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Abstract
In this paper, we investigate the global well-posedness for the three dimensional
inhomogeneous incompressible Navier—Stokes system with axisymmetric initial
data. We obtain the global existence and uniqueness of the axisymmetric solution

provided that

H % H and ||u8 I3 are sufficiently small.
r lloo

Furthermore, if ug € L!and rug e L' N L%, we have the decay estimate

[l

lu? )13 + IV @eg) )13 + 1) (lul 13 + 1 Awen))13) < Clr)72,
Vit>DO0.

1. Introduction

In this paper, we consider the initial value problem of three dimensional inho-
mogeneous incompressible Navier—Stokes equations with the axisymmetric initial
data:

3 p +div(pu) =0, (r,x) € Rt x R3,
0:(pu) +div(ipu ® u) — Au+ VII =0,
divu =0, '
(0, Wli=0 = (po, ).

2

(1.1)

where p, u = (u', %, u?) and IT stand for the density, the velocity of the fluid and
the pressure, respectively.

The global weak solution to the above system was constructed by SiMON [17]
(see also Lions [13]). However, the problem of uniqueness has not been solved.
The regularity of such a weak solution in three dimensions has becomes one of the
open problems in the mathematical fluid mechanics.
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In the case of the smooth initial data without vacuum, LADYZENSKAJA and
SoLoNNIKOV [10] addressed the question of the unique solvability of the initial-
boundary value problem for the system (1.1) in the bounded domain, and DANCHIN
[5,7] established the well-posedness of system (1.1) in the whole space R¢. While
there has been some recent progress along these line, we recall that, unless the
initial data have some special structures, it is still not known if system (1.1) has
a unique global smooth solution with the large smooth initial data, even for the
classical Navier—Stokes system, which corresponds to p = 1 in (1.1).

The global well-posedness result for the classical axisymmetric Navier—Stokes
system was first proved under a no swirl assumption, independently, by UKHOVSKII
and YUDOVICH [19], LADYZHENSKAYA [9]; see, also [12] for a refined proof. In a the
previous work [4], we established the global well-posedness result for the classical
axisymmetric Navier—Stokes system provided that the initial swirl component ug
is sufficient small, that is,

1
lufllz < Eexp{ — Cllugll3 (nwgné

4
0 % 3
, u -
+<”TO ll2 + 11852 ||2) ||uo||§)}, (1.2)

r

where the right hand side of the above inequality is scaling invariant. In [4], we
also proved the global regularity of the solution under the assumption that

2 3 3
rdueeL[T’(Lz), where —+—-<1-d, —— <gq
P q 1—d
2
00, —— < p<o0, 05d < 1.
1—-d

A

Specifically, we proved that if there exist « > 0 and C > 0 such that
rlu?| < Cr%, almost everywhere (t,x) € (0, T) x R, (1.3)

then u is regular. Recently, LE1 and ZHANG [11] and WE1 [20] gave some technical
improvements, especially the blow-up criteria of the solutions. They improved the
regularity criteria (1.3) to

sup rlul| < Cllnr|™F, r <6, (1.4)
0<t<T

withg =2in[l1]and 8 = % in [20]. These works imply that the three dimensional
classical axisymmetric Navier—Stokes system is in fact “critical”.

For the inhomogeneous Navier—Stokes equations (1.1), ABIDI and ZHANG [2]
obtained the global smooth axisymmetric solution without swirl when || “r—o lloo 18
sufficiently small, where ap = % — 1. Inspired by [2,4], we assume that the solution
of (1.1) is axisymmetric, that is,

p(t,x) = p(t,r,x3), II(t, x) =TI(t, 1, x3),
u(r, x) = u'(t,r, x3)e, +u’(t,r, x3)eg + u’(t, 1, x3)€3,
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where

e = (> 2,0), e =(-2210), =001, r=/aF+x
r r r r

Then, from (1.1), we have

oap+u-Vp=0,

pdu’ + pu - Vu' — (A — Ly’ — W 0,11 =0,
pdul + pu-vul — (A — 1 Dyu? + ,0 =0,

(1.5)
pou’ + ou - Vud — Au + a3IT =0,
opu” + u +d3u’ =0,
W1 u?)]—g = (ufy, ul), ul).
We can also compute the vorticity @ = curl u as follows:
w=0uw"e +a’e +v’es, (1.6)
with
u?
o = —u’, o = hu" — dus, @ =du’ + —. (1.7)
r

Furthermore, we can deduce the equations of vorticity

%o +u- VS +a3( (A—r—z) u‘9>—(a)’8r+w383)u’=0,
ho! +u- Ve — a5 (L ((a—L%)w —a.m))+a (L (aud - 5317))

2u dgu o ? 0
wo
50 +u- Vol — (3 + )(}) (a=L)u") = @, +opu’ =0,
(@, 0, @%)]i=0 = (0, &f), 0}).

(1.8)
We state our main theorem, where we set (@, I') = ( ) o(t) = min{z, 1},

(1) = T+ 12

r’r

Theorem 1.1. Assume (po, Wg) is axisymmetric, ay = plo —1elL’nL>, “r—" €
L® ug € H and Iy, @9 € L, 0 < m < pg < M with some positive constants
m and M. Then there exists a positive time Ty so that the system (1.1) has a unique
solution (p, ) on [0, Ty), satisfying that for any T < Ty,

p € L®0,T;R%, ue (0, T]; H'(R), and Vu € L*(0, T; H'(R?)),

sup (0w 13 + 18O, + IVADID) + f3 0@ Vuy (03 dr ) < .

tel0,T]
(1.9)
In addition, there exists a positive constant C = C(m, M), such that if

et |22 ] ot < . |7 61341 90003) < mat foi+1201R),
(1.10)
where
1 3
m = 55 exp (~ClluolB(I Foll2 + 120l12) (1)
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then the solution (p, ) is global, that is T, = oo. Furthermore, assuming that
w € L! ana’rug e LY NL% we have

.,a

Ib()112, + (D IVD@12, + (1) | by, AB)D)[2, < C(1)72, (1.12)
3
lru? 0113 < C(1)~2
(1.13)
ub 113 + IV WPea) D13 + () (lul )13 + |AwPen)@)II3) < C(r)~2.
Remark 1.1. From the above theorem, we can obtain the global existence of the

smooth axisymmetric solution for the three dimensional inhomogeneous incom-
pressible Navier—Stokes system when

J!

H 90 ” and ||u8 I3 are sufficiently small.
r oo

It is well-known that the system (1.1) possesses a structure of scaling invariance:
if (p, u, IT) is a solution of the system (1.1) on a time interval [0, T'] with initial
data (po, uo), then (o, u,, I1,), defined by

wp(t, x) = Au(Pt, ax), It x) = AT (3, 0x),  palt, x) = p(At, Ax),

is also a solution of the system (1.1) on the time interval [0, 22T with the initial
data (po(Ax), Aug(rx)). We attempt to obtain the global well-posedness result
mostly under some scaling invariant conditions. Fortunately, the inequalities (1.10)
are indeed scaling invariant. If we choose pg = 1 in Theorem 1.1, we can obtain
the global well-posedness result for the three dimensional classical axisymmetric
Navier—Stokes system when

s < 5 exp (~Clluol 3 Tl + 19012)). (1.14)

The above small condition is better than (1.2). If we choose ug = 0in Theorem 1.1,
we can obtain the global well-posedness for the three dimensional inhomogeneous
axisymmetric Navier—Stokes system without swirl when

1
5 &P (=Clluol3I roll2) 17013 (1.15)

This small condition is much clearer than the one in [2].

[ arvuold + ot i <

Remark 1.2. In [2] (Section 3), Abidi and Zhang obtained the following decay
estimates,

(T[]

)12, + O IV, + 1)1, Aw @2, < Clr)~3.

The decay estimates (1.16) also hold for the non-axisymmetric case. One cannot
obtain any special behavior for the axisymmetric case from (1.16). In Theorem
1.1, we obtain that the swirl component u? will share better decay estimates than
(u”, u?). One can easily show that these decay estimates are optimal under the
conditions pg = 1,ug € L' N H? and ruf € L' N L.

(1.16)
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Thanks to the blow up criteria (for example, see [8]), to prove the global well-
posedness result, we only need to prove that || V||, «.> is bounded forall 7' > 0. For
T

the axisymmetric solution of (1.1) without swirl, for example, the authors used the
homogeneous case [9,12,19] or the inhomogeneous case with || “70 lloo sufficiently
small [2] to prove

IC(0)]3 < constant, Vit € (0, 00),
then
IVulls ~ |w’|l2 < constant, Vt € (0, 00).

However, when the solutions have nonzero swirls, the estimate of || I" (¢) || depends
on many more complicated terms. For the homogeneous case, we found in [4] that
the system of the pair (@, I") has some good structures, and easily showed that

IC O3+ 12 (0)))5 £ constant, Vi € (0, 00).

In such a sense, we consider the following system: for the pair (&, I'):

09 +u- Vo + Loy (L (A= L)ub) - @5+t =0,
or +u- VI = Loy (Loa - o —o.m) + Lo, (Law? — o))
2% = 0.
(1.17)

If we assume a = % — 1,al,=0 = 0, we also have the following important new
identity:

1d 2 2 2 2
2dt(ll‘ipllz + 1) + IVel; + VI3

r N a 3

= (0" 0 +w33)— @ —2I'P + — (0w

R3 r r
r a 9 a 9
—030")03D — — (330" — 3, 113" — —(8,0” + T + 8317)3,1“} dx.
r r

This is the key to obtaining some a priori estimates for the solutions of the in-
homogeneous axisymmetric Navier—Stokes system (1.5). However, this identity
contains many more complicated terms compared with [4]. Fortunately, this can
be controlled by estimates (2.16) and (2.23). Then we can reach the goal by the
continuous method under the small assumptions (1.10). We may need to point out
that there are two technical steps in our proofs:

(1) using || I"(¢)]]2 and the energy method to estimate ||w||> (see Lemmas 2.5 and
2.6);
(2) using the energy method to estimate || I7(¢)||2 + || (¢)]]2 (see Lemma 2.7).
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Furthermore, since there is no pressure term in the system of (w”, w?) (1.8), one
can use a similar argument as that in the homogeneous case [21], using ||b]| > to
estimate ||w” ||z + ||w? 2. However, in our case, we have to give a new estimate for
lw” ||l2 + |w?|l> in Lemma 2.5.

Notations. We denote V = (9,, 83), it = (u’,u’), b = u"e, + u’es. If f(x)is
axisymmetric, thatis f(x) = f(r, x3), we have

u-Vf=b-Vf=@ud+u'd)f
We introduce the Banach spaces L2, equipped with the norms
T 1 .
£l ra = (fo ||f(t)||§ dl‘)", Tf 1< p<oo,
! ess sup;co, 1)l f (Dllg, if p=o0,

where

”f(t)”q:{(fR3 |f(t,x)|‘1 dx)é, lf 1§q<00,

esssup,cr3 | f(t, x)|, if g=o0.

2. Preliminaries
From the Lemmas 2.2-2.4 in [4], we present the following proposition of the
axisymmetric velocity, which is frequently used in the axisymmetric system.

Proposition 2.1. Assume that (p, w) is the smooth axisymmetric solution of (1.1)
on [0, T'] with the initial data wy, and curl u = w, then we obtain:

()u=uey+V x (Yeg) = —d3yre, + ueg + 3, with
ul(t,r,x3), Ut r,x3), o (t,r,x3) € CHO, T; C*RF x R)),

and u (1,0, x3) = ¥ (1,0, x3) = 0’ (1,0, x3) = 0;
(ii) There exists a positive constant C = C(q), such that for all t € [0, T] and
1 <qg <o

- - u”
IVully + IV |ly + H7

< Cle’|ly, 2.1)
q

0
~ u
IVa?|l, + H7

S C|Vullg;
q

(iii)

u _1 O s
— =A"T03(I") —2—A""093(I).
r r

There exists a positive constant C = C(q), such that for all 1 < q < oo,

-~ u"
va_
r

~u"
VT SC@ T g, (2.2)
q

< C(g) 193(Mllg.
q
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and
Mr

1 1
||7||oo SCICI IV (2.3)
(iv) (Sobolev—Hardy inequality) If 0 < s < 2, g4 € [2,2(3 — 5)], then there exists

a positive constant Cy, s, such that for all f € Cg° (R3),

f

5
yaES

3—s 1 3_3=s

2 2
S CoslfllL™ “IVFL, ™.

g«
We can extend the properties in [2] to the axisymmetric velocity with nonzero
swirls, and have following identities.

Lemma 2.1. Under the conditions in Proposition 2.1, we have

1
(A_ﬁ>w=%w, (2.4)
1 0 3 r
A——=u =g — o, (2.5)
r
Al =-80"—-T, V.-0=0. (2.6)

Proof. The above identities can be deduced directly from (1.7) and the divergence-
free property of u. For instance,

1 6 2 2 1 1 0
(A—r—2x>u :<8r+83+;8r_r_2 u

0 1 1
= 8, <a)3 — MT> — 83wr + (;ay - }"_2> ue

= 0,0 — .

Using an argument similar to that in [2], we have

(A—%)u’ = (33+a§+%ar—ri2)u’
=39, (—”7 — 83u3> + 83(0? + 0,u7) + Ga — —2> u”
= 83609,
and
Aud = —9,0° — T
O

Then, we can give the following remark which is essential in the proof of
Theorem 1.1.

Remark 2.1. Set B = w'e, + w3e3, and
V.-B=0, VxB=(ho —da)eg.
Thus

Vo', Vol |, + @1, < CIVB|, £ Clldsw” — d0’],, 1<p<o0
(2.7
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2.1. A priori estimates

Now we shall present some a priori estimates in this section.
One can easily obtain the following lemma and omit the detail, see [13].

Lemma 2.2. Under the conditions in Proposition 2.1, we obtain that for all t €
[0, T,
O0<m<ps<M, (2.8)

and the energy inequality

1 t
5||ﬁu||%+/ Va3 < Cllugll3. 2.9)
0

For the convenience of the proof, we estimate the swirl component and the con-
vection term below. The proofs of these two lemmas will be given in the Appendix.

Lemma 2.3. Under the conditions in Proposition 2.1, we get that for all t € [0, T],

2
d 2 2 u?)? 4 4 10
= |vpah?| + | va?| + H—r < Clul3 IT I3 1 Vully . 2.10)
2

Lemma 2.4. Under the conditions in Proposition 2.1, we obtain that for all t €
[0, 7],

lu- Vi3 = llu- Va3 + u- V|3
4 4 10
< Gslal3 1T 13 1Vl +8UVe? 13+ 1113,  (2.11)
where § is sufficient small.

We now evaluate the terms || ||, and ||w?||2 by the system (1.8).

Lemma 2.5. Under the conditions in Proposition 2.1, we have
d - -
3 U013+ 10 12) + Ve 13 + V0?3 + 113
4 4 10 5
< Cslhall; 1T 115 IVully 48[ Vell3, (2.12)
forallt € [0, T, where § is sufficiently small.

Proof. Multiplying the equations (1.8); and (1.8)3 by &’ and >, respectively, and
using integration by parts and Lemma 2.1, we get

1d 2 32 / 1 3.2
~= — (30" — )2 d
2dz(”w 7+ llw’ll2) + R}p(w ro”)” dx
= / (00 + @B 0" + (00 + )P0’ dx
R3

=N+ + S+ s (2.13)
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Take v; = (", u?), v2 = (&, &, @) and ry as in (5.3). By similar calculus
to that in the proof of Lemma 2.4, we have

2 1y : o a :
||v1vz|r>ro||2<(/f |rzv]|drdx3) <// ol drdx3>
R Jro R Jry
1 1
[o)e] 3 o0 » bl
C(// |riv1|2drdx3> (f/ A% (r%vl) |2drdx3>
R Jro R Jry
o0 % o0 _ %
x(// |v2|2drdx3> (// |Vv2|2drdx3>
R Jro R Jrg

c 2
QIIUII2IIVUII2IIV<0II2

174N

[IA

A

2 2 s
Cllully 17115 [IVull3 Ve, (2.14)

and

P
2 2 U 2
" vl < ll7 = ro||7v2|I2
2ot 2 2
< Cro||V7|I2||vz||3
2 2
< Crglil 3 Vall2[Vela.

2 2 5
< Clluly 1713 1Vully Vel (2.15)

Using integration by parts, the Cauchy—Schwarz inequality, (2.1), (2.2), (2.14),
(2.15) and the fact (1.7), we obtain
J1 :f oru"w o dx
R3

= / —2u"w 0,0 —u" " ® dx
R3
= Clu" o |2Vl
S Clu |, <yl + 14" @ [~ r 12D [ V@lI2

Lo 5 3
= Clul 1713 IVull3 Vel

and

b =/ —u K(0 @) dx
R3
< Cllu"v2|l2(IVell2

< Clu"val, <y ll2 + 1" V215 pp 1) VO Ll2

Y 5 3
< Cllull; 17113 IVull3 [ Vell; -
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Similarly, using 9,u3 = zu" — o, we have

J3 = —/ o’ 0 @ dx
R3

=/ —/ / rTo" o rdrdxs —l—/ / Hu’ 0’ 0 rdrdxs
R Jr<rg R Jr>ry

§|J2|+rof |Fa)rw3|dx++// [u?]193(0’ 0®)| dx
rér() R Jr>rg

1 3
3 3 6
= 1Ll +rolll20IVally Vel + llu”valrsr 2 Vell2
oo 5 3
< 1Ll + Cluly 171 [IVally I Vell;

oo s 3
< Clul 1T 13 IVully Vel

and

A =/ _) 32 gy
R3

r

=/ 2u" 039, dx
R3
| 5

Y s 3
< Clull; 17113 IVull3 [ Vell; -

Combining the above inequalities, we get

1 1 5 3
N+ D+ T+ Ty < Clll 715 1Vl Vol ;
4 4 10
< Csllull3 1713 I Vully + 8] Vel3.

Recall that the density has lower bound p > m > 0 and (2.7), so we obtain (2.12).
O

We present an essential estimate of || Vul|, x> as follows.
T

Lemma 2.6. Under the conditions in Proposition 2.1, we obtain that for all t €

[0, T,
2 2
052 2 052
(TG PN CTENE A (TR
w? |’ ) 30 2 2
r \% v
+ H , L,2‘2 + ||u, ||Lt2,2 + ||u; ”er’z =+ | H”Ltz.z + | w”Ltz,z

< CUI@)?113 + I Vuoll3 + ||uo||;‘||r||i?o.2)exp(cnuon%nmu;o,z). (2.16)
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Proof. e The H' estimates of u”, u°.

Multiplying the equations (1.5); and (1.5)4 by d;u” and a3, respectively, using
integration by parts and the Cauchy—Schwarz inequality, we have

1d 2 32 W
Sar (IIVM 2 + 1Vulls + p

2
) + /Ul 13 + I1/pulll3

@’
=—(f pu-Vu'up —p u,+,0u~Vu3u;7’dx>
R3

w?)?

<cC (nu VU 3+ - Vil |3+ H

>+ (Iv/ouz ||2+||\/—“ ||z)
2.17)

e The estimates of IT and V&’ by the Stokes equation.
By Lemma 2.1, we can deduce the Stokes system

10! + 9,11 = —pdu’ — pu-Vu" + p% ,
9,0 + T+ KT = —p8,u3 — pu- Vi3,

Multiplying the above equations by 9,11 and 9311 respectively, using integration
by parts, the Cauchy—Schwarz inequality and the fact that »?|,—g = 0, we obtain

6 2
Ivi|3 = —</ ou - Vu' 9,11 — ,0( ) 3, H+pu-Vu3a3ndx)
R3
- (fR3 0o’ 3, 1T + pduosIT dx)
- (M9)2

C (nu VU I3+ lu- Vil |3+

2
)
+CUIVPur 13 + IVPu] 1) + 5 ||V17||2 (2.18)

Along the same lines, multiplying the above system by —d30? and 9,0’ + I
respectively, we have

w?)?

||Vw9||%+||r||%=f3(patuwpu-w —p )33600 dx
R

2
2)
2 32
+ CUVPUT I3 + I/pu? 13)
1
+ 5 UV I3+ 1T (2.19)

—/ (pdu> + pu - Vi) (8,0 + I') dx
R3

@’)?
r

<c (nu VU 3+ lu- Vit |3+ H
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Combining (2.18) and (2.19), we get
IVITI3 + Ve? 13+ 1713

2 3,2 w?)?
SCllu-Vu'||3 + llu-Vu'|5 + | ——

2
2)
r2 3112

+C (Ivpuf I + I/ 13) (2.20)
Combining the above estimates, (2.10), (2.11), (2.17) and (2.20), we obtain

2
%(H\/m@)?H}||Vu’||§+||w3||§+ HMT i) |+ (”f)z 2
(Pl 15 + I/pu 15 + IVITIE + Ve’ I3+ 1T13)
< C(u- Vi I3+ u- Vi 12 + Jull3 101 1Vl
< Gyl I 1V ully +501Ve’ 12+ 1T12). 2.21)

The inequalities (2.12) and (2.21) imply that

d 2 u”
= (Hmu%sz +1Va 1 + Va3 + H7

2
2 32
+ ll™ I3 + o ||2)
2

2|

r

2
#vern],+

2
+ (WU 13+ 1P 13 + IV I3 + Ve’ 13 + 1713

Ve 13+ IVe? 13 + 1213)

4 10

= CIIllIIZ%IIFIIEIIVHIIZT
1
< ¢ (lBIri3Ivaid)” dulir i vald)
< ClulI " 131V ull3 + Clluli2 | Fli2 ) Vull.
Applying Gronwall’s inequality and Lemma 2.2, we have (2.16). 0O
Using the ideas in [4], we consider the L? estimate of the pair (@, I') as follows.

Lemma 2.7. Under the conditions in Proposition 2.1, assume a = 1/p — 1 and
alr—o = 0, we obtain that for all t € [0, T],

1d 2 2 2 2
SPGB +ITI3) + IVe 1 + 19713
a
<c|?] ava+1ve’i.
r lloo

+ 02 + 13,0° — 830" 1) IV ll2 + V@ 1)
+Collu® 131V T2 VP2 (2.22)
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Proof. Multiplying the equations (1.17) by (@, I') respectively, we have

1. /1 1\
0= UP+u-Vo+ -3~ (Aa-=)u
R3 r P r

.
— (0, + w3a3)”—> . ® dx
r

1 1 1
+/ (8,F+u~VF——33 (— ((A——2>ur—8rﬂ)>
R3 r 1% r

1. (1 3 u®

-9, —(Au —3317) 2% 0) . rdx
r 1Y r

= 55(||¢||2+||F||2)+11 + L + 1.

Then, using integration by parts, (1.7) and Lemma 2.1, we obtain

11=/ l33<(1+a)<A—i2>u9>-czsdx
R3 T r
1 1\ , a 1\
[t ((s- A)) o2 ((s- 1)) mow
R3T r r r

2 a 3 r
= —|A+-0,|D - D — —(0,w” — O30") - 03P dx
R3 r r

o
= ||v<p||§—2n// 9, (P)? drdxs —/ 2 (0,0° — 8300") - 3@ dux
R JO R3 T

— Vo3 + 2n/ ®2|,—o drdxs — f 20,0 — B30 - 030 dx
R R3 F
2 a 3 r
> Vo3 — | —(8,0° — B0") - 03 dx.
R3 T
Similarly, since we have the assumption a|,—¢ = 0, we get
1 1
Iz:/ ——d|((+a) A——=u =911
R3 r r
1 3
-0, ((1 ta) (Au - 3317))) I dx
1
= / <——83(<1 +a)(330” — 9,11))
R3 r
1
—;8,((1 +a)(00? + T + 3317))) - T dx

1 1
_ / - (A - —2> o T+ (@30 — 0,1T) - 95T
R3S T r r

+ 20,0 + I + 9501)0, T dx
.

829
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2
=/ —(A+—ar>F-F+f(agw9 — o 00) - 05T
R3 r r
+ 28,0 + T + 9;01)3, T dx
-
o0
2 2 a 0
= ||VI"||2—2nf / or(I') drdx3+/ —(03w” — 0, IT) - 03"
R JO R3 ¥
+28,0° + T + 9;01)3, T dx
-
=Wﬂ&mj/ﬂmwm+/fﬁw—mmﬂw
R R3 T
+20,0" + T + 930, T dx
r
2 a 0 a 0
> V|5 + —(Bw” —0.11) - 331" + — (0, + I'" 4 0311)0, 1" dx.
R3 T r

Using a calculus similar to [4], (2.2) and Sobolev—Hardy inequality in Proposition
2.1, we have

3. U1 u?
|13 = / —(0"0 +@’03)— P +2—& I dx
R3 r r

00 r ) 0 r 0
- 271// (83u98ru—d5— rru )33u—@> 128 0. I rdrdx
R JO r r r

r

P u” u”
= —u’ | 030, —® + 9, — 03P | dx
R3 r r
6

+ W a9 u_rq) £ ® “o.r
03 + 03—0 +2 I dx
R3 r r r

r

u r
o —
r

u
85— = 1=
;

r r 0
/ u® <—a,“—agcp + 33u—8r(p) 2% 0. rax
R3 r r r
103P]2 +

0
= llu’lls (
6

S CI? IV 20V .

n&¢m>+mm%3
6

1 1
r23lir213

Combining the above estimates, we get (2.22). O

Lemma 2.8. Under the conditions in Lemma 2.7, we obtain that for all t € [0, T],

a ap 3 L 1
[4] oo < 22 oo (Furizatoria). 2.23)
r Lt ’ r oo Lt Lt
Proof. It follows from the transport equation of (1.5) that
da+u-Va=0, (2.24)
and .
o +u-vipe Loy (2.25)
r roorr

which yields (2.23), by applying (2.3). O
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3. Proof of the Well-Posedness Part of Theorem 1.1

In this section, we are going to complete the proof of the well-posedness part
of Theorem 1.1. It is well known that if the initial data (pg, ug) satisfy

0<m<pg<M, wupeH',

then the system (1.1) has a unique local solution (p, u) on [0, T}) satisfying (1.9)
(see [18] for instance).

We mollify the initial data (po, ug) as following. Let J¢ = 3 J (%, ) be
mollifiers, with

0SJ<S1, suppJ c{0Sr<2,—-1Sx35 13,

1 1 1
J=1, ifxel0<r< -, ——<x3< -4, /de:l,
2 2 2
and
& __ g€ e e __ g
po=J"*%p0—(J"*(po—1))(O0,x3), uy=J"*ug. (3.1)

Obviously, pg, ug are still axisymmetric. we claim that the system (1.1) has a
unique global smooth axisymmetric solution (p?, u®) with the initial data (,08, u(g)),
provided that (1.10) is satisfied. Then the conclusion of the global existence of the
solution in Theorem 1.1 follows from uniform estimates (2.8), (3.5), and a standard
compactness argument.

There are some properties of the initial data (o, ug). For the convenience of
the reader, we give the proof of the following lemma in the Appendix.

Lemma 3.1. If ¢ is sufficient small, and pg satisfies 0 < m < pg < M, then

po =1, ifr =0,
m M
0<" <<l
=2 =M=7
—1
|,08—1|<C"00—H ’.
r o0

It is easy to show that ag, up € H*°. From the local well-posedness result in
[6] (Corollary 0.8) and [3], it ensures that the following system derived from (1.1)
admits a unique axisymmetric solution (a®, u®, VI1?) in [0, 7)),

dra + div(au) = 0,

ou4+u-vVu— (14+a)Au+ (1 +a)VIT =0,
diva = 0,

(a, w)|;=0 = (ao, up)

(t,x) e RT x R>.

For any T¢ < T, the solution satisfies

a® € C([0, T*]; HY), u® € C(0, T*1; H)NL'(0, 7% H'*),

3 , 5
VII¢ € L'(0,T%; HY), s> >
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Then, using the method of proof by contradiction, we will show that the maximal
existence time 7,7 = oo follows, provided that (1.10) is satisfied.

Without loss of generality, we denote p = p®,u = u®, [T = I1¢, and so on,
and we assume T, < o0.

Lemma 3.2. We claim that a|,—y = 0.
Proof. We can define the unique trajectory x (¢, x) of u(¢, x) by
afx(tvx)zll(tvx(tv-x))’ X(O,X):X.

Since u”|,—¢ = u?|,—o = 0, we have that X (¢, (0, 0, x3)) = (0, 0, x3(¢, x3)) is the
trajectory from the initial point (0, 0, x3), satisfying

d x>t x3) = ul(1, (0,0, x3(1,x3))), %30, x3) = x3.
Therefore, by (2.24), we have
a(t, X (t, (0,0, x3))) = ap(0, 0, x3) = 0.
O

Lemma 3.3. There exists a positive constant Cy, such that if T, > N £ C|luyg ||‘2‘,
then

t
Va3 + / IVu(0)|I3 + IV (r)|3dt £ C Vi €[N, Ty). (3.2)
N

llao I3
Proof. By (2.9), there exists a positive constant K, such that
T*
sup [u(?)[lz + Vullz = Ki|lugll3.
1€[0,T%) 0

Then, there exists a time 7y € (0, N), such that

u 2
Va3 < K1) 13”2
Thus
2
lu(to) 1311 Vu(ro) |3 < C—j

From an argument similar to that in the proof of a priori estimate revealed in
Lemma 2.2 in [2], one can easily obtain that

d
a||Vu||%+||ﬁuz||%+||v2u||%+||vn||%gKz||u||z||Vu||z||v2u||%, 1 € [to, Ty).

We can pick that C; > 4K 12K22 is sufficiently large. By using the continuous
method, it is evident that

K

t
Va3 + f IVu@ + IV (D)5 dr < [Vu@o)|; S ————,
1 Cilluol13

re [t()’ T*)
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Now, we can deduce the contradiction by the continuity method.
Let C» = 4Cp, where Cy is a positive constant in (2.22). We assume that there
exists a maximal time Ty < min{T}, N}, such that for all ¢ € [0, Tp),

1 (3.3)

1713 sz IR s + IVTI2, < 2010013 + 1 DolI3).
t 1 t
1) oo < 5

Then, from (2.22) and Hoélder’s inequality, we obtain that for all ¢ € [0, Tp),
d ~ -
SUPB+ITIRD +IVR3 + 1V

~ ~ a
< (VOB +IVI|3) + cn;néo(uvnuz + IV 2 + 1T 1I2

N =

+0,0* — d300"|2)°.
Using (1.10), (2.16), (2.23) andt < Ty < N = C||uo||‘2‘, we have

2 2 S 2 S 2
191 e 17 + 19PN + VT

<13+ 12013+ C | 2] exp@NF ol + 120l (16?13
+IVuoll3 + lluoll3 (1 70115 + 110 l13)) exp(Clluol3 ([ Toll2 + 1Poll2))
<ol + 120l + € |7 1613+ 1vuol
+ lluo 131 70113 + 1®ol13)) exp(Clluol13 (1 Toll2 + | Poll2)
< ;(IIFOII% + IPol3).

Multiplying the equation (1.5)3 by (#?)2, and using integration by parts, we have

2 8 3 -
LIV IDIE + 172 @)’

1
3 [vau®?
.
= —/ pu— |u9|3dx
R3 r
u” 3
< H; INZIORY
o0

Then, by (2.3) and (1.11), we obtain

2
.

L:vm)

3
Cllublls exp(CNE (| Toll2 + 1 Poll2))
1
2C,°

P
0 0 u
flu IlLtoos < Clluglls exp (C HT

[IA

[IA

Applying the continuity method, we have the conclusion that 7o = min{7, N},
and (3.3) holds for any ¢ € [0, Tp).
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Moreover, combining (2.16) and (3.3), we obtain that for any ¢ € [0, T),
IVl + IV2ul75 + VI, < CG, (3.4)
where

G = CUI@d) 13 + IVuol3 + llwoll3 (I To 13 + 11PolI3))
exp(Cllug 3 (1 1013 + 1ol13)).

Recall Lemma 3.3 and the conversation law (2.9), we have that for all t < T,

t
9017 oo 0.09: 1y + /0 Va3, + IV (D)3 dr £ CG+C (3.5)

lluo I3

Thanks to the calculus in [8] and the blow up criteria (See Proposition 0.6 in
[6], for instance), we deduce the contradiction with the fact that 7, is the blow up
time of the solution. Thus, we obtain that 7, = oo, and finish the proof of the
well-posedness part of Theorem 1.1. O

4. Proof of the Decay Estimates Part of Theorem 1.1

When ug € L'(R?), from the proof in [2] (Section 3), we can obtain the decay
estimates (1.16) and omit the details.
Proof of the decay estimate (1.13).

e The decay estimate of ||ru® ||§.

From (1.5), we have

03 (ru®y + pu - V(ru®) — (A — %a) (ru’y = 0. 4.1

Multiplying the equation by |ru®|?~%ru?,1 < p < oo, and using integration by
parts, we get
0 0
lru” @)l p = llrugllp-

Then, we can easily obtain that
lru? @1 < lrudlly. (4.2)

Moreover, if [[ruf) |l 1772 < C, from (4.1), we have
ld 012 AT
Eallﬁru 5+ IV@ru”)|; = 0. 4.3)
By the Sobolev embedding theorem and (4.2), we obtain
0 0,3 NS
lru”lla = Cllru® |7 IVru”)|;
2 3
< Cllrud IS 1V ru?)lI5

< v 4.4)
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From (4.3)-(4.4), we have

d 5 5
anﬁru@n% < —C(ru?13)3 £ —ClVpru’|3)3,

and

13 < € < 1 /prul 13 < Cle) 3. 4.5)

e The decay estimate of ||u? (f) ||%.
Multiplying the equation (1.5)3 by u?, we have

ur
—/ ;o—(ug)2 dx
R3 r

r
u
C|l—
r

L Bl 12+ v 12 + |
FX TR M S e N

[IA

4
1

lu® 13 + = IVu?|3. (4.6)
5 2

Applying the decay estimates (1.16), we obtain

4 13
luf 15 < C(t)~ 2.

2

2
u?
r

d
5||ﬁu9||%+’

gc‘“

2

Set (1) = {x|r £ M~2g(1)"}, g(t) = ¥ (1+1)72,y > 3. From (4.5), we
get

d d
anﬁu%)u% + g2 I/pu’ )3 = Enﬁu@n% +g(1)?

</ plu? > dx +f plu?)? dx)
S(t) S()°

d u?
< —||ﬁu9||%+/ Cracse? [ plfPax
dt NORA

S()e

<o+ me0? [ P ax
O

<C) 7 + Mg Iru’ I3

<ci,

and
7

foo o _7
gfo g(1) dr”ﬁue(t)”% g I /—p0u8”% + C/ efo g(s) ds(‘l,') 3 dt.
0

. t o2
Since o 8077 » Y,y > %, we have

(Sl

(1) I /pu’ (O3 £ Clly/pouflls + C (1) 2,

and

(Sl

Iu® ()13 £ Clly/pu’ (1)115 < Ct) 2.

e The decay estimate of ||V (ueg) ||§.

4.7)
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We notice that

0
u
IV ez = IVu’ll3 + =11z = 113 + I3, (4.38)

0 LY o
A(uep) = (A —— |u'eg. (4.9)
r
Applying (1.7) and (2.7), we obtain, directly from (1.5)3, that

1 r
[(2-2) p(ove )
r r 2

< Clly/pul 2 + Cllu" @ |2 + Cllue” |2

A

lou? I2 +

2

3 2
5 2
< Cllv/puf I+ ClIVall3 (1Y I + Vo' 1)

1
A__ 9
(27

1 1
< Cllypul 2 4+ CVul3 + 3 H <A — 72) u’
2

2

3
< Clly/pillla + ClVul3

2

(4.10)

Sets = % From (1.16) and (4.6), applying Gronwall’s inequality, we have

u’(r)

r

2
dr
2

t
||ﬁu9(r>||%+/ Vil (013 +

t
< Cll/pu’ (5)113 exp (C f IVa(o) |3 dr)
< Clu’ ()13
5
<C@) 2. 4.11)

Multiplying the equation (1.5)3 by u?, and using integration by parts, we get

d u?
3 VI3 + 115 + I /ouf I3

’
:—f p(u-Vu9+u—u9)ut9dx
R3 r

= —/ o — u3wr)ule dx
R3

< CslIVul3(lo 13 + [’ 113) + 81V |13
HIVD® I3 + I1/pul 13). (4.12)
From (2.13), we obtain

td 2 32 / 1 32
= ~ (30" — B0 d
2dt(”w 2 + llo’ll3) + R3P( 3w rw”)” dx
= / (03 + R u" 0" + (0 8 + > B)uw dx
R3

< CsIVuld(lo 13 + 0¥ 113) + 8(IV 13 + Vo [3).  (4.13)
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Let f1(1) = [[0" (O3 + llw? () [13. From (4.11), it satisfies that

! 5
/ fi(mydr S C@r)~2. (4.14)

Combining (4.12) and (4.13), applying (2.7), (2.8) and (4.8), picking § sufficiently
small, we have

1 0

Multiplying the above inequality by (¢ — s) leads to

2
+ I/pul 13 < CIVull3 f1(0). (4.15)
2

d
LY =) /1) £ fi(0) + C|Vul5( = 5) f1(0).

Applying Gronwall’s inequality, we obtain

t t t
@t —s) 1) §f fi(ndr exp(C/ [Vu(r)|3de) < Cf Si(r)dr.
Take s = %, from (4.14), we get

i) <),

and
IVWe) 3 = fi(t) < C(t)_%- (4.16)

o The decay estimate of |[u? (1)]|5 + [(A — rlz)u"(r)ug.
Applying Gronwall’s lemma to (4.15) over [s, t], s = %, we have

! 1
fl(t)+/ (A——2> u®
s r

! 7
S h (S)eXP(C/ IVul3de) < Cfils) < C()~2. (4.17)

2
+ Il/pul |3de
2

Applying (1.16), we get

[SI[%)

t t
f (t — 9w} < c;/ oy 3dr < C(r) 3. (4.18)

Taking 9; to (1.5)3, we obtain

1 u”
oul, + pu - vul — (A — r_z) u! = —pu? —9,(pu) - vu® — 3, <,07u9> .
(4.19)
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By L? inner product of the above equation with u,e, using the transport equation
(1.5)1, we have

02
uy
r

1d 612 62
55”@“; 2 + IVui ll3 +
u?
= [ div(pu) (uf +u- vl + u’—) u?
R3 r

r,0 r,,0
uu +uu
—pou; - Vueu? — p%u,@ dx

2

= / div(pu) (uf + 1l dsu’ + urw3> u! — pulwu?
R3
.
—pudd3u’u? — p%u?u? dx. (4.20)

Using integration by parts, Holder’s inequality, Sobolev’s inequality, the Cauchy—
Schwarz inequality, (2.8) and (4.10), we obtain

2
d u?
d—uﬁu?n% + Va3 + H—f < C|Vulla)ldf I3
0
u
x<||Vu?||z+ = )+C||Vu||§(||Vw’||z+||Vw3||z)||w,9||z
2

+ Cllu (" lI3 + o 1)1Vl |12
< C|\Vul3l/pulll5 + ClIVul)y

1 u?
+C(IVul3 + IValzllu? 1) a3 + 3 (”w,@”g + H —

2
) . (@20
2

Multiplying the above inequality by (¢ — s), and applying Gronwall’s inequality on
[s, t], we get

(t —9)Ivpul )13
t
<c (/ I/pul ()13 + (x = ) IVul ) + (z — )(|Vul}

t
+ IVallalluf 1)y [3d7 ) exp (C / ||Vu||§dr) : (4.22)
N
Take s = %, t > 1. Applying (1.16), (4.17) and (4.18), we have
t
tl/puf 0113 < c(/ Iv/pul (013 + (x = 9| Vul|}°
N

+(t —s)(IVull3 + IIVllllzllbt,g||2)||llz||%df)
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< -7 8 4
S C| ()2 41 sup [Vu(o)ll; + sup ([Vul

T€(s,t] T€ls,1]

t
+ IIVUIIzllufllz)/ (z —S)IIUzllgdt)
N

sc(0 407+ + 0 0T HinT?)
7
SC(n) 2. (4.23)
Then, by (4.10), we get
2
uf (0)]13 + H (A - 12) Lo <o, veso. (4.24)
r 2

Therefore the result (1.13) can be directly derived, and Theorem 1.1 is proved. O

5. Appendix

Proof of Lemma 2.3.

Multiplying the equation (1.5)3 by (u”)’, using integration by parts, applying
Holder’s inequality, Sobolev’s inequality, the Cauchy—Schwarz inequality and (2.2),
we have

9)3

P P 9)2
vatrf,+
var [P+ 5[y 2
u”
=- / p— ) @’)* dx
R3 r
2
<c|of, 1 e
r |8 5 6
1P lou i 6,3 o3 612
<c V| IV 119 @Rl
2 rli2
o3 uvand 1vad?
< Clu 3113 1val |Vah?|
4
< e Ivaly + 5 [ve ]

0
Proof of Lemma 2.4.
Letrg > 0. Applying the Gagliardo—Nirenberg—Sobolev inequality, the Cauchy—
Schwarz inequality, (2.1), (2.2) and Lemma 2.1, we get

r2
32 3 2 3U
luzdzu’(l3 < llu’dyu” |5 + |u”—
r 2
3q 1 2 su’ ?
= |u”0u (lrgro + lr=r)ll7 + ||u 7
2
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3 u'ou” 2 3 2 su” ?
g I|ue <rar_+_> |r§ro”2+ Il ar”r|r>ro”2+ u —
r r - r )
2 r2
2 u 2 u
Srg (o, —| + P du [rapy |13 + 2 || —
T2 Tl
u” ||? u” ||?
20,312 3 2 32
Sl 5 |0 — || + N dru”lr=rll5 + 2010”15 | —
r 2 r 18
7
r2
< 2B o 13 e 19 2 39 u" 2
= VO”Lt ”HIHM ”H2 rT + [lu”0ru |r>r0||2
2
4 2
3 3 NI w3
+Clluw’ |l [ Au’|l2 | — V—
7 2 P

2 1
21v,,3 3 2 3 2 33 11v,3 (3 9
= CrIVl 2l AW 1210115 + lu”0ru” |rsroll3 + Clle”ll; VU [l (1Ve” |l2

Wt

+||F||2)||7||j 177115

< C 2 V a 0 F I-v 2 38 r 2

s CrplVuli2[dIdr@”ll2 + I I 13 4 [l 0ru’ |51 113
2 5

2 2 5
+Clul3 1713 1Vl (Ve |2 + 1T 112),

r

~ 12 u ~
||Mr3ru||2 < rTaru(|r§r0 + |r>r0)

2
2
~ 2
+ lu" 0p0r =, II3
2

u"
—o,u
-

A

2
o

2
~12 ~ 2
9-mll3 + llu" 0yl ry I3

6

r

[IA

2
Cry

r
2 20 12 . 2
= Crplillizlle” (15 + llu" 8,8l-r 112
) 0 2 . 2
< CrglIVull2IVo™ I ClI5 + llu” 8,8l p I3,

and
2

ur

3 2 3
e d5u 1z = urds—(ly<p + lr>ro)

A

2

A

3 2
+ llu a3ur |r>ro ”2
2

p
u

rg w93 —
,

A

P
20,32 u s 3 2
rollu IIOOII33—r 15 4+ lu’03u” | r>r, Il

A

CrilVil Il AwP I T 115 + NP d3u” |- 113
< Cr3IVula T 13UV [l + 11T 112) + 1w 830" |- r, II3-

Applying (1.7), (2.2) and Lemma 2.1, we obtain
IVVily £ CllAW 2+ [Vasu'll2 + [VO,u” |12

~ - Mr
< ClAad | + IV + du) 2 + Hv (a3u3 + 7)

2



Global Axisymmetric Solutions of Three Dimensional 841

r

~ ~ U
< ClAaddz + IV |12 + HVT

2
< CIIVe? |2 4 CIIT 2. (5.1)

Thus, applying Sobolev’s inequality in two dimension, (2.1), (2.2), (5.1) and Lemma
2.1, we have

00

SR 2 L S0

- Tl I3 = / / G- Vil rdrdxs
R Jry

o
< sup Ju)? // |Via|? rdrdxs
r>rg,x3€R R Jrg

1

o0 3 0 3
gc(f/ |ﬁ|2drdx3) (f/ |VVﬁ|2drdX3) | Vul|3
R Jry R Jrg
c
< allﬂllz(IIFIIer IV’ 1) Vul3. (5.2)

Let

1

ull2]|Va 3
ro = a2l ! 2 . (5.3)
15

Combing the above estimates, we get
- Vil
2 2 3 0
< Clluly 1T 13 IVully (Ve ll2 + [1T7112)

4 4 10
< Gsllul3 1015 1Vully + 81Vl I3 + IT7113).

Proof of Lemma 3.1.
It is easy to see that m < J& x pg < M, and

[(J¥ % (po — 1)(0, x3)| =/J£(V,Z)|,00(V,x3 —z) — 1l rdrdz
§C0/JSrdx§C£.

Then 0 < 5 < pj = % when ¢ is sufficient small.

Setr = /x}+x3,5 = /y? +y3 and Co = || 22 || o. When r < 5e, it can
be deduced directly,

PG (x) — 1] = [J% % (po — 1) = (J* * (po — 1))(0, x3)|

< ‘/(Js(x —y) = J(s,x3 — y3))(po(y) — 1) dy
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< Co/ |JE(\/r2 + 52 = 2rs cos(z), x3 — y3)
—J%(s, x3 — y3)|s*dsdrdys

< Cof IVr2 + 52 — 2rs cos(t)
5568, |x3—y3]Se

—5||VJ?|sos*dsdrdys

< CoCr/ e 4sdy
s 68,3 —y3]Se

< CoCr.
When r > 5S¢, we have that s € [%, 2r], if (x — y) € suppJ?, and
PG (x) — 1] = [J* % (po — 1) — (J* * (po — 1))(0, x3)|
= Cof JE(x = y)sdy + Co/ J (s, x3 — y3)sdy

< 2Cyr + Cope
< CCor.
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