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Abstract

For the gas—vacuum interface problem with physical singularity and the sound
speed being C!/2-Holder continuous near vacuum boundaries of the isentropic
compressible Euler equations with damping, the global existence of smooth solu-
tions and the convergence to Barenblatt self-similar solutions of the corresponding
porous media equation are proved in this paper for spherically symmetric motions
in three dimensions; this is done by overcoming the analytical difficulties caused
by the coordinate’s singularity near the center of symmetry, and the physical vac-
uum singularity to which standard methods of symmetric hyperbolic systems do
not apply. Various weights are identified to resolve the singularity near the vacuum
boundary and the center of symmetry globally in time. The results obtained here
contribute to the theory of global solutions to vacuum boundary problems of com-
pressible inviscid fluids, for which the currently available results are mainly for
the local-in-time well-posedness theory, and also to the theory of global smooth
solutions of dissipative hyperbolic systems which fail to be strictly hyperbolic.

1. Introduction

Vacuum boundary problems with physical singularity in compressible fluids
have received much attention recently (cf. [11,13,14,23,24,31-34,46-50,62,64]),
due to their physical importance and their mathematical challenges. Significant
progress has been made on the local well-posedness theory (cf. [11,13,14,32,34,
49]). However, much less is known on the global existence and long time dynamics
of solutions, which are of fundamental importance in both physics and nonlinear
partial differential equations. This is the main issue we address in this work for
the spherically symmetric motions of three-dimensional isentropic compressible
inviscid flows with damping. The vacuum boundary with physical singularity (we
call it the physical vacuum for short) arises in many physical situations naturally,
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for example, in the study of the evolution and structure of gaseous stars (cf. [5,15]),
for which vacuum boundaries are natural boundaries. Another situation in which
the physical vacuum plays an important role is the gas—vacuum interface problem
of compressible isentropic Euler equations with damping (cf. [46—48,62,64]). In
three dimensions, this problem reads as

pr + div(pu) =0 in Q(1), (1.1a)
(pu); +div(pu ® u) + Vxp(p) = —pu in Q(), (1.1b)
p>0 in (1), (1.1¢)
p=0 on I'(t) :=0R(2), (1.1d)
VI'(@)=u-n, (1.1e)
(p,u) = (po, up) on 2 := Q(0). (1.1f)

Here (x,1) € R3 x [0, 00), p, u, and p denote, respectively, the space and time
variables, density, velocity and pressure; 2 (¢) C R3, T (), V(I'(¢)) and n represent,
respectively, the changing volume occupied by a gas at time ¢, the moving interface
of fluids and vacuum states, the normal velocity of I"(#) and the exterior unit normal
vector to ['(#). We consider a polytropic gas; the equation of state is given by

p(p) = p¥ for y > 1. (1.2)

Equations (1.1a) and (1.1b) describe the balance laws of mass and momentum,
respectively; conditions (1.1c) and (1.1d) state that I'(¢) is the interface to be in-
vestigated; (1.1e) indicates that the interface moves with the normal component of
the fluid velocity; and (1.1f) is the initial conditions for the density, velocity and
domain.

Let c(p) = +/p'(p) = +/yp¥ ! be the sound speed, and the condition
— %0 < Vq (cz(p)> <0 on T'(t) (1.3)

defines a physical vacuum boundary (cf. [11,14,34,46—48]). This yields from (1.1b)
that

1
Diu+ ——Vy (cz(p)) = —u,
y —1

where D;u = d;u + u - Vxu is the acceleration. For a physical vacuum boundary,
the normal acceleration of the boundary I'(¢) is finite.

The physical vacuum that the sound speed is C'/>-Hélder continuous but not
C!-continuous near vacuum boundaries makes it extremely challenging in the
study of the well-poseness of isentropic Euler equations, since standard meth-
ods of symmetric hyperbolic systems developed by FrIEDRICHS—KATO-LAX (cf.
[20,35,39]) do not apply. Indeed, for the Cauchy problem of isentropic Euler equa-
tions with damping in three dimensions with initial data being small perturba-
tions of constant states (p, 0) away from vacuum (i.e., p > 0), the transformation

£ =20 —1D"c(p) — c(p)) was used in [54] to symmetrize the system so that
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energy methods could be employed to establish the global existence of smooth solu-
tions in the function space (&, u) € C ([0, 00); H3(R3)) N C! ([0, 00); H*(RY))
and the decay estimates. (See also [9,19,53,57] for further results in the same
spirit.) For the Cauchy problems of isentropic Euler equations and Euler—Poisson
equations with initial data containing vacuum (e.g., initial densities have compact
supports), the local existence of smooth solutions were established in [51,52] in the
function space (w, u) € C ([0, T*); H3(R*) N C! ([0, T*); H*(R?)) for some
finite time T*, where w = 2(y — 1)"'¢(p) was used to symmetrize the systems
so that standard methods of symmetric hyperbolic systems could work. However,
since the Sobolev space H 3(R3) can be embedded into C! (R?), the local existence
theory obtained in [51,52] cannot apply to the case of a physical vacuum for which
the sound speed is only C!/2- but not C'-continuous near vacuum states.

To capture a physical vacuum, one studies the gas—vacuum interface problem
for compressible inviscid flows with special attention to the behavior (1.3) near
vacuum boundaries. This is a challenging problem even for the local-in-time ex-
istence theory, since system (1.1) is a degenerate and characteristic hyperbolic
system which violates the uniform Kreiss—Lopatinskii condition (cf. [36]) due to
resonant wave speeds at vacuum boundaries. As realized in [14,34] for physical
vacuums, the appearance of the density functions as coefficients in a nonlinear
wave equation which governs the dynamics of the divergence of the velocity of
the gas, and weighted estimates, show that this wave equation loses derivatives
with respect to the non-degenerate case of a compressible liquid, wherein the den-
sity takes the value of a strictly positive constant on moving boundaries (cf. [43]).
Also, characteristic speeds of the compressible isentropic Euler equations become
singular with infinite spatial derivatives at vacuum boundaries due to (1.3). There-
fore, the physical singularity (1.3) creates rather severe difficulties in analyzing the
regularity near vacuum boundaries. Recently, important progress has been made
in the local-in-time well-posedness theory for the compressible Euler equations
(cf. [11,13,14,32,34]). On the other hand, this poses great challenges to extend
the local-in-time existence theory to a global one of smooth solutions. In the local
well-posedness theory mentioned above, suitable weights are found to resolve the
singularity near vacuum boundaries. To obtain the global-in-time regularity, one
has to find the resolution of the singularity near vacuum boundaries uniform in
time.

In order to understand physical vacuum phenomena for problem (1.1), a family
of explicit solutions with spherical symmetry was constructed in [46] to capture
the behavior (1.3) using the ansatz as follows:

Q1) = Bry(0), 2(x, 1) = > (r, 1) = e(r) — b(t)r* and u(x, 1) = (x/r)u(r, 1),
(1.4)

wherer = |x|, R(t) = +/e(t)/b(t) and u(r, t) = a(t)r.In[46], asystem of ordinary
differential equations for (e, b, a)(r) was derived with e(¢), b(t) > 0 for ¢t = 0 by
substituting (1.4) into (1.1a) and (1.1b), and this family of explicit solutions was
proved to be time-asymptotically equivalent to the Barenblatt self-similar solution
(cf. [4]) with the same total mass. The Barenblatt solution solves the porous media
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equation
pr = Ap(p), (1.5
when (1.1b) is simplified to Darcy’s law:
Vxp(p) = —pu. (1.6)

(The equivalence can be seen formally by the rescaling X' = ¢x, 1’ = g1, u’ =
u/¢.) The Barenblatt self-similar solution (cf. [4]) with a finite mass M > 0, which
is spherically symmetric, is given by

_L

—1

P =) = (140 5T (A= BA+0 5 12)7 with r = Ixl.

(1.7)
where
—1
B = Y and
2yGy -1
ot s, Ao\
(y )T = My 7 (yB)? (/ 2 (1-5%) dy) .as)
0
Clearly,

R(t) _
/ r2p(r,t)dr = M for 1 =20, where R(1) =+/A/B(1 +1)!/Gr=D,
0
(1.9)

The corresponding Barenblatt velocity u is defined by u(x, 7) = (x/r)u(r, t) in the
region {(r,1) : 0 < r < R(¢), t > 0}, where

PP _ r
o By —DU+1)

R(t) =it (R(1), 1) .

u(r,t) =—

satisfying u#(0,7) =0 and

So, (p,u) defined in the region {(r,7) : 0 < r < R(t), t > 0} solves (1.5)
and (1.6). The vacuum boundary r = R(t) of Barenblatt’s solution is clearly
physical. This is one of major motivations to study the physical vacuum boundary
problem of compressible Euler equations with damping. Indeed, the Barenblatt
solution of (1.5) and (1.6) can be obtained by the same ansatz as (1.4): 3(x, 1) =
é(t) —b(t)r? and u(x, r) = a(r)x. Substituting this into (1.5), (1.6) and (1.9) with
R(1) = v/e(t)/b(t) gives

ety =yA(Q +0)3¢=V/Cr=D pi)y=yB1 +1)"" and
at)=QCy-H'a+n"

where A and B are determined by (1.8). It was proved in [46] the time-asymptotic
equivalence:

(a, b, e)(t) = (@, b, &)(t) + O +1)"'In(1+1) as t — oo.
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A question was raised in [46] whether this equivalence is still true for general
solutions to problem (1.1). Luo and the author (cf. [50]) studied this problem in
one-dimensional case and proved the global smooth solutions and the convergence
to Barenblatt solutions as time goes to infinity. However, it is well known that
the situation is more complicated and difficult in multiple dimensions. In a broader
context, there has been a relatively satisfactory understanding of hyperbolic systems
in one dimension, but the understanding is extremely poor in multiple dimensions.
Compressible Euler equations with damping fall into the class of hyperbolic systems
with lower-order dissipations. Although lower-order dissipations such as damping
or relaxation can have certain smoothing effects, most available results on the
global existence of smooth solutions are for strictly hyperbolic systems or systems
endowed with strict convex entropy (cf. [25-27,41,45,54,57,66—68]). Indeed, the
isentropic compressible Euler equations with damping are strictly hyperbolic or
endowed with strict convex entropy only away from vacuum states. To the best
knowledge of the author, in the presence of vacuum states, for any kind of time
evolutionary problems such as Cauchy problems, initial-boundary problems, or
free-boundary problems, there has been no result of the global existence of smooth
solutions to compressible Euler equations with damping in multiple dimensions,
even for the spherically symmetric case. The purpose of this paper also serves as a
step towards the resolution of this problem.

For the isentropic Euler equations (with or without damping) with data con-
taining a vacuum, the available results of the global existence of solutions are for
L*>-weak solutions or weak solutions with finite energy via the approach of com-
pensated compactness (cf. [6-8,16-18,40,44]), except the recent result in [50]. For
L*°-weak solutions to the Cauchy problem of the one-dimensional compressible
Euler equations with damping, the L”-convergence to Barenblatt solutions of the
porous media equations was given in [28] with p =2if 1 <y < 2and p = y if
y > 2 and in [29] with p = 1, respectively, using entropy-type estimates for the
solution itself without deriving estimates for derivatives. However, it seems diffi-
cult to adopt the approach of [28,29], which depends on the uniform L°°-bound
of solutions crucially, in the case of spherically symmetric motions in multiple di-
mensions. Indeed, there have been no uniform L°°-bounds available for spherically
symmetric weak solutions in multiple dimensions obtained via compensated com-
pactness in [8] and [40], respectively, for a cut-off domain excluding the origin and
a domain containing the origin. (The L°°-bound of weak solutions obtained in [8]
depends on time and may become unbounded as time goes to infinity; the case is
worse for that of weak solutions obtained in [40].) Even for spherically symmetric
weak solutions away from the vacuum in a cut-off domain excluding the origin,
the uniform L°°-bound is only available for a nonlinear model problem of com-
pressible Euler equations for which all the waves move at constant speeds obtained
via the Glimm scheme in [63]. These show the subtlety in the study of spheri-
cally symmetric solutions of compressible Euler equations in multiple dimensions.
Moreover, interfaces separating gases and a vacuum cannot be traced in the frame-
work of L°°-weak solutions. The aim of this work is to understand the behavior
and long time dynamics of physical vacuum boundaries for spherically symmetric
motions in a domain containing the origin in three dimensions, for which obtaining
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the global-in-time regularity of solutions is essential to the well-definiteness and
realization of the evolution of the vacuum boundary.

Inbetween the one-dimensional theory in [50] and the general multi-dimensional
theory which we will pursue in the future, we study spherically symmetric solutions
of (1.1) with the motivation that the Barenblatt solution posses the same symmetry,
and it is expected that spherically symmetric solutions will provide insights on the
local and long time behaviors of solutions to the general three-dimensional problem
(1.1). Locally, at each point x in €2 (¢), it might be plausible to rotate a solution in
all possible ways about x and average all rotations in the spirit of spherical mean.
In the long term, for a general three-dimensional problem, it is expected that the
geometry of the boundary becomes more and more symmetric due to the dissipation
of damping which dissipates the total energy. For this purpose, we seek solutions
with symmetry to problem (1.1) of the form:

Q1) = Bripy(0), p(x,t) =p(r, 1), u(x,t) = (x/r)u(r,t) with r = [x].

Then problem (1.1) reduces to

r*p) + (rPpu), =0 in (0, R(1)), (1.10a)
p(u; + uty) + pr = —pu in (0, R()), (1.10b)
p>0 in [0, R(t)), (1.10c)
p (R(t),1) =0, u(0,1) =0, (1.10d)
R(t) = u(R(1), 1) with R(0) = Ry, (1.10e)
(p,u)(r,t =0) = (po, uo) (r) on (0, Ro), (1.101)

so that R(z) is the radius of the domain occupied by the gas at time ¢ and r = R(¢)
represents the vacuum boundary which issues from r = Ry and moves with the
fluid velocity.

In the spherically symmetric setting, the physical vacuum boundary condition
(1.3) reduces to —oo < (¢2), < 0 in a small neighborhood of the boundary. To
capture this singularity, the initial domain is taken to be a ball {0 < r < Rp} and
the initial density is assumed to satisfy

po(r) > 0for0 < r < Ry, po(Rg) =0and — 0o < (,o(’)/_l) <0at r = Ry.
r
(1.11)

We require that the initial total mass is the same as that of the Barenblatt solution,
that is,

Ro R(O)
/ r2po(r)dr = / r2po(rydr = M. (1.12)
0 0

The conservation law of mass, (1.10a), and (1.9), give

R(1) Ro R()
/ r2p(r,t)dr = / r2po(rydr = M = / r25(r, 1) dr for 1 = 0.
0 0 0
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In the present work, we prove the global existence of smooth solutions to problem
(1.10) when initial data are small spherically symmetric perturbations of Barenblatt
solutions and they have the same total masses. Moreover, we obtain the pointwise
convergence with a rate of density which gives the detailed behavior of the den-
sity, the convergence rate of velocity in supreme norm and the precise expanding
rate of physical vacuum boundaries. The results obtained in this article also prove
the nonlinear asymptotic stability of both the Barenblatt solution and the explicit
solution (1.4) in the setting of physical vacuum boundary problems.

The key idea in obtaining the global-in-time higher-order regularity of solutions
to problem (1.10) is to construct nonlinear weighted functionals, and to perform
nonlinear weighted estimates and elliptic estimates. To obtain the global-in-time
regularity, the decay estimates are essential, which are achieved in the present
work by introducing suitable weights involving both space and time variables to
quantify the behavior of solutions both near the vacuum boundary and origin,
and in large time. There is a distinction between the weights constructed here
and those for the local-in-time well-posedness theory (cf. [11,13,14,32,34,49])
where only spatial weights are needed. Besides this, since the Barenblatt solution
to the porous media equation does not solve (1.10) exactly and an error appears,
we introduce a new higher-order correction with which the nonlinear weighted
energy estimates and elliptic estimates can be performed. Compared with the one-
dimensional case studied in [50], much more obstacles appear for solving problem
(1.10). Besides the difficulty of strong degeneracy of the equations at vacuum states,
the coordinates singularity at the origin which carries the true three-dimensional
nature is another one. Indeed, the difficulty of the coordinates singularity at the
origin was avoided in many previous studies of spherically symmetric motions in
multiple dimensions for compressible fluids due to the challenge of how to resolve
this singularity. In this paper, suitable weights are constructed carefully to resolve
the coordinates singularity. As an intermediate step passing from one-dimensional
theory in [50] to the general three-dimensional problem, (1.1), we believe the ideas
and estimates including the nonlinear weighted functionals and pointwise decay
estimates developed in this paper will contribute to a understanding of the behavior
of solutions to problem (1.1).

There has been a recent explosion of interest in the analysis of free-boundary
problems for both compressible and incompressible inviscid fluids. (As for viscous
flows, there have been many results on the free-boundary Navier-Stokes equations
which cause quite different difficulties in analyses from those for inviscid flows,
so we do not discuss the works in that regime here.) For incompressible inviscid
flows, one may refer to [2,3,10,12,38,42,55,58,59,69] for the local-in-time theory;
while the global-in-time theory is rather recent which is for both two-dimensional
and three-dimensional water wave problems of irrotational flows (cf. [21,22,30,
60,61]). For compressible inviscid flows, besides the aforementioned results on
vacuum boundary problems, the local-in-time existence and uniqueness for the
three-dimensional compressible Euler equations modeling a liquid rather than a gas
were established in [43] by using Lagrangian variables combined with Nash-Moser
iteration to construct solutions. (For a compressible liquid, the density is assumed
to be a strictly positive constant on the moving boundary. As such, the compressible
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liquid provides a strictly hyperbolic, but characteristic, system.) An alternative proof
for the existence of a compressible liquid was given in [56], employing a strategy
based on symmetric hyperbolic systems combined with Nash-Moser iteration. From
the above discussions, one may see that the current available theories of free-
boundary problems for invscid flows, in particular for compressible invscid flows,
are mainly on local-in-time solutions. The results obtained in this paper are among
the first ones on the global solutions of free-boundary problems for compressible
inviscid fluids in the presence of vacuum states.

2. Reformulation of the Problem and Main Results

2.1. Fix the Domain and Lagrangian Variables

In this subsection, we adopt the the Lagrangian particle trajectory formulation
as used in [11,13,14,31,34] to reduce the original free-boundary problem (1.10)
to an initial boundary value problem. We make the initial domain of the Barenblatt
solution, (O, R (O)), as the reference domain and define a diffeomorphism ng :
(0. R(0)) — (0, Ro) by

no(r) r _
f rzpo(r) dr = / r2,50(r) dr for r € (O, R(O)) s
0 0
where po(r) := p(r, 0) is the initial density of the Barenblatt solution. Clearly,

1§ () po(no(r)noy (r) = r*po(r) for r € (0, R(0)). Q.1

Due to (1.11), (1.7) and the fact that the total mass of the Barenblatt solution is the
same as that of pg, (1.12), the diffeomorphism 7 is well defined. For simplicity of
presentation, set Z := (0, R(0)) = (0, «/A/B). To fix the boundary, we transform
system (1.10) into Lagrangian variables. For r € Z, we define the Lagrangian
variable 1 (r, t) by

ne(r,t) =u((r,t),t) for t >0 and n(r,0) = no(r), 2.2)
and set the Lagrangian density and velocity by
f@r,t)y =pn(rt),t) and v(r,t) = u(n(rt),1). 2.3)

Then the Lagrangian version of system (1.10) can be written on the reference
domain 7 as

)+ for/ny =0 in Z x (0, 00), (2.4)
foo+ () /0 =—fv in Z x (0, 00), (2.4b)
v(0,1) =0 on (0, 00), (2.4¢)
(f.v) = (po(10), o (n0)) on Z x {r = 0}. (2.4d)

It should be noted that we need n,(r,t) > 0 forr € Z and ¢t = 0 to make the
Lagrangian transformation sensible, which will be verified in (3.3). Indeed, n, > 0
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implies n(r, 1) > 0 forr € 7 and t = 0, due to the boundary condition that the
center of the symmetry does not move, v(0, ) = 0. The map 7 (-, ¢) defined above
can be extended to Z = [0, /A/B]. In the setting, the vacuum boundaries for
problem (1.10) are given by

R(t) = (R(0), 1) =1 (,/A/B, r) for t > 0. (2.5)
It follows from solving (2.4a) and using (2.1) that

F O, O, (r, 1) = pono)Ing(no, (r) = r*po(r), reZ. (2.6)

Thus, the initial density of the Barenblatt solution, pg, can be viewed as a parameter
and system (2.4) can be rewritten as

_ _ 2 ’,2 - \V '
Botise + pons + (2) [(—2@> } —0 in 7x(0.00),  (27a)
r n=nr .
n(0,1) =0, on (0, 00), (2.7b)
(m, ) = (Mo, uo(mo)) on Z x (0, 00). (2.7¢)
2.2. Ansatz

Define the Lagrangian variable i (r, r) for the Barenblatt flow in Z by

i(r 1) = a([(r, 1), 1) = % for t >0 and 7(r,0) =r, (2.8)
so that
a0y =r (1 +0)Y%=D for (r,1) € I x [0, 00) (2.9)
and

=\ 2 2 = 14
ﬁoﬁz—lr(g) [(r—z@> } =0 in Z x (0, %0).
n=nr P

Since 1 does not solve (2.7a) exactly, we introduce a correction %(¢) which is a
solution of the following initial value problem of ordinary differential equations:

hee +he — (i + 1) By — 1) + il + 7150 =0, £ >0,

(2.10)
h(t=0)=h,t=0)=0.

(Notice that 5, 1, and 71, are independent of r.) The new ansatz is then given by
n(r,t) == n(r, 1) + rh(r), (2.11)

so that

. . N s\ .
PoNtt + poN: + - ?T =0 in Z x (0, 00). (2.12)
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It should be noted that 7, is independent of . We will prove in the “Appendix” that 1
behaves similar to 7, that is, there exist positive constants K and C (n) independent
of time ¢ such that for all r = 0,

A+ D <f. ) S KA+nYOY g, >0, (2.13a)
de t S
dzrk() SCA+0TT k=12, n. (2.13b)

Moreover, there exists a certain constant C independent of ¢ such that

1
0<h(t)SCA+0)7T ' In(1 +1¢) and
Sh(t) = C( )1 ( ) (2.14)
()] < C+0)7T 2In(1 +1), t=0.

The proof of (2.14) will also be given in the “Appendix”.

2.3. Main Results

To state the main theorem, we write equation (2.7a) in a perturbation form
around the Barenblatt solution. Let ¢ (r, ¢) := n(r, t)/r — 5(r, t)/r. Thus,

n(r.t) =n(r,t) +ri(r, 1) and n,(r, 1) = 0,(0) + S 1) + 15 (r, 1) (2.15)
It follows from (2.7a) and (2.12) that

PG + ot + (i + OF [ B Gir + 07 (i + ¢ + r;r)‘V]r — Y

(), =0, (2.16)

Denote @ :=1/(y — 1), [ :=3+min{meN: m>a} =4+ [«]. For j =
0,---,landi =0,---,1— j, weset

Ei) = +0)%
. 2

[ |7 (ae) + 2
Eji(t) = (1+0)%

. P 2 . .o 2
/z[r2ﬁé+(l_l)(y_l) (atjaﬂ,) A DD (3/3i+l§) }dr_

The higher-order norm is defined by

3/ (,rer)

2 . 2
T (1405 (a,f;t) ] dr,

[ I—j

EW) =) | &0+ &

Jj=0 i=1

It will be proved in Lemma 3.7 that

2
sup Z(l + t)2j

. 2
o e t < cem
rel =0

1
. 2 .
blcrn| + Y0 +0¥
j=0
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for some constant C independent of z. So the boundedness of £(¢) gives the uniform
boundedness and decay of the perturbation ¢ and its derivatives. In what follows,
we state our main result.

Theorem 2.1. Suppose that (1.12) holds. There exists a constant § > 0 such that
if £(0) < 8, then the problem (2.7) admits a global unique smooth solution in
T x [0, c0) satzsfymgfor allt 2 0,

E@t) < CE0)

and

eup[Z(lH)zf Jeen| +Z(1+r>2f e[+ Y aso¥
rel i+j<1-2, 2i4j>3
_=DQitj=3) @=DQi+j=3) . . 2
x|py > dalce z) + Y a+n¥rpy T 8lalcein| (2.17)
i+j=I-1
N AT T 2
+ Y A0 ey T dolcnn| S CEO),
i+j=l

where C is a positive constant independent of t.

It should be noticed that the time derivatives involved in the initial higher-order
energy norm, £(0), can be determined via the equation by the initial data py and
ug (see [13,49] for instance).

As a corollary of Theorem 2.1, we have the following theorem for solutions to
the original vacuum boundary problem (1.10).

Theorem 2.2. Suppose that (1.12) holds. There exists a constant § > 0 such that
if £(0) < 8, then the problem (1.10) admits a global unique smooth solution
(p(n,t),u(n,t), R(t)) fort € [0, 00) satisfying

10 011, = (s, 01 <€ (A= BR2) T 141y 5
x <m+(1 0 ¥ A —I—t)), (2.18)
w0 1). 1) =i (1), D) SCr(1+1)7!
(@mm‘i”ln(lm), 2.19)

forallr € Tandt 2 0; and forall t 2 0,

1
1+ 0% < R < er(1 4+ 17T, (2.20)
d*R (¢ 1
d,f) éC(lth)»*ylfl “k=1,2,3, (2.21)

3y =2 1
314051 < '(py 1) (1. )| Sca(1 + )" 71 when SR 1< RO).

(2.22)
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Here C, c1, ¢, c3 and c4 are positive constants independent of t.

The pointwise behavior of the density and velocity for the vacuum boundary prob-
lem (1.10) to that of the Barenblatt solution are given by (2.18) and (2.19), respec-
tively. It is also shown in (2.18) that the difference of density to problem (1.10) and
the corresponding Barenblatt density decays at the rate of (1 4 7)~# @+ jn L,
while the density of the Barenblatt solution, £, decays at the rate of (14 ¢)~3/+1D
in L™ [see (1.7)]. (2.20) gives the precise expanding rate of the vacuum boundaries
of the problem (1.10), which is the same as that for the Barenblatt solution shown in
(1.9). Furthermore, it verifies in (2.22) that the vacuum boundary R(¢) is physical
at any finite time.

3. Proof of Theorem 2.1

The proof is based on the local existence of smooth solutions (cf. [13,32,49])
and continuation arguments. The uniqueness of the smooth solutions can be ob-
tained as in Section 11 of [49]. In order to prove the global existence of smooth
solutions, we need to obtain the uniform-in-time a priori estimates on any given
time interval [0, 7] satisfying sup,c9 71 € () < o0o. For this purpose, we use a boot-
strap argument by making the following a priori assumption: Let ¢ be a smooth
solution to (2.16) on [0, T'], there exists a suitably small fixed positive number
go € (0, 1) independent of ¢ such that for ¢ € [0, T],

S0 [oscon]] 4 a0 [atscofl,
j=0 J=0

) G-DQitj-3) . 2
LD DR ORI L O]
itj<I-2,2i4j23 Le
=DQit+j=3) . 2
+ > A+0¥ g, 2 ¥kt <& 3.1
L()O

i+j=I-1

This, in particular, implies, noting (2.13), that for 0 < 01,6, < 1,

—(1 FOFT < (4010 + 008 1) < 2K +0)FT, (nt) €T x [0, T].
(3.2)

Moreover, it follows from (2.15) and (3.2) that

1 1 1
5(1 + 07T (), r i@t S2KA+ 05T, (1) € x [0, T
(3.3)

Here K is the positive constant appearing in (2.13a).
Under this a priori assumption, we prove in Section 3.2 the following elliptic
estimates: & (t) < CZZHE(I) when j >0, i 21, i+ j <1, where C
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is a positive constant independent of 7. With the a priori assumption and elliptic
estimates, we show in Section 3.3 the following nonlinear weighted energy estimate:
for some positive constant C independent of 7, £;(t) < C Z{:O W0, j =
0, 1,..., 1. Finally, the a priori assumption (3.1) can be verified in Section 3.4 by
proving

2
>0 e
Jj=0

- Yoo ¥

i+j<1-2,2i4+j23

+ Y a+nY

itj=l—1

+ > (+n¥

i+j=l

1
wecol S a+nY
j=0

(r=D)Qi+j-3) 2

po > dlalcn

LOO
(y=DQi+j=3) 2

rby 0 89¢C.0

Lo©
2

S CE@)
LOO

y=DQi+j=3)

2 § .o
r°hy T G

for some positive constant C independent of ¢. This closes the whole bootstrap
argument for small initial perturbations and completes the proof of Theorem 2.1.

3.1. Preliminaries

In this subsection, we list some embedding estimates for weighted Sobolev
spaces which will be used later and introduce some notations to simplify the pre-
sentation. For any bounded interval I, set d(r) = dist(r, 91). For any a > 0 and
nonnegative integer b, the weighted Sobolev space H%?(I) is given by

HYb (1) .= {d“/zF e L*(I): /d“|afF|2dr <00, 05k < b}
1

with the norm || F ||, , o= S0 _o [, d“19 F|dr. Then for b = a/2, it holds the
following embedding of weighted Sobolev spaces (cf. [37]): H*P (1) — Hb=4/2(])
with the estimate

I F Nl go-arzry = CIF | gas(py (3.4)

for some positive constant C depending on a, b and I.

The following general version of the Hardy inequality whose proof can be found
in [37] will also be used often in this paper. Let k > 1 be a given real number and F
be a function satisfying fg rk (F 24 Frz) dr < oo, where § is a positive constant;
then it holds that [ r*=2F2dr < C(8, k) Ji r* (F* + F2)dr, where C(8, k) is a
constant depending only on § and k. As a consequence, one has

[ (78 0) s [0 (a7 =) (24 12)ar
JATGE) ATER
(3.5)

where C is a constant depending on A, B and k.
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Notations:

(1) Throughout the rest of paper, C will denote a positive constant which only
depend on the parameters of the problem, y and M, but does not depend on the
data. They are referred as universal and can change from one inequality to another
one. Also we use C () to denote a certain positive constant depending on quantity
B.

(2) We will employ the notation a < b to denote a < Ch, a ~ b to denote
C™'b<a < Chanda > btodenotea > C~'b, where C is the universal constant
as defined above.

(3) In the rest of the paper, we will use the notations f =: fI =
I lz2zy) and |- llzee =21l - lLoo(z)-

(4) We set o(r) := ﬁgfl(r) = A—Br?, r € Z.Then & and &;; can be
rewritten as

2

Ei) =+ / |:r46“ (a{;)z + 120t (atf ©.r&)

+(1 + )r*e® (a,f gt)z] (r, 1)dr,
Eiiy=(10+ t)2j/ |:r2c7“+i_] <8tj8;'§)2 + rhoetitl (8f8£+1§)2] (r, t)dr.

(5) We set Z, := (0, /A/(4B)) and I, := (vA/(4B), /A/B). Then

T =1, U1,. Moreover, it gives from the Hardy inequality (3.5) that for k > 1,

/ k2 F2dr < C(A, B, k) | o*(r) (F2 + FE) dr, (3.6)
Ly

Ly

provided that the right-hand side of (3.6) is finite.

3.2. Elliptic Estimates

In this subsection, we prove the following elliptic estimates:

Proposition 3.1. Suppose that (3.1) holds for suitably small positive number &y €
(0, 1). Then it holds that for t € [0, T],

i+j
Ei) Y &) when j =0, i=1, i+j<L (3.7)
=0

The proof of this proposition consists of Lemmas 3.2 and 3.3.
3.2.1. Lower-Order Elliptic Estimates Dividing equation (2.16) by pg, one has

P+ G+ o G+ O G + 07 Gir + ¢ + rm‘y]r

+ Lo [Gr + 0¥ G+ 1) =i 7] =0,

14
y —1
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Note that
Gir + 7 [+ 67 Gir + ¢ +r5) 77|
= —yiiy Y @ + g + 31,
Gir + O G + ¢ +r8) ™ =i
= —yiy V(g + @ =3, 3V; + 3.
where
W= (G O G e+ =i g
—y [@r+ O G+ +ren T =i ] G 416,
Boi= G4 O e L) Y i
i e — @ =3y e (3.8)
Then,

123 4 y2—=3y) _.1-3
¥y y|:”<’§rr+40§r+mr0r§ri|=r§n+"§t+ﬁ0ﬂ7; 4

~ Y ~
+oJ1 + - IUrdz- (3.9

Lemma 3.2. Assume that (3.1) holds for suitably small positive number gy € (0, 1).
Then,

Eo,1(1) SEM)+E(), 0=r=T.

Proof. Multiply equation (3.9) by ﬁfy_lrao‘/ 2 and square the spatial L?-norm of
the product to obtain

a o o 2
)‘r201+7§rr +4r01+7§r + (1 +a) rzajo—rgr

a 2
r(ﬂordzH +

where we have used (2.13) and the definition of &;. It follows from the Taylor
expansion, (3.2) and (3.1) that

vo |2 .2
551+(1+t)2( 53 ” + rof;” (3.10)

3 3
311 S A+ 075 (rge ] + 16D Irgerl + 16D S (407 % e (rgerl + g7
92l £ A+ 075 (1r P+ 12P) £ (075 Teo (ry |+ )

Thus,
. |2 . |2
(1+1)7° (Hro”zm H + Hr070r32H )

2 a
+ Hr070r§

+ HI"ZU%O‘r{r

O, 2 ) 2
s (o e+ o )

(3.11)
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Note that

« |2
rofg‘H =/ r26“§2dr+/ rlo®c2dr
7, oy

0 b
gf rlo e 2dr +/ rio??dr < &. (3.12)
7, Iy
Then, it is yielded from (3.10), (3.11) and (3.12) that

o o o 2
[P0+, +are i + (1 + @y rio o,

2 ) 2
+ Hr 0208

o 2 @ 2
5&)—1—514—83 (Hrzgl+2§rrH + Hral+7§r ) (3.13)
In what follows, we analyze the left-hand side of (3.13), which can be expanded
as

o o a 2
2015, + 4o+ (1 + ) 2ot

2

w112 . |2 o
= Hr201+7§rrH +16 ”r01+7§, + (14 a)? Hrzcﬂo,;,

+/ [4r302+°‘+(1+a)r401+“0r] ({,2) dr+8(1 +a)fr3al+a0,§3dr.
(3.14)

With the help of the integration by parts and the fact 6, = —2Br, one has
/ [4r302+°‘ + 0+ o;)r4al+“ar] (;“,2>r dr
= —12/r202+“§,2dr —(1 —|—a)2/r40“0,2§r2dr - C/r401+°‘{,2dr.
Substitute this into (3.14) and use o, = —2Br to give
r2ol+%§'r, + 4r01+%;‘r + (1 +a) rzo%(rr{r ?

2
—C/r4ol+°‘§r2dr.

o 2 o
2 r261+7§rr“ +4 ral+7§r

In view of (3.13), we then see that

2 2
o o
R

2

o 2 [ o
§£0+61+a§< r201+7§rrH +|ro'tig |+ |rPo o,

2
) . (3.15)
On the other hand, it follows from (3.13) and (3.15) that

2
< &

~

”(1 + @) rza%arg’r

2 « 2 o
+ “r01+7{r +“r2070r§r

+ &+ 83 <Hr201+3§rr

)
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This, together with (3.15), gives

a 2 o 2 o 2
r20—1+7§rrH rUH_zé‘r + rzo'jaré‘r
(.2 142, |? 1+e . |I? 2 @ 2
550+51+80 Hr o zé-rr” + ||ro "2 +Hr 0208 , (3.16)
which implies, with the aid of the smallness of g, that
2 _1+% 2 1+% 2 2 % 2
Hr ol Tig,ll + Hra i + ”r o020/ | S &+ &L
In view of o, = —2Br, we then see that
a 2 ) o« |2
HrzaHf{” H + HraH?;, + Hr307§r <& + &,
which implies
« 2
Hmfg 5/ r202+°‘§,2dr+/ rSoc2dr < & + &1 (3.17)
Z, T,

This finishes the proof of Lemma 3.2. O

3.2.2. Higher-Order Elliptic Estimates Fori = 1 and j = 0, it yields from
8] 8:71(3.9) and 0, = —2Br that

yil=% [ma/a;'“g F (430089 + (@ + i) ro,a;'a;'g]

L o (3.18)
=73/ 70 e +ra) T 01 e + P + P

where
-y XJ: [a‘ ( i *V)] T [raa;'“g (i +3)0 + (@ +1i) mra;';]
—yd/ {ﬁ} K |:ZC [0:ro)] 3i 1 ~¢ +4121:C do)di~t
=
(o + 1)121:C [0 (ror)] 0 ” + (i — 192 (a{“g + aj“;)
i

_ —21’(?/__31”)%] [ (roi™'c + G = Do) . (3.19)

P =0~ (aa,fjl) (1 +a)ai~! (a,afsz). (3.20)

(Recall that J; and J are defined in (3.8).) Here and thereafter C isused to denote
]!(+l]), and summations Z
and Zi;% should be understood as zero when i = 1 and i = 1, 2, respectively.

the binomial coefficients for 0 < j < m, Cj,
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Multiply equation (3.18) by 727 ~'ro@+i—=D/2_ square the spatial L2-norm of the
product and use (2.13) to give

ati P a+i P ati— o2
Hr20 T 0 e+ (4 3)ro 8] 8lc + (a4 i) P ST 10,8113;(’
ati— i - 2 ati— . . 2
< +t)2<Hr20 R I A A ] )
oati— 2 oati— 2
+(1+t)2(Hra+2 | e )
Similar to the derivation of (3.16) and (3.17), we can then obtain
i 2 a+titl j i+1 2 a+ti—1 j i 2
e = e fsc [
oa+i ;o 2 a+i— . . 2
< |2 oloe| +(1+r)2< o o] P
2 ati—1 A1 ai—1 2
+|ro 20, 9,7 ¢
5 ati—1 2 ati—1 2
F(1+1) Hm =, H n Hra : mZH . (3.21)

We will use this estimate to prove the following lemma by the mathematical induc-
tion:

Lemma 3.3. Assume that (3.1) holds for suitably small positive number g € (0, 1).
Thenfor j 20,i 2land2 < i+ j <,

i+j
Eji() S &), 1el0,T]. (3.22)
=0

Proof. We use the induction for i + j to prove this lemma. As shown in Lemma
3.2 we know that (3.22) holds fori + j = 1. For 1 < k <[ — 1, we make the
induction hypothesis that (3.22) holds for all j = 0,i = 1 andi + j < k, that s,

i+j
Ei)SY &, j20, i=1, i+j<k (3.23)
=0

It then suffices to prove (3.22) for j =2 0,i = 1 andi + j = k + 1. (Indeed, there
exists an order of (i, j) for the proof. For example, when i + j = k 4+ 1 we will
bound 41—, from: =1 to k + 1 step by step.)
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Before going to the estimate, we notice a fact that £;0 < &; for j =0,..., 1.
Indeed, it follows from (3.6) that

. 2 . 2 . 2 .
/I o (82) dr S fp, 00! [;»2 (o) + (4/c) ]dr < (14072 &(0),
b
which implies for j =0, 1,---,1,
. . 2 . 2
Eio) = +t)2f/[r2cr“‘ (81’{) + rioot! (8{9) }(r, nydr

<A +n [/ P2oot! (aijg’)z(r,t)dr—}-/ o1 (8lj§)2(r,t)dr:|
7, 7

0 b

+E&i(0) S E;@). (3.24)
This, together with the induction hypothesis (3.23), gives

i+j
Ei S &M, j20,i20, i+j<k (3.25)
=0

In what follows, we assume j = 0,i = landi + j = k + 1 < [. First, We
estimate ‘P; and P, given by (3.19) and (3.20), respectively. For 31, it follows
from (2.13) and o, = —2Br that

)

J
P11 S Y+ ([rwa o e | + ool
=1

ol e[+ -

i1
+Y > a4+

=0 m=1

x oo % |

j
a,f”a;*%] n ‘ag“a;*zg‘ +3 4
1=0

j
DR

=0

rol 07|

which implies

J
ati—1 2 atitl i, 2 aticl i, -
Hra : prH <> (1+z)—2—21<Hr2a i, ‘a;“;” +Hro ol it
=1

)

J i—1
_y_ ati-l _j_ 2 ati=l i1 |2
+> A+n7? 2‘(} Hm b ‘a;“;” +Hr20 o) 14”)
=0 m=1

aticl i, 2
roz 97! 2{” )

=j+1

2 ati—1 . 2 J
+a-0* X [ aai ] + a2
=0
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So,

ati—1 2

Jro 5
Jj—1 J

A+ > e+ & ®. i=1,

< - - (3.26)
J jt+2
(1417272 ZS[,JFZZ&,,,JFZ&, @, i=2.

=0 m=1

For 93, it follows from (2.13), (3.1), (3.2) and o, = —2Br that

J

1P| < iXI:Knm<

n=0m=0

A )

+ | o o)

+ o7 "o @) | + \af"”a;'“"” ©0)])
J joi-1
S35 ko [orst b4 3 ] ) = 3
n=0m=0 n=0m=0

where
1 1
Koo = o(1 +10) 7751, Kjg = eo(1 +1) 5T,
I
Kot = (1+07"7%7 (s + Irofel)

1 1
Ko = eo(1+07 5T 4 (1 +07 57|

K= 07 (s ) + 0|

1
Koo = (140 "5 (’aﬁg] + o3 ro?2

I P 2
)+(1 +0) T (ao +

2)
We do not list here K, for n +m = 3 since we can use the same method to

estimate Py, for n +m = 3 as that for n +m < 2. Easily, Pago and Pa1g can be
bounded by
y

s

Joke

ati—1 2 _ atitl ;- 2 i ati—1
Hra 2 mZOOH Ss(z)(l—i-f) ’ (Hrzg 2 aga;*‘g” —|—2Hra 2
=0

i—1
Sed(l+n722 (gj,i + ZS,-,[) ),

=0

a+i—1

2_2 4
ro ' s:pmH ) 20

. . 2
a,f‘la;“cH

i
SegU+nTTHYI g 0.
=0
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i)

For P20, we use (3.1) again to get |r01/23,28r§| < eo(l + )2 and then achieve

+
ro

For P»01, we use (3.1) to get |01/28r2§| < gp and then obtain

o

H <80(1+l) 2(Hr o T 8J8 ;H +2Hra

i—1

Seg(L+072H Y780,
=0

2
” <& +n7°

i 2 i _
ati —2 ati—2
(R RS T
=0

i+1
Seg(L+0722 "85 5,0,
=0

because it can be derived from (3.6) that
2 . ) . .
’ =/ rloeti=2 ‘Btj 2 ! dr+/ rloeti=2 ‘Bt] 28;;
Z, n

. P . o

5/ rlgati=l ‘a{ 28£{ dr+/ o¥Tt <r2 ‘Bt] 2 !
z, T,

) 2 .

§/r200‘+l_1 ’8{ 23}( dr—|—/r2c7°‘+’

Similar to the estimate for 350, we can obtain

2
dr

ati— p— ;
Hro P 0L

2 iy . 2
+1r2[o/ 2o+ e | )dr

2
o/ 20 e[ ar.

2
H <&+~
5 eti=l i1 i |2 i ati=3 | 2
Hra 9] 8;5” —l—ZHrG EaH 8;;”
=0

i
Seg(L+0)72 8,0,
=0

o] 3 e

2
H <21 +n72 (Hr%

el

It should be noted that B>11 and o appear when i = 2 and i = 3, respectively.
This ensures the application of the Hardy inequality (3.6). Other cases can be done
similarly, since the leading term of K, is

i—1
Seg+n77H Y g 0.

=0
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n
1
ST (oo +
q=0

o ore| )
and

Jjoi—1

¥ Xn:(l )2 Hm% <‘r8,n_48;"+1§‘

n=0m=0¢q=0

i—m
a,”“’a;”;‘) <}aratf‘"a;‘—m+‘g‘ 3
=0

S+ &+ > o |0 321

0SS, p20, t4pSitj—1

2

+ o/ "ae

(Estimate (3.27) will be verified in the “Appendix”.) Now, we may conclude that

a+i—l 2 .
HVU 7 P H Seg(l+n727% (51‘,1‘ + 205, p20, thpSiti—1 gt,p) ().
(3.28)
Substitute (3.26) and (3.28) into (3.21) gives, for suitably small &g, that
Ei()+Ej1(1)
J

+ Yoo L+ )Y Ewm. i=1,

£ <] 20 P20 chps =0 (3.29)
Ejim1(t) + Ejy2,i—2(t) + Ejy1,i—2(1)
+ > Ep(), i>2.

0=(S), p20, thpSitj—1

Now, we use estimate (3.25), derived from the induction hypothesis (3.23), and
(3.29) to show that (3.22) holds fori + j = k + 1. First, choosing j = kandi = 1
in (3.29) gives

k+1 k+1
i SY &0+ > L0 Y &0 (3.30)
=0 120, p=0, 1+p<k =0

We choose j =k — 1 andi = 2 in (3.29) and use (3.24)—(3.25) to show

Er—12(t) S Ek—1.1(1) + Ekg1,0() + E0(0)
ket

+ > Ep(1) S D EW).

0=iZk—1, p=0, 14+p<k =0
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For &2 3, it follows from (3.29), (3.25) and (3.30) to obtain

Ek—23) S Ek—22(t) + Ex1(1) + Ex—1,1(1)

k+1
+ > Ep(1) S Y &
05iSk-2, p20, ++p<k =0

The other cases can be handled similarly. So we have proved (3.22) wheni + j =
k + 1. This finishes the proof of Lemma 3.3. O

3.3. Nonlinear Weighted Energy Estimates

In this section, we show that the weighted energy £;(¢) can be bounded by the
initial date for all ¢ € [0, T'].

Proposition 3.4. Suppose that (3.1) holds for suitably small positive number o €
(0, 1). Then it holds that for t € [0, T],

j
S &), j=0.1,....L (3.31)
=0

The proof of this proposition consists of Lemmas 3.5 and 3.6.

3.3.1. Basic Energy Estimates

Lemma 3.5. Assume that (3.1) holds for suitably small positive number ey € (0, 1).
Then,

t
&) +/ /[(1 +9)7 12! (;2+(r§,)2) +a +s)r4,50;3] drds
0
< &(0), €0, TI.

(3.32)

Proof. Multiplying (2.16) by r3¢;, and integrating the product with respect to the
spatial variable, we obtain, using the integration by parts, that

d 1
5 / 51’4,50(,%1” + / r4,5()§,2dr + / ﬁgﬁld” = 0’ (333)
where
L= —@+ 07 G+ 4187 [r3 (i +¢)? ;“z]r + i7" (r3£r)r
= L1+ L.

For £11, note that

[P +0%a] = 2@+ O G+ S 18 G+ G+ 0P € 160,
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thus,

2
— [+ O Gir + ¢ +re)'
-y t

£11 =
111

=20, + 0" G + ¢ +re)'
+@r + C)Z—Zy r+¢+ ré-r)_y] Nre-

Clearly, £17 can be rewritten as

Lo =r2G¢ +re), iy ) =

2 [Ge+roa ]
— Q=32 G +re) i i

Substitute these calculations into (3.33) to give

d [(1 L,
dt ("’ poti +r p5€0> & +/’ pos;dr +/’2P5ﬁrt3dr =0, 334

where

~ 1 - oy _ 3
€ = m[mrﬂ)z G+ & Are)' T =i

=D G +re i 7]

F =206+ @+ +re)" T+ @+ O G+ 418
ir = Q2 =3y) B+ )iy

It follows from the Taylor expansion, the smallness of ¢ and r¢, which is a conse-
quence of (3.1), and (2.13) that

€ =i ”[ By =267 + Gy = erg + (rcr)z}
+ O 181+ g (62 + :6)?)
~i (P ee?) ~ a0 (P4 0e?),
§ =Gy - i, Bw — 2% + Gy = 2¢r + 5 (rcr)z}
= Cii el + e (62 + r0?)

> (40757 (224 64)?) 20

Here and thereafter the notation O (1) represents a finite number could be positive or
negative. We then have, by integrating (3.34) with respect to the temporal variable,

that
1 ~y 5
/ 5" p();, +r? oy €o | (r, s)dr / /r ,oogs drds £0
s=0
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and
t
[ [#mez + @+ 07125 (2 weo?) [enar + [ [ rgociaras
0
< [ [rac? + 25 (24 060?) | oo (3.35)

Multiplying (2.16) by 3¢, and integrating the product with respect to the spatial
variable, we have, using the integration by parts, that

d _ (1 _ _
m r* 5o (542 + C{;) dr + / pgﬂzdr = /r4,00§,2dr, (3.36)

where

L= =G+ O G+ +re) 7 [P @+ 0] i ()

which can be rewritten as
£ =230 =26 + O G + ¢ +re)'

— G + O G+ ¢ +re) 7 ¢

+ 2 [ = G+ ¥ G+ 418 |1
Again, we use the Taylor expansion, (3.2) and (3.1) to obtain

S 21+~
36y =26 +2Gy 2616 +7 (6)* = Ceo (¢ + %)
22 +07" (2 + 00)?).

provide that g is suitably small. It then follows from (3.36), the Cauchy inequality
and (3.35) that

13
[ (e eonar s [ [ 25 (¢4 0 7) dras
0

S / (r4,50 <;2 + Ctz)) (r, 0)dr +/ (r4,50§tz) (r,t)dr + /0[ / r4,50§52drds
< / [0 (624 62) + 123 (2 + 60%) | ¢, 0)dr = £0(0). (3.37)

Next, we show the time decay of the energy norm. Multiply equation (3.34) by
(1+t) and integrate the product with respect to the temporal variable to get

1 ~ t
a +z)[ (§r4,50§,2+r2,5(’)/€0> (r, t)dr+f (a +s)/r4,30;3drds
0

1 ~ t 1 ~
</ (§r4ﬁoc3+r25§ %) coar+ [ f (§r4ﬁo§3+@o> drds
0

S [ [ (e + &) + 7 (2 + 06 ) ¢ 00ar = &0,



58 Huraui ZENG

where estimates (3.35) and (3.37) have been used to derive the last inequality. This
means

[ [+ ortme? +28 (2 + 0602 | enar

t
+ [ [ s £ 0.
0
which, together with (3.37), gives (3.32). This finishes the proof of Lemma 3.5. O
3.3.2. Higher-Order Energy Estimates Equation (2.16) reads

FpGu + ot + [ B (i + O G+ +r5) T | =i T (),
=255 Gir + O @+ £ +r6) T 5 =0,

Let k = 1 be an integer and take the k-th time derivative of the equation above.
One has

roodf s +rpodfe+ [a) (wiofs +warofe + K1)
+5) [Gwa —wndfe, + K2

_ _ Y~ ~1-3
-25y (w3§r8§‘§ + Kz) + 9! [p(’)’nn [wl -2 =3)ir y“r

—2p 0! (irwsgr) = 0. (3.38)
Here
wi =2 = 2y) Gir + O Gir + ¢ +r5) 77
—y @ + O @+ +rg) 7
wy=—y @+ O @+ ¢ +rg) 7
ws =(1 = 29) Gir + )7 Gir + ¢ +r8) 77
—y @+ O G+ g7
and

Ky =0f " (wig + warge) = (w10 + wardfs, ),
K> =01 [Bwa — w) & ] —GBwa — w)df . K3 = 0 (w3gr8)—w3t /¢
It should be noted that Ky, K> and K3 contain lower-order terms involving 9; (¢, &)
witht =0, --- , k—1;and wy, wy and w3 can be expanded, according to the Taylor
expansion and the smallness of ¢ and r ¢, whichis a consequence of (3.1), as follows
~1-3 ~=3 -
wi = Q=3 ' + Gy = Diiy Y [By —2¢ +yre] + i
~1-3 ~—3 -
w2 =—yi, " +yi, ) [Gy = D+ (v + D]+ wa,
-3 _
w3 = (1 =3y)i, " + w;. (3.39)
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Here w; satisfies

|+ 1l S 7 (1P + 1) o and il 3781+ 1)
(3.40)

In particular, K1 = K» = K3 =0 whenk = 1.

Lemma 3.6. Assume that (3.1) holds for suitably small positive number gy € (0, 1).
Then forall j =1,...,1,andt € [0, T]

t
8,-(r)+/ /[(Hs)zflrz,ag
0

J
<D &), (3.41)
=0

ol (¢,rgp)

2 . . 2
(1 + )2+ 45, (ag;s) ] drds

Proof. We use induction to prove (3.41). As shown in Lemma 3.5, we know that
(3.41) holds for j = 0. For 1 £ k < [, we make the induction hypothesis that
(3.41) holds forall j =0, ...,k — 1, thatis, forall j =0,...,k—1,

t
8j(t)+/ /[(1+s)21—1r253
0

J
<D &), (3.42)
=0

o (¢, rep)

2 . . 2
+(1+ )2 (005, ] drds

It suffices to prove (3.41) holds for j = k under the induction hypothesis (3.42).
Step 1. In this step, we prove that

% |:/ %r4l50 (8,]‘{,)2dr +@k] + / r4,50 (af;,)zdr

k—1
S @0+ A +0* 2850 + (20487 ) A +07% 2N 80)
=0
(3.43)

for any positive number § > 0 which will be specified later, where € := f rzﬁg &
dr + M. Here_ € and M, are defined by (3.49) and (3.47), respectively. Moreover,
we show that & satisfies the following estimates:

k—1

— 2

€ zC ' 1+n! /rzﬁg [oF @ ren| dr—ca+n 13,
=0

(3.44)

&< +t)‘1fr2;30y o (¢, rgy)

k—1
? dr + (1 4 1)~ %1 Za(t). (3.45)
=0
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We start with integrating the production of (3.38) and r381k ¢ with respect to

the spatial variable which gives
k 4= (aks\?
= —r po a ;, dr+ r* o (a, ;,) dr+ Ny + N2 =0,  (3.46)
where
N| i=— / ,58)’ (wla,"; + wzra{‘g,) (r38,k§,>r dr
+ / rz,ég(b’wz —wi) (raf;,) Blkgldr
—2 [ P 0e) (o) ot
Noi=— [ &+ 0t [ (w1 - 2= 300l )]} (Paka) ar
27 (qk k=1 =
+ [ 2 (ke [rka — 260 = 26 Gware) ] ar
Note that N; and N5 can be rewritten as

1d 2~ k)
Nl:_ia r pg |:(3w1+2w3r§r) (at é')

k k k 2 NG
+2wq (8, C) ro; & + wy (rB, {,) ] dr + Ny,

L L R TR TR

dr
d -
/r 2y ( §> [F(Kz —2K3); — 20F (nnw3r§r)] r=: EMZ + N2,
where
~ 1 ) 2 2
M -ZE/erg [(3w1 £ 2wsrty), (a{‘;) + 2wy, (a,k;)ra,"gr +wy (rafg,) i|dr,

M= = [ (ks ol [ (0= @ =307 ]} (ke) o
+/r /’0 ( ) I:r(Kz —2K3) — 29, k=1 (ﬁrtw3r§r):|

It then follows from equation (3.46) that

d 1 . 2
T |:/ (§r4p0 (3,k§z) +r ,0())/ (’fk) dr + Mz] + f * bo (3;](9) dr
=Ny — Ny, (3.48)

(3.47)

where

& = —% |:(3w1 +2wirgy) (a,k;)z + 2w (at"g) roke, +w, (rat"g,)z} :
(3.49)
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which satisfies
~ - 3 2 2
& =iy [an -2 (of¢) + Gy =2 (3¢ ) rofer + L (rofer) }
_ 2 2
+OMi Y (2] + 1) ((afz) +(rofe) )
_ 2 2 2 2

~ Y [(8,":) +(rofe) } ~ (140! [(afc) + (rofe) } . (3.50)
Here we have used (3.39), (2.13) and the smallness of ¢ and r¢, which is a conse-
quence of (3.1) to derive the above equivalence. We will show later that M can be
bounded by the integral of &; and lower-order terms, see (3.65).

_In what follows, we analyze the terms on the right-hand side of (3.48). Clearly,
—Nj can be bounded by

Wi =a =3 [ AR i [@—3) (342) +Gy =2 (ak¢) (rots,)

2 _ -1~
+2 (rikc) ]dr + c/ﬂp‘gﬁr 7 [ i (214 It

2
+ (17 051+ 1r6D) (6] + 18D ((3?‘5)2 + (’355’)2> a

It should be noted that the first integral on the right-hand side of the inequality
above is non-positive due to 77,; = 0. Thus, we have by use of (2.13) and (3.1) that

N < el T /rzﬁg ((a{‘g)z + (ra,k;,)2> dr. (351
To control ]Vz, we may rewrite it as
N =/r2/35 {(30fc + rofer) of [ (w1 = @ = 39 ™)
+2(9£¢) 0f Girrwarg) | ar
4 / P [Ku (30Fcrofe) —r(Ka — 2Ky, (96¢) | dr = Roy + .
For ﬁz 1, hote that

of [ (w1 = @ =39 ™) | = Gy = i, ™" (Gy — vk +yrofs,)

k
+omy +0f (i),
=1

o (i )| o €76

k
0 Girrwsrér) = (1 =3y (rife ) + 0
=1

o (i ™" )| [rof e,

+ 3 (i w3rgy) .
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Thus,
W = =3 [P 0r-6 (o) +6r 4 (ak) (rake,)
+y <r3tk§r>2i| dr + C/rzﬁg ( )

x [zk: 01 (i )| [0 . r0)| + |08 i, reibares)
=1

ra{‘g

a,"g’+

j| dr. (3.52)
For ﬁzz, note that

I (¢, rg)

’

k
Kip =tk = 1) (wiedfe +wardfe,) + 0(1) Y [0 (wr,w)|
=2

’

k
rKo =tk = 1) Gz — wy), (rofe, ) + 0 Y a5 wr, w017 076)
=2

k
rKs =k — 1) (w3rg), (8,"{) +0() Z 9! (w3rg,)| 3tk+1—[§) .

=2

Thus,

N 2 26k — DRy - C/rzﬁg(

ofc|+ |rofe

)

k
xS 13 (wi, wa, wsrg)| ‘atk“—‘ @, ren)|dr. (3.53)

=2

In a similar way to dealing with N 1 shown in (3.51), we have, with the aid of (3.52)
and (3.53), that

~N) S ol + t)iziw%l /”2)5())/ ((atk§>2 + <r3,k§r>2) dr

+/r2ﬁ3 ( 8,";“( + |rafe, ) Qdr, (3.54)
where
¢ 3
0 =3 [0t (i )| ok~ € r) | 4 [0k Greitn, eiinrc)
=1

(¢, ren|.

k
+ Y |0f (wi, wa, warg,)|

=2

(3.55)
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Therefore, it is produced from (3.48), (3.51) and (3.54) that

d 1, i 2
m [/ <§r4po (a,"g,) T pgcsk> dr+M2} +/r4p0 (af;t) dr
Qdr.

2
Sel+077 /r oy |95 (€. rer) dr+/r2,5(’)’
(3.56)

We are to bound the last term on the right-hand side of (3.56). It follows from
(2.13) and (3.1) that

t €, rer)

S ~
0 Seo(1+0> "5 [of ¢, 1) | + . (3.57)
where
~ k 1 1
Q=Y 4+ of (@, ren|+ A +07 7T |2 ¢, re)| [0 (€. r¢r)
=1
2L 1.2
+ (L +07 T (67 (¢ rg) )
-5y k=2
+ 41 - T (E )| 97 (ELrgr)
+[A+077T o |+ (1407 P
1+ t)**ﬁf1
x )af @ ren|+d+0" ;&) } )85‘3 (¢, r&)| +lo.t.
(3.58)
Here and thereafter the notation l.o.t. is used to represent the lower-order terms
involving 0; (¢, r¢,) witht = 2, .-,k — 4. It should be noticed that the second

term on the right-hand side of (3.58) only appears as k — 1 = 2, the third term as
k — 2 = 2, the fourth term as k — 2 = 3, and so on. Clearly, we use (3.1) again to
obtain

k
0sY +n
=1

1
+ego tA+n T

0= (¢, rep)| + 0021+ 1) [0k (¢ rgy)

R ()

of (¢, ren)| + 1o,

if k = 7. Similarly, we can bound 1.0.t. and achieve

k
0<) (d+n*

_3 5L
+eo0 2(1+1) 3yl

I, g

[(k=1)/2] 1
D DAl R R e BV (S

=1

s
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which implies

k
/ r2py |0 ¢ rg)| Qdr Sy (a7 f r2py (0F (@ reo| |0F T (@ g | dr
=1
[k=1)/2] L o
+eo » (147> / rpy o2 |0 (&, e | |0 (@ g dr = Q1 + Qo
=1
(3.59)
Easily, it follows from the Cauchy inequality that for any § > 0,
k—1
01 S8A+nHg W+ A+ HF Y L), (3.60)
=0
5 2 [ 227 |4k 2
Qy Seo(l+1)~ fr oy (05 (¢, re)| dr
[(k=1)/2] )
v Y, w0 [Re g e G
=1
In view of the Hardy inequality (3.6), we see that fort =1, --- , [(k — 1)/2],
2 2
/ AR R (| dr§/ BT G G| dr S
Ib Ib

+1

1
) -+
< E 0a+1+t dr < § : r4o_a+1+t
~ 7 ~ I
i=0"~"b i=0"~"b

l k
S A0 <5k_t + Z&H,l) ) S A+ &),

=0

. .2
aktaic aF=taiz| dr

i=1

duetoa+1—t = a—[([a]+1)/2] = 0for k < I, which ensures the application
of the Hardy inequality. Here the last inequality follows from the elliptic estimate
(3.7). Thus, we can obtain fort =1, ..., [(k — 1)/2],

dr

2 2
/rzﬁgo“b!‘“ (€. ré) drS/I Rl ()

2
+ / A (NS
Iy
k
SUA+* Y E). (3.62)
=0
This, together with (3.61), implies

N k
D Seo(l+07 Y &), (3.63)

=0
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So, it yields from (3.57), (3.59), (3.60) and (3.63) that for § > O,

2_
[

k—1
x |:(£o +8E@) + (so + 5—1) Z&(z‘):| .
=0

I (¢, ren| Qdr S (1 +1"%2

Substitute this into (3.56) to give (3.43).
To prove (3.44) and (3.45), we adopt a similar but much easier way to dealing
with N, as shown in (3.54) to show

el < [ 25

r8tk§r

a,";’+

) Pdr, (3.64)

(Ol S (A Iy P )

~ ~=3
azt (nrmr y)‘

+

+ 37 [0 (o, wa, warg)| |k @,

=1

In view of (2.13) and (3.1), we have

k—1
PSYA+n ol @)
=0

+]oF2 @ ren| 407 T (92 @)
o @orep| [0+ 07T |8} @)
—2-57 |42
F(1 40 T |y (;,r;,)]+1.o.t.,
which implies
k—1
PSY (072 @ rg)

=0
k2 .

+eo ) o T U406 rg)|
=2

Similar to the derivation of (3.62), we can use the Hardy inequality (3.6) and elliptic
estimate (3.7) to obtain
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k—1

/r2,5(’)’ PXr S+ >80
=0
1k/2]

+8% Z(l + t)—Z—ZL/rZﬁ();Ol—L
=2

k—1

SA+07HY L.

=0

k—t 2
9 (g, rg)| dr

It then gives from the Cauchy inequality and (3.64) that for any § > O,

k—1
2
dr+8 11 41~ 172 Za(t).
=0

(¢, rer)

Mo S 81+ )7 / r*py
(3.65)
This, together with (3.50), proves (3.44) (by choosing suitably small §) and (3.45).

Step 2. To control the fist term on the right-hand side of (3.43), we will prove
that

d 2 2
a€k+/[(l+t)_lr2ﬁg i@, re)| +riho (a,"g,) ]dr

k—1
S+ 14+ / (726 [0t @ e + (1 + 00 po (31 ]

=0
(3.66)

where
. 4 - K\ k k Lok \? =
Er:= | r"po (8,;,) +(3t§) 3,@}4‘5(3,‘() dr +2¢;.
We start with integrating the product of (3.38) and r38tk§ with respect to r to give
d 4 - k k Lroi)\?
K po((a,c)8,§z+§(az¢) dr
4= (aks )
— [ 50 (ka) dr+ w4+ by =0, (3.67)
where M5 is defined in (3.47), and
M, = —/,5())’ (wlaj‘g + wzratk{,) (r38tk§) dr
r
+ / P G — ) (rof s, ) ofcar

2
— 2/1’2,5(7)/1% rey) <8tk§> dr.
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A direct calculation shows that M is positive and can be bounded from below as
follows

ez [P {<9y ~6) (k)" + oy — 9 (ke (raker) + v (raker)
—caerired | (ake) + (rate) | far
2 / T [(8?4)2 + (raf;r)z} dr
za+07 [ 14 [(8,"4)2 + (rafcr)z} dr,

due to (3.39), the smallness of ¢, and r¢, and (2.13). We then obtain, by making a
summation of 2 x (3.43) and (3.67), that

%ew/r“ﬁo (a,"g,)zdr+(1 +1)7! /rz,ég [(8,"{)2+ (r8f§,>2i| dr

2
ssa0 [2afaf cref ar+ eo+ 90+ 072600

k—1 k—1
+ A+ aw + (80 + 5*1) 1+ %2361, (3.68)
=0 =0

because of (3.65). Notice from the Hardy inequality (3.6) that for j =0, 1,...,1,

[l s | e s | o[G0} + (5]

o b
< /ﬂa““ <8tj§>2dr+/2b ot [r2 (33§)2+r4 (szé“r)z} dr
< /rzﬁg ‘8{ (€. 7%

Thus,

2
dr.

. ; 2 ; 2
&0 a+n [rzﬁg o @red |+ 0rts (74 ]dr,
J=0,--L (3.69)

This finishes the proof of (3.66), by using (3.68) and (3.69), choosing suitably small
6 and noting the smallness of 9. Moreover, it follows from (3.44) and (3.45) that

k 2
9 (&, rgp)| dr

¥, &)

2
¢ =c! /r4,60 dr+c ' 40! /rz,ag

k—1
—Ca+n*Y g, (3.70)
=0

2
& s [ ri ot o] o
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(¢ re)

5 k—1
+ @ +t)—1/r2,3§ dr +(1 +t)_2k_12&(t). (3.71)
=0

Step 3. In this step, we show the time decay of the norm. We integrate (3.66)
and use the induction hypothesis (3.42) to show, noting (3.70) and (3.71), that

/ [V4ﬁo 3 (£, ¢
t

+/ /[(1+s)1r2/35
0

k k=1
Sy a0+ Y [Cawer 2 [ 25 el
=0 1=0

2
+ A+ 8 (¢, re)

2
j| (r, t)dr

g (aﬁ;s)z] drds

(¢, rep)

k
+(1+5)r* 5 (a;gs)z] dr 5 ) &.0).
=0

Multiply (3.66) by (1 + #)? and integrate the product with respect to the temporal
variable from p = 1 to p = 2k step by step to get

(140 f [r4;60 0k (. 5)

t
+/0 -+ [(1 -2
k k=1 .
SZ&(OHZ/ (1+s)2‘—‘/[r25g
=0 =0 0

04 6o+ (1 -+ 9)r o (944,)7  ar

¢ e

’ + r4,50 (8f§x>2:| drds

2
—-1.2=v
+ (A +0)"rp)

2
i| (r, )dr

¢, re)

k
<D &0 (3.72)
=0

With this estimate at hand, we finally integrate (1 4 7)***1(3.43) with respect to
the temporal variable and use (3.69), (3.42) and (3.72) to show

(1+n* f [(1+t)r4ﬁo
t 2 k

+/ a +s)2k+1/r4ﬁo (a{?g) drds < " E(0)
0 =0

kot
+Zf (1+s)2‘—1f[r2ﬁg 02 @)+ ()0 (006,) | ar
1=0 0

(¢, rer)

2
~I—r2,5(’)/

ke

2
:| (r, t)dr

k
<Y &), (3.73)
1=0
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It finally follows from (3.72) and (3.73) that

t
Ek(t)+/ /(1+s)2"‘l [rzﬁoy
0

k
S Y &),
=0

This completes the proof of Lemma 3.6. O

2 2
s (é"rfr) +(1 +S)2}’4ﬁ() (8§§5> i|drds

3.4. Verification of the a Priori Assumption

In this subsection, we prove the following lemma.

Lemma 3.7. Suppose that £(t) is finite, then it holds that

2
Y L+
j=0

- > a+n¥

i+j<1-2,2i4+j23

: 2
Jeconl

1
t'c(nt)H; +3 U+
j=0

ol ok o,
i+j=[—1
+ 3 A+ Hr2 =a/9ic(, I)H < EW). (3.74)

itj=l

Once this lemma is proved, the a priori assumption (3.1) is then verified and the
proof of Theorem 2.1 is finished, since it follows from the elliptic estimate (3.7)
and the nonlinear weighted energy estimate (3.31) that

Et) <E®0), tel0,T.

Proof. The proof consists of two steps. In Step 1, we derive the L°°-bounds away
from the boundary, that is,

DR % iz\mm+ S e ;c\mz)
i+j<1-2 i+j=I—1
<1 +0"HEQ). 3.75
+ 3 alaic], sarn e (3.75)
i+j=[-2

Away from the origin, we show in Step 2 the following L°°-estimates:

< E(1), 3.76
Loy (1) (3.76)

3 1
. . 2 .
1+t21H3-’ H +3 U 40
Yool g+ 20+

H Hrj -3

3/ 9c < (1+1)"2&() when 2i + j > 4. (3.77)

‘L (Zp)
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We obtain (3.74) by using (3.75)—(3.77) and noting the facts | = 4and Z = Z,U7Z,.
It suffices to show (3.75)—(3.77).

To this end, we first notice some facts. It follows from (3.24) that £; o < &; for
j =0, 1, which implies

[ I—j
Yo+ i | SED. (3.78)
j=0 i=0

The following embedding (cf. [1]): H'/2%3(Z) — L% () with the estimate

IFllLoezy = CONF 12457y (3.79)

for § > 0 will be used in the rest of the proof.
Step 1 (away from the boundary). It follows from (3.78) thatfor j =0, 1, ..., 1,

(1402 Z/ (70i¢) dr+/ (ol e) ar
,

I—j
S &) SE), (3.80)

i=0

which implies, using (3.4), thatfor j =0,1,...,/ — 1,

< / l < —2j
Htg‘Hlll(Z) lg)HZIJ(I) Z/ dr:(1+t) EW®.
(3.81)
In view of (3.79) and (3.81), we see thatfor j =0, 1,...,] — 2,
I—j—2 -j-2
8] i ‘ < Jqi <
; 1 rC LOO(I(,) ; tVr Hl(Ia)/\J
< —2j
H ,;‘Hl gy SAFDTHED. (3.82)
It gives from (3.79), (3.80) and (3.81) that
2 2 )
UL WY (L { P L
| S |y, SAHDTVED),
J=071"°"l_17 (383)
2 J l J l j 2 .
879 H <‘ H <A+nYEW, j=0.1,....1.
[Pl el L, 2 g, SAHDVED,
(3.84)

So that we can derive (3.75) from (3.82)—(3.84).
Step 2 (away from the origin). We set

dp(r) :==dist(r,0Lp) S VA/B—r So(r), r €Iy (3.85)
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It follows from (3.4) and (3.85) that for j < 5+ [a] — a,

.2 . 2 . 2
J el _ 45/ o iilie < |7
o zHHS Hee o 0 gVHH’*J“J S aal AN 0 é“)Hl_.f+1+a=1_f+](Ib)
I—j+1 [—j+1
1+ j _ ;
= / &y af P < Y / ot o0 ¢ Pdr
k=0 VLo =0 T
I—j+1 .
< >0 | e tRaka]l o7
k=0 T
1=
SA+n V&0 + ) Ean | SA+DHEW).
k=1

This, together with (3.79), gives (3.76).
2i+j-3 5 .
To prove (3.77), we denote ¢ := o 4 d/ 0/ ¢. In what follows, we assume

2i +j =2 4andi+ j = [ and show that

1l ooz, S A+0D7HEQD). (3.86)

The estimate (3.86) will be proved by separating the cases when « is or is not an
integer.

Case 1 (¢ # [a]). When « is not an integer, we choose o2U—i—=p+a—la] 59 the
spatial weight. A simple calculation yields

2i4j—3 2i4j-3

Iarl/fls}o ? a{a;’“;‘ﬂo T

0| <o

’

2i+j-3

2i+j-3

oo 2|+ o ol ol e |+ o

2i4j-3
2

/0l

k i j— . .
afw‘ < Z‘oz”z’ S—Pa{aﬁ""’;’ for k=1,2,....0+1—j—i (3.87)
=0

It follows from (3.87) thatfor 1 Sk <1+ 1—1i — j,

/ O_2(l—i—j)+ot—[oz]
Ty

1
. 2
o L o
5[ oli—i+l kZanrzHc Zp‘at./a’{+ ”g‘ dr
T =0

k
+2/ aa+l—j+1—2p‘atj8£+k—pé_’2dr
27D

k
2 4 - 2
3f¢‘ drﬁZ/ 0a+1—/+1—2p’atja;+k7p§‘ dr

7
p=07+b

1
. S 2
S3 [ i ol o
p=0""Tv
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k o 2
+Z/ a“+’—f+1—21'(aga;+"*”¢‘ dr
p=2"T0

k
. . P 2
SA+0HE i+ Y /I o H=IH 120 [ o r e[ ar.
p=2"%b

To bound the 2nd term on the right-hand side of the inequality above, notice that

adl—j+1=2p=20+1—i—j—k +2(k—p)
Fa—[e)+Qi+j—4—1>—1 (3.88)

for p € [2, k], due to @ > [a] and 2i + j = 4. We then have, with the aid of the
Hardy inequality (3.6), that for p € [2, k],

—i _ k—
/ G+ Zp‘atja;-F pg‘ dr
7

1

< / O,ot+lfj+172p+22 )3f8f+k_p+L§ 2dr <.

Ly 1=0

P 2

5/ Ua+l—j+lz‘atj8’lﬁ+kfp+tg dr

Ly =0

P o 5
ZZ/ o (H1=i=j =) +(p=0) sa+ith—p+e 8,’8;+k_p+‘§‘ dr

=0 VLo

P . . 5 i+k—1 ‘
52/ r40a+z+k—p+z 3t]8;+k_p+L§ dr§ Z (1+l‘)_2J5j,L-

—0 Y Ib i=i+k—p

That yields, for 1 Sk <1+ 1—i — j,

[ o 2U=i=j)+a—la] 35” dr S48 a1
Ib

kooitk—1 itk—1
+ Z Z 1+ t)_zjgj,L S+ =% Z Eju-
p=21=i+k—p (=i

Therefore, it follows from (3.85) and (3.78) that

I+1—i—j 5
2 2(l—i—j)+a—la] | qk
||1/f||H2(lfi7j)+oc—[oc], IH1=i=j () = Z / db ar 1/[‘ dr
k=0 “T»
I+1—i—j 5 o,
5 Z f 62(1—!—])4—0!—[0{] arl-(w‘ dr 5 f G(X+l—j+1 ‘858;;‘ dr
k=0 Iy Ty

I-j
+U+07 g,

(=i
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4 i+1 j i
S [ rtoetint afaic
Iy

I=j
SA+D"HY &, SU+07HEWD.

(=i

I

2 .

dr+ (1 +072 )¢,
(=i

When « is not an integer, @ — [«] € (0, 1). So, it follows from (3.79) and (3.4) that

2 2 2 —2j
Wiy SIS I Wi 13 g,y S (14D TEQ.

2 (Ip)
(3.89)

Case 2 (o = [«]). In this case « is an integer, we choose o>(~i=D+1/2 a5 the
spatial weight. As shown in Case 1, we havefor | Sk <1+ 1—i — j,

. . 2 j
/ G 2=i=j)+172 ‘aﬂ,) dr SA4+0"5E i
Iy
k 2

N Z/ G H=i+1-2p+1/2 ‘3t/'3;'+"_1’;‘ dr.

=2 Ib

p

Note thatfor 1 Sk =/+1—i—jand2 = p =k,

1
a+l—j+l—2p+§:2(l+l—i—j—k)+2(k—l7)

FQitj-hH -2

N =
N =

We can then use the Hardy inequality (3.6) to obtain
o ) k=l
f o 2U=i=i)+172 )afw‘ drSA+075 Y k=12 - j+1-i
L =i
which, together with (3.85) and (3.78), implies that
I=j

||‘ﬂ||i]2<1—ffj>+1/2, s,y ~ (U + =% Zgj,L SA+0"HEW.

(=i

Therefore, it follows from (3.79) and (3.4) that

W17z S 1 G, S IV iy, S A +D7HE®D.
(3.90)

In view of (3.89) and (3.90), we obtain (3.86) or equivalently (3.77). O
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4. Proof of Theorem 2.2

In this section, we prove Theorem 2.2. First, it follows from (2.3), (2.6), (1.7),
(2.9), (2.2) and (2.8) that for (r,t) € Z x [0, 00),

rpor) o)
772(”a t)nr(r, t) ﬁz(rv t)r_’r(rv t)’
w(n(r, 1), 1) = a(@r, 0, 1) = 0, (r, 1) = i (r, 1).

p((r, 1), 1) —p((r, 1), 1) =

Then, we have, using (2.15), (2.11), (2.9), (3.2), (2.14) and (2.17) that

lo(m@r, 1), t) — p((r, 1), )] S (A — Brz)VI*l I+ t)’W%1
X [w/é‘(O) +(1+ t)_g% In(1 + r)} ,
lu((r, 1), 1) —a@G(r, 1), )] <r(l+1)7"! [\/5(0) +a+ t)*% In(1 + z)} )

This gives the proof of (2.18) and (2.19).
For the boundary behavior, it follows from (2.5), (2.15), (2.11) and (2.9) that

R() =0 (VA/B,1) = i+ r0) (VA/B, 1) = G+ rh + ) (VA/B. 1)
=1 Gy +h+ 01 (VA/B.t) = VA/B[(1 40"V h(e) + 5]
which, together with (2.17) and (2.14), gives that
R 2 JAJB[(1+077 - C/EO),
R(t) < JA/B [(1 AT 4 CU+0) T In( +1) + C\/%} .

Thus, (2.20) follows from the smallness of £(0). Notice that for k = 1, 2, 3,

SR ity (VA7) ) (VT

drk

Therefore, (2.21) follows from (2.13) and (2.17).
We are to verify the physical vacuum condition, (2.22). It follows from (2.3),
(2.6), (2.15) that

—1 2 y—1
o1 VA M CTON I v (’_)
(p )n (1) = nn o |70 .

==-na) [2 (?)HV 7+ (Q)HV i g + r;rr)}

2-2y
—2Br (2> n 7,

r
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which implies, with the aid of (3.3) and (2.17), that

‘(P”) 0.0 SA+07'VEQ) +r(1+ 077, .
n
‘(py_l) (n.1)| 22Br (z>2_2y " —C+1)7"VEWO)

n r

>c'r1 +t)‘1+3%—1 —C+0WVEO). @2

In view of (3.3), we see that (r, t) ~ (1+1)/G=Dy which, together with (2.20),
(4.1) and (4.2), gives for R(¢)/2 < n < R(1),

Cl U+ 3T 4+ VEO) < ’(py—l) (1. 1)
n

<A+ WVEQ) + (1 +0) F,

Thus, (2.22) follows from the smallness of £(0). This finishes the proof of Theorem
22. 0O
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Appendix

Proof of (2.13a). We may write (2.10) as the following system:

b=z a=—z= |0 =G AR ]Gy = D=,

(h,2)(t =0) = (0,0).

(A-1)

Recalling that 7j, (1) = (14+1)/37=D thus 7,,; < 0. A simple phase plane analysis
shows that there exist 0 < ty < #1 < f» such that, starting from (4, z) = (0, 0) at
t = 0, h and z increases in the interval [0, #9] and z reaches its positive maxima at #y;
in the interval [fo, #1], h keeps increasing and reaches its maxima at ¢, z decreases
from its positive maxima to 0; in the interval [¢1, £;], both & and z decrease, and z
reaches its negative minima at o; in the interval [#2, 00), h decreases and z increases,
and (h, z) — (0, 0) as t — oo. This can be summarized as follows:

2(t) to, k(1) to, t€10,10]; z(t) Lo, h(t) 1, t€lto,n1l;
2010 h) |, reln, nl; z() 1% k@) Lo, 1 €ln,o0).

We have from the above analysis that there exists a finite constant C = C(y, M)
such that

0= h()=C for t 2 0. (A-2)
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In view of (2.9) and (2.11), we then see that (1 +7)"/®r=D < 7.() < K
1+ t)l/ Gr=D On the other hand, equation (2.10) can be rewritten as
i+ — /Gy =D =0, 1>0, A3

nrt=0=1, 7,t=0=1/Cy —1).
Then, we have by solving (A-3), that

N 1 L o
fin (1) = 3-— e+ o /O eI (9)ds 20, (A4)

O

Proof of (2.13b). We use mathematical induction to prove (2.13b). First, it follows
from (A-4) that

t/2 t
By = Diln(0) = ™" + f eI (s)ds + / e Vi ()ds
0 /2
/2 2.3 2-3 t
§e—’+e—’/2/ (457 Tds + (1 + t/z)-ﬁ/ =gy (AD)
0 t/2
< e+ Ce (1) + (L +1/)F T SCA+0TT, 120,

for some constant C independent of ¢. This proves (2.13b) when k = 1. Suppose
that (2.13b) holds forallk = 1,2, --- ,m — 1, that is,

d i, (1)
drk

1
SCm A+ k=12 m—1 (A-6)

It suffices to prove that (2.13b) holds for k = m. We derive from (A-3) that for
m=1,....,k,

m+1 qm 1 dmfl 2.3
dm+177r()+ nr()_ ldtm_lnr V([):(), tzov

so that

am » qm 1 t - )dm—lﬁ2 3y
Wﬂr(l‘) =e dr mnr( ) + 37/ ] \/0 e $ W(S)ds l‘z 0,
(A-7)

where (d" /dt™)n, (0) is finite, which can be determined by the equation inductively.
In view of (2.13a) and (A-6), we see that

‘_4 0l < | 3V(r)—nr<r> SU+n5T1"
m—1
%Nf Y0 £ Conm+ T (A-8)
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Similar to deriving (A-5), we can obtain, noting (A-7) and (A-8), that

dmd’Zjn(t) <Cly,m)(+nFT ",
0
Proof of (2.14). We may write the equation for 4, (2.10), as
b+ 1 = [1 - (1 +a +t)_3vl—1h)2_3yi| = —F, 1> 0.
’ (A-9)

Notice that

2-3y
(1+a+075T0) " S1+@=30+n 5 Th

+(2 — 3)/)2(1 —3y)

due to the fact that 7 = 0. We then obtain, in view of (2.13b), that

2
(14077 Th?,

3y
hy + (1+r) <V == 7/ I LI o b

3y
So
=2 (! )
h(t) SC(141) 3T / ((1 +s5) ” YThe(s) + (1 +s5)~ )ds. (A-10)
0
We use an iteration to prove (2.14). First, since /4 is bounded due to (A-2), we have

y—2 [ 2 1
h(t)§C(1+t)_3;7—1/ (45 5 Tds < CA+0)" 7T, (A-11)
0

Substituting this into (A-10), we obtain
_y=2 1 _ 4 ]
W < CA+1) / (@ 49777 +a+57")ds
0

3y—2 3
which implies 2(z) < C(1 + t)_3¥7—1 In(1+7)ify £5/3,h(t) S C(1+1t) 1
if y > 5/3.1f y < 5/3, then the first part of (2.14) has been proved. If y > 5/3,
we repeat this procedure and obtain

3y — t
h() = € +f)_%/ ((1 +9) T 4 (1 +s)—1)ds,
0

3y—2 7
which implies (1) < C(1 + t)”ii—l In(d+nify £3,h@) S C(A+1) T
if y > 3. For general y, we repeat this procedure k times to obtain 2(z) < C(1 +
3y—2
t)_3¥7*1 In(1 + ¢). This, together with (A-2), proves the first part of (2.14), which
in turn implies the second part of (2.14), by virtue of (A-9) and (2.13b). O
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Proof of (3.27). Recall that j > 0,i = landi + j < [l. Letn € [0, j], m €
[0,i — 1] and g € [0, n] be integers. Denote

H = Hra%;l ((ra,’"qaj"“c) + 8,"_48,”’{’)
) . i—m ) 2
(\ora/‘”a;—'"“c( + o7 "ai )
=0
Case 1. Assume 2n + 4m = 2i + j + g. We first note that

S J 9 -1
at@mAm)—(+H+22a-T+7+22a-——+220 (A-12)
i+j—(m+m <12 (A-13)

(Indeed, ifi + j —(n +m) = I, theni + j =l and n +m = 0, so that it is a
contradiction due to 0 = 4(n+m) =2 2n+4m 2 2i+ j+q 2 i+ j =1, if
i+j—m+m)=1—1,theni+ j=[l—1landn+m =0o0ri+ j=1and

n-+m = 1, so that it is also a contradiction because of 0 = 4(n+m) = 2n+4m =
2Di+j+qg2i+j=1—-1>00rd4=4mn+m)22n+4m =22+ j+q =
i+i+j=21+1=54[a] Z5.S0, (A-13) holds.)
When 2i + j < 2m + n + 3, it follows from (3.1) and (A-13) that
. ati— 2
HSed 1+ 022 o5 ([ra)~opie | + o~ ope )|
~ O( ) ' ro ro; r é. t r{ (A-14)
58(%(1 + t)2q—2] (gn—q,m+l + gn—q,m) .
When 2i + j 2 2m + n + 4, it follows from (3.1) and (A-13) that
. oa+i— j+2i—(n+2m)— 2
H S (1 + 07 o =5 (grmagpn| 4 far—vame )]
= (1 + 1212 o S ([ a,’"qa;"g’)lz,
which implies forn +m — (i + j) +2 = 0 that
. a+m — —_ 2
H S ed+ 022 o (|rof~orie| + o) 10c )|
~ O( ) . ro ro; r C t ré‘ (A-IS)
S 85(1 + t)2q—2/ (gnfq,m+l + Enfq,m) s
and forn +m — (i + j) +2 < —1, that
H<ed(1+n*2
_ 2 _ a+m+nm+m—(i+j)+2)
2an—4 am+1 n—q aom e
<Hr o "0 ;“LZ(I(,) + Hra’ 0 L2(Z,) + Ho ’
) i+j—n+q—1
e | n— 2 29-2j
X ( oo ;’ +Jorar ‘)‘Lz(l—b)) S e +n™ hX: En—q.h-
=m

(A-16)
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Here we have used (A-12) and the Hardy inequality (3.6) to derive

o) |

at+m+m+m—(i+j)+2) (
2

n—q qam+1

o d, "0 ‘ +

H AR AN LX(T)
1
) 2
< Z HU oc+m+(n+rg (i+j)+2) an_q am"'hg‘ ‘
~ t r
= L2(Ty)

2 o
< Uoc+m+(n+m;(1+/)+2)+2 a”*‘iam-i-hg 2
~ t r Lz(Ib)
h=0
=t m)tg ek (e — (i ) 42) 20+ — (1) g — 1) 2
a+m+(n+m—(i+j i+j—(n+m)+q— _
<. X Ha : ooyt
L
0 (Zp)
i+j—(n+m)+q it in 2
o+l —n
D Hr%#a{l‘qam%;‘
~ — " L2(ZTy)
i+j—n+q—1
5 1+ t)2q—2n Z En—q,h’
h=m

which implies (A-16). Therefore, we have from (A-14), (A-15) and (A-16) that

i+j—n+q—1
HS U+ Egm+ Engmir+ Y Engu |- (A-17)

h=m

Case 2. Assume 2n+4m < 2i+ j+q. Inthis case, we can use a means similar to the
way in which we dealt with case 1 to obtain 1 < &3 (14+1)%472/ Y707 €, (1).
This, together with (A-17), gives (3.27). O
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