . .
Since 0 < I'7(§) < 1 we have [a2(€)| = [To(r)(§)io(§)] < |iio(£)] and then

F (u0) = Fy o), (3.6)
The first estimate given by the scheme (3.3) is the following:

N 2 (k k=1
fs(ui\])-i-%szS.R(ug)g}}(uo), VNeN. (37
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We show that for any 7 > O the set Ay := {u’é :7t>0,Ne N, Nt <T}is
bounded in (P>(R?), W) and consequently sequentially narrowly compact.
Indeed, recalling that [py [x|> du(x) = W?(u, &) for any u € P,(R?), using the
triangle inequality and Jensen’s discrete inequality we have

2
/d elul () dr = w2 (ul 60) = (L) W (ks 1) + W (. 80))
R
N
T

<2( 2 TM)Z +2W2(u2, 80)

w2 uf,u

Tl) +2W2<u9, 50).
3.8)

e

< 2Nt Z}I{\le T

Since, for suitable ¢ > 0, we have

VV2 (u(T), 30) < 2W2 (u(r), Fw(r)) + 2W2 (Fw(r)» (30)
=2W? (Fw(f) *UQ, D) * 30) + 2w?2 (Fw(f), 80)
< 2W? (o, 80) 4+ 2W? (Tw(r), d0) = 2W? (uo, 8) + coo (1),

it follows from (3.7) and (3.8), since F; > 0, that
f Ix[Pul (x) dx < 4T Fy(uo) +4/ Ix)%ug(x) dx + 2c, (3.9)
R4 R4

and the boundedness of Ar follows.
We define the piecewise constant function m : [0, +00) — [0, +00) as

W (1), u (1 — 7))
. )

my(t) =

with the convention that u,(t — ) = u;(0) if t — t < 0. Since F; > 0, from (3.7)
it follows that

1 +00 )

—f my (1) dt < Fi(uo).

2 Jo

It follows that there exists m € L?(0, +00) such that m, weakly converges to m
in L2(0, +00). Moreover for any t1, t € [0, +00), t] < 1, setting k1 (t) = [t1/7]
and ky(t) = [f/7], by triangle inequality it holds that

ka(t)—1

ko (T)T
W e )z () Y W(u’;,u’;—l)gf my (¢) dt.
k

k=K1 (1) 107

By the L* weak convergence of m- the following equicontinuity estimate holds:

ka(T)T n
lim sup W (u(t1), u;(t2)) < lim m (t)dt =/ m(t)d:. (3.10)
1

=0 =YV Jk (D)t
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Applying Proposition 3.3.1 of [2] we obtain the convergence (3.5). Passing to the
limit in (3.10) we obtain
4]

W(u(m,u(rz))s/ m@)dt, Vi nel0,+00), f <1,

n

and then u € AC2([0, +00); (P>(RY), W)) and

+o0
/ lu'|> (1) dt < 2F; (ug) (3.11)
0

holds. O

4. Flow Interchange and Entropy Decay Estimates

We briefly review the flow interchange technique introduced by Matthes, Mc-
Cann and Savaré [24]. Then, with this technique, we obtain suitable regularity
estimates for solutions to (3.3).

Definition 4.1. (Displacement convex entropy). Let V : [0, +00) — R be a
convex function with super linear growth at infinity, such that V(0) = 0, V €
C1(0, +00), V is continuous at 0, limy o % > —oo for some o > dL+2 and the

following McCann displacement convexity assumption (introduced in [25]) holds:

r>rd V(r*d) is convex and decreasing in (0, +00).

If V satisfies the above assumptions, we say that the functional V : P>(R?) —
(—00, +0o¢], defined by

V) = / V(u(x)) dx
R4

if u is absolutely continuous with respect to the Lebesgue measure and V(1) = 400
otherwise, is a displacement convex entropy. We say that V is the density function
of V.

As usual we denote by D (V) the set of all u € P>(R¥) such that V(u) < +o0.

Remark 4.2. The condition on the behavior of V at 0 is needed as usual to have
the integrability of the negative part of V o u, as soon as u is a probability density
with finite second moment. Moreover, if ug € P> (R?) and ug is the regularization
defined by (3.2), it is clear that ug € D(V) for any displacement convex entropy
V, since ug is bounded.

It is well known that a displacement convex entropy )V generates a continu-
ous semigroup S; : D(V) — D(V) satisfying the following family of Evolution
Variational Inequalities (see [2, Theorem 11.2.5]):

1 1
§W2(St(u), v) — sz(u, v) < t(V(v) = V(S () Yu,ve DY), V>0,
4.1)
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and S; () is the unique distributional solution of the Cauchy problem
oru = A(Ly (u)), u(0)=u,

where Ly (1) := uV'(u)—V (u), such that (4.1) holds. The semigroup is contractive
with respect to W and extends to D(V) = P> (R9). Thanks to the regularizing effect
S;(u) € D(V) forany u € P (R?) and any t > 0, we obtain that (4.1) holds for
every u, v € Pr(RY).

If u € D(Fy) we define the dissipation of F; along the flow S; of V by

Dy Fs(u) := limsup Fsu) = Fs (S (”)).
110 t

Proposition 4.3. (Flow interchange). Let {u’i :k=0,1,2,...} be the sequence
given by Proposition 3.2 and V a displacement convex entropy. If

DyF, (u’;) > —c0 fork =1, 42)

then ut € D(V) and

k—1) _ k
%ﬂ(u’i)sv(uf )T V) i

Proof. We have u(,) € D(V), see Remark 4.2. For t > 0 and k > 0, by definition
of minimizer there holds

1 1
fs (ul;) + EW2 (MI;, MI;_I) < -Fv (St (Mi)) + sz (St (MIE) S MI;_I) ,

that is,

(7 (18) = (5 () = 302 (5 ) ) = w2 (ko).

By using (4.1) we obtain

T}"s (u”é) —F (St (“IE)) <y (ulfl) -V <S; (uf)) .

t

As u? € D(V), we may now recursively apply the above inequality; thanks to (4.2),
by passing to the limitas 7 | 0 and using the lower semicontinuity of VV with respect
to the narrow convergence we conclude. O

Remark 4.4. With the next lemmas we will characterize the dissipation and show
that (4.2) holds true for any displacement convex entropy V.
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4.1. Improved Regularity

The following result makes use of flow interchange with the choice V = H,
the entropy functional:

Lemma 4.5. Let ug € D(]—'s.) and {ulzc k =0,1,2,...} the sequence given by
Proposition 3.2. Then u* ¢ H'=*(R?) N D(H) for any k > 0 and

1 B
T

Hl—s(Rd) = T s k: 1, 2, (43)

In particular,
H(uh) = m (), k=12

Proof. By its definition in (3.2), it is clear that u(r) € D(H).

We denote by S, the heat semigroup on R?, namely the flow generated by the
entropy H. For £k > 0 we have S (u’;) e H'= (RY) for any ¢ > 0. Indeed, by
the uniqueness of the solution of the heat equation the representation S; (u’;) =
Iy * u’§ holds, where I'; denotes the family of gaussian kernels (3.1). Then, using
the notation w; := §; (u’é), since f‘, is a Gaussian, by (3.7) we have

f|€|2“*>|wz(s>|2d§=/ 1EPADI0, @) P1ak (&) 1* de
Rd Rd

= ol 1%y ay < 260 ()
< 2C, F (o) < +00,

where C; := MaXg cgd |$|2|f,(§)|2. Since u(r) = Tu) * up (see (3.2)), a similar
argument shows that ug € H'=S(RY).

Next we let k > 0 and we consider the real function ¢t +— F (w;) for ¢t €
[0, 400). We claim that this function is differentiable in (0, +00) and continuous

atr = 0, and that
2
() =
Uy 1 (R [l ]|

d
E-Fv(wt) = - ‘ H1-s(RY)

Vie (0, +00). (4.4)

To show this we recall that in Fourier variables the heat equation reads 9, W, (§) +
€120, (£) = 0in R? x (0, +00). Taking into account the smoothness of w; we
obtain

1 d
2(2m)4 dt

d A L A
3 s (w) = / &7, (8) by (€) dE
t Rd

~

1
= 2n)d /Rd &1y (§),0; (£) d&

1 e 12 A
=~ G /R 6172 (§)162r (§) d& = —llwell 1, o)
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and thus the desired differentiability and (4.4) follow. Now, we prove that the map
t — Fy(w;) is continuous at ¢t = 0. Indeed, since 0 < F,(é) < 1 we have
[ ()2 = |T(£)ak (&) 1> < |a% (£)]? and it follows that Fy(w;) < Fi(ub). Since
Fj is lower semi continuous with respect to the narrow convergence, the continuity
at 0 follows.

By Lagrange’s mean value Theorem, for every ¢ > 0 there exists 6(¢) € (0, t)
such that

2

HI=s (RY) :

Fy (k) = F5 (S¢ (1)) _ ” So ) (u];)

t

By the lower semicontinuity of the H'~% norm with respect to the narrow conver-
gence it follows that

X 2

|t

Then, by Proposition 4.3, we obtain that u/; € D(H) N H'~*(R?) and (4.3) holds.
O

k
H1=s(Rd) = QH]:S (ur> '

Integrating the estimate (4.3) with respect to time, we obtain the following
space-time bound on the discrete solution u . For the integer part of the real number
a we use the notation [a] := max{m € Z : m < a}.

Corollary 4.6. Let ug € D(Fy), {ulg tk =0,1,2,...} the sequence given by
Proposition 3.2 and u+ the corresponding discrete piecewise constant approximate
solution defined in (3.4). Then u.(t) € H'=*(RY) for every t > 0 and

T
2 No(7) 2
[ e oy bt = 1 () (14 TG0 + [ 1o duot)

0

(4.5)

holds for any To > 0 and T > Ty, where No(t) := [To/t] and c is a constant
depending only on the dimension d.

Proof. Let7T > 0, N = [T/t] and Ng = Ny(t). By (4.3) we obtain

N
/ T e O e 0 = 3 Wty = 7 (k) =7 (u?).
By a Carleman type inequality there holds
—Hu) < 5(1 + /Rd |x|2uﬁv(x)dx)
for a suitable constant depending only on d. From (3.9) we obtain

) = (14 TE o + [P duoto)
R

for ¢ depending only on the dimension d and we conclude. O
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4.2. Decay of the Entropies

In the next Lemma we apply the flow interchange to a general displacement
convex entropy G and we compute a lower bound for the dissipation of the functional
Fs along the flow of G. This result is useful for the regularizing effect and the L”
estimates.

Lemma 4.7. Let ug € D(F;) and {ulg :k =0,1,2,...} the sequence given by
Proposition 3.2. Let G be a displacement convex entropy with density function G,
according to Definition 4.1. Then u’i € D(G) for any k > 0 and there holds

0§<u1§,Lg(u’§)>l_S§g(ul;])_g(ulé), k=12,.... (46)

T

In particular,

() <g (), k=12

Proof. The proof is based on the same argument of Lemma 4.5. First of all, we
have u? € D(G) by Remark 4.2.
For ¢ > 0 we consider the displacement convex entropy

V(u) :=Gw) + eH(u).

We denote by S; the flow associated to )V with respect to the Wasserstein distance.
Let us fix k > 0 and define w; := S; (ulg), thus w; satisfies the equation

dqw, = ALG(w;) + eAw, = AW (w,), 4.7

with initial datum u’i, where Lg(v) = vG'(v) — G(v) and W (v) = Lg(v) + sv.
Equation (4.7) is a quasilinear non degenerate parabolic equation since W satisfies
W’ > 0. As a result, the solution w; is bounded, smooth and strictly positive
for t > 0 (see for example [31, Chapter 3]). Moreover since Lemma 4.5 gives
u’; e H=s (RY) for any k > 0 and u’§ e LI(RY) by construction, we have that
u’; eL? (]Rd ) thanks to the Sobolev embedding (2.2). Now, if we test equation (4.7)
with w,, we immediately get (recall that L is monotone increasing)

lwell 2 ey < Nkl 2gay, Ve > 0. (4.8)

Thus, the estimate above combined with the lower semi continuity of the norm,
gives the strong continuity in L?(R¢) of the semigroup.
By making use of the transformed version of (4.7), there holds, for any 7 > 0,

d 1 e s
a]:s(wt) = 20l /Rd 1§17 W, (§)0;w; (§) dE
1

e /Rd £ D @l (Lo ®) + e ()

—(wy, L (w))1—s — &(wy, we)1—s.
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Notice that Lg is non decreasing and locally Lipschitz, and since w; is bounded
and w; € HI=S(RY) for ¢ € (0, +00), from Proposition 2.2 we obtain Lg o w; €
H'"S(RY) and (wy, Lg(wy))1—s = 0 for ¢ in (0, +00). In particular, ¢ — Fi(w;)
is differentiable in (0, +00).

Next we shall prove that r +— F(wy) is continuous at t = 0. Since w; is a
probability density, we have that |, (£)| < 1 for any & € R?. Thus, for every
t € [0, +00) and for some § > 0 we have

ky 2 _ —25—=28.~ 2
I1Se @ 5-5-5 ey = fRd &1 lw; (§)]” d§

<[ @R [ et
{I51=1} {I§1<1}
By (4.8) and Plancherel’s Theorem, for 0 < § < d/2 — s the previous estimate
shows that ||.S; (u'i)lleH(Rd) < ¢ for every t € [0, 1], where c is a constant
not depending on ¢. Then, for a suitable 6 € (0,1) and 0 < 6 < d/2 — s, by
interpolation we have

1-6 0
k k k k k k
‘ Si (”) = gy = 1 (”) ~ ] gy | (”’) Tl ey
1-6
0 k k
= @0 HSt <MT> Tl ey

and the obtained LZ(R‘I) strong continuity of S; implies that ¢ — F;(w;) is con-
tinuous at t = 0.

By the same argument of Lemma 4.5, based on Lagrange mean value theorem,
we obtain for suitable 6(¢) € (0, )

K k
7 (“r) -::.v (St (Mr)) — ¢ H So) (uﬁ) F1-s (Rd)

s (14) Lo (S0 (1)),

Notice that the map u +— (u, Lg(u))1—s is lower semicontinuous with respect
to the strong L?(R?) convergence. This follows by applying Fatou’s lemma to
the expression (2.9), where the integrand is nonnegative in this case, since Lg is
nondecreasing (see Proposition 2.2). Therefore, by passing to the limitas ¢ | 0 we
obtain

:

0= it o (), _, <t 72022 ()

110 t < DyFs (u];) :

The latter estimate, together with Proposition 4.3, entails ulé € D(V) and
oo ()], +90) + (o8) <6 ) o (1),
-5
k=1,2,....

In particular, for k = 1,2, ... there is u'§ € D(G) and (u’é, L(;(u';))l_s < —+o0.
By letting ¢ — 0O we find that (4.6) holds. O
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4.3. Regularizing Effect

In order to obtain a quantitative decay of a positive logarithmic entropy and of
the L? norms of the discrete solution we need the two following propositions.

Proposition 4.8. Let ¢ : R — R be a convex C' function and t > 0. If ax and by,
satisfies

ax —a—1 < —t¢'(ar), by — b1 = —t¢' (), VkeN
and ag < by, then ar < by for every k € N.
Proof. By induction, assuming that a;_1 < by_; we have that
ax + ¢ (@) < ar—1 < bg—1 = b + ¢’ (by).

Since the function r — r + 7¢’(r) is strictly increasing we conclude. O
Proposition 4.9. Let ¢ : R — R be a convex C' function and t > 0. Let by € R
and by be satisfying

b —br_1 =—1¢'(b), VYkeN
and b : [0, +00) — R the solution of the Cauchy problem

b'(t) = —¢'(b(1)),  b(0) = bo. (4.9)
Then |b — b(kt)| < —51¢' (bo) 1.
Proof. The result is the error estimate for the Euler implicit discretization scheme.

See for instance the general expression derived by Nochetto—Savaré—Verdi [26] and
[2, Theorem 4.0.7]. 0O

In the following of the paper we denote by K : P>(R?Y) — [0, +oc] the
positive entropy defined by KC(u) := fRd u(x)log(u(x) + 1) dx if u is absolutely
continuous with respect to the Lebesgue measure and C(u) = 400 otherwise,
which is a displacement convex entropy according to Definition 4.1.

Lemma 4.10. Let {u’; 1k =0,1,2,...} be the sequence given by Proposition 3.2.
There holds

() i< (4)- ok (). k=
(4.10)

3d4+-4(1— ~ _ 3d+4(1-s) ~
where yo 1= %d+2i11—s)r Bo = +d( D Co=2""a Ay Co= (ColBo—

D), Ay =S5 ifd 22 A= S\ and Sy, is defined by (2.3).

> 4-2s

Moreover, for every p € (1, 400) there holds

k p . 0 p P —py Q ’ 0 PBp
‘ uz Lo () < min { ‘ u, Lo(d) Cp (kr) P ¢ + 75 T ||Ur Lo (Rd)
k=1,2,..., (4.11)
. -1 d . d+2(1—s) ~ ._ 4p(p=D . ~
wherey) := %M’ Bp = p(pf—l)dg’ Cpi= ([;H[jl)2 Bas, Cp = (Cp(Bp—

)77, By :=S;1_,ifd >2and B s := Si‘ﬁi .

1425
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Proof. We shall apply Lemma 4.7 to the particular cases G = K and G = G,
where G, is the displacement convex entropy with power density function G , () =
—LuP, for p € (1, +00).

Let us start with G = IC, so that the density function is G(#) = u(logu + 1).
In this case Lg (1) := uG'(u) — G(u) = u+1 Since L is increasing on [0, +00)
and Li; (u) = ML_H < 1 by Proposition 2.2 we have, for any k € N,

O R T Y W

Since 0 < Lg(u) < u we have ||Lg(u’§)||L1(Rd) < ||u’§||L1(Rd) = 1. Therefore
Lgo u’i e H'=S(RY) N LY RY). Using (2.4) in the case d > 2 and (2.6) in the case

d = 1 we obtain
v = A [ (e () o an

|6 ()

forg := 2+ 2(1 —s)/d, where Ay = Sd1 Jifd > 2, A1 = S1 13 . By

—2s

’ 2

H]_S(Rd) :
(4.12)

Jensen inequality we have

Jo (el

2q1

/Rd ’;dx
(/ W ki)

and an elementary computation shows that, for any u € [0, +00), there holds

v

2u?
(u + 1)4/Ca=1H —

/Rd (LG (u’;))q dx > 2% (/c (u’;))zq_l . (4.14)

Thanks to (4.12), (4.13) and (4.14) we find

(k2 (i), = €0 e ()"

%d+4(1 5)

where Cp := 2124 Ags =27 Ay 5. By applying Lemma 4.7 we obtain

K (u’;) + Cot (/c (M;))'go <K (u’;—l) L k=12,..., (415

3d+4(1—s)
Y

> ulog(u + 1),

then we have

where By :=2q — 1 =
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Let us now consider, for p € (1, 4-00) the case G = G, with density function
G = G . Taking into account that L » (u) = u?, by Lemma 4.7 and the Stroock—

Varopoulos inequality (Proposition 2.2), we have (ulg)(’"“)/ 2 Hl-s (Rd) and

LAr -1 H p+1>/2 2 +H k‘p
u
(D’ Ai-s(ray T ILe(®e)
"1‘ k=1,2,....
LP(R4)

By (2.5) withr = 1 — s in the case d > 2 and (2.7) in the case d = 1, both with

the choice u = u’T‘, we obtain
4p(p—1 P Pr p
Tp(p 2)Bs<"§ ) +‘u1§
(p+1 Lr(RY) LP(R7)
< [uk! k=1,2,... 4.16
_‘ f LP(]Rd) y & ’ ( )

where 8, := % B,“:—Sd1 1fd>2andB“.—S48

Now we are ready to conclude for both the cases G = K and g Gp. Setting
ag = IC(uk) in the first case and a;, : in the second case, the relations

(4.15), (4.16) read

”M "Ll’(Rd)

ax — a1 < —fcaf,

where C = Co, B = o in the first case and C = C) := 4{;2])?3 dss B = Bp
in the second case. In both cases, we apply Proposition 4.8 and Proposition 4.9

with the choice ¢ (a) = B +1aﬂ+1 The solution of the Cauchy problem (4.9) is
then b(t) = (bg + C(B — Dn)/1=P) Since B > 1, the function y — yl/(l B is
decreasing in (0, +-00). Consequently we have b(1) < min{bg, (C(8—1)r)!/(1=F)}.
Finally

ak < by = b(kt) + by — b(kt)| < b(k7) + %cb’(bo)f.

With the choice by = IC(u?) in the first case, we obtain (4.10). With the choice
bo ||u ”LP(Rd) in the second case, we obtain (4.11). 0O

We may now pass to the limit as r — 0 and prove the decay estimates for the
solution.

Theorem 4.11. Let {u’j :k =0,1,2,...} be the sequence given by Proposition
3.2. Ifu € AC2([0, +00); (P2(RY), W)) is a corresponding limit curve given by
Theorem 3.3, then

K@) < Cot™, t>0,
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where Cy, yo are positive constants, whose explicit value is found in Lemma 4.10,
and

Ku()) < r113%)%(”2) t>0.
Moreover, for every p € (1, 400) there holds
lullppray < Cpt™"”, 1 >0,
where the positive constants Cp, v, are found in Lemma 4.10 as well, and
lu@lLrgay < Jim el pge, >0,

Proof. With the choice of u? from Sect. 3.2 we immediately have that

B
Lr(RY)

0
T

P
tim 7 (1 (u2))™ =0, tim 7'/7 ‘ u

=0 7—0

’

since the L? norms of ug diverge at most logarithmically as t — 0. The proof
is now a consequence of Lemma 4.10, of the narrow convergence (3.5) and of
the lower semi continuity of /C and of the L” norms with respect to the narrow
convergence. O

5. Euler-Lagrange Equation for the Minimizers

Thanks to Lemma 4.5, we have enough regularity to obtain an Euler-Lagrange
equation for discrete minimizers. This necessary condition (5.1) on the minimizers
of the scheme is the first step towards a discrete version of a weak formulation of
the equation (1.1), (see (6.5)).

Lemma 5.1. Let ug € D(F;). Let {u’i 1k =0,1,2,...} be the solution sequence
to (3.3) given by Proposition 3.2 and v]; = K % u’§ Then, for any integer k > 1
there holds

uk—1

1
/Rd Vot pukdx = ;/Rd (Tug — I) qukdx,  VneCPRYRY),
5.1)

k—1
where Tuu,f is the optimal transport map from u’j to u’fl and 1 is the identity map
T

on RY. Moreover, there holds

J.

k
Vv,

T

2 1
Wk dx = w2 (u’;, uk_l), k=1,2,3, .. (5.2)
T
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Proof. Let n € C°(RY; RY). For § > 0 we define @5 : RY — R? by ds(x) =
x + 6n(x). Clearly there exists §o > 0 such that

1 3
5 Sdet(Vo;(0) =5 Vxe RY, V8 € [0, 8],
and ®; is a global diffeomorphism. In this proof, for simplicity, we use the following

notation: u := u’§ and us := (Ps)xu.
By the minimum problem (3.3) we have, for § > 0,

(Fs up) — Fs (W) + % (iw2 (s ") - Ly (. u’;—l)) .

0<
2T 2T

1
8

A standard computation entails

1 /1 1 1
tim (5= W2 (g, ub ™) = W2 (b)) = —— [ (75— 1) .
8%5<2TW “e, e ZIW ot T Jpa \'F e

We have to compute

1
gi_r)%g (Fs(us) — Fs(u)) . (5.5

Sincefora, b € Citholds |a|>—|b|* = (@+b)(a—b)+ab—ba and ii(§) = i(—&),
we obtain

1
) (Fytus) — Fyw) = 5 A; e (6 + A-8) (35(6) — &) .
because
/ £ 5 (—8)i(E) dE = / 612 5 (8)i(—E) dE.
]Rd ]Rd

After defining 05(&) = |£|7>*li5(£) and D(&) = |&]| 720 (&) we write

27)d 1 1
(;’) (Fiu) = Fytw)) = 5 / (95(=8) + D(—E)) - (a5 (6) — (£)) d&
Rd 8
1 . . 1, .
=3 / £1(85(=8) + D(—))E1™ ~ (35(8) — 4(€)) de. (5.6)
R4 )

We show that |£|05(—&) converges to |£|0(—&) strongly in L2(R9) as § — 0. First
of all we observe that there exists a constant ¢ such that

lusll gi—s@ay < ¢, V3 €0, 8]

In order to obtain this bound we write us = ¢su o @gl +uo CID(;I, where ¢5 =
detV(DEl — 1. Since <I>571 is a global diffeomorphism, close to the identity, and
clearly there exists a constant ¢ > 0 such that |®5(x) — ®s(y)| > ¢|x — y| for any
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x,y € R? and any § € [0, 8], we get [|u o By || y1-s ey < Ellull 15 gay. see [5,
Corollary 1.60]. A similar estimate holds true as well if we multiply by the smooth
compactly supported function ¢s, see also of [5, Theorem 1.62]. Then

||u,g - l/l”Hl—s(Rd) <c+ ”u“Hlfs(Rd), Vs € [0, 80]

Since supp(us — u) = suppn is compact we have that {us — u}se[o,s,] 1S strongly
compact in H” (RY) for any r < 1 —s. Since us — u narrowly as § — 0 we obtain
that [us — ull grgay = O as § — 0.

Since —s < 1 —2s < 1 — s, choosingr € (1 —2s,1 —s)N (0,1 —s), by
interpolation we have

1-6

A
i s =l

1Vvs — Voll 2y = lus — el oz ey < lus — ul e iy

where 1 —2s = (1 —0)(—s)+0r. Since ||us —u|| g-s ®R) is uniformly bounded for
8 € (0, 8o) we obtain the strong convergence in L>(R?) of |£]05(—&) to |E]D(—£).

For every & € R the function ge : [0, +00) — R defined by g¢ (8) = it5(&) is
of class C! and

g 0) = it - [ Iy

The continuity of the derivative follows from its expression and dominated conver-
gence Theorem. Indeed, by definition of image measure, that is,

fis (&) = / £ IECHSIO) () d
]Rd

we have

1

1 . _
Z(ﬁaJrh(E)_ﬁs@)):/ L emig e _ 1) mit oo, () dx
R4 ]’l

N _ig./e—"f'<x+5’7(”>n(x)u(x)dx

as h — 0, by dominated convergence Theorem.

By Lagrange Theorem for every &£ and 6§ > 0 there exist §¢ € [0, §) such that
L(is(6)—it(§)) = gL (8¢). Since | g/ (5)| < |&]l|nl| .~ we obtain that &| =" 1 (i1 (£)
—u(€ )) converges to —i |£|7'& - (1) (€) in the sense of distributions, but

gL(8) = —i& - (s (&),
where (u)s = (®5)#(nu), and || (gu)s | 2 gay < 2lnull 12 gay. sothat [] 71§ (5 ()

— i(§)) is bounded in L?(R?). Consequently, |& |_1%(ﬁ5(§ ) — ii(§)) converges to
—i|E|7 E - (qu) () weakly in L?(R?) as well.
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Eventually, we may pass to the limit in (5.6) by strong vs weak convergence,
and using Plancherel Theorem we obtain

1 _
@) lim = (Fy(uy) = Fo(w) = ~i / O(—€)& - () (§) dg
— Rd
d
= —i X;/R O(—&)E; - (7u)(§) d&
i
d
= 2n)? Z /d 9y v(x0)n; (X)u(x) dx
j=1"%

= 2n)? /d Vox) - n@ux)dx. (5.7
R

In conclusion, by combining (5.3), (5.4), (5.5), (5.6) and (5.7), we get

1
05/ Vv~nudx——f (Trk—l>~77udx.
Rd T JRrd

The above inequality is valid also for —» instead of 1, so that it is indeed an equality
k—1
and (5.1) holds. From (5.1), it follows that m’éVv’; = (T:kr — I)u'§ holds almost

k—1
everywhere in R?. Since Wz(ulé, uf‘l) = fRd |TMM,(I —I)? u1§ dx, (5.2) follows as
well. O ’

6. Convergence and Energy Dissipation

In this Section we prove that the limit curve obtained by means of Theorem 3.3
is indeed a gradient flow solution to problem (1.1): it satisfies (1.1) in the sense of
distributions and a corresponding energy dissipation inequality holds.

6.1. Convergence

Lemma 6.1. Letu € H™S RHYNPL(RY), uy the piecewise constant curve defined
in (3.4) and v, (t) := K; * u.(t) defined for t > 0. Given a vanishing sequence t,,
let uy, be a narrowly convergent subsequence (not relabeled) given by Theorem
3.3, u its limit curve and v(t) := Ky * u(t) fort > 0.

Then, for any Ty > 0 and T > Ty we have u € L*((Ty, T); H'~*(R%)) and
Vv e L2((T0, T); LZ(Rd)). Moreover the following convergences hold:

pur, — du strongly in L*((To, T); H' (RY)) asn — oo, V¢ € S(RY),
Vr <1—s,

Uy, — u strongly in L2((T0, T); leoc(Rd)) asn — 0o,

Vu,, — Vv weakly in L*((To, T); L*(R%)) asn — oo. 6.1)

If, in addition, uy € D(H), then the above results also hold for Ty = 0.



A Gradient Flow Approach to the Porous Medium Equation 593

Proof. Let 7y > 0. By the definition of ug we have that the error in (4.10) vanishes
as T — 0, that is, lim;_ r(IC(u(r)))ﬂO = 0. As in Corollary 4.6 we let No(t) =
[To/7]. By (4.10) and the inequality H(u) < K(u) we obtain that

lim sup 1 (u20)) < CoT; ", (6.2)

=0

where the value of the constants Cp and yy is stated in Lemma 4.10. Since by
interpolation, for 8 = s, it holds

1—s
e Dl 2ray < Ne O 7 o I O ga)

then by Holder’s inequality, (3.7) and (4.5), we obtain

T —s T s
/TO it (1 2z, 01 = ( /T e (O g, ) ( fT ot (121 g )

T

< (2R = 10) ([l gy ar)

To

< (ZFS(uo)(T — To))H (H(ui\“)(f))
—i—c(l—i—T}}(uo)—i—/ lezduo(x)))s. (6.3)
Rd

From (4.5) and the last estimate, by lower semicontinuity we obtain that u €
L>((To, T); H'™*(RY)).

Taking into account that —s < 1 — 2s < 1 — s, by interpolation we obtain, for
0=1-—s,

luz Dl g1-2egay = Nuz (O r(Rd)”u‘L’(t)”Hl s (Rd)’

then by Holder’s inequality, (3.7) and (4.5) we obtain, as above,

T
fT it (131 o

0

5(/T e 1 e )(/TOT||uf<r)||§ql_X(Rd)d,>1_s

< (A @ = 1)) (H(2 ) +e(14 TF w0 + [ 16 duo) )
(6.4)

Since vz (1)(§) = |&] 2 u (1) (¢), by Plancherel Theorem we have || Vo (1) 12 )
[t (D)1l 125 (ga)- From the previous estimate it follows that {Vv,};~ is weakly

compact in L2((Ty, T); LE(R?)). Moreover Vg, converges to Vv in the sense of
distributions in RY x (Tp, T). Indeed for ¢ € C°(R? x (Tp, T); RY), denoting by
¢, the function x — ¢(x, ), by Plancherel’s Theorem we have

T T -
2! / / Vog - pdxds = —i / / EI U (D(—E)E - §1(6) d& dr.
Ty JRA Ty JRA
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Since |15 uq (1)(—)€ - @1(§)| < '@ (§)] and § € SR?) for every
t € (To, T), by (3.5) and Lebesgue dominated convergence the right hand side of
the above formula converges to

T . T
—i/ / |g|*2su(t)(—g)g@(g)dgdx:(zn)d/ / Vo - ¢ dx dr.
To JRA To d

For the stated compactness in L2((T0, T); Lz(Rd)) we obtain (6.1).
Letg € S(RY),r € [0, 1—s)ande > 0. Since ||uf(t)||§1,s(Rd) < ||uf(t)||§.H(Rd)

< 2F;(up), then {¢pu,(¢)};~0 is compact in H~~¢(R4) for any t. Thus, for any ¢
we can select a subsequence T, o) of 7, such that ‘me (t) — w; strongly for some

w, € H™57¢(RY). Actually, the subsequence is shown not to depend on # thanks to
(3.5) and the uniqueness of the limit. As a result, we have that ¢pu,, (1) — ¢u(z) in
H™5~¢(R?) for any t > 0 and for any ¢ € S(R?). By Proposition 2.1 there exists
a constant C such that

e (6) = u - gy < Cllue (@) = w7, ga,
< Clluc () = @l ga,
< 2C1ur (DI gy + 2CTu@ I g,
< 8CF;(uo).

2

Then by dominated convergence we have that f TTO lpu-, (1) —pu(t)|] H-s— (Rd)
Oasn — 4o0o.For 0 = (r + s + ¢)/(1 + ¢), by interpolation we have

dr —

T
/T pur (1) = pu®l3 ga dt

0

T 1-0
< ( / e (1) = GuI . g 1

To

T 0
( / I ue(6) = pu (D)%, gy )

To
Since by Proposition 2.1 there holds

T
[ e ® = 01 -y

0

T
< c/ it (6) = w1 g, A
T

0
< 4C(H(u1,\'°(f)> + c<1 + TF: (o) + /Rd |x|2duo(x)),

the first convergence result follows.

In order to show the second convergence result let K C R? be a compact and
we choose ¢ : RY — R such that ¢ € C°(RY),0 < ¢ < 1,¢ = 1 on K and
r = 0. Since |ju¢ (1) — u(t)||iz(K) < |lpu(t) — ¢u(t)||i2(Rd), we conclude.

If Ty = 0 then No(r) = 0, and the last assertion follows from the previous
estimates taking into account that ’H(u?) < H(ug). O
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Theorem 6.2. If u € AC?([0, +00); (P2(RY), W)) is a limit curve given by The-
orem 3.3, and v(t) := K x u(t) fort > 0, then u satisfies the equation in (1.1) in
the following weak form:

+00
/ / B¢ — Vo - Vo)udxdt =0, forallp € C°((0, +00) x RY).
0 R4

Proof. We fix ¢ € C2°((0, +00) x Rd). By (5.1) with the choice of n = V,¢
(depending on time) and integrating we obtain

+00 1 [t
/ / Vv,~Vg0u,dxdt:—/ / (Ty = I)-Vou,dxdt, (6.5)
0 R4 T Jo R4

k—1
where T is defined as T; () = Tu",f ift € ((k— 1)7, kt]. By Lemma 6.1 along a
suitable sequence 1, the left hand side of (6.5) converges to

+00
/ / Vo - Vvudxdt
0 Rd

By a standard argument, the right hand side of (6.5) converges to

+o00
/ / dr u dx dt,
0 R4

see for instance [2, Theorem 11.1.6]. O

6.2. De Giorgi Interpolant and Discrete Energy Dissipation

In order to obtain an energy dissipation estimate we introduce the so called
De Giorgi variational interpolant (see for instance [2, Section 3.2]) as follows:
i.(0) := ug and

. . 1 _
i () € Argmin, cp, rd) {muﬂ (u uk 1) + F; (u)}
fort € (k—1Dt,kt], k=1,2,....

We observe that by the argument in the proof of Proposition 3.2 this interpolant is
uniquely defined and i, (k7) = u’§ for any k € N.

Proposition 6.3. For every t > 0, ii.(t) € H'™*(R?) and, denoting by ¥, (1) :=
K * i (1), the following discrete energy identity holds for all N € N and t > 0:

1 Nt 1 Nt
-/ / Ve |% ur dxdt+—/ / |V, |% i, dx dr
2 Jo Rd 2 Jo R (6.6)

+ Flur(NT) = F (u2).
Moreover,

W2 (e (1), ur (1)) < 8t Fs(ug), Vi € [0, 4+00). (6.7)
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Proof. Fixingt > 0, by the definition of it (), the same proof of Lemma 4.5 shows
that ii, (1) € H'™5(R?). For k such that r € ((k — 1), k7], the same argument of
Lemma 5.1 shows that

/|v5f(z)|2ﬁ,(z) dx = Wz(ftf(t),u];_l). (6.8)
Rd

(t—Gk—-=11)?

From [2, Lemma 3.2.2] we have the one step energy identity

1W2 uk,ukfl 1 kt W2 - (¢ ,ukfl

Wl L WO ) g () = ().

2 T 2 J-nr (t—(k—1)7)

Defining the function G; : (0, +00) — R as

W (i (1), ut=")
—k-=Dt°

and summing from k = 1 to N, we obtain

‘XN: W2 (uk uk 1)+%/0N’Gg(t)dz+fs(uf)=fs(u9),

Finally 6.6 follows by (5.2) and (6.8).
The estimate (6.7) follows by the definition of i (¢), (3.7), the non-negativity of
Fs and the triangle inequality (see also [2, Remark 3.2.3]). O

G (t)= te((k—Dr,kt], k=1,2,...

In order to pass to the limit by lower semicontinuity in (6.6) we recall the
following result, see [2, Theorem 5.4.4].

Lemma 6.4. If {1,,} is a sequence in P(RY x [0, T) that narrowly converges to i
and {w,} is a sequence of vector fields in L2 (Rd x [0, T1, in; Rd) satisfying

sup / lwl* dptn < 400, (6.9)
R4 x[0,T]

n

then there exists a vector field w € L2 (Rd x[0,T], u; Rd) and a subsequence (not
relabeled here) such that

lim orundin= [ powdp Yoe CR@®x0.TERY,
R4 x[0,T] R4 x[0,T]

n— oo

and moreover

liminf/ lwp)? dpen z/ lw|? dp. (6.10)
=00 JRd x[0,T] R4 x[0,T]

Theorem 6.5. If u € AC?([0, +00); (P2(RY), W)) is a limit curve given by The-
orem 3.3, and v(t) := K x u(t) fort > 0, then u satisfies the following energy
dissipation inequality:

T
fx(u(T))+/ / IVo)[Pu(t) dx dt < Fy(up), VT > 0.
0 JRrd
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Proof. Letu., be the sequence of Lemma 6.1. We fix T > 0 and we apply Lemma
6.4 to the sequences u, := %u,n, w, := Vv, and (i, = %ft,n, wy, := V. By
(6.6) with N = N, := [T /71,1, and by (3.6), the assumption (6.9) is satisfied for
both the couples (u,, wy,) and (i, w,). By (3.5) and (6.7) we have that u,, and [1,
converge narrowly to u := %u By (6.1) we have that the limit point of w,, and w,,
is the same w = w = V. Since lim,_, yo 7, N, = T, by (3.6), the lower semi

continuity of Fj, (6.10) and (3.6) we conclude. O

7. Boundedness of Solutions and L°° Decay

In this section we show how to get an L°° decay rate starting from the discrete
variational approach. We have indeed to extend the estimate of Theorem 4.11 to
p = oo. Notice that y,, therein converges as p — oo, but the constant C,, blows
up. Therefore, we have to go through a more refined argument.

We start by introducing a simple recursive estimate.

Proposition 7.1. Let Q > 0, R > 0 and g > 1. If a sequence of positive numbers
{Aj}(j>0) satisfies Aj < QR/AZ_lfor every j > 1, then

Aj < Qﬂ(j_j()sq)RV(]'_J'OJI)A‘};_IO’ V> jo=>0, (71.1)
where
. g/ —1 . q(q’ — 1) J
q-—1 (g-1> q-—1

Proof. Let jo = 0. By recursively using the assumption we obtain that

j—1 _ .
e i g . . j ‘
Aj < H(QRJ ha' Al = QPUORYGDGT 0,
i=0

where indeed

U g/ —1
BU.a)=) q' = T
i=0 -

(. q) S(' g = — i( SRRV [V VR
, = — 1 = — — = — .
v(i.q i:OJ q q_1i=1q @12 a1

If jo > 0 we apply the previous formula by shifting the indexes. O

Theorem 7.2. If u € AC?([0, +00); (P2(RY), W)) is a limit curve given by The-
orem 3.3, then there exists a constant Coo depending only on d and s such that

lu (@)l oo ray < Coot 7, t>0,

where Yoo ‘= m
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Proof. Fix ¢ > 0 throughout. We let 7 > 0 and we define
Tj=t(1-277), j=0,1,2,...

and j(7) as the smallest integer j such that T; > t|t/7 ], where |a] := max{m €
Z : m < a} denotes the left continuous lower integer part of the real number a.
The sequence {7} satisfies

tlt/t] = Tjoy < Tjw+1 < Tjwy+2 < - < lim T =1,
J—>+0o0

and7; —T; | = 1277 We recursively define U, j by iiz j(r) = u(t) and

W%(u,ﬁf,j_o}, j>j

(7.2)

- . 1
Ugj = argmlnuepz(Rd) {fs(u) + —2(T _T 1)
J J—

For given M > 0 we define G(u) := (u—M )i and V as the displacement con-
vex entropy with density function G, according to Definition 4.1. By the definition
of ii¢ ; in (7.2), Lemma 4.10 can be applied and yields

(Tj — Tj—)ur,j, Lr;))i—s < V(e j—1) — V0, ), j> j(®). (7.3)
Since Lg(u) = (u — M)%_ +2Mw — M)y, u+— (u— M)%r is nondecreasing and

u +— (u — M) is 1-Lipschitz continuous, by Proposition 2.2 we have

(, Lo @)iog = (= M3)  +2M . (= M)1)is
= 2Mu, (u — M) )1
= 2M (= M), (= M) )15 = 2M I = M) 41131 g

Then, since V > 0, from (7.3) we find

/ (i, j-1 () = M)} dx = 2M(Tj = Ty D)Gie,j — M) 1y oy J > J (D).
R4
(7.4)
Next, we define
. . 2 _ 2
A/(‘[) = ”u‘f,j(‘f) ”LZ(Rd) - ||u‘f(t)||L2(Rd)
and we separately treat the cases d > 2 and d = 1 in the rest of the proof.

The case d > 2. Weletq := d/(d — 2 + 2s), so that 2q is the critical exponent
corresponding to the Sobolev inequality (2.2) with r = 1 — s and constant denoted
by S4.1—s. We define the constant

2 s q-1
S \T e
Mf(t) = ’T (A](T)z (g—1) )

— Zq/(q—l)qul/?st*%Agfi(;)l)/(3q*2) t—q/(3q—2)’
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and M. j := (2 — 2= HYM. (1) for j > j(t). Finally we define
Aj = /(ﬁw- — M. )idx, j> j(o).

Since f — M;; > O implies [ — M; ;1 = f — M ; + 27T ML (1) >

27/ M. (t) > 0, a direct computation and the Sobolev inequality (2.2) entail, for
any j > j(7)

i 2g—2 ,
Aff(zwm) f(uf,(x) My i) dx

2J 2g—2
2q 2q
< R . ¢
B <Mf(t)> S NCic Mz j=D+ 11 oy

Now we make use of (7.4), with M. ; in place of M, and we get for any j > j (),
since My < M ;,

(25) " e () (Lo ot)
M (1) G\ () e Mri-tx

(7.6)

(7.5)

Aj

IA

52
d,1—s 3g—2\j A4
- thT(t)3q72 2 ) Aj*l
We may apply the recursion formula (7.1), with O = qulﬂt_q M, (1)*>73 and
R = 23972 starting from jo = j (), and we get

q./—.f(f)_|

524 -1 9@/ O-) _joiw
A < d,1—s (23‘1_2> G172 g-1 Aql j
P =\ e M, (1)392 (@

q.f—.f(‘f)_|

2q 3g—2)/(qg—1) 44— g1
deliszq(q )/ (q )Aj(r)

2=(=j(@)Bq=2)/(g—1) Aj)

19 My (1)%172
—(j—j(®)Bq-2)/(g—1
= 2~ U=i(®)Bq¢-2)/(q )Aj(f),

where we have used the definition of M;. As g > 1, we have lim; , 10 A; = 0.
Notice that, for j > j(7), there holds as in Theorem 3.3 the basic estimate

Wz(ﬂr,jy 'Zr,j—l)

fs ﬂr )+
A Y7 vy

=< fs(ﬁr,j—l) < Fs(uo),
so that

Wiz, j, fiz,j—1) < 2F5(uo)(Tj — Tj—1) = 2t Fy(uo) 27,

then

n
W(’Zr,ns ’Zr,m)f 2t Fy (ug) Z 2*]/2'

j=m+1
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Therefore, {ii; ;};>;(x) is a Cauchy sequence, converging in P, (R%) as j — +00
to a limit point that we denote by u (¢), such that

+00
W(ﬁr,m» ﬁr(t)) < v 2l“Fs (uO) Z 2_/'/2_ (7-7)

Jj=m+1

Since i, j narrowly converges to it (¢) as j — 00, the lower semicontinuity
of V with respect to the narrow convergence entails (together with 2M (1) > M ;)

/R (i () = 2Me (1) dx < lim inf /R (i = 2M (D)} da
= ljlg—ll-lg Rd(ﬁr’j M- ])+ de = ETOOA =0,
that is
IIu,(t)IILOO(Rd) < 2M, (1) — 224-1/(q~ 1)S2q/(3q 2)A(q 1)/(3q z)t—q/(3q 2)
(7.8)

However, we apply the estimate (4.11) for p = 2 to see that

22

)

Ajy = Nur O 2 ey < CRET/TDT 4+ Fr |

where C», C‘z, y2, Bo are defined in Lemma 4.10 and where the right hand side
converges, as T — 0, to C% t7272 see Theorem 4.11. Hence, from (7.8) we obtain

—2 =) ¢ __d
lim sup ||MT(t)||LOQ(Rd) < KS at 3¢-2 3¢-2 = Ks,d t d+2-2s
—0

where

Ky g = 2(2q—1)/(q—1)qul/(3q72)C%(qfl)/(3q72)
s, s ,

and where we used 2y» = d/(d +2 —2s) and g = d/(d — 2 + 2s) to compute the
exponent of 7.
By (7.7) withm = j(t) we have

+00

W (ue (1), i () < V20 F (o) Y 27972 (7.9)

Jj=j(+1

Since j(r) — +ooast — 0, by (7.9) it follows that along a sequence T, given by
Lemma 6.1 we have that {it;, ()}, 1s tight and converges to the same limit point
u(t) of {”r,, () }nen.

By lower semicontinuity we conclude that

””(t)”Loo(Rd) < Ks.a 4/ (d+2=2s)

The result is achieved with Coo = K 4.
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The cased = 1and 0 < s < 1/2. The argument is analogous to the previous
one for d > 2, we shall only mention the main differences. Instead of defining
q=4d/d—2+42s),wefixr € (0,1/2) and we let ¢ := 1/(1 — 2r). We define
0 :=r/(1 —s), and we change the definition of M. (¢) by letting

M (1) : .— 24/(q— 1)S2q/(24 2+(19)A5q(r)1)/<2q 2+49) ;—q8/(2q—2+q8)

Using (2.8) instead of (2.2), the analogue of (7.5) is

2
= <M (t)) / (MT ](x) Mr] 1)+ dx

-2

2/ 2 |~ 29(1-0) (7.10)
= <Mt(t)) St H (it j — vaj—l)"‘HLz(Rd)

|| (ﬂ‘r,j - M‘L’,j—l)+||i';119—s(Rd) .

Moreover by (7.3) we have

|G = Mej-1) e gy < Wi j-1 = Mej 1) 12 gay = Ajo1. (1.11)

Using (7.4) and (7.11) in (7.10) we obtain the analogue of (7.6):

< 2/ zq_zsz‘f 2\ A (7.12)
P =\ M) Lr\ Mz () = '

th q0

Then we can apply the recursion formula with the choice of Q0 = §
M, (£)27247499 and R = 229-2+4% and we obtain, recalling the choice of M (¢),

Aj < 9= (=i (®)2q—2+40)/(q—1) Ajr.
The rest of the proof carries over along the line of the case d > 2. O

Proof of Theorem 1.1. We collect all the results that give the proof of the main
Theorem. Point (i) follows from Proposition 3.2. Points (ii) and (iii) follow from
Theorem 3.3, Lemma 6.1 and Theorem 6.2. Theorem 6.5 yields point (iv). Point
(v) is a consequence of Theorem 4.11 and Theorem 7.2 for the case p < +o00 and
the case p = 400, respectively. Finally, point (vi) follows from Lemma 4.5 and
Lemma4.7 by letting T — 0 and taking into account the lower semicontinuity of H
and of the L? norms with respect to the narrow convergence. This gives the result
for p < 4+o00. The case p = +oo follows by passing to the limit as p — +o00 in
the inequality ||u(f)||Lp(Rd) = ”u()”LP(]Rd)' ]

Remark 7.3. If we consider positive measure data with mass M > 0, according to
Remark 1.2, the constant C, in point v) has to be multiplied by M », where ¢ p 18
given therein. This scaling is deduced from Lemma 4.10 if p < 400, when making
use of (2.5) and (2.7) for obtaining (4.16). We similarly obtain the value of £,
since the constant C, in Theorem 7.2 depends on the mass only through Cs.
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8. The Limit for s — 0

In this last section we are interested in the asymptotic analysis when s — 0.
We start by proving the following lemma which identifies the limit of the sequence
of solutions u; of the equation in (1.1) as s — 0 with the solutions of the porous
medium equation (1.3):

Lemma 8.1. Let ug € L*(R?) and {ug}se(0,1) be a family of initial data such that
uy € D(Fy), uy converges narrowly to ug as s — 0, supy¢ (g 1) fRd |x|% dug(x) <
+oo and limg_,o Fs(uy) = Fo(ug). We denote by u* a solution of problem (1.1)
with initial datum ujy given by Theorem 1.1.

If {sulneny C (0, 1) is a vanishing sequence, then there exist a curve u €
AC2([0, +00); (P2(RY), W)) and a subsequence (not relabeled) {s,} such that

u* (1) — u(t) narrowly as n — oo for everyt > 0. 8.1

Furthermore, for every Ty, T such that T > Ty > 0 we have

u™ — u  strongly in L*((To, T); L}, . (RY)) asn — oo, (8.2)
and, setting v = K, * u®", we have
Vv — Vu  weakly in L*((Tp, T); L*(R%)) asn — oc. (8.3)

Moreover, the curve u is a solution of the porous medium equation (1.3) in the
following sense:

+00
/ / (0;¢p — Vo - Vu)udxdt =0, forallp e Cfo((O, +00) X ]Rd),
0 R4

and the following energy dissipation inequality holds:

T
Fou(T)) +/ / IVu@)[>u(t)dx df < Fo(up), VT >0. (8.4)

0o Jre
Proof. Since lim,_.o Fy(up) = Folug) we fix so € (0, 1) such that Fy(up) <

Folug) + 1/2 for any s € (0, sg). Denoting by |(u*)’|(z) the Wasserstein metric
derivative of the curve 7 — u®(¢), by (3.11) it holds that

+00
/ W) [ (r) dr < 2F(uf) < 2Fo(uo) + 1. (8.5)
0

We have tightness and equicontinuity of the family {u®}sc(0,s,). Indeed, fixing
T > 0, the estimate

W2 (uf (1), 80) < 2W? (u® (£) , ul) +2W? (uf), o)
t
< 2;/ | (u*) 1 (r) dr +2/ lx|2ud (x) dx
0

< 2T 2Fy (ug) + 1) +2 sup /|x|2ug (x) dx

s€(0,50)
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implies that the set {u#*(¢) : s € (0, sg), ¢t € [0, T]} is tight, and consequently, by
the Prokhorov Theorem, narrowly compact.

By (8.5) thereexistsm € L?(0, +00) such that the sequence {|(«**)’|} converges
to m (up to subsequences) weakly in LZ(O, +00). Then, for every 1, 1 € [0, +00),
11 < tp, it holds that

153 n
lim sup W (u™ (13), u® (¢1)) < lim f [ |(r)dr = / m(r)dr, (8.6)
n—00 =00 Jy, 1

and the equicontinuity is proved. By the compactness argument of [2, Proposi-
tion 3.3.1], we obtain the existence of a continuous limit curve u such that (8.1)
holds. In particular, since for ¢ > 0, u*(¢) is absolutely continuous with respect to
the Lebesgue measure, (8.1) translates (for ¢ > 0) into

/ u‘”‘(t,x)d)(x)dx—)/ u(t,x)p(x)dx, V>0 V(ber(Rd). (8.7)
R4 R4

Passing to the limit in (8.6) we obtain

n
W(u(rz),u(m)sf m()dr, V1,0 €0, 400), 11 <,

4l

and u € AC%([0, +00); (P2(RY), W)).
We fix 0 > 0 such that 0 < min{sg, 1/2}. For s € (0, o], the energy inequality
(1.5) yields

l® D10 gay < 2Foo) + 1. ¥s € (0,0], Vi €[0,+00). (8.8)

We fix a compact K C R and a compactly supported smooth cutoff function
¢ : R? — [0, 1] such that ¢ = 1 on K. By interpolation we have

' (1) —u@®)ll 2y < llpu’ @) — du®) | L2gay
< lpu* (1) = )12 o oy 916" () = Gu 1272 e,

1/2 1/2
< Cllgu’ (1) = du ()12 2 gy 18° (1) = w1 gy

By (8.8), (8.7) and the compact embedding of Sobolev spaces it follows that (up to
subsequences) lim,,_, 4 [|@pu’ (t) — ¢u(t)||;1/31,2(Rd) =0.
We fix Tp > Oand T > Tjy. By (6.3), (4.5) and (6.2), for s < 1/2 we have

T T
f 6”1 31/2 gy dt < / l® ) 1571 gy
To To
< (1 +CoT, ™ + TF, (uo) +/ |x|2u5(x)dx)
Rd
1—s
+ (27 ()T = T0)  (coty "

+e(1+ 77 (u) + /Rd |x|2duf)(x)>)s,



604 STEFANO LISINI, EDOARDO MAININI & ANTONIO SEGATTI

where the dependence of the constants Cq and yy on s is stated in Lemma 4.10.
Since Cy is bounded with respect to s, it follows that

T T

sup [ 1 0y < 00, [0y < 4

neNJ Ty To

By the previous estimates and dominated convergence theorem we obtain (8.2).
Analogously, from (6.4) we obtain

T
[ O

0

1—s
< (2F (ud)(T — TO))S(COTO‘VO + (T Fy (up) + /Rd |x|2u5(x)dx)) .

Since [|VV* (1) | 2rey = llu’ () || g1-2s (gay taking into account that Cp is bounded
ass — 0, from the previous estimate it follows that {Vv*};c(0,+) is weakly compact
in L2((Ty, T); L*>(R)). Moreover Vuvy, converges to Vu in the sense of distribu-
tions in R? x (Tp, T). Indeed for ¢ € cx (R? x (Ty, T): RY), denoting by ¢; the
function x — @(x, t), by Plancherel’s Theorem we have

T T .
@) / / Vo pdxdi = —i / / E1 250 (D (—£)E - §1(8) d& dr.
Ty JRA Ty JRA

Since [|§]7 %" us (1)(—§)& - @1 (§)] < max{1, |§|}|@;(£)| and @, € S(RY) for every
t € (To, T), by (8.1) and Lebesgue dominated convergence the right hand side of
the above formula converges to

T p T
—i/ / u(t)(—&)é~?ﬁ,($)d$dr=(2n)d/ / Vu - ¢ dx dr.
Ty JRA T, JR

For the stated compactness in L%((Ty, T): L2(R%)) we obtain (8.3).

As a result, we can easily pass to the limit in the weak formulation of the
equation. Concerning the limit procedure in the energy inequality, we observe that
by (8.1) and Fatou’s lemma we obtain

lim i(I)lf Fs @’ (1)) > Fo(u(r)).

Moreover by Lemma 6.4 and the stated weak convergence we obtain

T T
liminf/ f |Vvs(t)|2us(t)dxdt2/ / IVu@))Pu(r) dx d,
0 JRd 0 JRd

s—0

and we conclude. 0O

Proof of Theorem 1.3. The proof follows by the previous Lemma and the unique-
ness of the solution of equation (1.6) with initial datum in L2(R%) satisfying the
energy inequality (see [2, Theorem 11.2.5], which also shows that this unique so-
lution satisfies all the properties of [2, Theorem 11.2.1], in particular the energy
identity). O
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