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Abstract

We investigate the structure of solutions of conservation laws with discontin-
uous flux under quite general assumption on the flux. We show that any entropy
solution admits traces on the discontinuity set of the coefficients and we use this
to prove the validity of a generalized Kato inequality for any pair of solutions.
Applications to uniqueness of solutions are then given.

1. Introduction

The aim of this paper is to study the structure of solutions of conservation laws
with discontinuous flux of the form

div, A(z,u) =0 (1)

in order to establish a general framework for studying the uniqueness of solutions
of the Cauchy problem associated with the evolutionary equation

u; +divy F(t, x,u) =0, in (0, 4+00) X RN ! 2)

Here A (respectively F) is discontinuous in its first variable z (respectively (7, x)).
More precisely we will assume that A(z, -) € C'(R,R"), A(-, v) € SBV(R", R")
where S BV is the space of special function of bounded variation, see [5, Chapter 4],
and that A satisfies some mild structural assumptions listed in Section 2.

In recent years, the study of conservation laws with discontinuous flux has
attracted the attention of many authors since they naturally arise in many models,
see [1,6,8-10,14,16,17,20,21,23] and the references therein.

I Note that (2) is a particular case of (1) with A(z, u) = (u, F(z,u)) and z = (¢, x).
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Even in the case that the flux F is smooth it is well known that the Cauchy prob-
lem associated with (2) is not well posed and some additional entropy conditions
have to be imposed in order to recover the uniqueness of the solution, see [18]. In
the case of a discontinuous flux, these conditions are still not sufficient to select a
unique solution to (2), and further dissipation conditions, involving the traces of
the solutions on the set of discontinuities of the flux, must be imposed in order to
ensure uniqueness.

The problem of existence and uniqueness for solutions of (2) has been mainly
studied in the case of one space variable and of fluxes with just one point of dis-
continuity (but the analysis can be easily extended to the case of finitely many
discontinuity points). Assuming that the discontinuity is located at x = 0, and
imposing the validity of Kruzhkov entropy inequalities separately on (—oo, 0) and
(0, 400), one can show that every pair of u, v bounded solutions satisfies

/Iu(T, x)—v(T,x)|dx £ / |u(0, x) —v(0, x)| dx

T
+/ W, 0), vE(z, 0)) dr, 3)
0

where W is a quantity that depends only on the traces u®, v¥ of u and v at x =
0. The L'-contractivity of the semigroup associated with (2) is then obtained if
W (u®, vF) < 0 for every pair of solutions. Several conditions have been proposed
in the literature in order to have that W < 0, and different conditions lead to
different physically relevant semigroups of solutions, see [6,16].

In [6], Andreianov, Karlsen and Risebro proposed a general framework in order
to study uniqueness for (2) in the model case of one space variable and for fluxes
with finitely many discontinuity points. The validity of the inequality W < 0 is
axiomatized in the notion of L'-dissipative germ and given a germ G they show
the uniqueness of G-entropy solutions, see Definition 3.8 in [6] and Definition 2.8
below.

Loosely speaking, at a point of discontinuity of the flux F, a germ G is a set of
pairs (u~, u™) satisfying the Rankine—Hugoniot condition such that

Wt vH <0 Yu,uh), @ ,vhHeg

and, in the model case of flux with one single discontinuity at x = 0, a G-entropy
solution is a solution of (2) satisfying Kruzkov’s conditions outside the origin
and whose traces at 0 belong to G. A similar analysis has been performed—in
the model case of one dimensional fluxes with one discontinuity point—by Gar-
avello, Natalini, Piccoli and Terracina in [16] in terms of the notion of dissipative
Riemannian solvers. Let us also mention that this analysis can be extended to the
multidimensional case by assuming that the set of discontinuity of the flux is a
regular submanifold, see [8], or by assuming a priori BV regularity of the solution,
see [11].

The main purpose of this paper is to provide a general framework to extend this
analysis to solutions of (2) under quite general assumptions on the flux. In order
to do this we introduce a rather weak notion of entropy solution, see Definition 2.3
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below, and under a suitable genuine nonlinearity assumption on the flux we show
that these solutions admits traces on the discontinuity set of the coefficients, see
Theorem 1.1 below. Once the existence of traces has been established we prove that
any pair of weak entropy solutions of (1) satisfies a generalized Kato inequality with
a reminder term concentrated on the discontinuity set of the flux, see Theorem 1.2
below. It is then classical to show that this Kato type inequality leads to a quasi
contractivity inequality for solutions of (2) of the form (3). Once this inequality has
been established, the analysis in [6] in terms of germs and of G-entropy solutions
can be straightforwardly extended to (2), see Theorem 2.9 below. As a byproduct
of our results we can also obtain the existence and uniqueness of solutions of (2)
assuming Sobolev dependence of the flux F with respect to (¢, x), see Theorem 2.11
below.

Let us now describe in a more detailed way our main results. First of all, the
structural assumptions on A and the results in [4] guarantee the existence of a
H"~_rectifiable set A/ (defined in (11) below) that represents a universal jump set
of A(-, v), independent of v.

We say that a distributional solution u € L*(R") of (1) is a weak entropy
solution (WES) of (1) if there exists a non-negative Radon measure p such that
w(R™\N) = 0 and, for every k € R,

div, (sign(u — k)[A(z, u) — A(z, )]) + sign(u — k) div? A(z,k) < p,  (4)

see Definition 2.3 below. Here div{ A(-, k) denotes, for every k € R, the absolutely
continuous part of the measure div, A(:, k).

As we shall see in a moment, the notion of a weak entropy solution is strong
enough to guarantee that such solutions possess a reasonable structure. On the
other hand, it is weak enough to include, essentially, all solutions of (1) obtained
by approximation schemes. In particular, under our assumptions on the flux, the
solutions constructed by PANOV in [23] are weak entropy solutions.

Assuming the genuine nonlinearity of the flux, and adapting to our setting the
techniques developed by De Lellis, Otto and Westdickenberg in [13] (see also
[22,24]), our first result ensures the existence of traces on N for weak entropy
solutions. Loosely speaking, we have the following result (see Theorem 2.5 below
for the precise statement):

Theorem 1.1. (Existence of traces) If u is a bounded weak entropy solution of (1),
then u admits traces u™ on N (in a generalized sense, see Definition 2.4).

The existence of generalized traces of weak entropy solutions allows us to prove
the validity of the following generalized Kato inequality (see Theorem 2.6 below

for the precise statement):

Theorem 1.2. (Generalized Kato inequality) Let u and v be weak entropy solutions.
Then

div, (sign(u — v)[A(z, u) — A(z, v)]) £ Wu®, vH) H"'LN, )
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where

W™, vE) = {sign@™ —vH[AT(z,u") — AT(z,v)]
— (sign(u” — v )[AT(z,u") — A" (z,v )]} vy, (6)

where s is the measure-theoretic normal to the H"~! rectifiable set N, and
A*(z,v) are the traces at z of the SBV function z — A(z, v).

In order to prove the above theorem, we combine Kruzkov’s doubling of vari-
ables technique (see [18]) with Ambrosio’s lemma on incremental quotients of BV
functions (see [3]) to show that the left-hand side of (5) is a measure whose positive
part is concentrated on . Once this result has been established, the representation
formula (6) is an easy consequence of the existence of traces.

Our main application concerns the study of uniqueness conditions for the
Cauchy problem associated to the multidimensional evolutionary equation (2). In
this case, a bounded distributional solution u € L% ((0, +00) x R¥) of (2) is a
weak entropy solution to (2) if, for every k € R,

Orlu — k| + divy (sign(u — k)[F (¢, x, u) — F(1, x, k)])
+ sign(u — k) divé F(t, x, k) < p, @)

where  is, as before, a non-negative measure concentrated on .

The generalized Kato inequality (5) implies the quasi-contractivity of the L'
norm of the difference of solutions in the following sense: if u, v € ([0, +00);
L'(RM)) N L>®((0, +00) x RN) are weak entropy solutions of (2), then for every
T > 0andevery R >0

/ lu(T, x) —v(T, x)|dx
Br

g/ |u(0,x)—v(0,x)|dx+/ Ww®, vE) dHY, (8)
Brivr NN(0,T1xBryvr)

where B, := {x € RY : |x| < r}and V := ||A|l«. As a consequence, if
one prescribes an entropy condition stronger than (4) and implying the inequality
W < 0, then the generalized Kato inequality would give the standard contractivity
inequality

/ lu(T, x) —v(T, x)|dx §/ [u(0, x) — v(0, x)| dx, C))
Br Bryvr

and hence the uniqueness of solutions to the Cauchy problems associated with (2),
see Definition 2.7 and Theorem 2.9 below.

Let us also stress that the existence of solutions satisfying these additional
entropy conditions is not trivial and currently not known in the general setting here
considered. Existence results are available assuming additional conditions on the
structure of the flux field, see Remark 2.10 for a more detailed discussion.

Incase F(-, u) € Wh! satisfies the assumptions listed in Section 2, it is straight-
forward to check that N' = @, so that (5) implies contractivity of the semigroup
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associated to (2). In particular, also using the results of PANOvV [23], we can gen-
eralize to this situation the classical Kruzkov results concerning the existence and
uniqueness of solutions of (2), see Theorem 2.11 and Remark 2.10 below.

Let us conclude this Introduction by presenting the structure of the paper. In
Section 2 below we state our main assumption on the flux A, we recall some
of its consequence and we provide the precise statements of our main results. In
Section 3 we prove Theorem 2.5, in Section 4 we prove Theorem 2.6 and eventually
in Section 5 we provide the proofs of Theorems 2.9 and 2.11.

2. Assumptions on the Vector Field and Main Results

In this section we state our main structural hypotheses on the vector field (as-
sumptions (H1)—(HS5) below) and prove some consequences of these assumptions.

2.1. Structural Assumptions on the Vector Field

Let A € L®(R" x R; R") be such that:

(H1) There exists a set C4 with £*(C4) = 0 such that A(z, -) € C'(R, R") for
every z € R"\C4 and A(-, v) € SBV(R",R") for every v € R".
(H2) There exists a constant M such that

|0,A(z,v)|] S M VzeR"\C4a, veR.
(H3) There exists a modulus of continuity w such that
[0,A(z, u) — 0yA(z, w)| Sw(u—w|) VzeR"\Cq, u,weR.
(H4) There exists a function g € L' (R") such that
[V:A(z,u) = V. Az, w)| £ g@lu —w| VzeR"\Caq, u,weR,

where VA (z, v) denotes the approximate gradient of the map z +— A(z, v).
(H5) The measure

o= \/ ID:AC.w) (10)
uelR

satisfies o (R") < oco. Here D, A(-, u) is the distributional gradient of the
map z > A(z, u) (which is a measure since A(-,u) € BV) and \/ denotes
the least upper bound in the space of non-negative Borel measures, see [5,
Definition 1.68].

Assumptions (H1)-(H5) imply that A satisfies the hypotheses of [4]. Let us
summarize some consequences of this fact. First of all, from the definition of o,
we deduce that

\V IVAGwIL" S0 \/ IDAC,v)| £ 07,
veR veR
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where VA(-, v) and DA (-, v) are the approximate differential of A(-, v) and the
singular part of the measure DA(:, v), respectively, and o L" and ¢* are the ab-
solutely continuous and singular parts of o. Moreover if we define

N = [zeR“:liminf@>

r—0 r

0], an

then NV is a H"~! rectifiable set, see Section 3 in [4]. 2 Furthermore, for H"~!-
almost every point in R"\ N and every v € R there exists the limit

A(z, v) := lim A(y,v)dy,
r—0 Br(2)

and for H"~! almost every z € N and every v € R there exist the traces of A on
N defined as:

A*(z,v) := lim Ay, v)dy, (12)

r~>0 Bri(Z)
where we denoted Bri(z) ={w € B, (2) : =(w — z, v(z)) = 0}. In addition, the
functions v — A(z, v), Ai(z, v) are C I with derivatives given by d,A(z,v) =

?);\A/(z, v) and 3,AT(z, v) = (3,A(z, v))* respectively, see [4, Proposition 3.2].
Hence, if we denote by a the vector field

a(z,v) := 0,A(z, v), (13)

then a admits a precise representative for " ~!-almost every z € R*\\ as well as
one sided traces on " that agree with 9, A (respectively with 3, AF).
In the sequel we shall assume the following genuine nonlinearity hypothesis:

L'{v:a¥(zv)-§=0)=0
for every & € §"~! and for H"~! almost every z € V. (GNL)
Remark 2.1. Let us point out that our hypotheses include (and actually are modeled

on) the case A(z,v) = A(w(z),v) where w € SBV(R"; RY) N L®(R"; RY),
A € C'(R? x R, R") NLip(RY x R, R"), and

El({v : BUZ(w, v)- &€ =0}) =0 foreveryé e §"~! and for every w € RY,
Remark 2.2. Since we are dealing with bounded solutions, all our assumptions can

be localized in the v variable. Moreover, it is not difficult to modify the proofs in
order to also localize in the z variable, see Remark 3.5 in [4].

2 Recall that a set N C R” is said H"~!-rectifiable (shortened: rectifiable) if there are
countably many C! submanifolds M; of dimension 7 — 1 such that H LW \U; M;) =0.
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2.2. Main Results
We consider the following scalar conservation law

div, A(z, u(z)) =0, (14)
where A: R"” x R — R”" satisfies the structural assumption (H1)—(H5) and (GNL).
Definition 2.3. (Weak entropy solutions) A functionu € L°°(R") is a weak entropy
solution (WES shortened) of (14) if u is a distributional solution of (14) and for

every k € R it holds
div (sign(u — k)[A(z, u) — A(z, k)]) + sign(u — k) div A(z, k) = p, (15)

where p is a non-negative Radon measure independent of k and such that u (R"\ /)
=0.

Here div{ A(z,k) = trVA(z, k) is the absolutely continuous part of div,
A, k).

Definition 2.4. (Traces) Let u € L®(R") and let 7 C R” be an H" ! -rectifiable
set oriented by a normal vector field v. We let the set of traces of u at zp € J be

'y 7o) = {(c_, c+) 23 40wy, — ¢ 1g- + c+1H+ in Llloc} ,

where u, », (z) := u(z0 + re(z — 20)), H = {z € R" : £(z — 20, v) = 0} and
1,4 denotes the characteristic function of a set A.

The very same definition can be given component-wise for a vector field B €
L*>(R", R"™). Moreover it is immediately apparent from the definition that if u €
L®(R™) and f € CO(R) then

T rw,g@o) = {(fc), fic™) (. ch) eTy 7o)}

Theorem 2.5. (Existence of generalized traces) Ifu is a WES, then for H" ! almost
every zo € N

Ly (zo) # 9.

Moreover if (c—,c) € Ty Ar(20) satisfies ¢~ # ¢ then the traces are unique:
Ly n(zo) ={(c™, c)). Otherwise there exist a, b € R such that

Ly N (z0) = {(v,v) : v € [a, b]}.
Finally, the Rankine—Hugoniot condition holds:

A (z0,¢7) - v(z0) = At (zo, ) v(zo) V(e cT) € Ty a(z0).
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Theorem 2.6. (Generalized Kato inequality) Let u and v be WES. Then there exists
a Borel function w: N — R such that the following Kato inequality holds true:

div, (sign(u — v)[A(z,u) — A(z,v)]) < wH'" LN, (16)

Furthermore, for H" ' almost everyz € N1 := {z € N': w(z) # 0}, the functions
u and v admit unique traces at 7 and the following representation formula holds:

w=Wau®, v = (sign(ut —vH[AT (@, ut) — ATz, vH)]
—(sign(u™ — v )[A (z,u ) — A (z,v )]} - v. (17

The generalized Kato inequality yields a uniqueness result for the Cauchy prob-
lem for the evolutionary equation

[u,—i—divx A(t,x,u) =0, in (0, +00) x RV, (18)

u(0, x) = ug(x), x € RV,

More precisely, if we prescribe an entropy condition stronger than (15) and implying
the inequality w < 0, then the generalized Kato inequality gives the uniqueness
of solutions to (18). To this end let us recall the definition of dissipative germ
introduced in [6], see Definition 3.1 there.

Definition 2.7. (Germ) Given two functions f * e COR), aset G ¢ R? is said to
be a dissipative germ associated to £ if the following two conditions hold true:

(i) Every (u—,u") € G satisfies the Rankine—-Hugoniot condition f*(u™) =
).
(ii) For every two pairs (u~,u™), (v~,v") € G we have
Wps (™, v%) = {sign(® —v O[T @) — )]
— (sign(u™ —v)[f @) — fT()}=0.

Following [7] we now define G-entropy solutions associated with germs; com-
pare with Definition 3 there and Definition 3.8 in [6].

Definition 2.8. (G-entropy solutions)Let F : Rx RN xR — R" be suchthat A :=
(u, F) satisfies (H1)—(H5) and (GNL) above. Let ' C R x R" be the rectifiable set
defined in (11). Assume that for every z = (¢, x) € N such that the traces A* (z, u)
exist it is given a dissipative germ G, associated to f ) = Ai(z, u)-v(z) and let
us set G = {G.},cn7. We say that a bounded function u# € ([0, 400); LY(RN))
is a G-entropy solution of (18) if

(1) u is a weak entropy solution of (18) according to Definition 2.3.
(ii) For HN -almost every x € N any (u—,u™) € ", n (2) belongs to the germ G .

A straightforward consequence of Theorem 2.6 is then the following:

Theorem 2.9. (Uniqueness of G-entropy solutions) Let F : R x RN xR — RY be
such that A := (u, F) satisfies (H1)-(H5) and (GNL) above. Then for any choice
of G there exists at most one G-entropy solution of (18).



Structure of Solutions of Multidimensional Conservation Laws... 969

Remark 2.10. Under mild requirements on the flux, the existence of weak entropy
solutions can be obtained by the results of PANOv, see [23]. On the other hand, the
existence of G-entropy solutions, that is, solutions additionally satisfying condi-
tion (ii) in Definition 2.8, is far from trivial and known only in some special cases.
Positive results in this direction are available either in one space dimension for a
flux with a finite number of discontinuity points, see for instance [6,16] and the
references therein, or in many space dimensions and for the particular case of the
vanishing viscosity germ, assuming that the jump set of the F is a C*> submanifold
[71, see also [8] where a more general situation is considered.

If F(-,u) is a Sobolev function one can easily obtain from the above analysis
the uniqueness of (weak) entropy solutions.

Theorem 2.11. Let F : RxRY xR — R¥ besuchthat A := (u, F) satisfies (H1)—
(H5) and (GNL) above and assume that F(-,u) € WHI(R x RN RYN) for every
u € R. Then any two (weak) entropy solutions u, v € C°([0, +00); L' (RV)) N
L% ((0, +00) x RN) of (2) satisfy

/ lu(T, x) —v(T, x)|dx < / lu(0, x) — v(0, x)| dx.
RN RN

3. Proof of Theorem 2.5

In this section we prove Theorem 2.5. We start with the following well known
lemma:

Lemma 3.1. Let B € L*°(R", R") and assume that u = div B is a Radon measure.
Then || < H"~\. Furthermore if 7 is a rectifiable set and Ug_ 7 (z) # @ for H" !
almost every z € J then it holds

div(B)LJ =Bt —B ) - vH" LT

where (B~ (z), BT (2)) € I'p.7(2). In particular, for every two pairs in I'g 7(z),
their projections along v(z) have the same difference.

Proof. The fact that || <« H"~! is proved, for instance, in [12, Lemma 2.4]. To
show the second part we decompose u as

p=pul T+ pul®RN\T) = u1 + p2

with 147 L py. Since 1 is a Radon measure and 7"~ ! L J is o -finite we can apply
the Radon—-Nikodym Theorem to get that

wi =div(B)LT =hH"'LT
for some h € LI(H”_1 L J). Let now zq be a point such that I'g_7(z0) # ¥,

J -

ho+raH L2 2 heo)H" ! Liz - v(z0) = 0)
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and

lim P2l (Br (20))
m ——=
r—0 rn—1

0.

Note that H”~! almost every point z satisfies the above properties. Indeed, the
first one follows by our assumptions, while the second and the third ones follow,
respectively, from [5, Theorem 2.83] and [5, Equation 2.41].

Let us choose r¢ | 0 with

B, — B~ (z0)1y- + B (z0)1p+,

where H* = {£(z, v(z0)) = 0}. Letp € C(R") and define ¢y, (z) = r, "¢((z —
20)/rx). Integrating by parts we get

1 Z—20
<u,¢rk>=r—”/3<z>.w( - )dz=/Brk(Z)~V<ﬂ(z)dz- (19)

k

Moreover

1 - =20 1 - =20
<M7¢rk>=ﬁ<u’l’¢( )>+ n—1 <M27‘p( )>
T Tk Ty Tk

rk"*I
k

Hence, passing to the limit as k goes to infinity in (19), we get

h(zo) ¢(2)dH""(2) = B (z0) - Vo(z)dz
{z-v(20)=0} H~

+ B (z0) - / Vo(z)dz.
H+

Integrating by parts we obtain that & (z9) = (BT (z0) — B~ (z0)) - v(z0), and this
concludes the proof. 0O

Proof of Theorem 2.5. We divide the proof in several steps.
Step 1 (Definition of the measure for the kinetic equation) Let u be a WES, according
to (15) for every k € R the distribution

i := div (sign(u — k)[A(z, u) — A(z, k)]) + sign(u — k) div? A(z, k) (20)
is a Radon measure. We now claim that for every K € R and for every R > 0

sup [ni|(Br) = C(K, R). (21)
keK

To see this, note that u — n; = 0 for every k € K. Therefore, if ¢ € CC]. (Bg) and
X € CC1 (Bgy1) satisfies x = 0, x = 1 in Bg, we have

(1 =i, (IPlloo £P)x) 2 0,
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hence, since x¢ = ¢,

£k, @) = — (s OB lloo + 2, X) @ lloo-

The above inequality implies the validity of (21), since, by the very definition of
Nk» one has supc g | (M, x)| £ C(K, R). In particular, the map

CE[R" x R) 5 ® > (5, ®) := // ®(z, k) dne (z) dk
xR

defines a Radon measure 7 in R” x R. Moreover if we define v := w4(|n|), where
7 :R" x R — R" is the projection on the first factor, then 7 <« H"~!.3 Indeed by
Lemma 3.1, || < H" ', so that if H"~1(A) = 0, then

5(A)§/R|nkl(A)dk=0-

Step 2 (Kinetic formulation) The function (k, z) — x (k, u(z)) := sign(u(z) — k)
is a solution of the kinetic equation, see [19]

div, [ (k, )3y A(z, k)] — 3 [x (k, u) dive Az, k)] = —den in D'R™), (22)

where n(k, A) := ni(A). Indeed, let us consider in Equation (20) a test function of
the form @ (k, z) := ¢(z) ¥ (k). Recalling the definition of the measure 1 and of
x (k, u), integrating in k we get

- [[ ve@avwrtoiac.n - Ac. plaza
+ [ o@atox.wavt e bz = [ o@aww .o,
so that
[ e waiiac.w - ac.onaz
~ [[ e@w @ ock w divt A ) azak =~ [ p@wm daunik.2).

Since the functionk — x (k, u)[A(z, u)—A(z, k)] is Lipschitz, itis straightforward
to check that ox(x (k, u)[A(z,u) — A(z,k)]) = —x(k,u)d,A(z, k), hence (22)
holds.

Step 3 (Blow-up) Let n(k, z) = v(z) ® A;(k) be the disintegration of the measure
n with respect to v, see [5, Sect. 2.5]. Since H"~!_\ is o-finite by the Radon—
Nikodym Theorem we can write

T=hH" LN +TLERNN) (23)

3 Recall that given a Borel measure 1 on a space X and a Borel map 7 : X — Y the
measure wxn on Y is defined as wyn(U) = n(rr_l (U)) for every Borel set U C Y.
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with & € L' (H" 'L N). Let us now fix a point zg € A and for r > 0 let us
consider the following rescalings in the variable z:

ur(z) :=ulzo +rz), A,(z,v):=A(zo+rz,v),

nk(zo +rV) nWU x (z0 +rV))
Nkr(V) = ————, n,(UxV):= = ,
r r
U CR, VcR"Borel. 24)

Recall the proof of Lemma 3.1: for 7"~! almost every zo in /' we have
J—z
hGzo+rH' ™ L= 2 b H ! Liv(zo) -2 = 0). (25)

We now claim that for "~ almost every such z¢ and for every k € R

Ar(z,k) — Ay (z, k) = AV (20, )1+ (2) + A (z0, k)15 (2),
A (2, k) = dyAz (2, k) i= 3,A (20, )1+ (2) + 3y A~ (20, k)1 - (2),
div? A, (z, k) — 0, (26)

locally in L' (R"), with H* = {z : +z - v(z0) > 0}. Indeed the first two equations
follow directly from the hypotheses on A, see [4, Proposition 3.2], while the last
limit in (26) is a consequence of the fact that sup; | div* A(z, k)| < 0“(z) and that

1
lim / lo%(z)|dz =0,
r=07""1 Jp ()

for H"~! almost every point in \V, see [5, Equation 2.41]. We now prove that, up
to H"~'—a negligible subset of zo € N'—it holds that:

U = h(zo) Ao (k) @ H' VL OHT. 27
To this end observe that by [5, Equation 2.41], for H"~! almost every zg € N,

i PR \M)I(Br(20))
m =

r—0 rn—1

0.

Now it is easy to see that, up to negligible sets,

[VLNI(Br(2))
P——— <

pn—1

[ze/\/:0<1imsu oof ={zeN:h(z)>0}. (28

r—0

Since H* 'LV N {h > 0}) <« VLN, H"~! almost every zo € N N {h > 0}
is a Lebesgue point for the measure valued map z — A; with respect to v. By
combining this with (25) one can argue as in Lemma 3.1 to deduce (27) on {h > 0},
see for instance [ 13, Proposition 9]. Finally by (28) we have that 74"~ almost every
z0 € N satisfies (27), since this convergence trivially holds for 74" ~! almost every
20€{h=0INN.

Step 4 (Limiting equation and existence of traces) Let us take a point zqo such that
(26) and (27) hold true. According to Lemma 3.2 below, the sequence (u,), is
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relatively compact in LlloC (R™). Let us now compute the equation satisfied by any

cluster point u, of (#,),. To this end, note that u, solves
div, (sign(u, — k)dy[A,(z, ur) — Ay (z, k)]) + sign(u, — k) le? Ar(z, k) = Nk,r-

Let (r;) be a sequence converging to 0 such that u,, — u* in L'(By). Passing to
the limit in the kinetic equation satisfied by the function (k, z) — x (k, u, ; (2)),

diVZ [X (ka Mrj)avAr_/ (Za k)] _8]( [X (ka urj) dlvlzl Arj (Zv k)] :—ak 77r_/ in D/(R'I+1)v
and taking into account (26) and (27), we obtain

div, [x (k, u™)dy Az, (2, k)] = =k (h(z0) hzo (W) H*'LOHF) in D' (R".
(29)

In particular, due to the special form (26) of KZO, in the half-space H™ (resp. H™),
Equation (29) is a transport equation of the form

at (k) -V, x(k,u®) =0 (resp.a” (k) - V,x(k,u®™) = 0), (30)
where
a* (k) := 9,A% (20, k).

Since, by (GLN), these vector fields are genuinely nonlinear, we conclude that 1°*°
must be constant on HT and on H ~, that is there exist u~, ut € R such that

u® =ut 1y +u" 1y 31

compare [13, Proposition 7(b)]. Indeed let z € H ‘_" be a Lebesgue point of > and
—|lulloo — 1 < k < u®(Z) such that L"({u®>° = k}) = 0. Fix T > 0 and convolve
with a nonnegative smooth kernel §, supported in B;: for ¢ < ¢(t, z) sufficiently
small

8e x x(k,u®)(@) 2 1 — 1.

Thank§ to (GLN) we can choose n values {q , ..., ky (depending on 7, ¢ and IE) with
|k, — k| sufficiently small and such that k < k; < --- < ky, {a*(k;)} are linearly
independent and

8¢ * x(ky,u™)(2) = 1 —21. (32)

For every z the function k — x (k, u®°(z)) is decreasing, and so it remains when
we convolve it with §, in particular,

8e s x (e, ™) (2) 2 8 % x (k1, u™)(2) Z -+ 2 8¢ * x (kn, u™)(2)
Vze H :={z-v(z0) > ¢}. (33)

Equation (30), which holds also for &, * x (k, u°°), implies that §; * x (k;, u™) is
constant along lines parallel to a™ (k;). Since the {a™ (k;)} are linearly independent,
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starting from (32) and exploiting (33) we obtain p, * X(IE, u®) =2 1—27in H;L.
Letting T | 0 we get

x(k,u®)=>1 inH™.

Since k can be taken arbitrarily close to 1> (Z), u® is constantly equal to u®(Z).
A completely analogous argument holds for H ™. In particular I', Ar(zo) # 9.
Step 5 (Characterization of traces) By (29) and the special form (31) of u®°, we
deduce that

x Uk, u®ya™ (k) - v(zo)— x (k, u”) @™ (k) - v(z0) = =8k (h(20) 2y (k) inD'(R).
(34)

Let us now show that as the above equality uniquely determines u™ whenever
u™ # u~, hence in particular the traces do not depend on the choice of the subse-
quence (r;). To this end, let (u,;) be another converging subsequence of (u,); by
Step 4 we have

up, — v = vl +v 1y in LY(By),

so that the pair (v™, v™) also satisfies (34). Subtracting the equation satisfied by
the pair (u™, u™), we get, for almost every k € R,

[x (k, u™) = x(k, v)la™ (k) - v(zo) = [x(k, u™) = x(k, v)]a™ (k) - v(z0),
that is:
sign(u™ —v )L+ 4y (k) @ (k) - v(zo) =sign(u™ —v )1 - ) (k) @™ (k) - v(zo).
Since, again by the assumption (GNL) of genuine nonlinearity, the functions
k= a* (k) - v(20)

cannot vanish on any interval, the two intervals I(x~, u") and I(v~, v") must
coincide.* If u~ # u™, the condition I (u~,ut) = I (v, vt) can be satisfied
either in the case v~ = u~, vt = ut orin the case v~ = ut, vt = u~. On the
other hand, this second possibility is excluded by the fact thatthe map r +— u(y+rz)
is continuous from (0, 1] to L!(By). Indeed, since

up; —> u> = ut s +u 1y,
and

up, — v =u"lg+ + utly-,

we have

/|urj—u°°|—>0, /|upj—u°°|—> [V —u™| =:m #£ 0.
B B B

4 Here, I (a, b) denotes the interval [a, b] if a < b or the interval [b, a] if b < a.
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By the continuity of the map

©O,1]1>r > u,
B

and the relative compactness of the family (u,),, we can find a third sequence (us;)
such that

us; > w> = w g +wly-,

m
™ —u®l === [ [w*—-v™|, (35)
By 2 By

but then we must have / (w™, wT) = I (u—,u™) = I (v~, v") so that either w™ =
u” and wt = ut, or w~ = u’ and wt = u~, and in each case we get a
contradiction with (35).

In conclusion, if u~ # u™ then all subsequences of (u,) must converge to the
same function u®°, hence the traces are uniquely determined.

Inthe case u™ = u™, reasoning as above, we can always conclude that w™ =
wt for every (w™, w™) € I, nr. Moreover, exploiting again the continuity of the
mapr > |, p, Ur»We get that I',_as is a compact connected set. Finally the Rankine—
Hugoniot condition follows from Lemma 3.1, thus concluding the proof. O

The following lemma has been used in the proof of Theorem 2.5:

Lemma 3.2. (Strong pre-compactness of blow-ups) The family (u,) defined in (24)
is pre-compact in L' (By).

Proof of Lemma 3.2. For every r > 0, the function u, is a solution to
div, A,(z,ur(z)) =0,
hence
div: Az (2, ur () = — divz [Ar (2, u,(2)) — Az (4, (2))] -
We claim that the family of functions
ar(2) = Ar(z, ur (2)) — Az (2, ur (2))

is pre-compact in L?(By), so that (div, ZZO (z, ur(2))), is pre-compact in the neg-
ative Sobolev space W’I*Z(Bl). If this condition is satisfied, then by [23, Thm. 6]
we can conclude that (u,) is pre-compact in the strong L' (B;) topology.

Let us consider the functions

fr:(v) = |A;(z,0) — Ay (z,v)], >0, z€ By, veR.
By (26)

li?& frz(v) =0 forevery z € Bj\Dg and Vv € R, (36)
r
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where Dy C B is a set of Lebesgue measure 0. Moreover,

| fr:() = fr: )] S A (2, 0) — Ar (2, V)| + [Az (2, v) — Ay (2, V)]
< 213y Alloclv — V'],

hence (f; ;). is an equi-Lipschitz family of functions converging pointwise to O for
every z € B1\Dy.

Let L = ||u|loo, and let (vx) C [—L, L] be a countable dense set in [—L, L].
Using a diagonal argument, we can construct a sequence (r ;) converging to 0 such
that

lim f, () =0 V¥ze B\D, VkeN,
j—+oo

where D O Dy is a set of Lebesgue measure 0.

Using the classical argument in the proof of the Ascoli—Arzela compactness the-
orem, we have that, forevery z € Bj\D, the sequence (f;; ;) j converges uniformly
toO0in [—L, L]. In other words,

gj(2) == sup |A;;(z,v) — Az (z,v)| = 0. Vz e B\D.
IvISL

Since the functions g; are equi-bounded, they converge to 0 in L%(By). Moreover,
|gr, @1 = A (2. ur; (2)) — Ay (2. ur, @) S g5(2)7

so that the sequence (gy;)j converges to 0 in L?(By) and the claim is proved. O

4. Proof of Theorem 2.6

In this section we prove Theorem 2.6. To this end we will need two technical
lemmas: the first one is a slight generalization of classical arguments used in [18].
The second one allows us to study the limiting behavior of the incremental quotient
of A in the spirit of [3, Thm. 2.4] and [15, Lemma II.1], and it is crucial in the proof
of Theorem 2.6. For the sake of exposition we postpone the proofs of both lemmas
at the end of the section.

Lemma 4.1. Let [ : R" x R — R satisfy the following assumptions:
ozt sup,|f(z, )] € L (R");

loc
o |f(z,v)— f(z, V)| £ g(@w(lv—"1']) for some g € Llloc and some modulus of

continuity .

Then for every u, v € LTS (R")

loc

[ f(z+7,u(z) — f(z,u(z))| = 0
sign(u(z + 1) —v(@)[f G+ 1, u(z+ 1)) — f(z,v(2)]
— sign(u(z) —v(@)[f(z, u(2)) — f(z, v(2))]

: 1
inL. ast— 0.
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Lemma 4.2. (Uniform differential quotients) Let A satisfy (H1)-(HS) and let w €
R™. Then there exists a measurable set D = D,, C R", with L™ (D) = 0, such that
the difference quotients for A can be canonically written as

Az +ew,v) — Az, v)
&

=Al(z,v) + AZ(z, v)

where A; and Ag satisfy the following properties:
(i) limg 0 Al(z, v) = V. A(z,v) -w, Vv € Rand z € R"\D;
(i) The family of functions h,: R" — R defined by

he(z) = |w| sup |AL(z, V)|

veR
is equi-integrable;
(iii) For every compact set K C R we have
/ sup [AZ(z, v)|dz £ 0" (Ko |wl,
K veR

where K, :== K + B (0).
Proof Theorem 2.6. We divide the proof into several steps:

Step 1: Doubling of variables. We follow the classical technique of KrRuzHKOV
[18]. Let u(z) and v(z’) be WES: let us set k = v(z’) in (15) for u and k = u(z)
in (15) for v. Let us also choose a test function ®(z,z") = ¢(z + 2)8:(z — 7/)
where p € C Cl (R™) is nonnegative and J, is the usual smooth approximation of the
identity in O:

1
5:0) = w(e/e) e ClB, /w — 1 Y = ¥(-2).

Multiplying both equations by ®, integrating in z and z" and subtracting the corre-
sponding inequalities, we obtain

//{55(2 — Ve +7) + 0@z + )V (z — )} sign(u(z) — v(Z))(A(z, u(z))

— A(z, () — sign(u(z) — v(z")) div§ Az, v(Z)e(z +2)8:(z — 2)
+{8:(z —)Ve(z+7) — 9z +7)V8:(z — )} sign(v(z)

—u(@) (A, v(@)) — A, u(2)))

— sign(v(z) — u(2)) dive, Az, u(2))p(z 4+ 2)8:(z — 2') dzdz’

> 2 / / 5.z — oz + ) 47 dpu(2).
This can be written as

=I5 41> 2 / / 5:(z — oz +2) dz' du(2), (37
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where

I

—m

= / Y(w)Ve(2z — ew) sign((u(z) — v(z — ew))

x {A(z, u(2)) + A(z — ew, u(z)) — Az, v(z — gw))
—A(z —ew,v(z — ew))} dwdz,

15 = // 92z — ew) sign(u(z) — v(z — cw))

(z—ew,u(z)) — A(z, u(z))
&

A
X Hvlﬂ(w)
—y(w) div? A(z — ew, u(z))} dwdz,

I = // @2z + ew) sign(u(z + sw) — v(z))

" {Vlﬁ(w)A(Z’ v(z)) — fz(z +ew, v(2))

—y (w) div? Az + ew, v(2))} dw dz.

Regarding 1, Lemma 4.1 implies that

I — 2/ Vo (2z) sign((u(z) — v(z))dz(A(z, u(z)) — A(z, v(2))). (38)

‘We will now show that

limsup |15 — I5] £ Cll@lloolo®|(spte). (39)

e—0

This, together with (37) and (38), will then give that, in the sense of distributions,
div (sign((u(z) — v(2))(A(z, u(2)) — A(z,v(2)))) = 2u + Clo’| =: B, (40)

where (1 + Clo®|)(R"\N) = 0. In turn, the left hand side of (40) is a signed
measure, which we denote by «, for which:

alat=atLN =@LN)" <B.
Since the map
(u, v) — sign(u — v)(A(z, u) — A(z, v))

is Lipschitz and

A(zo + €z, v) = AT (z0,v) in LllOC for every v € R,
by arguing as in Lemma 4.1, the traces of the vector field

z > sign((u(z) — v(2))(A(z, u(2)) — Az, v(2)))

exist for "~ ! almost every z € N and are given by

sign((u™(2) = vF (@) (AT @ uF () = AT @ vF(@)).

A direct application of Lemma 3.1 yields the desired representation (17).
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To show the uniqueness of the traces at points where w(z) # 0, we note that we
only have to discuss the case when (say) v (z) = v (z) = v and u™(z) # u™(2),
otherwise either the traces are unique by Theorem 2.5 or w = 0. The Rankine—
Hugoniot condition gives

w(z) = [sign(u™(z) —v) —sign(@™ () — V)I[AT (z, uT(2)) — AT (z, v)] - v(2).
(41)

Moreover we know by Theorem 2.5 that if I', s is not a singleton it contains
pairs (v’, v’) with v’ ranging in a non trivial interval [a, b]. With w being uniquely
determined and non zero we have that (41) holds for any such v’ € [a, b] and that
v’ € I(u™,u™). This implies that

[AT(z,vV)— AT, V)] -v) =0 Vv, v €la,b],

contradicting the genuine nonlinearity assumption (GLN).
In order to conclude the proof of the Theorem we only have to show the validity
of (39). According to Lemma 4.2 above we can write

Az —ew, u(z)) — A(z, u(2))

. = Arw(D) + A2, @),

where

Ll
AL, (@) =% —VAzZ, u@) w

and
/dZIAg,w(Z)Iw(Z) < wlll@lloolo* [((SPt @)e|w))-

Hence, by also using Lemma 4.1, we obtain that

I = //@(21 —ew)sign(u(z) — v(z — ew))
X {=VY (w)VA(z, u(2) - w — ¥ (w) div? A(z, u(z))} dw dz + R + RS,
where

limsup |RY| = C(¥)ll¢lloolo®|(sptp) and Eli_lglolRSI =0.

e—0

By applying the same decomposition to /5 we obtain, after a change of variable,
that

limsup |I; — I5] = 2C () ll@lloolo” | (spt ¢)

e—0

+ lim sup

e—0

// 02z — ew) sign(u(z) — v(z — ew))
X {le(w)[VA(z, u(z)) - w— VA —ew,v(z — ew)) - w]

+ ¥ (w)[div A(z, u(z)) — divi A(z — ew, v(z — ew))]}dw dz| .
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By Lemma 4.1 the latter integral converges to

//(p(Zz) sign(u(z) — vV (w)VA(Z, u(2) - w
+¥ (w) div A(z, u(2))} dw dz

- // ©(2z2) sign(u(z) — v(@){VY (w)VA(z,v(2)) - w
+¥ (w) div? A(z, v(z))} dw dz.

Integrating by parts with respect to the w variable, we get that both integrals are
zero, thus concluding the proof of (39). O

We conclude the section by proving Lemmas 4.1 and 4.2.

Proof of Lemma 4.1. Let Q C R be a countable dense set: by the continuity of
translations in L'

|fz+7,u)— f(z,u)| > 0 inLllOC for every u € Q.

It is not restrictive to assume that u € L. Therefore there exists u; = lNzk 1 uf{ 1 Al

with uj( € Q such that ||u — ug||cc — 0. Hence for every compact set K C R”,

/K |f(z+ 1, u(2) = f(z,u(z))]dz

< ol —usle) [ (66 +8+ ) s
+/KIf(z+r,uk(z))—f(z,uk(z))ldz
Nk . .
Soa+3 [ G - fealdz
i=1 7 KN4

where o (1) — 0 independently on t as k — o00. Passing to the limit first on ©
and then on k proves the first claim. To prove the second claim note that thanks to
what we have proved it is enough to show that

sign(u(z + 1) —v(@)[f(z, u(z + 7)) — f(z,v(2))] — sign(u(z)
—v(@)I[f(z, u@) — flz, v())]

in LlloC as T — 0. Since the map
(u,v) > sign(u — v)[f(z, u) — f(z,v)]

has modulus of continuity 2w independently on z this plainly follows by the con-
tinuity of translations in L!. O
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Proof of Lemma 4.2. Up to dilating and rotating we can assume that w = e,,. We
will write z = (z/, z,) withz/ € R""! and z, € R.

Let O = (v;) C R be a countable dense set in R. By slicing theory for BV
functions, see [5, Chapter 3], for every j € N there exists a set D; C R" with
L" (Dj) = 0, such that, for every z € R"\ D, the function 7 A,z + 8, vj)
belongs to BV (R) and the absolutely continuous part of its derivative, denoted by
%(z’, Zn + 1, v;), coincides with V. A(z’, z, + 1, v;) - e,. Hence for j € N and
z € R"\D; we define

1 1

0A

AL 20, v)) =/ (', zp +et,vj)dt = / V A,z + &1, v;) - ey dt.
0 0Zn 0

From [2, Thm. 2.4] there exists a measurable set D C R”, with D D C4 U Uj D;
and £"(D) = 0, such that

E?SA;(Z’ vj) = V,A(z,vj) -e,, VjeNandzeR"\D. 42)
Moreover, possibly adding to D a set of Lebesgue measure zero, we can assume

that every z in R"\ D is a Lebesgue point for the function g appearing in (H4) and
that

1
G:(2) :=/ g zp+en)dr — g(z) ase | 0. (43)
0

Let us now fix z € R*"\ D and j, k € N; by (H4) we have that

1
1ALz, v)) — ALz, v)| £ / IV.A@E, 2 +et,vj) — VAL, 2, + e, vp)| dt
0
S Ge() w(lvj — wi). (44)

Letus now take v € Rand v; € Q withv; — v. By (44), (Aé(z, vj))j is a Cauchy

sequence, hence it converges to a unique limit £, (z, v). Let us define for v € R and
ze€ R"\D

Aé(z, v) = L.(2,v)

and

_ A(z+ew,v) — A(z, v)

A%(z,v) -

— A;(z, v).

We now verify the validity of (i)—(iii). First of all (44) implies
ALz, v) — Al @, V) £ G 0(v =) Yo, v eR. (45)

Moreover, according to [4, Lemma 3.4], we can add to D a set of measure zero
outside which VA(z, v) is well defined and continuous in v. Hence for z € R"\ D
and v € R, by (45) and (H4), we have
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|AL(z,v) — Vo Az, v) - en] < [AL(z,0) — AL(z, v))]
+1A4L(z, ) = VAR, ) - el
+ IV A(z,v)) - ey — V;A(z, V) - €]
S G o(v—viD) + 4z v) — VAR, v)) - e
+8@ w(v—vj|).
Taking the limsup as ¢ |, 0 and taking into account (42) and (43) we get

lim sup IA;(Z, V) — V Az, V) - en] 28 w(Jv — vj]).
el0

Since (v;) is dense in R, we conclude that (i) holds.
Let us prove (ii). For almost every z € R" we have

1

he(z) = sup |AL(z, v))] < / o(Z, zp + et) dr.
jeN 0

Since 0% € LI(R"), there exists a superlinear, convex, increasing function v :

[0, 400) — [0, +00) such that

/R V(0% (2))dz < 4o00.

Then, by Jensen’s inequality,

1
/ Yhe(2)) dz < / / w( / aa(z/,zn—f-et)dt) dz, de’
R re-1Jr - \Jo

1

§// V(o (7, zn + et)) dz' dz,, dt
0 JRJRe-1

=/ Y (0%(2))dz < +oo0.
Rn

By the Dunford—Pettis compactness criterion we conclude that the family (4,) is
equi—integrable in L'(R™), hence (ii) is proved.

To conclude (iii), for every j € N we let gozj, (zn) = A(Z/, 2, v}), and we note
that for almost every z,,

A(Z + &ep, v/) - A(Zv U/)
&

1 .
- D(P"Z//([Zn, Zn + €]
&

1
1 .
/ VA(z +teey, vj) - ey dt + . DS¢ZJ/([Zns Zn +£1),
0

hence

1 .
|42, 0| = < 1D 0102 20 + €D,
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If K is a compact subset of R” we get

1 .
/ |AZ(z, v))dz é/ dz// dzu= ID° @} |([zns 20 + €])
K Re-1 {zn: (2/.20)€K) €
1 .
_ / 0 / dz, / Mgy 210 dID 0 10)
Rr-1 {zn: (Z/,Zn)eK} R € i

o 1
<[ e A0 [ a2 e ®
Rr—1 {t: (/,1)ekK,) R &

S DA, v)I(Ke) = 0°(Ke). (46)

Now let v € R. From (45), (46) and (H1) we get

/|A§(z, v)|dz§/ |A§(z, v)—Ag(z, vj)ldz—i-/ |A§(z, v;)|dz
K K K

gl

+/ ALz ) — AL, vj)|dz+/ A2z, v))] dz
K K

A(z+ew,v)—A(z,v) B A(z+ew,vj)—A(z,v))
£ I3

dz

2
= z M L*(Ke) v — vj|+(/ Ge(2) dz) w(lv—v;D)+0o (Ke).
K

Exploiting the density of (v;), we get (iii). O

5. Proofs of Theorems 2.9 and 2.11

In this section we briefly sketch the proofs of Theorems 2.9 and 2.11.

Proof of Theorem 2.9. By Theorem 2.6 we have that any two G-entropy solutions
u, v satisfy the generalized Kato inequality (16). By the usual test function argument
(see [18]) we then obtain that for every 7 > 0 and every R > 0

/ |lu(T, x) —v(T, x)|dx
Bpg

§/ |u<o,x)—v<o,x>|dx+/ w(t, x) dHN (1, x),
BR4vT NN(0,T1xBr+vT)

where w(t, x) is given by (17). Since u, v are G-entropy solutions, w < 0, from
which uniqueness immediately follows. O

Proof of Theorm 2.11. If F(-, u) belongs to W1, it easily follows from the defi-
nition of the supremum of measures that o* = 0, which implies that H" (N) = 0.
Theorem 2.6 then gives that any two entropy solutions satisfy a true Kato inequality:

O|lu — v| + divy (sign(u — v)[F (¢, x,u) — F(t, x,v)]) £ 0,

from which the validity of the L' contraction inequality is then straightforward. O
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