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Abstract

In this paper we study a semilinear system involving the curl operator, which
is a limiting form of the Ginzburg—Landau model for superconductors in R for
a large value of the Ginzburg-Landau parameter. We consider the locations of
the maximum points of the magnitude of solutions, which are associated with
the nucleation of instability of the Meissner state for superconductors when the
applied magnetic field is increased in the transition between the Meissner state and
the vortex state. For small penetration depth, we prove that the location is not only
determined by the tangential component of the applied magnetic field, but also by
the normal curvatures of the boundary in some directions. This improves the result
obtained by Bates and Pan in Commun. Math. Phys. 276, 571-610 (2007). We also
show that the solutions decay exponentially in the normal direction away from the
boundary if the penetration depth is small.

1. Introduction

Consider the following semilinear elliptic system:

—2Zcurl’Q=(1-1Q%Q ing, w1)
A(curl Q) = HY on 02, '

where € is a bounded and smooth domain in R3, ‘H¢ is the tangential component
of a given vector field H® on 02, and A is a positive parameter. Our aim in this
paper is to investigate the locations of the maximum points of |Q| for small A.

System (1.1) was first obtained by Chapman in [6] as a limiting form of the
Ginzburg-Landau model for type II superconductors in three dimensions for a large
value of the Ginzburg—Landau parameter. The parameter A is the penetration depth
of the magnetic field, generally A < 1. Vector fields

Q=1(01,02,03) and curlQ = (3,03 — 3302, 9301 — 0103, 0102 — 1 Q1)
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are the gauge-invariant potential and the induced magnetic field, respectively. The
domain 2 represents the shape of a superconductor placed in an applied magnetic
field H¢. We refer to [9] for the physical background of the Ginzburg-Landau
model and to [4,6,12,16] for the derivation of system (1.1).

The above problem arises in the mathematical theory of superconductivity in
the transition between the Meissner state and the vortex state, in which H;, (known
as the superheating field) is the critical field. If the applied field is below Hyj,
there are no vortices and the magnetic field will be expelled from the interior of
the sample except in thin boundary layers. In this state [¥| > 0 in Q, where W is
the order parameter to describe the density of superconducting electron pairs. The
solution corresponding to the Meissner state is called the Meissner solution. If the
applied field is above Hyj,, the magnetic field will penetrate the sample in the form
of quantised flux tubes, each circled by a vortex of superconducting current. In this
state || vanishes at some points which correspond to vortices. See [5-7,11].

There are other two critical fields Hc, and Hg (where Hc, < Hs < Hyp) in
the Meissner state. The value of Hc, is known as the lower (first) critical field to
differentiate between the superconducting state and the mixed state. If the applied
field is below Hc,, then the Meissner solution is globally stable with respect to the
Ginzburg-Landau free energy [18]. If the applied field is above Hc¢, but below Hyg,
the Meissner solution is locally stable (see [11]). For the finite Ginzburg-Landau
parameter the local stability is characterized in [5] by

1
inf {|w? - 1P} > 3.
Q 3
where W is the order parameter and Q is the gauge-invariant potential as above.
While for the infinite Ginzburg—Landau parameter, it is characterized by

1

QI < Nek
see [4,7,17]. If the applied field is above Hg but below Hyj,, the Meissner solution is
unstable. It was conjectured by Chapman in [6,7] that this instability will lead to the
generation of vortices, and also the point at which the solution first becomes unstable
corresponds to the position of the first nucleation of superconducting vortices. It is
therefore important to know at which the Meissner state will begin to lose stability.
For system (1.1), we need to find the position at which |Q| = 1/ /3 is first attained
when the applied field increases.

We mention here the pioneering works in this direction by mathematicians.
Berestycki et al. in [4] showed that, for a bounded domain in R? (corresponds
to a cylinder of superconducting material), the instability will occur first on the
boundary, while for the setting of R? it was shown by Monneau in [12]. Using
formal analysis, Chapman in [7] further showed that, as A — 0, the solution Q
first becomes unstable at the point of largest negative curvature of the boundary
in two-dimensional domain. This was rigorously proved later by Pan and Kwek in
[17] using the exponential decay estimate and the boundary layer analysis.

To locate the points at which Q| = 1/ /3 is attained, one way is first to find the
maximum points of | Q| when the maximal value is below and close to 1/+/3. Then
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the maximum points will tend to the position as we expected by letting || Q|| go
tol/ /3. For bounded domains in R3 , under the assumption that

1
1QllL> ) < e (1.2)

(which holds if ||H‘}||Co(39) < 4/5/18 and X is small, see [3, Theorem 1(iii)]),
Bates and Pan in [3] proved that the points where the maximum of |Q| attained
must approach the points in 9Q2(H%), as A — 0, where

IQHT) = {x €32 : |HT| = IHTllcoan) ) - (1.3)

Therefore, in the special case of a homogeneous applied field, Bates and Pan’s
result showed that the gauge-invariant potential is maximal around the points on
the boundary where the applied field is tangential to the surface.

Note that, for a general applied magnetic field, the set 3Q2 (H?%), depending on
the strength of the magnetic field, may still be large. We expect to obtain a more
precise description for the locations of the maximum points of |Q| for small 1. One
question is whether the geometry of superconductors influences the location as in
the case of R?? This is the motivation of the present paper.

In this paper we will show that the location is also influenced by the normal
curvatures of the boundary in some directions. Before giving the main result, we
sketch our proof: let H; = Acurl Q. Then we can reduce the system (1.1) to a
quasilinear system (see [6]):

—12curl [F (A2| curlH|2) curl H] =H in €2,

Hy =H% onoQ, (1.4)
where the function F (¢) is defined by the following implicit relation
v=F(@)t <t =(1—v3)v. (1.5)

From [3], there is a boundary layer for H, if A is small. Therefore, we consider
this problem in a neighborhood of the boundary. The key step in our proof is to
establish an approximation theorem for the solution Hj, to system (1.4) (a similar
result see [13]): for any X € €2, in the neighborhood of X with the diameter X,
denote by Uy ;, we have:

IHy. (x) — A (F (x)/2) — )»W(]:(X)/)»)IIC_](

T <0 (WZ), (1.6)

where y = F(x) is a diffeomorphism straightening a boundary portion around Xj;
the norm of C i is defined by

= |lu] +KIIDUIIC0( (1.7)

Il @rmra) = 1eo i@ mra) Uy N12)’
the vector .77 (), obtained earlier by Bates and Pan in [3], depends on the strength of
the magnetic field; the vector 7 (-), which we will introduce in this paper, depends
on the strength of the magnetic field but also on the geometric shape of supercon-

ductors. Thus, from (1.6) we can obtain the set that the maximum of | curl H; |
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attained for small A. Note that the maximum points of | curl H; | correspond to the
maximum points of |Q] since

Meurl Hy | = (1—1Q1)IQI. (1.8)

Therefore, the locations of the maximum points of |Q| can be determined.

We need to mention that the uniform convergence of (1.6) involves a C! es-
timate of the solution to a curl-type elliptic system. However, for such an elliptic
system there is no comparison principle and no maximum principle. Our strategy
is as follows: we first establish the global H'! estimate by the method of matched
asymptotic expansion, then deduce an H? estimate near boundary by the difference
quotient technique. Hence the solution is C* regularity by the Sobolev imbedding
theorem. Finally the convergence (1.6) follows by solving a local oblique derivative
problem. The method of our proof is different from Pan and Kwek in [17] where
it was treated this problem in a bounded domain of R? by applying the maximum
principle for a single divergence-type elliptic equation.

Let

1/2
fi =1 leoagy: fo=[1- =267
We state our first result as follows.

Theorem 1.1. Let 2 be a bounded domain in R3 with smooth boundary 2. Assume
that

HS € C>*(0Q, R, IHZ lcope) < \/g, DivH% =0 ond2, (1.9)
where Div is the divergence operator on boundary 0S2. Let y1— and y,—curves
on 02 be the lines of principle curvature with k1(x), k2(x) corresponding to the
respective principal curvatures at x € 9S2, and let 6(x) be the angle between the
vector H5. and the y1 —curve at x € dK2. Then the maximum points of the magnitude
of the solution Q to system (1.1), as . — 0, approach the points in the set S defined
by

S = {x € IQHS) min = m(X) = m(x)] , (1.10)
TeIQ(HS)

where 32 (H<) is defined by (1.3),
m(x) = (cosze(x)/q (x) + sin29(x)lc2(x)) Cq
n (cos29(x)K2(x) + 5in20(x)K (x)) Gy,

and the constants C1 and C, are defined by

2/ 2f1
Ci=—psi-2+ 2 <0, =2ppn-2+ 20
Jo fo
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Remarks. We would like to point out:

(i) The assumption on H7. in (1.9) is to guarantee, for small A, the existence
of the solution Q to (1.1) satisfying (1.2). Thus the semilinear system (1.1) can be
reduced to the quasilinear system (1.4) by letting H = A curl Q, see [3,15].

(i) Theorem 1.1 can be viewed as an improvement of the result obtained by
Bates and Pan in [3], since we give a more exact description for the locations of the
maximum points of |Q|. In particular, in the special case of a homogeneous applied
field H¢ = (0, 0, i) and of the superconductor being the shape of an ellipsoid

w2 x2 x2
Q: 1—i—b—i—i——<lw1tha>b>0

Bates and Pan’s result showed that | Q| is maximal around the curve
X X3
x€ed : —+-—==1, x3=0¢,
a

while Theorem 1.1 gives that the maximum points approach the two points
P, =(0,0,0), P_=(0,-b,0).

We refer the readers to Example 4.1 for details.

(iii) For Example 4.1 mentioned above, Theorem 1.1 shows that for any solution
Qy, to system (1.1) satisfying (1.2) the maximum points are always near Py and
P_. For this reason we expect that as the applied magnetic field mentioned above
increases (by letting % increase), the maximum points of |Qy,| with the maximum
value approaching 1/+/3 will approach P, and P_, where the Meissner state first
becomes unstable and the vortices may first appear (if Chapman’s conjecture holds).

From the approximation formula (1.6), we can see the profile of the solution
H;, to system (1.4), and hence the solution Q to system (1.1), near the boundary.
For the portion away from the boundary, Bates and Pan in [3, Lemma 8.1] showed
that the solution Hj can be made arbitrarily small if the penetration depth A is
sufficiently small. It is natural to ask whether we can show that the solution Q
decays exponentially in the normal direction away from the boundary as is the case
for the domain in R?? The following result verifies this conclusion.

Theorem 1.2. (Decay estimate). Let Q be the solution of system (1.1) satisfying
(1.2). Then there exists a positive constant Ao such that for any A € (0, Ao) and
0 < B < 1 wehave

|Q(x)| £ Ce PA-ID/ (1.11)
where the constant C depends on B, the domain Q2 and 'HeT.

The organization of this paper is as follows. The first order term % in (1.6) is
formally derived in Section 2. Then we rigorously establish the asymptotic expan-
sion (1.6) for the solution H,, to system (1.4) in Section 3. In Section 4, by applying
(1.6) we give the proof of Theorem 1.1 and obtain the asymptotic behavior of the
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maximum points of |Q]. Finally, we prove the exponential decay estimate (Theorem
1.2) in Section 5.

Throughout the paper, the bold typeface is used to indicate vector quantities;
normal typeface will be used for vector components and for scalars. The positive
constants C are independent of A and their numerical value may be different in each
occasion.

2. Formal Asymptotic Solution to System (1.4)

As stated in the introduction, the function | curl H, | obtains its maximum only
on 9€2 and the boundary layer appears in the neighborhood of the surface of the
body if X is small. To show how the geometry of the body influences the locations of
the maximum points, we need to carry out the detailed analysis near the boundary.

In this section we shall apply the method of matched asymptotic expansion (for
the detail see [10]) to derive the formal expansion with three orders for the solution
H, with respect to the parameter A. To obtain the global expansion, we need take
the outer asymptotic expansion outside the boundary layer and the inner asymptotic
expansion inside the boundary layer. The outer expansion for system (1.4) is of the
form

o0
U(x, A) = Zx2kh2k(x), A — 0.
k=0

Substituting U into the system (1.4) and equating the coefficients of the same powers
of A, one obtains

hyr(x) =0, forall k.

To show the inner expansion, it is necessary to seek the expansion for the solution
H;, at the points on the boundary with respect to the parameter . We need to mention
that the leading order term of the inner expansion has been obtained earlier in [3,
Lemma 8.2]. Our purpose in this section is to derive the first order term and the
second order term.

We first recall Bates and Pan’s work on the derivation of the leading term in [3].
Let Xy € 02 be fixed and consider the problem in a neighborhood of X, denote
by U. We take the grid of the curvature lines as the curvilinear coordinate system.
Then introduce new variables y; and y» such that r(yj, y») represents the portion
of 92 in U with r(0, 0) = X and the y;— and y,—curves on 92 are the lines of
principle curvature. We use the following notations:

y=0" y) =012, 53), 111, y2) =8yt (1, ¥2), 1231, ¥2) = dy, ¥ (v1, ¥2),
and let n(yy, y2) denote the unit inner normal vector at (y’, 0) € 9$2 defined by

ri(y1, y2) x r2(y1, y2)
[r1(y1, y2) x r2(y1, y2)|

n(yi, y2) =
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Since the domain is smooth, then for any x € Q (U we have a diffeomorphism
map F:

x =F(y) =r(1, y2) + y3n(1, y2). 2.1
Let
&) =1 () -r;0N, Gij(y) = aF () - 9;F(y). 2.2)
Then we get
G = g1 —xk1()y3)? GO =gn()1 —ka()y3)%
Gy =1,

where «1(y'), k2(y’) are the principal curvatures of €2 at the point x = F(y’,0) €
Q2.
Introduce the new orthogonal coordinate framework {E, E>, E3} as follows:

0;F )
E;j(y)= - j=12 E3y =

”BF
0,71 =n(y). (2.3)

B
|03 F |

Under the above coordinate framework, the vector H(x) can be represented by:
H(x) = Hi(E: + B2 (0)Ex + H3()Es = H(y).
Then curl H(x) can be represented by (see [20, p. 205])

3
curl H(x) = z Qi(ME;(y)

i=1

with
Q1(y) = L _32 (1:13\/ G33) — 03 (ﬁzx/ Gzz)_ ,
v G2Gaz L .
1 _ R R -
= H — 0 | H
 (y) N _33( 1\/011) 1 ( 3\/G33)_ ,
1 _ R R -
= — |01 | H —oh|H .
Q3 (y) Nesyemi! 1 ( 2\/G22) 2( 1\/G11)_
For simplicity, denote
Curl,, H=(21(y), 220y), Q3(»). (2.4)

Let IZI;L(y) = H, (x) be the solution to system (1.4) and let y = XAz. Then in the
neighborhood of X we define the rescaled vector fields:

H, () =H,(02)=H,(y), Gii(2)=G;;(A2)=Gi(y) fori=1,2,3. (2.5

For simplicity, in the following, we always let ﬁ(z) = I:IA(z). Under the new
coordinate system {E;, E», E3}, the system (1.4) can be rewritten by

— %, [F (| @url, ﬁ|2) @url, H] -, (2.6)
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where the operator %url; is defined by, for y = Az in (2.4),
Gurl, := A Curly . 2.7
We assume that the inner expansion in the neighborhood of X is
H;, () = Ho (y1, y2. 23) + AH1 (01, y2. 23) + 27Hy (1, y2.23) + O ()»3) :
(2.8)

It follgws from [3, Lemma 8.2] that in local coordinates near X, the rescaled vector
field H(z) converges in C 2+ (R3, R3) to the solution Hy of system

loc

—curl[F(|cur1Ho|2)curlH0]:Ho inR3, Ho,=h ondR}, (2.9)

where h corresponds to H.(Xp) in y-coordinate system. Hence, we can assume
h(y1. y2.0) = [h|(cosb, sind, 0), (2.10)

where 6 is the angle between the vector 77, and the y; —curve at the point X € 9.
Let f be the unique bounded solution satisfying |f| < 1 to the following
equation

"=~ ff forzz>0, f/(0)=—lh| (2.11)
Then we can write out the expression of Hy (see [3, Proposition 6.2]):
Hy = — f/(z3)(cosh, sind, 0). (2.12)
Hence,
My := curl Hy = (f" (z3) sin6, — f" (z3) cos6, 0) . (2.13)
From the definition of F(¢) in (1.5), it follows that

() = e () =

(=72 (1-37)

1
— (2.14)

Thus we have
Ho(0, 0, z3) = Ho.

Let ﬂeT(yl, y2) be the value of H (x) in y-coordinate system. We can do it by a
similar process, and get

/

A ,(23) ~

Ho(y1, y2, 23) = ——=2—H¢,, (2.15)
[H |

where fy’l’y2 (z3) is defined by (2.11) with |f1| = |7:[6T|. By simple calculations, we
have

)Vﬁo‘ < Ce 3, ’Vzﬁo‘ < Ce ™33,
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here the constants C depend on .. Denote
(p}, P, 0) = 9y, (0,0, 23). (pi, p%,o) = 9, (0,0, 23). (2.16)
We begin to derive the first order term at Xo:
H(0,0,23) 1= W(2)|:=(0.0.25 = (W1, w2, w3)|:=(0,0.25)- (2.17)
Then w(z) satisfies the following system in Ri:
—curl [F (I[Mo|?) curl w + 2F" ([Mo|?) (Mo, curl w)Mo] —w=b in R3,
wr =0 ondR3,
(2.18)
where the vector b = (—by, ba, b3) is defined by
by = B (2F/ (|M0|2) (K2H333H§ + K1H933H1°) 03 HY + i\ F (|M0|2) H?)
+ioF (IMol?) a3 H.
by = B (2F/ (|M0|2) (K2H§a3H§ + Klyloang) 03 HY + ia F (|M0|2) H2O)
et F (IMof?) 03 15,
by=F (|M0|2) (F%l 3 HO +T! a3 HY + 93p! + 83p§)
+2F (IMol?) (05 H 93 H 93
+ 03 HY 93 HY 03 pl + 93 HY 03 HY 93 p3 + 03 HY 93 HY 93 p3), (2.19)
l"l].‘j denote the value of the Christoffel symbols at X and
k1 =k1(Xo), K2 =k2(Xo).
The detailed calculations will be shown in Appendix A.
In the following, we show the existence of the solution to system (2.18) and

prove that the solution decays exponentially.
Let w; and w; depend only on the variable z3, but not on z1, z2, and let

w3 = —b3.
Then system (2.18) can be reduced to
03 (2F/ <|M0|2) (83H2033w2 + 33H1033u)1) o3 HY

+F (|M0|2) 83w1) —wy = by,
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03 <2F/ (|Mo|2) (33H§a3w2 + a3HPa3w1) o3 HY
+F (|M0|2) 83wz) —wy = by, (2.20)

with the boundary conditions w; = 0, w, = 0 on B]R3
Substituting (2.12)—(2.14) to system (2.20), then using f” = (1 — f2) f, we
see that wy, wy satisfy the equation

( 2f2cos0
(1= fH =312

= —03 (I—L/JQ) cosOk

1 f? .
205 ((1 —is 3f2)) (szn29lc2 + 60529K1)6059, 2.21)

and the equation

( 2 f2sinb
(1= =3f%

=—03 (1_f—f2) sinfi;
I'f? . .
—203 ((1 T 3f2)) (s1n20/<2 + coszexl)san. (2.22)

Combining the above two equations and then setting v = sinfw; + cosdwp, we

have
9 |
% [1 _33vf2} = —(cos29/<1 + sinzekz) 9 (1 —ye f/)

—(C0S29K2 n sin20K1) 1, (2.23)

83(s1n9w2+c0s9w1)+ f283w1>—w1—/c2fcos6

83(szn9w2+cos9w1)+ — ang) — wa+k1 fsin6

with the boundary condition v(0) = 0 and the natural condition v(co) = 0.
Consider the equation:

9 (ﬂ) —up=—03 (L) 23> 0: w1 (0) = ui(c0) =0
1-3/2 1-3/2
(2.24)

and the equation

9
9 (_1 _3’;?2) —ur=—f 23>0, uz(0) =us(c0)=0. (2.25)

Define the bilinear form B[, -] on Hj (RT) x HO1 (R*) by

03ud3v
Blu, v] = dzs.
it = [ (P25 ) oo
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It is easy to see that B is bounded and coercive. Then the existence and the unique-
ness of the solutions to (2.24) and (2.25) in HOl (R*) follow from Lax-Milgram
lemma. From the standard elliptic estimates, the solutions obtained are actually
smooth.

Thus, we get the solution to v—equation:

v(z) = (c0s29/<1 + sin29/c2) ui(z) + (cos291<2 + sin20/<1) ur(z). (2.26)

Plugging the expression of v back to (2.21) and (2.22), we see that w satisfies the
equation

9 L o) = wy — 0+ 9 2fcos8
3(1—f2 3““) Wi ke fcos 3((1—f2)(1—3f2) 3”>

£ 12
=" (1 - f2) costir =203 ((1 (- 3f2))

X (sin29/<2 + c0s29/c1)cos0,

and w, satisfies the equation

2f%sind 5 v)
- AHa-3/)%

Y ik
=% (1 - f2) sinfie =203 ((1 — (- 3f2>)

X (sin29/<2 + c0s29/<1)sin9.

1
d3 (1 — f233w2) —wy + k1 fsind 4 03 (

Then the existence of solutions w; and wy can be obtained by the Lax-Milgram
lemma, the proof of which is the same as that of u.
We now show the exponential decays for the solutions to (2.24) and (2.25).

Lemma 2.1. Let f be the solution to (2.11), and let u be the solution of the equation

)
o (27) e 20 0= =0

where the function h satisfies |h| < Mye™% with Mg being a constant. Then there
exists a constant C depending on My and f such that

lu(z3)] < Ce /2,

Proof. Let w be the solution of

9 3w —23 .
3 —w=Mpe **, z3>0; w0 =w(o0)=0. (227

It follows from the comparison principle that

wSu< —w.
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By the maximum principle, there exists zo such that for any z3 € (zp, 00) we have
w(z3) < 0 and w'(z3) > 0. Rewriting the Eq. (2.27), we have

1 1 1 6f7/ 1 2

" ’ /

w——w——w—_Mer3+<———1 fz w + ——3f w
—3f2M0€ Z3.

Since the function f decays exponentially with respect to z3, there exists Zo > zo
such that for any z3 € (Zo, 00)

1 6ff r (] 2 2
—_—— = — — Mpe ™ £ 0.
( 2 T T-3/2 w4+ 5 3f)w—-3f"Mgoe > =0
Consider the equation
1 1
v — Eﬁ/ — Eﬁ} = Mpe *, z3>20; w(Zo) = w(Zo), w(oo)=0.

By the comparison principle again, we have
w =W = Mgpe 3+ [w(Zo)eZ"/2 - Moe_20/2] e B2 23> 3.
This gives that
Jul < |w| < @] < Ce @2, 23 > Z.
We end our proof. O
Combining with Lemma 2.1, we get the solution to system (2.18):
Theorem 2.2. There exists a unique solution w € H' (Ri) to system (2.18) with
w = (wy, wa, —b3), (2.28)

where w1 and w» is the solution pair to system (2.21)—(2.22), b3 is defined in (2.19).
Moreover, we have

W] < Ce™5/2,
where the constant C depends on the domain Q and H%.

We are now in the position to show the second order term at Xo:
H (0,0, 23) = ¥ (2) [:=0,0.23) = (W1, W2, ¥3) [:=0.0,20)-  (2:29)
Then we can find that W (z) satisfies the following system in Ri:
—curl [F ([Mo[?) curl ¥ + 2F’ ([Mo|?) (Mo, curl ¥)My| — ¥ =@ inR3,
¥r =0 ondR3,
(2.30)
where the vector ® = (1, &;, $3) depending only on the variable z3 is determined
by the domain €2 and the strength of the magnetic field /4. The detailed calculations

will be shown in Appendix B.
By a similar proof of Theorem 2.2, we have the following corollary:
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Corollary 2.3. There exists a unique solution ¥ = ¥(z3) € H 1 (Ri) to system
(2.30). Moreover, we have

W < Ce5/2,

where the constant C depends on the domain Q and H.

3. Uniform Estimation for the Approximation Solution

In this section we use the first order term w obtained in Theorem 2.2 and the
second order term W obtained in Corollary 2.3 to construct an approximation solu-
tion Hy, of the solution Hj, to system (1.4). We shall prove that the approximation
solution Hy,, converges to H; in H () and in C! in the neighborhood of the
boundary.

Let Ny be the neighborhood of the boundary 82 such that for each point X €
9 there is a 2 diffeomorphism and a ball B;(X¢) that straighten the boundary
in Ay () Be(Xo). Denote

do := dist 02, Q\Np), 0, := {x € Q: dist(x, 9Q) < do/n},

then define a fixed smooth function y (x) (independent of 1) by

1, X € 0y4;
x(x) = {smooth, x € oy\oy4;
0, x € Q\o».

For each x € Nj, there exists a unique pair (y', y3) with y3 being the distance from
the point x to 3R and y’ € 9<2 satisfying

dist(x, 0) = dist(x, y).

Let 22(y', z3), # (¥, z3) and W¥(y', z3) be defined by (2.15), (2.28) and (2.30)
with y" = X respectively. Now we define the approximation solution H,, (x) by

Hop(x) = x () + AW +22%) (¥, 23) 3.1

with z3 = y3/A. Itis clear that the vector H,p, (x) can b§ defined everywhere in Q.
We define the operator .%} for any vector A € C*(Q) by

LAl = =22 curl [F(k2| curl A?) curl A] — A 3.2)

In view of the calculations in Appendix A, if we replace H in Appendix A by
4+ AW, then for any R;(1?) in Appendix A there exists A* such that for any
A € (0, A™) we have

‘%i(ﬁ)( <CA2 fori=3...23.
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If we replace H in Appendix A and in Appendix B by . + A% + A2W, then for
any %, (1%) in Appendix B we have
‘mi(ﬁ)‘ < CA3 fori =24...42,

where the constants C depend only on €2 and H7..
Denote

b(x, A) := X}L[Hap(x)]'

Then, for x € Q\oy we have b(x, 1) = 0. Let b be the representation of b under
the z-coordinate system (for x € Ap). Then for any x € o4 we have

b < c (2.7 (@.15) 5%, |v2b| = (.75) 2
(3.3)
From the expressions of 77, # and ¥, we see that
(% Ny )\2\1:‘ < Ce 2,
Therefore, for x € 02\04 we also have (3.3) holding for A small.
We introduce the remainder term R by
R =H, — H,, (34

where H,, is the solution of system (1.4). Then R satisfies

—2Zcurl [al (x) curl R + 222 fol hi(x, t)(M, curl R)YM dt] —R=b(x,A) in Q,
Ry =0 on 082,
3.5)

where the symbol (-, -) represents the inner product between two vectors, the func-
tions a1 (x) and h(x, t) are defined by

ar (x) = /01 F (A2|curl (H,p + 1R) |2) dr, hy(x,1)
—F (x2| curl (Hy, + rR) |2) (3.6)
and the vector M is defined by
M(x, t) = curl(H,p, + fR). (3.7
This is a curl-type linear elliptic system with the coefficients satisfying
ai(x) 21, hi(x, 1) 20.

We begin to consider how the regularity of the solution R depends on the
parameter A. Firstly, note that the integral in (3.5) with respect to # does not influence
the regularity of the vector R, this is because we can calculate the integral with
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respect to ¢ finally in the process of the estimate. Hence, it suffices to consider the
system

—12curl(a(x) curl R + A2A(x)(M, curl R)YM) — R = b(x, 1) in , (3.8)
Ry =0 on 9.7
Let

Hy (curl, Q) = {u e L¥Q) : culue L2(Q), ur =0 on asz} .

Now we state the following global H' estimate:
Lemma 3.1. Let R € H'(Q) be the solution of system (3.8). Then we have

IRl .2y + I2VRI 20y = C (Ibll2g) + A divbll2q) , (3.9)
where the constant C depends only on 2, but not on \.

Proof. Note that the vector R can be viewed as a weak solution of (3.8) in the
sense of

/ {kz(a(x)curlR+A2h(x)(M, curlR)M)-curlB+R~B]dx=/ b - Bdx
Q Q
(3.10)

for all B € Hr (curl, €2). Then taking B = R, we have
/ (Aza(x)| curl R|Z + A*h(x)[M - curl R|? + |R|2) dx = / b - Rdx.
Q Q

By the Cauchy’s inequality and by noting that a(x) = 1 and h(x) = 0, we get
[Acurl Rl 2(q) + Rl 12(q) = ClIbllL2(q)-
From (3.8), naturally we have
divR = divb.
Applying the following inequality for R € Hr (curl, €2):
IVR[I12(q) < C () (| curl R||;2(q) + [ divR[I;2(q)) -
we thus obtain the global H'! estimate for R:
IRl 20 + IAVR12¢) < C (Ibll 120y + A divb]l2(g) -

This ends the proof. O
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In the following, we shall establish the H? estimate near boundary. We use the
notations introduced in Section 2. Let X € <2 be fixed and consider the estimate
in the neighborhood of X, denote by /. We assume that F defined by (2.1) is a
diffeomorphism from a half ball B; (0) with the center at the origin and the radius
R onto U () 2. For A small, denote

O := By (0) C B}, (0), T :=0B5(0)[ )R]

Let ﬁ, 1\7[, f), a, h be the representations of R, M, b, a, h under the z-coordinate
system respectively. From (3.3), it follows that
bl 20 + A divhll 2q) < CA3
and
Ibll 20y < €32, [Ibllc2(0) < CA°. 3.1
Then from Lemma 3.1, by scaling argument we have the following H I estimate
forR :
IRl 10y < C1Y2. (3.12)

Rewriting system (3.8), we obtain

— Curl, [El(z) Curl, R + h(z) (M, €url, ﬁ)M] —R=b(z, %) in O,
Ry =0 on 7,
(3.13)

where the operator €’url; is defined by (2.7) and the coefficients satisfy, for some
positive constant A,

i) = 1; h(z) 20; (3.14)
”EI(Z)”CI.(X(@)a ”ﬁ(z)ncla(@)s ”M”Cla(6) g As (315)

where the constant A depends on Q, & and [|H% || c2.¢(yq)- See [3, Lemma 8.2].

We need to mention that one can check that the system (3.13) satisfies the
ellipticity condition, the supplementary condition and the complementary boundary
conditions as specified by Agmon et al. in [2], then we can apply Theorem 10.4
in [2] to obtain the W2? estimate for p > 3, and hence the C I estimate for R
(Theorem 3.3). This idea was pointed out by the referee.

We can also establish the H? estimate directly by using the difference-quotient
technique [8] and the div-curl estimate. Then by solving a regular oblique derivative
problem to obtain the C! estimate for R. We here adopt the second method.

We first show the H? estimate near boundary for R.

Lemma 3.2. Let R be the solution of system (3.13) with the coefficients satisfying
(3.14). Then we have the estimate

”R||H2(B;'/4(O)) < C)"3/2a (3.16)

where the constant C depends only on Q2 and A, but not on A.
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Proof. For M = 0, b(z, A) = 0 and if the % url, operator is replaced by the curl
operator, the proof of H? estimate can be found in [3, Theorem 4.1].
We divide the estimate into two parts: the tangential and the normal derivatives
of VR. We first consider the estimate on the tangential derivative of VR. Leto > 0
be small. For any function ¥y we define
1
So¥(2) = ;W(Z +oe) —¥(2)],
Vio(2) =¥ (@) +1[Y(z+oe) - ¥ (@] =¥ () +otd¥(z), (3.17)

where the unit vector e; denotes the i-th direction of coordinate system. Here, we
choosei =1, 2.
Set

0(z) = a(z) €url, R 4 h(z)(M, €url, R)M.

From (3.13), for all B € Hr(O) with support in the interior of B;(0), we obtain
that

/O ((Q(z toe) — 0) Curl. B+ os,R- ﬁ) Védz
= cr/ 5,5 - BV Gz, (3.18)
O

where G = G 11@22@33 is defined by (2.5). By the simple calculations,
Q(iz+oe)— 0@

1

dr. 5 o .

= / E [a,’g(%urlz R)t,o + ht,a (Mt,o'v (Cgurlz R)t,(7>Mt,O'] dt
0

1
ZG/ (It + L+ 13+ 1y) dr
0
with
I = 8,a(Curl,R); o, I =d; 48, (€url,R),
I = h 5 (Mo, 85(€url, R)M, .,
14 = ht,a (Son (Cgurlz R)I,J>Ml,a + 60h<Ml,av (Cgurlz R)I,J>Ml,a
+ ht,o (Mt,a ) (%urlz R)I,O’>80'M'

We now estimate the first integral in (3.18) and choose B = 128, R, where n is a
cut-off function defined by

0, z € B2(0)\B3/2(0),
ni@ =11, z € Bs5;4(0), (3.19)
smooth others.

Note that we have the inequality ([8, Lemma 7.23])

/ 165 (MR)*dz < / |D; (nR)|*dz. (3.20)
O O
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Then, for o small, by the Cauchy’s inequality we have
‘/ I - Gurl, (n2801~{) \/Edz
@

<C(Q,N) ||l~2||?11(0)+8/o|%urlz (naaﬁ) 2dz. (3.21)

For the integral involving I»,
~ = 1 -\ |2
/ I - %url, (nzagR) VGdz = = / ‘%urlz (naaR)‘ dz
o 2Jo
- -\ 2
—C(©Q.A) ||R||H1(O)—s/0“€urlz (nng)‘ dz. (3.22)
For the integral involving I3,

/ I - Curl,(n?8,R)V Gdz = —C (2, A)||1i||§{1(0) —s/ | €url, (08, R)|*dz.
(@] (@]
(3.23)

We estimate the integral involving /4. For any bounded vectors A and B, we have

' / (A, (Zurl, R), ) (B, Zurl, (18, R))V Gdz
O

< C(Q,A)/ |V.R| - |‘€urlz(n28,,f{)|dz+8/ | €url, (n8,R)|*dz.
(@) O
This gives that

‘ / Iy - Gurl, (28, R)V Gdz
O

< CQ, MRG0, +& /O | G url; (n8,R) |2 dz.
(3.24)

For the integral in the right side of (3.18), we have
[ b Bv/Ga:
@

Plugging the inequalities (3.21)—(3.25) back to (3.18), we thus obtain the estimate
on the %url; part:

<@ 0 (b0, + IRIZ ) (25

/O | Gurl (18, R)Pdz £ €@, M) (IB131 o) + IRIZ1 ) (3:26)
Therefore, from the expression of €’url, we have
/ | curl(n8, R)|>dz
(@]

<@, 0 (I 0, + IR )+ /0 V18, R)Pdz. (3.27)
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We now estimate the divergence part. For any vector U = (Uj, U, Uz) we

have
Adiv, U = \/LE(B%(\/%UI) + 8872(\/ 61163302)
+i(\/(~?11@2203)),

023

where div, u denotes the divergence of a vector u with respect to the variables x.
From system (3.8) we see that

div, R = div, b.
Denote

P B ey 0 (2 = - 0 ([ -
Div,R := a (\/ G22G33R1) + P (\/ G11G33R2) + P (\/ G11G22R3) .
Then it follows that

. 502 512 . 5.2 € 502
[ v RoPaz < € [ (105, RE -+ Dive(6ROP + ZIV 018, ROF) ¢z
o 16)

< 0@, 0 (1Bl o) +IRIZ ) ) e /O IV (18, R)Pdz.
(3.28)

Applying the L? estimate of the gradient of vector fields, and then from (3.27) and
(3.28), we obtain that

/ V8, R)[?dz £ C(Q, A) (/ |div(n50ﬁ)|2dz+/ |curl(n80ﬁ)|2dz)
O O O

[IA

C(@. 1) (IBl2 0, + IR 1)) -

This yields that

5 (V(R))|

oy = €@ ) (1Bl + IRIm o)
It follows from [8, Lemma 7.24] that
[Vievam)| |, = €@ 8 (Bl + IRl o) -

Therefore, we have

> s
i=1

< C(Q, M) (IIb R . (329
LB, = ( ) (” 20y + |l ”Hl(O)) ( )
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To obtain the estimate for the normal derivative of VR we shall apply the
equations. Rewrite system (3.13) as follows:

[~a@ — h@ M3 | 053 Ry + () My Wi Ro = f,
- o . ~ . ~ (3.30)
h(z)M{M>0d33R| + [—Zl(z) — h(z)Mlz] 033k = g,

wheNre f and g are linear combinations of Vﬁ, vvlﬁ, VVZR, R and b. Solving
033 R1 and 933 R, from (3.30), and then applying (3.29), we have

2
21953l 25, S C(2, 1) (||B||Hz(o) + ||R||H1(O)) . (33D
i=1

where we have used
(@@ + h@#13) (a@) + h@1}) - W @MEN3 2 1.

Using divR = div b to solve 933 153, and then applying the estimate in (3.29) and
(3.31), we obtain that

IV°R I 2qa5,) < €. ) (IBlg20) + IR 0) -
From (3.3) and (3.12), it follows that

<, M.

5
”V R”LZ(B;%) =

This lemma is completed. O

At last, we show the C! estimate for R on a half ball B_f by solving a regular
oblique derivative problem.

Theorem 3.3. Let R be the solution of system (3.13) with the coefficients satisfying
(3.14). Then we have the estimate

IRl 1 g, = €172, (3.32)

where the constant C depends only on 2 and A, but not on X.

Proof. Applying the Sobolev imbedding theorem ([1, Lemma 5.17]), for any B
with 0 < B < 1/2 we have

IRilcrag, < CIRN s (57

where the constant C depends on S. In the following, we let 8 (8 < «) be fixed
and let Q| = B;} 4+ We now consider the following div-curl problem:

curlB=¢q, divB=0 inQ;, v-B=0 ondQ,
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where

(1 = (\/ 622[;33 (l;l - Rl) sV 611633 (52 - RZ) EY, GIIGZZ (53 -

Then we have the C!-# estimate

1Bllciey < € (IBllcry + IRlcn) )
and the H'! estimate

1Bl = € (1Bl + IRy -
Denote

P = i(z) €url, R 4 h(z)(M, Curl, R)M.

Then we can write (3.13) by

curl ((151\/ é] s ﬁz\/ Gz s ]33 633) — ﬁ) =0 in Q].

1621

m)) .

(3.33)

By global Poincaré lemma in bounded domains, there exists ¢ € H? (1) satis-

fying [, ¢dx = 0 such that

(f’n/ G, 132\/3, 153\/ G ’ -B= V¢ in Q.

By Sobolev imbedding theorem we obtain that

Ipllcse) = Clidlnzg) = ClIVOlyi )

(3.34)

Based on the estimates on R (Theorem 3.2) and on B (see (3.33)), we thus get

1llcs@y < € (IRl + 1Bl -

From (3.34), we can calculate

curl (1:’1\/?11, Iéz\/a, 153\/?33) = (J1, 2, J3),

where
(fl +hM3 +h ~32) Y1 — hMi Moy — h My M3y
= a2 (a+hMR) VG ’
(a -+ ANT} + hi23) v — hit oy — hita bty
n= @ (a+hMP) VG ’
(a+ RA23 + hM13) w3 — WM — RV M
h= a2 (a + E|M|2) VG

(3.35)
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with
Y1 = (¢x, + B1)G2G33, V2 = (¢x, + B2) m
V3 = (¢xy + B3) y/ G11Gn.

Plugging these formulas into the equation
div(Jy, J2, J3) =0 in Q. (3.36)

Then we can see that the Equation (3.36) is a uniformly elliptic equation with
variable coefficients with respect to the unknown function ¢.

We now consider the boundary condition. From the boundary conditon Rr =0
on 7, we have

J35=0 onT.

Rewrite the above boundary condition with the form

3
> Bi(x)-Di¢p =p(x) onT. (3.37)

i=1
Then we can find that the normal component 83 (x) of the vector (81, B2, B3) sat-
isfies

1B3(2)| =y forzeT

for some positive constant yp, and the function ¢ has the estimate

lellcrsma, ) = ClBlletspa, 0 1)

Therefore, the equation (3.36) with the boundary condition (3.37) is a regular
oblique derivative problem. Theorem 6.30 in [8] is applicable in €21, and we get
the local C%# estimate for ¢:

191 ¢ 5y < €O (I8llcoan) + IBllcisgan)-
From (3.35), it follows that curl RecC!?P (BJ/S) with the estimate
Jeurl Rl sy € €2, A) (Bl 2y + IR Iz ) -

From this estimate and noting that div R = divb, we get the C! estimate

||R||C](§) =C (n curllincl,ﬂ@) +1 divlincl@) + ||R||C/,(Bg+/8))

< €@, 1) (Bl + Blcxg + IRl g2 )
This gives
R| ., — S CAY/2,
IRy, <
since the inequalities (3.11) and (3.12). This theorem is proved. O

Therefore, from Theorem 3.3 the inequality (1.6) follows immediately.
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4. Proof of Theorem 1.1

Before proving Theorem 1.1, we first calculate u/ (0) and u(0) which will be
used later, where u1 and u, are the solutions of (2.24) and (2.25) respectively. Set
u3 = uj; —up + f. Then from (2.24)and (2.25) we have the following ODE:

[33(1835}2) —u3=0, y3>0,
u3(0) = £(0), u3(00) = 0.

We can obtain the solution

1
06 = Ty (1~ @) £ 6.

Thus we have

—212(0
00 =5 0) = =S ).
We now solve u5(0). Let
_ d03un

Then from (2.25), it follows that
§' = (1=3fg=~f" 23>0
Using f” = (1 — f2)f, we have
(F'g = 1"8) =f¢ —f"s=—1"

Integrating from 0 to co on both sides with respect to the variable z3, then noting
that g’(0) = — f(0) we can conclude that

1 o0
—£(0) £ (0) — 24 )
f//(o)( £O)£/0) /0 FRdzs

g(0) =

This gives that
, 1—3f2(0)( , /oo " )
0)=—F"—-FO)f(0) — dzz ).
w0 = 7 fOFO = | fPdz

Note that from the solution of (2.11) we have

2q ( Zf() ’ ) 4.1
/f 23 70) “4.1)

see the proof in Appendix C. Then we obtain that

1—3£2(0)
3£7(0)

uz(0) =

4.2)

210
(—2f(0)f’(0)—2— LS ))

J0)
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and

1—31%0 217(0
u1(0)+f/(0)=A(f(o)f/(O)% LA )). 4.3)

3£7(0) N0

By simple calculations for (4.2) and (4.3) or by the maximum principle for the
equations (2.24) and (2.25), we can show that

u}(0) + £/(0) <0, u5(0) > 0.
We now begin to prove Theorem 1.1.

Proof of Theorem 1.1. Let H; be the solution of system (1.4). From Proposition
3.4 in [12] obtained by Monneau, we see that the function |A curl H, | obtains its
maximum only on d$2. Therefore, we need to take the asymptotic expansion for Hj,
near the boundary. Let H be the representation of H; under the z-coordinate system
(see Section 2). Then for any x belonging to the neighborhood of the boundary,
from Theorem 3.3, under the z-coordinate system it follows that

Curl, H = Curl, (M (21.22.23) + A¥ (21,22, 23)) + O (A3/2) ,

where 77 and # are defined by (2.15) and (2.28) with (z1, z2, 0) = Xgrespectively.
From (6.10) in Appendix, we have

[ Gurl, (A (21,22, 23) + AW (21, 22, )
= [ curl Ho[? + 2. (curl Ho - curl w — ko3 HY S — 103 HOHY) + 0 (32))

where Hy is defined by (2.12) with (z1, z2, 0) = X¢. Therefore, we have
= |2 2 0170 0770
‘%urlZ H‘ = | curl Hp|” + ZA(curl Hy - curlw — k003 Hy; Hy — k103 H Hl)
+ 002
In particular, for any x € 92 we obtain that, by (2.13) and (2.26),
2 = |2 2 / 3/2
A curl Hy, (x)) =‘<5urle‘ = F7(0)2 — 20 Om(x)+0(3?),  (4.4)

where the function f depending on Xy is defined by (2.11) and the function m (x)
is defined by

m(x) = (cos20(0K1(x) + sin®0(D2(0)) (u1'0) + F/(0)
+ (coszé(x)/cz(x) + sin29(x)lq(x)) 1y (0)

with u1 and u being the solutions of (2.24) and (2.25) respectively.
Recall that

170 = [1 - (1 _ 2|ﬁ|2)1/2} (1 _ 2|ﬁ|2) -0,
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where h is defined in (2.10). Then from (4.4) we see that, as A — 0, the position
where the maximum of |A curl H, | is attained must approach the points in 92 (H%)
defined by (1.3). This result has been proved earlier by Bates and Pan in [3].

For precisely, we need to check the second term in the right side of (4.4). It is
obvious to see that if x € dQ2(H%) then the minimum points of m(x) correspond
to the maximum points of |A curl Hj | for small A. Define

S = [x €0 (HET) : )Eeamszi(l;{;)m(i) = m(x)] . 4.5)

From the formula (1.8), we see that the maximum points of |Q| correspond to
the maximum points of |1 curl Hy |. Therefore, the maximum points of |Q| must be
around the points in the set S for small 1. This theorem is proved. 0O

In the special case of Theorem 1.1, we consider a type-1I superconductor sample
in the shape of an ellipsoid.

Example 4.1. Let H® = (0,0, 2) with the constant & satisfying |h| < /5/18.
Suppose that the domain is an ellipsoid:

¥2 2 x2
Q- —1+b—§+—<1 a>b>0.

Then the maximum points of |Q| must approach, as A — 0, the points in the set
Sp = {(0,5,0), (0, =b, 0)}.

To see this, from [3], it follows that
X X
IQHT) =1x €9 : a—2+ﬁ=1,x3=0 .

Let 02 (H%) be the principal direction corresponding to «1(x). Using the polar-
coordinate transformation: x| = a cosa, x, = bsina, for any point x € 9Q2(H%)
we have

ab ab
k1(x(@)) = 7, ka(x(a) =
(a?sin®a + b2 cos? )2

a2(a? sin® o + b2 cos? oz)% .
Thus, we have
m(x () = k2 (x () (11’ (0) + f3'(0)) + K1 (x(@))u2’(0).

We can calculate that the function m (x («)) is monotone decreasing with respect to
a in [0, /2] for any h satisfying |h| < /5/18. Therefore, from Theorem 1.1 we
obtain the set Sj,.
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5. Proof of Theorem 1.2

In this section we prove that the solution H; to system (1.4) in the normal
direction away from the boundary decays exponentially for small L. But before
that, we first show that the solution away from the boundary is uniformly bounded
in the norm of C i’ (see (5.2)) and can be arbitrarily small.

Denote

Q= {x € Q:dist(x, Q) > niA}. (5.1)

Define the norm of CX on ,, (for some n) by

k
lulle gy = Il oy + DM I1DMllco,). k=1...3.  (52)
i=1

We begin to establish the C)% (Qz estimate.

Lemma 5.1. Let H be the solution of system (1.4). Then we have

Hlles @) < € (1M lcoam) -
where the constant C depends on Q2 and HS., but not on A.
Proof. Let H(s) = H(At), and let

Qo ={t : t=x/Ar, xe€Q}. (5.3)
Denote

Wy = {t € @, :dist(r,09Q;) 2 n} 54

The proof is straightforward, we here give the outline.
Step 1 Interior H' estimate. This follows from Lemma 8.1 in [3] that for any
unit ball B; € w; we have

i,
H1(By)
where the constant C depends only on € and M., but not on A.
Step 2 Interior H 2 estimate. The proof is similar to that of Theorem 4.1 in [3]
and of Lemma A.4 in [19]. We can get that

[#
Step 3 From step 2 and step 3 in the proof of Theorem 2.1 in [19], it follows
that

clal,,
H2(B1/2) H(B))

||H||C3(Bl/32) g C(||H||H2(Bl/2))

For any ball By/3; € w; the above inequality always holds, and hence

)

i

<
Cwn) —

where the constant C depends on €2 and H¢.. From the inequalities in step 1-step
3, we obtain this lemma by the scaling argument. O
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Let R be defined by (3.4). Then by Lemma 5.1 the coefficients in the system
(3.8) satisfy, for some positive constant A,

a(x) 2 1; h(x) 2 0; 56
lallczi) Ihllc2@y)y MIlc2@y) = A '

From (3.3), we have
Ibllc2 ;) < CA°. (5.7)

We now show that the solution of system (3.8) can be arbitrarily small in the
norm of C)% if A is sufficiently small.

Lemma 5.2. Let R be the solution of system (3.8). Then there exists a constant C
depending on 2 and A, but not on A such that

IRllc2 gy < €72, (5.8)

where Q4 is defined in (5.4).

Proof. The proof is similar to that of Lemma 5.1. Let IV{(t) = R(At). From Lemma
3.1, by the scaling argument we have the H' estimate for R :
IRl 1 (g, S CH/2,

where the constant C depends on 2 and H%. Then by the difference-quotient
technique, for any unit ball B; € w3 we get the H? estimate

IRl 25,y = Cx2,

where w3 is defined by (5.4). Similar to the proof of Theorem 3.3 where treated the
boundary estimate (or by the Schauder estimate for elliptic systems), one can get
the interior estimate

IRl 2y < CA/2.
This completes the proof by the scaling argument. O
At last, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. From (3.4) and Lemma 5.2, there exist constants o €
(B, 1), N and A1 such that for any x € Qy and A € (0, A1) we have

o < |F (|kcur1H|2) )7L,

where Qy is defined by (5.1).
Taking the inner product of (1.4) by n*H for any 5 € H(l)(Q), we obtain

/ (AZF(M curl H?)| curl (7H)|? + |nH|2) dx
Q

= xz/ F(Jxcurl H)?)|Vn x H|?dx.
Q



1628 XINGFEI XIANG

Then one sets
d(x,0Q)

n(x) =gx)e* =,

where ¢ € CS"(Q, [0, 1]) is a cutoff function satisfying

tx)=1 if d(x,9Q2) > (N+Dxr; ¢(x)=0 ifd(x,9dR) < NA; and
V¢l = 2/

Combining with (5.5), we thus get

/ 2 HPdx < (5.9)
Q

where the constant C depends on €2 and H¢., but not on A.
d(x,0Q)

Let A =¢* & H. Then A satisfies

—A2 curl[b(x) curl A] + A curl[b(x)c(x) x A]
+b(x)e(x) x [AcurlA —c(x) x A]|=A inQ
with the compatibility condition
AdivA = g(x) in Q
and the boundary condition
Ar =H; ondQ,
where
b(x) = F(|A curlH|2), c(x) =aVd(x,02), gkx)=c)-A.

This is an elliptic boundary value problem in the sense of Agmon-Douglis-Nirenberg
[2]. Let A(r) = A(Ar). Then from [2, Theorem 10.5] we have

A 5205 S ClAN L2y < CATY2,

(ws5) =

where w, is defined by (5.4). Therefore, AecC Y(ws) with 0 < y < 1/2. Then by
the Schauder estimate ([2, Theorem 10.7]), we obtain that

[Allc2(g) = CllAlCY (ws)-
Hence,

||A||c§(576) = CrL2

This gives that
Meurl H)| < CA32e ™ forx € Q.

Therefore, there exists Ao < A such that for any A € (0, 19) we have

d(x,09)

Alcurl H(x)| < Ce P70 for x € Q.

This completes the proof since the equality (1.8). O
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Remark 5.3. We need to mention that the proof of Theorem 1.2 based on the
Agmon estimates is completely given by the referee, and the decay rate is optimal.
In Appendix D, we will give another proof by applying the comparison principle,
but we only obtain the decay rate 8 < 1/+/2.

Acknowledgments. The author is grateful to his supervisor Professor Xingbin Pan for the
guidance and constant encouragement. The referee is thanked for many valuable comments
on the manuscript that helped to essentially improve the paper. In particular, the referee
gives a new proof of Theorem 1.2 by applying the Agmon estimates such that the decay
rate is optimal. The research work was partially supported by the National Natural Science
Foundation of China Grant No. 11401437.

Appendix A. Derivation of System (2.18)

In this section we shall derive the system (2.18). The analysis is based on the
knowledge of differential geometry and the asymptotic expansions. For the local
coordinate expansions we refer to Section 3 in [14].

Let Xo € 02 be fixed. We now consider the problem in the neighborhood U/ of
Xo. Note that the system (1.4) is invariant to the rotation of coordinate. Thus we
may assume that the unit inward normal vector of 2 at X is k = (0,0, 1), one
of the principle direction at the point X¢ is e; = i = (1, 0, 0), the other principle
direction is e = j = (0, 1, 0). Let x1(X0) and k2 (X() be the principle curvatures
of 92 at X corresponding to the principle direction e; and e, respectively.
According to the notations defined in Section 2, we have

) = (14T )i+ T+ knk+ 0 (31 +53),
r () =3yji+ (14 T3,5)) i+ kavk + 0 (31 +3)
where k1 = k1(Xp), ko = k(Xg) and Ff‘j denote the value of the Christoffel

symbols at X, the subscript j means the summation from 1 to 2. From (2.2) and
(2.5), we see that

(~;11 () =142 (Flljzl,' — K1Z3) + R (AZ) , 6.1)

G (2) = 1+ 22 (I‘% 2 - K223) % (Az) . (6.2)

This gives that

VG (@) =1+ (Flljz.,' _ K123) o (xz) , 6.3)
VG2 @ =142 (132 —0z) + 0 (32). 64)
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We first take the formal asymptotic expansion for H.(z) = I:IA (A7) (defined in
(2.5)) with respect to the variables z; and zp at the point (0, 0, z3). By Taylor
expansion for Hy(y1, y2, z3) (defined by (2.15)) at the point (0, 0, z3), we have

Hy (y1. y2.23) = Ho + )’13y1ﬁ0 0,0, z3) + yzayzﬁo 0,0, z3)
+ %o (157 +331) ©.5)
Denote
(1. p}.0) := 8,0 0.0.23), (P}, p3.0) 1= 0,,H0 (0,0,23),
and let
o 1 | . 2 2
q1:=wir+z1p; +z22p5. q2i=w2+z1pi +22p5-

Then from the inner expansion (2.8), we have the following formal asymptotic
expansion:

1, (.0) = (H{) + g1, HY + hqo, )\wg) + 7 (AZ) . (6.6)

From the definition of (2.4) for ¥url, H with y = Az, it follows that

Q1 () = —33H§ + A (3211)3 — g2 + KQHS) + Ry ()»2) , 6.7)
Q> (22) = 03 HY) + 2 (31 — drws — k1 HY) + s (32) 6.8)
Qs 32) =1 (g2 — b1 + T3 HY —THH) + %6 (32) . 69)

We introduce

v =(q1,q2, w3),

then we have
curl Hy - curlv = —83H§ (w3 — 03g2) + 33H10 (83q1 — dw3).
From (6.3), we see that
| @url, H? — | curl Ho|? = 21 (curl Ho - curl v — iyds HOHD — K133H10H10)
+%7 (32). (6.10)
By applying the equality

F (| “url, ﬁ|2) _F (| curl H0|2)
_ /0l F (| curl Ho|? + (| @url, H)? — | curl H0|2)) dr (| @url, H|?

| cur1H0|2) ,
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we thus obtain that
F (| Curl, ﬁ|2) —F (| curlH0|2) =2AF (| curl H0|2) (curlHo -curl v

—K233H§H20 — K133H10H10) + fRg ()»2) .
(6.11)

We now take the formal asymptotic expansion for system (2.8) with respect to the
parameter . Note that

F (l Curl, I:IIZ) Q3 (12)y/ G33
—AF (| curl H0|2) (316]2 — 0pq1 + T3 HY — r}zH{)) + %R (xz) .

This gives that, fori =1, 2,

9 (F (| “url, ﬁ|2) Q3 (Az) 633) = A (F (| curl H0|2) (31w — Bzwl))
9, (AZ) . (6.12)
Denote
1 =2F (| curl H0|2) (K2H§a3H§+K1H{’a3HP) 03 HY+ic1 F (| curl H0|2) HY,
¢y =2F' (| curl H0|2) (K2H§a3H§+K1H{’a3HP) 9 HY + iy F (| curl H0|2) HY.
Then from (6.4), (6.8) and (6.11)
F(%url, H?) Qz()»z)\/(;»zz — F(|curl Ho|?) a5 HY

= A(283H1()F’(| curl H0|2) curl Hy - curl v + F(| curl Ho|2) (83(11 — 81w3)
+ 83 HYF (| curl Ho|?) (T'3;2j — k223)) — Act + R (1?) (6.13)

and from (6.3), (6.7) and (6.11)
F(|@url, H1*) Qi (rz)y/ G11 — F(| curl Ho|*)( — 83 HY)

= A(Z( — 83H§)) F’(| curl Ho|2) curl Hy - curl v + F(| curl H0|2) (82w3 — 33q2)
— 93Hy F (| curl Ho[*) (T'} ;2 — k123)) + Aca + Rz (A?). (6.14)

These show that
31 (F (| €url, H1*) Q2 (rz)y/ G22)

= 231 (283 H F' (| curl Ho|?) curl Hy - curl v + F (| curl Ho|?) (931 — 31w3))
+ 03,03 HY F (| curl Hol?) + %13(3%) 6.15)
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and
82(F(| Curl, I:I|2)Q1 (AZ)\/ G]l)
=210(2(— 83H§)F’(| curl H0|2) curl Hy - curl v
+ F(| curl H0|2) (82w3 — 336]2))
— AT 93 HY F (| curl Hol?) + R4 (2%). (6.16)
From (2.9), we have
% [F (| curl H0|2) 83H10] = HY, [F (| curl H0|2) 83H20] = H.
By using the above equalities, then from (6.12) we have
03 (F (| Curl, ﬁlz) Q) (22)\/Gn ) — HY
= A3 (233H10F’ (| curl H0|2) curl Hy - curl v
+F (| curl H0|2) (g1 — Dw3))
+ 0l (T32) = 2z3) = Aby + s (3) 6.17)
and from (6.13) we have
9 (F(|€url, H1*)Qy (rz)y/ G11) + HY
= 103(2(— 83H§) F'(] curl H0|2) curl Hy - curl v
+ F (| curl Ho|?) (8,w3 — 8392))
— AHy (T} 2 — k123) + Aba + Ris(17), (6.18)

where the functions b; = b1(z3) and by = b>(z3) are defined by (2.19).
Denote

~ \2 ~
(P1, P2, P3) = Curl, |:F (| Curl, H|) Curl, Hj| .

We can obtain that, from (2.4), (6.12) and (6.17)
P = 12 (F (| curl Ho|?) (3jwz — dw1)) — 233 (F (| curl Ho|?) (831 — d1w3)

+233HY F'(| curl Ho|2) curl Ho - curl v) — HY — Aby + 9‘{17(A2),
(6.19)

from (2.4), (6.12) and (6.18)
Py = —20, (F (| curlHo|2) (01w — 82w1))
+ 103 (F (| curl Ho|2) (w3 — 93q2)

+2 (—33Hg> F' (| curl H0|2) curl Hy - curl v) — H) + Aby + Rys (Az)
(6.20)
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and from (2.4), (6.15) and (6.16)

P3 = 231 (203 H) F' (| curl Hp|?) curl Hy - curl v + F (| curl Ho|?) (331 — d1w3))
— 12 (2( — 33 HY) F'(| curl Ho|?) curl Hy - curl v
+ F (| curl Ho|?) (3,w3 — 83¢2))

+AT3,05 HY F (| curl Hol?) + AT}, 83 HY F (| curl Ho|?) + 919 (3%).
6.21)

Therefore, at the point (0, 0, z3) we have

P1 (0,0, z3) = 2 ((F (| curl Ho ) (9102 — 1) )
— 103(F (| curl H0|2) (3w — dw3)
+ 283H10F/(| curl H0|2) curl Hy - curl w) — HY — by + %go(kz),
P2(0, 0, z3) = 133 (F (| curl Ho|?) (w3 — d3w3))
— 301 (F (Icurl HoP) (3w — 2wn) )
+2( = 83HY) F'(| curl Ho|?) curl Hy - curl w)
— HY + Aby + P1 (1?)
and
P3(0,0,z3) = A9 (283H10F/(| curl H0|2) curl Hy - curl w
+ F(l curl H0|2) (83w1 — 81w3))
—102(2(— 83H§)F/(| curl H0|2) curl Hy - curl w
+ F (| curl HOIZ) (w3 — d3w2)) + Ab3 + 9‘{22()\2).

Plugging the expressions of P; back to (2.6) at the point z = (0, 0, z3), we get
—curl [F (IMo)2 curl w + 2 F’ (|M0|2) (M, curl w)MO] —aw
= Ab 4+ NRy3 ()»2) .

where My = curl Hy. Thus we can obtain the limiting system (2.18) for w we
required.

Appendix B. Derivation of System (2.30)

We follow the notations used in Section 2 and in appendix A. To derive system
(2.30), we need to take the expansions for R; (*?) in appendix A in the form of

R (M%) = 2R+ R (W) fori=1,...,23.
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Since the domain is smooth, we have the expansions of 931 (A?) in (6.1) and of
My (A2) in (6.2):

% (xz) =2 i aiiziz; + Py (/\3) : (7.1)
ij=1

Ry (Xz) =2 i bijzizj + MRos ()»3) , (7.2)
ij=1

where the coefficients g;; and b;; are determined by the domain 2. Then by Taylor

expansion for I:IO(yl, 2, z3) (defined by (2.15)) at the point (0, 0, z3), we have the
expansion for Rg in (6.5):

2
1 N
Ro(yf + 33D = 3 D 303y, Ho(0,0.23) + 0 (1v] + ¥3172)
i,j=1
and the expansion for ﬁl (1, ¥2, z3) (defined by (2.17)) at the point (0, 0, z3),

Hi (1, y2,23) = w(0,0,23) + 19, H1 (0,0, 23)
+ 720,01 0,0,29) + 0 (137 +)31)..
Thus from the inner expansion (2.8) and the expansion (6.6), we have the expansion
for 2R3 in (6.6):

2 2
1 A A
R302) =27 [ W+ 5 D 220y Ho(0,0,23) + 20, Hi (0,0, 23)
i,j=1 i=1

+ R (12).

Then we have the expansions for R4 in (6.7), for Rs in (6.8) and for Rg in (6.9):

Ry(W) = 22 (W5 — 032 + p1) + R (WD), (7.3)
Rs(A?) = A2 (031 — 013 + ;) + Ras (WD), (7.4)
Re(A?) = 2201 W2 — HW) + p3) + R (1), (7.5)

where the functions p1, 02, p3 are determined by a;;, b;j, ki, l"lkj ro and ﬁl, and
hence depends on the domain €2 and the strength of the magnetic field H..
From (7.3)—(7.5) and (6.10), we see that

Ry ()\2) =232 (curl Hy - curl ¥ + pg) + Rz (ﬁ) . (1.6)
‘We thus obtain that

Rg (xz) = 222F (| curl H0|2) (curl Ho - curl ¥ + ps) + Ray (x3) .17
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From (6.12) and (7.7), it follows that, fori = 1, 2,
Rig (22) =22 [0 (F (1ol Hol?) 01w — 0201)) + o] + ¥, (7).
(7.8)
From (7.7) and (6.13), we have
R11(A%) = A% (203 H) F' (| curl Ho|?) curl Hy - curl ¥
+ F(Jcurl Ho[?) (3% — 81%3) + p7) + R33(2%),  (7.9)
and from (7.7) and (6.14) we have
Ri2(2%) = 22(2(— 33HY) F'(] curl Ho|?) curl Hy - curl ¥
+ F(|curl Ho[?) (3,W3 — 83W2) + pg) + R34 (2?).  (7.10)
Therefore, (7.9) and (6.15) show that
Ri3(2%) = 22[81 (285 HY F' (| curl Ho|?) curl Hy - curl ¥
+ F(|curl Ho|?) (85%1 — 81W3)) + po] + M35 (2%),  (7.11)
(7.10) and (6.16) show that
R14(2%) = 22[32(2( — 93 HY) F' (| curl Ho|*) curl Hy - curl ¥
+ F(| curl Hp|?) (8,W3 — 83%2)) + p1o] + Rse(2%). (7.12)
From (6.17) and (7.9) we have
Ris (%) = 22[93(203 HY F' (| curl Ho|?) curl Hy - curl ¥
+ F(lcurl Ho|?) (3391 — 81W3)) + p11]| + Rz (). (7.13)
From (6.18) and (7.10) we have
Ri6(1?) = A2[93(2( — 83 HY) F' (] curl Ho|?) curl Hy - curl W
+ F(|curl Hp|?) (3, W3 — 83%2)) + p12] + Rss (A7), (7.14)
We can obtain that: from (6.19), (7.8) and (7.13) we have
R17(22) = 220 (F (| curl HoP) (0, %2 — 02 1))

— 2283 (F (I curl Ho|?) (931 — 91 ¥3)
+283H?F’(| curl H0|2) curl Hy - curl ‘Il) + A% p13 4 Rag (A3);

from (6.20), (7.8) and (7.14) we have
P15 (22) = —2201 (F (| curl Hol) (0, W2 — 02 1))

+ 1283 (F (| curl Ho ) (9, W3 — 8302)
+2( — 83H§)F’(| curl H0|2) curl Hy - curl \II) + )»2,014 + 9%40()\3)
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and from (6.21), (7.11) and (7.12) we have
Ri9(2%) = 2201 (203 HY F' (| curl Ho|?) curl Hy - curl W
+ F (| curl Ho|?) (330 — 91 ¥3))
—228,(2(— 85 HY) F' (I curl Ho|?) curl Hy - curl ¥
+ F (| curl Ho[?) (92W3 — 93W2)) + 27015 + Rar (A°),

where the functions p13, p14, p15 are determined by the domain 2 and the boundary
data ‘H¢.. We need to mention that for the above p; we always have

loi()| £ Ce™™ fori=1,...,15.
Therefore, at the point (0, 0, z3) we have
22 curl [F (IMo)? curl W + 2F (|M0|2) (Mo, curl \II)MO]
020 =320 + Ry (13)
for some ® depending on p;3, p14 and py5 and also satisfying
|®| < Ce 3.

Thus we can obtain the limiting system (2.30) for ¥ we required.

Appendix C. Proof of the Equality (4.1)
Proof. Consider the following equation
fr=(1=r2) s forz >0, f10)=-Ihl

Multiplying f’ and then integrating the equaiton on both sides, we obtain that

f4

. _ 2
R

Solving the above equation, we have

8Ce?®
20 =1- V1—=2f%0) and f(z3) = Cam T In

with the constant C satisfying

8C

2 _
o= (C+ D%

Note that

/Oooflzdm:/o (f——)d13 /fzdzﬂ— / ff'dzs
/ e + - (‘ﬂmfm)l/ f%m)
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This gives that

o0 72 1 > 2 /
/ f dZ3=§(/ f dza—f(O)f(O)).
0 0
Since

o °©  gCe2 4 /
2 _ _ _ 2
dzz = dzz = =2—,/4-2f%0
/0 frdz /0 (Ce?3 4 1)2 3 C+1 F7O
nd

a

J4-2720) =2 +20 - £20)) =\/2+2m:_2}”(((§),

we obtain that

o 1 2£'(0)
2dzy = (2 — £(0) (0 ) )
/0 f7dz3 3 + 70 S0)f(0)

We end our proof. O

Appendix D. Proof of Theorem 1.2

Proof of Theorem 1.2. in the case of 8 < 1/+/2. Fix xo € € and let Ry =
dist(xg, 0L2). Denote

J=AcurlH, u=J-J.
From Lemmas 5.1 and 5.2, we see that for any ¢ > 0 there exists ro sufficiently
large (independent of 1) such that for any x € Bg,—s,(xo) (assume A small) we
have

Il <&, AVI<e AV SC. ©.1)

Taking curl on both sides of the quasilinear system (1.4), and then applying the
formula

—curlcurl B= AB — Vdiv B,
we then get
AAFW)) — MV(F' ()] - Vu) —J =0. 9.2)
By the simple computations,

AFw)]) = F'(u)AuJ + F//(u)|Vu|2J +2F (W)Vu - VJ + F(u)AJ,
V(F'w)J-Vu) = F'w)J - Vu)Vu + F'@)VJ - Vu).
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Using the fact that Vu = J - VJ, and then by (9.1), for A sufficiently small we have
the estimates

(i) A2VF @I -Vu)-J=o0(1)J -],
(i) A2(F' (w)AuJ + F" @)|Vul|*J +2F w)Vu - V]) - J=o(1D)J - J,

(iii) %kz(F(u) — D Au =o(1)J - J.
Since
FAY-J = SF(Au— F@)VIP
= %Au + %(F(u) —DAu — Fw)|VJ?,
by (i)—(iii), (9.2) turns to

%,\Mu — (A +e()u—22F@)|VI* =0 in Bry_sr(x0) 9.3)

for X sufficiently small, where e (x) = o(1) as A — 0. Now we choose r( sufficiently
large (independent of 1) such that

le(x)| = &0 forx € Bry—sry(x0)-
Let v be the radially symmetric solution
AAV— (2 —2e0)v =0 in Bry_ss(x0), v=1vp 0ndBry_ir(X0)
with the constant v satisfying
vo = [[Acurl H|[f w(g-
Let w = u — v. Then w satisfies

MAw — (2 —2e0)w = 2(g0 + £(x))u + 2AF )|VI|> = 0 in Bry—sr, (X0),
w g 0 on 8BR0—Ar0(x0)-

By the maximum principle, we see that w < 0. Therefore, there exists Ag such that
for any A € (0, A9) we have, for x € Bgry—s.r,(x0),

d(x)
AcurlH? = u < v < CAle~W272000 57

where the constant C depends on £ and H¢.. By (1.6), there exists a positive constant
Lo such that for any A € (0, Ao) and B < 1/+/2 we have

Q)| £ CePATID,

where the constant C depends on §, 2 and H¢.. The proof is finished. O
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