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Abstract

In a previous article (Zillinger, Linear inviscid damping for monotone shear
flows, 2014), we have established linear inviscid damping for a large class of
monotone shear flows in a finite periodic channel and have further shown that
boundary effects asymptotically lead to the formation of singularities of derivatives
of the solution as # — 00. As the main results of this article, we provide a detailed
description of the singularity formation and establish stability in all sub-critical
fractional Sobolev spaces and blow-up in all super-critical spaces. Furthermore,
we discuss the implications of the blow-up to the problem of nonlinear inviscid
damping in a finite periodic channel, where high regularity would be essential to
control nonlinear effects.
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1. Introduction

In this article, we are interested in a precise description of the effect of boundary
conditions on the growth of norms of solutions to the linearized 2D Euler equations
around monotone shear flows, (U(y), 0), in a finite periodic channel of period L,
Ty x [a, b],

o+ U)o =U"(»)d=U"(yv2,
Ap = w,
ax¢|y=a,b =0,
(t,x,y) e Rx Ty x [a, b],

ey

as well as sharp stability results in fractional Sobolev spaces.
Here, we consider the transport by (U (y), 0) and the resulting shearing as the
main underlying dynamics and hence introduce coordinates moving with the flow,

W, x,y) =w(t,x—tU(),y),
D(t,x,y) =, x —tU(y), y).

In these coordinates, the linearized Euler equations are given by
oW =U"()93,,
@ + @y — 1U' (03P = W,

a)c¢|y=a,b = O»
(t,x,y) e Rx Tp x [a, b].

@)

In analogy to the conventions in dispersive equations, we call this a scattering for-
mulation of the linearized Euler equations with respect to the underlying transport
problem

O f+UMf=0.

As shown in [9], under suitable assumptions on U and L, one obtains linear inviscid
damping and scattering:

Theorem 1. (Damping using regularity [9, Theorem 2.1]) Let U be such that

#, U" € W2%(T x [a,b]), let W be the solution of (2) and let v = V+¢

be the associated velocity field. Then the following statements hold:

— IfW(@) — (W)x € HT'H\(Ty X [a, b), then v satisfies

lo) = w)llz2 = OGIW @ = (Wall o .

ast — oQ.
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— IfW(@) — (W), € HT'HX (T, X [a, b)), then vy satisfies

o2 @)l 2 = OC™HW @) — Wil

ast — oQ.
- IfW(@)— (W), € HX_IH;,'(']I‘L X la, b)), for some 1 < s < 2, then v, satisfies

lo2)liz2 = O HIW @) = (Wil o1 4
ast — oo.

Theorem 2. (Stability in H'and H2[9, Theorems4.1,4.3andB.1]) Let U’ (U~} ),
U"(UY()) € W3 ([a, b]) and suppose that

O<c<U(®y) <c ! <oo,
and that
IU" (U™ )y L

is sufficiently small. Then, for any wg € L% H)l, (Ty x [a, b)), the solution of the
linearized Euler equations, (2), with initial datum wq satisfies

<
”W(I)HL)Z(H}. N ||600||L§Hy1~

Suppose that U"|y—qp # 0, then, for any wy € L%Hf(’]I‘L x [a, b]) with
non-vanishing Dirichlet data, wo|y=q,» # 0, the solution W satisfies

sup WOl 2 2T, x(a,p)) = 00
120

Conversely, restricting to perturbations wgy € L% Hy2 (Ty x [a, b]) with vanish-
ing Dirichlet data, wo|y=4,» = 0, we obtain stability:

<
IWOIl2m2 S leoll 2 m2-

Combining both theorems and restricting things to perturbations with vanishing
Dirichlet data, we thus obtain linear inviscid damping with the optimal rates,

@ = (hellz2 = O™ Hllwo = (@0l -1 g1
Iv20)ll2 = OC™ ) lwo — (@0l -1 2+

as well as scattering, that is there exists W such that

12
W(t) — W™,

ast — o0.

If, however, wg does not satisfy zero Dirichlet boundary conditions, we observe
that the L)ZC Hy2 norm asymptotically diverges, that is the solution forms a singularity
ast — oo.
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1.1. Motivation

The necessity of requiring vanishing Dirichlet boundary values of the initial
perturbation, wy, in Theorem 2 is in sharp contrast to the common setting of an
infinite periodic channel, T x R, where stability holds in arbitrary Sobolev spaces
(see [9, Theorem 3.1]). In particular, it naturally raises the question of whether
damping with integrable rates and quantitative scattering results can be obtained
for perturbations with non-vanishing Dirichlet data and what the sharp decay rates
in this case are.

Furthermore, while H> N H(} stability is sufficient to establish linear inviscid
damping with optimal rates, higher regularity is needed in order to prove consistency
with the nonlinear equation, since the Sobolev embedding only yields an estimate
of the form

IVE@ - YWl S IVE@l 2 W,

for (fractional) Sobolev spaces H*, s > 2.

Additionally, as seen in the results of BEDROSSIAN and MasmouDI [1], on non-
linear inviscid damping for Couette flow in the infinite periodic channel, very high
regularity is needed to control nonlinear effects. Stability and instability results
for the linear dynamics and the associated blow-up in supercritical spaces are thus
of great importance also for the problem of nonlinear inviscid damping in a finite
periodic channel.

In this article, we study the effects of boundary conditions and the associated
singularity formation in detail and aim to derive optimal stability and blow-up
results in fractional Sobolev spaces.

1.2. Results for General Perturbations

As the first main result of this article, in Section 3.1 we show that for general
3

perturbations the fractional Sobolev space Hf is critical in the sense that stability
holds in all sub-critical fractional Sobolev spaces and (infinite-time) blow-up occurs
in all super-critical fractional Sobolev spaces due to the formation of logarithmic
singularities at the boundary.

Lemma 1. Let W be a solution of the linearized Euler equations, (11), (c.f. Sec-
tion 2.1) and suppose that U'(U~'(-)), U"(U~1(-)) € W>*([0, 1]) and that U’
satisfies (U')? > ¢ > 0. Let s > 1 and suppose that

19y Wl s 0,17y < € < o0.
Suppose further that U" (U ™! (-))woly=o,1 is non-trivial. Then

19y W (@)l Lo (o, 17) 2 log [¢]

ast — +o0o.
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As a consequence, for perturbations such that U”(U_l(~))a)()|y:0,1 is non-
.. 3 .
trivial, for any s > 3, necessarily

sup | W) |l g5 0,17 = oo.
t>0

In our stability result we additionally assume periodicity in y. As we discuss
in Remark 2, this is largely a technical assumption and the requirements can be
relaxed.

Theorem 3. Let 0 < 5 < 1/2, wy € HY([0, 1]) and wo, dywo € H*(T). Suppose
further that U'(U~1(-)), U"(U~1(-)) € W2(T), that there exists ¢ > 0 such that

O<c<U <c ' <00

and that
1U" (U™ (D llwa.oo(my L

is sufficiently small. Then the solution, W, of the linearized Euler equations, (11),
satisfies

10, WOl as(y S llwollgsery + 18ywoll g5 (1)

uniformly in time.

1.3. Results for Perturbations with Vanishing Dirichlet Data

When restricting ourselves to perturbations with vanishing Dirichlet data,
woly=0,1 = 0, we similarly show in Section 3.4 that the critical Sobolev expo-
nent is given by % That is, generally 8§W asymptotically develops logarithmic
singularities at the boundary, resulting in blow-up of all super-critical norms, while

stability holds in all sub-critical fractional Sobolev spaces H®, s < %

Lemma 2. Let wy € L3H; (T x [0, 11) with aoly=0,1 = 0 and let W be the
solution of (11). Further suppose that the limits

. 1
tl—l>rgo U ()’)ayW|y=0,l
exist (for example by Lemma 10) and are non-trivial. Then for any s > 5/2,

sup | Wl s = oc.
120

In our stability theorem we additionally require periodicity in y. As discussed
in Remark 3, this is largely a technical assumption and the requirements can be
relaxed.
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Theorem 4. Let 0 < s < 1/2 and let wy € L?( Hyz(TI‘L x [0, 11), with vanishing
Dirichlet data, wo|y=0,1 = 0, and wy, dywp, 33600 € LJZCH\S, (Ty x T). Suppose
further that U'(U~'(")), U"(U~1()) € W3(T), that there exists ¢ > 0 such
that

0O<c<U <c ' <oo,
and that

10" W D llwsoe(m L

is sufficiently small. Then the solution, W, of the linearized Euler equations, (11),
satisfies

2 2
105 Wl asmy S lwolles + 19ywoll s + 195w0ll as s
uniformly in time.

As consequences of these theorems, in Section 5, we obtain linear inviscid
damping (with integrable but not quadratic decay for vy) as well as a quantitative
scattering result for perturbations without zero Dirichlet data.

1.4. Consistency and Implications for the Nonlinear Problem

Using the stability results in H®, s > 2, we show that the linear evolution
is consistent with the nonlinear equations (Theorems 12 and 13). Conversely, the
nonlinear equations are shown to similarly asymptotically develop singularities on
the boundary and hence exhibit blow-up in relatively low Sobolev regularity:

Theorem 5. Let (w, v) be a solution of the 2D Euler equations and define
U, y) == (vi)x(t, y),

t
W(tsxvy) ::G)(I,x—/ U(t/vy)dt/vy)_<w>x(t1y)9
0

t
¢(t1xvy) ::¢(I1X_A U(tlvy)dt/vy)_<¢>x(tsy)‘

Suppose further that
05Ut y)ly=0 > ¢ > 0,
and that for some k € 7,
RFEW(E, k, y)ly=0 > c >0,
|2 @y (V@ - VW) (1. K, y)y=0] = O™ 7). )
Then,
[(Fx0y W)(t, k, y)ly=0l Z log(t),

and as a consequence, for any s > 2,

sup W (1) | = = oo.

t>0
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As we discuss in Section 5, the assumptions (3) can be shown to be satisfied if the
asymptotic shear flow is strictly monotone and W () is sufficiently regular, that is

0<c<dyU(ty < < 00,
[W(@®)|lgs < C < oo,

as t — oo; one further assumes that WF, W (0, k, y)|,—o is sufficiently large.
Regularity results for nonlinear inviscid damping in a finite periodic channel can
thus in general not hold in high Sobolev regularity, which is in sharp contrast to
the results of BEDROSSIAN and MAsmouDI [1], on nonlinear inviscid damping for
Couette flow in an infinite periodic channel, where very high regularity is used to
control nonlinear effects.

1.5. Outline of the Article

We conclude this introduction with a short overview of the structure of the
article:

— InSection 2.1, we introduce the linearized 2D Euler equations around monotone
shear flows as well as some useful changes of coordinates. Furthermore, we
briefly discuss the dynamics and the damping mechanism for the explicitly
solvable case of Couette flow and a slightly more general constant coefficient
model.

— In Section 2.3, we introduce fractional Sobolev spaces, discuss some of their
properties and introduce several estimates, which are used in the following
sections.

— In Section 3.1, we show that, for general perturbations, the critical Sobolev ex-
ponent is given by %, in the sense that stability holds for all sub-critical Sobolev
spaces and blow-up occurs in all super-critical spaces. As a consequence we es-
tablish linear inviscid damping with damping rates integrable in time for initial
data w( without vanishing Dirichlet data, wg|y—0,1 = 0.

— In Section 3.4, we show that, for perturbations with vanishing Dirichlet data,
the critical Sobolev exponent is improved to % As we discuss in Section 5,
this regularity result can be used to prove consistency with the nonlinear Euler
equations. Here, as a consequence of the super-critical blow-up, we also estab-
lish an instability result for the nonlinear dynamics, which, in particular, shows
that results in Gevrey regularity such as in [1] can not be obtained in the setting
of a finite channel.

— In Section 4, we further study the singularity formation in a slightly simplified
form and discuss critical stability and blow-up results in Sobolev spaces, W*7.

2. Preliminaries

2.1. The Linearized 2D Euler Equations in Scattering Formulation

In this section, we introduce the linearized 2D Euler equations around monotone
shear flows in a finite periodic channel. Subsequently, we employ multiple changes
of variables and a Fourier transform in x to simplify the equations.
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The full 2D Euler equations in vorticity formulation in a finite periodic channel,

Ty x [a, b], with impermeable walls are given by

0w +v-Vw =0,

AP = w,
v="Vte,
02|y:a,b =0,

(t,x,y) e RxTp x [a, b].
Considering solutions close to a shear flow, (U (y), 0), that is

v=(U(y).0)+,
w=-U'(y)+o,

in the linearization we neglect the nonlinearity,
v Vo,
and thus obtain the linearized 2D Euler equations:

00 + U(y)oo = U"(y)v5,
AP = o,
vy = By,
Vyly=a,p = 0.

“

&)

Here, it is advantageous to introduce two changes of variables and a Fourier trans-

form in x, in order obtain a more tractable formulation:

— We note that none of the coefficient functions, U (y), U”(y), depend on x.

Hence, after a Fourier transform in x, the system decouples in frequency:

30 (1. k,y) + U)ikd (t, k, y) = U"(y)ikd' (., k, y),

(=K + 09 (1, k, y) = &' (1, k, ),
lk(lg,(ta ka )’)|y=0,1 = O’

(t,k,y) e Rx LZ x [0, 1].

(6)

In particular, the x average, that is the mode k = 0, is preserved in time. Thus,

using the linearity and modifying the initial data

wo > wo — (o) x»

we may, without loss of generality, restrict things to modes k # 0.
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— Considering the case of Couette flow, that is U(y) = y, the linearized Euler
equations reduce to a transport problem. In this case, one can compute the
solution explicitly:

o' (t,x,y) = (0, x +1y,y),
o't k, y) = &' (0, k, y)e*?.

From this explicit form, we observe that it cannot be expected that o’ (z, x, y)
is regular with respect to y uniformly in time, but that regularity can only be
expected of the vorticity moving with the flow

W(t,x,y) = (t,x —tU(y),y),
Wt k,y) = o't k, y)e KU,

— Using the Fourier transform and considering coordinates moving with the flow,
the equation for the stream function

(1, k,y) = ¢'(t, k, y)e FUO),
is given by
(=K% + By — iktU' ()Pt k, y) = W(t, k, y).

As U’(y) is non-constant, an analysis of the behaviour of 9y — ikz‘U’(y))2
on frequency-localised functions would have to invest much technical effort to
control error terms. It is thus advantageous to instead use that monotone shear
flows are invertible and hence consider a change of variables

@) e (0 2) =, U )).
Combining these three steps and introducing the notation
f@=U"U""@),
g =U"(U""@),
we obtain the linearized 2D Euler equations in scattering formulation:
QW = f(2)ikd,
(=K + (8(2)(3; — ik)*)d = W,

. (7
D|.—v@),vw) =0,

(t,k,2) e Rx LZ x [U(a), U(b)].

Here, the term scattering is used as in dispersive equations, that is the linearized
Euler equations scatter with respect to the underlying transport equation

O f+UMof =0,

which in the current coordinates means that W (¢, x, y) converges to an asymptotic
profile W (x, y) as t — oo.
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As additional simplifications for the notation, we relabel z as y and use the
Galilean and scaling symmetries of the equations to reduce to the setting [U (a),
U (b)] = [0, 1] (with L rescaled by a factor as well). Furthermore, since the system
decouples in k, we consider k as a given parameter, rescale @ by k2 and drop the
hats, *, from our notation:

Definition 1. (Linearized 2D Euler equations in scattering formulation) Let f, g :
[0, 1] — R be given. Then the linearized Euler equations in scattering formulation
are given by

i
8;W - %@,
9 2
(e ))en
(p|y:0,1 =O,

(t,k,y) e Rx L(Z\ {0}) x [0, 1].

In the following section, we briefly discuss the damping mechanism for a sim-
plified model in the setting of an infinite channel. There, an explicit solution allows
us to clearly present the damping mechanism and discuss the challenges of deduc-
ing regularity results and the additional technical difficulties and boundary effects
arising in the setting of a finite periodic channel.

2.2. A Constant Coefficient Model for the Damping Mechanism

In order to obtain some insights into the damping mechanism and the associated
challenges, in the following we recall the constant coefficient model from [9].

In this model, we consider the linearized Euler equations in scattering formula-
tion, (8), in the case of an infinite periodic channel, T; x R, and formally replace
f and g by constants c € C,d € R:

ic
3;/\ = —lp,
k

2
(—LHﬂC%—U))W:A,

(t,k,y) e R x L(Z\ {0}) x R.

We note that the case ¢ = 0, d = 1 corresponds to Couette flow, U (y) = y.

As the coefficient functions are constant, after a Fourier transform in y, this sys-
tem further decouples with respect to the frequency 1 and is explicitly solvable. In
contrast to Couette flow, the dynamics of A are however not trivial. More precisely,
we compute

~ ic 1 ~

() P —
! k 14+d2(] —1)?

= A,k 1) w/t ! dr ) A0, k, )

k) =exp| —— — dr ko).

V=T )y TH2E =12 "
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From this explicit calculation we observe multiple facts:

— In order to obtain decay of the multiplier in time, we need to require that d> >
0. In the case of the linearized Euler equations this corresponds to requiring
(U2 > d* > 0, that is strict monotonicity. The solution operator is then

uniformly bounded by
(i)
pl——)-
|kl 1d]|

— The operator norm of A +— ¥ as mapping from H* to H® does not improve in
time, since

1

Ty
is independent of time. This can also be seen more generally by noting that the
change of variables (x, y) — (x — tU(y), y) is a unitary operator on L? and
hence conjugation with it does not change the operator norm.

—  One can additionally use that |¢/"()| = 1. However, in the case of the linearized
Euler equations, using this property corresponds to using anti-symmetry of
operators and cancellations. As these are very fragile properties, we restrict
ourselves to only using the more robust damping mechanism.

Since the linearized Euler equations do not admit explicit solutions, in our proof
of stability in [9] we use a slightly more indirect argument. That is, we construct a
decreasing Fourier weight

AW = F! exp (C arctan (% — t)) FW,
where C > 0, and show that, under suitable assumptions on f, g and L,

d ' .
(W AW) < ‘2%<W,A%¢J>‘ + (W, AW) < 0.

Here, by our construction of A, the last inequality corresponds to an elliptic regu-
larity result for @. Using that A(¢) is “comparable to the identity”, that is

n
< - — <
1 Sexp (C arctan (k t)) S,
we thus obtain
WO < (W, AOW) £ (w0, AO)wo) S llanll].

The associated L? stability result for both the infinite and finite periodic channel is
summarised in the following theorem:
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Theorem 6. ([9, Theorems 3.4 and 4.2]) Let W be a solution of the linearized Euler
equations, (8), in either the infinite periodic channel, T x R, or the finite periodic
channel, Ty, x [0, 1]. Further suppose that there exists ¢ > 0 such that

0<c<|g|<c_l<oo,

and that

I lwr.eo L

is sufficiently small. Then, for any initial datum, wy € L?, the solution W satisfies
IW®llL2 < leoll 2

In the case of finite channel, this method of proof is shown to be very stable and to
extend to stability results in arbitrary Sobolev spaces, H®, s € N.

When considering a finite channel, in addition to technical challenges such
as finding a suitable replacement for a Fourier transform and for A(¢), one en-
counters boundary effects. For simplicity, in the following we consider the ex-
ample of linearized Couette flow on the channel Ty, x [0, 1] and initial datum
wo(x, y) = 2i sin(x). The linearized Euler equations are then given by

A, 1,y) =1,
(—14 @y —inPHw =1
lI/|y=0,1 =0.

Taking one derivative in y, we observe that
0y A =0,
(=14 @y, —i)*)d,¥ =0.
The function 9, ¥ is a thus homogeneous solution, which in general has non-zero
Dirichlet conditions and is hence non-trivial. In particular, an estimate of d,¥ by

dy A can thus not hold. In order to compute d,¥ |,—0,1 explicitly, one tests the
equation for ¥ with homogeneous solutions e %

(1) o = (=14 By — i) )W, e T0) 1y = BTV w ),

where we used that e+’ is a homogeneous solution and that V| y=0,1 = 0.
Considering suitable linear combinations,

ity sinh(1 — y)

u1(y) =~ =2 h D
_ it(yfl)sinh(y)
ur(y) i=e sinh(1)’

which have boundary values

—u1(0) =ux(1) =1,
ui1(1) =uz(0) =0,
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we thus obtain
1 . sinh(l —y)

0Wy—o = (1, — _ ity 117
rWh=o= L) = —re T TG =0
1 ; inh(1 — 1
2 sinh(1)
B Wyt = (1, ug) = et 0= SR ©)
e it sinh(1)
1 sinh(y) 1 -
— 1. etO~ 1)8—:_ OG2).
it< Y| i 7O

In particular, we note that, despite d, W vanishing, 0,¥|,—o,1 only vanishes with a
non-integrable rate.

Recalling the linearized Euler equations, (8), taking a derivative in y and re-
stricting to the boundary, we observe that d, W|,—o,1 satisfies

30y Wly=0,1 = %ay¢|y=0,1-
Considering flows with f|y,—o,1 # O, the non-integrable decay rate in (9) thus
suggests that d, W|y—o,1 develops a (logarithmic) singularity as t — o0.

In the following sections, we show that this singularity formation indeed occurs
and obtain associated blow-up results in the fractional Sobolev spaces H®,s >
%. Conversely, we show that stability holds in all sub-critical fractional Sobolev
spaces, H*,s < % Furthermore, as can already partially be seen in (9), the decay
behaviour of d,®|y—o,1 improves if one restricts things to initial perturbations,
wq, with vanishing Dirichlet data, wg|y—o,1. For such perturbations we show that
the stability and blow-up results can be improved to H®, s < %, and HY,s > %,
respectively.

2.3. Fractional Sobolev Spaces

As we make extensive use of fractional Sobolev spaces, we provide a short in-
troduction to their various definitions and properties. Here we follow [4] (published
as [5]).

In the whole space, fractional Sobolev spaces can be equivalently characterized
using either a Fourier weight or an appropriate kernel:

Proposition 1. (Fractional Sobolev space on R; [4, Section 3]) Let 0 < s < 1, then
there exists Cy such that for any u € S(R)

lu(x) — u(y))?
|||77| fu”LZ - //RXR |x _ |1+2S dXdy

In particular, both expressions define the same quasi-norm. The fractional Sobolev
space, H*(R), is then defined as the closure of S(R) with respect to

2 2
lullys + Nnl* Full;,.
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H*(R) is a Hilbert space with the inner product
{u, vy = {u, ) 2 + (P Fu, 2 Fv) 2

o)+ Gy // (u(x) —u(y)(wx) — v(y))dxdy.
RxR

|x—y|1+25

For s > 1,5 ¢ N, the fractional Sobolev space is (recursively) defined by
requiring that u € H*~! and d,u € H*~!. The definition via a kernel can be
adapted to other and higher dimensional domains. In particular, we are interested
in the setting of the interval [0, 1].

Proposition 2. (Trace map; [4, Section 3]) Let 0 < s < 1 and define H* ([0, 1]) as
the closure of C*° ([0, 1]) with respect to

() = u(y)P ,
//[01 lx — y|1+2s Ty el o ).

Then H* ([0, 1]) is a Hilbert space. Furthermore, let s > 1/2, then H® embeds into
C°, in particular, there exists a trace map and

uy=0.1| s Nl s qo,1p-
A closely related space is given by the periodic fractional Sobolev space H* (T).

Proposition 3. [3] Let 0 < s < 1/2, then for any u € C*°(T),
ux +y) —u()?
1l Full?, N// [ S edy Sl Ful .
Tx[-1,1

In particular, both the kernel and Fourier characterization define the same quasi-
norm. Furthermore,

_ 2
// lu(x +y) —u@)l dxdy = (Fu, By|n|> Fu)p,
Tx[— 2

1+2s
14 | x|

where B, satisfies

()
1< B, = |n|_2s/ sinten) g <)
[

_1 1y 4]x|1+2s
2°2

The fractional Sobolev space H* (T) is defined as the closure of C*°(T) with respect

to
lu(x +y) —u(y)?
el // 2 O ay,
77

H*(T) is a Hilbert space, where the inner product can be chosen as either

(, V) sy o= (u, V)2 + (Fu, Byln|* Fo)p
// wx+y) —u@)x+y) —vy)
(u,v)p2 +

|x | 142s

dxdy,
or

(u, V) s (my o= (u, v) 2 + (Fu, |n|* Fo)p.
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From the kernel characterization, it can easily be seen that H*(T) C H* ([0, 1]):

Proposition 4. Let 0 < s < 1, then any u € H*(T) is also in H ([0, 1]) and
lll s 0.1y S el sy -

Proof of Proposition 4 The L? norms are equal, hence we only have to consider
the quasi-norm in H*([0, 1]). Introducing a change of variables x — z + y, we

compute
lu(x) — u(y)?
el / / ) = v 4 4,
H ([0,1]) [0.172 |x—y|1+2?

_ 2
=/ / |M(Z+y2+2M(Y)| dzdy
(0,11 J10,1]—y |z| =

_ 2
§/ / |M(Z+y3+214(y)| dzdy
0,11 /[=1,2] [z] =S

2 2
< ”u“HA(T) + C||M||L2 f, ||u||HY(T)7
where we used that
<
sup =
IZ@% |Z|1+2s

]

As a simplification, for the stability results of Sections 3.1 and 3.4, we restrict

ourselves to fractional Sobolev spaces, H*(T), in order to be able to use the Fourier

characterization. In this case, we further require that the coefficient functions, f, g,

corresponding to the shear flow, U, are not only sufficiently regular, for example

g € W12°([0, 1), but can be periodically extended in a regular way, for example
g € WHoo(T), in order to be able to apply the following Propositions 5 and 6:

Proposition 5. (Multiplication with Lipschitz functions) Let g € W>°(T) be pe-
riodic and Lipschitz, then for any s < 1/2 and any u € H*(T), also gu € H*(T)
and

luglas < llgllwcc llull as.

Proposition 6. (Commutator Estimate) Ler g € C%'(T) with g> > ¢ > 0 and let
0 <s < 1/2. Then for any u € H*(T)

R, §2) s my 2 cllellZpsmy — Collg? o lluel .

Remark 1. The periodicity assumption on g drastically simplifies calculations, but
can probably be relaxed.

It can be shown that the multiplication with the characteristic function of the
positive half-line, 1[0, ), is abounded operator on H*(R), s < %(see [7,page208]).
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Thus, one can probably allow for a jump discontinuity of the periodic extension of
g in Proposition 5 and only require that g € W1>°([0, 1]).
In the case of Proposition 6, we, however, use that the commutator

U [(—A)2, glu,
where (—A)% is defined as the Fourier multiplier
u—> F Yl Fu,

is not only a bounded operator from H* to L2, but gains regularity in the sense that
it also is a bounded operator from H*~¢ to L? for some ¢ > 0. As this is not the
case for functions with jump discontinuities, the current proof can probably only
be extended to functions g, for which the size of the jump discontinuity

1g2(1) — g%(0)]

is sufficiently small compared to min(g?) > 0, so that the possible loss due to the
jump satisfies (by the improved version of Proposition 5)

min(g?)
2

18°(D) = 2Oyl < lloa s
and can hence be absorbed by
(u, min(g*)u) s = min(g?)|ul|Fs.
Removing the restriction on the size of the jump,
FRORFOLR

is probably possible, but would require considerable additional technical effort.

Proof of Proposition 5 We remark that gu € L? and that || gu/| 2 S llgllwieollull 2
is well-known. For the H® seminorm we follow the standard proof via the kernel
characterization (see [4, page 21]).

// lu(x + y)g(x +y) —u(y)g(y)lzd
xdy
Tx[—

1 |x|1+25
2°2
_ 2

5// |g(x+y)|2|u(x4ry) u(y)| dxdy

Tx[—%,%] |x|1+2s

_ 2

+// |u(y)|zlg(x+y) g(y)| dxdy.

’]I‘x[—%,%] |x|1+2s

The first term can be easily controlled by ||g ||%C,o |lu ||%,S. For the second term we
use that g € WH(T) is Lipschitz and thus

lgC) =g e
= 1,00
|x_y|1+2s |x_y|2s—1 w
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Then,

/ 1 ax < /2 Ly
sup —_— ——dx < 00,
yeT [77 7] |x _ |2A 1 - |x|2é 1

as 1 —2s > —1forall 0 < s < 1. The second term can thus be controlled in terms

of [ull, gl O

Proof of Proposition 6 For the L? product there is nothing to show.
By the kernel characterization

W +y)—u() (g (x+y)u(x+y)—g (y)u(y))
N (I/t g M Hs(T) =N

|x|1+25

+ _ 2
=//g2(x+y)|u(x lxy|)l+2s”(y)| dxdy
2 _ o2
_ %// g (x J|;|y1)+zsg O (u(x +y) —u(y))u(y)dxdy.

As g2 is Lipschitz, the second term can thus be estimated by

1
g2 w00 //Wlu(x + ) — u()|ju(y)|dxdy

< 2013 oo

S 2 < 2 2
= | lully2 = Cslig”llwrocllull7 2,
X

where we used that 2s < 1. O

3. Boundary Effects and Sharp Stability Results

In a previous article [9], we proved that the linearized 2D Euler equations in a
finite periodic channel, T x [0, 1], are stable in H}" H; (T x [0, 1]) for general
perturbations, but only stable in H)" Hy2 (T, x [0, 1]) under perturbations with zero
Dirichlet boundary data, wo|y—o,1 = 0.

In this section, we study the boundary effects and the associated singular-
ity formation in more detail and show that the critical Sobolev spaces in y are

3 5

given by Hy2 and H)?, respectively. More precisely, we show that stability in
H! H; (Ty, x [0,1]),s > % cannot hold for general perturbations due the de-
velopment of (logarithmic) singularities at the boundary. On the other hand, we
prove stability in H" Hj (T, x T) for any s < % where for technical reasons
we consider periodic fractional Sobolev spaces, H*(T), instead of H*([0, 1]). In
particular, stability in H®, s > 1, allows us to prove damping with an integrable
rate and thus obtain a quantitative scattering results for initial perturbations without
zero Dirichlet data, which has not been possible with the H 1 stability results of [9].

Restricting to perturbations with zero Dirichlet boundary data, thatis wo|y=0,1 =

0, we similarly show that the critical space is given by H 3 and prove stability and in-
stability for H;”H;("JI‘L xT),s < %, and H}" H;(TL x [0, 1]), s > %, respectively.
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As we discuss in Section 5, these improvements allow us to study consistency of the
nonlinear problem in the finite periodic channel, where the singularity formation at
the boundary and the resulting regularity restrictions have a large effect on possible
nonlinear damping results.

3.1. Stability in H3/*~ and Boundary Perturbations

In [9], we established stability of the linearized Euler equations, (8), in a finite
periodic channel, Ty x [0, 1], in H}" Hyl, for general initial data. The damping
result, Theorem 1, hence provides decay of the perturbations to the velocity field
with rate 1!, that is

v = ()allzz (v, <01y = oah, 10
v2llz2 |ty 0,11 = ouh.

As this is almost sufficient to establish scattering, it is natural to ask about how far
this can be improved, that is, for which values of s, with s > 1, does stability in
H{" Hy still hold?

As the main result of this section, we show that the critical Sobolev exponent
in y is given by s = 3. More precisely, in Lemma 1 (c.f. Section 1.2) and Corollary
1, we show that for perturbations wo with non-vanishing Dirichlet data, wo|y—0,1,
dy W asymptotically develops (logarithmic) singularities at the boundary and that
hence stability in H;”H;(’]I‘L x [0,1]),s > %, and H;"Hyz(TL x [0, 1]) cannot
hold, unless one restricts matters to perturbations wy such that wg|y—o,1 = 0. This
singularity formation is further analyzed in Section 4, where we also study the
behavior close to the boundary and the heuristic implications for stability in L”
spaces. As we discuss in Section 5, these instability results have strong implications
for the problem of nonlinear inviscid damping in a finite channel.

As a complementary result to the singularity formation, we prove Theorem
3 from Section 1.2 and thus establish stability in the periodic fractional Sobolev
spaces H)" H; (Ty x T),s < 3/2. In particular, we obtain inviscid damping with
an integrable (but subquadratic) rate and hence scattering for initial perturbations
without zero Dirichlet data, which has not been possible with the H'! stability
results of [9], but only with the H? stability results for perturbations with vanishing
Dirichlet data.

We recall that the linearized 2D Euler equations in a finite periodic channel,
Ty x [0, 1], are given by:

oW = lfliy)(p’
3y 2
(—1+(g(y) (?—it)) )(P:W, (11)
q)|y=0,1 =0,

(t,k,y) e Rx L(Z\ {0}) x [0, 1].
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Furthermore, as noted in Section 2.1, the equations (11) decouple with respect to
k. Hence, for the remainder of this section, we consider k as a given parameter and
consider the stability of

W(t) = W(t, k,-) € H ([0, 1]).

Results for H)" H§ (Tz x [0, 1]), m € Np, can then be obtained by summing over
k.
Considering the evolution of 9, W:

if if
atayW = ?8y¢ + 7¢7
5 2
y . m _ i1))?
-1+ g\ — —1t 1) —ayW+[(g(ay_lt))’ay]®’
k (12)
(1)
P01 =0,

HY =3,0 — 0D,
(t,k,y) € R x L(Z\{0}) x [0, 1],
at the boundary, y € {0, 1}, we prove that Sobolev stability cannot hold for s > %,
unless one restricts things to perturbations wo with wo|y=o,1 = 0. In that case, as
we show in Section 3.4, an instability develops for s > %
Using a similar approach as in Section 2.2, the following lemma provides a
characterization of 9, ®|,-0,1 and describes the asymptotic behavior:

Lemma 3. Let W be a solution of the linearized Euler equations, (11), and suppose
that g € W>([0, 1)) satisfies g> > ¢ > 0. Then,

k
8y¢|y:0 ——— (W, uy),

=2
g=(0) 13)
0y ®lymt = —— (W, u2),
SRR EIC))
where
u(t, ) = e"uy (0, y),
ur(t, y) = 0Dy (0, ),
and u;(0, y) are solutions of
(—k* + (gdy)*)u = 0,
y €10, 1],
with boundary values
0,0) =u(0,1) =1,
u1(0,0) = u2(0, 1) (14)

u2(0, 1) =u1(0,0) =0.
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Let s > 0 and suppose that
[oyW(H)llgs < C <00

for all time, then, ast — 00,

1
W, u1) = —awoly—o + OG¢ 79,
(W, uy) iktw()" o+ O( )

1
W, uz) = —awply=1 + O ~'7%).
(W, uz) ikzw()'y 1+ O( )

As a corollary, we prove Lemma 1 and thus show that stability in s > 3/2 can,
in general, not hold.
Proof of Lemma 1 Restricting (12) to the boundary, we obtain
if
8tayvv|y:0,1 = Tay(p|y:0,la

where we used that @|,—o 1 = 0.
By Lemma 3, under the assumptions of the corollary, thus

k

3y Wly—01 = — iwo—Z +0@™'7).
t k y=0,1
Integrating this equality and using that
if k
e

is independent of # and non-trivial,

t
1 -
|3yW|y:o,1(t)|Z/ ;—@(f '=)dr 2 log 1],

which provides the lower bound on [|dy W] . and hence the first result.
The second result is proven by contradiction. Let thus s > 3/2 be given and
suppose to the contrary that

IWDas < C < o0,
uniformly in time. Then, by the trace map and the first result,
log(®) S 10y Wiz Ss IWDllms < C,
which is a contradiction as t — co. O

Proof of Lemma 3 We note that, by construction, u1 (¢, y) and u» (¢, y) are solutions

() )oms
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with boundary values

ui(t,0) =uz(t, 1) =1,

(15)
ur(t,1) = u1(t,0) =0,

for all times 7. Hence, integrating by parts, we obtain

W.uj) = <(‘1 * (g (% B ”))2)@ u'/>

2 2
— 8 (% . (% .
:MJT (?} —ll‘)@|;_0—¢7 (?) —lt) Mjll,:()

where we used that @|,—¢,1 = 0. Using the boundary values of u ; then yields (13).
Integrating

. eikty
w (t,y) = e ur (0, y) = u1 (0, Ddy
ikt
by parts, we obtain a boundary term
1 1
—Wuily=01 = —-=Wl|y=0 = ———woly=o0,

ikt ikt ikt

as well as a bulk term

| | B L ik
%(e’m, dy(Wu1(0, y))) = %(elklym, ayW) + %W’m dyur, W).

The boundary term is already of the desired form.

The second term of the bulk contribution can be integrated by parts once more
and thus yields a quadratically decaying contribution. It thus remains to estimate
the first term,

L
%(e”“}ul, dyW).

Here we use duality, and estimate
ik ikty —
€ uy, 0y W2 < 1" url|l g9y Wllgs = O ™) |0y W]l gs.

O
As a consequence, we note that for stability in H? it is necessary to restrict
things to perturbations with vanishing Dirichlet boundary data, wg|y=0,1 = 0:
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Corollary 1. Let wy € H?, f, g satisfy the assumptions of Lemma 3 and suppose
that f woly=0,1 is non-trivial. Furthermore, let W (t) be the solution of the linearized
Euler equations, (11). Then,

sup [|W (@)l 20,17 = 0
t

Proof. We note that this corollary corresponds to the specific case s = 2 in Lemma
1, but allows for more explicit calculations. Following the same approach as in the
proof of Lemma 1, we thus assume to the contrary that ||W ()| 52 is bounded
uniformly in time. Then, at y = 0, for example,

. 1 1
(W, e ur) 2 = zkt Wiy= 0—%< e, 9y (Wur)) 2,
1
= %Wb:o + 2a (Wun)ly—o = 7€ 07 (Wun) 2

Both the last L2 product and the trace of W and dyW can be controlled by
|| W”HZ([O,]])‘ Thus,

0yPly=0 = (W, eu1) 2 = ——anly=0 + O )Wl 20,1

k 1
22(0) irg?(0)
where we used Lemma 3.

Integrating

if

3y Wly=0.1 = =

in ¢ thus yields that 3, W|,—o,1 blows up logarithmically as # — oc. On the other

hand, the L°° norm of d, W is controlled by the H 2 norm via the Sobolev embedding
theorem, which yields a contradiction. 0O

ay @ |y=0, 1

We have thus seen that, in general, for the purposes of stability results s cannot
be larger than 3 /2. As the main result of this section we provide a proof of Theorem
3 and thus show that this condition is sharp in the sense that stability in H* holds
forall s < 3/2. More precisely, instead of H* ([0, 1]), we consider periodic spaces,
that is

Wt k,-) e HY(T), 0,W(t, k,-) € HI(T),

where T = [0, 1]/ ~ is the torus of unit period. As discussed in Section 2.3, this
allows us to use both a Fourier characterization and a kernel characterization.

Remark 2. The assumptions on f(y) = U”(U~!(y)) and g(y) := U'(U~'(y))
(c.f. Section 2.1) in Theorem 3 are chosen such that we can apply Proposition 5 to
the functions f, g and their derivatives f’ and g’. Furthermore, we require

& =UU()?

to be such that we can apply Proposition 6.
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As discussed in Remark 1, these assumptions can probably be relaxed to re-
quiring that

frg € WH([0, 1)),
and that
lg*(1) = g*(0)] = |(U'(b))* — (U'(@))’]
is sufficiently small compared to
min(g?) = min((U")?) > 0.

Proof of Theorem 3 In our proof, we split d,® into a solution with zero Dirichlet
boundary conditions and a correction term in the form of a homogeneous solution:
W =ikfoV +ikf'® +ikfHDY,
(—k> + (g(By — ikt = 8, W + [(g(dy — ik1)?, 8,1,
®W)—01 =0,

where H(V is given by

(—k* + (g(dy — ike)HHD =0,
HO = HO_e*yy + HO|,_ e 0Dy,
1

(W, e uy),

HWV )0 = 0,®1y-0 =

oo

1 o
H(1)|y:1 =0,P|y—1 = ?(W, ikt (y ])M2)‘

We then construct a specific family of symmetric operators A(¢) : H® — H?
such that for any 0 € H*

loli3s < (0. AW s S llo s, (16)
(o, A(t)o)us £0,
and such that
. . :
29t<iq>,AW> +2§R<i®(l),A8yW> +29t<i<p,AayW>
k HS k HS k HS
C . . ..
< - (W, AW) s + (3 W, AdyW)ps) (elliptic)

and

25)%<%H(1),A8yw> < —— ((W, AW) s + (3, W, Ady W) ys) . (boundary)

HS

=~ QO
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Assuming this control and requiring k to be sufficiently large such that % <1,
this then yields that

I(t) :=(W,AW)ys + (0, W, Ad, W)
is non-increasing. In particular, we obtain that
WO s + 10, WDl S 1@ S 1O) S leolls + 19yw0ls-
Specifically, we define A(z) as a diagonal operator, that is

A:e™ > A, (e,

t
Ay (t) =exp (—/ Icn(r)ldr)

for a family ¢, € L} , with [le, [l ! bounded uniformly in n. Then A(t) satisfies (16)
by construction and the elliptic and boundary estimates reduce to estimates by

where

C
= 22 len @1 (Wal + 10y W)al*)

C . .
< ——exp (sup ||cn||L;) (W, AW) s + (3, W, Ady W) o),
n

which are provided by Theorems 7 and 8 in the following subsections. O

3.2. Boundary Corrections

The control of the boundary term in the proof of Theorem 3 is provided by the
following theorem:

Theorem 7. Let 0 < s < 1/2 and let W, f, g as in Theorem 3. Furthermore, let A
be a diagonal operator comparable to the identity, that is

A e A,e'™,

with

uniformly in n.
Then,

(AW, if HD) s | S en)(m)> 10, Wi,

for a family ¢, € L,l, with ||cp, ||L} bounded uniformly in n.



Linear Inviscid Damping and Boundary Effects 1473

Proof of Theorem 7 H! is explicitly given by
HY = E)yq)l),=oeik’yu1 + 8),<D|y=1eik’y(y_l)u2.
Hence, we have to estimate

(AQW.if HO) s = 0,®|,—0{ AW, ifur) s + 0y @|y=1 (A, W, ifuz) ps.

(17)
By Lemma 3,
Iy Ply=0 = 2L<W, e uy)
: g-(0)
k 1 1
20 ( @oly=0 + (e e/t 3yWU1))
P ly—1 = (W, etk10=Dy,)
ST}
k

1 1 ikt (=1)
2(1)( woly=1 + k(l YTV 9, Wuo) ).

Let us for the moment concentrate on the terms not involving wg. Using the
control of g and é, in order to estimate (17), we hence have to estimate

. | .
’<Aayw, %e’ktyu1> ;<ayw, eV y) o (18)
HX

Expanding this in a basis, using that 1 < A, <1, f € W™ and denoting

by = |(8yW)n|s

it suffices to consider

1 (n)® by
?(ZbM)(Z (n —kz))' (19

Considering the decay of the coefficients in n and taking into account that we only
control b, (n)* € 12, we need that

<n>s )
i <!

)

which is the case iff s < 1/2.
As 0 < s < 1/2, we may choose 0 < A < 1 such thats — A < —1/2 and split

(n)* (n)*
2.bn (n — kt)!=* (n — kt)*

n
2 }’l 2_‘ 1/2
Z — kp)20=0)

(n)®
(n — ki)
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Splitting the second factor in (19) in the same way, it suffices to show that
1 1 (m)’ 1
Cn(t) =~ 2(1-* P ; x
t(n —kt)20=1 || (m — kr) (m)S(m — kt)

isin L} with [|c,| 1} bounded uniformly in .
Estimating (n)* < (n — kt)* 4 (kt)®, it suffices to show that
1
(n)S(n — kt)* | 2
Ass —A < —1/2, there existsad > 0 such that A = 1/2 4§ + 5. We thus estimate
1
(n)*(n — k) || o

(kt)®

< 00 .
S I o= e
Hence,

1

1
< -
Cn(t) ~ ¢ (l’l _ k[)z(l_)”)

elLl.
It remains to discuss

woly=0,1.
ikt Iy

As the trace of wyq is controlled by its initial H I norm, we consider woly=0,1 as
constants of size 1 in what follows. Hence, we have to estimate

if 1
Ad, W, Y ity
< ) L

k
Splitting
1 I Wi
kt| ~ |ke| |kt
with 1/2 < y < 1/2 + ¢ and using Young’s inequality, we thus obtain
2(1-y) . 2
'<A3 W, ie”yu >klt k1)~ + ’E <A8yW, %e”yu1>

Here, the first term is an integrable contribution. Following the same strategy as
above, the second term can be controlled by
2?

2 n (kt>2s
Z kt 2(1-2) (kt)z(l y) '’

Choosing y, A such that

s—1-2)—-10-y)<-1/2
and modifying ¢, (¢) to also include
<kt)2s
(kt)2(0=Y) (n — kt)2(1=1)

then proves the result. Such a choice is possible as s < 1/2 is given and we can
choose (1 —A) < 1/2 and (1 — y) < 1/2 arbitrarily close to 1/2. O

1
€L,
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3.3. Elliptic Control

In this section, our main goal is to prove the following theorem, which controls
the elliptic contributions in the proof of Theorem 3. Here, the main steps of the
proof of Theorem 8 are formulated as lemmata and propositions and conclude with
Lemma 9.

Theorem 8. Let 0 < s < 1/2 and let A, f, g, W as in Theorem 7. Then

(AW, if @D +if @) ps| S ca®)(m)™ (1@ W)nl* + [Wal),

n
for a family ¢, € L,l, where ||c;, ||L} is bounded uniformly in n.

When working with non-fractional Sobolev spaces, in [9], this estimate reduced
to an elliptic regularity theorem of the form

120710 S IW -1

where
2

d
1115, = 1217, + H (% - n) @

and H~! was constructed by duality.
Similarly, we show that the proof of Theorem 8 reduces to estimating

i) dy
11%s + H (% — it) o+ 12DV + H (7’ — n) oM

Lemmad. Let0 < s < 1/2andlet A, f, g, W be as in Theorem 8. Then

L2

2 2

HS HS

(AW, if @D 4+ if @) ys

2s oW " 2N\ 1/2
< (Z %) (Il + 1 @llzs + 1 @y — k)P |1

HIF S Pl + 1DV + 110y = k) V)
Proof of Lemma 4 Denote
R:=ifoV +if'o.
Then,

(AQyW, Ryps = D an(d, W), (n)™ (€™, R).

Multiplying by a factor

CLti/k—1)
T lti/k—1)
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we estimate

(n)® s . iny
)3 (An@yW)nm) () +it/k =)™, BY)
<n>Y

m n*(1+i(n/k —1){e"™, R)

§ ‘

An(@y W)y

2 7
In particular, we note that
1 1
— € L,.
[14+i(n/k—1)?

Thus, it suffices to control

Do mFIA + i)k — )™, R (20)

n

ine™ = 9,

and as R has zero boundary values, integrating by parts yields
. . . dy
(1+i(n/k —kn)(e™, R) = ("™, R) + <el”y’ (f - ”) R>'

By the triangle inequality and Young’s inequality, one thus obtains an estimate of

(20) by
3y
IR + H(;‘ — it) R

Computing (% — it)R by the product rule and using the triangle inequality then
concludes the proof. 0O

By Proposition 5 of Section 2.3, for f, g sufficiently regular, it hence suffices
to estimate

dy .
D las + 7_” D

As the estimates for @ and @1 are very similar, to simplify notation, and as we
will later on also derive such an estimate for @@, in the following we consider a
general problem: let v solve

(GG )=

Vly=01 =0, (ELL)
y €1[0,1]
C>g’>c>0,geW>®

2

HS

a
oW+ | (2 -ir) o0

Hs H*



Linear Inviscid Damping and Boundary Effects 1477

forsome R € H*,0 < s < 1/2.
In the following we show that, as in the case s = 0, for |k_1 | sufficiently small,

dy
i+ (2 -) v

for some family ¢, (¢) € L} with ||¢;, (t)”L,] < C < oo uniformly in n.
As in the case s = 0, the heuristic idea is to consider the inner product (now in
H?) of the first equation in (ELL) with 1 and estimate:

2

SO e R,
HS

2
||W||%1x + ” (a—y - t) 4 < R(Y, R)ys — errors,
ik 1
(lower)
d 2\'"? 1/2
N, R)ps S (nwn%p + H (.—y - z) v ) (X eammir?) "
ik He
(upper)

Here, errors are terms that can either be absorbed in the left-hand-side or estimated
by terms similar to the right-hand-side in (upper).

As we work in fractional Sobolev spaces, integration by parts and similar es-
timates involve many more boundary terms, commutators and other corrections.
Controlling all these terms in a suitable way, makes (lower) technically much more
challenging than in the integer Sobolev case. The upper estimate, however, follows
analogously, as is shown in the following lemma:

Lemma 5. Let i/, R solve (ELL), then

2

1/2 "
) (X aomre) "

oS

3
WY, R)us S (IIWII%,S + H (i - t) v

where
1 1
m €L,.
Proof of Lemma 5 Following the same strategy as in Lemma 4, we express
(¥, R) gs in a basis, multiply by a factor
1+i(n/k—1)
L+i(n/k—1)’
integrate by parts and employ Cauchy—Schwarz. O

In order to derive (lower), we first make use of our freedom in choosing the
error term, by modifying the (shifted) elliptic operator.

2
()
__ B N2 (2 Ny 8
= Ier(ik t)g (ik t)w ikg(ik ’)w'

cn(t) =
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Up to boundary terms, the leading operator

0 dy
_1 _y_t 2 —)—l‘
+(ik )g (ik )

is hence symmetric and negative definite, which we use for a lower estimate in
Lemma 7 and in combination with Proposition 6.

Lemma 6. Let v € H*([0, 1]) be a solution of (ELL). Then,

g (9 dy
gl = -t =t
For k sufficiently large, instead of (lower), it thus suffices to prove
2 dy ? dy 2 [ 9y
Wllgs + |\ = —it)¥| SW.—v+\= —1)8 \ = — 1) ¥)us —errors.
k He ik ik

Proof of Lemma 6 The first statement follows by Cauchy—Schwarz and applying
Proposition 5 of Section 2.3 with gg’ € W1%(T).
For the second statement, we note that

2
HS

2

S —IIlefIIHA
™ |k|

HS

iy — O Y2 (2 _
}1<W, W-I—(ik )g (zk l‘)lﬁ>HS errors
oy, Lo (2
ez (1)),
<‘){<w I/f—l—(a—y t)g2 8——)w> — errors
k ik s
3y :
|k|(”‘/’”*’s H(?_”)‘” H)

% < ¢/2, which allows us to absorb the last

Letting |k| > 0 be sufficiently large,
term in the left-hand-side. O
In order to prove (lower), it thus remains to show that

a 0y
—h s o _ t 2 > _ t
oG =) ()l
provides a control of
dy
= —1
(i)
up to error terms.
While in the case s = 0 this reduces to an integration by parts argument, for
s > 0, two additional challenges arise:

2

’

HS
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— Integrating by parts yields boundary terms.
— (u, gu) s # (gu, gups 2 min(g?)[lullF,.

The second issue is addressed by Proposition 6 in Section 2.3 and the former by
the following two lemmata:

Lemma 7. Let v € H*([0, 1]) be a solution of (ELL). Then
N N2 (2 & _ 2 (3 _
oG, ) (),

3y 2\ (n)* 9
< |k—1|(||1/f||%,s+H(”"€—r)w ) g’ (f—ir)w;:o
HS
<n>S

(n/k—1)
Furthermore,
(n/k—t)

12

< (k.

12

Proof of Lemma 7 Expanding both terms in a Fourier basis and integrating by
parts, the difference is given by

1 ad
2>y s? (;y — ir) v

n

y=0
Taking absolute values inside the sum, multiplying by a factor

1_1+i(n/k—t)
C1+i(n/k—1)

and using Cauchy—Schwarz, the first estimate is proven.
For the second estimate, we note that

(n)* SkMn/k —1)° + (k)
and that
(n/k—1y"tel
provided s < 1/2. O

Lemma 8. Let ¥, R solve (ELL), then the following estimates hold:

1/2
dy
g (;‘ —ir) Vlyo| S k1710 (Z|Rn|2cn<r><n>2“) :
(a)

dy .
g (j - t) Uly=0 = k(R, eV uy) 2, (b)
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dy ikt (y—
82 (i B t) Yly=1 = k(R, ek l)M2>L2,
ikty n -1
(R ) 2] € 3 IR (7 = 1) ©
n

. _ n -1
(R, el l)uz)Lz|§Z|Rn|<z—t> ,
n
. . -2
R, e O=Dy0y o 4 (R ey 0 < k! R <E—t> .
I 22+ { D2l S |;| w7

Proof of Lemma 8 We first show that (b) and (c) imply (a). Thus, assume for the
moment that (¢) holds. Then

a
2 y . 1
8 (?—”) Vly=o

SR (T )
0

B i (l’l)Y 1
= |k |; | Rnl (n/k —t)1/24e (n/k —1)1/2+¢

1
() n/k = )12

1/2
< |k—1|(2 |Rn|2cn(r><n>”)

1
(m)*(n/k = 1)1

1
(n/k _ t>1/2+s

’

2 [

where
en(t) = (n/k—1)"'7* e L]

‘We further estimate

1

(n/k _ t)1/2+5
1

() (n/k —1)!1=2¢

< Vk,

~

12

é <kt)—Y + <kt>_1+2€.

ZDO

Ass < 1/2 < 1, for ¢ > 0 sufficiently small, 1 — 2¢ = s, which concludes the
proof of (a).

The estimates (b) have been proven previously in Lemma 3 for the case of
¥ = @. Againletet*V i, k=1, be the homogeneous solutions with boundary
values zero and one. Testing the equation and integrating by parts twice yields two
boundary terms. In the case of ¢’*u 1, the first boundary term is given by

. 1 dy 1 dy
ikty .~ = 2 2Y —¢ 1 - 202y —t _
e U8 (l.k )WI},ZO 78 (l.k )w)_o,
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by the choice of the boundary values of e/*Yu1. The second boundary term

1 2 ay ikt 1
. — —t y o,
ik® (ik )e “1ly=o

vanishes as i vanishes on the boundary. The result for e?*’>=Dy; follows analo-
gously, which concludes the proof of (b).

It remains to prove (c). For the first two estimates, it suffices to prove that
(", e ur) 2 S nfk =07
@™, e™O=Dyny 0 < (njk—1)7L.

A first, easy but non-optimal proof integrates e! /="

by parts, which yields a
control by

k
kt —n

For an improved estimate we recall that u ; is given by linear combinations of
—1/,
eTkU (})’
and that

ol (kt=m)y£kU ™! (y) _ ! dye
k(U + ikt —n) >

i (kt—n)y£kU~1(y)

The improved final estimate of (c) follows by noting that e?X/ 0= Dy, 4 e/k1yy
has boundary values 1, 1 and is thus periodic. A first integration by parts thus does

not yield any boundary contribution and we may integrate by parts once more to
obtain the quadratic decay. O

Combining both lemmata, we thus have further simplified (lower) to estimating

(G-)er-94),

Employing Proposition 6 of Section 2.3, as well as the L stability result of [9],
Theorem 6, we have thus proven the following proposition:

Proposition 7. Let i, R solve (ELL), 0 < s < 1/2 and R € H®. Then

0
1913 + H(f —ir) W

where ¢, € Ll1 with ||cn||L’1 bounded uniformly in n.

SO Rl en(t)(n)™,
H.S n

Having derived this generic result for (ELL), it remains to apply it to the cases
Yy =dandy =D,
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Proposition 8. Let 0 < s < 1/2, W € H® and let @ be a solution of

(=K% + (g(3y — ik)HD = W,
D|y—0,1 =0,
y e [0, 1].

Furthermore, let g, g € WV°°(T) and g* > ¢ > 0. Then there exists a constant

such that
P 2
(—y —it) @
k

Proof of Proposition 8 Applying Proposition 7 with v = @, R = W yields the
result. O

Considering the case ¥/ = @), the upper estimate, Lemma 4, has to be slightly
modified, as the second term in

dy . dy .
R:ByW+[(f—lt)gz(f—tt),ay]¢

has to be treated separately.

2

P11 + SDRLARDENG!
H* n

for some ¢, (t) € L,l.

Lemma 9. Let @, W solve

(o) )e -

D|y—0,1 =0,
y € [0, 1].

dy 9
R(eW, |2 —ir) (2 —it), 0|
k k s

S P en(@yW)al? + 1Wal).

Then,

Proof of Lemma 9 We compute

o\ o dy 3y
() (o) o =2 m)er (i)

Integrating by parts, we thus obtain a bulk term

3, )
2 —it)oW 2gg" (2 —it) @)
(G o)omase (i -o)e),
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and, similar to Lemma 6, a boundary term
M yn2s,—1no (O .
> oM m)¥k2gg < —ir)@. 1)
n

Using Proposition 5 of Section 2.3 and Young’s inequality, the bulk term can be

estimated by
9y 2 dy
(i —it) oM +81CH (-’ —ir)cp
k HS k

Here, the second term can be estimated by Proposition 8, while the first term can
be absorbed in the left-hand-side of the estimate as in the proof of Lemma 6.

In order to estimate the boundary term, (21), we follow the same strategy as in
the proof of Lemmas 7 and 8. We thus obtain an estimate by

8 S 87

” (—y - it) PI0) R I AN, VY (—3 - it) ol
k s I (n/k—1) k

It remains to estimate

9y

/ y . 1

‘Zgg (; - lt) Ply—

Unlike in the last case of (c) in Lemma 8, there is no additional cancellation of the
contributions at y = 0 and y = 1. Hence, we estimate

2
&

HS

12

288"l < 11800

and consider the contributions at y = 0 and y = 1 separately. Using Lemma 8§, we

express
8)7 .
% it) @ly=0,1

. 1 1 .
k kty
(W,e’ tyu1>L2 = _ikt W|y=0+ _ikt (e’ UayWLtl)Lz.

in terms of

To estimate both terms, we follow the same strategy as in the proof of Theorem 7.
The first term is controlled using Young’s inequality, that is

(n/k—1t)|p ikt
3 2 k)
Se ke T e (?y—it) oM k)

ys |kt|20=7) ’
where y > 1/2 is chosen such that 1 — y = s. The first term is integrable in time
and the second can be absorbed in the left-hand-side.

HS
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It remains to estimate

()
k

For this purpose, we compute

.
; %(e”m dyWuy) 2. (22)

(n)*
(n/k—1)

HS

(€ 9y Wuy) 2 = (€ u1dy W) 2 + (%7, Wayuy) 2.

The second term can be integrated by parts once more to obtain another factor %
and is thus easily controlled. For the first term we estimate

(n)* 1

ikty
(", w19, W) S 1@y W)l =T =T

where 0 <A < lands+ A > 1/2.
The terms in (22) can thus be estimated by

H(ay ) ol &S 10y W)al(n)* 1

— —it )P

k g kil | (n/k =)' | || (n)S(n/k — 1) || 2
N _Yem| L (n)*

< H(k zt)db i ‘|(ayW)n|<n/k_t>l_k .

Using Young’s inequality, the first factor can be absorbed, while the second
factor is of the desired form with

cn(t) i= ;€ L.

ke[ (n/k — 1)20=2

0
This concludes the stability proof in H%, s < 3/2.
As a consequence, we now have sufficient control of regularity to obtain damp-
ing with integrable rates and scattering.

Corollary 2. (Scattering) Let0 < s < 1/2 and let W be a solution of the linearized
Euler equations, (11), such that |0y W ||gs and |W | g1 are uniformly bounded
(for example satisfying Theorem 3). Then there exists W™ € H; L)zc such that, as
t — 00,

IVall 2 = O~ 1),

2
w L w,

W) = Wooll 2 = OG™).

Proof of Corollary 2 Applying Duhamel’s formula, that is integrating the equation
in time, W () satisfies

t
W(t) = wo +/ FVa(r)dr.
0
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Estimating and integrating,
IfVa@llz2 S 1 f el Vall 2 = O 1H)

then yields the result. O
Approximating wo € L by functionsin H*, 1 < s < 3/2, we obtain scattering
in L2.

Corollary 3. (L? scattering) Let f, g, k be as in Theorem 3. Then for any wg € L?
there exists Woo € L? such that

L2
W — Wy,
ast — 0.

Proof of Corollary 3 Let (w()),en € H* be a sequence such that

12
n
wy —> WO,

as n — oo. By Corollary 3, for any «y there exists an asymptotic profile WZ,. By
the L? stability theorem of [9], Theorem 6, the convergence of w( also implies the
convergence of W” (¢) at any time ¢ and of W7, . The result then follows by choosing
an appropriate diagonal sequence in f and n. 0O

3.4. Stability in HY/?>~

In the previous Section 3.1, we have seen that, under general perturbations, the
critical Sobolev exponent in y is given by s = % More precisely, for any m € Ny,
we have shown stability in the periodic fractional Sobolev spaces

3
HYHY (T, x ), s < 2,

and that stability in
m s 3
HI"Hy (T x[0,1]), s> >

can in general not hold, unless one restricts things to initial perturbations wy with
zero Dirichlet boundary data, wo|y—o,1 = 0.

Restricting matters to such perturbations, in [9] we established stability in
H H)% (T x [0, 1]), which was sufficient to prove linear inviscid damping with
the optimal algebraic rates. However, H> stability is not sufficient to establish
consistency with the nonlinear equations, since control of the nonlinearity

Vie . vw

would require an L control of VW. As we work in two dimensions, in order to
use a Sobolev embedding, we thus require control in H®, s > 2.
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As the main result of this section, we hence show that, for this restricted class
of perturbations, wy, the critical Sobolev exponent in y is given by s = % More
precisely, as shown in Lemma 2 from Section 1.3, for initial perturbations, wy,
with zero Dirichlet data, wo|y—o,1 = 0, generically Bf,W asymptotically develops
(logarithmic) singularities at the boundary. Hence, even for this restricted class of
perturbations, stability in H}" H; (Ty x[0,1]),s > %, can in general not hold. As
we discuss in Section 5, this further implies instability of the nonlinear problem
in the finite periodic channel in high Sobolev spaces and therefore, in particular,
forbids nonlinear inviscid damping results in Gevrey regularity such as in the work
of BEDROSSIAN and MAsSMOUDI [2].

As a complementary result to the instability, Theorem 4 establishes stability in
the periodic fractional Sobolev spaces, Hy' Hy(Ty x T),s < % This additional
stability allows us to prove consistency with the nonlinear problem, also for the
finite periodic channel.

We recall that the linearized Euler equations, (11), decouple with respect to k

and we may hence consider k as a given parameter and consider the stability of
W(t) =W, k,-) € H ([0, 1]) or H(T).

The two lemmata to follow provide a description of the evolution of derivatives
of @ on the boundary. Using these lemmata, in Lemma 2 we show that, in general,
stability in H* ([0, 1]), s > % cannot hold.

Lemma 10. Let W be a solution of the linearized Euler equations, (11), and suppose
that ||W || g2((0.17) is bounded uniformly in time. Suppose further that wo|y=0.1 = 0.
Then there exist constants cy, ¢ € C such that

dyWly=0 = co,
dyWly=1 — c1,

ast — oQ.

We remark that co, ¢y are in general non-trivial and not determined by 9dywo|y—0,1-
In analogy to Lemma 1, in Lemma 2 we show that non-trivial ¢y, ¢ asymptotically
result in a (logarithmic) blow-up at the boundary and thus provide an upper limit
on stability results.

Proof of Lemma 10 Restricting the evolution equation for 9, W, (12), to the bound-
ary, we obtain

if
k

where we used that @|,—o,; = 0. It therefore suffices to show that 9, ®|,—o,1 decays
in ¢ at an integrable rate. We recall that by Lemma 8§,

k ikty
0y @|y=0 = m(W, e u1(0, y)) 2,

k (v
AyPly—1 = g(_1)<W’ e O=Dy5(0, y)) 2.

00y Wly=0,1 = —-9yPly=0,1,



Linear Inviscid Damping and Boundary Effects 1487

As k # 0 and as g is bounded away from 0, it suffices to consider the L? products.
Integrating by parts once, we obtain

. 1 1 i
(W, e*u1(0, y)) 2 = _iktW|y:0 N %(elkty’ 9y (Wur (0, y))) 2
1 .
— _%wm, Ay (Wu1(0, y)))p2-

Recalling Lemma 3, a uniform control of |W | gs + [0y W/ gs for some s > 0
suffices to obtain an upper bound by O(r~'~%), and thus deduce the result.
Integrating by parts once more, we obtain

ikty

. e 1 ,
(W, e u1 0, y)) 2 = 722y (Wur 0, Mlyzo — m@'hy, 3> (Wup (0, y))) 2.

Again using the assumption that W|,—o 1 = 0, the first term can be controlled by
Crt 20y Wly=0.11,
and the second term by
Crt 2| W32
Using the uniform control of || W|| 2, we thus obtain the differential inequality
|00y Wly—o.1] < 17218y Wly—o,1] + 1.

Integrating this inequality then yields the result. O

Following a similar approach as in Section 3.1, we show that 8y2W| y=0,1 in
general grows unboundedly as t — oo.
Lemma 11. Let W be a solution of the linearized Euler equations, (11), and suppose

that, for some s > 0, |W(t)| g2 and ||8y2W(t)||H.s are bounded uniformly in time.
Then, ast — 0,

1 -
07 Ply=01 = ——0yWly=01 + O™,

Proof. Following the same approach as in the proof of Lemma 3, we note that by

(11),
-1+ (g(y) (? - zt)) =W,

and by the choice of zero Dirichlet boundary values of @ and W,

823D y—0,1 = (—gg' +iktg»)d,®|y—0,1.



1488 CHRISTIAN ZILLINGER
Dividing by g2 and using

k ikt
dyPly=0 = m(W,el Yuy)
k 1 ikty
— g (enh—o+ @ ).
k

g2

k 1 i

from Lemma 3, it thus suffices to consider

0y ®y=1 = (W, e Dyy)

(1, 9y Wur),
(™ O=D 8 Wus).

Integrating ¢/*"Y or !X —1 by parts and using boundary values of uy, us, yields
the leading terms

1
%ayw|y=0,l,

while the remainder is given by

1 .
%<e”“y, By (3y Wup))

1 ikt(y—1
and %«:f 10D 808y Wua)),

respectively. By the product rule,
Ay (O Wuj) = u;dsW + 9, Wayu;.
For the latter term, integrating by parts once more yields a term controlled by
O(k) ™) [ W[ 2.

It thus suffices to consider only
1 ikty 2
(e 03w,
I k-1 2
— (e us, 05W).
ikt ( 2. 05 W)
Expanding into a basis and using duality, the result then follows by estimating

ey | -5 + 1€ O Vus || y-s = OG™).
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Using this result, we obtain a proof of Lemma 2 of Section 1.3.

Proof of Lemma 2 Suppose, to the contrary, that for some s > 5/2, ||W||gs is
bounded uniformly in time. Then, by Lemma 10,

i if’ i 1_
U2 Wlymo = 020 + 0, lymg 1 = L0, Wl + 0T,

Integrating this equation, we thus obtain that
log(t) < 193 W(t)y=0.1] < 193 W (0)]| =

as t — 00. On the other hand, by the Sobolev embedding and the choice of s > %,

135 W (@)oo S UW @O as

which we supposed to be bounded uniformly in time. This yields a contradiction,
which proves the desired result. 0O

As the main result of this section we provide a proof of Theorem 4 and thus show
that the above restriction is sharp in the sense that stability holds for s < 5/2. More
precisely, as in Section 3.1, instead of H* ([0, 1]), we consider periodic spaces, that
is

Wt k,-) e H(T),0,W(t, k,-) € H (),
which allows us to use both a Fourier characterization and a kernel characterization.
Remark 3. Similar to Theorem 3, the assumptions on f and g are chosen such that
we can apply Proposition 5 to the functions f, g and their derivatives f’, f” and
g’, g”. Furthermore, we require
g=Uvw'0y

to be such that we can apply Proposition 6.

As discussed in Remark 1, these assumptions can probably be relaxed to re-
quiring simply that

fr8. € WH([0, 1)),
and that
1g2(1) = g2 )] = |U'(})* = (U (@)’

is sufficiently small compared to

min(g?) = min((U")?) > 0.
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Proof of Theorem 4 As in the previous section, we split the contributions in the
evolution equation into boundary corrections and potentials with zero Dirichlet
conditions. Let W be a solution of (11), then 82W satisfies:

7"
8\7 2 2 2 ay 2 )
-1+ (g (7 —it)) ®?® — W+ (g (7 —it)) L0y | @,
(2)
(py=0,71 - 0’
(23)

and the homogeneous correction, H®, satisfies

(o) )reme

H(Z) |y=0,n = 33@ |y=0,n .

Furthermore, as discussed in the beginning of Section 3.1, @1 and HV satisfy
(12):

if if 5
oW = 2-0,® + =~
a 2
(—1 + (g (Fy - lt)) )¢(1> =0, W + (g3, —in)*, 0,1,
(24)
o)) =0,

HY =30 — W),
(t,k,y) € R x L(Z\ {0}) x [0, 1].

As in the Proof of Theorem 3, we construct a specific family of symmetric
operators A(t) : H® — H?¥, such that for any o0 € H®

lo % S (o, A s S llolFys,
(o, A(t)o) s =0
and such that
(W, AW) s + (0 W, Ady W) s + (9, W, Ad; W) s =: 1 (1)

is bounded uniformly in time.

We recall that we have derived sufficient conditions for the first two terms to
be non-increasing in the previous Section 3.1.

It thus remains to control

(W, ADTW) s
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Following a similar strategy as in the proof of Theorem 3, we separately estimate
the elliptic contribution

f//

<—cb Ad W> +Sﬁ< i oD A W> +<h< J}; &P A9 W>
H_S

H$ HS
(elliptic)

and the boundary contribution

9N ’f T O a2w) 49 Uy ap2w (boundary)

k y
HS HS

in terms of

m|(W AW) s + (W, A0y W) s + (03 W, ADT W) prs .

Requiring |k| > 0 to be sufficiently large and thus % to be sufficiently small, we
then deduce that 7 (¢) is non-increasing, which concludes the proof. As in Section
3.1, the control of the boundary and elliptic contributions is obtained as the main
result of the following subsections. O

3.5. Boundary Corrections

The following two theorems provide a control of the boundary contributions
in the proof of Theorem 4. Here, Theorem 9 controls contributions by H ! and
Theorem 10 controls contributions by H®, respectively.

Theorem 9. Let 0 < s < 1/2 and let W, f, g as in Theorem 4. Furthermore, let A
be a diagonal operator comparable to the identity, that is

. ain iny
A:e" = A,

with

uniformly in n. Then,

2 W)
‘<A8y W, H

<D )P (@2W)al + 1By Wal? + [Wal?),

H* n
where ¢, € L,1 and ||cy, ||L) is bounded uniformly in n.

Proof of Theorem 9 Combining the approach of Lemma 10 and Theorem 7, we
expand

HY = 3,@|,—0e ™V uy + dy® |y Dy,
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‘We may then estimate

(AW, € ™ ur) s S D (m)> (3 W)l

n

|kl(n/k — 1)
As by our assumptions wply=0,1 = 0,

8y(p|y:0 = (W, eiklylxtl)LZ

k
g2(0)
has good decay in time. More precisely, as in Lemma 2, we integrate by parts twice
to obtain control by

9y @ly=0,1] = Okt ™) [W | 2.

Using the H 2 stability result of [9], Theorem 2, we may thus estimate

(n)* (n)*
S (O3 W)

AW, e Dy Y s | <(kt) 2 | ——— m/k—1)r
I Y e U1)H |N< ) <n/k_t)(1*3/ (n/k—t)y

2 2

Choosing 0 < y < 1 sufficiently close to 1 such thats — y < —% then yields

(m?®

wik—n7 = O({kt)").

B
The result thus follows with

en(t) = (kt) S (n/k — )20 e L},

Theorem 10. Let 0 < s < 1/2 and let A, W, f, g as in Theorem 9. Then,

2 o
‘<A8yw,7H

SO e (@ W)l + 1@y W)al* + [Wa ),
HS n

where ¢, € L} and ||cy, ”L} is bounded uniformly in n.

Proof of Theorem 10 Following the same approach as in Theorem 7, the estimate
of

. | '
‘<A3§,W, %e”yu1> ;(Z)gW, euy) ;2
HX

is identical up to a change of notation.
The additional boundary correction in the current case is given by
: dyW|
ikt =L
While 9y W|y=0,1 is not conserved, by Lemma 10 it converges as t — oo and is
thus, in particular, bounded. This part of the estimate thus concludes analogously
to the proof of Theorem 7. O



Linear Inviscid Damping and Boundary Effects 1493

3.6. Elliptic Regularity

This subsection’s main result is given by the following theorem, which provides
control of the elliptic contributions in the proof of Theorem 4:

Theorem 11. Let 0 < s < 1/2 and let A, f, g, W be a as in Theorem 9. Then
(AW, if @@ +if'dD +if"dD)
S D e A@FW)al* + 10y Wal” + [Wa ),
n

where ¢, € Lt1 with ||cp, ”Ltl bounded uniformly in n.

As in Section 3.3, Lemma 12 serves to reduce the proof of Theorem 11 to a
fractional elliptic regularity problem. The desired elliptic estimate is then formu-
lated in Proposition 9, whose proof is further broken down into Lemma 13 and
Lemma 14.

Lemma 12. Let 0 < s < 1/2 and let A, f, g, W as in Theorem 9. Then

(AD,W,if @@ +if'dD 4if"dD)

1/2
< (Z cn(r><n>2‘|<a§vv)n|2)

0y
(nif@‘”n%fs + H (;} - r) ifo

9
+1lif' @V N3, + H (% - r) if @M

2

HS
2

HS

5 \1/2
Hs) '

Proof. This result is proven in the same way as Lemma 4 in Section 3.3. O

9
+Hlif" @3 + H (% - z) if'®

The control of
- e (1))2 dy - 1w (1)
lif'®@ " llgs + 7 ! if'®

by

2 2

9
+ lif @ + H (% - t) if'®

H Hs

D@ (@ W)al® + Wal?)

n

has already been obtained in the previous Section 3.1. It thus only remains to control

. a1\,
lif @3 + H (;} - r) if e

which is formulated as the following proposition:

2

HS
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Proposition 9. Let f, g, wg, W be as in Theorem 4. Then,

d
6@ 13s + H (—y —~ z) o®?
k p

S D en @) (@ W)nl® + 1@y W)al* + [ Wal?).

2

Proof of Proposition 9 We recall that @@ gatisfies (23):

) (SC) R

o@|,_0,1 =0.
Using the generic results of Section 3.3 with

v = 45(2)7

8 2
__ 92 Y . 2
R=9W+ |:(g (F —n)) ,a)} ?,

the result follows if we can obtain a good control of
(V. R) s

for our specific choice of R.
We note that

) \1/2
Hs)

1/2
x (Z(n/k - t>—2<n>28<|(a§W>n|2)

n

d
W, W) S (nwuip + H (f - ir) v

is already of the desired form.
It thus remains to consider the commutator:

ay . ? 2
(5 -m) e
dy 3 3 3y
=: (7} — it) 284 (% - it) oM 4 (?y - it) %" (7} — it) @
dy 3y dy
- (7} - it) 284 (F) — it) HD 4 h (?‘ — it) HD

+Q’

where i can be computed in terms of the derivatives of g and Q is composed of
terms involving only

&, oW, (%’ — it) @, (% - it) oM.
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Thus,

2
12
+ 1D 3.
HS

dy
(¥, Qas| S 1 Il s (I|<15||2Hs + H (—’ - it) o

k
8}’
__'t (p(l)
+H(k ’)

5 \1/2
HS) ’

which, by the H 3/2= result (Theorem 3) can absorbed
(W, AW) s + (9, W, Ady W) ps < 0.

The control of the remaining terms is obtained in the following two lemmata:
O

Lemma 13. Let g, wg, W be as in Theorem 4. Then,

d dy dy d
oD (L —ir)2gg' (L —it)oV + (2 —it) D' (L —-ir)o
< k) T ) 1))
1/2
@2 dy . @ 2\
1@+ (2 -it) @
k HS
12
(12 dy . ) 2 ?
Ao, + (2 -ir) o
k H.Y

2 ay .
HS k

+ D en P (@ W)al> + 1@y W) > + W),

where ¢, € L,1 and ||cy, ||L,1 is bounded uniformly in n.

Proof of Lemma 13 Integrating the leading (‘2—‘ —it) operators by parts, we obtain
bulk terms

dy d 9
—it)o?, 200 (2 —it) D 2y (2 i) o) |
<(k l) gg(k i + (g9 i .

which can be controlled in the desired manner using Cauchy—Schwarz and Propo-
sition 5 of Section 2.3.
It thus only remains to control the boundary contributions

3 3y
> P m)* (2gg’ (?y - it) oW 4 (g2 (?’ - it) q>)

Here we again estimate
2 N\ 1/2
HS)

dy .
> P ) < (||¢><2>||§,S - H (?y - n) o®@

n

1

y=0

(n)*
(n/k —1)

s
2
ln
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and

(n)*

—<n/k 0 < (kt)®.

~
2
lVl

It remains to estimate

dy . d .
(Zgg’ (?} — lt) oM 4 (g% (% — lt) <D) |;:0,

where we may drop the terms which involve iz, since @ and @V satisfy zero
Dirichlet boundary conditions.

A good control of 9y®@|y—0,1 in terms of ||W|| ;2 has already been obtained in
the proof of Corollary 1.

It thus remains to control 3y¢(1)| y=0,1. Following a similar approach as in
Lemma 8, 8y(l5(1)| y=0,1 can be computed by testing the right-hand-side of the
equation against homogeneous solutions:

9, 2 -
<ayw+[(g (=) } > ,
k o
dy . ? ikt(y—1)
HWW+|(sg ?—lt 0y | @, eV T uy

In the case of the commutator terms, using integration by parts and the control of

9 -
2t elkt}ul
k L2

dy .
1Pl + || —ir) @

which is controlled. In order to estimate the remaining terms involving 9, W, we
can either use the same approach as in Section 3.2 and control by

D)) (0, W)l

L2

we estimate by

)

L2

or integrate 'K’ by parts to obtain an additional factor % and estimate by

1
- 2P| @TW)al.

Lemma 14. Let g, wg, W be as in Theorem 4 and let h € WL-o(T). Then,

9 dy 9
<q><2>, (—y — it) 2g¢' (—’ —~ iz) HY +h (—y —~ iz) H<1>>
k k k He

1 dy . 1
< — (ucb@nm - H(— - zr) @ ) > Wl
k| k st
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Proof of Lemma 14 Using the fact that H(! solves

(o) )ro=e

as well as commuting some derivatives, one can express
dy dy
2 —it)2gg' (2 —it)HY
( k ) 5 ( k )

3y
(7’ - it) hiHY + hyH®

as

for some functions k1, hy € W1-°°(T).
Integrating the (% — it) by parts and using Proposition 5, the bulk term is

estimated by
Ov
(||q><2>||m + ‘ (—y - n) @ ) 1 .
k HS

while the boundary term is estimated in a similar way as in the proof of Proposition

6, by
) B\ p@ 51yl
12 us + ?_” @ r’'|H |y:O,l|~
HS

As shown in the proof of Lemma 2:

|H' [y—0,11 = O ™2) | W]l 2.

Furthermore,
HY = H(1)|y:06iktyu1 + H(1>|y:16ikl(y71)u2,
and
. <n>2s )
ezkl)ru 25< < 425
e uy |13 < an—m —f7 S
Thus,

tf1HO Lol + 1HD s S0 2 IW g2,

which concludes the proof. O

We remark that, under the conditions of Theorem 4, by Theorem 2, stability
in H? also holds. Thus, ||W || g2 can be considered as a given constant. This then
concludes the proof of Theorem 4.

Using these improved stability results, in Section 5 we revisit the problem of
consistency and further consider the implications of these sharp (in)stability results
for the nonlinear dynamics.

Before that, however, in the following section, we further study the formation
of singularities at the boundary, the behavior of the homogeneous corrections close
to the boundary, and implications for (in)stability in fractional Sobolev spaces
WhP([0, 1).
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4. Boundary Layers

Thus far we have seen that 9, W and 8)2,W, when restricted to the boundary,
develop logarithmic singularities as t — oo, that is

[0y Wly=0,1l 2 log(t).

While such a point-wise estimate is sufficient to prove instability in C° and
thus H* for s > 1/2, it does not provide a description for y close to the boundary,
which would be useful for the study of L? spaces.

In the following, we therefore analyze the effect of the homogeneous correction
on our solution and describe the asymptotic behavior close to the boundary. Here,
for simplicity, we discuss only the evolution of 9, W, but all arguments can be
adapted to study ByZW as well.

Recall that 9, W evolves by (24):

; . -
d W = %H(” + %cp(“ + %cp.

In view of the considerations on linearized Couette flow in Section 2.2 and as @)
and @ vanish at the boundary and have a good structure, in the following we focus
on the asymptotic behavior of

; T
@/ HD ¢, y)dr

as T — oo and for y close to the boundary.

Lemma 15. Let T > 1 and let uy, uy be the solutions of
5.\ 2
—1 ht'd =0,
( + (g X ) )u

ur(0) = ux(l) = 1,
ui(l) =u2(0) =0.

with boundary values

Then for any y € [0, 1]

T T
/ HO (2, y)dr = / HD(,0)e ™ dr uy (y)
1 1

T
+/ HY (1, De™O=Ddr uy(y).
1
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Proof of Lemma 15 It has be shown in the previous sections that
HOY @, y) = HV(0,0e"ur(y) + HO (1, 0™ Dus ().

Integrating in time then yields the result. O
In Section 3.1, we have shown that under H* stability assumptions ,

1
HD©, 1) = % S+ 06,

)7:0
and therefore, for y = 0,

ikty

r (1) ikty @0 Te
/ H'™ (t,0)e'"™dt|,—o = ?|y=0/l Tdt|y=0 +O(1) 2 log(T).
1

The case y > 0 is considered in the following lemma, where for convenience of
notation we additionally assume that £ > 0.

1
Lemma 16. Let k > 0, then for any y = 5,

T eikly
dt
1 t

is bounded uniformly in T, k and y.

Forany0 <y < ﬁ

T eikty
dt
1 t

Further restricting things to 0 < y < ﬁ we have also that

T eikty
R (/ dt) > log(T) + O(1).
1

< min(log(T), —log(ky)) + O(1).

t

Letting T tend to infinity, the logarithmic singularity persists:

00 eikty
/ dt
1 t
Proof of Lemma 16 By a change of variables, t — 7 = kyt, and

T eikty kyT eir
dr = —dr.
1 t ky T

Let % < x1 £ xp be arbitrary but fixed. Then,

X2 AT it |*2 X2 AT

e e e 1

/ Tdr= — —/ “odrS— <2
v T T |y, x it X1

2 —log(ky) +O(1)

1
JorO <y <t
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Letting x; = ky for y = ﬁ then proves the first result.
Now let 0 < ky < % In the case that kyT > 1, we can choose x; = 1 and

x2 = kyT in the above estimate and thus obtain

kTy eikty
/ dr = 0().
1 t

It hence suffices to consider

min(kyT,1) eir
/ —dr.
ky T

Ast € (0, 1),
0 < cos(l) <RET) <1

does not yield cancellations. Thus, the integral is comparable to

min(kyT,1) 1
/ —dt = log(min(kyT, 1)) — log(ky)
ky T

= min(log(kyT) — log(ky), — log(ky))

= min(log(T"), — log(ky)).
Letting 7 tend to infinity,
lim min(log(T"), —log(ky)) = —log(ky),
T— 00

which proves the last result. O
We have thus shown that, as T — oo, for y close to zero,

T
JR
1

In particular, while the L norm diverges, for any 1 < p < oo,

2 [og(ky)| + O().

log(y) € L7 ([0, 1D),

and thus no blowup occurs in these spaces.
In view of our stability results for fractional Sobolev spaces, a natural question
concerns the behavior of (fractional) y derivatives. Here we consider

T eikly
Cy(T, y) := / £ ——di (25)
1

for s € (0, 1) as a simplified interpolated model between

T eikty
dt,
1 t
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and

d T eikty T , eikTy _ eiky
— dr =ik/ e dp = ——— (26)
dy /i ¢ 1 y

We note that, letting T tend to infinity in (26), the singularity is of the form

1

)

y

which is not in L? ([0, 1]) for any 1 £ p < oo. The intermediate cases 0 < s < 1
are considered in the following lemma:

Lemma 17. Let 0 < s < 1 and let Cs(T, y) be given by (25). Then

75 -1
Cs(T,0) = ;
s

andfor0 <y < ﬁ,
Co(T, y) <min(T*, (ky)™) + O(1).

For0 <y < % we have also that

N

NC(T, ) 2

+O(1).

Letting T tend to infinity, there exists a constant ¢ € C, which is in general non-
trivial, such that

Cs(00, y) = clky)™ + O(D).

Proof of Lemma 17 For y = 0, we compute

/T,Sldt=£|T _ Tl
.t s o=1 s

Controlling ek by its absolute value, this also provides an upper bound for all
y > 0.
Considering y > 0, we introduce a change of variables t > kyt

T eikly kyT eir
/ r dr = (ky)_s/ —=d7 27
1 t TS

ky

which suggests a boundary singularity of the form min((ky)™*, T%). We first esti-

mate
kyT eir
1 dt
by T
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from above. In the case 1 < x1 < xp, we integrate /7 by parts and thus obtain an
estimate by

1

1—s
X

[IA

1, (28)

A

which is uniformink, y and T. For x{, x, < 1 it suffices to estimate by the absolute
value:

1 . 1
<<= (29)
N N

Hence, by equation (27),
_ 1
SN 1+-).
s

T s eikty
t dr
1 t
1

If ky is very small, thatis 0 < y < T then, once again, e!™ does not oscillate
and the real part of the integral in (27) is comparable to

T 1
/ —dr = —(T" — D(ky)".
ky TP s

More precisely, we estimate
cos(1) S RE') < 1.
We thus obtain a lower bound of
N(Cs(T, y))
by

1 , 1
cos(1)(ky) > (T* = D (ky)* = cos(1)—(T* ~1).

We again consider (27). By (28), the limit T — oo exists as an improper
integral. We thus have to show that

00 eir
/ dz = ¢ + O(kyl*)
ky

.L-l—s

for some ¢ € C, which is in general non-trivial. By (29),
00 it

lim

yiO 0 -El—S

exists.
Splitting and using (29), again

00 eir oo eir ky eir s
/ —dt =/ —dt —/ —dr=c+ O(ky!®).
ky T 0o T 7 0o T
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Thus, by equation (27),

it

C(oo, y) = (ky)—S/k C_dr = clky)™ + O(1).
y

T1-s
O
Letting T tend to infinity, we thus have to control a singularity of the form y~*.
Lemma 18. Let 0 <5 < 1l and let 1 £ p < 00, then
y— e LP([0, 1])
if and only if p < %

Proof of Lemma 18 We explicitly compute

1 1—sp
. . y
Iy Vni,,:/o P =

which is finite if and only if 1 —sp > 0. O
The above result suggests that, for 1 < p < oo,

T
/ HDdr
1

is finite for 0 < s < % and infinite for % < s < 1. For the case p = 2, we have

shown in Section 3.1 that s = % is indeed critical in this sense.

sup
T>1

Ws.p

5. Consistency and Implications for Nonlinear Inviscid Damping

A natural question, following the results on linear inviscid damping, concerns
the behavior of the full nonlinear dynamics. In this section, we prove the following
three results:

— Consistency. The linear dynamics are consistent, that is the nonlinearity, when
evolved by the linear dynamics, is an integrable perturbation (in a less regular
space). In the case of non-fractional Sobolev spaces and the infinite periodic
channel, this has been addressed in [9].

— Approximation. We consider the nonlinear problem as a coupled system for the
underlying shear flow U (¢, y) := —8y_ 1 (w(t, -))x and the perturbed vorticity
o (t,x,y) =0, x, y) = {0, -, y))x
Supposing that nonlinear inviscid damping holds in the sense that U (¢, y) as-
ymptotically converges to a monotone shear flow and that @’ is bounded in
some H®, s > 5, (in coordinates moving with the flow) uniformly in time, we
show that the contribution by the nonlinearity is uniformly bounded in H*™>
(in coordinates moving with the flow).
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— Instability. As a consequence, we provide a proof of Theorem 5 from Section
1.4 and thus show that, in a finite periodic channel, the stability result associ-
ated with nonlinear inviscid damping can generally not hold in high Sobolev
spaces. Specifically we show that otherwise d, W would in general develop a
logarithmic singularity at the boundary, which yields a contradiction.

The last result in particular implies that a Gevrey regularity result such as in [2]
would have to be heavily modified in the setting of a finite channel.

We first consider consistency, that is that the evolution of the nonlinear term
under the linear dynamics and shows that this would provide a uniformly controlled
correction in Duhamel’s formula. For this purpose, we note that the nonlinearity

vV-w=Vtd- Vo,
after the change of variables (x, y) — (x —tU(y), ), is given by

— (y — U3 DI W + 8, D (3y — tU'8,)W
= 0,00, W + 3, PdW = V& . VW.

Here, with a slight abuse of notation, @ and W do not incorporate the change of
variables y — z := U~ !(y).

Theorem 12. (Consistency) Let W be a solution of the linearized Euler equations,
(11), in the finite periodic channel Ty x [0, 1], with

/wo(x, y)dx =0,

f.g € W3%° and assume that for some s € (2, 3),
WO llas < C < o0
is uniformly bounded (for example via Theorem 4). Then,
v Vo2 = 0@¢¢~D),
In particular,

t
W () +/ V9ie(r)VW(r)dr

remains in a bounded neighborhood of W (t) and there exist asymptotic profiles
Wioo,con € L2 such that

! 2
W (1) +/ VLD () VW (D)dT 25 Wes con.

ast — +oo.
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Proof. Since the change of variables (x, y) — (x —tU(y), y) is an L? isometry,
we obtain

lv- Vol = [[VEOVW] 2.

As s > 2 (and we consider two spatial dimensions, x, y), we can use a Sobolev
embedding to control

IVWilzsg@) S Wl
It thus suffices to estimate
IVl
Taking the V- into account and using the damping result (Theorem 1) we obtain
V2@ 2 = O™ IW .

As s — 1 > 1, this decay is integrable, which together with the scattering results
for W(t), Corollaries 2 and 3, concludes the proof. O

We remark that this consistency result loses regularity and indeed controlling
the loss of regularity due to the nonlinearity is one of the main challenges in the
nonlinear problem (see [1]).

While the linear dynamics are thus consistent in the above sense, higher regu-
larity and how well the linear dynamics approximate the nonlinear dynamics is not
answered by the preceding theorem.

In the following, we consider the converse problem, that is given a nonlinearly
stable solution with inviscid damping, we estimate the effect of the nonlinearity.
For this purpose, we note that the 2D Euler equations

dw+v-Vo =0,
v=V'e,
Ap = w,

on either the infinite or finite periodic channel, possess a good structure with respect
to x averages. Denote

o= (0 —{(0)) + (0)y = & + (w)y,
¢ =(b— (b)) + (P)x =9 + (D).

Then,

da — (3y ()20 + By ()2) 0 = (VE¢' - V'),
d(w)y = (V¢ - Vo),

In analogy to the linear setting, we denote

—0y(@)x = U1, y),
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and for the moment restrict our attention to the first equation, considering U (¢, y)
as given.
In this formulation the Euler equations then read

g + UL, y)dye = @7U(t, )¢’ + (V¢ Vo).

Further introducing the volume-preserving change of variables

t
(X,Y)'_) (.X_/ U(Ty)’)df,)’)
0

and defining W, @ via these coordinates, the Euler equations in scattering formu-
lation are given by

UW = Ut y)0x® + V& - VW. (ES)

Obtaining a good control of the regularity of U (¢, y) as well as appropriate decay
is a very hard problem, particularly as the evolution of U (¢, y) and W is coupled.
In the following theorem, such control is therefore assumed.

Theorem 13. (Approximation) Let W (¢, x, y) be a solution of (ES) and suppose
that, for some s > 2, inviscid damping holds in H® with integrable rates, that is
suppose that, for some ¢ > 0,

IVED s = O™ ) W] groae.
Suppose further that || W (¢) || gs+2+e is uniformly bounded. Then,
VLD - VW g = O~ 179,

and, in particular,

t
/ VL@ () - VW (1) | gsde
0

is bounded uniformly in t and converges ast — o0.
Proof of Theorem 13 As s > 2, H® forms an algebra and

IVED - YW|gs < V@ s [VW s = OG0,
which proves the result. 0O

Remark 4. — Theorem 1 can be extended to provide sufficient conditions for
inviscid damping with integrable rates to hold, again assuming sufficient regu-
larity. The core problem of inviscid damping is thus, again, the control of the
regularity of W(z).

— If |W| gs+2+e < 8 is small, then

t
/ IVED () - VW (1) | gsdT = O(8?)
0

is quadratically small. The linearization thus remains valid, but only in a less
regular space. For this reason we call this theorem an “approximation” result.
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— Evenif || W|| gs+2+e is not small, the nonlinearity yields a bounded contribution.
Hence, if

t
H / (@;U(x, ), P ()d7
0

H.S'

grows unboundedly as ¢t — o0, that is the linear part is unstable, then, as shown
in Theorem 5, the nonlinear dynamics cannot be stable.

As the main result of this section, we provide a proof of Theorem 5 and thus
show that, in general, solutions of (ES) cannot remain bounded in H*,s > 2
uniformly in time.

Here, as in Theorem 13, we note that, unlike in the linear case, the x average
of the vorticity, (w),(f, y), changes in time and that the evolution of U (¢, y) and
@' = w— (w), are coupled. Hence, as a simplification, in the statement of Theorem
5 we assume control of underlying shear flow U (¢, y) (and thus (), ) as given and
focus on the evolution of the zero average part of the vorticity, W.

Proof of Theorem 5 Differentiating (ES) with respect to y, we obtain that 9, W
satisfies

d W = d, (af,U(t, y)BXCP) +0,(Vie . vW).

Restricting ourselves to y = 0 and using that d, @ vanishes on the boundary, as it
is assumed to be impermeable, we consider the k Fourier mode. Then,

QFcdyW(t.k,0) = 02U (¢, 0)ik(Frdy®) (1. k,0) + O¢~'7%).  (30)

Similar to the previous sections, F, @ solves a shifted elliptic equation:

! 2
(—k2 + (ay — itk/ U (x, y)dr) )]—"xqﬁ = F. W.

A homogeneous solution « of this equation is then of the form

t
u(t,y) = exp (/ U(r,y) = U(xz, 0))dr) u(0, y).

By the same argument as in Lemma 8, F, @ (¢, 0) can be computed in terms of
(FxW,ult, y)) 2, €2y
where we assumed that
u(0,0) =1,u(0,1) =0.

Integrating

t
M(t, )’)ZM(O» Y) ayexp (/ (U(T’ )’)_U(T,O))df)

1
["9,U(z, y)dr
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by parts in (31) then yields a leading order term of the form

1 c
- Wh=o|Z -
[ 3,U(z, y)dr

t
Integrating (30) in time thus yields a logarithmic singularity and hence the result.
O
We remark that, using a Sobolev embedding, the decay of

|fx(8y(VL¢ -VW))(2, k, 0)]

is a consequence of inviscid damping in a high Sobolev space. More precisely,
supposing that

0<c<8yU(t,y)<c_l < 0
fort =2 T, Theorem 1 yields
13y (VD - VW) Lo < [|3y(VED - VW) | 2o
< CUU lwre) W Ol e | B ()] o+
SO WD) [1346-

Furthermore, restricting (ES) to the boundary,
T
FAW(T, k,0) = Fran(t,k, 0) + / Fo (V40 - YWY .k 0y
0

If one thus assumes that (F, VL ® - VW), k, 0) decays at an integrable rate, then
Frwo(t, k, 0) converges to an in-general non-zero limit as t — oco. Considering
sufficiently large times T,

~7:)CW(T7 ks 0)

is thus, in general, bounded away from zero.

The theorem therefore implies that, in the generic case, solutions of (ES) in a
finite periodic channel cannot remain bounded in high Sobolev regularity. In con-
trast, for the setting of an infinite channel, BEDROsSIAN and MasMouDI [ 1] establish
nonlinear inviscid damping for sufficiently small, highly regular perturbations to
Couette flow. More precisely, they require smallness in Gevrey regularity, that is

loolgse == / |k, m) PPeHl el 4y < g2,
k

for some % < s < 1. The reason for this choice of regularity is given by an analysis
of a possible nonlinear frequency cascade, which is estimated, in the worst case,
to amount to a loss of Gevrey 2 regularity, that is s = % There are experimental
observations [8] of some echoes, but it is not clear whether the worst case estimate of
the cascade is actually attained. Indeed, the only known lower bound on the required
regularity is given by the work of LIN and ZENG [6], who show the existence of

non-trivial stationary structures in arbitrarily small H®,s < % neighbourhoods,

and that such structures do not exist for H*, s > %
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