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Abstract

We prove analogues of the Lieb—Thirring and Hardy-Lieb-Thirring inequali-
ties for many-body quantum systems with fractional kinetic operators and homo-
geneous interaction potentials, where no anti-symmetry on the wave functions is
assumed. These many-body inequalities imply interesting one-body interpolation
inequalities, and we show that the corresponding one- and many-body inequalities
are actually equivalent in certain cases.

1. Introduction

The uncertainty principle and the exclusion principle are two of the most impor-
tant concepts of quantum mechanics. In 1975, LieB and THIRRING [32,33] gave
an elegant combination of these principles in a semi-classical lower bound on
the kinetic energy of fermionic systems. They showed that there exists a constant
Crr > 0 depending only on the dimension d 2 1 such that the inequality

N
<w, Z—A,«v> 2 Cur [ a0 ds (1)

i=1

holds true for every function ¥ € H 1 ((Rd Y¥) and forall N € N, provided that W
is normalized and anti-symmetric, namely [|W|;2gavy = 1 and

W(XD, ooy Xy ey Xy e, XN) = =W, oo, X, o, X, XN, Y FE

2

The left hand side of (1) is the expectation value of the kinetic energy operator for
N particles, and for every N-body wave function W € LZ((R%)V), its one-body
density is defined by
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N
. 2
pw(x) == Z/RM_U (W, ooy X1, X, X s e XN dei-
Jj=1 i#]
Note that |, o Pw can be interpreted as the expected number of particles to be found
on a subset O C R in the probability distribution given by |W¥|?. In particular,

fRd pw = N.
The Lieb-Thirring inequality can be seen as a many-body generalization of the
Gagliardo—Nirenberg inequality

2/d
(/ |Vu<x)|2dx) (/ |u(x)|2dx) > Con / ()P Ddx, (3)
R4 R4 R4

for u € H'(R?). Note that for d > 3, the Gagliardo-Nirenberg inequality (3) is a
consequence of Sobolev’s inequality

Vull2ray = Csllll p2a/a-2 ra) )

and the Holder interpolation inequality for L”-spaces. Moreover, Sobolev’s
inequality can actually be obtained from Hardy’s inequality

2 2
) =27 [ |u()
IVl 2 = [ g d>2 5)

by a symmetric-decreasing rearrangement argument (see, for example, [16, Sec. 4]).

All of the inequalities (3)—(5) are quantitative formulations of the uncertainty
principle. On the other hand, the anti-symmetry (2), which is crucial for the Lieb—
Thirring inequality (1) to hold, corresponds to Pauli’s exclusion principle for fermi-
ons. In fact, inequality (1) fails to apply to the product wave function

WXy, X2, .0 xn) = u(xDu(xa) - ulxy) = u®N (xp, xa, ..., xn),

which is a typical state of bosons.! In this case pyen (x) =N lu(x)|? and we only
have the weaker inequality

N
QN AL QN —-2/d 1+2/d
<u : (Z A,)u > >CN /Rd pyan () T2 4dx, 6)

i=1

which is, however, equivalent to the Gagliardo—Nirenberg inequality (3).

The discovery of LIEB and THIRRING goes back to the stability of matter problem
(see [30] for a pedagogical introduction to this subject). It is often straightforward
to derive the finiteness of the ground state energy of quantum systems from a for-
mulation of the uncertainty principle such as (3), (4) or (5). However, the fact that
the energy does not diverge faster than proportionally to the number of particles—
that is, stability in a thermodynamic sense—is much more subtle and for this the
exclusion principle is crucial. It was DysoN and LENARD [9,26] who first proved

U In general, bosonic wave functions satisfy (2) with a plus instead of a minus sign.
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thermodynamic stability for fermionic Coulomb systems, and their proof is based
on a local formulation of the exclusion principle, which is a relatively weak con-
sequence of (2). Later LIEB and THIRRING [32] gave a much shorter proof of the
stability of matter using their more powerful inequality (1).

Recently, LuNDHOLM and SOLOVEJ [37] realized that the local exclusion prin-
ciple in the original work of DysoN and LENARD [9,26], when combined with
local formulations of the uncertainty principle, actually implies the Lieb—Thirring
inequality (1). From this point of view, they derived Lieb—Thirring inequalities for
anyons, two-dimensional particles which do not satisfy the full anti-symmetry (2)
but still fulfill a fractional exclusion. The same approach was also employed to
prove Lieb—Thirring inequalities for fractional statistics particles in one dimension
by the same authors [38], as well as for fermions with certain point interactions by
FrRANK and SEIRINGER [17].

Following the spirit of [37], LUNDHOLM, PORTMANN and SoLOVEJ [36] found
that Lieb-Thirring type inequalities still hold true for particles without any symme-
try assumptions—and therefore in particular for bosons—provided that the exclu-
sion principle is replaced by a sufficiently strong repulsive interaction between par-
ticles. For example, they proved that there exists a constant C > 0 depending only
on the dimension d = 1 such that for every normalized function ¥ € H ! ((Rd)N )
andall N € N,

N
1
v DA+ D> ——— | zC/ pu ()T dx. ()
= [x; — xjl R3

1Sicj<n T

The appearance of the inverse-square interaction in (7) is natural as it makes all
terms in the inequality scale in the same way.
The aims of our paper are threefold.

e We generalize the Lieb—Thirring inequality (7) to the fractional kinetic operator
(—A)* for an arbitrary power s > 0, with matching interaction |x — y|~2.
The non-local property of (—A)* for non-integer s makes the inequality more
involved. Nevertheless, the fermionic analogue of this inequality (without the
interaction term) has been known for a long time in the context of relativistic
stability [8]. For the interacting bosonic version we will follow the strategy of
[36], using local uncertainty and exclusion, but we also develop several new
tools. In particular, we will introduce a new covering lemma which provides
an elegant way to combine the local uncertainty and exclusion into a single
bound.

e We prove a stronger version of the Lieb—Thirring inequality (7) with the kinetic
operator replaced by (—A)® — Cd,5|x|’23 and with the interaction |x — y|=*,
forall 0 < s < d/2. Here Cy4 ¢ is the optimal constant in the Hardy inequality
[21]

(—A) = Caslx|™ 2 0.

Our result can be seen as a bosonic analogue to the Hardy-Lieb-Thirring
inequality for fermions found by EkHOLM, FRANK, LIEB and SEIRINGER [11,
14,15].
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e Just as the Lieb—Thirring inequality (1) implies the one-body interpolation
inequality (3), the same will be shown to be true for these generalized many-
body inequalities. For instance, our bosonic Hardy—Lieb-Thirring inequality
implies the one-body interpolation inequality

25/d 2 2s/d
(i (=80 = CaslxI ™) 1 : (// ) O 4, dy)
RixRd X = Y|

R4

foru € H'(RY) and 0 < s < d/2. Moreover, we prove the equivalence
between the (bosonic) Lieb—Thirring/Hardy—Lieb—Thirring inequalities and the
corresponding one-body interpolation inequalities when 0 < s < 1. Since one-
body interpolation inequalities have been studied actively for a long time, we
believe that this equivalence could inspire many new directions to the many-
body theory.

In the next section our results will be presented in detail and an outline of the rest
of the paper given.

2. Main results

2.1. Fractional Lieb-Thirring Inequality

Our first aim of the present paper is to generalize (7) to the fractional kinetic
operator (—A)* for an arbitrary power s > 0, and with a matching interaction
|x — y|=%. The operator (—A)* is defined as the multiplication operator |p|> in
Fourier space, namely

—~ —~ 1 .
_ s A _ 2s ._ —ip-x
[ I () = 11" f(p), Fp) = )1 /Rd f@)e™ P dx.
The associated space H* (R9) is a Hilbert space with norm

2 2 2
||u||HJ(Rd) = ”u”LZ(Rd) + ”I’t”Hs(Rd)’ ”u”Hj(Rd) ( u, (_A)Su)s

and the addition of a positive interaction potential is to be understood as the sum
of non-negative forms.
Our first result is the following

Theorem 1. (Fractional Lieb-Thirring inequality). For alld = 1 and s > 0, there
exists a constant C > 0 depending only on d and s such that for all N € N and for
every L?-normalized function W € H®(RN),

N
1
<\I” E (_Ai)s‘f‘ E m ‘L’> 2 C/Rd ,O\]/()C)l+2s/ddx. (8)
i=1 !

1Si<jSN
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Since our result holds without restrictions on the symmetry of the wave function,
and therefore in particular also for bosons, we consider it as a bosonic analogue to
the fermionic inequality

N
<w, Z(—Ai>f\v> >C / w02 dx, ©)
i=l R

which holds for wave functions W satisfying the anti-symmetry (2), where the
constant C > 0 is independent of N and W.? The original motivation for such a
fermionic fractional Lieb-Thirring inequality has been its usefulness in the context
of stability of relativistic matter (see [8] and the recent review [30]). Our inequality
(8) for s = 1/2 and d = 3 is relevant to the physical situation of relativistic
particles (which could be identical bosons, or even distinguishable) with Coulomb
interaction.

Remark 1. Note that when 2s = d, any wave function in the quadratic form domain
of the operator on the left hand side of (8) must vanish on the diagonal set

A= {(xi),N:1 € (Rd)N : x; = x; for some i ;éj}.

Whend = s = 1, itis well known [18] that any symmetric wave function vanishing
on the diagonal set is equal to an anti-symmetric wave function up to multiplication
by an appropriate sign function, and hence (8) boils down to a consequence of (9)
in this particular case. In a higher dimension, this correspondence between bosonic
and fermionic wave functions is not available and it is interesting to ask if a Lieb-
Thirring inequality of the form (9) holds true for all wave functions vanishing on
the diagonal set (without the anti-symmetry assumption). We refer to Section 3.5
for a detailed discussion.

Remark 2. We have for simplicity fixed the interaction strength in (8) to unity. One
may consider adding a coupling parameter A > 0 to the interaction term and study
the inequality

al X
<w, 2CAE D w> 2 C) /R pu () T2/ dx
i=1 1Si<jSN

(10)
for all N = 2 and all normalized wave functions ¥ € H*(R4"N), with a constant
C(A) independent of N and W. It is clear that C(1) > OforallA,s > Oandd = 1.
However, since the parameter A cannot be removed by scaling, it is interesting to
ask for the behavior of the optimal constant of (10) in the limits A — Oand A — oo.
This issue will be thoroughly discussed in Section 3.5.

2 Throughout our paper, C denotes a generic positive constant. Two C’s in different places
may refer to two different constants.
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Remark 3. When 0 < s < 1 we can also replace the one-body kinetic operator

(=AY by [iV+A(x)|* with A € L2 (R?; R?) being a magnetic vector potential.

loc

By virtue of the diamagnetic inequality (see for example [14, Eq. (2.3)])
(u, iV + AP u) 2 (lul, (=) |ul) (1n
the inequalities (8)-(9)-(10) hold with the same constants (independent of A).

When s ¢ N, the Lieb-Thirring inequality (8) cannot be obtained from a
straightforward modification of the proof of (7) in [36]. The non-local property
of (—A)* complicates the local uncertainty principle and a fractional interpolation
inequality on cubes is required. We will follow the strategy in [36], but several tech-
nical adjustments are presented. The details are provided in Section 3. We believe
that our presentation here provides a unified framework for proving Lieb—Thirring
inequalities by means of local formulations of the uncertainty and exclusion princi-
ples, and can be used to simplify many parts of the previous works [17,36-38]. For
comparison, we also make a note about fermions and weaker exclusion principles
in Section 3.6.

2.2. Hardy-Lieb-Thirring inequality
Recall that for every 0 < s < d/2 we have the Hardy inequality [21]
(=A)° = Caslx]™ 20 on L*(RY),

where the sharp constant is
2 (DU +25)/9\
Cis =2\ —77"7""7") .
’ I'(d —2s)/4)
We will prove the following improvement of Theorem 1 when 0 < s < d/2.
Theorem 2. (Hardy—Lieb-Thirring inequality). Foralld = 1 and 0 < s < d/2,

there exists a constant C > 0 depending only on d and s such that for every
(L?-normalized) function W € H*(RN) and for all N € N, we have

al Cy 1
<\11, Z((—Ai)‘ __|x1__|2s)+ > e \p>

i=1 1Si<j<n
>C /R | py ()74 dx. (12)

For s = 1/2 and d = 3, the operator in (12) can be interpreted as the Hamil-
tonian of a system of N equally charged relativistic particles (bosons, fermions
or distinguishable) moving around a static ‘nucleus’ of opposite charge located at
x = 0, where all particles interact via Coulomb forces.

3 The case s = d/2 requires additional boundary conditions at x = 0 and will not be
treated here. See [49], and [10] for corresponding fermionic Lieb-Thirring inequalities.
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Our result (12) can be considered as the interacting bosonic analogue to the
following Hardy—Lieb—Thirring inequality for fermions:

<\11 Z ((— C’j;) \p> =C /R w0 T2 dx, (13)

which holds for every wave function W satisfying the anti-symmetry (2). The bound
(13) was proved for s = 1 by EKHOLM and Frank [11], for 0 < s < 1 by FRANK,
LieB and SEIRINGER [14], and for 0 < s < d/2 by Frank [15]. In fact, (13) is dually
equivalent to a lower bound on the sum of negative eigenvalues of the one-body
operator (—A)* —Cy ¢ |x|=2 4 V(x) and such a bound was proved in [11,14,15].
Unfortunately this duality argument (which has been the traditional route to proving
Lieb-Thirring inequalities) does not apply in our interacting bosonic case.

Remark 4. The motivation for (13) was critical stability of relativistic matter in the
presence of magnetic fields. In both (12) and (13) we can, for 0 < s < 1, replace
(—A)* with a magnetic operator [iV + A(x) |25 cf. Remark 3.

The proof of (13) in [15] is based on the following powerful improvement of
Hardy’s inequality: for every d = 1 and 0 < ¢t < s < d/2, there exists a constant
C > 0 depending only on d, s, t such that

Cd s
| |2s

(—=A)* — > e (=A)Y — ¢ on L*(RY), V¢ > 0. (14)

Note that by taking the expectation against a function u# and optimizing over £ > 0,
we can see that (14) is equivalent to the interpolation inequality

t/s 1—t/s
< ((— ) — C‘“)u> (/ |u|2) > Clu, (=A)u).  (15)
|x | R

By Sobolev’s embedding (see, for example, [6,28] for the sharp constant)

2d
d—2t’
the bound (15) implies the Gagliardo—Nirenberg type inequality

' Cds t/s ) 1—t/s 5 2d
<u7 ((_A)AS |x|2Y) M> ‘/R;f |u| Z C”””L"(Rd)’ q = d— 2t

A7)

(u, (=8)'u) Z CllullFygays 4= 0<t<df2, (16)

The bound (14) was first proved for s = 1/2, d = 3 by SOLOVEJ, SGRENSEN and
SPITZER [44, Lemma 11] and was generalized to the full case 0 < s < d/2 by
FrRANK [15, Theorem 1.2].

In fact, (14) is also a key ingredient of our proof of (12). The overall strategy is
similar to the proof of the fractional Lieb—Thirring inequality (8). However, since
the system is not translation invariant anymore, the local uncertainty becomes much
more involved. We need to introduce a partition of unity and use (15) and (17) to
control the localization error caused by the non-local operator (—A)*. The details
will be provided in Section 4.
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2.3. Interpolation Inequalities

Let us concentrate again on the case 0 < s < d/2. By applying the Lieb—
Thirring inequality in Theorem 1 to the product wave function ¥ = u®" with
lull2rey = 1, we obtain

NN —1 2
N, (—A)u) + ( )// IM(X)I Iu(zyv)l dxdy
Ré xRY yl
é CN1+2A/(1/ |M(x)|2(1+2s/d) dx (18)
Rd

Since the inequality holds for all N € N, it then follows that

2
wlu, (—A) u) +_//Rded kP |u|(2)i)| dxdy

z CM1+2S/d /l%d |u(x)|2(1+2s/d)dx (19)

for all u = 1 (possibly with a smaller constant). On the other hand, by using
Sobolev’s embedding (16) and Holder’s interpolation inequality for L”-spaces, we
get

fRd |I/l |2(l+2s/d)

(Jpa lu»/4

which implies (19) when 0 < p < 1. Thus (19) holds for all © > 0, and optimizing
over p gives the interpolation inequality

(u, (—A)*u) 12s/d / / |u(x)| IM(2y)|2 dxdy)Zs/d
RixRd  |x — y|*

>C / | ()| 2H25/4) g @1
Rd

(. (~ A u) 2 ClulPagyasy 2 C —c /R 05200 0

for u € H*(RY), llul| ;> = 1. Note that in (21) the normalization ||u||;> = 1 can
be dropped by scaling.

The interpolation inequality (21) was first proved for the case s = 1/2,d = 3
by BELLAZZINI, OzAwA and VISCIGLIA [4], and was then generalized to the general
case 0 < s < d/2 by BELLAZZINI, FRANK and ViscIGLIA [3]. The proofs in [3,4]
use fractional calculus on the whole space and are very different from our approach
using the Lieb-Thirring inequality.

Remark 5. The inequality (21) is an end-point case of a series of interpolation
inequalities in [3]. The existence of optimizer in this case is open. If a minimizer
exists, by formally analyzing the Euler—Lagrange equation we expect that it belongs
to L2 (R4) for any ¢ > 0 small, but not L>(R?). Thus (21) can be interpreted as
an energy bound for systems of infinitely many particles.
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Remark 6. Note that, when s = d/2, one has

2
/] W PWOP
Rixgd X —y[>

for all u # 0 since |x|~%* is not locally integrable. Therefore, the interpolation
inequality (21) is trivial in this case. However, the Lieb—Thirring inequality (8) is
non-trivial for all s > 0 because the wave function ¥ may vanish on the diagonal

set (see Remark 1).

In principle, the implication of a one-body inequality from a many-body
inequality is not surprising. However, in the following result we show that the
reverse implication also holds true under certain conditions.

Theorem 3. For 0 < s < d/2 and s < 1, the Lieb-Thirring inequality (8) is
equivalent to the one-body interpolation inequality (21).

As we explained above, the implication of (21) from (8) works for all 0 <
s < d/2. The implication of (8) from (21) is more subtle and we obtain it from
fractional versions of the HOFFMANN-OSTENHOF inequality [22], which requires
0 < s = 1, and a generalized version of the Lieb—Oxford inequality [27,29] for
homogeneous potentials. We will provide these details in Section 5.

Remark 7. Unfortunately, we cannot offer an exact relation between the optimal
constants in (8) and (21). On the other hand, from (18) it is obvious that the optimal
constant in (8) is not bigger than the optimal constant C in the inequality

2
(f, (=A) f) + // |f(x)| [fDI dx dyicl/ |f(X)|2(1+25/d)dx,
R4 xR4 Rd

-y

for all f € H*(RY) (not necessarily normalized), which is related to the optimal
constant C in (21) by the exact formula

c ; ‘ 2g\—1H25/d 1 g\ 25/d
(14 L) = (122 < .
C >0 2 d 4s

By the same proof as that of Theorem 3, we also obtain the following equivalence
for the Hardy—Lieb—Thirring inequality (12):

Theorem 4. For0 < s < d/2 and s < 1, the Hardy—Lieb-Thirring inequality (12)
is equivalent to the one-body interpolation inequality

s 2 2s/d
RixRd X — |25

gc/|mmﬁ“mﬂm. (22)
Rd
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The interpolation inequality (22) seems to be new. Note that the implication of
(22) from (12) holds for all 0 < s < d/2 (by exactly the same argument as above),
and hence (22) is also valid in this maximal range. There might be some way to
prove (22) directly (as in the proof of (21) in [3,4]), but we have not found such a
proof yet.

Finally, we mention that our approach in this paper can be used to prove many
other interpolation inequalities which do not really come from many-body quantum
theory. For example, we have

Theorem 5. (Isoperimetric inequality with non-local term). For any d = 2 and
1/2 < s < d/2 there exists a constant C > 0 depending only on d and s, such that
for all functions u € W25 (R?) we have

1-2s/d 2s 2s 2s/d
Rixmd X — Y

> C/ 20425/ g 23)
Rd

This inequality seems to be new and it could be useful in the context of isoperi-
metric inequalities with competing non-local term; see [25, Lemma 7.1], [24,
Lemma 5.2] and [39, Lemma B.1] for relevant results. The proof of Theorem 5
will be given in Section 5.

3. Fractional Lieb-Thirring Inequality

In this section we prove the fractional Lieb—Thirring inequality (8). We shall
follow the overall strategy in [36], where we localize the interaction and kinetic
energies into disjoint cubes, but we also introduce several new tools.

3.1. Local Exclusion

The following result is a simplified version of the local exclusion principle in
[36, Theorem 2 and Section 4.2].

Lemma 6. (Local exclusion). Foralld 2 1, s > 0, for every normalized function
W e L2(RNY and for an arbitrary collection of disjoint cubes Q’s in R?, one has

1 1 2
v, Fr— T = ﬁl: /pw —/ pw] .4
< 1§1§§N lxi — x;[? > §2d|Q|2/d (Q ) o],

Proof. The following argument goes back to Lieb’s work on the indirect energy
[27]. Since the interactions between different cubes are positive and |x — y| <
Vd| Q"4 forall x, y € Q, we have
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Tox)1o(x))
2 _M_Z 2 T

1Si<jSN 0 15i<jSN

z%W Z To(xi)lp(x;)

1Si<j<SN

2 N
szv|Q|2v/d (an(x,) ~ 2 Lo(x)
i=1

Taking the expectation against ¥ and using the Cauchy-Schwarz inequality

<q/, (éﬂg(xi))z\ll> > <\11 éﬂg(xi)q/>2 - (/Q p\p)z,

we obtain the desired estimate. 0O

+

3.2. Local Uncertainty

Now we localize the kinetic energy into disjoint cubes Q’s. For every s > 0
we can write s = m + o withm € {0,1,2,...} and 0 £ o < 1. Then for any
one-body function u € H* (R%) we have

d

(. (—8)'u) = /R PPl tdp = /R PP (X p?) apap

i=1
/ | Hp?""|u<p)| dp
|a|—m

= Z —"(D“u, (—A)° D%u).
[0

la|=m
The last sum is taken over multi-indices & = («q, ..., aq) € {0, 1,2, ... }" with
d d d o
el =D e, ol =[] and D* = HzT
i=1 i=1 i=1""i
Here we denoted by p = (p1, p2, ..., pa) € R and r = (ri,...,rg) € R, the

variables in the Fourier space and the configuration space, respectively.
If s = m, we have

wiarn =3 I MLED I Z/ D% @)
|a\—m

for disjoint cubes Q’s. On the other hand, if m < s < m + 1, then using the
quadratic form representation4 (see, for example, [14, Lemma 3.1])

4 Note that this formula only holds for0 < o < 1.
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o ) =ca [ [ O y,5£§3'2 dxdy, 26)
where
- 220-11((d +20)/2)’
' /2 T (=o)|
we have

m! |D%u(x) — D%u(y)|?
,(—A)’u) =c¢ E — dxd
. (ZAYu) = cdo o! /Rded |x — y|d+20 Y

|a|=m

| D% —_ D% 2
= Cio Z o Z/ | ul)(cxiy|d+;;(y)| dxdy 27

lo|=m

for disjoint cubes Q’s. It is convenient to combine (27) and (27) into a single
formula

AV > 2
{0, (=0 u) 2 D ull s g (28)
Q
where the semi-norm ||u||12L]Y(Q) of u € L>(Q) on a cube Q is defined by
f |D%ul?, ifs = m,
1l ) = e )
Cdtr foXQ — |d+20 dxdy, if0<o < 1.

The following estimate plays an essential role in our proof.

Lemma 7. (Local uncertainty). For every d 2 1, s > 0, cube Q C R? and
u € L*(Q), one has

1 |u|2(l+2s/d)
Il Z & Jo 5~ IQ|C25/‘1/ |ul? (29)
(Jo 1) ¢

for a constant C > 0 independent of Q and u.

Before proving Lemma 7, let us clarify a technical point concerning the Sobolev
space H(Q) = WS2( Q), whose intrinsic norm can be defined by (see for example
[1, Section 7.36 and Theorem 7.48])

||u||%13-(Q) ”u”HB(Q)—i_ z / |Dau|2.
loe| <m
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Here recall that; =m+o withm €{0,1,2,...} and 0 £ o < 1. By Poincaré’s
inequality for H? (Q) (see, for example, [23, Lemma 2.2]) and the elementary
inequality |a — b|> = %|a|* — |b|? for a, b € C, we have

2

o 2 > 1 a2 ’fQDau
Clluly ) 2 Z H u—@ Dul 0 2 51Dl —

From the latter estimate and Sobolev’s embedding, it is straightforward to obtain
the following equivalence of norms

el gy 2 Nl ) + /Q|u|22cg||u||%,w), (30)

for a constant Cp > 0 depending only on the the cube Q. Now we provide

Proof of Lemma 7. By translating and dilating, that is, replacing u (x) by u(A(x —
xg)) for A > Oand xg € R?, it suffices to consider the unit cube 0 =10, l]d. Then,
thanks to (30), it remains to prove the fractional Gagliardo—Nirenberg inequality

4s d
lalGys @llull ol Z Clluliaceys ¢ =2+—, 6=—-—- (D

d d+2s
for a constant C > 0 independent of u. Since the (unit) cube Q is regular, we
may apply the extension theorem to H*(Q) (see [1, Theorem 7.41] or [48, The-
orem 4.2.3]) and obtain for any function u € H*(Q) a function U € H* (RY)
satisfying

Ulg = u, ||U||iZ(Rd) = C”“”LZ(Q)a 1U1l s (Rd) = C||“||H‘(Q),
where C > 0 depends only on d and s. We will show that

> ¢ _> 4s 0 — d
VU ey 10 2ty Z CNU oy, g =24 —, 6= -,

(32)

and (31) follows immediately. By Sobolev’s embedding (16)

4s 2d
NU N gos ray 2 2 ClUllLewey, q9=2+ 7T a5

the estimate (32) follows from the following interpolation inequality

U1 s 1N 2y Z U oy Y6 € (0, 1), (33)

which is in turn a simple consequence of Holder’s inequality

0 1-6
(/ ,,2S|(7(p)|2dp) (/ |l7<p>|2dp) > / 51U (p)|dp.
R4 R4 R4
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Remark 8. Note that to the semi-norm || - || 5(9Q) there is a naturally associated

operator, which for s = 1 coincides with —Aéf , the Neumann Laplacian on 2 C
R, It is a relevant question whether for 0 < s < 1 and bounded domains € this
operator coincides with (—Ajg\zf )® (defined using the spectral theorem), something

that was shown in [13] to be false in the case of the Dirichlet Laplacian — AD (see

also [19,40,42] for related results). In any case, the analogue of (29) for (— AN/ D)S
can be proved using the method in [41].

We will need the following many-body version of Lemma 7.

Lemma 8. (Many-body version of local uncertainty). For any L*-normalized func-
tion W € H* (RN and for an arbitrary collection of disjoint cubes Q’s, the kinetic
energy satisfies the estimate

142s/d
Jors™

1 C
<\Ij Z( A’ lIJ> = Z 2574 " Qi /pry ’ (34)
“ (Jor)

where C is the same constant as in Lemma 7.

Proof. Let 7/(1) be the one-body density matrix of W (see [30, Section 3.1.5]),
which is a non-negative trace class operator on L>(R?) with kernel

N
(1)
X, :=E W(X], ooy Xie s Xy X gD, o vy XN)X
V\y( y) j_l/Rd(Nl) (x1 j—1 J+1 N)

x\D(xl,...,xj_l,y,xj+1,...,xN)dei. (35)
i

. 1. .
Since y&, ) is trace class, we can write

ye) (@ Y) = D un () (),

n=>1

where u,, € L?(R?) are not necessarily normalized. Then py = D>l |un|? and

N
<w, Z(—A»S\D> =[-8y
i=1
=D, (=A)'uy) 2 ZZ ltnlFye gy GO

n>1 n=1

where we have used (28) in the last estimate. On the other hand, from the local
uncertainty (29) we have

2s d
d+2s C d+2s
|u |2) (nu 1%, +—/ lu |2)
(/Q " "IHYQ) T |Qasid [,

2 C—d/(d+25) ” |un|2||L1+2S/11(Q)

foralln 2> 1. Therefore, by Holder’s inequality (for sums) and the triangle inequal-
ity we get
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P C 75
+2s 2
Pw) D Nl + Hm7a | P
0 = O] 0
Frer 7%
+2s +2s
(S} (Sl + o [l
= n n HA(Q) |Q|2Y/d Q n

n=1 ¢ n=1

2s d
d+2s C d+2s
> (/ |un|2) (nunn% +— /|un|2)
g 0 HY(Q) | Q|?s/d 0

d d
- 2 - 2
2 D CTTE lun Pl peavacgy Z CFE | D Jun| riaag)
nzl nzl

__d_
= C d+2s H P ” LI+2.r/d(Q) )
which is equivalent to

1+2s/d

1 Jor C
2 : 2 > orv —
”Mn” s(Q) = C(f 2s/d |Q|2_§/d/QlO\II
QIO\I/)

n>l1
The latter estimate and (36) imply the desired inequality (34). O

Remark 9. By using the interpolation inequality (20) and the same argument of
the proof of Lemma 8 (in this case one can work on the whole R? and no partition
of cubes is needed), we obtain the following generalization of (6):

N
<qj, Z(—A,-)S\p> >N/ /Rd py ! (37)

i=1

for all normalized functions ¥ € H*(R?") and for a constant C > 0 depending
only on d and s. When 0 < s < 1, (37) can also be proved using the Hoffmann—
Ostenhof inequality in Lemma 15 and Sobolev’s embedding. We will use (37) to
obtain the Lieb—Thirring inequality (8) when N is small.

3.3. A Covering Lemma

To combine the local uncertainty and exclusion principles, we need a nice
choice of the partition of cubes Q’s. The following result is inspired by the work of
LunpHOLM and SoLOVEJ [37, Theorem 11]. In fact, a similar result can be obtained
by following their construction. However, our construction below is simpler to apply
and results in improved constants.

Lemma 9. (Covering lemma). Let Q¢ be a cube in R andlet A > 0. Let0 < f €
L'(Qo) satisfy f 0o f =2 A > 0. Then Qg can be divided into disjoint sub-cubes
Q’s such that:
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e Forall Q,

/Qf<A.

e Foralla > 0 and integer k = 2

ZIQII"‘ [(/ny_%/gf}io’ 9

o

where

S U P el
T3 ko — |

o Ifk = 3, then the center of Qo coincides with the center of exactly one sub-
cube Q, and the distance from every other sub-cube Q to the center of Qo is
not smaller than |Q|'/4 /2.

Note that the simplest choice is k = 2 and it is sufficient for the proof of the
Lieb-Thirring inequality (8). However the case k = 3 will be more useful for the
proof of the Hardy-Lieb-Thirring inequality (12) in Section 4.

Proof. First, we divide Qg into k¢ disjoint sub-cubes with 1/k of the original side
length. For every sub-cube, if the integral of f over itis less than A, then we will not
divide it further; otherwise we divide this sub-cube into k¢ disjoint smaller cubes
with 1/k of the side length, and then iterate the process. Since f is integrable, the
procedure must stop after finitely many steps and we obtain a division of Qg into
finitely many sub-cubes Q’s.

It is obvious that for every sub-cube Q one has f 0 f < A and |Q| =
k=400 for some level £(Q) € {0, 1,2,...}. By viewing the sub-cubes as
the leaves of a full k?-ary tree corresponding to the above division (cf. Figure 1),

we can distribute all sub-cubes into disjoint groups {F;} such that in each group
Fi:

Fig. 1. Example of a division of Q¢ (ind = 2) withk = 3
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There are exactly k¢ smallest sub-cubes within F;.
The integral of f over the union of these k¢ smallest sub-cubes is greater than
A.

e There are at most (k% — 1) sub-cubes of every other volume.

Now we consider each group F;. Letm; = inf gc 7, | Q| denote the minimal volume
occuring in the group. By the Cauchy—Schwarz inequality we have

2 |Ql|a [(/Qf)z_%/Qf}

Q€eF;,|0l=m;
1 1 A
calwl X ) = [y
! QeFi.|Ql=m; Qef [Q]=m;
1 (A2 A?
> —(—-—). 39
o (7-%) )

Here in the last inequality we have used the lower bound
/ fFZA>—
QEF |Q|=m;

and that the function ¢ — 12/k% — (A /a)t is increasing when t = k?A/(2a). On
the other hand, using the obvious lower bound

2 A A2
_ >
(/Qf) a/Qf: 4a?’
we find that

2. |Q1|“[(/Qf)2_%/Qf}>_% 2. IQII"‘

QeFi.|10|>m; 0cF.|0>m;
A2 d 2 d
k4 —1 A k¢ —1
> E = (40)
4a? kdfm )« 4q? (kdo — Dm?

Here in the second inequality we have used the fact that in F;, each sub-cube has
volume k% m; for some j € {0, 1, 2, ...} and there are at most (k¢ — 1) sub-cubes
of every volume larger than m;. Adding (39) and (40), we find that

1 2 A ISVARE k4 —1
2 o [(/Qf) _Z/Qf} (k7_5_4a2<kda—1))=0’

QcF;

where the last identity follows from the choice of a. Since the latter inequality holds
true for every group F;, the conclusion follows immediately.

For k = 3 (or any odd integer) there is at each level in the above division
exactly one cube Q with its center at the center of Qg, and the statement follows
by iteration. 0O
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3.4. Proof of the Lieb—Thirring Inequality
Now we are able to give a proof of the Lieb—Thirring inequality (8).
Proof of Theorem 1. By a standard approximation argument we can assume that
pw is supported in a finite cube Qg C R?. Forevery A < fRd pw = N, by applying

the Covering Lemma 9 with f = py, k = 2 and o« = 2s/d, we can divide Q into
disjoint sub-cubes Q’s such that f o P < A forall Q and

1 2 A
Z|Q|T/d|:(/qu’) —;/pr]zO, (41)

o
with

SN S s
4= 2da _ |

Next, from Lemma 6, Lemma 8 and (41), it follows that

N ) 1
<w, DA+ D] P \y>
i=1

1<i<j<N
1+2s/d
1 Jory c 1 2
22 = - Pyt ( pxp)— U
= C 2s/d 2s/d/ 2dS 2s/d (
0 (fQ qu> 1Ol 0 10| 0 0
1 1+2s5/d A 1
> - 2 o05c - -
2 5 /deq, +<a 2d°C 1)%2dS|Q|2S/d/qu,, (42)

for every 0 < A < N and for some constant C > 0 depending only on d = 1 and
s > 0. Here in the last inequality in (42) we have used f o P < A for all cubes
Q’s.

Finally, using (42) for A = 2d°C + 1)a =: Ao if N > Ay, and using (37) if
N < Ay, we find that

N

‘ 1 1+2s/d

v, —Ap)° —— |V )2=C

o (Zears = n)vlzefa
i=1 15i<j<N

for a constant C > 0 depending only on d and s. The proof is complete. O

Remark 10. Note that, in the case that a coupling parameter A > 0 is introduced

as in (10), a straightforward adaptation of (42) yields C(A) = C for A = 1 and
C(2) ~ A%/ for x < 1.
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Remark 11. (Explicit constant). It is possible to derive an explicit constant C in (8).
Let us consider for example the case s = 1 and d = 3. By the Hoffmann—Ostenhof
inequality (see Lemma 15) and Sobolev’s inequality,

(fps o)™

Moreover, combining the Hoffmann—Ostenhof inequality and the Poincaré-Sobolev

inequality
)
u——— [ u
101 Jo

N 1/3
W AW ) = (Jpw, (M) Vow) 2 Cs (| py) 2 Cs
i=1 R3

2
IVul2s ) = Cp

2
(Q)
L8(Q)

as in [17], we get

N
<q/, Z—A,W> 2 (ow, CAw) 2 3Vl
i=l1 0

2

chZQj“Jp_w—|Q|l/QJp_w

L5(Q)

~23 !
> C(l—e)(/p”)(/p) —C<s—1—1)—/p}
%{P VAV ! 077 o™

for any ¢ € (0, 1). From these kinetic lower bounds, following the above proof of
Theorem 1, we find that (8) holds true with

min{(1 — &)Cp, C B
c = minl¢ Az/)3 p.Cs} Ao = a(l +6Cp(e™! — 1)).
0

Here we can take

C 3(2712)2/3 c 27 and 4+ 186
= — . = a = —_—
574 P = 1601 1 32/3)2(20)4/3 3

(the sharp value of Cg can be inferred from [2,47] and the value of Cp is obtained
by following [17, Lemma 1] but it may not be optimal). Then optimizing over
0 < & < 1 shows that (8) holds true with

C =0.002384.

Although this explicit constant is far from optimal, it is already a significant
improvement over [36].

3.5. Coupling Parameter and Optimal Constant

Let us here consider the behavior of the optimal constant of (10) as a function
of the coupling parameter A,
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<L1/, (zfvzl(—A,»)S + AWS) w)

Cgrr(A) ;= inf  inf , AZ=0,
N22 \\I(eﬂifi’llv fRd p\lp+2s/d
W=

where W is in the form domain
1
SN = [\p € H“(R‘”V):/ W, |? < oo], W) = > ———.
' R4N — |x; —Xj| 5
1<i<j<N

Note that the parameter A cannot be removed by scaling and we are interested
in the behavior of the optimal constant of (10) in the limits A — 0 and A — oo.
We have

Proposition 10. The optimal constant Cgrr(A) is monotone increasing and con-
cave as a function of A, and satisfies the following:

(i) Forallx > 0,anyd 2 1 and all s > 0 we have
0 < Cqsmin{1, 2%/} < Cprr(A) < Con.

where Cq s > 0 is a constant independent of ) and Cgn is the optimal
constant of the one-body fractional Gagliardo—Nirenberg inequality,

c i (u, (=A)°u)
GN = inf ———— ",
weH* (RY) Jga lu|?A+28/D)
llull,=1

(43)

(ii) We have, foralld = 1 and any s > 0,
A1i£% Cprr(A) = Cgrr(0).
Moreover, for2s < d we have CprT(A) ~ 225/ s ) — 0, and in particular
CpLr(0) = 0.
In addition, we believe the following to be true:

Conjecture. The optimal constant Cgrt()) also satisfies:
(iii) CprT(0) > 0 for2s > d.
(iv) Foralld 2 1 and any s > 0 we have

lim Cprr(A) = CoN.
A— 00

The proof of Proposition 10 will be given below. For 2s < d, the limit A — 0
corresponds to the situation of non-interacting bosons, and by taking the trial wave
functions ¥ = u®" one can see immediately that Cgrr(X) — 0. However, for
2s 2 d the situation is more difficult because any wave function in Hfi, N must
vanish on the diagonal set

A ={)N, e RHN : x; = x;j for some i # j}

and in particular the trial wave functions u®" are not allowed.



Fractional Hardy—Lieb-Thirring and Related Inequalities 1363

When d = s = 1, the operator in (10) is that of the Calogero-Sutherland model
[5,46], and the limit A — 0 on the space L2, of symmetric wave functions is

sym
actually equivalent to non-interacting fermions. In fact, Hi’ NN Lgym = H(} @RV \
A) N Lgym (see [38, Theorem 2]) and it is well known [18] that any such wave

function vanishing on the diagonal set is equal to an anti-symmetric wave function
up to multiplication by an appropriate sign function. Therefore, Crr(0) is exactly
the optimal constant Crt of the fermionic Lieb—Thirring inequality (1), which is
conjectured [33] to be Cgn = 72 /4.

When d = 1 and s = 2, the condition of anti-symmetry is however not strong
enough to ensure that the wave function is in the quadratic form domain H%’ N
which can be seen readily by taking the two-body state W(xy, x3) = C(x; —
xg)e_‘x1 P=lxaf? ¢ H% »- In this case we expect Cprr(0) > Crr because of the more
restricted domain.

Ford = 2 the situation is yet more difficult. Because of the connectedness of the
configuration space (R?)" \ A there is no simple boson-fermion correspondence
for functions vanishing on A, forany s > 0. Furthermore, ifs—d/2 € {0, 1,2, ...},
then the interaction operator W, cannot be controlled by the kinetic operator
> ;(—=A;)* by means of the Hardy inequality (see [43,49]), which makes it dif-
ficult to compare Hj , with Hy (RIN \ A). It is an interesting open question to
determine the complete behavior of Cgr1(0) in the general case 2s = d. We expect
Cprr(0) > 0 for 25 > d because in this case Hj (RN \ A) # HSRM) (by
Sobolev embedding), and a smooth vanishing condition for ¥ on A should imply
a non-trivial local exclusion principle. In the critical case 2s = d it may happen
that Cgrr(0) = 0, as can be seen for d = 2, s = 1 using the ground state of a gas
of hard disks in a dilute limit [35].

On the other hand, in the limit A — oo of strong interaction, we expect the
inter-particle distance to go to infinity, and hence the optimal constant should tend
to the one-body constant Cgn of (43). It seems that proving this would require a
concentration-compactness method for many-body systems which is not available
to us at the moment. We also notice that in the physically most interesting case
d = 3 and s = 1, the conjectured optimal constant in the fermionic Lieb—Thirring
inequality (1) [33] is strictly smaller than CgN.

Proof of Proposition 10. We first note that A - Cgrr(A) is the infimum of
monotone increasing affine functions (denoting 7 := ZlN: (=A%)

(v, TW) (W, W)
A 112s/d 1325/d°
Rd Py fRd Py

and is hence monotone increasing and concave.
Proof of (i). From Remark 10 we obviously have

Cair(A) = Cgy min{l, 2377} > 0,

so it remains to prove that Cgrr(A) < Cgn. Following [38, Theorem 19], we take
a sequence of trial states
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Wy g(x) 1= L Z Uo(1y(X1) - Ug vy (Xn) € HY Ny N LA,
s m ,N sym

T oeSy
with
ui(x) == uf(x — Ryy),

where uR e Cy°(B(0, R/3)) is aminimizing sequence of L2-normalized functions
for (43) (s.t. both numerator and denominator remain finite), and y; are N disjoint
points in R?, with |y; —y jl > Lfori # j.Since the supports of the u;’s are disjoint,
one readily computes that

N (uR, (=2 u®)+ 2CN*R™

CrLr(A) < N [ [uR 2052570 ’

(44)

and the right hand side of (44) converges to Cgn in the limit R — oo. Note that
we could also have taken Wy g as an anti-symmetric state (a Slater determinant).
Proof of (ii). We will first show that forany d = Oandalls > 0, limy_.o Cprr(A) =
Cgrr(0), with

Corn(®) i inf  in (v, TW)
BLT = 1 m 5.7
N22 \Illfqe}r;q, fRd p\ly+2s/d
)=

(45)

To do so, we first pick a minimizing sequence (W, )xen for (45) (with each Wy, €
Hij N and normalized). Next, we have

lIJN1<7 (7,\1 + )"WS)\I,N](>

0 = Cprr(A) — Cprr(0) = 72574 — Cpr1(0)
Rd ’O‘I‘Nk
(Un, Wely,)  (Wh,, TWy,)
- T¥357d T 2y~ CBr(0). (36)
Jra Py, Jra Py,

Given any ¢ > 0, the last term of (46) is clearly less than ¢ for k € N sufficiently
large, while the first term remains bounded. With such & fixed, we then choose

ho< e(fra Py, is/d)/(xym, W Wy,), so that Cprr(1) — Cprr(0) < 2e.

In the case 2s < d we have Cgrr(L) ~ 225/d a5 ). — 0, which can be seen by
taking a bosonic trial state ¥ = u®V e Hj’N and letting N ~A~!. 0O

3.6. A Note About Fermions and Weaker Exclusion

In this subsection we explain how to adapt our above proof of Theorem 1 to
show the fermionic inequality (9)

N
<w, Z(—A;>Sw> = C/Rd pu ()21 dx
i=1
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foralld = 1and s > 0, where the wave function W satisfies the anti-symmetry (2).
In this case the kinetic energy not only contributes to a local uncertainty principle
as in Lemma 8, but also to a local exclusion principle of the following weaker form:

Lemma 11. (Local exclusion for fermions). For any d = 1, s > 0 there is a
constant C > 0 depending only on d and s such that for all N € N, for every
L*-normalized function W € H* (RN satisfying the anti-symmetry (2), and for
an arbitrary collection of disjoint cubes Q’s in R,

al c
<w, Z(—Ai)w> > Z|Q|—W [/ pu (x) dx —q] , 47)
i=1 [0) o +

where g := #{multi-indices « : 0 < |a| < s}.

Proof. First, consider one-body functions u € H*(Q) where s = m + o, m €
N, 0 € [0, 1). In the case that 0 < o < 1, we have the fractional Poincaré
inequality (see, for example, [23, Lemma 2.2])

1 2

C
el 2= o HD%—— D*u
© = |Q20/d % 101 /g

)

LX)

while for |«| = m we have (by iteration of Poincaré’s inequality)
| D%u)?,, . = L||u||2 if [ DPu=0forall0<|B| <m
12(0) = [gpmia "z B [P = '

Note that fQ D*u = (1, Tyu) = (T}1,u), where the operator u — T,(u) :=
D%u, |a| < m, is relatively bounded with respect to the form domain H*(Q).

Hence we can treat these orthogonality conditions by considering the g-dimensional
subspace Vs 1= span{7,1 : 0 < || < s}. On H*(Q) N VSJ- we then have

C
2 > yul?
”u“ ’(Q) = |Q|2Y/d ”u”LZ(Q)’

and in general, by taking out the projection onto V,

C
(=AY sy 2 |Q|T/d(]1 — Py).

Now we proceed as in Lemma 8, although because of the anti-symmetry of W,
the one-body functions u,, all have norm less than unity (again, see for example
[30]). We then obtain

N
C
. 2 2
<LIJ,Z(—A,~)“\II>§§:§ ||un||Hs(Q)zZ—|Q|2S/d D luallZo—a |
i=1 >1

nz1 Q 0 n 4

which proves the lemma. O
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We note that the Covering Lemma 9 can be also adapted to apply to the weaker
form of the exclusion principle. This could be useful not only for fermions but also
in situations when other types of interactions are present (cf. [17,36-38]).

Lemma 12. (Covering lemma with weaker exclusion). Let Q¢ be a cube in R? and
let0 < f e L'(Qo) satisfy fQo f 2 A > 0. Then Qg can be divided into disjoint
sub-cubes Q’s such that

e Forall Q,

/Qf<A.

e Foralla >0, g = 0and integer k = 2,

IQI“([/f q} ‘b/ f)ZO 48)

qk? ke — 1
b:= (1 - ) Y
kde 4 kd —

o [fk = 3, then the center of Qq coincides with exactly one sub-cube Q, and the
distance from every other sub-cube Q to the center of Qy is not smaller than

1014)2.

Proof. We proceed with the same division procedure as in the proof of Lemma 9.
Instead of (39) we have

IQI“([/f q] _b/ f)zml((l—b)A qkd), (49)
and instead of (40) we have
|Q|a(|:/f q] —b/ f)

where

QEJ: Q=

Qef |Q[>m;
> —bA
- 0 Z , IQI“
eFi,10l>m;
k-1 bA k4 —1
> hAy> — = 50
- Z>; (k%im;)® m¢ kde — 1 0

Hence,

1 1 k-1
— —b > k4 —b (1 ))
gﬁlQ'a([/Qf ] /Qf)m?(A PN (]

from which the lemma follows. 0O
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From the local uncertainty in Lemma 8, the local exclusion in Lemma 11 and
the Covering Lemma 12, one can prove the fermionic Lieb-Thirring inequality (9)
by proceeding similarly as in the proof of Theorem 1. The details are left to the
reader.

Remark 12. From Lemma 6 and the elementary inequality (a> — a); = (a —
1)+, a = 0, we obtain the following analogue of (47) for pair-interactions:

1 1
e — > e — —
<\Il’ Z |xi_xj|2sq1>222ds|Q|2s/d |:/Q'O\I’ 1]+ G

1Si<jSN 0

for every normalized function W € L?(R4M). In our proofs of the Lieb—Thirring
inequality (8) and the Hardy—Lieb—Thirring inequality (12) presented later, we can
certainly use (51) instead of (24) (we then obtain similar inequalities but with worse
constants).

4. Hardy-Lieb-Thirring Inequality

In this section we prove Theorem 2. We will need to strengthen the local uncer-
tainty principle in Section 3 to account for the Hardy term, and to do this we also
need a localization method for fractional kinetic energy.

4.1. Local Uncertainty for Centered Cubes

The following local uncertainty principle is crucial for our proof.

Lemma 13. (Local uncertainty for centered cubes). For every cube Q C R? cen-
tered at 0, we have
) |u(x)|2 . 1 J"Q |u|2(1+2s/d)

C 2
S — 52
a3 Q) ~ s o Ix|* Y=c (fQ |u|2)2S/d 10|25/ /Q lul” (52)

for a constant C > 0 depending only ond 2 1 and s > 0.

Note that this local uncertainty principle is significantly stronger than the one
in Lemma 7 because the left side of (52) can even be negative. Our strategy is to
replace u by xu where x is a smooth function supported in a neighborhood of the
origin, and then apply the Hardy inequality with remainder term for yu € H*(R?).
To implement the localization procedure, we also need the following lemma which
controls the error terms.

Lemma 14. (A fractional IMS localization formula). Let 2 be a bounded open
domain in R? withd > 1. Let x,n : RY — [0, 1] be two smooth functions such
that x (x)>+1(x)> = 1 and x is supported in a compact subset of Q. Then for every
s > 0, there exists t € [0, s) and a constant C > 0 such that for every u € H*(2),

2 2 2 2 2



1368 DoucLAs LUNDHOLM, PHAN THANH NAM & FABIAN PORTMANN

Remark 13. It will be clear from the proof of Lemma 14 (provided below) that if
se€Nthent =s —1,andifs =m+o withm € {0,1,2,...}and 0 <o < 1
then we can take t = s — ¢ for any 0 < ¢ < min{o, 1 — o}.

Note that such a localization bound is well known when 0 < s < 1. In the
simplest case s = 1, thanks to the IMS formula (cf. [7, Theorem 3.2])

[Vul> = [V(xw)* + IV |* = (IVx >+ [ValP) ul?,

we obtain the estimate (53) (with # = 0) immediately:

i1 ) = Ixully ) — llnully \:/(|VX|2+|Vn|2)|u|2§C/ 2.
HY(%) H'\(Q) H'(Q) o o

When 0 < s < 1, the estimate

il gy = Il ) — el ]§C/|u|2
(£2) (§2) (€2) Q

follows from the representation (26)

5 lu(x) — u(y)?
Iy = o [ HE R dxdy

and the elementary identity (which goes back to a suggestion of Michael Loss and
was used in [34])

X @u(x) = x I +1nC0u) = n(u)P = lux) —uy)?
= [0 = 20N+ ) = 1 | RECHU)) (54)

However, the proof of (53) for s > 1 is rather involved and we defer it to the next
subsection. In the following, we will give a proof of Lemma 13 using Lemma 14.

Proof of Lemma 13. Since the inequality (52) that we wish to prove is dilation
invariant, we can assume without loss of generality that |Q| = 1. Let x, n : R —
[0, 1] be two smooth functions such that X2(x) + nz(x) =1, x(x) = 1 when
|x| £ 1/4 and x (x) = 0 when |x| = 1/3. By using n?|u|?/|x|** < 3%n*|u|? and
Lemma 14 we obtain for some ¢ € [0, s)

2 2
2 _ |u] > 2 |Xu|

+lnully o) — cluxunH,(Q) — c1||nu||%,t(Q)
(55
for some constant C; > 0 depending only on d, s, ¢ (and y).
Since x has compact support, xu can be considered as a function in H*® (Rd).

Therefore, by the Gagliardo-Nirenberg type inequality (17) (there taking r = s /(14

2s/d)),
1 |X’4|2 1f|Xu|2(1+2S/d)
5\ e e g —cds/ Sdx )z St (56)
2 ( Hs(R4) ’ 2s C 2s/d
2 x| (J 1)

Moreover, by using the improved Hardy inequality (14) and the norm-equivalence
(30), we find
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1/
g —Cas | T ) o
X HS(R‘]) d,s Rd |x|25 X LZ(Rd)

1 2 1 2 2
Z o Il ga) z c Ixullyy ey = Clixullpzgay

which by Young’s inequality implies that

1 |xul?
5 (uxuni,x(w) —Ca.s /]R T %) 2 Cillxulyyegay = Cllxullzsgays 57

with Cy as in (55) and a (large) constant C > 0 depending only on d, s, ¢.
For the function nu, by the local uncertainty in Lemma 7,

| 1 |u | 2(1+25/d)
Sl o) 2 &7z — Clinulliz g, (58)

€ Joim)™

By using the extension and interpolation arguments as in the proof of Lemma 7,
we obtain
t 1—1/s
el o lmel gy, Z Clinullncos

which, together with the norm-equivalence (30), gives the estimate

1
Sl gy Z Crllnullzys o) = Climelzz g, (59)

for a (large) constant C > 0 depending only on d, s, ¢.
By summing inequalities (55)—(59), using

2 2 _ 2
and estimating the denominators, we arrive at
up N | fQ (lxu|2(l+2s/d)+|nu|2(l+2s/d))

= 2 = 2s7d
X C
[¢) x| (fQ |u|2)

for a (large) constant C > 0 depending only on d, s. The final conclusion then
follows from the elementary inequality

2
[[uell Ca

2
HT(Q)_ —C”M”L2

(Q)

4.2. Proof of the Fractional IMS Localization Formula

Proof of Lemma 14. Step 1. We start with the case s = m € N. Recall that in our
conventions
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|
2 _ Z m: a2

loe|=m
Let us consider an arbitrary multi-index « with |«| = m. Using
o!

D*(xu) = xD*u+ Y. WD“—ﬁxDﬂu (60)

B<a

and a similar formula for D* (nu), we find that

ID*(xw)|* + |D*(qu)|* = (x* + n>)|D%ul?

2 2
o! o!
T L Y I L SV
o — B)! o — B)!
“ plla—p)! = Bl - p)!
|
+20> X (xD* Py + nD* Py D¥uD u. 61)
~ Bl —B)!

Here, for two multi-indices & = («q, ..., aq) and 8 = (B1, ..., Ba), the notation

B < ameans B < o, namely f; < «; forall 1 £ j < d, and B # «. The first
term of the right side of (61) is nothing but |D%u|? since x> + n> = 1. The next
two terms can be bounded using the Cauchy—Schwarz inequality

2 2

a! a—B . b a! a—p b | < B2
ﬁzﬂ!(a—ﬂ)!D xDPu +ﬁzﬁ!(a_ﬂ)!0 nDPu| <C D" |DPul’,
<o <o

B<a

Therefore, by integrating (61) and using the triangle inequality we get

2 2 2 2
[0 g + 10000 ) = 110 | S Cll1 g

|
*2 2 Zm ‘// (xD* P x +nD* P D*uDPul.

la|l=m B<a §2x2

(62)

Now we estimate the last term of (62). For every « with |@| = m, we can find
0<a <aandl = j < dsuchthat D¥ = 9; D* . Note that x D* Ay +nD* Py
has support in a compact subset of €2, so by using integration by parts with respect
to the j-th coordinate we find that
/ (xD* Py +nD*Py)D*uDPu
Q
= _/ D¥ud; (xD* P x +nD*Pn)DPu)
Q
= —/ DYw (3;(x D* P x + nD* P ) DPu+(x D*~F x +nD*Pn)d; DPu) .
Q

Therefore, when || < m — 2, by the Cauchy—Schwarz inequality we can estimate

‘ / (xD* Py +nD* P D uD’ul < Cllull 3y -1 q-
Q
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On the other hand, if 8 < « and || = m — 1 = |a| — 1, then D*~# = § for some
1 £k < d, and hence

1
xD* Py 4 nD* Py = S0 (x> +n?) =0,
Summarizing, (62) can be simplified to
1000 gy + 1001 ) = N1 | S Cltl1 gy (63)

Since ||u||§1,,,,1(9) = Zogn <m—1 lu ||12L.1n(9), we can continue estimating the right
side of (63) by induction and finally arrive at
101+ 10001300 = N | S € (1101 gy + 0031 ) -

This ends the proof when s = m € N.
Step 2. Now we consider the case when s = m + o withm € Nand0 <o < 1.
Let us start by considering

m! | D% (xu)(x) — D*(xu)(y)[?
ity o =caa 2 o [ P axay.

loe|=m

We will always denote by o an arbitrary multi-index with |a| = m. Using (60) and
the identity |a + b|? = |a|*> + 2R ((a + b)b) — |b|? (with complex numbers a and
b), we have

|D% (xu)(x) — D* (xu)(y)|*

- ‘X(x)D“u(x) — X () D*u(y)

o!
2 g gy (O P D u) — PxDPuiy) [

B<a

=[x (x)D%u(x) — x () Du(y)|*

o! 2
—_ - a—p B _ pa-p B
‘Z Bl — )l (D* P x ) D u(x) = D*Fx (»)DFu(y)) ‘
+ 20 Z ﬁ,( — (PG ) - D)) %

x (D“—ﬁxoc)Dﬁu(x) — D" P x(mDPu(y)). (64)

Now we estimate the right side of (64) with the help of the Cauchy—Schwarz
inequality. We have

|DB x (x) DPu(x) — D* 5 (») DPu(y)[
= | D* Py (x)(DPu(x) — DPu(y)) + (D y(x) — D* P x () DPu(y)|
<2|D* P x ) ?|DPu(x) — DPu(y)?
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+21D% Py (x) — D P x ()P DPuy)?
= € (1DPutx) = DPu)P + Ix = yP 1D u(y) )
for the second term and
2(p? i@ - D) (P Px 0 DPux) = D*F ¥ (1) DPu(y) )|

< |x — y[*|D* (xu)(x) — D*(xu)(y)|*
+x = 372 DBy (1) DPu(x) — DU Py () DPu(y)|’

< |x — y[*|D* (xu)(x) — D*(xu)(y)|*
+Clx =y (1DPu(x) = DPu) + |x = yP 1D u(y)?)

for the third term. Here we are choosing 0 < ¢ < min{o, | — o}. When inserting
these estimates into (64) we find

[1D% o) = Do =[x () D u(x) = x (1) D u ()|
< Clx = yI*[D% () (x) = D (xu)()|®
+C X1+ = y17) (IDPuo) = DPu)P +1x = y 1D u () )

B<a

Integrating second part of the above inequality against the weight |x — y|~(@+20)
leads to

// ||D“(xu)(x)—D°‘(xu)(y)|2—Ix(x)D"‘u(x)—x(y)D"‘u(y)Izld q
QxQ

|x _ y|d+2n

o o 2
// |D*(xu)(x) — D*(xu)(y)| dxdy
QxQ

x _ y|d+2(<776)

rex [

B<a
(L+x — y172) (IDPu(x) — DPu(y)> + |x — y|DPu(y)|?)
dxdy
|x _ y|d+2cr
< CIID* (X)) + Cllitlgpm ()

where we also estimated difference quotients involving D u in terms of D u, o/
= m. Combining the above with a similar inequality for D* (nu), we find that

// [ID* (xu)(x) — D*(xu)(»)|* = |x (X) DYu(x) — x () D*u(y)|?|
dxdy
QxQ |x — y|d+20
|ID“(nu)(X)—D°‘(nu)(y)|2 In(x) D%u(x) — n(y) D%u(y)| \
+ d+20
QxQ [x —yl
< CIID* (X032 ) + CID* ()3 ) + Cllitl Gy - (65)
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On the other hand, note that as in (54),
XD uC) = x (D uP + () D*u(x) = n(3) Du(y)P?
— 1D%u(x) = D"u()P|
= (@) = 20 + @) = 0 RD“F@ D u(y)
= Clx = yP(ID“u(ol? + 1D"u() ).

Integrating the latter inequality against the weight |x — y|~@*29) we get

‘// X () D () = x (1) D*u()* +1n(0) D*utx) = n () Du(n) |
d+2o0 xdy
QxQ |x _yl
- |Du(x) — Du(y)P? _ o
//QXQ Ix — y|d+2o’ d‘xdy‘ = C[) |D Ml . (66)

From (65) to (66) and the triangle inequality, it follows that

|DY(xu)(x) — D*(xu)(»)|? + | D* (qu)(x) — D*(u)(y)]?
pEGP dxdy
QxQ lx — y]
// |D“u<x>—D“u<y)|2d q
_ xdy
QxQ |x — y|dt2o
< CID* (X 30— (g + CID* )0 g + Cllulpm gy

for all || = m. By taking the sum over all «’s with || = m, we get

2 2 2
1 g + Ml gy = el |
< (Il gy + Il g + 113imc ).
Combining this with the estimate
el Fmegy < CUlxulFmg + Inulfmgy)-
which follows from the integer case in Step 1, we can conclude that

2 2 2 2 2
e+ 01 g = Nl | = € (0 gy + Il )

This is the desired inequality. O

4.3. Proof of the Hardy—Lieb—Thirring Inequality

Proof of Theorem 2. By a standard approximation argument we can assume that
py is supported in a finite cube Q9 C RY which centers at 0. Let an arbitrary
0 < A £ N.ByLemma 9 with f = pg, k = 3 and o = 2s/d, there exists a
division of Qg into disjoint sub-cubes Q’s such that f o PV < A and
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> (/ f)2 A/f >0 ©67)
o |01 0 bl |77

34 1-3-
bi=" |1+ 14+
3 R e T

with

Moreover, for every sub-cube Q we have either that Q centers at 0 or that
infyep |x| 2 [Q]V4)2.

Now we claim that there exists a constant C; > 0 depending only on d = 1
and s > 0 such that for every sub-cube Q and for every function u € H*(Q) we
have the uncertainty relation

2(142s/d)
| (x)[? 1 Jolul

||u||HS(Q>—cdS/ dx = — o — /|u| (68)

. s /d 2 /d

o IxI* Ci (fQ W) s IQI‘

In fact, if Q centers at 0, then (68) is covered by Lemma 13. On the other hand, if
0 ¢ Q, then using |x| = |Q|'/4 /2 we have

2 22s
/ |u|2s dx £ 2s/d/ |u(x))?dx
o Ixl | O] 0

and (68) is covered by Lemma 7. Using (68) and arguing in exactly the same way
as in the proof of Lemma 8, we obtain the many-body estimate

fQ 1+2s/d

N 1 .
; —-A)'—=C, -2 > _ /
<\If ;(( A;) —Cq s |x] ) > Z C1( p\p)Zs/d |02/ Q:O\IJ
1
CAW/ v ZIQI%/d/p“'

(69)

1\

Here in the last inequality of (69) we have used the bound f o P < A forall Q.
Combining (69), Lemma 6 and (67), we find that

N
<\If, Z((—Ai)s—cd,slxrzs)Jr > m ‘I’>
l J

i=1 1Si<jSN

1 142s/d 1 (/ )2 /
= PYTIVEYIT —d°C +1
= C AD/A /de\p +ZQ:2dS|Q|25 pr ( 1+ 1 Q,Omp

1 142s/d A 1 /
z — — =2d°C1 -1 —_— 70
= C1A2s/d /de\l’ + b 1 %Zd”QPS Q’O‘l’ (70)

forall0 < A < N.
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On the other hand, using the interpolation inequality (17) with

2d 3 (1+2). thatis 1= -
= = —_— s at 18 = -,
1= 1" d d+2s

and the same argument of the proof of Lemma 8, we obtain the following strength-
ened version of (37):

N
<w, > (a0 - cd,s|x|2“‘)\11> > N/ /R e an
i=1

for a constant C > 0 depending only on d and s.
Finally, using (70) with A = 2d°C; + 1)b =: Ag if N > Ag, and using (71)
if N £ Ao, we find the desired inequality. O

Remark 14. Also in this case it is possible to add a coupling parameter 1 > 0 as in
(10), and a straightforward adaptation of (70) yields for the corresponding constant
C(A) ~ min{1, A%/4}.

5. Interpolation Inequalities

5.1. Equivalence for the Lieb—Thirring Inequality

In this subsection, we provide a proof of Theorem 3, that is the equivalence
of the Lieb-Thirring inequality (8) and the one-body interpolation inequality (21).
The implication of (21) from (8) was already explained in Section 2.3 and it holds
for all 0 < s < d/2. In the following, we show that the interpolation inequality
(21) implies the Lieb-Thirring inequality (8) when 0 < s < d/2 and s < 1.

We will use the Hoffmann—Ostenhof and Lieb—Oxford inequalities, which
reduce the kinetic and interaction energies of a many-body state to those of its
density.

Lemma 15. (Hoffmann—Ostenhof inequality). For every 0 < s < 1 and every
normalized function ¥ € L2((RHN)Y, one has

N
<w, Z(—Aiw> 2 (P, (=AY /pu). (72)
i=1

The non-relativistic case s = 1 of (72) was first discovered by M. & T.
HOFFMAN-OSTENHOF [22]. In fact, (72) is equivalent to the one-body inequality
(u, (=A)Su) = (lu|, (—A)*|u|) [cf. the diamagnetic inequality (11)] and it is false
when s > 1. See for example [30, Lemma 8.4] for a proof of (72) and further
discussions.

Lemma 16. (Lieb—Oxford inequality for homogeneous potentials). For every 0 <
y < d and for every normalized function ¥ € L*>(RY)N), one has
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pw (x) pw (y) _ I4y/d
<w’ 2 Ty —xfly >‘2// oy Y CLO/"“’

15i<j<N
(73)
for a constant Co > 0 depending only on d and y .
The case y = 1 and d = 3 of (73) was first studied in [27,29]. The case y = 1
and d = 2 was proved in [31, Lemma 5.3]. A proof of Lemma 16 following the

strategy in [31] is provided in Appendix A.
We are now in a position to complete the proof of equivalence.

Proof of Theorem 3. We prove that (21) implies (8) when0 < s < d/2ands < 1.
By the Hoffmann—Ostenhof inequality (72) and the Lieb—Oxford inequality (73),
one has

. 1
< Z(A)+ > m\p>

1<l<j<N

> (/Pv, (=AY VPo) + //Rd . qu(X)p\TZ(vy) dxdy —SCLO/R p\lp+2v/d

x

for every ¢ € (0, 1]. On the other hand, by using Young’s inequality and the
interpolation inequality (21) with u = ,/py, we obtain

(1——) W oy v +eg [ dedy

RixRd |x — y|*

> 823/11'(\/'0—\1/ ( A) \/,0_\I/>1 2s/d (// :O\I/(x)p\ll(y) dxdy)ZS/d

RixRd  |x — y|*
§C82s/d/p\11,+zs/d

for a constant C > 0 depending only on d and s. Thus
2s/d 1+2s/d
v (Zears 3 ptim) )z lenn-an) [
1<l<j<N
forall ¢ € (0, 1]. As 2s/d < 1, we can choose ¢ > 0 small enough such that
Ce>/4 — CrLoe > 0.

Then the Lieb—Thirring inequality (8) follows. 0O
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5.2. Isoperimetric Inequality with Non-Local Term

In the following we show how to use our local approach to Lieb—Thirring
inequalities to prove the one-body interpolation inequality in Theorem 5.

Proof of Theorem 5. By a standard approximation argument, we can assume that
u is supported in a finite cube Qg C R¥. Let f(x) := |u(x)|?*. For an arbitrary
0<A< fRd f, we divide Qg into disjoint sub-cubes Q’s by applying Covering
Lemma 9 withk = 2 and o = 2s/d. Thus we have fQ f < Aforall cubes Q’s and

1 2 A od 1 _o—d
%lQ'a |:(/Qf) _;/Qf:|207 a.=7 1+ 1+ﬁ

Similarly to the proof of Lemma 6, by ignoring the interaction energy between
different cubes and using |x — y| £ Vd| Q|4 for x, y € Q, we have

J@f) > // JOLG) 1 (/ )2
//Rd Re X — > z oxg lx—yI* T G d 1o Qf '

(74)

(75)
On the other hand, by the Sobolev inequality (recall that 1 < 2s < d)
2sd
lullwras gy = CllullLacgy, q = T 2s, (76)
we have
I flH2s/d
> >c22’
”u”WlZv(Q) C”f” 7(Q) C 2S/d.
(Jo 1)
Hence,

: 1 ‘ : 1 ‘
Vul* + —/ ul* = (/ |Vul* + / |u|23)
f |M|2A(1+2s/d)
> 221 Nl 2 Z

2s/d
(Jof)
and, combining with (75) and (74),

/ WzvdH// |u(x)|2‘|u(y)|29d q
Rd RixRd X — ylzs Y
> G / P |23(1+23/d)+z 1 (/ f)2_/ ¥
= A2s/d |Q|2s/d 0 0
Ci / 25(1+42s/d A 1
> _ |u s(142s/d) + -1 - f.
= A2s/d RA ds ZQ:|Q|2s/d 0

3
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Thus, if fRd f 2 d*a, then we can simply choose A = d*a and conclude that

2 2
/ - // WP | C / ety
RixRd  |x — y[* (dSa)>/d |pa

On the other hand, if fRd f < d*a, then using Sobolev’s inequality
||Vu||L2S(Rd) 2 Collu|l p2saya- ~25) (Rd)» Yue wh 2Y(Rd) (77

and with Holder’s inequality we have

14-2s/d
2s fRd f G 2s5(14-2s/d)
/]R IVul™ 2 Coll fll ara- 2”<Rd)>c2(f f)zs/d 2 (dsa)?s/d /Rd lul '
R4

In summary, it always holds that

2s 2s :
C, C
/ |VM|2de+// |u(x)| |u(2y)| dxdyzLIZdZ} |u|25(1+25‘/d)'
RixRd X —y|¥ (dsa)»/d Jga
(78)

By proceeding as for the Lieb—Thirring inequality in Section 2.3, that is rescal-
ing u — pu and optimizing over i > 0, we obtain the interpolation inequality
23). O
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Appendix A. Lieb—-Oxford Inequality for Homogeneous Potentials

In this appendix we prove Lemma 16. Note that the argument in the original papers
[27,29] uses Newton’s theorem and hence only works with the standard Coulomb
interaction. The following proof is based on the strategy of LiEB, SOLOVES and
YNGVASON [31, Lemma 5.3].

Proof of Lemma 16. We start with the Fefferman—de la Llave representation

1 o dR
m =Cd,)/ 0 R ]lBR(x—u)]lBR(y—u)du W’
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where Bg = B(0, R) is the closed ball in R and ¢4,y 1s a constant depending only
on d and y (see [12] for Coulomb potential, [28, Theorem 9.8] for homogeneous
potentials and [20, Theorem 1] for more general cases). Consequently,

Pw (x)pw (y) I 2 dR
//Rded [x — y|¥ dx dy_/o /]Rd Sr(u) du Rd+v+1° (79)

where
SR = py x1p,
and
1
v, cay / / SR — (80
< 1<§<n |x; _x]|y > Rd+y+1
where

gr(u) = <w, > g —w)lp(xj — u)\Il>.

1<5i<j<N
Using the Cauchy—Schwarz inequality we find that

1 al 2 1/ &
gR(M)_§<‘I’,(Z]IBR(xi—u)) W>—§<\D,ZﬂBR(xi—u)\IJ>
i=1

i=1

N
<\II,Z]13R()C,~ —u)\IJ>

i=1

2

1 N
3 <w, D g (xi — u)\I-’> —~

i=1

1\
| =

L, 1
= sz(u) - EfR(M)~
Combining with the obvious inequality gg (1) = 0 we get

1 1
gr(u) = 5f§(u> — 5 min{fr (), fEw)).

Inserting the latter inequality into (80) and using (79), we conclude that

Py ()pw ()
[ 2 i) s e

1Si<j<n

_ Cay dR
/ / min{ fg (u), f7u)}du—F—r0 RAtr 1

To estimate the second term of the right side, we introduce the Hardy-Littlewood
maximal function of py:

1 _ Sfr(u)
p*(u) = sup ———— pw(x)dx = |Bi|~" sup :
r>0 1BO, B)| Jix—u<r r=0 R4
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Using fr(u) < |B1|RYp*(u), we find that
o dR R dR o dR
: 2 2
/O min{ F30), S0 < /0 FR) ey + /R IR gy
Ry 2 dR 2 dR
d d
< /O (1B11R 0" )" =y + /R IBIIRY 0" ) 2oy

=|Bl| d- | Bi]
14

T R )

Y(p*(u))? +

for all u € R? and for all R, > 0. Choosing R, = (|B1|p* (1))~ /%, we get

© dR d .
/0 min{ fg (@), fr(0} i = v d_y)|Bl|1+y/d(P () 7/

for all u € RY. Finally, by the maximal inequality (see, for example [45, p.58])

/ (p* ) du < My, / pw )4y,
R4 R4

where My ,, is a constant depending only on d and y, we conclude from (81) that
o> Ly
’ lxi — x;[”

dcqg M
> 1 // Pw(X)pxy(y)dxdy _dcayMa,y |Bl|l+)//d/ putrid,
RixRd X = y|¥ 2yd—vy) R

This is the desired inequality. O
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