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Abstract

In this paper, we consider the zero-viscosity limit of the Navier–Stokes equa-
tions in a half space with non-slip boundary condition. Based on the vorticity
formulation and the use of conormal derivative, we develop an energy method to
justify the zero-viscosity limit for the analytic data.

1. Introduction

In this paper, we consider the zero-viscosity limit of the Navier–Stokes equa-
tions in a half space R2+

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂t u
ε + uε∂x uε + vε∂yuε + ∂x pε − ε2�uε = 0,

∂tv
ε + uε∂xv

ε + vε∂yv
ε + ∂y pε − ε2�vε = 0,

∂x uε + ∂yv
ε = 0,

(uε, vε)|y=0 = 0.

(1.1)

Here t � 0, (x, y) ∈ R
2+. Formally, letting ε → 0, we get the Euler equations

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t u
e + ue∂x ue + ve∂yue + ∂x pe = 0,

∂tv
e + ue∂xv

e + ve∂yv
e + ∂y pe = 0,

∂x ue + ∂yv
e = 0,

ve|y=0 = 0.

(1.2)

In the absence of the boundary, it has been proved that the Navier–Stokes equations
indeed converge to the Euler equations in various functional settings, see [1,4,
14,31]. However, in the presence of the boundary, the inviscid limit problem will
become very complicated due to the appearance of boundary layer.
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For the Navier slip boundary condition, the boundary layer is weak. In such a
case, Rousset and Masmoudi [23] introduced the conormal functional space to
justify the limit from the Navier–Stokes equations to the Euler equations. We refer
to [12,13,24,34–36] and references therein for more relevant results.

Meanwhile, for the non-slip boundary condition, the boundary layer is strong.
In 1904, Prandtl introduced the boundary layer theory in [28], where he derived the
Prandtl boundary layer equation

⎧
⎪⎪⎨

⎪⎪⎩

∂t u + u∂x u + v∂yu + ∂x p = ∂2y u,

∂x u + ∂yv = 0,

u|y=0 = v|y=0 = 0, lim
y→∞ u(t, x, y) = U (t, x).

(1.3)

This can be derived by a formal asymptotic expansion
{

uε(t, x, y) = ue(t, x, y) + u p(t, x,
y
ε
) + O(ε),

vε(t, x, y) = ve(t, x, y) + εv p(t, x,
y
ε
) + O(ε).

(1.4)

To justify this formal expansion, one of the key ingredeints is to deal with the
well-posedness of the Prandtl equation. Because the nonlinear term v∂yu loses
one derivative in the horizontal direction in the energy estimates, the question of
whether the Prandtl equation is well-posed in Sobolev space remains open. Up until
now, the well-posedness of Prandtl equation was proved only under some special
functional space. We refer to [21,29] for the analytic class. Another class of note
is the monotonic class. Using the Crocco transformation, Oleinik and Samokhin
[26] proved the local existence and uniqueness of classical solutions to (1.3) for
the monotonic data. Xin and Zhang [37] proved the global existence of weak
solutions to this system for the favorable pressure. Recently, Alexandre et al. [2]
and Masmoudi and Wong [25] independently proved the local well-posedness of
the Prandtl equations in Sobolev space by the direct energy method. Their method
might shed some light on the inviscid limit problem in Sobolev space. On the other
hand, Gerard-Varet and Dormy [7] proved the ill-posedness in Sobolev space
for the linearized Prandtl equation around non-monotonic shear flows. We refer to
[8–10,18–20] and references therein for more relevant results.

Although we have a good understanding of the well-posed problem of the
Prandtl equation, there are few results on the rigorous verification of the Prandtl
boundary layer theory. The inviscid limit was only achieved for some specific cases,
for example the analytic space [30] and the initial vorticity supported away from the
boundary [22]. Recently, Guo and Nguyen [11] made an important progress for
the inviscid limit of the steady Navier–Stokes equations. Let us also mention some
conditional convergence results [6,15–17,32,33], which were first considered by
Kato [15].

The proof in [22,30] is based on the abstract Cauchy–Kowaleskaya theorem,
where the representation formula of the solution was used in a crucial way. Hence,
it seems difficult to extend their methods to the general domain. The goal of this
paper is to develop an energy method for the inviscid limit problem in the analytic
setting. Our method is applicable for the inviscid limit problem in general domain,
which will be presented in a forthcoming paper.
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In this paper, we consider the initial data with the form

uε(0, x, y) = u0(x, y), vε(0, x, y) = v0(x, y),

which satisfies

∂x u0 + ∂yv0 = 0, u0(x, 0) = v0(x, 0) = 0.

We further assume that initial data falls into the analytic class with the bound

M �
∞∑

m=0

a2m

(m!)2 ‖∂m
y ea|D|(u0, v0)‖2H N

x,y
< ∞ (1.5)

for some N ≥ 30. Here the constant a > 0 denotes the analytic bandwidth. In the
sequel, we take a = 2 without loss of generality.

Let (ue, ve, pe) be the solution of the Euler equations (1.2) with the initial data
(u0, v0), and (u p, v p) be the solution of the Prandtl type equation

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t u
p − ∂2z u p + (ue(t, x, 0) + u p)∂x u p + u p∂x ue(t, x, 0)

+
(
v p −

∫ ∞

0
∂x u p dz + z∂yv

e(t, x, 0)
)
∂zu p = 0,

∂x u p + ∂zv
p = 0,

u p|z=0 = −ue|y=0, v p|z=+∞ = 0,

u p|t=0 = 0.

(1.6)

Our main result is stated as follows.

Theorem 1.1. There exist T > 0 and C > 0 independent of ε such that there exists
a unique analytic solution

(
uε, vε

)
of the Navier–Stokes equations (1.1) in [0, T ],

which satisfies
∥
∥uε(t, x, y) − (

ue(t, x, y) + u p(t, x,
y

ε
)
)∥
∥

L2
x,y∩L∞

x,y
≤ Cε,

∥
∥vε(t, x, y) − (

ve(t, x, y) + εv p(t, x,
y

ε
)
)∥
∥

L2
x,y∩L∞

x,y
≤ Cε,

for any t ∈ [0, T ].
To prove the theorem, we will first construct an approximate solution U a =

(ua, va) of theNavier–Stokes equations by using the asymptoticmatched expansion
method. The key difficulty is to prove that the error U R between the real solution
and the approximate solution is uniformly bounded. Indeed,U R satisfies [see (3.2)]

∂tU
R + Ũ R · ∇(U R + U a) + Ũ a · ∇U R − ε2�U R + ∇ pR = R̃,

where U R = (
uε(t), vε(t)

)− (
ua(t), va(t)

) = (u R, vR). In the error equation, the
main trouble term is vR · ∂y(u p(t, x,

y
ε
)), which behaves like

vR · ∂y

(
u p

(
t, x,

y

ε

))
= vR

y
· (z∂zu p)

(
t, x,

y

ε

)

∼ −∂x u R · (z∂zu p)
(

t, x,
y

ε

)
.



558 C. Wang, Y. Wang, & Z. Zhang

This leads to one derivative loss in the x direction. Hence, it is natural to work in the
analytic setting, which will help us recover one derivative. On the other hand, if we
directly take the ∂y derivative to the error equation, the Prandtl part (u p, v p) of the
approximate solution will give rise to a bad factor, ε−1. To avoid this singularity, a
key ideamotivated by [23] is to use the conormal derivative. However, the conormal
derivative cannot provide a control in the normal direction for the error near the
boundary. Motivated by [22], we will use the vorticity formulation of the Navier–
Stokes equations to gain one derivative in the normal direction. In addition, some
ideas from [27] and [5,38] were very useful for the construction of the analytic type
energy norm and the estimates of nonlinear terms.

This paper is organized as follows. In Section 2, we construct the approximate
solution by the asymptotic expansion method. In Section 3, we derive the vorticity
formulation of the error equations. In Section 4, we introduce some analytic type
spaces and product estimates in the analytic norm. In Section 5, we present the
analytic type estimates of the velocity. Section 6 is devoted to the uniform estimates
of the vorticity in the analytic space. In Section 7, we present the proof of main
theorem. In Section 8, we prove the well-posedness of the Euler equations and
Prandtl equations in the analytic spaces.

2. Construction of the Approximate Solution

In this section, we will construct the approximate solution of the Navier–Stokes
equations by using the asymptotic matched expansion method.

2.1. Euler expansion

Away from the boundary, we construct the approximate solutions by the fol-
lowing expansion

uε(t, x, y) = u(0)
e (t, x, y) + εu(1)

e (t, x, y) + · · · ,

vε(t, x, y) = v(0)
e (t, x, y) + εv(1)

e (t, x, y) + · · · ,

pε(t, x, y) = p(0)
e (t, x, y) + εp(1)

e (t, x, y) + · · · .

Plugging this expansion into the Navier–Stokes equations (1.1) and then matching
the zero order terms, we find that (u(0)

e , v
(0)
e , p(0)

e ) should satisfy the Euler equations
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t u
(0)
e + u(0)

e ∂x u(0)
e + v

(0)
e ∂yu(0)

e + ∂x p(0)
e = 0,

∂tv
(0)
e + u(0)

e ∂xv
(0)
e + v

(0)
e ∂yv

(0)
e + ∂y p(0)

e = 0,
∂x u(0)

e + ∂yv
(0)
e = 0,

(
u(0)

e , v
(0)
e

)|t=0 = (u0, v0).

(2.1)

Here we impose the boundary condition

v(0)
e (t, x, 0) = 0. (2.2)



Zero-Viscosity Limit of the Navier–Stokes Equations 559

By matching the ε-order terms, we get the linearized Euler equations for (u(1)
e ,

v
(1)
e , p(1)

e )

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t u
(1)
e + u(1)

e ∂x u(0)
e + v

(1)
e ∂yu(0)

e + u(0)
e ∂x u(1)

e + v
(0)
e ∂yu(1)

e + ∂x p(1)
e = 0,

∂tv
(1)
e + u(1)

e ∂xv
(0)
e + v

(1)
e ∂yv

(0)
e + u(0)

e ∂xv
(1)
e + v

(0)
e ∂yv

(1)
e + ∂y p(1)

e = 0,
∂x u(1)

e + ∂yv
(1)
e = 0,

(
u(1)

e , v
(1)
e

)|t=0 = 0.

(2.3)

Here the boundary condition on v
(1)
e is determined by v

(1)
p [see (2.6)]:

v(1)
e |y=0 = −v(1)

p |z=0. (2.4)

2.2. Prandtl boundary layer expansion

Near the boundary y = 0, we will make the Prandtl boundary layer expansion.
For this, we introduce the scaled variable z = y

ε
and make the following formal

expansion:

uε(t, x, y) = u(0)
P (t, x, y, z) + εu(1)

P (t, x, y, z) + · · · ,

vε(t, x, y) = v
(0)
P (t, x, y, z) + εv

(1)
P (t, x, y, z) + · · · ,

pε(t, x, y) = p(0)
P (t, x, y, z) + εp(1)

P (t, x, y, z) + · · · .

For every i ∈ {0, 1, 2, · · · }, we write
u(i)

P (t, x, y, z) = u(i)
e (t, x, y) + u(i)

p (t, x, z),

v
(i)
P (t, x, y, z) = v(i)

e (t, x, y) + v(i)
p (t, x, z),

p(i)
P (t, x, y, z) = p(i)

e (t, x, y) + p(i)
p (t, x, z).

The matched boundary condition requires that

u(i)
p (t, x, z) → 0, v(i)

p (t, x, z) → 0, p(i)
p (t, x, z) → 0, (2.5)

as z → +∞. Meanwhile, the boundary condition of (uε, vε) on y = 0 requires
that

u(i)
e (t, x, 0) + u(i)

p (t, x, 0) = 0, v(i)
e (t, x, 0) + v(i)

p (t, x, 0) = 0

i = 0, 1, 2, · · · . (2.6)

To derive the equations of (u(i)
p , u(i)

p , p(i)
p ), we plug the expansion into the

Navier–Stokes equations (1.1), use the Taylor expansion in y, and then put the
terms with the same order in ε together. Since the calculations are routine, we omit
these complicated details.

First of all, we deduce from the ε−1-th order terms that

v(0)
p = 0, p(0)

p = 0. (2.7)
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Next, we deduce from the ε0-th order terms that
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t u
(0)
p − ∂2z u(0)

p + u(0)
p ∂x u(0)

e (t, x, 0) + (
u(0)

e (t, x, 0) + u(0)
p

)
∂x u(0)

p

+(
v

(1)
e (t, x, 0) + v

(1)
p + z∂yv

(0)
e (t, x, 0)

)
∂zu(0)

p = 0,
∂x u(0)

p + ∂zv
(1)
p = 0,

u(0)
p |t=0 = 0,

(2.8)

together with the boundary conditions

u(0)
p |z=0 = −u(0)

e |y=0,
(
u(1)

p , v(1)
p

)|z=+∞ = 0. (2.9)

Furthermore, p(1)
p can be determined from the ε0-th order terms of the vε equation

∂z p(1)
p = 0, thus p(1)

p = 0. (2.10)

Remark 2.1. Let

ũ(0)
p (t, x, z) = u(0)

e (t, x, 0) + u(0)
p (t, x, z),

ṽ(1)
p (t, x, z) = v(1)

e (t, x, 0) + v(1)
p (t, x, z) + z∂yv

(0)
e (t, x, 0).

Then we find that
⎧
⎪⎨

⎪⎩

∂t ũ
(0)
p − ∂zz ũ(0)

p + ũ(0)
p ∂x ũ(0)

p + ṽ
(1)
p ∂z ũ(0)

p + ∂x p(0)
e (t, x, 0) = 0,

∂x ũ(0)
p + ∂z ṽ

(1)
p = 0,

lim
z→+∞ ũ(0)

p (t, x, z) = u(0)
e (t, x, 0),

which is just the Prandtl equations (1.3).

Finally, we deduce from the ε-th order terms that

∂t u
(1)
p − ∂2zzu(1)

p + (
u(0)

e (t, x, 0) + u(0)
p

)
∂x u(1)

p

+(
v(1)

e (t, x, 0) + v(1)
p + z∂yv

(0)
e (t, x, 0)

)
∂zu(1)

p

+u(1)
p ∂x u(0)

e (t, x, 0) + (u(1)
p + u(1)

e (t, x, 0) + z∂yu(0)
e (t, x, 0))∂x u(0)

p

+(v(2)
p − v(2)

p (t, x, 0) + z∂yv
(1)
e (t, x, 0) + 1

2
z2∂2yyv

(0)
e (t, x, 0))∂zu(0)

p

= −
(

z∂2xyu(0)
e (t, x, 0)u(0)

p

+u(0)
p ∂x u(1)

e (t, x, 0) + v(1)
p ∂yu(0)

e (t, x, 0)
)

, (2.11)

with the initial condition u(1)
p |t=0 = 0 and the boundary condition

u(1)
p |z=0 = −u(1)

e |y=0, u(1)
p |z=+∞ = 0. (2.12)

Here v
(2)
p is determined by

v(2)
p (t, x, z) =

∫ +∞

z
∂x u(1)

p (t, x, z′) dz′. (2.13)
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The pressure p(2)
p is determined by

p(2)
p (t, x, z) = −

∫ +∞

z
P1
2 (t, z′)dz′, (2.14)

where

P1
2 = ∂2zzv

(1)
p − ∂tv

(1)
p − u(0)

e (t, x, 0)∂xv
(1)
p

− u(0)
p

(
∂xv

(1)
e (t, x, 0) + ∂xv

(1)
p

) − v(1)
p ∂yv

(0)
e (t, x, 0)

− (
v(1)

e (t, x, 0) + v(1)
p

)
∂zv

(1)
p − z∂2xyv

(0)
e (t, x, 0)u(0)

p − z∂yv
(0)
e (t, x, 0)∂zv

(1)
p .

Remark 2.2. These equations can be solved in the following way:
(

u(0)
e , v(0)

e

)
→

(
u(0)

p , v(1)
p

)
→

(
u(1)

e , v(1)
e

)
→

(
u(1)

p , v(2)
p

)
.

See the appendix for the details.

2.3. Approximate solution

With the above asymptotic expansion, let us define the approximate solution

ua = u(0)
e (t, x, y) + u(0)

p

(
t, x,

y

ε

)
+ εu(1)

e (t, x, y) + εu(1)
p

(
t, x,

y

ε

)
,

va = v(0)
e (t, x, y) + εv(1)

e (t, x, y) + εv(1)
p

(
t, x,

y

ε

)
+ ε2v(2)

p

(
t, x,

y

ε

)
,

pa = p(0)
e (t, x, y) + εp(1)

e (t, x, y) + ε2 p(2)
p

(
t, x,

y

ε

)
.

We denote

ue(t, x, y) = u(0)
e (t, x, y) + εu(1)

e (t, x, y),

ve(t, x, y) = v(0)
e (t, x, y) + εv(1)

e (t, x, y),

u p
(

t, x,
y

ε

)
= u(0)

p

(
t, x,

y

ε

)
+ εu(1)

p

(
t, x,

y

ε

)
,

v p
(

t, x,
y

ε

)
= v(1)

p

(
t, x,

y

ε

)
+ εv(2)

p

(
t, x,

y

ε

)
,

f (t, x) =
∫ ∞

0
∂x u(1)

p (t, x, z) dz.

Thanks to our construction, we find that the approximate solution (ua, va, pa)

satisfies
⎧
⎪⎨

⎪⎩

∂t u
a + ua∂x ua + (va − ε2 f (t, x)e−y)∂yua − ε2�ua + ∂x pa = −R1,

∂tv
a + ua∂xv

a + (va − ε2 f (t, x)e−y)∂yv
a − ε2�va + ∂y pa = −R2,

∂x ua + ∂yv
a = 0,

(2.15)



562 C. Wang, Y. Wang, & Z. Zhang

where the remainder R̃ = (R1, R2) is given by

−R1 = ε2
(
(u(0)

e + u(0)
p )(∂x u(2)

e + ∂x u(2)
p ) + v(1)

e ∂yu(1)
e + v(1)

p ∂yu(1)
e

+ (v(2)
p − f e−y)(∂yu(0)

e + ε∂yu(1)
e )

− f e−y∂zu(1)
p

)
+ ε

(
(u(0)

e − u(0)
e (t, x, 0))∂x u(1)

p

+ u(0)
p (∂x u(1)

e − ∂x u(1)
e (t, x, 0))

+ (u(1)
e − u(1)

e (t, x, 0))∂x u(0)
p + u(1)

p (∂x u(0)
e

− ∂x u(0)
e (t, x, 0)) + (v(1)

e − v(1)
e (t, x, 0))∂zu(1)

p

+ v(1)
p (∂yu(0)

e − ∂yu(0)
e (t, x, 0)) + f (1 − e−y)∂zu(0)

p

)

+ 1

ε
(v(0)

e − y∂yv
(0)
e (t, x, 0) − y2

2
∂2yv(0)

e (t, x, 0))∂zu(0)
p

+ (v(0)
e − y∂yv

(0)
e (t, x, 0))∂zu(1)

p

+ (v(1)
e − v(1)

e (t, x, 0) − y∂yv
(1)
e (t, x, 0))∂zu(1)

p + (u(0)
e

− u(0)
e (t, x, 0) − y∂yu(0)

e (t, x, 0))∂x u(0)
p

+ u(0)
p (∂x u(0)

e − ∂x u(0)
e (t, x, 0) − y∂2xyu(0)

e (t, x, 0))

− ε2�ue − ε2∂2x u p + ε2∂x p(2)
p ,

and

−R2 = ε2
(
∂tv

(2)
p +u(0)

e ∂xv
(2)
p +u(0)

p ∂xv
(2)
p +v(1)

e ∂yv
(1)
e +v(1)

e ∂zv
(2)
p +εv(1)

p ∂yv
(2)
p

)

+ ε2
(
v(1)

p ∂yv
(1)
e + (v(2)

p − f e−y)∂yv
a
)

+ ε
(
(u(0)

e − u(0)
e (t, x, 0))∂xv

(1)
p + u(0)

p (∂xv
(1)
e − ∂xv

(1)
e (t, x, 0))

)

+ ε2(v(1)
e − v(1)

e (t, x, 0))∂yv
(1)
p + εv(1)

p (∂yv
(0)
e − ∂yv

(0)
e (t, x, 0))

+ εu(1)
p ∂xv

a + ε2v(0)
e ∂yv

(2)
p + ε2u(1)

e (∂xv
(1)
e + ∂xv

(1)
p + ε∂xv

(2)
p )

+ u(0)
p (∂xv

(0)
e − y∂2xyv

(0)
e (t, x, 0)) + ε(v(0)

e − y∂yv
(0)
e (t, x, 0))∂yv

(1)
p

− ε2�ve − ε3∂2x v p − ε4∂2yv(2)
p .

Formally, it holds that

R1 ∼ ε2, R2 ∼ ε2.

3. The Vorticitiy Formulation of the Error Equations

We introduce the error between the solution and the approximate solution:

u R = uε − ua, vR = vε − va, pR = pε − pa .
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Thanks to (2.15), it is easy to see that U R = (u R, vR) and pR satisfy
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t u R + u R∂x uε + ua∂x u R + (vR + ε2 f (t, x)e−y)∂yuε + (va − ε2 f (t, x)e−y)∂yu R

− ε2�u R + ∂x pR = R1,

∂tv
R + u R∂xvε + ua∂xvR + (vR + ε2 f (t, x)e−y)∂yvε + (va − ε2 f (t, x)e−y)∂yvR

− ε2�vR + ∂y pR = R2,

∂x u R + ∂yvR = 0,
(3.1)

with the boundary conditions

u R |y=0 = 0, vR |y=0 = −ε2 f (t, x).

To simplify the notations, we denote

U a = (ua, va) = (ue, ve)(t, x, y) + (u p, εv p)(t, x,
y

ε
) � U e + U p,

Ũ R = (u R, vR + ε2 f (t, x)e−y), Ũ a = (ua, va − ε2 f (t, x)e−y),

R̃ = (R1, R2).

Then the error equations (3.1) are reduced to

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂tU
R + Ũ R · ∇(U R + U a) + Ũ a · ∇U R − ε2�U R + ∇ pR = R̃,

divU R = 0,

U R |y=0 = (0,−ε2 f ),

U R |t=0 = 0.

(3.2)

Now we introduce the vorticity defined by

ωR = curlU R = ∂yu R − ∂xv
R, ωa = curlU a = ∂yua − ∂xv

a,

which satisfies

∂tω
R − ε2�ωR + Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR = Rω, (3.3)

where

Rω = ∂y R1 − ∂x R2 + ε2 f e−y∂yua + ε2e−y∂x f ∂yv
a .

To derive the boundary condition of ωR , we follow the derivation in [22].

Lemma 3.1. The vorticity ωR satisfies the following boundary condition

ε2(∂y + |Dx |)ωR
∣
∣
y=0 = −

(
∂y(−�D)−1 curl(Ũ R · ∇(U R + U a) + Ũ a · ∇U R − R̃)

)∣
∣
∣
y=0

− ε2
∫ ∞

0
|Dx |∂t u

(1)
p dz.
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Proof. We introduce a new function �(t, x, y) defined by

�� = 0, �(t, x, 0) = −ε2
∫ ∞

0
u(1)

p dz.

It is easy to see that

∂y�|y=0 = ε2
∫ ∞

0
|Dx |u(1)

p dz.

Let ∇⊥� = (∂y�,−∂x�) and recall the boundary condition of u R

u R |y=0 = 0, vR = −ε2
∫ ∞

0
∂x u(1)

p dz.

We find that

div(U R + ∇⊥�) = 0, curl(U R + ∇⊥�) = ωR

with the boundary condition

(vR − ∂x�)|y=0 = 0.

Then the Biot-Savart law ensures that

∂y(−�D)−1ωR
t |y=0 = ∂t (u

R + ∂y�)|y=0 = ε2
∫ ∞

0
|Dx |∂t u

(1)
p dz,

which along with (3.3) gives

(
∂y(−�D)−1 curl(Ũ R · ∇(U R + U a) + Ũ a · ∇U R − R̃)

)∣
∣
∣
y=0

+ε2
∫ ∞

0
|Dx |∂t u

(1)
p dz

= ε2
(
∂y(−�D)−1�ωR

)
|y=0. (3.4)

We denote by H(ω|y=0) the harmonic extension of ω|y=0. It holds that

∂yH(ω|y=0)|y=0 = −|Dx |ω|y=0.

Thus, we have

(∂y(−�D)−1�ωR)|y=0 =
(
∂y(−�D)−1(�(ωR − H(ω|y=0)))

) ∣
∣
y=0

= − (∂y + |D|)ωR |y=0,

which together with (3.4) implies the lemma. ��
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4. The Analytic Functional Spaces

4.1. Conormal Sobolev space

As in [23,24], we introduce conormal operator Z = ϕ(y)∂y , where ϕ is a
smooth function defined by

ϕ(y) =
⎧
⎨

⎩

δy for y � 1,

δy

1 + y
for y � 2,

where δ is a small constant determined later. In the sequel, we denote

Zk = ϕ(y)k∂k
y , Z̃ k = (δz)k∂k

z .

The conormal Sobolev space H
s
for s ∈ N is defined by

H
s def=

{
u ∈ L2

x,y(R
2+) : ‖u‖H

s =
∑

k+	�s

‖Zk∂	
x u‖L2

x,y
< ∞

}
.

We denote by 〈·, ·〉H
s the H

s
inner product.

Letρ(t) ∈ [1, 2] be a decreasing function. For a function u compactly supported
in Fourier space in x variable, we define

uρ(x, y)
def= eρ(t)〈Dx 〉u(x, y) = F−1

ξ→x

(
eρ(t)〈ξ〉Fx→ξ u(ξ, y)

)
.

We have the following product estimates in H
s
.

Lemma 4.1. Let s � 7 and σ ∈ [0, 1]. It holds that

‖〈Dx 〉−σ (uv)ρ‖H
s � C

⎛

⎝
∑

	+k�s

‖Z	∂k
x 〈Dx 〉−σ uρ‖L∞

y (L2
x )‖vρ‖

H
s−3

+
∑

	+k�s−3

‖Z	∂k
x uρ‖L∞

y (L2
x )‖〈Dx 〉−σ vρ‖H

s

⎞

⎠ ,

‖〈Dx 〉−σ (uv)ρ‖H
s � C

⎛

⎝
∑

	+k�s−3

‖Z	∂k
x vρ‖L∞

y (L2
x )‖〈Dx 〉−σ uρ‖H

s

+
∑

	+k�s−3

‖Z	∂k
x uρ‖L∞

y (L2
x )‖〈Dx 〉−σ vρ‖H

s

⎞

⎠ .
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Proof. Let us first consider the case of ρ = 0. By the definition of H
s
, we have

‖〈Dx 〉−σ (uv)‖H
s � C

∑

	+k�s

‖Z	∂k
x 〈Dx 〉−σ (uv)‖L2

x,y
.

We only consider the case of 	 = s, the other cases can be treated in a similar way.
Recall the classical product estimate in Sobolev space(see [3]):

‖〈Dx 〉σ (uv)‖L2
x

≤ C‖〈Dx 〉σ u‖L2
x
‖v‖H1

x
,

which gives, by a dual argument, that

‖〈Dx 〉−σ (uv)‖L2
x

≤ C‖〈Dx 〉−σ u‖L2
x
‖v‖H1

x
.

Thus, we deduce that

‖Zs〈Dx 〉−σ (uv)‖L2
x,y

� C sup
s1+s2=s,

s1�s2

‖〈Dx 〉−σ (Zs1u Zs2v)‖L2
x,y

+ C sup
s1+s2=s,

s1�s2

‖〈Dx 〉−σ (Zs1u Zs2v)‖L2
x,y

� C sup
s1+s2=s,
s2�[ s

2 ]−1

‖〈Dx 〉−σ Zs1u‖L∞
y (L2

x )‖Zs2v‖L2
y(H1

x )

+ C sup
s1+s2=s,
s1�[ s

2 ]−1

‖〈Dx 〉−σ Zs2v‖L2
y(L2

x )‖Zs1u‖L∞
y (H1

x )

+ C‖〈Dx 〉−σ Zs−[ s
2 ]u‖L∞

y (H1
x )‖Z [ s

2 ]v‖L2
y(L2

x )

+ C‖〈Dx 〉−σ Zs−[ s
2 ]v‖L2

y(H1
x )‖Z [ s

2 ]u‖L∞
y (L2

x )

+ C‖〈Dx 〉−σ Zs−[ s
2 ]−1u‖L∞

y (H1
x )‖Z [ s

2 ]+1v‖L2
y(L2

x )

+ C‖〈Dx 〉−σ Zs−[ s
2 ]−2u‖L∞

y (L2
x )‖Z [ s

2 ]+2v‖L2
y(H1

x )

� C
∑

	≤s

‖Z	〈Dx 〉−σ u‖L∞
y (L2

x )‖v‖
H

s−3 + C
∑

	�s−3

‖Z	u‖L∞
y (L2

x )‖〈Dx 〉−σ v‖H
s .

In order to deal with the general case, we only need to notice the fact that

F(
(uv)ρ

)
(ξ) ≤ F(

u+
ρ v+

ρ

)
(ξ),

where we denote by u+ the inverse Fourier transform of |̂u|, and the map u �→ u+
preserves the L2

x norm. This proves the first inequality of the lemma. The proof of
the second one is similar. ��
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4.2. Conormal analytic norm

Let us first introduce some conormal analytic norms

‖u‖2Xs
def=

∞∑

m=0

ρ(t)2m

(m!)2 ‖Zmuρ‖2
H

s ,

‖u‖2
Xs, 12

def=
∞∑

m=1

ρ(t)2m−1m

(m!)2 ‖Zmuρ‖2
H

s +
∞∑

m=0

ρ(t)2m

(m!)2 ‖Zm〈Dx 〉 1
2 uρ‖2

H
s ,

‖u‖2
X̃ s

def=
∞∑

m=0

ρ(t)2m

(m!)2 ‖Z̃muρ‖2
H

s .

To deal with the nonlinear term like u∂xv, we need the following lemmas.

Lemma 4.2. Let s � 7. It holds that

(1)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s � C

(‖u‖2Xs + ‖∂yu‖2Xs

)‖v‖2
Xs, 12

+ C‖w‖2
Xs, 12

,

(2)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s � C‖u‖2Xs

(‖v‖2
Xs, 12

+ ‖∂yv‖2
Xs, 12

)

+ C‖w‖2
Xs, 12

,

(3)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s � C

(‖u‖2Xs−2 + ‖∂yu‖2Xs−2

)‖v‖2
Xs, 12

+ ‖u‖2Xs

(‖v‖2Xs−2 + ‖∂yv‖2Xs−2

)

+ C‖w‖2
Xs, 12

.

Proof. Using Leibniz’s rule,

Zm(u∂xv)ρ =
∑

m1+m2=m

m!
m1!m2!

(
Zm1u · Zm2∂xv

)

ρ
,

we get

〈Zm(u∂xv)ρ, Zmwρ〉H
s �

∑

m1+m2=m

m!
m1!m2! ‖〈Dx 〉− 1

2 (Zm1u Zm2∂xv)ρ‖H
s

‖〈Dx 〉 1
2 Zmwρ‖H

s .

It follows from Lemma 4.1 and Sobolev embedding that

‖〈Dx 〉− 1
2 (Zm1uρ Zm2∂xvρ)‖H

s

� C
(‖〈Dx 〉− 1

2 Zm1uρ‖H
s + ‖∂y〈Dx 〉− 1

2 Zm1uρ‖H
s
)‖Zm2vρ‖

H
s−2

+ C
(‖Zm1uρ‖

H
s−3 + ‖∂y Zm1uρ‖

H
s−3

)‖〈Dx 〉 1
2 Zm2vρ‖H

s .
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Then we get by Young’s inequality that

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s

� C
∞∑

m=0

(
∑

m1+m2=m

ρ(t)m

m1!m2!
(
‖〈Dx 〉− 1

2 Zm1uρ‖H
s + ‖〈Dx 〉− 1

2 Zm1∂yuρ‖H
s

)

‖Zm2vρ‖
H

s−2

)2

+ C
∞∑

m=0

(
∑

m1+m2=m

ρ(t)m

m1!m2!
(
‖Zm1uρ‖

H
s−3 + ‖Zm1∂yuρ‖

H
s−3

)

‖〈Dx 〉 1
2 Zm2vρ‖H

s

)2

+ C‖w‖2
Xs, 12

� C
∞∑

m=0

ρ(t)2m

(m!)2
(‖〈Dx 〉− 1

2 Zmuρ‖H
s + ‖〈Dx 〉− 1

2 Zm∂yuρ‖H
s
)2

( ∞∑

m=0

ρ(t)m

m! ‖Zmvρ‖
H

s−2

)2

+ C

( ∞∑

m=0

ρ(t)m

m1!m2!
(
‖Zmuρ‖

H
s−3 + ‖Zm∂yuρ‖

H
s−3

)
)2

∞∑

m=0

ρ(t)2m

(m!)2 ‖〈Dx 〉 1
2 Zm2vρ‖2

H
s

+ C‖w‖2
Xs, 12

� C
(‖u‖2Xs + ‖∂yu‖2Xs

)‖v‖2
Xs, 12

+ C‖w‖2
Xs, 12

.

Here we used the fact that
∞∑

m=0

ρ(t)m

m! ‖Zm fρ‖
H

s−1 ≤ ‖ f ‖Xs .

This proves the first inequality. Another two inequalities can be similarly proved
by using the following product estimates(by Lemma 4.1)

‖〈Dx 〉− 1
2 (Zm1uρ Zm2∂xvρ)‖H

s

� C‖〈Dx 〉− 1
2 Zm1uρ‖H

s
(‖Zm2vρ‖

H
s−2 + ‖∂y Zm2vρ‖

H
s−2

)

+ C‖Zm1uρ‖
H

s−2
(‖〈Dx 〉 1

2 Zm2vρ‖H
s + ‖〈Dx 〉 1

2 ∂y Zm2vρ‖H
s
)
,
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and

‖〈Dx 〉− 1
2 (Zm1uρ Zm2∂xvρ)‖H

s

� C
(‖Zm1uρ‖

H
s−3 + ‖∂y Zm1uρ‖

H
s−3

)‖〈Dx 〉 1
2 Zm2vρ‖H

s

+ C
(‖∂y Zm2vρ‖

H
s−3 + ‖Zm2vρ‖

H
s−3

)‖Zm1uρ‖H
s .

��
Using the fact that for u(x, z) = u(x,

y
ε
),

|Zmu| � (Z̃mu)
(

x,
y

ε

)
,

we can see from the proof of Lemma 4.2 that we have

Lemma 4.3. Let s � 7. For u(x, z) = u(x,
y
ε
), we have

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s � C

(‖u‖2
X̃ s + ‖∂zu‖2

X̃ s

)‖v‖2
Xs, 12

+C‖w‖2
Xs, 12

.

For v(x, z) = v(x,
y
ε
), we have

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂xv)ρ, Zmwρ〉H
s

� C‖u‖2Xs

(‖v‖2
X̃ s, 12

+ ‖∂zv‖2
X̃ s, 12

) + C‖w‖2
Xs, 12

.

The proof of Lemma 4.2 also shows that

Lemma 4.4. Let s � 4. Then it holds that

‖uv‖Xs ≤ C‖u‖Xs
(‖v‖Xs + ‖∂yv‖Xs

)
,

‖〈Dx 〉 1
2 (uv)‖Xs ≤ C‖u‖

Xs, 12

(‖v‖Xs + ‖∂yv‖Xs
)

+ C‖u‖Xs
(‖v‖

Xs, 12
+ ‖∂yv‖

Xs, 12

)
,

and for v(x, z) = v(x,
y
ε
),

‖uv‖Xs ≤ C‖u‖Xs
(‖v‖X̃ s + ‖∂zv‖X̃ s

)
,

‖〈Dx 〉 1
2 (uv)‖Xs ≤ C‖u‖

Xs, 12

(‖v‖
X̃ s, 12

+ ‖∂zv‖
X̃ s, 12

)
.

The following lemmas will be used to deal with the nonlinear terms like u∂yv

with u|y=0 = 0.
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Lemma 4.5. Let s � 7. If u|y=0 = 0, we have

(1)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
(‖u‖2Xs + ‖∂yu‖2Xs + ‖∂2y u‖2Xs

)‖v‖2Xs

+C
(‖u‖2Xs−2 + ‖∂yu‖2Xs−2 + ‖∂2y u‖2Xs−2

)‖v‖2
Xs, 12

+ C‖w‖2
Xs, 12

,

(2)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
(‖∂y〈Dx 〉− 1

2 u‖2Xs + ‖u‖2Xs

)(‖v‖2Xs+1 + ‖∂yv‖2Xs+1

) + C‖w‖2
Xs, 12

,

(3)
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� δC
(‖∂y〈Dx 〉− 1

2 u‖2Xs + ‖u‖2Xs

)(‖v‖2Xs−2 + ‖∂yv‖2Xs−2

)

+δC
(‖u‖2Xs−2 + ‖∂yu‖2Xs−2 + ‖∂2y u‖2Xs−2

)‖v‖2
Xs, 12

+ Cδ‖w‖2
Xs, 12

,

where δ > 0.

Proof. We infer from Leibniz’s rule and Lemma 4.1 that

〈Zm(u∂yv)ρ, Zmwρ〉H
s

�
∑

m1+m2=m

m!
m1!m2! ‖

( Zm1u

ϕ
Zm2+1v

)

ρ
‖H

s ‖Zmwρ‖H
s

� C
∑

m1+m2=m

m!
m1!m2!

∑

k+	�s

‖Z	∂k
x

Zm1uρ

ϕ
‖L∞

y (L2
x )‖Zm2vρ‖

H
s−3‖Zmwρ‖H

s

+ C
∑

m1+m2=m

m!
m1!m2!

∑

k+	�s−4

‖Z	∂k
x

Zm1uρ

ϕ
‖L∞

y (L2
x )‖Zm2+1vρ‖H

s

‖Zmwρ‖H
s .

Thanks to Zm1uρ |y=0 = 0 and Sobolev embedding, we have

‖Z	∂k
x

Zm1uρ

ϕ
‖L∞

y (L2
x ) �C

(‖∂y Z	∂k
x Zm1uρ‖L∞

y (L2
x ) + ‖Z	∂k

x Zm1uρ‖L∞
y (L2

x )

)

�C
(‖Zm1uρ‖

H
k+	 +‖∂y Zm1uρ‖

H
k+	 +‖∂2y Zm1uρ‖

H
k+	

)
.
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This gives

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
∞∑

m=1

( ∑

m1+m2=m

ρ(t)m

√
mm1!m2!

(‖Zm1uρ‖H
s + ‖∂y Zm1uρ‖H

s

+‖∂2y Zm1uρ‖H
s
)‖Zm2vρ‖

H
s−3

)2

+C
∞∑

m=1

( ∑

m1+m2=m

ρ(t)m

√
mm1!m2!

(‖Zm1uρ‖
H

s−4

+‖∂y Zm1uρ‖
H

s−4 + ‖∂2y Zm1uρ‖
H

s−4
)

×‖Zm2+1vρ‖H
s

)2 + C‖w‖2
Xs, 12

.

Using the fact that

‖∂y Zm fρ‖H
s ≤ C

(‖Zm∂y fρ‖H
s + m‖Zm−1∂y fρ‖H

s
)
,

we get by Young’s inequality that

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s � C

(‖u‖2Xs + ‖∂yu‖2Xs + ‖∂2y u‖2Xs

)‖v‖2Xs

+ C
(‖u‖2Xs−2 + ‖∂yu‖2Xs−2 + ‖∂2y u‖2Xs−2

)‖v‖2
Xs, 12

+ C‖w‖2
Xs, 12

.

The first inequality is proved. To show the second inequality, we apply Lemma 4.1
again to obtain

〈Zm(u∂yv)ρ, Zmwρ〉H
s

�
∑

m1+m2=m

m!
m1!m2! ‖〈Dx 〉− 1

2
( Zm1u

ϕ
Zm2+1v

)

ρ
‖H

s ‖〈Dx 〉 1
2 Zmwρ‖H

s

� C
∑

m1+m2=m

m!
m1!m2!

∑

k+	�s

‖Z	∂k
x Zm2+1vρ‖L∞

y (L2
x )‖

Zm1uρ

ϕ
‖

H
s−4‖〈Dx 〉 1

2

Zmwρ‖H
s

+C
∑

m1+m2=m

m!
m1!m2!

∑

k+	�s−4

‖Z	∂k
x Zm2+1vρ‖L∞

y (L2
x )‖〈Dx 〉− 1

2
Zm1uρ

ϕ

‖H
s ‖〈Dx 〉 1

2 Zmwρ‖H
s ,

and by Hardy’s inequality,

‖ Zm1uρ

ϕ
‖

H
k �C

(‖Zm1uρ‖
H

k + ‖∂y Zm1uρ‖
H

k

)
.
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Then we deduce that

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
∞∑

m=0

( ∑

m1+m2=m

ρ(t)m

m1!m2!
(‖∂y〈Dx 〉− 1

2 Zm1uρ‖H
s + ‖Zm1uρ‖H

s
)

×(‖Zm2+1vρ‖
H

s−4 + ‖∂y Zm2+1vρ‖
H

s−4
))2

+C
∞∑

m=0

( ∑

m1+m2=m

ρ(t)m

m1!m2!
(‖∂y Zm1uρ‖

H
s−4 + ‖Zm1uρ‖

H
s−4

)

×(‖Zm2+1vρ‖H
s + ‖∂y Zm2+1vρ‖H

s
))2 + C‖w‖2

Xs, 12

� C
(‖∂y〈Dx 〉− 1

2 u‖2Xs + ‖u‖2Xs

)(‖v‖2Xs+1 + ‖∂yv‖2Xs+1

) + C‖w‖2
Xs, 12

.

This proves the second inequality. By Lemma 4.1 and Hardy’s inequality, we have

〈Zm(u∂yv)ρ, Zmwρ〉H
s

=
∑

m1+m2=m

m!
m1!m2!

〈(
Zm1u

ϕ
Zm2+1v

)

ρ

, Zmwρ

〉

H
s

�
∑

m1�m2

m!
m1!m2!

〈(
Zm1u

ϕ
Zm2+1v

)

ρ

, Zmwρ

〉

H
s

+
∑

m1�m2

m!
m1!m2!

〈(
Zm1u

ϕ
Zm2+1v

)

ρ

, Zmwρ

〉

H
s

�
∑

m1�m2

m!
m1!m2! ‖〈Dx 〉− 1

2

(
Zm1u

ϕ
Zm2+1v

)

ρ

‖H
s ‖〈Dx 〉 1

2 Zmwρ‖H
s

+
∑

m1�m2

m!
m1!m2! ‖

Zm1uρ

ϕ
‖

H
s−4‖Zm2+1vρ‖H

s ‖Zmwρ‖H
s

+
∑

m1�m2

m!
m1!m2! ‖〈Dx 〉− 1

2
Zm1uρ

ϕ
‖H

s ‖Zm2+1vρ‖
H

s−4‖〈Dx 〉 1
2 Zmwρ‖H

s

� δC
( ∑

m1�m2

m!
m1!m2!

(‖∂y〈Dx 〉− 1
2 Zm1uρ‖H

s

+‖Zm1uρ‖H
s )

(
‖Zm2+1vρ‖

H
s−4 + ‖∂y Zm2+1vρ‖

H
s−4

) )2

+δC
( ∑

m1�m2

m!
m1!m2!

(‖Zm1uρ‖
H

s−4 + ‖∂y Zm1uρ‖
H

s−4
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+‖∂2y Zm1uρ‖
H

s−4
)‖Zm2+1vρ‖H

s

)2

+δC
( ∑

m1�m2

m!√
mm1!m2!

(‖Zm1uρ‖
H

s−4

+‖∂y Zm1uρ‖
H

s−4 + ‖∂2y Zm1uρ‖
H

s−4
)‖Zm2+1vρ‖H

s

)2

+δC
( ∑

m1�m2

m!√
mm1!m2!

(
‖〈Dx 〉− 1

2 ∂y Zm1uρ‖H
s + ‖〈Dx 〉− 1

2 Zm1uρ‖H
s

)

·
(
‖Zm2+1vρ‖

H
s−4 + ‖∂y Zm2+1vρ‖

H
s−4

) )2

+C‖〈Dx 〉 1
2 Zmwρ‖2

H
s + Cm‖Zmwρ‖2

H
s ,

which implies the third inequality. ��

An argument similar to that of Lemma 4.5 yields

Lemma 4.6. Let s � 7 and u|y=0 = 0. For u(x, z) = εũ(x,
y
ε
), we have

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
(‖ũ‖2

X̃ s + ‖∂z ũ‖2
X̃ s + ‖∂2z ũ‖2

X̃ s

)‖v‖2
Xs, 12

+ C‖w‖
Xs, 12

.

For v(x, z) = v(x,
y
ε
), we have

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u∂yv)ρ, Zmwρ〉H
s

� C
(‖∂y〈Dx 〉− 1

2 u‖2Xs + ‖u‖2Xs

)(‖v‖2
X̃ s+1 + ‖∂zv‖2

X̃ s+1) + C‖w‖2
Xs, 12

.

5. Conormal Analytic Type Estimates of Velocity

In the sequel, we denote by C a constant independent of ε, and by C1 a constant
independent of ε, δ, which may depend on M defined in (1.5). In the sequel, we
take

ρ(t) = 2 − λt

for some λ > 0 determined later. We always assume ρ(t) ∈ [1, 2].
For the moment, let us assume the following uniform estimates for the approxi-

mate solution and the remainder R̃ defined in Section 2. The proof will be presented
in appendix.
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Lemma 5.1. There exists Ta > 0 such that for any t ∈ [0, Ta], there holds

∞∑

m=0

ρ(t)2m

(m!)2 ‖Zm(u(i)
e , v(i)

e )ρ‖2H12
x,y

≤ C,

2∑

s=0

12∑

k=0

∞∑

m=0

ρ(t)2m

(m!)2 ‖ez2 Z̃m+k∂s
z (u

(i)
p , v(i+1)

p )ρ‖2
L2

z (H12−k
x )

≤ C,

for i = 0, 1.

Lemma 5.2. There exists Ta > 0 such that for any t ∈ [0, Ta], there holds

‖R̃‖X10 � Cε2, ‖∇ R̃‖X10 ≤ Cε.

The main result of this section is the conormal analytic type estimate of the
velocity.

Proposition 5.3. There exists δ0 > 0 and ε0 > 0 so that for any δ ∈ (0, δ0) and
ε ∈ (0, ε0), it holds that

1

2

d

dt

(
‖U R‖2X8 + ‖〈Dx 〉9U R

ρ ‖2L2

)
+ λ

(

‖U R‖2
X8, 12

+ ‖〈Dx 〉9.5U R
ρ ‖2L2

)

+1

4
ε2

(
‖∇U R‖2X8 + ‖∇〈Dx 〉9U R

ρ ‖2L2

)

� C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(

‖U R‖2
X8, 12

+ ‖〈Dx 〉9.5U R
ρ ‖2L2 + ε4

)

+C1δε
4‖∇ωR‖2X8 + C‖ωR‖2

X8, 12
‖U R‖2X8 .

Proof. The proposition is a direct consequence of the following Lemmas
5.4–5.8. ��

5.1. Conormal analytic energy estimates

Taking div on both sides of (3.2), we obtain
{�pR = −div(Ũ R · ∇(U R + U a) + Ũ a · ∇U R) + divR̃,

∂y pR |y=0 = ε2∂t f − ε4∂2x f + R2|y=0 − ε2∂x∂yu R |y=0.
(5.1)

We first decompose the pressure pR as follows:

pR = pR,N S + pR,E ,

where
{�pR,N S = 0,

∂y pR,N S|y=0 = −ε2∂x∂yu R |y=0,

and
{�pR,E = −div(Ũ R · ∇(U R + U a) + Ũ a · ∇U R) + divR̃,

∂y pR,E |y=0 = ε2∂t f − ε4∂2x f + R2|y=0.
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Lemma 5.4. There exists δ0 > 0 so that for any δ ∈ (0, δ0), it holds that

1

2

d

dt
‖U R‖2X8 + λ‖U R‖2

X8, 12
+ 1

2
ε2‖∇U R‖2X8

� C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(

‖U R‖2
X8, 12

+ ε4
)

+C1δ‖∇ pR,N S‖2X8 + C1δ‖〈Dx 〉 1
2 ∇ pR,E‖2X7 .

Proof. We first take eρ(t)〈Dx 〉 on both sides of (3.2) to obtain

∂tU
R
ρ +λ〈Dx 〉U R

ρ +(
Ũ R · ∇(U R + U a)+Ũ a · ∇U R)

ρ
− ε2�U R

ρ +∇ pR
ρ = R̃ρ.

(5.2)

Taking ρ(t)m

m! Zm on the both sides of (5.2), and then taking H
8
inner product with

ρ(t)m

m! ZmU R
ρ , we obtain

1

2

d

dt
‖U R‖2X8 + λ‖U R‖2

X8, 12
− ε2

∞∑

m=0

ρ(t)2m

(m!)2
〈
Zm�U R

ρ , ZmU R
ρ

〉

H
8

�
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2
〈
Zm(

Ũ R · ∇(U R + U a) + Ũ a · ∇U R + ∇ pR − R̃
)

ρ
, ZmU R

ρ

〉

H
8

∣
∣
∣

�
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(Ũ R · ∇(U R + U a))ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(Ũ a · ∇U R)ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(∇ pR)ρ, ZmU R
ρ 〉

H
8

∣
∣
∣ +

∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm R̃ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

� I1 + I2 + I3 + I4.

Step 1. Estimate of I1. We rewrite I1 as

Ũ R · ∇(U R + U a) =u R∂x (U
R + U a) + (vR + ε2 f e−y)∂y(U

R + U a).

Then we infer that

I1 �
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u R∂xU R)ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u R∂xU a)ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm((vR + ε2 f e−y)∂yu R)ρ, Zmu R
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm((vR + ε2 f e−y)∂yv
R)ρ, ZmvR

ρ 〉
H

8

∣
∣
∣
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+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm((vR + ε2 f e−y)∂yU a)ρ, ZmU R
ρ 〉

H
8

∣
∣
∣

�I11 + I12 + I13 + I14 + I15.

Estimate of I11. By Lemma 4.2 (3), we get

I11 �C
(
1 + ‖U R‖2X7 + ‖∂yU R‖2X7

)‖U R‖2
X8, 12

�C
(
1 + ‖U R‖2X8 + ‖ωR‖2X7

)‖U R‖2
X8, 12

.

Here we used the fact that

‖∂yU R‖X7 ≤ ‖ωR‖X8 + ‖U R‖2X8 . (5.3)

Estimate of I12. By Lemmas 4.2(2), 4.3 and 5.1, we get

I12 �C‖U R‖2X8

(‖U e‖2
X8, 12

+ ‖∂yU e‖2
X8, 12

+ ‖U p‖2
X̃8, 12

+ ‖∂zU p‖2
X̃8, 12

)

+ C‖U R‖2
X8, 12

�C‖U R‖2
X8, 12

.

Estimate of I13. Thanks to vR + ε2 f e−y |y=0 = 0, we get by Lemma 4.5(3) that

I13 �C
(‖∂y〈Dx 〉− 1

2 (vR + ε2 f e−y)‖2X8 + ‖vR + ε2 f e−y‖2X8

)

(‖U R‖2X7 + ‖∂yU R‖2X7

)

+ C
(‖vR + ε2 f e−y‖2X6 + ‖∂y(v

R + ε2 f e−y)‖2X6

+ ‖∂2y (vR + ε2 f e−y)‖2X6

)‖U R‖2
X8, 12

+ C‖U R‖2
X8, 12

�C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖2
X8, 12

+ ε4
)
.

Here we used the facts that

‖∂y〈Dx 〉− 1
2 vR‖X8 ≤ ‖u R‖

X8, 12
and ‖∂2yvR‖2X6 ≤ ‖U R‖X8 + ‖ωR‖2X8 . (5.4)

Estimate of I14. Using

(vR + ε2 f e−y)∂yv
R = −(vR + ε2 f e−y)∂x u R,

we get by Lemma 4.2(3) that

I14 � C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)‖U R‖2
X8, 12

.

Estimate of I15. Thanks to vR + ε f e−y |y=0 = 0, we get by Lemmas 4.5(2), 4.6
and 5.1 that

I15 � C
(‖U R‖2

X8, 12
+ ε4

)
.
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Here we also used (5.4).
Putting the estimates of I11, . . . , I15 together, we conclude that

I1 � C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖2
X8, 12

+ ε4
)
.

Step 2. Estimate of I2 and I4. Recall that U p = (u p, εv p)(t, x,
y
ε
). It follows

from Lemmas 4.2(1), 4.3, 4.5(1), 4.6 and 5.1 that

I2 � C‖U R‖2
X8, 12

.

We infer from Lemma 5.2 that

I4 � Cε4 + ‖U R‖2X8 .

Step 3. Estimate of I3. Using the formula

[Zk Zm, ∂y] = −mϕ′Zk Zm−1∂y − kϕ′Zk−1∂y Zm, (5.5)

we get by integration by parts that

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm∇ pR
ρ , ZmU R

ρ 〉
H

8 = −
∞∑

m=1

ρ(t)2m

(m!)2 〈Zm pR
ρ , ZmdivU R

ρ 〉
H

8

+
∑

k+	≤8

∞∑

m=1

ρ(t)2m

(m!)2 〈[Zk Zm, ∂y]∂	
x pR

ρ , Zk Zm∂	
xvR

ρ 〉

+
∑

k+	≤8

∞∑

m=1

ρ(t)2m

(m!)2 〈Zk Zm∂	
x pR

ρ , [Zk Zm, ∂y]∂	
xvR

ρ 〉 + 〈∇ pR
ρ , U R

ρ 〉
H

8

� C1δ
∑

k+	≤8

∞∑

m=1

ρ(t)2mm

(m!)2
∣
∣〈Zk Zm∂	

x pR
ρ , Zk Zm−1∂	

x∂yv
R
ρ 〉∣∣

+ C‖∇ P R‖X7‖U R‖X8 +
∫

y=0
∂8x pR

ρ · ∂8x vRdx

� C1δ‖∇ pR,N S‖2X8 + C1δ‖〈Dx 〉 1
2 ∇ pR,E‖2X7

+ C‖U R‖2
X8, 12

+ C‖U R‖2X8 + Cε4.

Here we used ∂yv
R = −∂x u R and vR |y=0 = −ε2 f . This proves that

I3 �C1δ‖∇ pR,N S‖2X8 + C1δ‖〈Dx 〉 1
2 ∇ pR,E‖2X7 + C‖U R‖2

X8, 12
+ Cε4.

Step 4. Estimate of the dissipation term. Using u R |y=0 = 0 and divU R = 0,
we get by integration by parts that
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−ε2
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm�U R
ρ , ZmU R

ρ 〉
H

8

= −ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 〈div(Zk Zm∂	
x∇U R

ρ ), Zk Zm∂	
x U R

ρ 〉

+ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 〈[div, Zk Zm]∂	
x∇U R

ρ , Zk Zm∂	
x U R

ρ 〉

= ε2
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm∇U R
ρ , Zm∇U R

ρ 〉
H

8

+ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 〈[div, Zk Zm]∂	
x∇U R

ρ , Zk Zm∂	
x U R

ρ 〉

+ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 〈Zk Zm∂	
x∇U R

ρ , [∇, Zk Zm]∂	
x U R

ρ 〉

� ε2‖∇U R‖2X8 − C1δε
2‖∇U R‖2X8 ≥ 1

2
ε2‖∇U R‖2X8 ,

if we take δ small so that C1δ ≤ 1
2 .

Now, the lemma follows, from Steps 1–4. ��
Next, we give the higher order tangential derivative estimates of the velocity.

Lemma 5.5. There exists δ0 > 0 and ε0 > 0 so that for any δ ∈ (0, δ0) and
ε ∈ (0, ε0), it holds that

1

2

d

dt
‖〈Dx 〉9U R

ρ ‖2L2 + λ‖〈Dx 〉9.5U R
ρ ‖2L2 + 1

4
ε2‖∇〈Dx 〉9U R

ρ ‖2L2

� C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖2
X8, 12

+ ‖〈Dx 〉9.5U R
ρ ‖2L2 + ε4

)

+ C1δ‖∇ pR‖2X7 .

Proof. Taking 〈Dx 〉9 on the both sides of (5.2), and then taking L2 inner product
with 〈Dx 〉9U R

ρ , we obtain

1

2

d

dt
‖〈Dx 〉9U R

ρ ‖2L2 + λ‖〈Dx 〉9〈Dx 〉 1
2 U R

ρ ‖2L2 − ε2〈〈Dx 〉9�U R
ρ , 〈Dx 〉9U R

ρ 〉
�

∣
∣
∣〈〈Dx 〉9

(
Ũ R · ∇(U R + U a) + Ũ a · ∇U R + ∇ pR − R̃

)

ρ
, 〈Dx 〉9U R

ρ 〉
∣
∣
∣

�
∣
∣
∣〈〈Dx 〉9(Ũ R · ∇(U R + U a))ρ, 〈Dx 〉9U R

ρ 〉
∣
∣
∣

+
∣
∣
∣〈〈Dx 〉9(Ũ a · ∇U R)ρ, 〈Dx 〉9U R

ρ 〉
∣
∣
∣

+
∣
∣
∣〈〈Dx 〉9(∇ pR)ρ, 〈Dx 〉9U R

ρ 〉
∣
∣
∣ +

∣
∣
∣〈〈Dx 〉9 R̃ρ, 〈Dx 〉9U R

ρ 〉
∣
∣
∣

� Ĩ1 + Ĩ2 + Ĩ3 + Ĩ4.
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Following the proofs of I1, I2, I4 in Lemma 5.4 , we have

Ĩ1 + Ĩ2 + Ĩ4 � C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖2
X8, 12

+ ‖〈Dx 〉9.5U R
ρ ‖2L2 + ε4

)
,

Because of divU R = 0 and U R |y=0 = (0,−ε2 f ), we have

Ĩ3 � ‖∇ pR‖X7‖〈Dx 〉9U R
ρ ‖L2 +

∣
∣
∣

∫

y=0
|Dx |8〈Dx 〉pR

ρ · 〈Dx 〉9vR
ρ dx

∣
∣
∣

� C1δ‖∇ pR‖2X7 + C‖〈Dx 〉9U R
ρ ‖2L2 + Cε4.

By u R |y=0 = ∂yv
R |y=0 = 0, we have

−〈〈Dx 〉9�U R
ρ , 〈Dx 〉9U R

ρ 〉L2 = ‖∇〈Dx 〉9U R
ρ ‖2L2 .

This shows the lemma. ��

5.2. Conormal analytic estimates of the pressure

To close the estimates of U R , it remains to estimate the pressure in conormal
analytic space.

Recall that pR = pR,N S + pR,E . First of all, we introduce a new function p̃R,2

defined by

p̃R,E = pR,E + e−y(ε2∂t f − ε4∂2x f ) � pR,E + g.

Here, by the definition of f , we have

g = ∂x e−y
(
ε2

∫ ∞

0
∂t u

(1)
p (t, x, z) dz − ε4∂x f

)
� ∂x G.

Thus, we have
{
div(∇ p̃R,E − R̃) = −div(Ũ R · ∇(U R + U a) + Ũ a · ∇U R) + ∂x�G,

∂y p̃R,E |y=0 = R2|y=0.
(5.6)

Lemma 5.6. There exists δ0 > 0 such that for any δ ∈ (0, δ0), it holds that

‖〈Dx 〉 1
2 ∇ pR,E‖2X7 �C

(
1 + ‖U R‖2

X8, 12
+ ‖ωR‖2

X8, 12

)‖U R‖2X8 + Cε4.

Proof. Taking 〈Dx 〉Zmeρ(t)〈Dx 〉 on both sides of (5.6), and then taking H
7
inner

product with ρ(t)2m

(m!)2 Zm p̃R,E
ρ , we obtain

−
∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉Zmdiv(∇ p̃R,E − R̃)ρ, Zm p̃R,E

ρ

〉

H
7

=
∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉Zm(div(Ũ R · ∇(U R + U a) + Ũ a · ∇U R)ρ

+ ∂x 〈Dx 〉�Gρ, Zm p̃R,E
ρ

〉

H
7 . (5.7)
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By Lemma 5.2, the term on the left hand side of (5.7) is bounded from below

−
∑

k+	≤7

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉divZk Zm∂	

x (∇ p̃R,E − R̃)ρ, Zk Zm∂	
x p̃R,E

ρ

〉

+
∑

k+	≤7

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉[div, Zk Zm]∂	

x (∇ p̃R,E − R̃)ρ, Zk Zm∂	
x p̃R,E

ρ

〉

� 1

2
‖〈Dx 〉 1

2 ∇ p̃R,E‖2X7 − C‖R̃‖2
X7, 12

+
∑

k+	≤7

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉Zk Zm∂	

x (∇ p̃R,E − R̃)ρ, [∇, Zk Zm]∂	
x p̃R,E

ρ

〉

+
∑

k+	≤7

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉[div, Zk Zm]∂	

x (∇ p̃R,E − R̃)ρ, Zk Zm∂	
x p̃R,E

ρ

〉

� 1

2
‖〈Dx 〉 1

2 ∇ p̃R,E‖X7 − Cε4 − C1δ‖〈Dx 〉 1
2 ∇ p̃R,E‖2X7 .

Thanks to Ũ R |y=0 = Ũ a |y=0 = 0, the terms on the right hand side of (5.7) are
bounded from above as follows:
∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉Zm(

div(Ũ R · ∇(U R + U a) + Ũ a · ∇U R) + ∂x�G
)

ρ
,

Zm p̃R,E
ρ

〉

H
7

�
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉Zm(Ũ R · ∇(U R + U a))ρ + Zm(Ũ a · ∇U R)ρ,

∇Zm p̃R,E
ρ

〉

H
7

∣
∣
∣

+
∣
∣
∣

∑

k+	≤7

∞∑

m=0

ρ(t)2m

(m!)2
〈〈Dx 〉[Zk Zm, div]∂	

x

(
Ũ R ·∇(U R + U a)+Ũ a · ∇U R)

ρ
,

Zk Zm∂	
x p̃R,E

ρ

〉∣∣
∣

+C‖�G‖2
X7, 12

+ 1

8
‖〈Dx 〉 1

2 ∇ p̃R,E‖2X7

� I5 + I6 + C‖�G‖2
X7, 12

+ 1

8
‖〈Dx 〉 1

2 ∇ p̃R,E‖2X7 .

We infer from Lemmas 4.4 and 5.1 that

I5 � C‖Ũ R · ∇(U R + U a) + Ũ a · ∇U R‖
X7, 12

‖〈Dx 〉 1
2 ∇ p̃R,E‖X7

≤ C
(
‖U R‖X8

(‖ωR‖
X8, 12

+ ‖U R‖
X8, 12

) + ‖U R‖
X8, 12

)
‖〈Dx 〉 1

2 ∇ p̃R,E‖X7

≤ 1

8
‖〈Dx 〉 1

2 ∇ p̃R,E‖2X7 + C
(‖U R‖2

X8, 12
+ ‖ωR‖2

X8, 12
+ 1

)‖U R‖2X8 .
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In a similar way, we have

I6 ≤ 1

8
‖〈Dx 〉 1

2 ∇ p̃R,E‖2X7 + C

(

‖U R‖2
X8, 12

+ ‖ωR‖2
X8, 12

+ 1

)

‖U R‖2X8 .

It is easy to see that

‖�G‖
X7, 12

� Cε2.

Now, the lemma follows by taking δ small enough. ��
For another part of the pressure, we have more decay in ε.

Lemma 5.7. There exists δ0 > 0 such that for any δ ∈ (0, δ0), it holds that

‖∇ pR,N S‖2X8 �C1ε
4‖∇ωR‖2X8 .

Proof. Again, we introduce a new function p̃R,1 defined by

p̃R,N S = pR,N S + ε2∂x u R,

which satisfies
{� p̃R,N S = ε2�∂x u R,

∂y p̃R,N S|y=0 = 0.
(5.8)

Taking Zmeρ(t)〈Dx 〉 on both sides of (5.8), and then taking H
8
inner product

with ρ(t)2m

(m!)2 Zm p̃R,N S
ρ , we obtain

−
∞∑

m=0

ρ(t)2m

(m!)2 〈Zmdiv∇ p̃R,N S
ρ , Zm p̃R,N S

ρ 〉
H

8

= ε2
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm∂x�u R
ρ , Zm p̃R,N S

ρ 〉
H

8 .

In a manner similar to the proof of Lemma 5.6, we have

−
∞∑

m=0

ρ(t)2m

(m!)2 〈Zmdiv∇ p̃R,N S
ρ , Zm p̃R,N S

ρ 〉
H

8 � 1

2
‖∇ p̃R,N S‖2X8 ,

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm∂x�u R
ρ , Zm p̃R,N S

ρ 〉
H

8 � ‖�u R‖X8‖∇ p̃R,N S‖X8 .

On the other hand, we have

‖�u R‖X8 � ‖∇ωR‖X8 .

Then the lemma follows. ��
Combining Lemmas 5.6 and 5.7, we get

Lemma 5.8. There exists δ0 > 0 such that for any δ ∈ (0, δ0), it holds that

‖∇ pR‖2X7 �C

(

1 + ‖U R‖2
X8, 12

+ ‖ωR‖2
X8, 12

)

‖U R‖2X8 + C1ε
4‖∇ωR‖2X8 + Cε4.
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6. Conormal Analytic Estimate of the Vorticity

To gain one order regularity of the error in the normal direction, we need to use
the vorticity formulation of the error equations. Recall that the vorticity ωR of U R

satisfies

∂tω
R − ε2�ωR + Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR = Rω (6.1)

with the boundary condition

ε2(∂y + |Dx |)ωR
∣
∣
y=0

= −
(
∂y(−�D)−1 curl(Ũ R · ∇(U R + U a) + Ũ a · ∇U R − R̃)

)∣
∣
∣
y=0

− ε2
∫ ∞

0
|Dx |∂t u

(1)
p dz.

Before we give the estimates of vorticity, we have the following relationship
between U R and ωR .

Lemma 6.1. There exists a constant C such that

‖U R‖X9 � C
(‖ωR‖X8 + ‖U R‖X8

)
,

‖U R‖
X9, 12

� C
(‖ωR‖

X8, 12
+ ‖U R‖

X8, 12

)
.

Proof. Firstly, by the definition of ωR , we have

�u R = ∂yω
R

with the boundary condition u R |y=0 = 0.

Taking Zmeρ(t)〈Dx 〉 on both sides of the above equation, and then taking H
8

inner product with ρ(t)2m

(m!)2 Zmu R
ρ , we obtain

−
∞∑

m=0

ρ(t)2m

(m!)2 〈Zmdiv∇u R
ρ , Zmu R

ρ 〉
H

8 = −
∞∑

m=0

ρ(t)2m

(m!)2 〈Zm∂yω
R
ρ , Zmu R

ρ 〉
H

8 ,

which implies

‖∇u R‖2X8 � C‖ω‖2X8 . (6.2)

Therefore,

‖u R‖X9 � C(‖ωR‖X8 + ‖U R‖X8).

On the other hand,

∂xv
R = ∂yu R − ω and ∂yv

R = −∂x u R,

which along with (6.2) yield that

‖vR‖X9 � C
(‖ωR‖X8 + ‖U R‖X8

)
.

The second inequality can be proved in a similar way. ��
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Proposition 6.1. There exists δ0 > 0 such that for any δ ∈ (0, δ0), it holds that

1

2

d

dt
‖ωR‖2X8 + λ‖ωR‖2

X8, 12
+ 1

2
ε2‖∇wR‖2X8

≤ C
(
1 + ‖ωR‖2X8 + ‖U R‖2X8

)(
ε2 + ‖ωR‖2

X8, 12
+ ‖U R‖2

X8, 12

)

+Cε−2(1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖〈Dx 〉9U R
ρ ‖2L2 + ‖U R‖X8

)

+C1δ
(‖U R‖2X8 + ‖ωR‖2X8

)‖∇ωR‖2X8 + C1ε
2‖∇〈Dx 〉9U R

ρ ‖2L2 .

Proof. Acting eρ(t)〈Dx 〉 on both sides of (6.1), we obtain

∂tω
R
ρ + λ〈Dx 〉ωR

ρ − ε2�ωR
ρ + (Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR)ρ = Rω

ρ . (6.3)

Taking ρ(t)m

m! Zm on both sides of (6.3), and then taking H
8
inner product with

ρ(t)m

m! ZmωR
ρ , we obtain

1

2

d

dt
‖ωR‖2X8 + λ‖ωR‖2

X8, 12
− ε2

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm�ωR
ρ , ZmωR

ρ 〉
H

8

�
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(Ũ R · ∇(ωR + ωa))ρ, ZmωR
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(Ũ a · ∇ωR)ρ, ZmωR
ρ 〉

H
8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm Rω
ρ , ZmωR

ρ 〉
H

8

∣
∣
∣

� I I1 + I I2 + I I3.

Step 1. Estimates of I I1. Notice that

Ũ R · ∇(ωR + ωa) = u R∂xω
R + (vR + ε2 f e−y)∂yω

R + u R∂xω
a

+ (vR + ε2 f e−y)∂yω
a .

We have

I I1 �
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u R∂xω
R)ρ, ZmωR

ρ 〉
H

8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm(u R∂xω
a)ρ, ZmωR

ρ 〉
H

8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm((vR + ε2 f e−y)∂yω
R)ρ, ZmωR

ρ 〉
H

8

∣
∣
∣

+
∣
∣
∣

∞∑

m=0

ρ(t)2m

(m!)2 〈Zm((vR + ε2 f e−y)∂yω
a)ρ, ZmωR

ρ 〉
H

8

∣
∣
∣

� I I11 + I I12 + I I13 + I I14.
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Estimate of I I11. We get by Lemma 4.2 (1) that

I I11 � C
(‖u R‖2X8 + ‖∂yu R‖2X8

)‖ωR‖2
X8, 12

+ C‖ωR‖2
X8, 12

� C
(
1 + ‖U R‖2X8 + ‖ωR‖2X8

)‖ωR‖2
X8, 12

.

Estimate of I I12. We only consider the worst term u R

ε
(∂x∂zu p)(t, x,

y
ε
) =

u R∂y(∂x u p(t, x,
y
ε
)). Thanks to u R |y=0 = 0, we deduce from Lemmas 4.6 and

5.1 that the worst part is bounded by

C
(‖∂y〈Dx 〉− 1

2 u R‖2X8 + ‖u R‖2X8)
(
‖∂z∂x u p‖2

X̃9 + ‖∂x u p‖2
X̃9

)
+ C‖ωR‖2

X8, 12
.

In all, we have

I I12 � C

(

‖ωR‖2
X8, 12

+ ‖U R‖2
X8, 12

)

.

Estimate of I I13. Thanks to vR + ε2 f e−y |y=0 = 0, we get by Lemma 4.5(3) that

I I13 � δ
(‖∂y〈Dx 〉− 1

2 (vR + ε2 f e−y)‖2X8

+ ‖(vR + ε2 f e−y)‖2X8

)(‖ωR‖2X6 + ‖∂yω
R‖2X6

)

+ (‖vR + ε2 f e−y‖2X6 + ‖∂y(v
R + ε2 f e−y)‖2X6

+ ‖∂2y (vR + ε2 f e−y)‖2X6

)‖ωR‖2
X8, 12

+ C‖ωR‖2
X8, 12

� δC1
(‖U R‖2X8 + ‖ωR‖2X8 + ε4

)‖∂yω
R‖2X8 + C

(
1 + ‖U R‖2X8

+ ‖ωR‖2X8

)‖ωR‖2
X8, 12

.

Estimate of I I14. For ∂yω
a , we only focus on ∂2y u p. The other terms can be treated

by the same argument. By the Leibniz rule, we have

Zm

(

(vR + ε2 f e−y)

(
∂2z u p

ε2

))

=
m∑

m1=0

m!
m1!(m − m1)! Zm1(vR + ε2 f e−y)

·Zm−m1

(
∂2z u p

ε2

)

.

For m1 = 0, we write

(
vR + ε2 f e−y

)
Zm

(
∂2z u p

ε2

)
(

t, x,
y

ε

)

= − 1

y2

∫ y

0

∫ y′

0
∂2xyu Rdy′′dy′z2Zm(∂2z u p)

(
t, x,

y

ε

)

−ε(1 − e−y) f

y
zZm(∂2z u p)

(
t, x,

y

ε

)
.



Zero-Viscosity Limit of the Navier–Stokes Equations 585

For m1 = 1, we write

Z(vR + ε2 f e−y)Zm−1

(
∂2z u p

ε2

)
(

t, x,
y

ε

)

= ϕ(y)

y2
∂y(v

R + ε2 f e−y) · z2Zm−1(∂2z u p)
(

t, x,
y

ε

)

= −ϕ(y)

y2

∫ y

0
∂2xyu Rdy′z2Zm−1(∂2z u p)

(
t, x,

y

ε

)

−ε
ϕ

y
e−y f zZm−1(∂zu p)

(
t, x,

y

ε

)
.

For m1 � 2, we write

Zm1(vR + ε2 f e−y)Zm−m1

(
∂2z u p

ε2

)
(

t, x,
y

ε

)

= −ϕ(y)2

y2
Zm1−2∂2y (vR + ε2 f e−y)z2 Z̃m−m1(∂2z u p)

(
t, x,

y

ε

) ∣
∣
∣

= ϕ(y)2

y2
Zm1−2(∂2xyu R + ε2 f e−y)z2Zm−m1(∂2z u p)

(
t, x,

y

ε

)
.

With the abovepreparations,we candeducebyusingLemma4.1,Hardy’s inequality
and Lemma 5.1 that

I I14 � C

(

ε2 + ‖ωR‖2
X8, 12

+ ‖U R‖2
X8, 12

)

.

Putting the estimates of I I11 − I I14 together, we conclude that

I I1 � C
(
1 + ‖ωR‖2X8 + ‖U R‖2X8

)
(ε2 + ‖ωR‖2

X8, 12
+ ‖U R‖2

X8, 12

)

+ δC1
(‖U R‖2X8 + ‖ωR‖2X8 + ε4

)‖∂yω
R‖2X8 .

Step 2. Estimates of I I2 and I I3. We write

Ũ a · ∇ωR = ua∂xω
R + (va − ε2 f e−y)∂yω

R .

Thanks to va − ε2 f e−y |y=0 = 0, we infer from Lemmas 4.2(1), 4.3, 4.5(1), 4.6
and 5.1 that

I I2 � ‖ωR‖2
X8, 12

.

For I I3, we get by Lemma 5.2 that

I I3 � C‖Rω‖2X8 + C‖ωR‖2X8 ≤ Cε2 + C‖ωR‖2X8 .
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Step 3. Estimates of the dissipation term. Then we get by integration by parts
that

−ε2
∞∑

m=0

ρ(t)2m

(m!)2
〈
Zm�ωR

ρ , ZmωR
ρ

〉

H
8

= ε2
∞∑

m=0

ρ2m

(m!)2 ‖Zm∇ωR
ρ ‖2

H
8 − ε2

〈
∂yω

R
ρ , ωR

ρ

〉

H8
x (∂R2+)

−ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2
〈[Zk Zm, ∂y]∂	

x∂yω
R
ρ , Zk Zm∂	

xωR
ρ

〉

+ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2
〈
Zk Zm∂y∂

	
xωR

ρ , [∂y, Zk Zm]∂	
xωR

ρ

〉

� ε2‖∇ωR‖2X8 + I I4 + I I5 + I I6.

Estimates for I I5 and I I6. By (5.5), the term I I5 is bounded as

ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 m
〈
ϕ′Zk Zm−1∂y∂

	
x∂yω

R
ρ , Zk Zm∂	

xωR
ρ

〉

+ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 k
〈
ϕ′Zk−1Zm∂y∂

	
x∂yω

R
ρ , Zk Zm∂	

xωR
ρ

〉

= ε2
∑

k+	≤8

∞∑

m=0

ρ(t)2m

(m!)2 (m + k)
〈
ϕ′Zk Zm∂	

x∂yω
R
ρ , Zk Zm−1∂y∂

	
xωR

ρ

〉

+ similar lower order terms,

where the main term is bounded by

C1δε
2

∞∑

m=1

ρ(t)m

m! ‖Zm∂yω
R‖

H
8 · ρ(t)m

(m − 1)! ‖Zm−1∂yω
R‖

H
8

≤ C1δε
2‖∂yω

R‖2X8 ,

and the same bound holds for the lower order terms. Similarly, we have

I I6 � C1δε
2‖∂yω

R‖2X8 .

Estimates of I I4. Using the boundary condition of the vorticity, we deduce that

I I4 =ε2
∑

k≤8

∫

y=0
∂k

x ∂yω
R
ρ · ∂k

x ωR
ρ dx

= −
∑

k≤8

∫

y=0
∂k

x ∂y(−�D)−1(Ũ R · ∇(ωR + ωa) + U a · ∇ωR − Rω)ρ

· ∂k
x ωR

ρ dx
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− ε2
∑

k�8

∫

y=0

(

∂k
x

∫ ∞

0
|Dx |∂t u

(1)
p (t, x, z′) dz′

)

ρ

· ∂k
x ωR

ρ dx

− ε2
∑

k≤8

∫

y=0
∂k

x |Dx |ωR
ρ · ∂k

x ωR
ρ dx

=
∑

k≤8

∫

R2+
〈Dx 〉− 1

2 ∂k
x ∂y∂y(−�D)−1(Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR − Rω)ρ

· 〈Dx 〉 1
2 ∂k

x ωR
ρ dxdy

+
∑

k≤8

∫

R2+
∂k

x ∂y(−�D)−1(Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR − Rω)ρ

· ∂y∂
k
x ωR

ρ dxdy

− ε2
∑

k�8

∫

y=0

(

∂k
x

∫ ∞

0
|Dx |∂t u

(1)
p (t, x, z′) dz′

)

ρ

· ∂k
x ωR

ρ dx

− 2ε2
∑

k≤8

∫

R2+
∂k

x ∂y |Dx |ωR
ρ · ∂k

x ωR
ρ dxdy

�I I41 + I I42 + I I43 + I I44.

Since ∂2y (−�D)−1 is an L2 bounded operator, we get

I I41 � ‖〈Dx 〉8− 1
2 (Ũ R · ∇(ωR + ωa)

+Ũ a · ∇ωR − Rω)ρ‖L2
x,y

· ‖〈Dx 〉8+ 1
2 ωR

ρ ‖L2
x,y

.

Similar to estimates of I I1 − I I3, we can obtain

I I41 �C
(
1 + ‖ωR‖2X8 + ‖U R‖2X8

)
(ε2 + ‖ωR‖2

X8, 12
+ ‖U R‖2

X8, 12

)

+ C1δ
(‖U R‖2X8 + ‖ωR‖2X8 + ε4

)‖∂yω
R‖2X8 .

Notice that ∂y(−�D)−1 curl is also an L2 bounded operator. In a similar way as
I5 − I6 in Lemma 5.6, we can deduce that

I I42 � ‖〈Dx 〉8∂y(−�D)−1(Ũ R · ∇(ωR + ωa) + Ũ a · ∇ωR − Rω)ρ‖L2
x,y

· ‖〈Dx 〉8∇ωR
ρ ‖L2

x,y

� C‖〈Dx 〉8∂y(−�D)−1 curl(Ũ R · ∇(U R + U a) + Ũ a · ∇U R − R̃)ρ

‖L2
x,y

‖∇ωR‖X8

� Cε−2‖〈Dx 〉8(Ũ R · ∇(U R + U a) + Ũ a · ∇U R − R̃)ρ‖2L2
x,y

+δε2‖∇ωR‖2X8

≤ Cε−2(1 + ‖U R‖2X8 + ‖ωR‖2X8

)

(‖U R‖X8 + ‖〈Dx 〉9U R
ρ ‖L2)2 + Cε2 + δε2‖∇ωR‖2X8 .
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For I I43, we get by Sobolev embedding and Lemma 5.2 that

I I43 �Cε2 + Cε2‖ωR‖2X8 + C1δε
2‖∂yω

R‖2X8 .

For I I44, we have

I I44 � 1

4
ε2‖∇ωR‖X8 + C1ε

2‖∇〈Dx 〉9U R
ρ ‖2L2 .

In all, we conclude that

I I4 ≤C
(
1 + ‖ωR‖2X8 + ‖U R‖2X8

)(
ε2 + ‖ωR‖2

X8, 12
+ ‖U R‖2

X8, 12

)

+ δC1
(‖U R‖2X8 + ‖ωR‖2X8 + ε2

)‖∇ωR‖2X8 + 1

4
ε2‖∇ωR‖X8

+ C1ε
2‖∇〈Dx 〉9U R

ρ ‖2L2

+ Cε−2(1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖X8 + ‖〈Dx 〉9U R
ρ ‖L2

)2
.

Thus, by taking δ small enough, we obtain

−ε2
∞∑

m=0

ρ2m

(m!)2 〈Zm�ωR
ρ , ZmωR

ρ 〉
H

8

� 1

2
ε2‖∇ωR‖2X8 − C

(
1 + ‖ωR‖2X8 + ‖U R‖2X8

)(
ε2 + ‖ωR‖2

X8, 12
+ ‖U R‖2

X8, 12

)

−C1ε
2‖∇〈Dx 〉9U R

ρ ‖2L2 − C1δ
(‖U R‖2X8 + ‖ωR‖2X8

)‖∇ωR‖2X8

−Cε−2(1 + ‖U R‖2X8 + ‖ωR‖2X8

)(‖U R‖X8 + ‖〈Dx 〉9U R
ρ ‖L2

)2
.

Now, the proposition follows by summing up Steps 1–3. ��

7. Proof of Theorem 1.1

This section is devoted to the Proof of Theorem 1.1.
First of all, the local well-posedness of the Navier–Stokes equations in the

analytic space can be proved by following the energy estimates in Section 4. More
precisely, there exists Tε > 0 depending on ε so that the solution of (1.1) has a
unique solution (uε, vε) in [0, Tε] that satisfies

(uε, vε) ∈ C
([0, Tε]; X N )

, ∇x,y(u
ε, vε) ∈ L2(0, Tε; X N ).

Moreover, let T ∗ be the maximal existence time of the solution; the solution can
be extended after t = T ∗ if

‖(uε, vε)(t)‖X9 + ‖∇(uε, vε)(t)‖X8 ≤ C for any t ∈ [0, T ∗).
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Let us first assume Lemmas 5.1 and 5.2 so that Propositions 5.3 and 6.1 can be
applied. We introduce

E(t) � ε−2‖U R(t)‖2X8 + ε−2‖〈Dx 〉9U R
ρ ‖L2 + ‖ωR(t)‖2X8 ,

F(t) � ε−2‖U R(t)‖2
X8, 12

+ ε−2‖〈Dx 〉9.5U R
ρ ‖L2 + ‖ωR(t)‖2

X8, 12
,

G(t) � ‖∇U R(t)‖2X8 + ‖∇〈Dx 〉9U R
ρ ‖L2 + ε2‖∇ωR(t)‖2X8 .

Propositions 5.3 and 6.1 ensure that

1

2

d

dt
E(t) + λF(t) + 1

4
G(t)

� C
(
1 + E(t)

)
(ε2 + F(t) + E(t)) + C1

(
δE(t)ε−2 + ε2 + δ

)
G(t),

where C1 is a constant independent of δ.
We first take ε and δ small enough so that C1(ε

2 + δ) ≤ 1
16 . Then we obtain

1

2

d

dt
E(t) + λF(t) + 1

8
G(t)

� C
(
1 + E(t)

)
(ε2 + F(t) + E(t)) + C1δε

−2E(t)G(t). (7.1)

Next we choose λ = 4C and T1 > 0 so that

ρ(t) ≥ 1 for t ∈ [0, T1], 8CT1 ≤ 1.

Let T = min(Ta, T1). Then it follows from (7.1) and a continuous argument that
the solution of the Navier–Stokes equations exists on [0, T ] and the error satisfies

E(t) = ε−2‖U R(t)‖2X8 + ε−2‖〈Dx 〉9U R
ρ ‖L2 + ‖ωR(t)‖2X8 � 2ε2

for any t ∈ [0, T ]. In particular, it holds that

ε−1
2∑

k=0

‖∇k
x U R(t)‖L2 + ‖ωR(t)‖L2 � Cε

for any t ∈ [0, T ]. Then the Sobolev embedding implies Theorem 1.1.

Acknowledgements. Zhifei Zhang is partially supported by NSF of China under Grant
11425103. We thank Dr. Tao Tao pointed out a gap in a preliminary version.

8. Appendix

In this appendix, we prove thewell-posedness of the Euler equations and the Prandtl
equation in the analytic space. The proof of well-poseness of the linearized Euler
equations and Prandtl equation is similar, and is thus omitted.
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8.1. Well-posedness of the Euler equations

Let us first introduce analytic norms

‖U‖2Y s
def=

∞∑

m=0

ρE (t)2m

(m!)2 ‖∂m
y UρE ‖Hs ,

‖U‖2
Y s, 12

def=
∞∑

m=1

ρE (t)2m−1m

(m!)2 ‖∂m
y UρE ‖2Hs +

∞∑

m=0

ρE (t)2m

(m!)2 ‖∂m
y 〈Dx 〉 1

2 UρE ‖2Hs ,

where ρE (t) = 2 − λE t ≥ 1 with λE defined later.

Proposition 8.1. Let (u0, v0) satisfy (1.5). Then there exists TE > 0 so that the
Euler equation (1.2) has a unique solution U e = (ue, ve) in [0, TE ], which satisfies

‖U e(t)‖2Y N � C, ‖∂k
t U e(t)‖Y N−k ≤ C k = 1, 2

for any t ∈ [0, TE ].
Proof. Here we just present a priori estimates of the solution. We consider the
vorticity equation

∂tω
e + U e · ∇ωe = 0.

Acting ∂m
y eρE (t)〈Dx 〉 on the both sides of the above equation and taking H N−1 inner

product with (
ρm

E (t)
m! )2∂m

y ωe
ρE
, we obtain

1

2

d

dt
‖ωe‖2Y N−1+λE‖ωe‖2

Y N−1, 12
�

∞∑

m=0

ρE (t)2m

(m!)2 〈∂m
y (U e · ∇ωe)ρE , ∂m

y ωe
ρE

〉H N−1 .

Following the proof of Lemma 4.2, it is easy to show that

∞∑

m=0

ρE (t)2m

(m!)2 〈∂m
y (U e · ∇ωe)ρE , ∂m

y ωe
ρE

〉H N−1 � C‖U e‖Y N−1‖ωe‖2
Y N−1, 12

.

To close the estimates, we have to recover the estimates of the velocity. Here, by
the definition of vorticity, we have

�ve = ∂xω
e, ve|y=0 = 0.

Using the energy method, it is easy to show that

‖∇x,yv
e‖Y N−1 � C‖ωe‖Y N−1 .

Notice that

∂x ue = −∂yv
e, ∂yue = ωe + ∂xv

e,

which implies that

‖∇x,yue‖Y N−1 � C‖ωe‖Y N−1 .
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On the other hand, we can deduce by using the velocity equation that

1

2

d

dt
‖U e

ρE
‖2L2

x,y
≤ C‖U e

ρE
‖3H2 .

In all, we deduce that

1

2

d

dt

(‖ωe‖2Y N−1 + ‖U e
ρE

‖2L2
x,y

) + λE‖ωe‖2
Y N−1, 12

≤ C
(‖ωe‖Y N−1 + ‖U e

ρE
‖L2

x,y

)‖ωe‖2
Y N−1, 12

+ C
(‖ωe‖Y N−1 + ‖U e

ρE
‖L2

x,y

)3
.

Here we take λE = 4C M
1
2 and TE > 0 so that

ρE (t) ≥ 1 for t ∈ [0, Te], CTE M ≤ 1

2
.

Then a continuous argument ensures that

‖ωe(t)‖Y N−1 + ‖U e
ρE

(t)‖L2
x,y

� C

for any t ∈ [0, TE ]. This gives the first estimate. The second estimate can be
deduced by using the equation. ��

8.2. Well-posedness of the Prandtl equation

We denote by Hs
c the conormal Sobolev space, whose norm is defined by

‖U‖Hs
c

def=
∑

k+	�s

‖Z̃ k∂	
x U‖L2

x,y
.

Let us introduce some weighted analytic norms:

‖U‖2Xs
w

def=
∞∑

m=0

ρP (t)2m

(m!)2 ‖eφ Z̃mUρP ‖2Hs
c
,

‖U‖2
X

s, 12
w

def=
∞∑

m=1

ρP (t)2m−1m

(m!)2 ‖eφ Z̃mUρP ‖2Hs
c

+
∞∑

m=0

ρP (t)2m

(m!)2 ‖eφ〈Dx 〉 1
2 Z̃mUρP ‖2Hs

c

+
∞∑

m=0

ρP (t)2m

(m!)2 ‖zeφ Z̃mUρP ‖2Hs
c
,

where ρP (t) = 2 − λP t ≥ 1 and φ(t, z) = ρP (t)z2 with λP defined later.
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Proposition 8.2. Let (ue, ve) be given by Proposition 8.1. There exists TP > 0 so
that the Prandtl equation (1.6) has a unique solution (u p, v p) in [0, TP ], which
satisfies

‖u p‖X N−3
w

+ ‖v p‖X N−4
w

� C,

‖∂2z u p‖X N−5
w

+ ‖∂2z v p‖X N−6
w

≤ C.

Proof. Again, we just present a priori estimates of the solution. We introduce a
new function

u p = u p + e−2φ(t,z)ue(t, x, 0) � u p + g.

It is easy to verify that u p satisfies

∂t u
p − ∂2z u p + F p = 0,

where F p is given by

F p = u p∂1u p + u p∂1ue(t, x, 0) + (ue(t, x, 0) − g)∂x (u
p − g) − u p∂x g

− g∂x ue(t, x, 0)+
(

z∂yv
e(t, x, 0)−

∫ z

0
∂1u p dz′)∂z(u

p − g) − ∂t g + ∂2z g.

Acting eφ Z̃meρP (t)〈Dx 〉 on both sides of the equation of u p, and taking H N−3
c inner

product with (
ρP (t)m

m! )2eφ Z̃mu p
ρP , we obtain

d

dt
‖u p‖2

X N−3
w

+ λP‖u p‖2
X

N−3, 12
w

−
∞∑

m=0

ρP (t)2m

(m!)2
〈
eφ Z̃m∂2z u p

ρP
, eφ Z̃mu p

ρP

〉

H N−3
c

= −
∞∑

m=0

ρP (t)2m

(m!)2
〈
eφ Z̃m F p

ρP
, eφ Z̃mu p

ρP

〉

H N−3
c

.

For the dissipation term, we have

−
∞∑

m=0

ρP (t)2m

(m!)2
〈
eφ Z̃m∂2z u p

ρP
, eφ Z̃mu p

ρP

〉

H N−3
c

= ‖∂zu p‖2
X N−3

w
−

∑

k+	≤N−3

∞∑

m=0

ρP (t)2m

(m!)2
〈[Z̃ keφ Z̃m, ∂z]∂	

x∂zu p
ρP

, Z̃ k Z̃m∂	
x u p

ρP
eφ

〉

H N−3
c

−
∑

k+	≤N−3

∞∑

m=0

ρP (t)2m

(m!)2
〈
Z̃ k Z̃m∂	

x∂zu p
ρP

, [Z̃ keφ Z̃m, ∂z]∂	
x u p

ρP
eφ

〉

H N−3
c

≥ (
1 − δ

)‖∂zu p‖2
X N−3

w
− C‖u p‖2

X
N−3, 12
w

.
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For the other term, we have

∞∑

m=0

ρP (t)2m

(m!)2
〈
eφ Z̃m F p

ρP
, eφ Z̃mu p

ρP

〉

H N−3
c

≤ C
(
1 + ‖u p‖2

X N−3
w

)(
1 + ‖u p‖2

X
N−3, 12
w

) + 1

2
‖∂zu p‖2

X N−3
w

.

One can refer to [38] for more details.
In all, we deduce that

d

dt
‖u p‖2

X N−3
w

+(
λP −C−C‖u p‖X N−3

w

)‖u p‖2
X

N−3, 12
w

+
(
1

2
− δ

)

‖∂zu p‖2
X N−3

w
≤ C.

With this, a continuous argument ensures that there exists Tp > 0 so that

ρP (t) ≥ 1, ‖u p(t)‖2
X N−3

w
≤ C

for any t ∈ [0, Tp]. This implies the first estimate. For the second estimate, one can
first prove that

‖∂t u
p(t)‖2

X N−5
w

≤ C.

Then the desired estimate can be deduced by using the equation of u p. ��

8.3. Proof of Lemmas 5.1 and 5.2

First of all, Proposition 8.1 gives the existence of the solution (u(0)
e , v

(0)
e ) of (2.1)

and (2.2) with the bound

‖(u(0)
e , v(0)

e )‖Y N ≤ C.

With (u(0)
e , v

(0)
e ), Proposition 8.2 gives the existence of the solution (u(0)

p , v
(1)
p ) of

(2.8) and (2.9) with the bound

‖u(0)
p ‖X N−3

w
+ ‖v(0)

p ‖X N−4
w

≤ C.

Next, we can solve the linearized Euler equation (2.3) and (2.4) in Y N−5. Finally,
we solve the linearized Prandtl equation (2.11) and (2.12) in X N−8

w . Then Lemma
5.1 follows easily.

While, Lemma 5.2 can be deduced by using Lemma 4.4. Here we omit the details.
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