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Abstract

In this paper, we establish (1) the classical limit of the Hartree equation leading
to the Vlasov equation, (2) the classical limit of the N-body linear Schrodinger
equation uniformly in N leading to the N-body Liouville equation of classical
mechanics and (3) the simultaneous mean-field and classical limit of the N-body
linear Schrodinger equation leading to the Vlasov equation. In all these limits, we
assume that the gradient of the interaction potential is Lipschitz continuous. All our
results are formulated as estimates involving a quantum analogue of the Monge—
Kantorovich distance of exponent 2 adapted to the classical limit, reminiscent of,
but different from the one defined in Golse et al. [Commun Math Phys 343:165—
205, 2016]. As a by-product, we also provide bounds on the quadratic Monge—
Kantorovich distance between the classical densities and the Husimi functions of
the quantum density matrices.

1. Introduction

Consider the nonrelativistic quantum dynamics of a system of N particles in-
teracting through a two-body potential with a mean-field type coupling constant.
(In other words, the coupling constant is chosen so that the kinetic and potential
energies of typical N-particle configurations are of the same order of magnitude.)
After suitable rescalings of the various quantities involved (see the introduction of
[9] for details), the dynamics happens to be governed by a two-parameter family
of Schrodinger equations indexed by / and N, of the form
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Here \lfx”h = \lf%’h(xl, ...,xy) € Cand Wy p, = Wy p(t, x1,...,xy) € Care
the wave functions of the N-particle system initially and at time ¢ respectively,
while V is the real-valued, rescaled interaction potential.

We are concerned with various asymptotic limits of this dynamics as N — oo
and i — 0, which are represented in the diagram below.

In [9], the limits corresponding to the horizontal arrows have been studied in
detail. Following an idea of DOBRUSHIN [8], we arrived at quantitative estimates
on distances metrizing the weak convergence of probability measures, or of their
quantum analogues. However, the method used in [9] differs from DOBRUSHIN’s in
[8]in several ways. First, we avoid formulating our results in terms of the N -particle
phase-space empirical measure, which does not seem to have any clear quantum
analogue. Likewise, we avoid expressing the solution of the N-particle Liouville
equation by the method of characteristics, of which there is no convenient quantum
analogue. Our approach of the Vlasov limit of the N-particle Liouville equation is
of a completely Eulerian nature, so that its extension to the quantum dynamics is
rather straightforward.

3 N—oo
Schrodinger — Hartree
h—0 \l, \ \L h—0
. . N—o00
g

Diagram 1: The large N and small /2 asymptotic limits

The main result in [9] is that the upper horizontal arrow, that is the large N,
mean-field limit of the N-particle linear Schrédinger equation to the Hartree equa-
tion is uniform as i — 0. This uniform convergence was stated in terms of a
nonnegative quadratic quantity M K f(R, R’), defined for pairs of density operators
R, R’ (nonnegative operators of trace 1), obtained by quantization of the quadratic
Monge—Kantorovich distance distpx 2 (see Section 2 where the definition of this
distance is recalled for the reader’s convenience). The corresponding estimate was
proved under the assumption that the interaction force field VV is bounded and
Lipschitz continuous.

An important observation is that M K? is not a distance on the set of density
operators. However, M K ?(R, R’) remains to within O (k) of the quadratic Monge—
Kantorovich distance between classical objects attached to R, R’. Specifically,

distmk 2(Wr[R1, Wa[R'D? — O(h) < MKJ(R, R')*
where Wﬁ designates the Husimi transform, while
MKJ(R, R')* < distyk 2 (1. 1) + O(h)

if R, R’ are Toplitz operators at scale i whose respective symbols are (up to some
normalization) the Borel probability measures , u’. (See Section 2, where the
definitions of the Husimi transform and of Toplitz operators are recalled.)
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Proving the uniformity as i — 0 of the mean-field limit corresponding to the
horizontal arrow in Diagram 1 is obviously the key to obtaining the convergence
of the N-body Schriédinger equation to the Vlasov equation in the joint limit as
N — oo and i — 0. This convergence holds independently of distinguished
scaling assumptions that would link N and £, as a consequence of the main result
in [9], and of Theorem IV.2 in [18], which establishes the validity of the classical
limit of the Hartree equation, leading to the Vlasov equation (the right vertical
arrow in Diagram 1).

Indeed, the classical limit of the Hartree equation leading to the Vlasov equa-
tion has been first investigated mathematically in [18] for very general initial data
and potentials, including the Coulomb potential, in terms of an appropriate weak
topology and related compactness methods. The price to pay for this generality on
the data is the lack of quantitative information on the rate of convergence. Besides,
convergence is proved along sequences /, — 0. Under additional assumptions
on the initial data and the interaction potential, one can prove [1] that the Wigner
function of the solution of Hartree’s equation is L>-close to its weak limit, that is
to the solution of the Vlasov equation. The quantum counterpart of this result is
the closeness of the solution of Hartree’s equation to the (Weyl) quantization of
the solution of Vlasov in Hilbert—Schmidt norm. The convergence rate is O (h%)
with @ < 1 depending on the initial data and potential (assumed regular enough).
The case @ = 1 was recently treated in [5], where a more exhaustive bibliography
on the subject can be found. More precisely, the reference [5] provides an esti-
mate of the difference between the solution of the Hartree equation and the Weyl
quantization of the solution of the Vlasov equation in trace norm. Unlike Hilbert—
Schmidt norm estimates, trace norm estimates do not have classical analogues.
At variance with these two kinds of estimates (with either the trace norm or the
Hilbert—Schmidt norm), our “pseudo-distance” Ej, defined below and used in The-
orem 2.5 connects directly a quantum object (a solution of the Hartree equation)
with a classical one (a solution of the Vlasov equation). Besides, E has a (kind of)
classical analogue: Theorem 2.5 provides an upper bound for the classical quadratic
Monge—Kantorovich distance between the solution of the Vlasov equation and the
Husimi function of the solution of the Hartree equation, up to terms of order O (%)
which vanish in the semiclassical limit. The case of pure states is treated in [2]
for initial data given by coherent states, and the solution of Hartree’s equation is
computed at leading order in terms of the linearization of the “Vlasov flow”. Most
likely, the method used in [2] can be extended to any order in the expansion of the
Hartree solution in powers of /!/2.

Our first main result in the present paper, Theorem 2.5, bears on a quantitative
estimate for the classical limit of Hartree’s equation leading to the Vlasov equation,
that is on the convergence rate for Theorem I'V.2 in [18]. Itinvolves a hybrid quantity
Ep, built on distmk 2 and M K h, whose main properties are stated in Theorem 2.4
and which allows comparing classical and quantum objects (see Definition 2.2 be-
low). This convergence rate is established under the assumption that the interaction
force field VV is bounded and Lipschitz continuous, and involves the Lipschitz
constant of VV. Observe that the large-time growth of the convergence rate ob-
tained in Theorem 2.5 is exponential, at variance with the estimates obtained in
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[1,5], which are super-exponential. Our result can be also formulated as a direct
comparison between the Vlasov solution and the Husimi function of the Hartree
solution. (A similar comparison can be found in our previous work with C. Mouhot,
at least implicitly, as a consequence of Theorem 2.4 and 2.3 (2) in [9].) Since a
density operator is completely determined by its Husimi function for each i > 0
(see Remark 2.3 below), the estimate in Theorem 2.5 involves all the information
included in the quantum density, that is the Hartree solution. We also recall that
the Husimi and the Wigner functions of a density operator have the same classical
limit (that is the same limit as 7 — 0): see Theorem III.1 (1) in [18].

Our second main result, Theorem 2.6, establishes the limit of the N-body linear
Schrodinger equation leading to the Vlasov equation in the limit as N — oo and
h — 0 jointly, again with a convergence rate where the “distance” between the
single-particle marginal of the N-body density operator and the Vlasov solution is
expressed in terms of the quantity Ep defined in Definition 2.2. Since the quantities
MK ;L and Ep, are not distances, the estimate in Theorem 2.6 does not immediately
follow from Theorem 2.5 and the uniform convergence result, that is Theorem 2.4
in [9]. For that reason, we have provided a direct proof of the limit as N — oo
and i — 0 jointly, corresponding to the diagonal arrow in Diagram 1. This proof
combines ideas from the proofs of Theorem 2.5 and of Theorem 2.4 in [9]. As for
Theorem 2.5, the convergence rate obtained in Theorem 2.6 grows exponentially
fast as t — +oo. The convergence proof involves a stability and a consistency
estimate, in the sense of the Lax equivalence theorem in numerical analysis [13].
Perhaps the new element in this proof, in addition to the idea of measuring the
“distance” between a classical and a quantum density by the Ey functional, is the
following observation: while the consistency estimate involves the N-fold tensor
product of copies of the Vlasov solution, the stability estimate is most conveniently
formulated in terms of the first equation only in the BBGKY hierarchy of the
quantum N-body problem.

To the best of our knowledge, the first work concerning this subject is the
seminal paper by Graffi-Martinez—Pulvirenti [10]. For each sequence A(N) — 0
as N — oo and each monokinetic solution of the Vlasov equation (that is of the
form f (¢, x,&) := p(t, x)8(§ — u(t, x))), the Wigner transform at scale A(N) of
the first marginal of the solution of the Schrédinger equation is proved to converge
to the solution of the Vlasov equation over the time interval [0, T']. A priori, the
convergence rate and the time 7 depend both on the Vlasov solution f and on the
sequence A(N) (see Theorem 1.1 in [10]). On the preceding diagram, the result
proved in [10] corresponds to the left vertical and bottom horizontal arrows along
distinguished sequences ((N); N), over time intervals which may involve the
dependence of 7 in terms of N.

Another approach of the same problem can be found in [21]: it is proved that
each term in the semiclassical expansion as i — 0 of the quantum N-body problem
converges as N — oo to the corresponding term in the semiclassical expansion of
Hartree’s equation.

One should also mention the earlier reference [20], which treated the mean-field
limit for systems of N fermions with an effective Planck constant A(N) = N -1/3
(see also [23], together with the more recent reference [5]).
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Finally, we have applied the ideas in the proofs of Theorems 2.5 and 2.6, that
is using the E functional and the first equation in the BBGKY hierarchy of the
quantum N-body problem in the stability estimate, to the classical limit of the
quantum N-body problem (that is the N-body Schrodinger equation) to the classical
N-body problem (that is the N-body Liouville equation) in the limit as 2 — O.
This is the left vertical arrow in Diagram 1. This limit has been the subject matter
of a large body of mathematical literature for N fixed. At variance with all these
results, the main novelty in Theorem 2.7 is that this vanishing £-limit is uniform as
N — oo. Here again, a convergence rate in terms of the E functional and of the
Lipschitz constant of the interaction force VV is given.

The precise statements of all the assumptions and main results of this article,
together with the general setting of our approach are given in detail in the next
section.

2. Main Results

2.1. From the Hartree Equation to the Vlasov Equation

Let us consider the Cauchy problem for the Hartree equation, written in terms
of density operators:

i3, Ry = [~ 32 A +V ey LRI ), Rn]. Ryl g =R (@)

The notation is as follows: Ry = Rp(tr) € L($) is the time-dependent density
operator on the state space $) := L>(R?). Henceforth, it is assumed that

Rp(t) = Rp(t)* =0,  and that trace(Rp(¢)) =1 forallz = 0.

The set of all bounded operators on §) satisfying these properties is denoted by
D($)). Denoting by ry(t, x, y) the integral kernel of Rp(), that is

Rp()¢(x) := /Rd rp(t, x, )¢ (y) dy,
we set

PRI, x) = rp(t, x, x).}

The interaction potential V is assumed to be an even, real-valued, bounded function
in the class C!'! (R). The existence and uniqueness theory for the Cauchy problem
(2) has been studied in [7].

L't R e D($), then both R and R1/2 are Hilbert-Schmidt operators on L2(Rd) and
therefore have integral kernels denoted respectively r = r(x, y) and r1/2 = r1/2(x, y) in

LZ(R? x R?). Since R1/? is self-adjoint

rix,y) = /d r172(x, 2)r12(y, z) dz for almost every x, y € R,
R
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On the other hand, consider the Vlasov equation
0f + [SIEP + Ve 0y ), £} =00 fl_g =1 3)

Here f = f(t, x, &) is a time-dependent probability density on R? x R?,

prtni= [ faxe) e
Rl
and {-, -} is the Poisson bracket such that

{xe, x1} =, &) =0, (&, x) =du.

Next we define a way to measure the convergence rate of Ry to f in the limit
as h — 0. It involves a quantity which is intermediate between the notion of
Monge—Kantorovich distance of exponent 2 between Borel probability measures
onR? x R? and the pseudo-distance M K 5 between density operators defined in [9]
(Definition 2.2). First we define a notion of coupling between distribution functions
in statistical mechanics and density operators in quantum mechanics.

Definition 2.1. Let p = p(x, &) be a probability density on R? x R?, and let
R € D($). A coupling of p and R is a measurable function Q : (x,&) — Q(x, &)
defined almost everywhere on R? x R? and with values in £($)) such that, for
almost every (x, &) € R? x R?, one has O(x,&) = Q0(x,&)* 2 0and

trace(Q(x, §)) = p(x, &) for almost every (x, &) € R? x RY,
/ O(x,&)dx dé = R.
R4 xR4

The set of all such functions is denoted by C(p, R).

Notice that C(p, R) is nonempty, since the function (x, §) — p(x, &) R belongs
toC(p, R).

Mimicking the definition of Monge—Kantorovich distances, we next define the
pseudo-distance between Rp and f in terms of an appropriate “cost function”
analogous to the quadratic cost function used in optimal transport.

Footnote 1 continued
By the Fubini theorem, the function

pIR]: x = r(x,x) := /d Ir12(x, z)l2 dz belongs to Ll(Rd),
JR
(see Example 1.18 in chapter X, §1 in [12]) and, by the Cauchy—Schwarz inequality

/ 1|r(x+h, x)—r(x,x)|dx
R{

. 1/2
< lri2ll 2 rd xrdy (//Rdedlrl/z(le, y)—ri2(x, |2 dx dy) -0

as |h| — 0. In other words, the function (x, &) + r(x + h, x) belongs to C(Rd; L (Rd)).
This is a special case of Lemma 2.1(1) in [4].
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Definition 2.2. For each probability density p = p(x, &) on R? x R? and each
R € D($), we set

1/2
Ep(p, R) := ( inf / trace(cp(x, §) Q(x, §)) dx d&) € [0, +o0],
QeC(p.R) JRIxR4
where the transportation cost cp is the function of (x, &) with values in the set of
unbounded operators on §) = L2(Rg ) defined by the formula
ch(x. §) i= 3(x — P + [§ + AV, 7).

Before going further, we briefly discuss some basic properties of Ep. First
we recall a few elementary facts concerning Toplitz quantization on R?. For each
z=x+1i € C?, we denote

2, )+ y > (h)~ /e y=x/2h, it (y=0)/R,

and we designate by |z, i) (z, hi| the orthogonal projection on the line C|z, i) in .
An elementary computation shows that

Iz, A}l = 1.

For each Borel probability measure on R¢ x R?, we set

1
OP} () := G /Rd " |x + i€, B)(x + i€, Alpn(dx dE)

and we recall that
OP} (1) = Ig. 4)

If ¢ is a polynomial of degree < 2, one has

OPL(¢(x)) = p(x) + 1h(AP) g, OPL(p(§)) = ¢p(—ihVy) + Jh(A) ],
)
according to formula (48) in [9].
We also recall the definition of the Wigner and Husimi transforms of a density
operator on ). If R € D($)) with integral kernel r, its Wigner transform at scale h
is the function on R¢ x R? defined by the formula

WilR](x, &) :=

20 /Rde EVp (x 4+ Lhy, x — Lhy) dy.

The Husimi transform of R is
WHIR] := "2xs/4 Wi R]
and we recall that
WrIR] Z 0,

while
/ Wh[R](x, &) dx dé = / WxrIR](x, &) dx dé = trace(R) = 1.
R4 xR4 R4 xR4

In particular, WE[R] is a probability density on R? x R? for each R € D(§)).



64 FrRANCOIS GOLSE & THIERRY PAUL

Remark 2.3. (VV;L[R] uniquely determines R) Let R be a density operator on the
Hilbert space $ = L?(R?) with integral kernel r = r(y, y’). Elementary compu-
tations show that, for each x, & € Rd, one has

(n.h)dﬂe—lxlz/h

WhHIR](x, £) = T

J(x,§),
where

J(x,8) := // r(y, y’)e—(\y|2+\y’|2)/2he(»(y+y’)—i$4(}'—y’))/ﬁ dy dy'.
R4 xR4

Since R is a Hilbert—Schmidt operator on $), its kernel r € L*(R¢ x R?) and there-
fore J extends as an entire holomorphic function of (x, £) € C? x C?. Therefore
J is uniquely determined by its restriction to R? x R, that is by W;—L[R]. Denoting
by F the Fourier transformation, we observe that

J(—ix, &) = Flrexp(=(y[* + [y /201((x + &) /h, (x — &)/h),

and conclude that J uniquely determines in turn r by Fourier inversion. There-
fore, the operator R is uniquely determined by its Husimi transform. See also
Lemma A.2.1 in [22] for a more general result of the same type.

If 11 is a Borel probability measure on R? x R, then

trace(OP} (1) R) = / [ WHIRIx, )l de), ©)

R xR
according to formula (54) in [9]. In particular, for each polynomial of degree <2,

one has

trace((¢ (x) + ¢ (—ihV,)) OP} (1)) = /d

R¥x

y (@ (x) + ¢ (E)u(dx d&) + ThAP,

@)
see formula (55) in [9]. (See also Lemma 5.4 in [16], and more generally [6,16,17]
for a more complete discussion on quantization and symbolic calculus.)
In addition, we shall need the following properties of Ep,.

Theorem 2.4. For each probability density p on R? x R? such that
[, P 1ePaptr. ) dx dé < o0
R4 xR4
and each R € D($)), one has
Ex(p. R)* = 3dh.

1. Let Ry, = OP};((zn’ h)du), where 1 is a Borel probability measure on R? x RY.
Then

Eh(P, Rh)z é diStMK,Z(p, M)2 + %dh
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2. For each R € D(%)), one has
Ep(p. R)* Z distuk.2(p, Wi[RD* — 3dh.

3. If Ry, € D($H) and Wx[Rp] — nin S’ (RY x RY) as h — 0, then  is a Borel
probability measure on R? x R? and one has

distvk.2(p, 1) = lim Ep(p, Rp).
h—0

The main result in this section is a quantitative estimate of the convergence
rate of the solution Ry of the Hartree equation to the solution f of the Vlasov
equation in terms of the pseudo-distance Ep and, as a by-product, in terms of the
Monge—Kantorovich distance between f and the Husimi function of Rp. We recall
that this limit has been formulated in terms of the Wigner transform of Rj in [18]
(Theorem IV.2). This is the right vertical arrow in the diagram of Section 1.

Theorem 2.5. Let V be an even, real-valued, bounded function of class C L1 on
Rfi. Denote by L the Lipschitz constant of VV and let A = 1 + max (1, 4L?). Let
™ be a probability density on R? x R? such that

/ (x> + 117 f (x, &) dx d& < o0,
RY xR4

and let f be the solution of the Vlasov equation (3) with initial data f in_ et
Ry € D(9), and let Ry, be the solution of (2) with initial data R}
Then, for eacht 2 0, one has

En(f (@) Rp(0))* < M Ep(f™. RY)’.
In particular, for all t 2 0, one has
distmk 2(f (1), WalRp(OD? < e ER(f™, RIM? + Ldh.

Moreover, sz%” = OP,Ti((27r Ry u'my, where " is a Borel probability measure
onR? x RY, then

disti 2(f (1), WalRa()D? < e (distu 2(F™, ™) + Sah) + Sdh.

We do not assume that the initial data f in s smooth, or that [A, RZ’] is a
trace-class operator on $). Hence the solutions ¢t — f(¢,x,&) and t — Rp(?)
of the Vlasov and the Hartree equations considered in the statement above are
not classical solutions, but weak solutions. Since V is of class C! with Lipschitz
continuous gradient on R?, the characteristic flow of the Vlasov equation (3) is
defined globally by the Cauchy-Lipschitz theorem, and the Cauchy problem (3) has
a unique solution obtained as the push-forward of £/ under this flow. The solution
t +— Rp(t) of the Cauchy problem (2) is obtained similarly as the conjugate of
R;{‘ by some time-dependent unitary operator (see [7], especially Proposition 4.3
there). This remark also applies to the statements of Theorems 2.6 and 2.7 below
and will not be repeated.
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Notice that, because of statement (3) in Theorem 2.4, if the Wigner transform
of Rp(t) satisfies

WilRr()] — u(1) inS'(R? x RY)
forall+ = 0 as i — 0, then the last inequality in Theorem 2.5 leads to
distvik 2(f (1), w(1)) < distuk 2(f", w")e™2, 120,

Since p is a weak solution of the Vlasov equation by Theorem IV.2 in [18], this
inequality is precisely the analogue of Dobrushin’s inequality in [8], formulated in
terms of the Monge—Kantorovich distance of exponent 2, instead of the Monge—
Kantorovich distance of exponent 1 as in [8]. (That the Monge—Kantorovich dis-
tance of exponent 2 can be used in Dobrushin’s argument has been observed by
LoEPER [19]; see also [9] for an extension to Monge—Kantorovich distances of
arbitrary exponents.)

2.2. From the N-Body Schrodinger Equation to the Vlasov Equation

In this section, we explain how the Vlasov equation, that is the mean-field
theory of large particle systems in classical mechanics, can be deduced from the
N-body Schrodinger equation in the limit of large N and small /. In other words,
we combine the classical limit discussed in the previous section with the mean-
field limit in quantum mechanics, in which the Hartree equation is deduced from
the linear N-body Schrodinger equation. Since the mean-field limit of the N-body
Schrodinger equation is uniform in the limit as 4 — 0 according to Theorem 2.4 in
[9], this combined limitis a straightforward consequence of the quantitative estimate
for the classical limit obtained in Theorem 2.5 above, at least when formulated in
terms of Monge—Kantorovich distances and Husimi transforms.

In this section, we propose a slightly different approach, and estimate directly
the difference between the single-particle marginal of the N-particle density oper-
ator and the Vlasov solution in terms of the E3 functional. This estimate combines
the ideas used in the proof of Theorem 2.5 above, with those of [9].

Before stating our main result, we introduce some elements of notation pertain-
ing to large particle systems.

Firstly, the particles considered in the present work are indistinguishable. The
mathematical formulation of this property is the following symmetry condition.
For each N > 1, let Gy be the group of permutations of the set {1, ..., N}. For
eacho € Gy andeach Xy := (x1,...,xy) € (R")N, we denote

o XN = Xo1)s - Xa(N))-

With $ = L2(Rd) as in the previous section, we set Hy = HON ~ Lz((Rd)N).
For each ¢ € 9y and each 0 € Gy, we set

Us¥n(XN) == Yn(o - XN).
Obviously
Ul =U, =U; ",
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so that U, is a unitary operator on . A density operator for a system of N
indistinguishable particles is an element Ry € D($Hy) satisfying the symmetry
relation

UsRyU; =R foreacho € Gy.

The subset of elements of D () ) satisfying this symmetry condition is henceforth
denoted DS (Hy).

Secondly, we recall the notion of n-body marginal of an element of D($)y) for
alln =1,...,N.Foreach Ry € D($Hy) andeachn =1, ..., N, we define R]'\‘,
to be the unique element in D($),,) such that

traceﬁn(R (A1®---®Ay,)) =traceq, (Ry(A1Q - QA RIg®---® 1))
3
foreach Ay, ..., A, € L($). Equivalently,

traceg, (Rl By) = traceg, (Ry (B, ® Ig, )
for each B, € L(,), using the identification H >~ 9, @ Hn_,. Clearly
Ry € D°(HN) = Ry € D°(Ha).

Atthis point, we introduce the N-particle dynamics. Let the interaction potential
V be an even, real-valued function of class C'*! on R?, and consider the N -particle
quantum Hamiltonian

N 1 N
Z—% oy 2 V- . ©)
j=1 Jj.k=1

Assuming that the state of the N-particle system at time ¢+ = 0 is given by the
symmetric density operator R”’ € D*(Hy), the state at time ¢ > 0 of that same
system is given by the propagated density operator

Rp (1) = e 1Tnn/hRin pitHnn/h > o, (10)
Observe that Uy Hp v = Hp yUs for each o € Gy, so that
UgeitHh*N/h — eith=N/hUg
for each t € R and each o € Gy. As a result, the symmetry property of R’”
propagated by the dynamics, that is
UsRp N()U; = Rp (1) foreachr = 0andeacho € Gy.

Theorem 2.6. Let V be an even, real-valued function of class C1! on R?. Denote by
L the Lipschitz constant of VV and let T' = 2 +max(4L?, 1). Let Ry € D' (HN)

and let Ry n(t) be given by (10) for each t 2 0. Let £ be a probability density
on R? x R such that

/ (x> + €17 f (x, &) dx d& < o0,
R9 xR4
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and let f be the solution of the Vlasov equation (3) with initial data . Then

4VV 3 e —1
N—1 r

1 1 . .
—En(fO%", Ry y(0)? = S E((f™EY, R el +

foreachn =1, ..., N and each t 2 0. In particular, for eachn =1, ..., N and
eacht = 0, one has

1 . M iy n 2
—distvi 2 (f (D", WhIR}, v (D)D)

1
N

4VV[iee =1
N—1 r 2

< —Ep((f™M®N, Ry + dh.

If moreover R;{f 18 the Toplitz operator at scale h with symbol (27t )N ;L’X} where

uﬂ(; is a symmetric Borel probability measure on (RN | that is
R}y = OPR(Qr i)™ i),
one has

1 ~
—distuik 2 (0", WhlR}, (1))

4VV 3 e —1
N—1 r

| : :
< (ﬁ dlStMKyz((fm)@N, /LlA’})z + %dﬁ) e+ + %dﬁ.
The result in Theorem 2.6 is the diagonal arrow in the diagram of Section 1. Itis
natural to consider the quantity % ER(Fy', Ry N)2 since the square of the “distance”
Ej, between symmetric N -particle densities (quantum and classical) grows linearly
with the particle number N.

2.3. From the N-Body Schrodinger Equation to the N-Body Liouville Equation

As a by-product of the methods introduced to prove Theorems 2.5 and 2.6,
we establish the validity of the classical limit of the N-body Schrodinger equation
to the N-body Liouville equation as 4 — 0, that is the left vertical arrow in the
diagram of Section 1. This limit is of course well known for each N = 1 (see for
instance Theorem IV.2 in [18]); the novelty in the approach presented here is that
this limit is proved to be uniform as N — o0o. More precisely, we seek to compare
the evolved density operator Ry, y(¢) defined by (10) in the previous Section 2.2,
and the solution Fy (¢, Xy, Ey) of the Liouville equation

k=1
_ rin
FN|t:0 = Fj".

N N
WFN+ D & VgFn— % > VV(k—x) Vg Fy =0, an
k=1

In other words

[ 0 Fy +{Hy, Fn}n =0, (12)

FN|t:0=F1i\;L7
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where
N

N
Hy(Xy, Bn) = D JIE1P + 2 D V) —x0) (13)
Jj=1 Jj-k=1

and where {-, -}y is the N-particle Poisson bracket on (R? x R?)¥ defined by

(Xj0, xk,8} =180, 66,8y =0, {&j o, Xk, 8} = 8k0aps
jok=1,...,N, a.B=1,....d.

We obtain a uniform (in N) bound for the quantity
1 2
NEE(FN (1), Rp,n (1))

in terms of its value fort = 0. Forn = 1,..., N, let F,‘\‘, be the n-th marginal of
Fy, as in the statement of Theorem 2.6.

Theorem 2.7. Let V be an even, real-valued function of class C' on R with
bounded gradient. Set A =1+ max(4L2, 1), where L is the Lipschitz constant of
AV. Let R} € D*(9n) and let Ry (1) be given by (10) for each t 2 0. Let Fy}

be a symmetric probability density on (R? x RN such that
/ (XN + BN FY (X, En) dXy dBy < 0o,
(R xR4)N
and let Fy be the solution of the N-body Liouville equation (11) with initial data
Fin.
Then, forallt 2 0andalln =1, ..., N,

1 1 . .

—ER(Fy(0), Ry v ()" = S ER(FY, Ryt )%™

n : :
In particular,

1 ~ 1 . )
— distik 2(Fy (1), WhlRf, y (0])? < ~ En(EN, Ry \)?e™ + Ydh.

Moreover ifR%’fN = OPIF;((ZTL'FL)dNMK;) where ,ué\’} is a symmetric Borel prob-
ability measure on (R x RHN | then

L. n 17 n 2
— distuk 2(Fy (1), WhIRT, v (D)
1 . .
< (ﬁ distvk 2 (Fy', i) + %dh) e + 3dh,

forallt 2 0andeachn =1, ..., N. In the particular case where M’A’,‘ = F]’;,", one
finds that

1 ~
— distwk 2(Fy (1), WalR}, v (D) £ 3dh(1 + %)

forallt 2 0and eachn =1, ..., N.
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Together with Theorem 2.4 in [9], Theorem 2.7 shows that both the upper
horizontal and left vertical arrows in the diagram of Section 1 correspond to uniform
limits. This uniformity explains why the mean-field, large N limit and the classical,
small & limit can be taken simultaneously in the quantum N-body problem, in the
case of interaction potentials with Lipschitz continuous gradient.

2.4. Remarks

Before starting with the proofs of Theorems 2.5, 2.6 and 2.7, it is perhaps
interesting to mention that the arguments used in these proofs can be adapted
to the case where the Hamiltonian under consideration includes an external (that
is noninteracting) potential acting on each individual particle. For instance, our
analysis in the proof of Theorem 2.6 can be adapted to the case where the quantum
N-body Hamiltonian is

N N
1
— E 132
J= J k=

assuming that W is a real-valued function with bounded and Lipschitz continuous
gradient such that —%th + W defines a self-adjoint operator on L*(R?). The
resulting Vlasov equation would be, in that case

Wf+AEP+ W) + Ve ps(t,x), f} =0

instead of (3). The convergence rate in Theorem 2.6 would include the Lipschitz
constant of the gradient of the external potential W.

For applications to physically realistic situations, it would be important to ex-
tend the results above to the case of singular interaction potentials. The Coulomb
potential is of course the most relevant singular interaction for applications to
atomic physics or quantum chemistry. One approach to this question would be
to start with a mollified potential, and to remove the mollification as the particle
number N — oo. This is the approach used for instance in [11,15]—see also the
references therein. Mollifying the Coulomb potential can be understood in some
sense as replacing point particles with spherical particles with some positive radius
that vanishes in the large N limit. The arguments in the present paper should be
rather easily adapted to truncations of this type assuming that the particle radius
vanishes slowly enough as N — oco—for instance, if the particle radius is of order
> C/+/In N for some C > 0. With this type of truncation one can hope to derive
the Vlasov-Poisson equation following the line of Theorem 2.6. This truncation
amounts to considering point particle systems so rarefied that the probability of
observing such configuration in the spatial domain vanishes as N — oo. For the
mean-field limit in classical mechanics, more satisfying results have been obtained
recently, with much more realistic dependence of the particle radius in terms of N
(see [11,14,15]). Whether these results can be generalized to the quantum setting
considered here remains an open question and would most likely require some
additional new ideas.
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We conclude this section with a few words on the method used in the proof of
Theorems 2.5,2.6 and 2.7. The key idea is “to double the system size by considering
two kinds of partlcles half of them being classical, the other half being quantum”.?
Then one writes a “transport equation” for the joint dynamics of these two kinds of
particles, whose projection in the classical (resp. the quantum) part of the space is
the governing equation for the classical (resp. the quantum) system of particles: see
Equations (15) and (18) below. The estimates on the pseudo-distance Ep between
the quantum and the classical densities in Theorems 2.5, 2.6 and 2.7 are then
obtained by considering appropriate “moments” of the solution of the transport
equations (15) and (18) involving the cost function cy,.

3. Proof of Theorem 2.4

3.1. Proof of the General Lower Bound

Set Aj = (xj — y;) and Bj = §j + ihdy;; both A; and B; are self-adjoint
unbounded operators on $), and one has

A%+ Bi = (A;j+iB))*(Aj +iBj) +ilB;. Aj] Zi[Bj. Aj] = i(=ih) = h

foreach j = 1,...,d. Thus

ch(x.&) = D (A5 + B}) = 3dh.
j=1

In particular, for each Q € C(p, R), one has

/ trace(Q(x, £)cp(x, £)) dx d& = %dh/ trace(Q(x, §)) dx d& = 1dh.
R4 xR dRd

R4 xR

Minimizing the left hand side of this inequality over C(p, R) leads to the announced
inequality.

3.2. Proof of (1)

We shall use the following intermediate result.

Lemma 3.1. Let p be a probability density and (v a Borel probability measure
on R? x R?, and let q be a coupling for p and w. Then q is a measurable map
(x, &) > q(x, £) defined almost everywhere on R? x R? with values in the set of
positive Borel measures on R x R¢, and the map

On: (x,8) > OPL(2rh) g (x, &)
belongs to C(p, OPT (2 )¢ w)).

2 In the words of one of the referees.
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In other words, for each coupling g of p and u, the Toplitz operator
On(x, &) = OPL((2mh)?q(x, £)) belongs to C(p, OPJ (2 h)! 10)).

Therefore

En(p, OPL () w))* < / | wace(cn(x, &) OP,((2mh)'q(x, £))) dx dé.

RY xR
For each z € R?, consider the quadratic polynomial
Yy y) = glz -yl
Then
ch(x,8) =y (x, y) + (&, —ihVy),
and applying formula (7) shows that
trace(cp(x, §) OP (2w 1) g (x, §)))

=/ (v (. )y (E Mg, £.dy dn) + LhAy (. )
R4 xR4

=/ (v (. ) + y & m)g(x. & dy dn) + Lah.
R xR4
Hence

En(p. OP@ri ) < [ /(v + y (6 mgtr. €. dy di) +

R4 xR

for each g € IT(p, n), and minimizing the right hand side of this inequality as ¢
runs through IT(p, i) leads to the announced inequality.
It remains to prove Lemma 3.1. This is a variant of Lemma 4.1 in [9].

Proof of Lemma 3.1. First, we observe that, for each ¢ € C»(R? x R9)

W 6 (v, mq(dx d dy dn)‘ < il // p(x. &) dx dE =0
Qx (R xR9) Q

if € is Lebesgue-negligible in R x R¥. Hence, for each ¢ € Cj,(R? x RY), the
bounded Borel measure on R? x R¥ defined by

Qs // ¢ (v, 1)q(dx d& dy di)
Qx(Rded)

is absolutely continuous with respect to the Lebesgue measure on RY x R?. By
the Radon—Nikodym theorem, this Borel measure has a density with respect to the
Lebesgue measure on R? x R? which is precisely

(x. &) > / (v, M)q(x. & dy di)
RY xR4
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where ¢ (x, &, -) is the sought map.
Since ¢ (x, £) is a probability measure for almost every (x, £) € R? x R?, one
has

On(x, &) = OPF(2nh)¥q(x, &) = OPF(2nh)¥q(x, &))" = Qp(x, £)* 20,
and
trace(Qp(x, &)) =trace(OP} (2 h) g (x, £))) = /R . q(x, & dy dn) = p(x, £).
On the other hand

/ On(x, &) dx di = / OPT (2 h)q(x. £)) dx d&
R4 xR4 R4 xR4

= OP,Ti((Znh)d / q(x, &) dx dE):OP,Ti((Znh)d w).
R4 xR4
Hence Qj, € C(p, OPL(2rh)?w)). o

3.3. Proof of (2)
Leta, b € Cp(R? x R?) satisfy
a(x, &) +b(y.n) = 3(x =y + 1€ —nl>) = T(x. & y.n) (14)
foreachx, y,&,n € RY. Then
a(x, &) OP}(1) + OP}(b) < OP;(I'(x. £, -, ) = cp(x. &) + 3dhlg,

where the last equality follows from formulas (5).
Then, for each Q € C(f, R),

/ trace(cn(x, £) O (x, £)) dx dé
R4 xR4
> / a(x, €) f(x, £) dx d& + trace(OPL(b)R) — Ldh
R4 xR¢

=/ a(x, £)F(x, ) dx ds+/ b(y. WAIRI(y. m) dy dy — Ldh,
R4 x R4 R4 xR4

where the last equality follows from formula (6).
Minimizing the left-hand side of this inequality over Q € C(f, R), and maxi-
mizing over all a, b € Cp (Rd X Rd) satisfying (14), one has

En(f. R)* + 3dh

> swp ( / a(x, &) f(x. £) dx d& + / b(y, MWAlRI(y, n) dy dn)
a®1+1 H<T
a.bfcb(l;@d «Rd)

= distmk 2(f, WH[R])Z’

where the last equality follows from Kantorovich duality (Theorem 1 in chapter 1
of [24]).
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3.4. Proof of (3)
Since Wi[Rp] — w in S’'(R? x RY), one has VT/h[Rh] — u weakly in the

sense of probability measures on R? x R? as i — 0, by Theorem IIL.1 (1) in [18].
Statement (2) implies that

lim Ex(f, Rp) 2 lim distmk 2(f, Wil RR])?
h—0 h—0

and Remark 6.12 in [25] implies that

lim distyix,2(f, Wr[RR])® 2 distmk 2(f. ).
h—0

4. Proof of Theorem 2.5

The proof is based on the same idea of an Eulerian variant of the DOBRUSHIN
estimate [8] for the mean-field limit as in [9].

4.1. Step 1: Growth of the Moments of f

Lemma 4.1. Let f* be a probability density on R? x R? such that
// (x4 151%™ (x, §) dx d§ < o0,
RY xR4

and let f be the solution of the Cauchy problem (3). Then, for eacht = 0, one has

//Rd R TxPP+ 16D f(t, x, &) dx d&

gef(// %(|x|2+|s|2)f"”(x,s>dxds+||V||Loc).
RY xR4

Proof. First we recall the conservation of energy for solutions of the Vlasov equa-

tion:
d (// LgPF (2, x, £)dx d&
dt RixRA > T

+%// Vx —y)prt, x)pr(t, y) dx dy) =0,
R4 xR4
so that

// %|s|2f(r,x,s>dxds§// e fin (e, £) dx dé + | V]|
RY xR4 RY xR4

for eacht = 0.
On the other hand

di// %|x|2f(t,x,§)dxd5=// E-xf(t,x.£) dx de,
t R4 x R4 R4 xR4
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so that
ma(t) = // V(e + 62 £ ¢, x. £) dx d&
R4 xR4

satisfies
t
ma(t) < my(0) + [V |10 +/ ma(s) ds.
0

The conclusion follows from Gronwall’s lemma. 0O

4.2. Step 2: A Dynamics for Couplings of f and Ry,

For all Q’g’ e C(fin, R;{'), let O = O(t, x, &) be the solution of the Cauchy
problem

[ O+ (E - Vi—VV e pr(t,x) - Vo) Qn+[—2ihAy+ £V * p[Ry1(1, ¥), Q] = 0,

Qh’t:OZQiHn' (15)

Let us briefly recall how the solution of (15) is obtained. Denoting z = (x, &),
lett — Z(t,s,z) € RY x RY be the integral curve of the time-dependent vector
field (§, —VV % ps(t, x)) passing through (x,&) at time t = 5. Lett > M(t,s)
be the time-dependent unitary operator on $) such that

ihd, My, + 31> Ay My — V % p[Rp](t, ))Mp = 0, Mp|,_o = Is.
Then
On(t, 2) = Mp(1) Q' (Z(0, 1, ) Mp()*
(see [7], especially Proposition 4.3).
Lemma 4.2. Let Q) € C(f™, R}"). Then Qy(t) € C(f (1), Rp(1)) for eacht Z 0.
Proof. Since M(t) is unitary

trace(Qp(t, z)) = trace(Mp(1) Q’;g (Z(0, 1, 2))Mp()*)
= trace(Mp(t)*Mp(t) 0 (Z(0, 1, 2)))
= trace(QY(Z2(0, 1, 2))) = f"(Z(0.1,2)) = f(t, 2),

while
/ On(t, z) dx d§ = My(1) (/ 0Y(Z(0,1,2)) dx dg) Mp()*
R4 xR4 R4 xR4
= Mp() R Mp()* = Rp(1),

since the measure dxd§ is invariant under the Hamiltonian flow Z(s, ¢, -) for all
s,teR. O
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4.3. Step 3: The Eulerian Estimate for the Second Order Moment of Qp,

We define
En(t) = / trace(cp(z) Op(t, z)) dx d&.
RY xR4

Since Qp is a solution of (15), one has

dgh _ 1 2
4 D= trace(Qp(t, {3161 + V % ps (2, x), cp(2)}) dx d&
t R4 xR4

i
+/ trace (Qh(t, Z) [—%ihAy+—V * p[Rp](t, y), ch(z):|) dx d&.
R xR h
We shall need the following auxiliary computations. First
[Yer en@} ==,
while

[—3iRAy, cp| = —3ih[Vy, el - Vy — 3ihVy - [Vy, cp]
—Lih(y —x) - Vy — 3ihV, - (y — x),

so that
{3162 cn@ ] = [3inA, cn@] =3 = ) - € +iAV)+ 16 +iRVy) - (x = ).
Likewise

{(Vxpr(t,x), cp(2)} = =VV x ps(t, x) - (§ + ihVy),

while
[ch@, %v * pIRA1(, y)} — LV % p[RRI(1. y) - (& +iRVy)
— 3(E+ihVy) - VV % p[Ry1(E, y),

so that

(V w700, n(@)) + 1 IV % pRAIG, ), en2)]

= 3(VV * p[Rp](t,y) = VV % ps(t,x)) - (€ + ihVy)
+ L& +ihVy) - (VV % p[Ryl(t, y) — VV % ps (1, x)).

Hence

dé
(Tﬁ(t)=/ trace(Qp (¢, Z)%((X —¥)-(E+ihVy)+(E+ihVy)-(x — y))) dx d&
t R? xR4

+/d . trace(Qp(t, z)%(VV * p[Rp](t, y) = VV x pp(t,x)) - (§ +ihVy)) dx d&
R4 xR

+/Rd " trace(Qp(t, 2) L (& +ihV,) - (VV % p[Rp1(t, y)=VV % ps(t, x))) dx dé.



Schrodinger in Mean-Field and Semiclassical Regime 77

At this point, we recall that, if A, B are self-adjoint, possibly unbounded oper-
ators on §), and if R € L($) satisfies R = R* = 0, then

trace(R(AB + BA)) < trace(R(A? + B?)), (16)
since
trace(R(A — B)?) > 0.

(If T is an unbounded, self-adjoint nonnegative operator on $), we define trace(RT)
as an element of [0, +o0] by the formula trace(RT) := trace(R'/2T R'/?), even if
RT is not a trace-class operator on £).)

Hence

/ trace(Qp(t, 2) 1 ((x — y) - (€ +ihVy)
R4 xR4
+(E +ihVy) - (x —y))) dx d§ < Ex(0),

and
/“ace(Qﬁ(f’ DE(VV %[RRI, Y)=VV  py(1,2)) - (€ +ihiVy)) dx d&
+/tra°e(Qh(f’ 2D3(E +ihVy) - (VV % p[Rpl(t, y) = VV % ps(t, x))) dx dE
= /trace(Qh(t, DYVV % p[RRI(, y) — VV % ps (2, x)[*) dx d
+/trace(Qh(t, 21E +inv, %) dx de.
Next
/Rdel, trace(Qp(t, )5|VV * ps(t,x) = VV % p[ Ryl (2, )I*) dx d§

S /Rd "y trace(Qp(t, 2)|[VV % pf(t, x) — VV % p[Rp1(z, x)|*) dx d&

+/Rded trace(Qp(t, 2)|VV * p[Rpl(t, x) — VV x p[Rpl(1, y)|?) dx d&.

Observe that
IVV *x p[Rp](z, x) — VV x p[Rp](2, y)|

/Rd(VV(x —2) = VV(y = 2))p[Rpl(r, 2) dz

= /Rl IVV(x —2) = VV(y — 2)|p[Rp](t, 2) dz

SLipVVlx =1 [ plRle, 2 85
< Lip(VV)lx - .
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Hence

/Rl RdtraCG(Qh(t,Z)IVV*p[Rh](t,X)—VV*p[Rh](t,y)lz) dx d&

< Lip(VV)2/ trace(Qp (1, 2)|x — y|?) dx dE.
RY xR4

Summarizing, we have proved that

d&p
S0 < ent+ / d

R4 x

VY xR0 =YY * LRI, X)* f (2, x, &) dx d&

+/ trace(Qp(t, 2) (%|s +ihiVy|* + Lip(VV)?|x — y|2)) dx dE.
R4 xR4

Observe that

VVxpr(t, X) — VV *x p[Rp](t, X)

:/ VV(X = x) £t %, £) dx dé —/ VV(X — »)plRAl(. y) dy
R?xR4 R4
=/ VV(X —x)f(t,x,&) dx d§ — trace(VV (X — -)Rp(1))

R xR4

= [, wee(TV (X —x) = VVX = ) Qn(r.x,£) dr d
RY xR
so that, by the Cauchy—Schwarz inequality,
IVV % py(t, X) = VV % p[ R, X)

g/ trace(|[VV (X — x) — VV(X — y)|>Op(t, x, £)) dx d&
R4 xR4

< Lip(VV)? trace(|x — y|?Qn(t, x, §)) dx dé.
R4 xR4

Hence

dd_f;:h(l) g gh(t) +Llp(VV)2/ ) trace(|x — y|2Qh(t,X, £)) dx df
R

d xR
+/ trace(Qp(t, 2)(A1& + ihVy > + Lip(VV)?|x — y[%)) dx dE,
R4 xR4
or, in other words,
(0 S (14 max@Lip(VV)?, 1)En(r).
Therefore
ER(f(0), Rp(1)?* < Ep(r) < eMER(0), forallt 2 0.

Minimizing the right hand side of the inequality above as Q%" runs through
C(fin, R%’), we conclude that

Er(f(), Rp())* < eMER(f™, RIM?, forallt > 0.
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4.4. Step 4: Convergence Rate and Monge—Kantorovich Distances

First, we apply statement (2) in Theorem 2.4 to the left-hand side of the in-
equality above. One finds that

distmk 2 (f (1), WhIRR(OD? S Ex(f (1), Rp(1)* + Ydhi
AMER(F™, RM? + Ydh, forallt > 0.

[IA

In addition, if RZ’ = OP%((Znh)du"”) where 1" is a Borel probability measure
on R?, we apply statement (3) in Theorem 2.4 to the right-hand side of the previous
inequality, to find that

distyik 2(/ (1), WhlRn(DD? < e (distu 2/, ") + ) + Jdh

forallt = 0.

5. Proof of Theorem 2.6
5.1. Step 1: A Dynamics for Couplings of f®N and Ry n

Consider an arbitrary coupling Q’i{’ v € C((f™m®N, R;i” yv)- satisfying, for all
o € Gy, the symmetry condition

O y(o - Xy, 0 - By) = U0 y(Xn, EN)Us- (17)

The set of all such couplings is denoted C*(( fI")®N, R%N)'

Let Op v = Onn(t, Xy, En) be the solution of the Cauchy problem

N
QN XN, BN) + D (& Vi, = VV xe py(t. %)) - Ve) Qv (t. Xy, En)

j=1
i
+E[HE,N, Opn(t, XN, En)IN =0, (18)
with initial data
Onn O, Xy, En) = Q' y (XN, En). 19)

Here, we denote by [+, -]y the commutator between operators on ), and we recall
that the quantum Hamiltonian Hp, y is defined in formula (9).

Lemma 5.1. Let Qp n be a solution of (18) with initial data (19) satisfying the
symmetry (17). Then

(a) one has

Onn@) € C(FOEN, Ryn (1)) foreacht = 0;
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(b) for each o € Gy and each t = 0, one has
Onn(t,o-Xy,0-EN)=U;Qpn(t Xn, EN)Us.
In other words, Qp n(t) € CS(f()®N, Ry n (1)) forall t = 0.
In particular, statement (a) implies that trace(Qp y (1)) = f ()®N . This factor-

ization property is of considerable importance for the proof of Theorem 2.6—in
particular for the consistency part of Step 4 below.

Proof. For each (Xy, Ex) € RDN x ROV, lett > Zy(t, s, Xy, En) be the
integral curve of the time-dependent vector field

1, 8N =V Vix pr(t,x1), ..., =V V ke pf(2, XN)) 20)
passing through (X, Exn) attime t = 5. Then
Qn(t, Xy, En) = e TNl (Zy (0,1, Xy, Bn))e TN /T,
Thus
trace(Qp, v (. Xn, En)) = trace(Q} \ (Zn (0,1, Xy, EN))

N
= (f™EN(ZyO.1. Xy, BN) = [ | £t x;.8)),

j=1

while

/Rd RN Onn(t, Xy, En)dXy dEYN
(RHN < (RY)

= ¢ !1Tnn/R (/ e o Opy(Yy, Hy) dYy dHN) el /h
RET X (RT)

— e*il‘Hh_N/hR;{’lNeith,N/h — Rh,N(t)v

since the flow Zy leaves the Lebesgue measure of RHN x (R?)N invariant. This
proves (a).

As for (b), observe that Qh,N(t, XN, Bn) =U; QpnN(t,o-Xn,0- ENUZ
satisfies (18), because U, Hp v = Hp, yUs while the vector field (20) is invariant
under the transformation (Xy, Ex) — (06 - Xy, 0 - Ex). On the other hand
0 nn(0) = Q’}:’:  according to (17). By uniqueness of the solution of the Cauchy

problem for (18), one has 0 h(t) = Qp n(r) forallr 2 0. This identity obviously
holds foreacho € Gy. O
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5.2. Step 2: Coupling BBGKY Hierarchies

Instead of working directly with the Equation (18) for N-particle couplings, we
look at the hierarchy of equations for the n-particle marginals of Qp, y.

Definition 5.2. Foreachn =1, ..., N, we define the n-particle marginal of QO y,
henceforth denoted Q‘;L N 8s follows: for almost every X,,, E, € (R")”,

OF v, Xy, Bn) I=/ [Onn(t XN, EN)]" dxyp1 A&y - - dxy déy,
’ (RdXRd)N—n

where the n-particle marginal of the N-particle density Qp n (t, Xy, Ey) has been
defined in (8).

Integrating with respect to x2, &, ..., xy, &y and taking the 1st particle mar-
ginal of both sides of (18) leads to the equation

3:Q}3,N(f,x1,€1) + (&1 Vi = VV oxy pp(t.x1) - Vi) Q) y (£, X1, £1)
i
+7_i/ [Hun, Qnn( Xn, Ex)IN dxa dé, ..., dxy déy = 0.
(Rded)N—l
Then
= _

[Hhn. Onn(t XN, EN)]y = [—%ﬁsz., Onn, Xy, DN)I]I
1Y ;
+ 5 2 VO =y, Qnvte. Xn. By, -
j=2

At this point, we integrate further in x2, &, ..., xn, £y, and find that
— 1
/[HE,Ns Onn(t. XN, EN)]y dx2d& ... dxy déy

= [_%thyl ) / Onn(t, XN, Ev)ldx dé ..., dxy déN:|
1

N
1
+ﬁ E /[V(yl —=yj), Orn(t, XN, En)INdxo dés ..., dxy déy.
=2

Using the symmetry relation (b) in Lemma 5.1, we observe that

[V(y1 — ¥)), Qrn(t, Xn, ENIN = V1 — y2), Onn(t,0 - Xy, 0 - ENIY

where o is the permutation exchanging 2 and j and leaving all the other indices
invariant. Hence

— 1
/d . 1[HE,N, Onn(t. XN, EN)]y dx2dé ... dxy déy
(R4 xR4)N-

= [-412ay. 0f yn 60

N -1

A 1
2

a ! dx; d&;.
TN /Rded[V()’l YZ)aQﬁ,N(,Xl,X2,$17$2):|2 X2 d&»
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Eventually, we arrive at the equation for Q}.L N Which is

%0} y(t.x1.81)
+ (1 Vi, = VV e pp(t,x1) - Vi) O (8, X1, E1)
—Lin[a,. O v |

i

+%//Rded [NT?IV(yl ¥2), QhN(t x1,x2, 81, 52)] dxp d& = 0.

21

This equation couples the first particle marginals of Qp, y, and is not in closed
form, as it involves the 2-particle marginal Q2 . Therefore, this equation can be
regarded as coupling the first equation in the BBGKY hierarchy for the N-particle
Schrddinger equation with the Vlasov equation.

Remark 5.3. Proceeding in the same way, one could also write the analogous
equation coupling the n-th equation in the BBGKY hierarchy for the N-particle
Schrodinger equation with the equation satisfied by the n-fold tensor product of the
Vlasov solution:

n
ath};,N(t’ Xn, En) +Z(‘§j : ij = VVix pr(t, xj)- V&)Q%’N(l‘, Xn, En)
Jj=1
n

n .
. l ~
| =20 20 Ay + e D V)= 30, OF (X, B)
Jj=1

k=1
l. n
i/l

n

n

MV (3 = ) QR Xt B | A dn = 0.
i n

(22)

For n = N, this equation obviously coincides with the original Equation (18),
with the convention QNJrl := 0. Analogously, we recall that the last equation in
the BBGKY equation commdes with the N-particle Liouville, or von Neumann
equation.

In the course of the proof, we shall use only the first Equation (21) in the hierar-
chy of equations (22) forn = 1, ..., N —1, together with the original Equation (18).

Equations (21) and (18) are used for two different purposes in the proof. We shall
return to this later.

5.3. Step 3: On Moments and Symmetries of Qp n(t)
Henceforth we denote

chj(x, €)= 5(x =y P+ & +ihVy, ), j=1,...,N.
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Define

Dro () == / traces, (¢ (52 &) O (t, Xy, Ex)) dXy dEy.
(Rded)N N Z Hn VA ARV

Lemma 5.4. Foreachn =1, ..., N and each t 2 0, one has
D 1) = - traceg (cp i (x;, t, X,, 8,)) dX, dE
h () /(Rded),, nz 50 (€ (22 &) O y (8. X, En) -

Proof. By statement (b) in Lemma 5.1, one has
/ traces, (cp, j(xj, §;)Op N (1, XN, EN)) dXy dEN

(RI xRN

= / trace g, (Uycp,1(xj, E)Us Opn(t, Xy, En)) dXy dEN
(RY xRN

= [, s, (eni (61, 0Ur Qn(r.0 - Xy EIUS) dXy 4
(RY xRN

= [, s, (eni (a1, 6 Qr(t, Xy, Ew)) X dEn
(R4 xRN

if o is the permutation exchanging the indices 1 and j, and leaving the other indices
invariant. Therefore

Dpo(t) = / traces,, (ch (1. 1) Qny (1, Xy, Ex)) dXy dEy
(Rded)N
= / trace g (cp,1 (X1, Sl)Q}i n (&, x1,61)) dxp d&y,
R4 xR4 ’

and by the same token

nn () /(Rd Riyy nz raceg, (cp j(xj,§/)Qnpn(t, XN, En)) dXy dEN
-/ —Ztracemcm(x],s,)QhN(r X, §) dX, 48,
(Rded)" n

foralln=1,...,N. O

5.4. Step 4: A Differential Inequality for Dy, n (t)

The most important step in the proof of Theorem 2.6 is to obtain a differential
inequality controlling the convergence rate of Ry, y to f in some appropriate sense.
This control involves two different arguments, referred to as “stability” and “con-
sistency” by analogy with the Lax equivalence theorem [13] in numerical analysis.
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5.4.1. Stability Multiplying both sides of (21) by cp 1(x1, &1), integrating in
X1, & and taking the trace of both sides of the resulting equality, we arrive at the
following identity:

dDp. N
dt

= / trace(Q} v (1, x1, €D (E1- Vi cp — SihlAy, . cpi D1, €D) day d&y

Q)

—/traC%(Q}i,N(l, X1, EDVV e pr(t, x1) - Vg cp 1 (x1, §1)) dx; d&;
i N—1 ) -
+ PN traceg, (Q, v (1, X2, B2)[V(y1—y2), cp1(x1, §D)]2) dxz dés.
We shall use the following auxiliary computations:

£ Vecn(x1, &) = &1 - Vi Hxr — yi1? = &1 - (x1 — y1),

while

—3in[Ay, eni (e 0] = —4inVy, - [V, dx = ]

— Jih [Vyl, 3her — y1|2] "V
= —1ihV,, - (v — x1) — Yih(y1 — x1) - Vy,

so that

£+ Viycp1 (1. &) — SiR[A,,, cp iy (x1, £1)]
= L1 +iRVy,) - (01— y1) + $ 01— y1) - (€1 + iRV,

Likewise

—VV %y pp(t,x1) - Ve cp 1 (x1,E1) = =VV we pf(t,x1) - Ve, 3161 + iAVy, |7
=—=VVx prt,x1) (&1 +iRVy),

while

i i 1 . 2
7 [V =y enix. 6D, = 5 [V(m —¥2), 5161 +ihVy,]| ]2

—zl—h(sl +ihvy,) - (61 + ihVy), Vo — )]

- ﬁ [€1 +ihVy), V(i = y2)], - €1 +ihVy)

L& +ihvy) - VV (1 — )
+IVV (31— ) - (1 +ihVy,).
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Hence

dDp N
dt

= [ racen(@} (a1, 50 +i09,,) - (1 = y0) d diy

(1)

+%/traC%(Q}L,N(t,xl,él)(m —y1) - (€1 +ihVy))) dx; d&
- /tracesa(Q}i‘N(t,xl,él)VV *x pf(t, x1) - (E1 +1RVy))) dx; d&;

N—1 . -
* W/trac%z(Q%,N(h X2, E2)(&1 +ihVy) - VV(y1 — y2)) dX2 dEa

N . -
4 2 [ e, (@ (1 Xo BTV 1 = 32) - G +i09,,)) dXa 4,

Using the inequality (16) with A = x| — y; and B = & + ihiV,, shows that

dDy N
—— <D t
ar () = Dpn()

- /trac%z(Q%,N(f, X2, B)V(2, x1, x2) - (§1 +ihVy,))) dX; dE>

N -1 . _
TN traC%Z(Q%,N(l, X2, E2) (&1 +1hVy,) - W(X2, Y2)) dX2 dE,

N —1 . -
- S [ s (0 (4 Xa, VWK, ) - 61 + i1V, X2 dE

with the notation
V(t, x1,x2) 1= VV % pp(t,x1) — XAV () — x2)
and
W(X2, Y2) :=VV(xi —x2) = VV(y1 — y2).
Using again inequality (16) with A = W(X3, Y2) and B = & +ihV,, shows that

dD
%(:) < D (t)

- / o trac%z(Q%N(t, X2, B)V(t, x1,x2) - (51 +1hVy,)) dX; dE;
(R4 xR%)

N -1 2 — . 2 =
+ —2N /(Rded)Z tracem(Qh,N(t, X5, E2)|&1 + lhv}’l' )dX, dE,

N-1 2 - 2 -
+— traceg, (Q, v (1, X2, B2)[W(X2, ¥2)|7) dX2 dEa.

2N (Rd XRd)2
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Hence

dDh, N
dr

= | waces, (QF v (1, X2, E2)V(t, x1, 12) - (61 +iRVy)) dX2 dE
(R4 xR%)

+1 / traceq(Q} y (1. x1. £1)[&1 + iy, %) dx; dé,
R4 xR4 ’

(1) =< Dp N (@)

412 / tracegs, (02 (1, Xa. E2)(1x1 — y1 P+ 12 — y2I2) dX, dEs
(R? xR%)?2 ’
=Dpn(@)

— / traC%Q(Q%LN(t, X2, E)V(t, x1, x2) - (51 +ihVy))) dXo dE)
(R xR4)?2 ’
41 / tracesy(QL (1. x1. £1)IE1 + ihVy,[?) dx; &y
R4 xR4 ’
+212 / traceq(Q) (. x1. EDlx1 — w2 dy dér,
R4 xRY '

where the inequality follows from the Lipschitz continuity of VV and the equality
from the fact that Qp y is symmetric.
Eventually, we arrive at the inequality

dDp N
dr

—/ L traC%Z(Q%,N(l‘, X2, B2)V(¢, x1, x2) - (§1 +iRV,y,))) dX5 dEs.
(RY xRd)

() =< (1 4+ max(1, 4Lip(VV)2))Dh,N(t)

5.4.2. Consistency The consistency part of the proof is the control of the term
/ trace sy, (O% v (t, X2, EDV(t, X1, x2) - (€1 + iTiVy,)) dX» dE»
(R4 xR9)?2 ’

on the right hand side of the inequality above.

At this point, we undo the symmetry reduction leading to Equation (21), and
distribute the interaction of particle 1 with particle 2 evenly into interactions of
particle 1 with particles 2, ..., N. In other words,

/ traceg, (02 y (1. Xa, ENV(t. x1.x2) - (€1 + ih¥y)) dX3 dE
(RdXR’I)Z
= / traceg, (QnN(t, 0 - XN, 0 - EN)V(E, x1, %)) - (61 +1hV,),)) dXy dEN
J (R4 xRN
:/ traceq, (Qnn (1, Xn, ENUV(t, x1,xj) - (51 + ihV,)US) dXy dBy
(RY xRN

:/Rd R | racesy (O (. X, BNV, x1, %)) - (61 +ihVy,)) dXy dEy
(RYxR)
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forall j =2,..., N, where o is the permutation exchanging 2 and j and leaving
all the other indices invariant. Therefore

/ o tfac%z(Q%,N(t, X2, V(¢ x1, x2) - (§1 +ihVy))) dX, dE;
(RY xR?)

N
= trace OnN~— (t,x1,x;)- (&1 +ihV,,) | dXy dEN.
/(Rded)N R\ N ; J yi
Applying inequality (16) with
N
= 74 Z (t,x1,%)), B =& +ihV,,

shows that

/( . traC%z(Q%N(t, X2, E2)V(t, x1, x2) - (§1 +1hVy,))) dX7 dE2
RY xRY)
2

N
%/ traceg, | On N ﬁZV(t,xl,xj) dXy dEN
(R4 xR4)N o

A

+%/ trace gy, (Qp n &1 + ihVy,|%) dXy dEy
(R4 xR4)N

Since Qp, N (2, x, &) acts on the Yy variables only and trace g, (Qp N (1)) = f (1)®N
(see Lemma 5.1(a), and the remark thereafter), one has

2

N
1 -
trace OrN | v E V(t, x1,x;) dXy dEnN
/(Rded)N o N lj=2 !

2
N
= FOPN Xy, En) |51 DV xi,x))| dXy dEw
N 2
=/(Rd)N T 2V x1, x| pr 0N (Xy) dX,
j=2

where the last equality follows from the fact that the potential V is independent of
the momentum variable &.
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This last term is mastered as follows (see Lemma 3.3 in [9] in the case p = 2
for more details):

/(Rd)N
N

1 2
S No1? (Rd)zZW(t’xl’xj)' pr(t, x1)py(t, x;) dxy dx;
j=2

2

N
L > Ve xxp| pp®N (Xy) dXy
j=2

=

¥ /R /I Vit )Pyt ) 2,0 (t ) dx
, X1, X2)pr(t, x2) dx ,x1) d
N 1 d d 1 22Pf 2 2 4 ! !
S 2 o] 2.

Finally, we have proved that

Dr, N
dt

(1) £ (14 max(1,4Lip(VV)*) Dy, v (1)

+ %/ trace g, (Qp n1E1 + iliVy, |*) dXy dEy
(R4 xRN
N 2
+%/ e v | o PN X dXy
R =2

2
< (2 + max(1, 4 Lip(VV)?) Dy (1) + Q”Zf#.

By Gronwall’s inequality

QIVV]p=)? el —1
N -1 r

Dp.y(t) < Dy (0)e" +

5.5. Step 5: Conclusion
Observe that, foreachn =1,..., N
Oh v € C(f(O®", R} y (1)), foreach s = 0.
Indeed

traces;, Of n(t, Xu, En)

— traces, / [Qnn (6. Xy ST gy dEyyy - day déy
(Rded)N*"
=/ traceg, Op N(t, Xy, En) dxpqq d§ppq -+ -dxy déy
(RdXRd)N*”

= / IOV, Xy, Bn) dxpgt dEgg - - day déy
(RdXRd)N—n

= £, Xu, En),
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while

/(VR(I Rd) QI}!L’N(I? X}’MEH) an dEn
X n
n
= |:/(Rd - Onpn(, XN, En) dXy dEN] = Rj v ().
xR%)

Besides, specializing the symmetry in Lemma 5.1(b) to the case where o (k) = k
foreachk =n+1, ..., N shows that

Q%,N(t) e Co(f(t)®", R%N(t)), foreach r = 0. (23)
By definition of the pseudo-distance Ep, one has

QIVV]p=)? el —1
N —1 r

1
~En(fOF", Ry, (1)) = Dpy (O +

foreachn = 1,..., N and ea(;h ¢t 2 0. Minimizing _the right _hand side of the
inequality above as the initial Q%" runs through C*((f in®N . Ry, we arrive at
the inequality

r QIVVIp=)? et —1
N —1 r

! 1 . _
CERS O RR v (0) £ S En((FMEYRY e

(Indeed
o, e, (en 0.6 0y (X En) dXy dE
(R4 xR4)N '
= [, s, (eni (1, 60Us Oy (0 X, - En)UZ) dXy dE
(Rd ><Rd)N ’
if o is the transposition exchanging 1 and j, and therefore

/d . NztraC%N(Chj(x] §) Q) v(Xn. Ex)) dXy dEy
(RYxR%)

N /(Rd RA)N N Ztrac%N(Ch](XJ E;)Qm 7" (Xn, En)) dXy dEy,
X

24
where
Oy (Xy. Ey) = % > Us Qi (o - Xy, 0 - ENUY,
T oeBGy
so that there is no loss of generality in assuming that y satisfies the symmetry

17).)
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By statement (2) in Theorem 2.4

1 . N i n 2
; dlStMK’z(f(l) s Wh[Rh,N(t)])

1 » ~ QVVilz=)® e — 1
< E in\®N Rin It ldﬁ
=5 (57 Ry e " + N1 T + 5

It R%’fN is a Toplitz operator, more precisely. if R;{f N = OP%((Znh)dN u’}\’}) for
some symmetric Borel probability measure 1’y on (RN, one has

1 . ~
— distmk 2 (£ ()®", WRIRE  (D])?
" :
. QIVV)?e -1

1 . .
H QN 2 1 r
< (ﬁ distm 2 ((f™)®7, wiy)” + Edh) e’ + N_1 T + 5dh.

Remark 5.5. The argument in Step 4 can be summarized as follows: the first equa-
tion in the BBGKY hierarchy at the level of couplings (that is Equation (21)) is
used in the stability part of the convergence analysis, while the last equation in
the BBGKY hierarchy, or equivalently the N-particle equation (18) at the level of
couplings, is used in the consistency part of the proof. None of the intermediate
equations in the BBGKY hierarchy is used in the proof. In view of this remark, it is
interesting to compare the method used in the proof of Theorem 2.6 with the abstract
argument for hierarchies outlined in [3], which is based on a Cauchy-Kowalevsky
argument.

6. Proof of Theorem 2.7

The proof of Theorem 2.7 is similar to the proofs of Theorems 2.5 and 2.6.
We only sketch the argument, and insist on the differences with the proofs of
Theorems 2.5 and 2.6.

Let QF'\ € C(Fy', Ry ), and let (1, X, EN) = Qpn(t, Xy, En) be the
solution of the Cauchy problem

[ 3 Onn +{Hy, Onnin + 5[Han, Qrnlv =0,

25
Qh,N|l:0 = Q%’jN? ( )

where the classical Hamiltonian Hyy is defined in (13) and the quantum Hamiltonian
Hp, n in (9). By the same argument as in Lemma 5.1, we see that
Opn(t) € C*(Fn(t), Ry (1)), foreachr = 0.

Set

1

N
Dpn®) = — trace OnnN({t, XN, EN) D cpj |dXy dEN
N (RdXRd)N fJN /gl J

= /R o racen (Qh et Eneny) do di.
X
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as in Lemma 5.4 withn = 1.
Multiplying each side of (25) by cp, 1, taking the trace and integrating in (x1, &1),
we get

Dp.n (1)

=/ traceg, (Q%,N(I,Xhél) {%51, Ch,1(x1,51)}) dxy d§
RI xR4
+/ traceg, (Q}’z,N(t’ X1 ED [—5hAy,, ena (a1, 51)]) dx; d§
R xR4
+ / traces, (03 y(t. Xa. E2) (Y1 V (x1 — x2). en1 (31, £} ) dX2 dEs
(R4 xR4)?2 ’

i _ -
+/ — traceg, (Q% Nt X2, B2) [LN1 V(y1 — y2), ch1(x1, 51)]) dX> dEs.
RIxR? N ’

One has

{261, cni (1, 8D} = &1 - Vigena (e, 6D = &1 - (a1 = y),
while
[—2hAy,, cpi(x1, ED)] = —%ihVy, - (31 — x1) — Sih(y — x1) - Vy,.
Likewise

{AA V(e —x2), eni(xr, £} = = YA VV (g — x2) - (61 +ihVy,),

while

i i

[XA V1 =y, eni G, 6D)] = =+ Y [eni (1, €D, VO — )]

7 “h
i
= =355 (3@ +ihVy) - iRVV (31 = y2) + JiRVV (31 = y2) - (E1 +iRVy)
= Mol (L +ihVy) - VV (31— 32) + AVV (1 = y2) - (&1 +iRVy))) .
Thus

Drv(t) = [ traces (O} xtm 0 b @ 09, - = ) d diy
R4 xR4

+ / traces, (O} (31, €D 5 (v = 1) - (& +i0Y),)) duy déy
R4 xR4

N-1 , ~
-—— traces, (QF y(t. X2, E2) (€1 +ihVy,) - W(X2, Y2)) dX5 dEy
2N (Rf’de)2 B
N-1 ) _ . -
- traces, (Q% v (t, X2, E2))W(X2, Y2) - (§1 +iRV,y))) dX2 dE>
2N (Rdef’)Z ’
N-1 2 - . 2 -
SDpN{) + —— tracegq, (Q% y (1, X2, E2)[&1 +ihVy, %) dX7 dEy
2N J(RdxR4)? :

N -1

ace Qz X,. B 2 —
ToON tr h t, e W(X ,i dX» dE R
2N (RYxR)2 552( ,N( 2 2)| ( 2 2)| ) 2 d=2
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with
W(X2, Y2) := (VV(x1 —x2) = VV(y1 — »2)).
Denoting again L := Lip(VV), one has
IW(X2, Y2)| = L(lx1 — y1] + |x2 — y20)

and therefore

Drn() < Drw(t) + /

g traceg, (Q% v (1, X2, B2)[€1 +ihVy,|?) dX; dE)
X

L2 / traces, (0% y (1, X2, E2)(x1 — y1| + Ix2 — y2)?) dX dEy
(R? xR9)?
< Dun(t) + %/d ) tfaC%(Q}i,N(h x1, E1)|& +ihVy, %) dxp dg
R4 xR

w2 [ oo ()., 0l — i) v dé
(R xR

< (1 +max(1,4L%)Dp n (1).

Hence, forallt 2 O0andalln =1, ..., N, one has

1
—En(Fy (), Ry y (1) = Dpy (1) < Dy (0™

Minimizing over the initial coupling ’7%1 v € C(FY, R%’f ) and arguing as in

(24), one finds that

1 . .
o inf  Dpn(0)? = —ER(Fy, R D
nnECT(FNLRY ) N ’

Thus, forallt 2 0andalln =1,..., N,
lE FI] Rn 2 < lE Fiil Rll’l 2 At
CER(FR (). R} v (0) S - En(Fy. Rjl e,
We conclude following the end of the proof of Theorem 2.6, Section 5.5.
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