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Abstract

In the N-body problem, a simple choreography is a periodic solution, where
all masses chase each other on a single loop. In this paper we prove that for the
planar Newtonian N-body problem with equal masses, N = 3, there are at least
2N=3 4 2l(N=3)/2] different main simple choreographies. This confirms a conjecture
given by Chenciner et al. (Geometry, mechanics, and dynamics. Springer, New
York, pp 287-308, 2002). All the simple choreoagraphies we prove belong to the
linear chain family.

1. Introduction

The Newtonian N-body problem describes the motion of N point masses under
the attraction of each other according to Newton’s gravitational law. When all the
masses are equal, there exist periodic solutions, where all the masses travel on a
single loop (it is still an open problem whether such a solution exists when the
masses are unequal [9]; throughout the paper we assume all the masses are equal
and that N = 3). Such solutions usually satisfy certain symmetric constraints, as
if they are dancing according to certain choreographies; this inspired Carles Sim6
to name them simple choreographies.

A trivial example of simple choreographies is the rotating N-gon, where the N
point masses form a regular N-gon at each moment and rotate rigidly around the
center of mass at a constant angular velocity. The first non-trivial simple choreog-
raphy is the now famous Figure-Eight solution, which was discovered numerically
by MooORE [23], and then independently and rigorously proved by CHENCINER
AND MONTGOMERY [13]. This remarkable solution immediately got a lot of at-
tention and many simple choreographies were found numerically afterwards: the
Super-Eight solution of the 4-body problem by Gerver, as well as several families
of simple choreographies for different values of N by Sm6 [12,26]. Some more
recent numerical discoveries can be found in [20].


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-017-1116-1&domain=pdf
http://orcid.org/0000-0003-2159-3629

902 GUOWEI YU

On the other hand, to rigorously prove the existence of there choreographies
is a much harder task. Following [13], the idea is to find a simple choreography
as a minimizer of the Lagrangian action functional among loops satisfying certain
constraints. For Newtonian potential, as already noticed by Poincaré, when two or
more bodies collide, the action functional may still be finite. As a result, the desired
minimizer may contain a collision which prevents it from being a real solution.
This is the main obstacle to applying variational methods to the Newtonian N-
body problem.

A lot of progress has been made to overcome this difficulty since the proof of
the Figure-Eight solution. We briefly summarize them as follow:

e Local deformation assuming there is an isolated collision along the minimizing
path, one tries to show that after a small deformation near the isolated collision,
one gets a new path with strictly smaller action value, which gives a contra-
diction. For the details see [8,14,19,22,27,29]. In the last three references the
existence of such a local deformation is implied implicitly through Marchal’s
average method.

e Level estimate one gives a sharp lower bound estimate of the action functional
among all the collision paths in the admissible class and then tries to find a test
path within the admissible class such that its action value is strictly smaller than
the previous lower bound estimate. The Figure-Eight solution was originally
proved in [13] using this method. Results obtained using this method can also
be found in [2-7] and the references therein.

Despite of the above progress, to the best of our knowledge very few simple
choreographies have been rigorously proved. Besides the Figure-Eight, the Super-
Eight was first proved in [ 18] with a rigorous numerical method and then analytically
in [25]. The best result so far was obtained by FERRARIO AND TERRACINI in [14],
where they proved that there is at least one Fight-Eight type simple choreography
for every odd N.

One way to bypass the difficulty have is to change the potential from a Newto-
nian to a strong force (for a precise definition see the end of Section 2). For a strong
force potential, the action value of a path with any collision must be infinity. It was
proven in [12] that there are infinitely many distinct main simple choreographies
when the potential is a strong force. By a main simple choreography, we mean one
that cannot can not be derived from a given simple choreography by some orthog-
onal transformation of the space, a reparameterization of time, a combination of
both, or just by traveling around a given one multiple times.! For the Newtonian
potential, based on numerical discoveries, [12] made the following conjecture:

Conjecture. For every N 2 3, there is a main simple choreography solution for
the equal mass Newtonian N-body problem different from the trivial circle one
(i.e., the rotating N-gon). The number of such distinct main simple choreographies
grows rapidly with N.

1 The definition of ‘main simple choreography’ in [12] is slightly different from ours,
where the possibility of obtaining a simple choreography from a given one by the continuation
of angular momentum was also considered.
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Let [-] denote the integer part of a real number. We confirm this conjecture by
proving the following result:

Main Theorem. For every N = 3, there are at least 2N =3 + 2{N=3/21 gifferent
main simple choreographies for the equal mass Newtonian N -body problem.

We also remark here that we are not considering those solutions that are simple
choreographies in rotating coordinates. In such cases, the existence of infinitely
many simple choreographies has already been established by CHENCINER AND
F£joz in [11].

In the rest of the paper, we will only consider the planar N-body problem.
For simplicity, we also assume m; = 1,Vj € N := {0,1,..., N — 1}. If we
letz = (zj)jeN € CN represent the positions of the masses, then it satisfies the
following equations:

. Zj — Zk .
G= 2 i JeN (1)
keN\{/}

This is the Euler—Lagrange equation of the action functional

T

Az, T, ) = / L(z,2)dt, ze H' ([T1, Tz],CN) ,

T
with L(z,z) := K(z2) + U(z), where K (z) is the kinetic energy and U (x) is the
(negative) potential energy:

K(2) :=%Z|Z'j|2, U(z) == Z %

jeN (j<kjeN 1% ]

Furthermore, we set A(z, T) := A(z,0, T).

By the homogeneity of the potential, given a periodic solution, one can find
another with any prescribed period. Because of this, we will only consider periodic
solutions with a period N.

Following [12,13], the key idea here is to impose proper symmetric constraints
on the loop space, then obtain the simple choreographies as collision-free minimiz-
ers. We recall this briefly in the following.

Let Ay = H'(R/NZ,C") be the space of Sobolev loops and CV =1z e
CcN: Zj # 2k, VY{j # k} C N} be the space of collision-free configurations. Then
Ay =H'\R /NZ, CcN ) is the subspace of collision-free loops. Given a finite group
G, we can define its action on Ay as the following:

g(z(0) = (p(®)20 (-1 (T@ D ... P e (g 1yv—1y(T(eTHD)). Vg €G,
(2)

where

(1) T:G — O(2) representing the action of G on the time circle R/NZ,
(2) p:G — O(2) representing the action of G on the 2-dim Euclid space,
(3) o : G — Sy representing the action of G on the index set N.
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Aj(\;, = {z € Ay : g(z(t)) = z(t), Yg € G} is the space of G-equivariant
loops. As all masses are equal, the action functional A is invariant under the above
group action. By the symmetric critical principle of PALAIS [24], a critical point of
A in f\g (f\g = Ag N AN) is also a critical point of it in Ay, and therefore a
solution of Eq. (1).

Consider the cyclical group Zy = (g| gV = 1) with the action

T(g)t=t—1, p(g) =identity, o(g)=(0,1,...,N—1). 3)
Then the following holds for any z = (z;) jen € A%N :
zj(t) =z0(j +1), VteR, VjeN. (€]

This means any collision-free critical point of 4 in A%’V must be a simple choreog-
raphy. The most obvious critical point is of course the global minimizer. However
as was proved in [1], the global minimizer in A%N is nothing but the rotating N-gon.

A possible way to get non-trivial simple choreographies is to consider a group G
with proper action, such that it contains Zy with action given in (3) as a subgroup;
meanwhile the symmetric constraints already rule out the rotating N-gon. This was
exactly the idea used in [13,14].

However the real gold deposits are located on the topological constraints. As
we can see, the space of collision-free loops 1A\]Z<,N has infinitely many connected
components. A nice way of distinguishing these components is through the braids
group; for details of this see the beautiful paper by sc Montgomery [22]. In principle,
it is possible to find a main choreography solution in each connected component.
For a strong force potential, this was indeed proved in [12].

Meanwhile for the Newtonian potential, it is much more difficult to show that
a minimizer is collision-free when topological constraints are involved. First, lo-
cal deformation usually fails in this case, because to be able to lower the action,
the possible directions of local deformation are restricted, and in many cases one
ends up in a topological class different from the required one. Second, although in
principle, the level estimate should work under topological constraints, in practice,
except for some special cases, it is very difficult to give an accurate lower bound
estimate of the action values of the collision paths.

To overcome the difficulty caused by the topological constraints, we propose to
introduce additional monotone constraints (see Definition 2.1). These constraints
provide further information regarding the relative positions of the masses. With
such information, first, we can rule out collisions involving more than two masses,
and second, when there is a binary collision, it allows us to make certain the global
deformation of the path in order to get a new one with a strictly lower action value
and to reach a contradiction. We believe that this is the first time such an idea has
been used in this classic problem. The details will be given in Section 2.

In the rest of this section, a proof of the Main Theorem will be given. Let’s
consider the dihedral group Dy = (g, h| gV = h? =1, (gh)?> = 1) with the
action of g defined as in (3), and % as the following:

Tt =—-t+1, phyg=q, c(h)=O,N-DA,N=2)...n,N—1—n),
&)
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where ¢ € C, ¢ is its conjugate, and
n:=[(N—-1)/2]. (6)

By the above definition, Af,” - A%N . However, the rotating N-gon is also

contained in Aﬁ” . Hence the minimizer of A in AZL\),N is again a trivial solution. In
order to get non-trivial simple choreographies, topological constraints need to be
added into the problem.

First, by the symmetric constraints, z = (z;) jeN € AIBN must satisfy (4) and

2j(0) =Zy_1-j(1 —1), Yt €R, VjeN. )
In particular,
2j(0) = Zy_;(0), if j € N\(0}; 2;(1/2) = Zy—1-;(1/2), if jeN. (8)

The symmetric constraints also imply

20(t) = 20(—1), Vi eR, )
i(1), vt e[0,1/2], ...
w0+ =190 €121 e c 0.1, ) (10)
ZN—I—j(l - t)v vt € [1/29 l]
As aresult,if z € Ag” is collision-free, it must satisfy the following:
Im(z0(j/2)) #0, Vj e N\{0}. (11)
Based on the above observation, we set
Qy = {w = (wj)jeN\(0) : @j € {1}, Vj € N\{0}}. (12)

Definition 1.1. For any w € Qp, we say that a loop z € AJI\),N satisfies the w-
topological constraints, if

Im(z0(j/2)) = w;[Im(zo(j/2))|, Vj € N\{0}. (13)
Notice that if 7 € APV, then

: Im(zo(j/2)) .
Im(z0(j/2)) #0and —————— =w;, Vj € N\{0}. 14
[Im(zoG/2)
Theorem 1.1. For each w € Qp, there is at least one simple choreography 7% =
(Z;’-’) jeN € AIQN satisfying (1), the w-topological constraints and the following
monotone property along the real axis:

x5 () >0, Vr € (0, N/2), and %7 (0) = X (N/2) =0, (15)
where x¢ () = Re(z§ (t)).

Such z®’s will be obtained as collision-free minimizers. The detailed proof of
the above theorem will be given in Section 2. For the moment, we use it to give a
proof of the Main Theorem.
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Proof. Although there are 2N=1 different w’s in N, When we try to count distinct
main simple choreographies, the number is smaller.

Given an w € Q, we first have that z*(—r) satisfies the (—w)-topological
constraints, so we only need to count the w’s from the set Q; ={weQ,: o =
1}.

Second, define w* = (wj)jeN\{o} € Qu by a);‘ = wn—j. Then —z*(t + %)
satisfies the w*-topological constraints. To exclude those, consider the disjoint
union Q; = Q;ﬁ U Q;’+, where

Q;(,’_ ={w e Q; Ton—1 = —1}, Q;’J” ={w e Q; con_1 =1}

There are 2V 3 different w’s in Q;’Jr. However, if w € QIJ\?’”L, then 0™ € Q;’Jr.
Meanwhile, notice that there are 2[%V=2/2] different ’s in Q;’+ with o™ = w. As
a result, the number of effective w’s we can count from QX’,’*’ is

2N—44_2KN—4V2]::%(ZN_34—2KN_2VM)- (16)

Now, for any w € Q;’_, we have although w* ¢ Q;’_, —w* is, so it needs
to be that excluded from our counting. If N is odd, there are 2{(N=2/2] different
w € Q;’_ with @ = —w*, and if N is even, there is no such w. This is because
when N is even, ® = —o* implies wy/2» = —wy/2, which can never happen, as
wn /2 € {£1}. As aresult, the number of effective w’s we can count from Q;’_ is

oN—4 if N is even, 7
oN=4 4 2lN=H/21 - if N is odd. an

By (16) and (17), there are 2 =3 4 2l(N=3)/2] {istinct main simple choreogra-
phies, and this finishes our proof. 0O

The number 2V =3 4 2[(N=3)/2] obtained above is the same as the number of
simple choreographies belonging to a special family called linear chains given in
[12, Proposition 5.1]. This is not a coincidence. The family of linear chains consists
of simple choreographies which look like a chain of consecutive bubbles placed
along the real axis (the rotating N-gon, the Figure-Eight and the Super-Eight all
belong to this family). As each z% € [\2"’ obtained in Theorem 1.1 satisfies (9),
(14) and (15), they belong to the family of linear chains as well.

For each w, the number of bubbles of the corresponding z* has a minimum
determined by w. For example, if w; = 1, Vj € N\{0}, then the minimum is 1. In
fact, we know in this case that z must be the rotating N-gon, which consists of
exactly one bubble. However, in general, we don’t know if the number of bubbles
of z? is exactly this minimum.

Our paper is organized as follows in Section 2, we give a proof of Theorem 1.1;
in Section 3, we consider simple choreographies with extra symmetries; in the last
section, the Appendix, the proof of a technical lemma will be given.
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Notations the following notation rules will apply through out the paper:

i will always represent v/—1;
Given a path z(¢) of the N-body, then z (¢) is the corresponding path of m ;, for
any j € Nwithz;(#) = x;(t) +iy;j() and x; (), y;(t) € R;

e If, instead of z(¢), a path of the N-body is denoted by Z(¢), z(¢), z°(t) . . ., then
the corresponding changes will be made on z; (), x;(¢) and y;();

e Given any two non-negative integers jo, ji:

. ez jo=j < i) ifjo = i
{jo,.... 1} == o .
, if jo > j1;

e (1, (C,, ..., representing positive constants, vary from proof to proof.

2. Proof of Theorem 1.1

When there is no confusion, in this section Aﬁ” , [A\g’v will simply be written
as A, f\, respectively.

Due to the symmetric constraints, a loop z € A is entirely determined by
z(1), t € [0, 1/2], so it is enough to focus on the fundamental domain: [0, 1/2]. In
the rest of the paper, when we try to define a loop z € A, only z(¢),t € [0, 1/2]
will be given explicitly (the rest will follow from the symmetric constraints). Fur-
thermore, in this section, we set A(z) := Ak (z) + Ay (z), where

1/2

12
Ax @) :=/ K dr, Ay ::/ U dr.
0 0

First we will introduce the monotone constraints.

Definition 2.1. We say that a loop z € A satisfies the monotone constraints if
x0(j/2) S x0(j/24+1) S x0(j/2+1/2), Vit e€[0,1/2], Vj €N
and that is satisfies the strictly monotone constraints if
xo(t1) < xo(t2), forany0 <1 <n < N/2.

Let A™ be the subset of all loops in A which satisfy the monotone constraints
and the following inequalities:

x0(0) = 0 = xo(N/2). (18)

For technical reasons, we will not fix the center of mass at the origin in our proof;
this could cause a lack of coercivity during the minimizing process. The above
inequality was introduced to overcome this.

By (7), (8) and (10), we have that z € A, satisfying the monotone constraints,
is equivalent to the following:
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' N Mo !
E /Tl/i ' 7”71—1:
mo I | >
, , : : my,
—— 1 1 i
VMmN -1 — [ !
' TMN—2 m}v,]-,l
(a)
| N miot ! !
' mi —— Myp—11 '
: /r/: : ‘\: " :
g = = S
' e IR I ! :
MyN—j—1
(b)
Fig.l.aN=2n,n=n—1,bN=2n,n=n
xj(0) = x; () = x;(1/2), if j €{0,...,n}, Vi € [0.1/2]; (19)

xj(0) 2 xj(t) 2 xj(1/2), if j € N\{0,...,n},
x0(0) < x0(1/2) = xn—1(1/2) = xy-1(0) = x1(0) = - -
w2 X0 11(0) = x,21(0) = - 1(1/2) = x,(1/2) £ x,(0), if N =2n;  (20)
x0(0) = x0(1/2) = xn-1(1/2) = xy-1(0) = x1(0) =< - -
s S x-1(1/2) = x041(1/2) = x041(0) = x,(0) = x,(1/2), if N =2n+1,
(21

For illuminating pictures, see Fig. 1. Roughly speaking, the masses are located
on the solid vertical lines when ¢t = 0; on the dashed vertical lines when r = 1/2.
Furthermore, between + = 0 and r = 1/2, each mass is confined within the unique
vertical strip bounded by the neighboring vertical lines. Whether the masses are
above or below the real axis on each vertical line is determined by the w-topological
constraints. The pictures in Fig. 1 correspond to w € Qy with w; = 1, for any
J € N\{0}.

To put the topological constraints back into the problem, for any w € Qy, we
define A} as the subset of loops in A" which satisfy the w-topological constraints.
Correspondingly, we set AT := AT N A, At :== At NA.

Proposition 2.1. For each w € Qy, there is a 7% € Ag which is a minimizer of
the action functional Ain AJ.
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Proof. It is well known that the action functional .4 is weakly lower-semi contin-
uous with respect to the Sobolev norm H'!. Meanwhile, A}, is weakly closed with
respect to the same norm. Therefore we just need to show that A is coercive in A
Choose a sequence of loops {z* € A} with l1zX|| g1 going to infinity; as k goes
to infinity, it is enough to show that A(z*, N') goes to infinity as well.
Recall that z&(1) = x5 (t) + iy (1). By (9), y§(0) = 0, so then

b)| = |y = 60 g/ON\y‘é(r)\ dr, Vio € [0, N).

By Cauchy-Schwartz inequality,

N 2 N 5
|y§(ro)|2§(/0 ]y'é(r)]dr) < [“]sbof w voctom,

Hence,
N 2 N 2
/ ‘yé(t)‘ dt§N2/ ‘y’é(t)‘ dr.
0 0

Meanwhile, by (18), there is always a #; € [0, N/2] such that xg(tk) = 0. Then,
by computations similar to these above,

N 2 N 2
f }x’g(z)} dr < NZ/ ‘x’g(t)‘ dr.
0 0
As a result,
N 2 N 2
f ‘zlé(t)‘ dr < N2/ (zg(z)‘ dr. 22)
0 0
Because z¥ € A}, (4) is satisfied. Then

| H; _ /N 3 (\z’;u)f + )z’;m\z) dr = N/N ‘Zé(t)‘z + ‘z'l{)(t)‘z dr.
0 jeN 0

(23)
Notice that the action functional satisfies

A(Zk, N) > %/ON/; ‘z’;(t)‘z dr = %/ON \zgmf dr. (24)

Together (22), (23) and (24) imply

1 2
S ERvre
A<Z =22+ 1) I

As aresult, A(z¥, N) goes to infinity as k goes to infinity. O
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We need to prove that the action minimizer z® is collision-free. However, be-
cause of the monotone constraints, this does not necessarily mean that itis a solution
of Eq. (1). In addition, we also need to show that it satisfies the strictly monotone
constraints. As this property will be useful in showing that z is collision-free, we
will prove it first.

Lemma 2.1. Forany o € Q, if 2 € A is an action minimizer of Ain A}, then
xg (1) S x§ (1), forany0 <1t <t S N/2.

Proof. For simplicity, let z = z“. As z € A}, by the definition of monotone
constraints, it is enough to show that, forany 0 < 1; <1 < 1/2,

x0(j/24+ 1) = x0(j/2+ 1), VjeN.

By a contradiction argument, let’s assume that thereisa jo € Nand0 < 1) <1, <
1/2, such that

x0(jo/2 + s1) > x0(jo/2 +s2), foranyt; =51 <52 = to.
By (10), depending on whether jj is even or odd, this is equivalent to

xk(s1) > xi(s2), if jo = 2k,

for any t; < S h,
VISR = e (/2= 5) > v (12— s0), if jo =2k — 1.

Let e = x0(jo/2 + s1) — x0(jo/2 + s2) > 0. We discuss this in two corresponding
cases.
Case I: j is even (jo = 2k). We define a new loop z° € A$ as follows:

7k () — 2e, vt € [0, 1],
7i (1) = { (2 () — xx (1)) + iy (1), Vit € [11, 2],
(1), vt € [z, 1/2],
£ = z; (1), ifjetk+l N=T—k 0,1/2].

2j(t) —2¢, if j € N\{k,...,N —1—k},

By the above definition of z°, Ak (z°) = Ak (z). Meanwhile, by the monotone
constraints, Ay (z%) < Ay (z). Therefore A(zf) < A(z), which is absurd.

Case 2: jo is odd (jo = 2k — 1). Similarly, we define a new loop z° € A} as
follows:

ZN—k (1), Vi € [0,1/2 — 1],
Dy = 2xn_i(1/2 = 1) — xn_ (1) + iyn—i (1), Vi €[1/2—1,1/2—11],
IN—k(t) — 28, vVt e[1/2 —1,1/2],
c z; (), ifjelk,...,N—1—k},
4O {Zj(t)—2e, if j e N\{k,..., N —k}, relo.1/2

The rest is the same as in Case /. O
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Next we need to exclude the degenerate case, where the masses always stay on
a single vertical line.

Lemma 2.2. Forany o € Q, if 2 € A is an action minimizer of Ain A}, then
x$(N/2) — x§(0) > 0.

Our approach is to show that in the degenerate case, z* becomes a collinear
solution that contains at least one isolated collision. Then, by local deformations
near the isolated collision, we can find another loop from A$ whose action value is
strictly smaller than z*’s, which gives us a contradiction. The proof will be given
in the Appendix.

With the above two lemmas, the fact that z* satisfies the strictly monotone
constraints will be established by the following:

Lemma 2.3. When N = 2n, for any o € Q, if z° € A} is an action minimizer
of Ain A, then x§ (1) < x§ (t2) forany 0 < t; <15 < N /2.

Proof. For simplicity, let z = z*. By Lemma 2.1, it is enough to show that
x0(j/2+ 1) #x0(j/2+ 1), forany0 =<1t <1, <1/2, VjeN.
Let’s assume that there exists a jo € N, and that 0 < #; < r, < 1/2 such that
x0(jo/2+1) = x0(jo/2 +11), Vit €[n,n] (25
By Lemma 2.2, there exist #p and §; > 0 small enough such that
xp (1) — xo(t) 2 81, Vi € [0, 1p]. (26)
Meanwhile, we can always find a §o > 0 small enough such that
l2n(0) =200 < 851,V €10,1/2]. b))

Depending on the value of jy, two different cases will be considered.
Case 1: If jj is even (jo = 2k), then (25) implies

xp (1) = xi(t1), Vit € [1, 2]

Choosing a ¢ > 0 small enough, we define a new loop z¢ € A} as follows:

Zk(t) — &, Vl S [07 tl]v
() = Y 0) — 2re, Vien,nl, (28)
2k (1), vt € [, 1/2];
(1), ifjetkh+1,....,N—1—k),
50 = 2@ etk b ovie.121 9
() —e ifjeN\{k,....N—1—k}

By the above definition of z° and (25), we have

e N 1 [= -e 2 212 4 — L[ ¢’ = e’
Ak (@ )‘A’c(Z)‘E/,I O = e dr = Ef,l G2 Y= 2=

(30)
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This shows the change in kinetic energy. For potential energy, notice that

(1) — zf(t)‘ 2 |zj() —z(0)|, Vrel0,1/2], V{j #1} CN. (€29)
When k > 0, by the definition of z° and (26), for any ¢ € [0, fo], we have

2 .
|25(1) = 25(0)|” = xa (1) — x0(t) + & +i(ya(t) — yo)|?

= |22 (1) — 20(D)* + 2(x (1) — x0(1))e + &
> |za(t) — z0(0)|? + 2816 + 2.

Together with (27), for any ¢ € [0, o],

22 — 25| = |20 (t) — zo(0)| !
1

< 1 (1 N 281 N &2 )_2 1
= lzn(t) — z0(0)] 1za (1) — 201> |za(t) — 20(1)]?
o1&
za() — 20(0)P

Combine this with (31) to get

+o(e) £ —81838 + o(e).

]
Ay (%) — Ay(z) < f 125(1) — 25|71 = |2a(0) — zo(0)] "1 dr
0 (32)

]
< / —8183¢ + o(e)dt = —C1 (81, 82, 10) + 0(e).
0

When k = 0, if 1y < 71, the above estimates for potential energy will still hold.
However if #9 > 1, then things are slightly different. Assuming that & = 0 and
to > t1, by (26), for any ¢ € [t1, t3], where t3 = min{ty, 1}, we have

2
X (1) — x0(1) +

) — 50| = e +i(yn (1) — yo (1))

— _ 2
=|zn(z)—zo(t)|2+2(xn(t>_xo(,)) f ;”(n r) 2
—h

n—1n

> \z,(1) — z0))* + 2318 + o(e).
h —

Combining the above with (27), we get, for any ¢ € [t1, 3],

|Z5(t) — 25O — |za (1) — zo(0)] ™!

1
I—t -7
< o 1+ M -1
= lza(t) — zo(0)| |20 (1) — zo()|?

h—t
1812—11

zn(t) — 2003

+o(e) £ 61538 +0(8)
I —
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As aresult,

3
Ay () — Ay(2) £ f |25 (t) — 25" — |za (1) — zo(0)| ™" dt
1 (33)

& n—t
§/ —515§8t2 ; +o(e)dr £ —Ca(81, 82, 10, 11, 12)€ + 0(8).
1 2 — 1]

Together, (30), (32) and (33) show that, for ¢ small enough,

2
A(Z%) — A(z) £ —C5(81, 82, 1o, t1, 1)e + £ +o0(e) <0,
2(ty — 11)

which is a contradiction. This finishes our proof of Case I.
Case 2: If jo is odd (jo = 2k — 1), then (25) implies

xn—k(t) =xn_k(1/2 —11), VYt e€[l/2—1,1/2 —11].

For & > 0 small enough, we define a new loop z° € A as follows:

Nk (t) + &, Vi € [0, 1/2 — 1],
@ =y + 12 e Ve [1/2 -1, 1/2 - 1], (34)
ZN—k (1), vt e [1/2 —1,1/2];
» if j N —1-—
sy = HOFe el N b vier021. 65)
! z; (1), if j e N\{k,...,N —k},

By estimates similar to these for Case I, we can show that A(z%) — A(z) < 0 for
& small enough, which is a contradiction. O

Lemma 2.4. When N = 2n+1, forany o € Q, if 2 € A} is an action minimizer
of Ain A}, then x{ (1) < x§(t2) forany 0 < t; < tp < N /2.

Proof. Letz = z“. As with the proof of Lemma 2.3, by a contradiction argument,
let’s assume that (25) holds for some jo € Nand0 <t <1, < 1/2.
Notice that, by Lemmas 2.1 and 2.2,

max{xo(n) — x0(0), xo(n + 1/2) — x0(1/2)} > 0.
Hence there exist 7o and §; > 0 such that one of the following must hold:

xn (1) — x0(t) 2 81, Vt €0, 10]; (36)
xp (1) — xo(1) = 81, Vi €[1/2 —19,1/2]. (37)

First, let’s assume that (36) holds. Again we will consider two different cases
depending on the value of jj (to separate them from the two cases considered in
the proof of Lemma 2.3, we will count them as Case 3 and Case 4).

Case 3: joisodd (jo =2k — 1). Let z* € A$ be defined as in Case 2, then, as
with case 2, a contradiction can reached.

Case 4: joiseven (jjo = 2k).Inthiscase 0 < k < n.Letz® € A} be defined as
in Case I; when k < n, a contradiction can be reached by the same argument given
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there. For when k = n, more needs to be said. First, the set{k +1,..., N — 1 —k}
in (29) is empty. By what we have proven so far in Case 4 and in Case 3, there is a
83 > 0, such that

X, (1) — xo(t) = 83, Vit €[0,1/2]. (38)

With (27) still holding, by computations similar to those given in Case 1,

n
Ay (Z®) — Ay (z) £ / lz5 (1) — Z(s)(f)|_1 — za(t) — z0(t)| " dt
1
< —Cy(t1, 12, 81, 83)e + o(e).

Since the change in kinetic energy is still given by (30), we get A(z°) — A(z) <0
for & small enough, which is absurd. This finishes our proof of Case 4.

Now let’s assume that (37) holds. The proof is almost the same as above, so we
will not repeat the details here. O

Let z* be an action minimizer of A in A} (for simplicity, in the rest of this
section, we set z = z®). By Lemmas 2.3 and 2.4, this satisfies the strictly monotone
constraints. As a result, if z is collision-free, it must be a solution of (1). Notice that
Lemmas 2.3 and 2.4 already imply that z(¢) and ¢ € (0, 1/2) must be collision-free,
and the only possible collisions are binary collisions at # = 0 or t = 1/2 between
certain pairs of masses determined by the symmetric constraints. To be precise,
when ¢ = 0, a binary collision can only happen between the pairs of masses with
the indices

{laN_]}7{27N_2}s~'-7{n»N_n};
when ¢ = 1/2, it is between the following pairs:
{OON—-1L{I,N=2},...., 0, N—n—1}.

When N =2n+ 1, n = N — n — 1 = n, so in this case, there is no collision
between my and my_n—_1 att = 1/2.

In the following, we will show that none of the above binary collisions can
exist. First, let’s assume z;(0) = zy—;(0) for some j € {I,...,n}. Notice that
vj(0) = yn—;(0) = 0 as z;(0) = zy—;(0). Without loss of generality, we may
further assume that z;(0) = zy—;(0) = 0.

Foranyt € [0,1/2]and k € {j, N — j}, we set

2(t) = R@) +iH@) = (z; (1) + zv—;(1))/2, (39)
wi (1) == up(t) +ive () := z (1) — 2(2). (40)

Here Z(t) is the center of mass of m; and my_;, and wy(¢) is the relative position
of my with respect to z. Putting wy (¢) in polar coordinates,

wi (1) = pr(0)e %D, (41)

and we have the following two results:
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Proposition 2.2. For any k € {j, N — j}, when t > 0 is small enough,
o(t) = Ci13 +o (t%) . ) =Cat™F 40 (f%) .

This is the well-known Sundman’s estimate; for a proof see [14, (6.25)].

Proposition 2.3. Forany k € {j, N — j}, there exist finite 9k+ satisfying the follow-
ing:
: —ot  Tim Ou(r) — + _pt
[1_1)%1+ Op(t) =6,", lgr(r)l+ O(1) =0, Oy_; =6 +m. (42)

The above proposition is also well-known, and shows that m ; and m _ ; approach
the binary collision from two directions that are definitely in opposition to each
other (a proof can be found in [29, Proposition 4.2]).

By the strictly monotone constraints, x; () — xy—;(t) > 0, V& € (0, 1/2].
Hence,

aN—j(t) —X(t) <0 < x;() —x(@), VYt e (0,1/2].
As aresult, we may assume
0jt) € (—=m/2,m/2), On_;(t) € (w/2,3m/2), VYt € (0,1/2],
and this means
0; €l-m/2,7/2], Oy_; € [n/2,3m/2].

Depending on the values of 9;, two types of deformations will be applied to z
to get a contradiction. To make sure that the loop we obtained after the deformation
is still contained in A$, we need to know the precise value of w> ;. Without loss of
generality, let’s assume w;; = 1 in the following:

Lemma 2.5. If 7;(0) = zny—;(0) and 9; € (—m/2, /2], then thereis a 7 € A;j
with A(Z) < A(z).

To prove the above lemma, we need the following local deformation result near
an isolated binary collision:

Proposition 2.4. If z;(0) = zy—_;(0) and Gf € (—m/2,1m/2], then for ¢ > 0
and ty = to(e) > 0 small enough, there is an z¢ € H'([0, 1/2], CN) (a local
deformation of z near t = 0) satisfying A(z°) < A(z) and the following:

(a) Foranyl e N\{j, N — j}, z; (t) = (1), Vt € [0, 1/2);
(b) Foranyk € {j, N — j},

i (1) = 2k (1), whent € [to, 1/2];
lzp(t) —zx()] S &, whent € [0, 1]

(c) z8(t), t € (0, 1/2), is collision-free;
(d) z;(0) # z;(0), forany k € {j, N — j}andl € N\{j, N — j};
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(e) 25(0) # ziy_;(0), in particular
50) = 2;(0) +ie, z§_;(0) = zx—;(0) —ie.

Remark 2.1. A proof of the above proposition can be found in [29, Proposition
4.3]. The proof essentially relies on the following element of the Kepler problem:
the parabolic collision-ejection solution connecting two different points with the
same distance to the origin has an action value strictly smaller than the direct and
indirect Keplerian arcs joining them (with the same transfer time). This result was
attributed to Marchal in [10]. A proof can be found in [16,28].

Proof (Lemma 2.5). By Proposition 2.4, after a local deformation of z near the
isolated collision z;(0) = zy_;(0), we get anew path z° € H'([0, 1/2], CV) with
A(z%) < A(z). After applying the action of the dihedral group Dy defined before,
we get a loop which will be denoted by z*. Notice that, as a loop, z° is contained
in A and satisfies the w-topological constraints. However, it is not so clear whether
it is also contained in A}, as the monotone constraints may be violated after the
local deformation. Nevertheless we will show that, by further modification of z%,
we can always geta Z € A} satisfying A(Z) < A(z%) < A(2).

Recall that z;(0) = zy—;(0) = 0. By Proposition 2.4(e), xj. 0) = va_j 0) =
0. Letting #o be given as in Proposition 2.4, we define 41, 87 as follows:

81 = —min{xj(t) 1t €[0, 1]}, & = max{xf\,_j(t) 11 € [0, 1]}
Then §; = 0, as is §>. Furthermore, let
t1 = min{z € [0, o] :xj-(t) = —81}, t© =min{r € [0, 1] :vafj(t) =8}
and
Ty ={tel0,1]: x.f.(t) <0}, Tr={rel0, ] :xf\,_j(t) > 0}.
Now we define a new path z(¢) = (Zx(¢))reN as follows:

Z;(l) ift € [0, tl]\Tl,
2ty ={—2() ift €Ty,
zj(t) +28y, ift e[, 1/2],

Z;V_j(t)a lft € [O’ f2]\T2,
In-j(t) = —2fn—j (1), if 7 € Ty,
zfv_j(t) — 28, ift€[n,1/2],

() +2681, ifkefj+1,...,N—j—1},

. . , , vt € [0, 1/2].
() =28, itk eN\{j,....,N —j},

k() =

We point out that for any k € {j, N — j},if 5y = 0,thenty = 0and Ty = . In
particular, when §; = §; = 0, then 7 = z%. See Fig. 2 for illuminating illustrations
of Zj (or Zy—;) for when §; > 0 (or 62 > 0).
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> Zn—j(to)  2x—;(to)

\ \\q \ZJSV—j(tZ)
N 2N-j<t2>‘<

25-;(0) ={Zn—;(0)

Fig. 2. Deformation of the paths of m; and my _;

For 7 defined as above, the monotone constraints are satisfied and 7 € A$.
Furthermore, A(Z) < A(z°) < A(z), as Ak (2) = Ag (%) and Ay (2) < Ay (z9),
where the estimate on potential energy follows from

|2e(®) = 21O 2 |z (1) — z; ()], vVt €[0,1/2], V{k <I} CN.
O

We point out that Lemma 2.5 does not apply when 9;“ = —m /2. By Gordon’s
result on the Kepler problem (see [17]), an argument regarding the nature of local
deformation can never rule out the binary collision in this case; some type of
global estimate has to be involved, which generally is hard to do. The advantage
of our approach is that the necessary global estimate can be obtained based on the
monotone constraints. This estimate will be given in the next lemma.

Lemma 2.6. If z;(0) = zy—;(0) and G;F = —m /2, then for €1 > 0 small enough,
there is a 781 € A} with A(z°1) < A(2).

Proof. For &; > 0 small enough, define a new loop z?! € A} as follows

Zj_l (1) = {Zj(t) +1Qe1 —1), Vtel0, el

2j(t) + e, Vi € [e1, 1/2),
o _ Jan-j@) —tQe1—1), Vi[O, e,
N=T 7 aw—j(0) — €, Vi € [er, 1/2],

w() +el, ifkel{j+1,...,N—j—1},

) . . . vt € [0, 1/2].
zk (1) — &7, ifke N\{j,...,N —j},

7 (1) = i

We claim A(z°') < A(z) for e; small enough. The above definition immediately
implies

Ag () > Ak (2), Au(®) < Ay (2).
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However, to get the desired result, the above estimates have to be improved.

For Ak, we need the estimates of X;(¢) and Xy_;(¢) when ¢ goes to zero.
Let Z and wy, as well as k € {j, N — j}, be defined as in (39) and (40). Then
X () = ug(¢) + x(r). Meanwhile, by (41),

iy = prcos O — prbisinby, Vk e {j, N — j}.
As Q;T = lim;_, o+ 0 () = —m /2, by Propositions 2.2 and 2.3, we get that

lij ()] = Clt% for r > 0 small enough. 43)
Similarly, since 91‘\,"7 ;= an = /2, we have that

2
3

liy—j(@)| = Cat3  fort > 0 small enough. (44)

Notice that although m ; and my _; collide at r = 0, there the center of mass
2(t) is C% at t = 0, and can we claim that

£(0) = 0.
Otherwise, let’s assume that fc(O) < 0. Then, by (43),
%;(1) = 1j(t) + £(1) <0, for 7 > 0 small enough.
This, however, violates the monotone constraints. Similarly, if fc(O) > 0, then
in_j(t) = iiy—j(t) + x(t) > 0, for 7 > 0 small enough,

which is again in contradiction to the monotone constraints. This proves our claim.
As aresult, we have
|x(¢)| £ Cst for t > 0 small enough. 45)

Combining this with (43) and (44) we get
2
|Xk (£)] £ Cy4t3 fort > 0 small enough, Yk € {j, N — j}. (46)

By the definition of z*’"l and (46), we have

Ak () — Ak (2) = / Z (Izkll — |2k|?) drt

ke{j,N—

:/ 4(81—t)2+2(81—t)xl(t)—2(81—t)xN () dt
0

€1 8 8
< 4/ (61 — D)% + Cat 3 (e — 1) dt < Cse) + o(e}).
0
47)

Now we will estimate the change in potential energy. By Lemmas 2.3 and 2.4,
we have this x;(1/2) — xy—;(1/2) > 0. Then for any § > 0 small enough, there
exist positive constants C¢ and C7 (both independent of &) such that

xj(t) —xn_j(t) = Co, |z;(t) —zn—; ()" = C7, Yt e[1/2-6,1/2].
(48)
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Meanwhile for any ¢ € [1/2 —§, 1/2],

1
2

12510 — 2y O17 = (12 (0) = 2 j (OF + 4870 (1) — xn—j (1) + 4¢7)
By (48) and a simple computation, we get, for any r € [1/2 — §, 1/2],

1 1 < ~2(xj(1) —xn—j (@)

_ 2 2
TO-L0l L0 -m 0 - o -—mop e

Notice that the definition of z®! implies
12 () — 2, (O] 2 |zk(t) — 2z ()], Yt €[0,1/2], V{k #1} CN. (49)

As a result,

1

2 1
Ay (@) — Ay (@) = / e
1-s 1z =2yl lzj — 2Nl

dr < —Cgdel.

Combining this with our estimate on Ag obtained earlier, we get

8
A" — A(z) £ —Cgde” + Cse{ <0
for £1 small enough, as Cs, Cg are independent of ;. O

By Lemmas 2.5 and 2.6, we have proven that there is no collision between m ;
andmpy_j att =0, forany j € {1, ..., n}. Similarly, it can be proven that there is
no collision between m; and my_1_; att = 1/2 for any j € {0, ..., n}; we will
not repeat it here. As a result, we have proven the following:

Proposition 2.5. For any w € Qy, the action functional A has at least one min-
imizer z¥ € AJ. Furthermore, every action minimizer 7 satisfies the strictly
monotone constraints and is a collision-free solution of (1).

However, we still haven’t proven (15) in Theorem 1.1. This will be demonstrated
by the next lemma. Notice that this is not necessarily true, even when the strictly
monotone constraints are satisfied.

Lemma 2.7. For any ® € Qy, if z° € A} is a minimizer of A in A}, then it
satisfies (15).

Proof. For simplicity, let z = z. We give the details for N = 2n (for N = 2n+1,
it can be proven similarly). By (10), this is equivalent to proving the following:

X0(0) = Xn+1(0) =0, (50)
Xo(t) >0, Vre(0,1/2], 1)
%j(t) >0, Vrel0,1/2], Vje{l,... n},

Xni1() <0, Vte(0,1/2], )
ij(t) <0, Vte[0,1/2], Vje{n+2,....,N —1}.
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Since z is a collision-free minimizer of A in A, zo(7) and z,41(7) must be per-
pendicular to the real axis at # = 0, and (50) follows immediately.

Now let’s prove (51) (the proof of (52) is similarly); by a contradiction argument,
we assume thatit does not hold. Then, by the strictly monotone constraints, x j (f) =
0 for some 7y € [0, 1/2],and j € {0, ..., n} (if o = 0, j # 0). Depending on the
value of 7y, three different cases will be considered.

Case I: to = 0. For & > 0 small enough, let z°! € Ajg be the same path defined
in the proof of Lemma 2.6. Then

Ay () — Ay (z) £ —Cief. (53)

Meanwhile, as x;(0) = xy_;(0) = O (by the symmetric constraints, xy_;(0) =
—x;(0)), we have

|k (1)] £ Cat fort > 0 small enough, Vk € {j, N — j}.

This, in fact, is a better estimate than (46). Then, by a computation similar to (47),
we get
Ag () — Ak (2) £ Cae. (54)

As aresult, A(z°1) — A(z) < 0 for &; > 0 small enough, which is a contradiction.
This finishes our proof of Case 1.
For the remaining two cases, estimates similar to those above will give us
contradictions as well. We just give the definition of z°! € A} and omit the details.
Case 2: 1) = 1/2. Let z°1 € A} be defined as follows:

iy = 20 — e, vt €[0,1/2 —&1],
R 0 = 1/2=0DQe1 —(1/2—1), Vie[l/2—e1,1/2],

8= 21 (0 + e, Vi e[0,1/2 — &1,
N TS 0+ (/2= 0 Q@er — (12 1), Vi e[1/2—er,1/2],

Sy +¢€2, ifkef{j+1,...,N—j—2},
£ = Z';]() b U+ T2 01721
7 (1) —ep, ifkeN\{j,....N—j—1},
Case 3: 19 € (0, 1/2). Let z°! € A}, be defined as follows:
zjﬂ(t)—ef, vt € [0, to — &1],
) =125 O+ —10)Qer — |t —1), Vi elo—ert0+ell,
SHORSS Vi € 1o + €1, 1/21,
L)+ €2, ifke{j+1,....,N—j—1},
iy = | O e ka4 Iy cr0.1721

) — 62, ifkeN\{j,...,N—j—1},
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We finish this section with a remark about the existence of these simple chore-
ographies in the general homogeneous potentials

Uy(z2) = Z ;a a > 0.
{j<klCN IZj — zk|
Such a potential is called a strong force if o = 2; a weak force if 0 < o < 2. The
Newtonian potential corresponds to o = 1.
All the results proved in this section hold for U, with @ = 1, but not when
0 < o < 1. The reason for this is that when o < 1, Proposition 2.4 only holds for
9]‘." € (—m/2 + B(a), /2], for some 0 < B(x) < 7.

3. Simple Choreographies with Additional Symmetries

As we mentioned, all of the simple choreographies that were proven in Section
2 belong to the linear chain family, as are the Figure-Eight solution and the Super-
Eight solution. We would like to compare our results with those two. Recall that
there are several different figure eight type simple choreographies, depending on
the symmetric constraints, see [8, 14]. Here, by the Figure-Eight solution, we only
mean the one proved by CHENCINER AND MONTGOMERY in [13].

Example 3.1. The Figure-Eight solution, z¢, is a collision-free minimizer of the
action functional A in A3D ® with the action of the dihedral group D¢ defined as

Tt =1 —1/2, p(gg=—-4. o(g) =0,1,2)7
Tt =—t+1, phg=q, oh)=0,2).

The corresponding loop z5 € H 1(R/3Z, C) is in the shape of a figure eight sym-
metric with respect to the origin and the real and imaginary axes. Furthermore, it
was proved in [15,18] that each lobe of the eight is convex.

Example 3.2. The Super-Eight solution z° belongs to Af“xzz, where Dy is the
dihedral group with the action defined as in Section 1, and Zo> = (f|f? = 1) with
the action defined as follows:

wHr=t p(Hg=—q, o(f)=(0,2)1,3).

However, the action minimizer of A in Af“xzz is not z°%, but the rotating 4-gon.

. . o DyxZ,
Thus, z* is an action minimizer among all z € A * ™™

topological constraints:

satisfying the following

yo(j/2) = wjly2(j/2)|, V¥je{l,2,3},

where w = (w1, wy, w3) = (1, —1, 1).
This was proved analytically by SHIBAYAMA in [25], who also confirmed nu-
merically that it should look like a super eight.
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Fig.3.aN =3, 0=(1,-1),bN =4, 0= (1, -1, 1)

Meanwhile, forany w € Qp,letz? € AIL\),N be a simple choreography obtained
by Theorem 1.1.

Example 3.3. When N = 3 and w = (w1, @w2) = (—1, 1), an illuminating picture
of z can be found in Fig. 3a, where the solid curves represent the motion of the
masses between t = 0 and + = 1/2. Such a z“ also looks like a figure eight. The
symmetric constraints only imply that the loop zo is symmetric with respect to the
real axis. However, unlike the Figure-Eight solution, it is not clear whether the loop
is also symmetric with respect to the imaginary axis and the origin.

Example 3.4. When N = 4 and v = (w1, w2, w3) = (1, —1, 1), an illuminating
picture of z“ can be found in Fig. 3b, where the solid curves represent the motion
of the masses between r = 0 and r = 1/2. Such a z* looks like a super eight that
is symmetric with respect to the real axis, but unlike the Super-Eight solution, we
don’t know if it is also symmetric with respect to the imaginary axis and the origin.

The similarities and differences between the above examples inspire us to intro-
duce the symmetric groups Hy := Dy X Z and the define the actions as follows:
if N =2n,

(g r=1-1, p(g 1)g=q, o 1)=0(Q,....,2n=1),
T((h, )t =1—t, p(h,1))g=q, o(h,1)=0,2n-1)...(n—1,n),

(d, Ne=t, p(d, fNg=—q, o(l,f)=@0n)...(0—1,2n—1);
(55)

andif N =2n+1,

(g Nt =1—1/2, p((g. g=-q, o((g f)=(,....2n)"""
wh, D))t =1—1t, p(th,1))g=34, o((h,1))=(0,2n)...(n—1,n+1).
(56)

Notice that when N = 2n + 1,
Hawet = Dania (8, ), DIg. NP2 = (0,1 = 1, (8, (kD) = 1).
In particular, (g, 1) = (g, f)***? and
(g D =1—@+1), pl(g, g =4, o((g 1) =0 /)
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As aresult, for any N, the action of Dy induced from Hy is the same as the action
defined in Section 1.

Let AZN "+ be the subset of all loopsin AZN satisfying the monotone constraints
given in Definition 2.1. For each w € Qy with

2, if N =2n+1, .
C—wnN_ | = VYjel{l,...,n}, 57
lwj — wn—jl 0. ifN = 2n, Jed } (57)

let AHNw+ be the subset of all loops in Ay, Hy.+ satisfying the w-topological con-
straints. Then we have the following result

Theorem 3.1. For each w € Qy satisfying (57), the action functional A has at
least one minimizer z* € AHN *. Furthermore, 7% is a collision- -free simple chore-
ography of Eq. (1) sansfymg all the properties in Theorem 1.1 and the following:

—0(N/2—1), ifN=2n+]1,

WO=N_Bvp—n, N =om,

Vi e R/NZ.

Remark 3.1. (i) The above theorem can be proven by the same argument used
in the proof of Theorem 1.1. However, during the deformation one needs to
make sure that the additional symmetric constraints are satisfied afterwards.
Similar problems, and the detailed arguments there to appertaining, can be
found in another paper by the author [30].

(i) Condition (57) is implied by the symmetric constraints of Hy. For those
w’s satisfying this condition, it will be interesting to see whether the simple
choreographies obtained by Theorems 1.1 and 3.1 are actually the same.
Similar questions were asked by Chenciner regarding the figure eight type
solutions in [8].

(iii) When N = 3, H3 = Dg and the action of Hj3 defined above are identical to
that given in Example 3.1. Similarly, when N = 4, the action of Hj is the
same as the one given in Example 3.2. Hence, for N and w, given in Examples
3.3 and 3.4, the simple choreographies obtained by Theorem 3.1 are exactly
the Figure-Eight solution and the Super-Eight solution.

As we mentioned, in [25] the actual shape of the Super-Eight solution was
confirmed numerically. In the remainder of this section, we prove a result that
almost confirms the shape of the Super-Eight solution without any numerical result.

Proposition 3.1. Let 7% be the simple choreography obtained in Theorem 3.1 with
N =4and w = (—1,1, —1). Then, betweent =0 andt = 1/2, z‘f(t), as well as
z5 (1), has exactly one transversal intersection with the real axis; 7§ (t), as well as

z5 (1), has at least one and at most two transversal intersections with the real axis.

Proof. For simplicity, let z = z*. The four masses always form a parallelogram:

z3(t) = —z1(t), zo(t) = z2(t), Vit e R.
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As aresult, the kinetic and negative potential energy only depend on z; and z5:

K(Z) =K@ 2) =21 + 122%

UG = U( ) 1 1 2 N 2
) =U(z1,22) = .
2|z1l  2l|z2l 1z —z2l  lz1 + 22|
By Theorem 3.1,
y1(0) <0 < y1(1/2), ¥2(0) =0 > y2(1/2), (58)

0=x100) <x1(t) < x1(1/2) =x2(1/2) < x2(t) < x2(0), Vt e (0,1/2). (59)

The key to our proof is the following feature of the parallelogram 4-body prob-
lem that we borrowed from [25]:

U(z1,22) > U(z1,22) = U(z1,22), 1if z1, z2 belongs to the same quadrant.
(60)
By (58), z1(¢) has at least one transversal intersection with the real axis. We
claim that this is the only one. Otherwise, let’s assume that 0 < 79 < ] <t < 1/2
are the three earliest moments that a transversal intersection occurs. We define two
subsets Ty, T, of [0, 1/2] as follows:

if y2(t1) =0,

Ty:={reln,1/2] : y1(1) <0}, Ta:={r€ln,1/2]: y2(¢) > O}
if y2(t1) > 0, y2(t0) =0,

Ty :={t € [to, 1/2] : y1(¢) < 0}, Tp:={t € [to, 1/2] : y2(t) > O};
if y2(11) > 0, y2(10) > 0,

Ty :={t €lto, 1] : y1(t) > 0}, To:={r € [10,11] : y2(t) < O},

and a new path Z(¢) = (—22(2), 21(?), 22(¢), —Z1(7)), as follows (see Fig. 4):

zj(t) ifreTy;

, Vje{l,2).
Z;(t) ift €0, 1/2\T;,

Zj(l)={

Obviously, f,/* K (2)dr = [* K (Z) dr. Meanwhile, (60) implies that

12 1/2
/ U(Zl,Z2)dt§/ U(z1,22) dt.
0 0

Hence, A(Z) £ A(z). This means that 7 must be a collision-free minimizer and
then a smooth solution of (1). However, under our assumption, and the way that is
defined, zZ cannot be smooth, which is a contradiction. This proves the first half of
the proposition. For the second half, as z> (¢) already has an transversal intersection
with the real axis at r = 0, a similar argument as to that above shows that z,(#)
can have at most one transversal intersection with the real axis besides the one
atr=0. O
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Fig. 4. a y>(11) £ 0,b y2(11) > 0, y2(12) £0,¢ y2(t1) > 0, y2(12) > 0

4. Appendix

We give a proof of Lemma 2.2 in this section. Given a z € H 1 ([T, T%], CcN ),
we say it is a generalized solution of (1) if A(z) := {r € [T1, T2] : z2(¢) ¢ CN} has
measure zero and z(¢) is a C% solution of (1)in [77, T>]\A(z). Assuming fo € A(z),
then there is a subset of indices I C N, such that

zj(to) = zx(t0), Y{j # k} C L, z;j(t0) # zx(t0),Vj € I, Yk € N\L

If thereis a § > 0 such that ((#p — 8, to +8) N [T1, TaD\{t0o} C [T1, T2]\A(z), then
to is an isolated (I-cluster) collision moment and z(fg) will be called an isolated
(I-cluster) collision.

Furthermore, let the Lagrange functional and the corresponding action func-
tional of the I-body sub-system be defined as

T
Li(z,2) := K1(2) + Ur(z), Ai(z, T) :=/ Ly(z, z)dt,
0

R R 1
Ki@) =32 P U@= 3

jel (omer 20—
We define T C {0, £1}V as

T :={r = (j)jen| Tj # ™, forsome {j # k} CIand 7, =0, VI € N\I}.
(61)
Then we have the following three local deformation lemmas:
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Lemma 4.1. Given a generalized solutionz € H' ([T, T»], (R)N), ifto = Ty isan
isolated I-cluster collision moment, then for eg > 0 small enough and t € %, there
existsah € H'([to, 10 + 81, R) and a path 20 = (z7) jen € H' (10, 10 + 81, CY),
with zj° (1) =z;(®) + eoh(t)Tj, t € [10, 10 + 8], Vj € N, satisfying A(z*, 1o, to +
S) < A(z, 19, ty + 8) and the following:

(a) h(t) =1, Vt € [ty, to + S1], for some 0 < §1 = 81(g9) < & small enough;
(b) h(t) =0,Vt € [ty+ 62, tg + 81, for some §1 < 82 = 62(€9) < & small enough;
(c) h(t) is decreasing fort € [ty + 81, to + S2].

Lemma 4.2. Given a generalized solution z € H! ([T, T»), GRYN), ifto = Ts is
an isolated X-cluster collision moment, then for ey > 0 small enough and © € %,
there exists a h € H'([tg — 8,1], R) and a path z°° = (Zj-o)jeN e HY (1 —
8,101, CV), with 25 (1) = 2 (1) + eoh(t)i, 1 € [t9 — 8, o] and ¥ j € N, satisfying
A%, 19 — 8, t9) < A(z, tg — 8, to) and the following:

(a) h(t) =1,Vt € [ty — 81, to), for some 0 < §1 = 81(gg) < § small enough;
(b) h(t) =0,Vt € [tg— 3, to — 82], for some §1 < 8 = 82(g0) < & small enough;
(c) h(t) is increasing fort € [to — &2, ty — 1]

While the above two lemmas can be used on isolated collision moments at the
boundary moments of a fundamental domain, the next one is for the interior mo-
ments.

Lemma 4.3. Givena generalized solutionz € H'([T1, T>], G(R)N), iftg € (T1, T»)
is an isolated I-cluster collision moment, then for ey > 0 small enough and Tt € %,
there exists ah € H ([19 — 8, 1o + 8], R) and a path 7% = (zio)jeN e H'([1p —
8,10+ 81, CN), with 2°(t) = z;(t) + isoh()Ti, t € [ty — 8,10 + 8] and ¥j € N,
satisfying A(z%, tg — 8, 1o + 8) < A(z, to — 6, ty + 8) and the following:

(a) h(t) =1,Vt € [top— 381, to+61], for some 0 < §1 = 81(g9) < & small enough;

(b) h(t) =0,Vt € [ty—3, to—62]1 U [t9+62, to+38], for some 51 < 63 = §2(g9) < &
small enough;

(c) h(t) is increasing fort € [to — &2, ty — 811,

(d) h(t) is decreasing fort € [ty + 81, to + 62].

Remark 4.1. Although we only consider the planar problem here, for the general
N-body problem in R? with d > 2, z(z) is a solution with an isolated collision,
satisfying z;(t) € V,VtandVj € N, where V is ad — 1 dimension linear subspace
of RY. When we only try to deform the path z(¢) along the directions orthogonal
to V, then results similar to those at Lemmas 4.1-4.3 can be proven following the
approach given below.

To prove the above lemmas, we combine a local deformation technique in-
troduced by MONTGOMERY in [21] and a blow-up technique by Terracini (see
[14,27,29]). The main difference is that in our setting the configurations or t’s
that serve as the directions of deformation need not be a centered configuration
(see Definition 4.1), while in the above references this condition needs to be satis-
fied. In general, without this condition, the action value of the deformed path may
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not be strictly smaller than the original one. In our setting, however, all the masses
will be traveling on a single vertical line, and we are only making deformations
along directions that are orthogonal to this vertical line, so the desired results will
still hold.

We will only give a proof of Lemma 4.1 (Lemma 4.2 can be proven similarly
after reversing the time parameter, and Lemma 4.3 follows directly once we have the
previous two lemmas). Let z be a generalized solution satisfying all the conditions
given in Lemma 4.1. For simplicity, let’s assume #y) = 77 = 0. Then we have

Definition 4.1. We say that w is an I-configuration if w = (w;) je1 € CM, and that
is a centered I-configuration if ) ; .y w; = 0.

Letz(t) = x(¢t) +iy(t) = ﬁ Zjel z; (1) be the center of mass of the I-body
sub-system. Since x;(t) = 0, Vj € I, we have the same for X(1). As a result, we
define iv(t) = i(vj(1))jer with

vi(t) =y;(t) =), YVjel

Each iv; (¢) represents the relative position of m , j € I with respect to the center
of mass of the I-body sub-system.

Definition 4.2. For any 0 < A < 1, we define z* € H!([0, S/A], CV), 22 (1) =
A~ 32(01) as the A-blow-up of z, and v* € H'([0, S/A1, R, v*(1) = A~ 3v(hr)
as the A-blow-up of v.

Leto (1) = ﬁgil be the normalization of v(t), where |v(¢)| = ( Zjel [v; (t)|2) 2 .
It is well known that as {#,} N\, 0, the limit of io (¢,,), if it exists, is a central con-
figuration of the I-body problem; for a proof of this see [14]. Since the space of
all normalized I-configurations is compact, we can always find that a sequence of

positive numbers {A,} N\ 0 with the following limits exist:
lim io(A,) =i0 =i(6;)jer, Wwitho; e R.
n—o0

Then io is a I-central configuration, and iv(z), t € [0, +00), given below, is a
parabolic homothetic solution associated with iG:

i5(1) = i(5;(1)) jer. where (1) = (k1)36;, Vjel, (62)

where « is a positive constant determined by io.

The parabolic homothetic solution i v(¢) is related to the isolated collision so-
lution z(¢) through the blow-up’s v (¢) in the following way (for a proof see [14,
7.4)):

Proposition 4.1. For any T > 0, the sequences {v*"} and {dZ;n} converge to v

and its derivative v correspondingly. Furthermore, the convergences are uniform
on [0, T] and on compact subsets of (0, T correspondingly.
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A local deformation lemma of the above parabolic homothetic solution will
be given first. The key to its proof is the following function first introduced by
MONTGOMERY in [21]: forany T > ¢ > 0, let f € C([0, T], R) be defined as

1. ifr €[0,e3],
FO =314 @2 —1)/e, ifteler, e +e¢l, (63)
0, ifr €le> +e Tl

For any 7 € ¥ and ¢ > 0 small enough, define v* (1) = (6; (1)) jer as

Lemma 4.4. Forany T > 0, we have that Ay(v¢, T) < A1(iv, T), for e > 0 small
enough.
Proof. By the definition of v* and f(¢), we have

3
g2 +¢

o

g2
AL, T) — AgGid, T) =/ K1<ﬁf)—1<1<iﬁ)+/ L) — Uy(id)
& 0

3
2
3

e2+e
+/3 UL(5°) — Un(i®)
&

3
= A1 + Ay + Aj.
We estimate each A ; separately in that which follows.

For A1, notice that |1L)j|2 = |8frj 12 + |1L)j|2, Vj € L. Then, by the definition of
AGR

e
353 / (=Yg =ce (65)
JEI jel
C| is a positive constant, as ; # 0 for some j € L.

. . . 2
To estimate A;, we introduce a new time parameter s = ¢3 /¢, then

\u

g2

= Y / le(rj — ) +i(0;(0) = @)~ = [0,;(1) — B (@)~ e

{j<kicl
=Y / 2t — w0 + (03 65 — 50 2 — k)i @5 — a0l dr

{j<k el |

3 > L

: Z / (‘L'J—‘Ck)2+K3S2((T —61)%)" 2
{j<k}cl

— |K?s(6j —6k)|_1}s%ds

1
= —(Cpel.
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The last equality holds for some positive constant C;, as T; # 14 for some j # k €
L
For Az, notice that for any {j < k} C 1,

Ujr(@ @) —Uj@iv() =0, Vte [8%, el + ¢l
Then A3z < 0. Combining the above estimates, we get, for ¢ > 0 small enough,
AL, T) — Ar(i, T) < Cre — Cre? < 0.
O

Lemma 4.5. For any © € ¥ and g(t) € H'([0, T1,R), where g(t) is C' in a
neighborhood of T, we define ¢ = (¢)je1 € H'([0, T], Ry as (1) = g)Tj,
vt €[0,T], Vj eI, and {y, € H' ([0, T], C)},cz+ as
() — i7* (1) ift € [0, T — NL] :
Yn (1) = (66)
Nu(T = D(i5() = i7 (1) ifr e [T = 4.7],
where {N,} is a sequence of positive integers going to infinity, then

Tim A 4 ¢+ Y, T) — A, T) = A +i0, T) — Ao, 7).

Proof. For when ¢ (¢) is a centered I-configuration, the above result was proved in
[14, (7.9)]. In this proof the condition was used to show that

Li(iv* + ¢) — Li(iv*) = Li(z* + ¢) — L1(z"), YA > 0. (67)

In the following, we show that (67) still holds, even when ¢ () is not centered. It
is enough to demonstrate this for A = 1; the others are the same.
Recall that iv; (1) = z;(t) — 2(t) = iy;(t) —iy(1), V) € L. Hence,

Uriv(n) = Ur(z), Ur(¢ () +iv(0) = Ug(1) + z(1)). (68)
2K1(2) = Y 121 =) liyi P =Y liv; + i)
jel jel jel
. . (69)
= > 19 P + M9 = 2K1(i9) + [||5.
jel

Meanwhile, by the fact that ¢; (t) € R, for any j € I, we have

2K+ @) =D liv; +iy+ ;1> =Y liv; + i3>+ > _ 19,1

Jjel jel jel
=Y 0P+ Y 1P+ WIS = liv; + ;17 + W51 (70)
jel jel jel

= 2Ky (0 + ¢) + |T]|$].
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Combining (68), (69) and (70), we get

1 .
Li(z 4+ ¢) — Li(iv 4+ ¢) = Li(z) — L1(iv) = §|I||&|2.

This establishes (67). The rest of the proof is exactly the same as [14, (7.9)]. We
will not repeat the details here. 0O

With the above results, we can now give a proof of Lemma 4.1.

Proof (Lemma 4.1). Without loss of generality, we set fp = 0. Now we choose
T € (0,6). Letting f(¢) and {A,},cz+ ¢ O be defined as above, for ¢ > 0 small,
weset ¢(t) = (¢ (t))jeras ¢;(t) = ef(H)t;, ¥t € [0,T],Vj € L. By Lemma 4.5,
there is a sequence of functions {1, },,cz+ defined by (66) satisfying

Tim A 4 ¢+ Y, T) — A T) = At(id + ¢, T) — A3, 7).

For each n, define a z*» € H' ([0, §/A,], CN) as follows:

(1) = 2 (t) ift € [T,8/An],
77 O +o@)+v@) iftel0,T].

By the definition of 7*# and Lemma 4.5, we have
lim AG™, 8/3,) = A, 8/3,) = AT + ¢, T) — A5, T).
n

For any j € I, by (64), we have ﬁj(r) =iv;(t) +ef()T; =iv;(t) + ¢;(t). By
Lemma 4.4,

im AGEH, 8/0) =A@ 8/hn) = AL@, T) = A0, T) <0,
so for n large enough,

A@E,8/hn) < A, 8/0n). (1)
2
Now define 7, € H'([0, 8], CV) as Z,(t) = A, 7% (t/A,). By (71), a straight-
forward computation shows that A(z,, §) < A(z, §), for n large enough. Notice
that for any ¢ € [A, T, §], we have that 7,,(t) = z(¢), and for any ¢ € [0, A, T'],

2 2 2
Za(1) = 2(0) + A (1 /2n) + Y (1/2n)) = 2(6) + A ef 1 /An)T + A Y (2 /D).

By the definitions of f and v, for n large enough, z,, satisfies all of the conditions
that are required for z%. This finishes our proof. O

The following result will be needed in our proof of Lemma 2.2:

Lemma 4.6. For any w € Qy, let 7 € A$ N Hl(R/NZ, GRN) be a generalized
solution of (1), and if to € (0, 1/2) is an isolated I-cluster collision moment, then
thereis a 7 € A} satisfying A(Z,1/2) < A(z, 1/2).
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Fig. 5. Deformation of the path of m

Proof. If thereisak € IN{0,...,n} # ¥, choose a T € T satisfying
7w =—1, and 7; =0, Vj € N\{k}.

Anew path z%0 € H'([0, 1/2], CV) with A(z%, 1/2) < A(z, 1/2) can be obtained
by applying Lemma 4.3 with the above 7. Since only the path of m; was deformed
in a small neighborhood of 79 and 7y € (0, 1/2), z°° still satisfies the symmetric and
topological constraints, but not the monotone constraints. Because of this we make
a further deformation of z%0 as follows to get a new path Z € H'([0, 1/2], CV):

. 2x°(t0) — x°(1) + iy (1), Vi €10, 1],
() =1 4
2 (1), vt € 1, 1/2],

&0 [P
- (1), ifje{k+1,...,N—1—k},
ij:{f“ jel )

L N L v € [0, 1/2].
200 + B (0), if j € N\fk, ..., N —1—k},

Figure 5a shows how the path of m; was deformed in the above process. It is
not hard to see that Z satisfies the monotone constraints and belongs to A . Mean-
while, the above deformation preserves the kinetic energy and does not increase
the potential energy, so A(Z, 1/2) < A(z*, 1/2) < A(z, 1/2).

Ifthereisak e IN{n+1,..., N — 1} # @, then we choose a T € ¥ with

7w=1,and7; =0, Vj € N\{k}.

The rest of the proof is exactly the same as above, except z;, j # k should be
defined as follows:

22, j eN(N —k, ... kb

vt € [0, 1/2]:
zj“(r)+£k(0), je{N—k,....k—1}, [0.1/2]

Zj(t) =

see Fig. 5b for an illuminating picture. 0O
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Now we are ready to prove Lemma 2.2.

Proof (Lemma 2.2). For simplicity, let z = z*. By a contradiction argument, let’s
assume that xo(N/2) — x0(0) = 0. By (18), xo(#) = 0, Vr € R. This means that
the masses stay on the imaginary axis all the time.

Since z is a minimizer of the action functional A in A N H'(R/NZ, iR)N),
it is a generalized solution of (1) (see [14]). We will show that such a z has at least
one isolated collision and cannot be a minimizer.

First let’s assume N = 2n. Then z9(0) = z,(0) = 0, and z has an I-cluster
collision with {0, n} C I, at t+ = 0. If such a collision is isolated, then choose a
T € T with

p=—1, i, =1and7; =0, VjeN\{0,n}. (72)

By Lemma 4.1, there is a z°° € HL(o0, 1/2], CN) which is a local deformation
of z satisfying A(z*, 1/2) < A(z, 1/2) for &9 > 0 small enough. Since only the
paths of mg and m, were deformed, by the properties listed in Lemma 4.1, 7%
satisfies the monotone constraints and as a loop is contained in A}}. This gives us a
contradiction. If 0 is not an isolated collison moment, then there must be an isolated
collision moment #y € (0, 1/2) close to O (see [14, Section 5]) and a contradiction
can be reached by Lemma 4.6.

For the rest, we assume that N = 2n + 1. The precise value of w; will be needed
in the what follows. Without loss of generality, let’s assume w; = 1. Then

y0(0) =0, yo(1/2) 2 0. (73)
Meanwhile, if w; = 1, Vj € N\{0, 1}, and then
yn(0) 20, y,(1/2) =0. (74)

On the other hand, if thereisa 1 < jo < N —2suchthatw; =1, Vj e {1, ..., jo}
and wjy4+1 = —1, then, by (10),

y.,'O/z(O) >0, yjo/z(l/Z) <0, if jo is even, 75
Yyt O) 2 0,y e (1/2) S0, if jo s odd. )
2 2

Asx;(t) =0,Vj € N, (73), (74) and (75) show that there must be a k € N\{0} and
to € [0, 1/2] such that zo(fp) = zx(f9). In other words, there must be a I-cluster
collision at t = 1y, with {0, k} C L.

First, when 19 € (0, 1/2), we have that either 7y or a moment close enough must
be an isolated collision moment; in this case Lemma 4.6 gives us a contradiction.

Hence we only need to consider the cases with 79 € {0, 1/2}. Furthermore we
may always assume that #( is isolated, as otherwise there is an isolated collision
moment in (0, 1/2) and again Lemma 4.6 gives a contradiction. Depending on the
value of k and f¢, four different cases need to be considered.

As with the above, the local deformation lemmas will be used to find a new path
70 e H'([0, 1/2], CN) with A(z%, 1/2) < A(z, 1/2) for &9 > 0 small enough.
However z°0 may not satisfy the monotone constraints, which prevents it from being
a member of AJ. Fortunately, after some proper modification, if needed, we can
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£ ~ €0 ~
20 = Z ¥ Zk
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Fig. 6. a Case 2, b Case 4

always geta z € A with A(Z, 1/2) < A(z%, 1/2) < A(z, 1/2), which gives us
a contradiction.

Case I: k € {1,...,n} and tp = 0. By (8), we have that zo(0) = zx(0) =
zN-k(0),s0 {0, k, N — k} C I. Choose a t € ¥ with

790 =—1 and 7; =0, Vj € N\{0}.

By Lemma 4.1, for &g > 0 small enough, there is a 7?0 € H! ([0, 1/2], (CN) which
is a local deformation of z satisfying A(z*°, 1/2) < A(z, 1/2). Since only the path
of mg is deformed, with the properties listed in Lemma 4.1, we have z%0 € A$. We
set 7 = z%0.

Case2:k € {1,...,n}andtg = 1/2.By(8),z0(1/2)=z1(1/2) =zn—k—-1(1/2),
$s0{0,k, N —k — 1} C I. Choose a t € T with

Tt =tvk1=1and 7, =0,Vj e N\{k, N —k — 1}.

By Lemma 4.2, there isa z°0 € H 1([0, 1/2], CN ) which is a local deformation of
z satisfying A(z%, 1/2) < A(z, 1/2). Here, only the paths of my and my_j—_; are
deformed. However xy_,_,(0) < x3)_, _,(1/2) violates (19), so we define a new
path z(¢), t € [0, 1/2] as follows:

2x°(1/2) = P () + iy, ifj=N—k—1,
Zj() =120 +2xy 1 (1/2), ifjefk+1,...,N —k—2},
20, if jeN\{k+1,...,N—k—1)}.

Figure 6a shows how the paths of m; and m y_;_1 were defomred in the above pro-
cess. By the above definition, A(zZ, 1/2) < A(z®°, 1/2). Furthermore, this satisfies
the monotone constraints and as a loop is contained in A

Case3:k e {n+1,...,N—1}and ty = 0. By (8), 20(0) = zx(0) = zy ¢ (0),
s0 {0, k, N —k} C I The rest follows from using the same 7 and a similar argument
as to that of Case 1.
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Case4:kef{n+1,..., N — 1} and typ = 1/2. The rest follows from using the

same T and a similar argument as to that of Case 2, the only difference being that
z(t), t € [0, 1/2], has to be defined as follows (see Fig. 6b):

20(1/2) =00 + iy @), ifj =k,
Zj(0) = 127 +22°(1/2), ifje{N—k .. ..k—1)},
20, if j € N\{N —k, ... k.

This finishes our proof for N = 2n + 1, as well as the entire lemma. O
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