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Abstract

We establish higher order convergence rates in the theory of periodic homog-
enization of both linear and fully nonlinear uniformly elliptic equations of non-
divergence form. The rates are achieved by involving higher order correctors which
fix the errors occurring both in the interior and on the boundary layer of our phys-
ical domain. The proof is based on a viscosity method and a new regularity theory
which captures the stability of the correctors with respect to the shape of our limit
profile.

1. Introduction

We establish higher order convergence rates in the theory of periodic homog-
enization of both linear and fully nonlinear uniformly elliptic equations of non-
divergence form. It is known that the equations containing highly oscillating vari-
ables =, where the oscillation takes place periodically in the microscopic scale,
exhibit a limiting behavior as ¢ — 0. More precisely, for the following e-problems
with linear operators,

[aij ()EC) Dijl,t"3 =f in .Q, (Le)

ut =g on 452,
the solutions u® converge to a function u as ¢ — 0, which solves a boundary value
problem

(L)

E,-jD,-ju = f in Q,
Uu=g onds2,

whose operator is homogenous (that is, the matrix (a;;) is constant) with respect to
the enviroment. For more details, one may refer to [4,17]. A similar behavior also
exists when the operator consists of nonlinearity, namely,
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[F(Dzu*f,x, =0 ing, ")

ut =g on dS2.

As in the linear case, the solutions u® exhibit a limiting behavior, and the limit

profile u turns out to be a solution of the following PDE,
F(D?u,x) =0 in £, &
Uu=g on 02,

where F is no longer oscillatory in the microscopic scale. For more details, see
[13].

In this paper, we give a quantitative analysis on the rate of convergence between
the solution ©#® and its limit profile u, and we further accelerate the rate by involving
appropriate corrector functions for both interior and boundary layer of the physical
domain. Finally we end up with a rigorous justification of the following two scale
expansion of the solution u®:

Ut (x) = u(x) + e (x) + 25 (x) + - - + ™ (W, (x) + 25, (x)) + 0™,
(1.0.1)

where wy and z{ are the kth order correctors which fix the error occurring in the
interior and on the boundary layer respectively, and m is the positive integer related
to the regularity of the operator of the e-problem. The above expression is explicit if
the e-problem is linear, but rather implicit when a nonlinearity comes in. We remark
that our result is true also for operators with lower order dependence; essentially
most of the challenges lie in proving the case for (L;) and (F,) while the desired
extensions and generalizations are fairly straightforward to obtain.

1.1. Linear Equations

Set £2 to be a bounded domain in R” with C”*2% boundary and let f €
C™(2) and g € C™t2(2) for some exponent 0 < o < 1 and an integer
m 2 2. We suppose that A(y) = (a;j(y)), 1 =i, j < n is a symmetric matrix-
valued function defined in R” satisfying the following hypotheses:

(L1) (Periodicity) A(y + k) = A(y);
(L2) (Uniform Ellipticity) A|€]? < aij(yE&&; = AE?;
(L3) (Regularlty) ||A||C/11,a(Rn) é g,

where y, & € R" andk € Z" and A, A and o are positive constants such that A < A.
Our main result for linear equations can be summarized as follows.

Theorem 1.1.1 (Main Theorem I). Let m = 2 be an integer and suppose that (L)
satisfies the structure conditions (L1)—(L3). Assume that {u®} .~ is the family of the
solutions of (L) and u is the homogenized limit of {u®}s~o which solves (L). Then
there are interior correctors w; and boundary layer correctors z;, respectively
defined by (2.2.8) and (2.2.9), fork = 1, ..., m such that

[ =0 = O || ooy < CE™ ! (1.1.1)
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forany ¢ € (0, 1), where

= u 4w +etwh 4+ "k, 05 =ef e+ "2,
on 2 and C is a positive constant depending only on n,m,a, o, , A, 2,
”f”cm.a(ﬁ) and ||g||cm+2,oz(§)~

1.2. Fully Nonlinear Equations

Set £2 to be abounded domain of R” with 92 € C" ! andletg € C"21(Q2).
Suppose that F € C" (" x 2 x R™) possesses the following properties:

(F1) (Periodicity) F(M,x,y+ k)= F(M,x,y);

(F2) (Uniform Ellipticity) A [N|| £ F(M + N,x,y) — F(M, x,y) £ A|N|;
(F3) (Reg‘ﬂaflt}’) ||F||C771,1(§L XﬁXR”) § U(l + L),

(F4) (Concavity) F¢M + (1 —t)P) 2 tF(M) + (1 — 1) F(P),

where M, N, P € " with N 2 0,x € 2,y e R", k € Z",and t € [0, 1] and
L > 0, and X, A and o are positive constants such that . < A. The concavity (F4)
is assumed to obtain a C>¢ interior corrector and a concave effective operator F,
by which we get a sufficiently smooth limit profile.

Our main result for fully nonlinear equations is summarized in the following
theorem.

Theorem 1.2.1 (Main Theorem II). Let m = 2 and assume that F satisfies the
structure conditions (F1)—(F4), g € C">1(2) and 32 € C™t>1. Then there
are interior correctors wy fork = 1, ..., [’5]1+ 1 and the boundary layer corrector
0y, respectively defined by (3.3.10) and (3.3.12) such that for any g, € (0, 1),

[t =5, = 05, || ooy = CE'3), Ve € (0, 8], (1.2.1)

where

2 Z1+1
Ny =u+ewi +¢ w§+~-~+8[2]+ w‘f%]ﬂ

on 2 and C > 0 depends only onn, m, e, 0, A, A, F, g and 2.

1.3. Main Steps

In this subsection, we summarize the main strategies of this paper and make a
few remarks on the key features observed in achieving the rates.

Higher order correctors and regularity theory In order to find the next order ap-
proximation, we consider the linearized operator near the previous approximation.
Since the linearized operator belongs to the same class of the previous one, we are
able to proceed our argument in an inductive manner. The relationship between the
current approximation and the next one is quite complicated in the nonlinear setting,
unlike the linear case; however, such difficulty could be overcome by capturing the
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stability of correctors with respect to the shape of the limit profile, but not to the
physical variable x.

Induction arguments and compatibility conditions Our induction argument consists
of two substeps at each main step. First substep is to improve the previous approx-
imation by constructing a globally periodic corrector and then bending it based on
the shape of the limit profile. Then the improved interior approximation creates new
errors, of a higher order, away from the given boundary data. The second substep
is to fix the new errors by constructing a boundary layer corrector.

Additionally, it is noteworthy that at each step of finding the kth order interior
corrector, we encounter a compatibility condition which uniquely determines the
(k — 2)th order interior corrector; It illustrates the reason why the higher order
asymptotic expansion (1.0.1) starts from e-order but not from e>-order, as seen in
much of the literature (for example, [12, 13]). This is closely related to the invariance
of the quadratic rescaling of the governing equation.

Linearization and coupling effects There are two main differences between the
linear and fully nonlinear settings. First, the asymptotic expansion (1.0.1) is made
inside of the operator for the fully nonlinear case, which creates an additional
error unlike the linear case. Readers may compare the Equation (3.3.5) to (2.2.7).
Fortunately, all the additional errors are controllable and have no influence on
determining the order of convergence rates.

Secondly, there is a coupling effect of the fast variable y = ¢~ 'x and the slow
variable x of the interior correctors in the fully nonlinear case, unlike the linear
case. Moreover, it causes the difference in the order of convergence rates as seen
in Main Theorem I and II. The order is closely related to the regularity of interior
correctors, and the coupling effect in the nonlinear case forces the next corrector
to have two “degrees” less regularity than the current one (see Lemma 3.3.2).

1.4. Historical Background

Classical results in the theory of homogenization can be found in the books
[3,4], and the references therein. In particular, the notion of higher order correctors
are introduced in these books, and one can find a higher order convergence rate for
divergent operator on 1-dimensional space. This problem, however, is still open for
higher dimensions where boundary oscillation plays a crucial role.

Periodic homogenizations for first and second order nonlinear equations have
been studied by many authors, such as LiONs ET AL. [18], Evans [12,13], CAF-
FARELLI [5] and MAJDA and SOUGANIDIS [20] and EvaNs and GoMEs [14], etc. Ho-
mogenization with respect to an almost periodic or stationary ergodic environment
has been considered by IsH11 [16], LioNs and SOUGANIDIS [19] and CAFFARELLI ET
AL. [8], etc.

Rates of convergence in the theory of periodic homogenization have been con-
sidered by several authors in various circumstances; for example, CApuzz0 DoL-
CETTA and IsHII [11] and CAMILLI and MARcHI [9] and MARcHI [21], etc. In a
stationary ergodic setting, also see CAFFARELLI and SOUGANIDIS [7]. However, as
far as we know, there has been no literature concerning higher order convergence
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rates for homogenization of both linear and nonlinear elliptic equations in nondi-
vergence form.

1.5. Outline

This paper is organized as follows. Section 2 is devoted to linear equations. We
review the basic homogenization scheme via the viscosity method in Section 2.1.
Interior and boundary layer correctors of higher order are obtained in Section 2.2.
We present the proof of Main Theorem I in Section 2.3. Section 3 is devoted to
fully nonlinear equations. The basic homogenization scheme of fully nonlinear
equations is shown in Section 3.1. In Section 3.2 we investigate the regularity of
the effective operator and the corrector function in the slow variable. In Section 3.3
we seek the higher order interior and boundary layer correctors, and finally prove
Main Theorem II in Section 3.4.

1.6. Basic Notations and Terminologies

— .Misthe space of all n x n symmetric matrices. || M || denotes the (L%, L?)-norm
of M (thatis, ||[M| = SUP | y|=1 |[Mx)).

— By(x) ={y : |ly — x|l < r} where x can be a point in R” or .¥’". By B, we
denote B, (0).

- Or(x)=(-r/2,r/2)" C R". As above, by Q, we denote Q,(0).

— For the defintion of the classes S(A, A, f) and S*(1, A, f) of viscosity solu-
tions, see [6].

— Given ¢, ¥ € C(£2), ¢ is said to touch y» by above (resp., by below) at xq in
RLifex) Z ¥ x) [ resp., p(x) = < ¢ (x)] for all x € £2 and ¢ (xg) = V¥ (xg).

- Ck(2) and CkY(2) denote Holder (0 < « < 1) and Lipschitz (@« = 1)
spaces. ||-|I* and ||- ||
[15]).

— D,F [resp., D, F]is the partial derivative in M-variable [resp., in x-variable].

— We use the summation convention of repeated indices.

— Unless otherwise stated, we always follow the following convention of con-
stants: by ¢,, C;, we denote dimensional constants; by co, ¢, Co, C we denote
the positive constants which depends only on the structure constants appearing in
the structure conditions (L1)—(L3) or (FD)—~(F4);by Cy, ... pand C(f1,- -+, fx)
we denote positive constants depending on the constants in the structure condi-
tions and further on fi, ..., fr where f; can be a constant, a function, etc.

are adimensional norms (see Chapter 4 of

Ck,a(_(z) Ck u(Q)

2. Linear Equations in Non-Divergence Form

2.1. Basic Homogenization Scheme

_ Letus fixe > 0. The coefficient matrix (a;; (-/ €)) of (L) is uniformly elliptic in
£2 with constants A and A, and belongs to C™“(£2). According to Theorem A.0.2
(e) and (f), there exists a unique solution u® € C™+>%(2) of (L,). In [13] it is
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shown that {#¢}~¢ is uniformly bounded in C%(£2) and hence has a limit. For the
sake of completeness, we prove a weaker result that {u®}.~ o has a uniform modulus
of continuity, which still guarantees the existence of limit.

Lemma 2.1.1. Let {u®},=0 C C"™29(2) be the unique family which solve (L)
for each & > 0. Then there is a function u € C(S2) and a subsequence {u°*}7° | of
{1 e=0 such that u®* — u uniformly in 2 as k — oo.

Proof. We have u® € S(A, A, f) in £2 for all ¢ > 0 by the assumption (L2).
By the setting, g has a modulus of continuity p(r) = [g]qe (§)r°‘ . Since 9082 €

Ccmt2.e 0 satisfies a uniform sphere condition, say with radius R > 0. Thus,
Theorem A.0.2 (d) implies that u® has a modulus of continuity p*, which depends
only on 1, %, A, |l (@) » 18]l (), diam(£2), R and p.

As the modulus of continuity p* is independent on ¢, the family {u®}.~¢ is
equicontinuous on £2. Moreover, by an a priori estimate we have [u®|| L) =
Clfllzeo(y + llgllLoo(s2y)> Where C depends only on n, A, A and diam(s2), for
each ¢ > 0.

Now the conditions for the Arzela—Ascoli theorem are met, which ensures the
existence of a subsequence {u®}}° | of {u®}.~o which converges uniformly in 2.
O

The limit function u will later turn out to be unique and satisfy (L) in the
classical sense. The next lemma plays a key role in proving this fact. The proof can
be also found in [2]; nevertheless we contain the proof for completeness.

Lemma 2.1.2. For each M € " there exists a unique y € R for which the
following equation admits a 1-periodic solution

aiijl.ij—{—a,-jM,-j =y inR". 2.1.1)

Moreover, the solutions of (2.1.1) lie in C>%(R") and are unique up to an additive
constant.

To prove this lemma we consider the following penalized problem for § € (0, 1).

Lemma 2.1.3. Let M € /". There exists a unique bounded 1-periodic solution
w® of
aij Dy,y,w’ + a;jM;; — sw’ =0 inR" (2.1.2)

for each § € (0, 1). Moreover, w® lies in C**(R") with the estimate

sup |8’ || oy < CIMII. (2.1.3)
0<d<1

Proof. In view of Theorem A.0.1 (a) (with F(N, y) = a;;j(y)Nij + a;;(y)M;;),
we know that (2.1.2) has a comparison principle. By the hypothesis (L2), all the
eigenvalues of (a;;) lie in the interval [A, A], which implies that

|| aij Mij HLOO(R") S nllAMlcewn IMIl = no |M]|. (2.1.4)
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It then follows that the constant functions w® = —no [|M|| /8 and wé. = no | M]| /8

are a subsolution and a supersolution respectively to (2.1.2) for each § € (0, 1).
Thus, Perron’s method [Theorem A.0.1 (b) with F' (N, y) = a;; (y)N;j+a;;j (y)M;j,
u=w’ andv = wi] ensures that there is a unique bounded 1-periodic viscosity
solution w? € C(R™). It follows immediately that

sup [ 8w || oo gy < no 1M 2.1.5)
0<d<l1

Let us apply an interior Schauder estimate in a ball B ﬁ(yo) for yo € R" [see
Theorem A.0.2 (e)]. Then w’ € CZ*“(BW/Z(yO)) and there is cq such that

0 1 €2 o = €0 (107 [ 1oy oy 1 1411) = 2087 oo 1)

Since yo was chosen in an arbitrary way and B/, ,(yo) contains a periodic cube,
the estimate (2.1.3) is verified with C = 2n8 " lcgo. O

We observe that the oscillation of w? is bounded independent of 8, although its
L®° norm is not bounded in a uniform way.

Lemma 2.1.4. Let M € /" and w® be the unique solution to (2.1.2). Then

sup oscw’ < C[|M]. (2.1.6)
0<s<1 R”
Moreover,
~5
sup [ || o 50y = € 1M 2.1.7)
0<d<l1

where W% := w® — w?(0).

Proof. Define w?(y) := w®(y) — mings w® > 0 in R”. Note that ®° and w?®

achieve its global maximum and minimum, and ¥® € C>%(R"). Additionally,

oscrr w® = maxp» W°. Moreover, plugging %° into (2.1.2) we obtain

aij Dy,y,0° — 80° = Srﬁin w® —a;;M;; inR". (2.1.8)

Let us restrict our domain to B, (o) where yo is an arbitrary point in R”". Note
that B N (yo) contains a periodic cube Q1 (yp). Thisimplies that sup B i 2 (00) e =
supgs 1° and inf i (00 w? = infgps W® = 0. Now we apply the Harnack inequal-

ity over Bﬁ(yo) to (2.1.8) [see Theorem A.0.2 (a) with f = § mingn w? —aijM;j].
Then

< 2cor"'no M|
L®(B /7 (30))

sup w° <o
Bﬁ/z()‘o)

)\_1 (8 Iﬁlﬂn w‘s - a,-jMij)

here we utilized (2.1.4) and (2.1.5). Since the above bound is independent of § €
(0, 1), and since yy is an arbitrary point, we have shown (2.1.6) with C = 2cgA™ Lo
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Now define w°(y) := w’(y) — w®(0) in R". By (2.1.6), |@’| < & ||M]| in R"
where &y = 4cor ™ no . Moreover, W’ € C2%(R") and satisfies

al'ijiyjﬁ)a + a,‘jM,'j — 81])5 = 5w6(0) in R".
Using a similar argument when proving (2.1.3), we get

SUp [ 5° || o, gy = E1c0n0 7+ 1) 1M,
0<é<l

which verifies (2.1.7) with C = éjcono(A "' +1). O
Now we are ready to prove Lemma 2.1.2

Proof of Lemma 2.1.2. Inview of (2.1.5), we can take a subsequence {3y w (O)},‘:‘; 1
of {8w’}gs~1 and a number y € R such that w® (0) — y as k — oco. Then
(2.1.6) implies that 8 w® — y uniformly in R” as k — oo.

On the other hand, by the compact embedding, the uniform estimate (2.1.7)
yields that

||8kw3k —y ||L°°(R”) + Hli)ak - wHCZ(Rn) —0 as k— 00, (2.19)

for some 1-periodic w € C>%(R"). Note that one may need to take a further
subsequence of {8;}2 | to ensure the convergence above.

By the stability of viscosity solutions, w solves (2.1.1) in the viscosity sense.
Then the C>(R")-regularity of w forces itself to be a classical solution.

To this end we prove that the constant y is unique. Suppose to the contrary
that there is another y’ € R to which a subsequence of {Sw®}o-s~1 converges
uniformly in R”. Denote w’, which belongs to C>%(R"), by the corresponding
limit of a subsequence of {11)5}0<5<1.

Assume without loss of generality that y < y’. As w and w’ are bounded, we
are able to add a constant fy to w in such a way that w’(yg) + fo < w(yp) at a point
yo € R". Take #; by the infimum value of ¢ such that w’ + ¢ = w in R". Then
w’ + 1 touches w by above at a point y;. Since w is a solution of (2.1.1),

Y £ aij(y1)Dy,y; (' +11)(01) + aij y)Mi; =y,

which is a contradiction. This shows that the constant y must be unique.
Furthermore, the Liouville theorem (for example, Theorem A.0.2) implies that
the uniform convergence (2.1.9) could be made along the full sequence; that is, the
limit function is also unique.
The last assertion of Lemma 2.1.2 is also an easy consequence of the Liouville
theorem. O

From now on we denote w®(-; M) by the unique solution of (2.1.2) for a
given M € .. Also WP (-; M) := w®(-; M) — mings w®(-; M) and 0’ (-; M) :=
w?(-; M) — w®(0; M). In addition, let us write w(-; M) by the solution of (2.1.1)
for a given M € ."* which is normalized by 0; that is, w(0; M) = 0.

By Lemma 2.1.2 we can understand y as a functional M +— y (M) on ./".
The linear structure of the Equation (2.1.1) allows us to obtain further information
about the functional y which is stated in the next lemma.
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Lemma 2.1.5. Let y be the functional on " obtained from Lemma 2.1.2.

(i) There is a constant symmetric matrix (a;;) such that y (M) = a;;j M;;.
(i) The matrix (a;;) is elliptic with the same ellipticity constants of (a;;); that is,
ME? S aij&iE; S Al forall § € R™.

Proof. The assertion (i) is a direct consequence of Lemma 2.1.3, and is left to the
readers.

We prove the assertion (ii). Since the proofs are similar, we only show the
first inequality. Choose any ¢ > 0 and assume for a contradiction that there exists
& e R" for which @;;§&; < (A — €)|£]. In view of (2.1.9), there corresponds
8 € (0, 1) for which ||sw’(+; & - &) — @;j&€; HLOO(R,,) < ¢|&|*. For the moment
we abbreviate w’ (-; £ - £') by w®. Then

aij Dyy,w® = 0w’ — aij&ik; < ||8w° — Gijik) || oo o, + @ijij — HEP) < 0
in R”, which is contradictory to the fact that w® achieves a global minimum. 0O

The constant matrix (a;;) from Lemma 2.1.5 is called the effective coefficients
of (a;;) in the following lemma. It is proved in [13], but we present the proof for
completeness.

Lemma 2.1.6. Suppose that (L) satisfies the structure conditions (L1)—(L2) and
let {u}e=0 C C"2%(2) be the family of solutions to (L,). Then there exists a
unique function u, which has a modulus of continuity on 2, such that u® — u
uniformly in 2 as ¢ — 0. Moreover, u € C"™+t>%(2) and it solves

{a,‘jDijMZf in .Q, (Z)
u=g onds2.

Proof. We already proved part of the first assertion in Lemma 2.1.1. Since u® — u
uniformly in £2 up to a subsequence and u® = g on 3£2 for all ¢ > 0, we have
u = g on 3£2. On the other hand, the maximum principle implies that (L) has at
most one solution. Therefore, the convergence of u® — u is valid without extracting
a subsequence.

We claim that u is a viscosity solution to (L). If it is true, then Theorem A.0.2
(e) and (f) imply that u € C" 2% (2).

Thus, we are only left with proving the above claim. Let P be a paraboloid which
touches u by above at xg in a neighborhood. By replacing P by P + n|x — xo|?
(n > 0) we may assume that P touches u strictly by above. Assume, to the contrary,
thata;; D;j P — f(xo) < 0. By the continuity of f, we can choose r > 0 in such a
way that B, (xo) C 2 and a;; D;; P — f(x) < 0 for any x € B, (xo).

Define P¢(x) := P(x) 4+ e2w(e~'x; D?P). Note that P¢ € C>*(£2). In view
of (2.1.1) we obtain

aij () Dij P () = f(x) =@y Dy P = f(x) < 0 in By (x0).

Hence, P? is a supersolution of (L) so that the strong maximum principle implies
(u® — P?)(x0) < maxyp, (xy) (u® — P?). Letting ¢ — 0 then gives maxyp, (x,) (1 —
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P) = 0, which violates the assumption that P touches u strictly by above at xo.
Therefore, a;; D;j P — f(x) 2> 0 for any x € §2. This shows that u is a viscosity
subsolution of (L).

In a similar manner, we are able to prove that u is a viscosity supersolution of
(L). This completes the proof. O

2.2. Interior and Boundary Layer Correctors

In this subsection, we seek the interior and boundary layer correctors. We make
aremark from the previous section before we begin. Recall from the linear algebra,
(EUi, j = 1,...,n} is the standard basis of .#”. Any matrix M € .#" can be
written as M = M;; E"/ where M = (M;;). Set M = E* in Lemma 2.1.2 for
k,l €{1,...,n}and write x*' := w(:; EK) € C%*(R"). Notice that x*/(0) = 0.
In view of (2.1.1) and Lemma 2.1.5 (i), x* solves

ai;Dij xM 4+ ay = ay. (2.2.1)

Multiplying (2.2.1) with Mj; and summing over the indices k,/ = 1, ..., n, we see
that x* My, solves (2.1.1) with M = (My;). Define

wa(y, x) = xM () Dy (x) + ¥2(x) (y € R", x € 2),

where u is given by Lemma 2.1.6 and ¥, is chosen arbitrarily from Cl"’“(ﬁ)
for the moment. By Lemma 2.1.6, wa(-, x) € C>*(R") for each x € £2 while
wa(y, -) € C"™%(£2) for each y € R"™. Moreover, w (-, x) solves

aijDy,y,wa(, X) + a;j Dy, x;u(x) = 0 in R”

for each x € £2. We call w, the second order (interior) corrector of (L ). The first
order corrector will be defined afterward as a compatibility condition of the third
order corrector.

Interior correctors of higher orders are discovered in the similar direction.

Lemma 2.2.1. There are a family {a;, ;|1 Sipy.oip £ nk 2 2} of con-
stants and a family {x"'"'%|1 < iy, ...,ix < n,k 2 2} of I-periodic functions in
C2%(R") which satisfy the following recursive equation

ajj D,'j)(il"'ik + 2a,~kj Diji]"'ik’l + a,'kfll'k)(il"'ik’z =aj,..i in R" (2.2.2)

foreach 1 < iy, ...,ix < n. Here we undeijstand x = land x' = 0 for each
i =1,...,n. Furthermore, for eachk 2 2, x'1--'*(0) = 0 and

<Ci, Y1<ip,....ix<n. (2.2.3)

|Ei1...ik| + H X”mlk

sz“(]R")

Proof. We already know {a;;}; j—1,....» and { Xif }i,j=1,...,n from the comment above
this lemma; one may notice that (2.2.2) is exactly the same with (2.2.1) if k = 2.
The constant C; can be taken by the sum of those from (2.1.3) and (2.1.7).

The construction of the families {a;,. ; } and {x i1--ik} (for k > 3) can be done by
an induction argument, mainly following the lines of the proofs of Lemmas 2.1.2,
2.1.3 and 2.1.4. Avoidance of the redundancy we leave to the readers. O
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Now letm = 3. By Lemma 2.1.6 we have u € Cmt2e (). Forl <k <m—2,
define ¥ € C" k2.2 (2) recursively by the unique solution of

k+2 —
[aUDx,xj'(ﬂk—_zl =3 dij.. t[Dx,l x,l'(pk 142 in £2,

(2.2.4)
Yr =0 on 952,

where we understand 19 = u. This can be done by an induction argument. Fix k

and suppose that y; € C"!+2%(2) forall 0 < I < k. Then the right hand side of

(2.2.4) belongs to C™ —k.e (£2). Now the existence and regularity theories ensure that

the boundary value problem (2.2.4) attains a unique solution ¥ € C m—k+2.2((2).

This induction holds because the induction hypothesis is met for k = 1.
Furthermore, we have the following:

Lemma 2.2.2. Let m 2 3 and set Y as above for 1 <k < m — 2. Then

||wk||cm—k+2.a(§) g C‘ﬂ‘k,m,.Q (”f”cma(ﬁ) + ”g||cm+2a(§)) s (2.2.5)
foreachk =0,1, ..., m — 2, where we understand o = u.

Proof. Sinceu € C"+2%(2) solves (L) andsince f € C"™*(2),g € C"T>%(2)
and 82 € C"*2% Theorem A.0.2 (f) and an a priori estimate yield that

lllcniza@) S Cm (If lcmagz) + 18lcns2e@) ) -

The proof is finished by adopting an induction argument. One can also prove that

k+2

Cima < Cnir2.02 D, CiChirama.
=3

O

Setforeach1 <k <m

k
wi (v, %) = D X" Dy oy Yht () + Yi(x) (v €R", x € 2), (2.2.6)
=1

where ¥,,_1 € C>*(2) and ¥, € C>(2) are arbitrary functions which satisfy
the inequality (2.2.5) respectively when k = m — 1 and m. Recall that we have set

i =0foralli = 1,...,n, which implies that wy(y, x) = ¥ (x); that is, wy is
independent of the y-variable.

Lemma 2.2.3. Let m = 3 be an integer and wy, be given by (2.2.6) for each k =
1,...,m. Then wi(-, x) € C2*(R") foreachx € 2 and wy(y,-) € C"*+22(2)
for each y € R" with the estimate

llw (-, X)||c2~a(Rn) + llwie(y, ')||cm—k+2,a(§)

< Coma (I lema@) + I8lonszaq)) -

where Cim.0 = Zle nICICik,[,m,Q + C’k,m,g foreachk =1,...,m
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Moreover, for 3 < k < m, wy solves recursively
a,-ij,.y_j wy + 2aiijl.yj Wi—1 + aiij[x_/ wr2 =0 inR" x 2. 2.2.7

Proof. The estimate follows from (2.2.3) and (2.2.5). The Equation (2.2.7) is im-
mediate from (2.2.2) and (2.2.4). O

Define now the kth order interior corrector w; of (L) for each 1 <k < mand
e > 0by

€ X O
we (x) 1= wy (g,x) (x € 2). (2.2.8)

By Lemma 2.2.3, wj € C 2.2 (82) for each ¢ > 0. Thus, the following boundary
value problem has a unique solution lying in C>*(£2);
Zp = —wy on df2.

We denote the solution by z; and call it the kth order boundary layer corrector of
(L¢). Lemma 2.2.3 yields a uniform bound of zi, namely,

sup | 2 HLOO(.Q) < cosup || wy ||L°°(.Q)
e>0 e>0
< coChmsz (If lcmagz + 18lcns2e@) ) -

Note that for any ¢ > 0,z = O on 2, since w{ = 1 on 2 where V| vanishes on
052.

2.3. Proof of Main Theorem [

We are now in position to prove Main Theorem 1.

Proof of Theorem 1.1.1. Fix & > 0. Let w; and z; be defined as in the previous
section foreach k =1, ..., m. Define
e = u A+ ewt + 2wh + -+ "wt, 05 = ezl + 6225 + -+ "2,

on £2. Then both n%, and 6;, belong to C22(2). We utilize (2.1.1), (2.2.7) and
(2.2.9). A lengthy but elementary computation gives

X X _
ajj (;) D,’j(n,il—i-eri):aij (;) D,‘j}]%:f‘}-em 1(pfn
in £2, where

m—1

X P X X PR X
o) => [Zai,j (;) Dy, "1 (g) + aip_yiy (g) Xt (g)]

=2
X Dx,-] “eXip Wm—l—l ()C)

&

m
X T X
oS an (_) U (g) Dy oy Ym-1(x)  (x € 2).
[=2
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Now we set ¢ € (0, 1). According to (2.2.3) and (2.2.5), we have

||¢fn || L®(£2) é Lm,Q (”f”cm,a(ﬁ) + ||g||Cm+2.a(§))

+ M1 Cm260,9:| .

Here Cj. and C‘k are the constants chosen as in (2.2.3) and (2.2.5).
On the other hand, we have n¢, + 65 = g + > o, e (wf + zf) = g on 32.
Thus, u® — 1%, — 65, € C>%(£2) solves the following equation,

ajj (f) D,-jv = —Sm_lgpfn in £2,
v=_0 on d52.

An a priori estimate then gives

H u® — 1y, — 0, H L°(2) = coLlm.o (||f||crn,a(§) + ”g||cm+2,a(§)) .

3. Fully Nonlinear Equations in Non-divergence Form

3.1. Basic Homogenization Scheme

This subsection is devoted to the homogenization process of (F) to (F). It
generalizes the homogenization result of linear equations (see Section 2.1). One
may find a general argument in [13] for some lemmas. However, we present all the
proofs which are adequate for our situation.

Lemma 3.1.1. Assume for each ¢ > 0 that u® € C (2) is a viscosity solution of
(Fe). Then there is a function u € C(82) and a subsequence {u®}7° | of {u®}¢~0
such that u®* — u uniformly in 2 as k — oo.

Proof. The proofis identical to that of Lemma 2.1.1. One may notice that the proof
of Lemma 2.1.1 does not involve the linear structure of (L.). O

As we did in Section 2.1, we will ascertain the effective equation which u
solves in the viscosity sense at the end of this section. Before we start, we point
out that the argument throughout this subsection is valid by only assuming that
F € COY(B; x £2 x R") for each L > 0 [that is, (F3) with m = 0].

Lemma 3.1.2. To each (M, x) € .9" x 2 there corresponds a unique y € R for
which the following equation
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F(Diw—i—M,x,y):y in R" (3.1.1)

attains a I-periodic solutionw € C>*(R"). Moreover, w is unique up to an additive
constant. Moreover, if the solution w satisfies w(0) = 0, then

||w||C2,a(Rn) < Cimy- 3.1.2)
As we did in the linear case, we start with an approximating problem.

Lemma 3.1.3. Let (M, x) € /" x 2 and § € (0, 1). Then there is a unique
bounded I-periodic function w® € C>%(R") which solves

F(Dyw’ + M, x,y) —éuw’ =0 inR", (3.1.3)
with the uniform estimate
sup || sw® ||C2,Q(R,l) < Cymy- (3.1.4)
0<d<l1

Proof. Fix (M, x) € ." x §2. The unique existence of the solution w?® t0 (3.1.3)
follows the same argument as in Lemma 2.1.3, so is omitted. Moreover, we have

sup [[8w? || gny £ 0 (1 + M. (3.1.5)
0<é<l1

To improve the regularity of w’® to C>%(R") we make use of interior C>*
estimate [Theorem A.0.2 (e)] instead of the interior Schauder estimate. We know
from the hypothesis (F4) that F is concave with respect to M and from the hypothesis
(F3) that for any y, yo € R”

,B(yy) sup |F(M+N’X,Y)—F(M+N,x,}’0)|
9 0 =
Nesn L+ [Nl
S oL+ 1IMIDIy = yol- (3.1.6)

On the other hand, since w® is a solution to (3.1.3) in R", we have w® e

S(A/n, A, Swd — F(M,x,-))inR". As we ~res_trict ourselves to the cube Q;, we
obtain from Theorem A.0.2 (b) that w® € C%(Qy) and [|w’ || o5 ) < co(6~" +

2)o (1 + ||M|]), for each § > 0. Since Q; is a periodic cube of w®, we obtain a
uniform Holder estimate on w® over R”, namely,

sup | 8w | oy < 3coo (1 + 1M (3.1.7)
0<d<1

Now Theorem A.0.2 (e) applies to w? so that we get a constant Cym) > 1for
which w® € C>*(B .- Ji(0)) and

1M

|| w5 || ZZ'Q(ECwl”«/E(yO)) § CllMH (H w‘S HL“J(Bﬁ()’O)) -+ 1) § é"MH(S_l,

where ||-|| is the adimensional C%> norm on E. Since yo € R" was an

*
C2¥(E)
arbitrary point and B_/;(yo) contains a periodic cube of w?, we obtain the estimate
(3.14). O
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Our next step is to find a uniform bound of the oscillation of w? for § € (0, 1).

Lemma 3.1.4. Let M € .", x € 2 and w® be the unique solution to (3.1.3). Then

sup oscw’ < C(1+ [M])). (3.1.8)
0<s<1 R?
Moreover, there holds
)
sup ||w ch,a(Rn) < Cymj» (3.1.9)
0<é<l1

where W% := w® — w?(0) in R™.
Proof. The proof follows the line of the proof of Lemma 2.1.4. O

It is noteworthy to observe that the derivatives of w® are bounded independent
of § € (0, 1). To be specific, since Dw’ = DW® and D*w® = D2w?, we obtain
from (3.1.9) that

sup (” Duw’ || .- H D2uw? H

+ [Dzwa]ca(R")) < Cimy-
0<s<I )

(3.1.10)

Loo(Rn

We are now in position to prove Lemma 3.1.2.

Proof of Lemma 3.1.2. One may notice that the proof of Lemma 2.1.2 has nothing
to do with the linear structure of (2.1.1). Indeed, (3.1.5) and (3.1.9) respectively
correspond to (2.1.5) and (2.1.7). Hence, by the compact embedding, we are able
to extract a subsequence {Skw‘sk, d)‘sk},‘z‘;l from {Sw‘s, 17)‘3}0<5<1 such that

8w =¥ || oo ny + 0% = w|| cony — 0 as k —> 00, B.11D

for some y € R and w € C>%(R"). In addition, we have that |y| < o (1 + |M])
and ||w||Cz.a(Rn) < C)my- The rest of the proof is exactly the same with that of
Lemma 2.1.2 and hence is omitted. 0O

Definition 3.1.5. Let (M, x) € 9" x £2.

(i) For each § € (0, 1), we denote w® (-; M, x) by the unique bounded 1-periodic
solution of (3.1.3) and W®(-; M, x) = w’(-; M, x) — w®(0; M, x) in R". By
the uniqueness of the solution, we can understand w®(y; -, -) as the mapping
(M, x) — w’(y; M, x) defined on .#" x 2 for each y € R".

(i) In a similar way, we write F(M, x) by the unique number y of (3.1.1) and
w(-; M, x) by the bounded I-periodic solution of (3.1.1) which is normal-
ized by w(0; M, x) = 0. Again the uniqueness allows us to understand F
[resp., w(y; -, ) for each y € R"] as the mapping (M, x) — F(M, x) [resp.,

w(y; M, x)] defined on " x 2.
Note that (3.1.1) now reads

. - .
{F(Dyw+M,x,y)—F(M,X> in R", (3.1.12)

w is 1-periodic.
The next lemma states that §w’® and w? are locally Lipschitz continuous in

(M, x). One may also find a proof for (3.1.13) in [1, 13] regarding a more general
situation. The proof for (3.1.14) can also be found in [21] with a different argument.
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Lemma 3.1.6. For any L > 0 and (M, x), (M, x') € By x §2, we have

[[dw’(: M/, x") — 8w’ (- M, x) || Lrony S CL( | M = M| +1x" = x]),
(3.1.13)

and

[9°C; M%) = 0 (5 ML) || oo ny S CL(| M= M| + 1 = x1).
(3.1.14)

Proof. For brevity, let us denote by v‘f [resp., vg] the function w?® (s M', x') [resp.,
w’(; M, x)]. Also by 13‘15 [resp., 173] we denote w’ (; M, x') [resp., W% (-; M, x)].
We prove (3.1.13) first. By the Lipschitz continuity of F, we get

F(Dyv) + M, x,y) Z 805 —o(1+ L)(||M — M| +|x' —x|)

which implies that v3 — §~'o'(1 + L)(||M’' — M|| + |x" — x]) is a subsolution of
(3.1.3). By the comparison principle (Theorem A.0.1), we arrive at

sv) —8v) So(1+L)(||M — M| +Ix' —x]) inR"

By a similar argument, we obtain (3.1.13) with C; = o (1 + L).

Now we move on to the proof of (3.1.14). The main idea is to use the lin-
earisation of F. Define afj = fol Fp; (N}, x;,)dt and b} = fol Fy (N2, x;, )dt
where N := t{D*v} + M’} + (1 — ){D*v} + M} and x; := tx + (1 — £)x'.
It is immediately apparent from the structure conditions (F1)—(F3) that afj and b,‘z
@@, j,k =1,...,n) are 1-periodic and uniformly bounded in R" by the Lipschitz
constant of F. Furthermore, (afj) is uniformly elliptic with the same ellipticity
constants A and A of F.

Now define v% := v‘lS - vg and 9% := f)‘f — f)g. Then v?, 3% € C2*(R") solve

al; Dijw + afy(M]; — M;j) + b(x, — xz) = 8v° inR". (3.1.15)

As this equation belongs to the same class of (2.1.2), we arrive at the conclusion by
the same argument used in Lemma 2.1.4. We leave the details to the readers. O

Lemma 3.1.7. The convergence in (3.1.11) is uniform in (M, x) € B x §for
each L > 0; that is,

. 5. = _
§£‘}) sup [ 6w’ (s M, x) — F(M, x) | Lo@n = 0 (3.1.16)
(M,x)eBLx 2
and
lim osup ([0 C; M, x) = w(s M) | g = 0. (3.1.17)

820 (1 x)eB, x 2
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Proof. Fix L > 0.PutC; = sup{Cjy : M € B }andthentake C; = max{o (1+
L), Cp}. Then it follows from (3.1.5) and (3.1.9) that for any § € (0, 1),

sup {||3w5(-; M) || ooy« | 8% G5 M, x)||cz,a(R,,)} < €. (3.1.18)

(M,x)eB x2

The above uniform estimates allow us to extract a subsequence {83 w Yoo, [resp.
{w%}2° ] from {Sw’}o<s<1 [resp. {h°}o<s<1] such that (3.1.11) holds regardless
of a particular choice of (M, x) € ‘B x 2. The rest of the proof is the same with
that in Lemma 3.1.2. 0O

It is an immediate consequence of Lemmas 3.1.6 and 3.1.7 that the effective
operator F and the corresponding corrector w(y; -, -) are locally Lipschitz contin-
uous (uniform in y). Due to its particular role in the rest of this paper, we present
the statement without proof.

Lemma 3.1.8. F and w(y; -, -) are Lipschitz continuous locally in .#" and globally
in 2. Moreover, the Lipschitz continuity of the latter is uniform in y € R".

There are additional properties of F. A more general proof is contained in [13].
Here we make a slight adjustment of the proof according to our situation; the main
difference is that we have C>“-corrector, which makes the proof simpler.

Lemma 3.1.9. (i) F is uniformly elliptic with the same constants A and A of F.
(ii) F is concave on .

Proof. The proof for the assertion (i) is similar to that of the assertion (ii) of Lemma
2.1.5, so is omitted.
Now we establish the proof of (ii). Let M, N € . and x € £2 be given. For
simplicity let us write w™ by the solutions of (3.1.12) with respect to M.
Suppose toward a contradiction that there is some ¢ € (0, 1) and M, N € ./"
such that

FGM+ (1 —=0N,x) <tF(M,x)+ (1 —=1)F(N, x).

Put X :=tM + (1 — t)N € .#". Adding a constant to w¥ if necessary, we may
assume that w* < rw™ 4+ (1 — )w? in R”. Then we obtain from the concavity of
F that

F(X,x) <tF(M,x)+ (1 -0F(N,x) < F(X + Diw” + (1 —nw"), x, y)

in R". However, since F(X + D%wX, x,y) = F(X, x) in R", the comparison
principle implies that w* > rw™ + (1 —r)w" in R”, which is a contradiction. O

As we mentioned in the beginning of this section, we determine the equation
which u solves in the viscosity sense.

Lemma 3.1.10. Assume that F € C("" x 2 x R") satisfy the hypotheses (F1)—
(F4). Then the function u from Lemma 3.1.1 solves
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f(Dzu,x) =0 inS$2,
u=g on dsx2.

Moreover, u is unique and belongs to the class of C>*($2).

Proof. The proof of that u is a viscosity solution of (F) is similar to that of Lemma
2.1.6. Instead of using strong maximum principle, one may take advantage of The-
orem A.0.1 (a). The details are left to the readers.

Aslong as we know that u solves (F), the fact that u € C>%(£2) follows readily
from Theorem A.0.2 (e). The proof is similar to that in Lemma 3.1.3, so the details
are omitted; instead of taking advantage of (F1)-(F4), we use Lemma 3.1.9 (i)-
(iii). We make a remark here that the exponent « is the same with which we chose
in Lemma 3.1.3 because the ellipticity constants of F coincide with those of F
[Lemma 3.1.9 (i)]. O

3.2. Regularity of the Effective Operator and the Corrector

In the previous subsection, we observed that the Lipschitz regularity of F, in
particular in the (M, x)-variable, yields the Lipschitz regularity of F and w ;- 9,
where the regularity for the latter is uniform in y € R". It is then natural to ask
whether higher regularity of F in (M, x)-variable gives higher regularity for F and
w(y; -, -),and we prove in this subsection that the answer is affirmative. Specifically,
we observe that they have the same regularity as F does. This regularity result plays
the key role in the rest of this paper, especially in seeking higher order interior
correctors. To be precise, we observe the following:

Proposition 3.2.1. F and w(y; -, -) are C"™ " locally in .#" and globally in $2 and
forany L > 0,

||F||Cm,l(§LX§) +lw, - ez, <o) SCrm (3.2.1)
Moreover, for any (M', x'), (M, x) € By x $2, there holds

S “D;',D){w(-;M’,x/)—D;’,D;w(.;M,x)’
0Si+jS<m—1
S Com(||M = M| + Ix" —x]. 322

C2a (Rn)

Remark. Note that the estimate (3.2.2) implies that vaw(y; ) e c" LBy x

2) for i = 1,2. This will turn out as the coupling effect as we mentioned in
Section 1.

Before we begin the proof, let us illustrate the heuristics of our argument. In the
first place, we only assume that F satisfies the structure condition (F3) withm = 1,
which means that F is C!! locally in .#” and globally in £2 x R”, and arrive at
the conclusion that F and w(y; -, -) are also C! locally in .%” and globally in £2.
We also observe that the equation, which involves the partial derivatives of F and
w(y; -, -) in M and x-variable, satisfies the same structure conditions of F. This
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implies that under our original assumption (F3) we are able to iterate the argument
to get C™ ! regularity of F and w(y; -, -) which is local in . and global in £2.

As the first step, we prove that if F € C L1 then the L>®-norm in (3.1.13) and
(3.1.14) can be improved by C>*-norm.

Lemma 3.2.2. For each L > 0 and (M, x), (M', x") € B x 2, there hold for all
§e€(0,1),

||8w8(» Mlv -x/) - 8w8(7 Mv -x) Hc2.a(Rn) g CL(HM/ - M|| + |X/ —Xl)
(3.2.3)
and

[[@°Cs M, 5"y = 0 (5 ML) || gy S Co([[ M= M| +1x" =x]). (324

Proof. The main idea has been already introduced in the proof of Lemma 3.1.6.
We only need to obtain a uniform C* 0. (R™)-estimate on the linearized coefficients

al i and b‘S recall all the notations used in Lemma 3.1.6. Here we only present the

proof for ai T since that of b,‘z follows the same argument.

t HLOO(RH) § CL+
So(CL+L+1).
LOO(R)L

N () =N ) || £ Criyr = y2l*
Thus, the periodicity of a ylelds that [al j]COa(Rn < C 1, where C L =0(Cp+
CO’O‘(R”) é 2CL

It is also easy to see that || 5v° || coagn S 600 (1 + L). Therefore, we may
apply the interior Schauder estimate to (3.1.15) ina ball B_/; containing a periodic
cube to get the conclusion, as in Lemmas 2.1.3 and 2.1.4. O

L. Hence, we deduce from the condition (F3) that H a‘s

Again by (3.1.10), for any Vi, 2 € 01, |

L+ 1)(Cp+1). Summmg up, we get that H a;;

As a corollary, we obtain the same Lipschitz continuity of w(y; -, -) in (M, x)-
variable which is uniform in the C%¢(R")-norm.

Lemma 3.2.3. For each L > 0 and (M, x), (M', x") € By x $2, there holds
[w(s M x") = w( M) || wgny S Cr(||M = M| + 1 —x]). (3.2.5)
Proof. Apply the uniform convergence (Lemma 3.1.7) to get
s M) = wCs M) | oy < Co | M= M| + 13 ).

Then use the uniform boundedness of C%% (R")-norm of w(-; M’, x') —w(-; M, x)
(Lemma 3.1.2) and the compactness embedding to improve this inequality to
C>*(R")-norm. 0O

In the subsequent two lemmas, we show that F and w(y; -, -) are differentiable
and further that the partial derivatives are locally Lipschitz continuous on .#” x £2.
The former is done by linearizing the Equation (3.1.12). In order to get the latter,
however, we need to begin our argument from the linearized Equation (3.1.15).
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Lemma 3.2.4. There exist Fpkl, ka, Dy w(y; -, -) and Dy w(y; -, ) foreach 'y €
" on .S x §2. In addition, there hold for any L > 0 and (M, x) € By x £2,

|F

’ Xk

Pkl

)7
| Dyw (s M, %) || o0y < ClL (3.2.6)
C=4(Rm)

Proof. Here we only provide the proof for the M-partial derivatives of F and
w(y; -, ). The argument for the x-partial derivatives is similar so we omit it to
avoid the redundancy.

Pick any L > 0 and (M, x) € By x £2. By v, we denote A~ [w(-; M +
REM  x) —w(-; M, x)]. As we linearize the Equation (3.1.12) with M + hE¥ and
M, and divide the both sides by %, we observe that v, satisfies

aijnDijon + axr.n = yn (3.2.7)

where a;j 5 = fO iy (New X, )dt, yy := h™'[F(M + hE" x) — F(M, x)] and
Nep:=1tDJw(s M +hEM x) + (1 —=)Djw (s M, x) + M + thEX.

By following the argument in the proof of Lemma 3.2.2, we observe that for
any h with || small, a;; ; is also uniformly elliptic with the ellipticity constants A
and A, and belongs to C% (R") with || aij.h H CO.0 (R < cr. Also, we know from
Lemma 3.1.8 that |y,| < ¢f.

Therefore, the linearized Equation (3.2.7) belongs to the same class of (2.1.2).
Even though the coefficients of (3.2.7) vary with respect to the parameter #,
the proof of Lemma 2.1.2 is still applicable because we have a uniform conver-
gence of a;j, as h — 0; indeed, Lemma 3.2.3 implies that a;;, — a;; =

pU(Dzw( M, x) + M, x, ) uniformly in R” as 4 — 0. Consequently, there
exist a unique constant y and a bounded 1-periodic function v € C>%(R") such
that

lvn — v+ llvw = vlc2q@ny —> 0

as h — 0 and that v satisfies
aij Dijv +ay =y in R”. (3.2.8)

By the convergence above, y = fpk, (M, x) and v = D, w(-; M, x). One should
notice that we do not force v(0) to be 0 here; otherwise, we could not say that
v = Dy, w(-; M, x). The uniform estimate (3.2.6) now follows from Lemmas 3.1.8
and 3.2.3. O

Lemma 3.2.5. fpk,, ka, Dp, u)_(y; -,y and Dy, w(y; -, -) are Lipschitz continuous
locally in " and globally in S2. Moreover, the Lipschitz continuity of the latter
two is uniform y € R".

Proof. Here we only present the proof for the M-partial derivatives. The proof for
the x-partial derivatives is the same, and we leave it to the readers.

Substituting M’ [resp., x'] with M + hEX! [resp., x] in the Equation (3.1.15)
and dividing by /4 the both sides, one obtains
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aj;  Dijv), +agy , —dvp =0 inR", (3.2.9)

whereafj’h = fol FPij (Nﬁh, x,-)dt, vg = h—l[wé(.; M+hEM, x)—w‘s(ﬁ M, x)]
and Nzg,h = thw‘S(-; M+ hE* x)+ (1 — t)D%w‘s(; M,x)+ M +thEH.

By Lemma 3.2.2, we have || vz || C2a®n) < Cpforany0 < |k < land$ > 0.
Then the Arzela-Ascoli theorem yields that for each § > 0, there is a bounded
1-periodic v® € C 2.@(R") such that vz — v%in C2(R") along a subsequence of /.
Moreover, this lemma implies that a‘S h — a‘S = pU(Dz S M, x)+ M, x,-)

uniformly in R"” as ~ — 0. Since a i is also uniformly elliptic with the same
ellipticity constants A and A, the stability of the viscosity solutions (c.f. the proof
of Lemma 2.1.2) then ensures that the limit function v® solves

a; Dijv’ +apy —8v° =0 inR". (3.2.10)

Due to the uniqueness of the solution of (3.2.10) (c.f. Lemma 2.1.3), we now know
that v) — v® in C?(R") as h — 0; that is, the convergence is valid for the full
sequence of A.

From now on we write a?. = a?.(~; M, x) [resp., v = v5(~; M, x)] to specify
the dependency on (M, x). We claim that the Equation (3.2.10) is a §-penalization
of the Equation (3.2.8); that is, the limit of the normalized function O (s M, x) =
v5(~; M, x) — vS(O; M, x) solves the Equation (3.2.8). It is enough to prove that
afj(.; M,x) = a;jj(-; M,x) = Pu(D w(; M, x)+ M, x, -) uniformly in R" as
& — 0, since then the rest of the proof follows the lines of Lemma 3.1.2. However,
by Lemmas 3.1.7 and 3.2.2, we have

lim su H (s M, x) —aij (- Mx)” —0,
(511)—>(0+0)(Mx)€£ 5 Gijon i Loo(RM)

which gives the desired convergence.

Next, we claim that foreach L > 0, alf;j (y; -, -) is Lipschitz continuous inBx2
uniformly for y € R” and § € (0, 1). If so, then we arrive at our conclusion by
applying Lemma 3.1.6, since the equations (3.2.10) and (3.1.3) are in the same
class.

To see this, choose any L > 0 and (N, z), (N',z/) € By x £2. According
to (3.1.10), the C>%(R™)-norm of both w®(-; N, z) and w®(-; N’, z’) is uniformly
bounded by C . Thus, the structure condition (F3) together with (3.2.3) yields that

@l (i N.2) —ali (5 N, Z)HmRn <CL(|N=N'|| 4122,

where C~’L = Cro (1 + Cp), which proves the claim. O

Remark. Note that the limit of the normalized function ©°(-; M, x) may not be
equal to Dy, w(-; M, x), since we cannot assure that D, w(0; M, x) = 0. In fact,
those two functions differ by an additive constant. It is the main reason why we
do not use the §-penalization argument to derive Lemma 3.2.4, although the proofs
are essentially the same.



1294 SUNGHAN KM & Ki1-AHM LEE

We are now in a position to present the proof of our main proposition of this
subsection.

Proof of Proposition 3.2.1. Observe from Lemma 3.2.5 the first order partial deriv-
atives of F and w( y; -, -) satisfies the equations (for example, (3.2.8)) which belong
to the same class of (3.1.1), and admit the §-approximating problems (for exam-
ple, (3.2.10)) which correspond to (3.1.3). Thus, we can repeat the argument used
through Lemmas 3.2.2-3.2.5 again to get the Lipschitz continuity of the second or-
der partial derivatives of F and w(y; -, -). We iterate this process m-times to reach
the conclusion. We leave the details to the readers. O

3.3. Interior and Boundary Layer Correctors

Now we are in position to construct higher order correctors which correct the
error occurring in the interior and on the boundary layer of our physical domain
£2. This subsection involves many iterative arguments, so before we make our
argument rigorous, we would like to provide the key idea.

First and foremost, we emphasize that the asymptotic expansion of u® occurs
inside of the operator F, which differs from the linear case. That is, if 7% :=
u+ 5, ekwy (e~ 'x, x) is our expansion, then after a computation we get

X X
F(Dgx2) = F (X0 ey, 2 x)

where
D2u(") + D2y (-/e, ) ifk=0
ok — | DiwiC/e, ) & Dy ywesa (fe, ) + Diwgsa(fe, ) i1 Sk =r =2,
D)%wr—l('/ga ')+Dx,ywr('/8, ) ifk=r—1,
D2w,(-/e. ) itk =r,
(3.3.1)
and Y” defined by
Y =X'4eX? 4+ 471X, (3.3.2)

Here we have denoted D, Dy + Dy D, by Dy . To further simplify our notation, let
us drop the dependency of (¢~'x, x). Then a Taylor expansion of F with respect
to the Hessian gives,

r

e
FX°+ev") = F(X") + eFp; (XO)Yirj Tt FFpil.fl'“pir_/r

O\vr r
XYY,

+ 0(8r+1)’

which would be valid provided that [|Y" || (o) = C with a positive constant
independent of ¢. This in turn requires us to have a uniform control (that is, inde-
pendent of ¢) on the supremum norm of second order derivatives of wy in both x

and y-variables.
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Moreover, one should note that Y" = > _, e¥~1X* is a summation of the
terms of different e-order. For this reason we rearrange the terms in the Taylor
expansion according to the e-power as follows:

F(X°+¢eY") = F(X% + sF,,l.j XX} +

0y y71 nj
+e Z Z Fpiljl Pigjp X )Xllll o Xi/jl

=1 'n1+ =
8n1+--~+n1 P "
+ z Z N Epiyjypiny XXy Xy
=1 180 44 Srl
+ 0. (3.3.3)
This suggests to us that we find wy, ..., w, in such a way that F(X°) =

Fp,.j (XO)Xl.lj = 0, and so on.
To satisfy F(XO) = 0, wy must be chosen such that waz = D%w(q D%u, X).

Then F (X 0) = f(Dfu) = 0 by Lemma 3.1.10. Furthermore, one should obtain,
fork=1,...,r —2,

_ - Oyyn1 oy
0= i Z Fpiljl"'l’iljl X )Xiljl Xiljl

0y vk 0y y71 ny
Fp; (X )X + Z I Z Fpilfl“‘Pilfl(X )Xiljl o 'Xiljl

=2 ny+-An=k
Fp,; (x° )Dy,;y; Wi + Pi2, (3.3.4)

which yields the equation for wy:

Dit2 = p,/(X )Dx,x,wk +2F p,j (XO)Dx,-y_/ Wk+1

0y y71 nj
+ Z Z Fpil./l"‘pil/l X )Xlljl Y Xiljl'

1=2 " A=k

Notice that the summation on the right hand side involves X’ for/ < k — 1 only; in
other words, the term @y » has nothing to do with the functions w, with r = k+2.
Thus, we are able to obtain wy4> by solving the Equation (3.3.4) as long as @y4>
satisfies certain inductive hypotheses. On the other hand, since wy1, makes the
¥ th order term in (3.3.3) to vanish, there is no opportunity to kill the "~ ! and " th
order terms; recall that the same situation has happened in the linear setting. This
in turn suggests that we can have at most

FX°+eY") =0@E"h,

which would lead us to O (g"~1)-rate of convergence (Theorem 1.2.1). Finally we
make a remark that as in the linear case, we would come up with the compatibility
condition of w42, which determines wy uniquely. Unlike the linear case (Lemma
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2.2.1), however, this relationship is more hidden in the induction argument. We will
discuss this issue in more detail in the proof.

Now we make our argument rigorous. Throughout this subsection we setm = 2.
First we enhance the regularity of u, since now we have F € C"™!.

Lemma 3.3.1;Assume that F verifies the hypotheses (FI)—(F4). Then
u e C"2%(2) and

[|u ||Cm+2,a(§) g Cm,g,.Q .

Proof. By Proposition 3.2.1 we know that F is 1 locally in .#" and globally
in £2. Since u solves (F) where g € C"™*21(82) and I € C"*21 the regularity
theory [Theorem A.0.2 (f)] implies that u € C"+>%(£2) and

lull ez < Crolull o) + Iglens @),

where Cf g, is a constant depending only on the derivatives of F up to mth order,
and on £2. By (3.2.1), C% (, in turn depends only on the constants appearing in the
structure conditions (F1)—(F4) and m. By an a priori estimate, on the other hand,
we may bound the supremum norm of u by a constant depending only on A, A, 2
and [ g|l Lo (g)- This completes the proof. O

Next we construct the interior higher order correctors. The regularity theory
established in Section 3.2 now plays an essential role in proving the existence of
the correctors and obtaining a uniform control on L°-bound of their second order
derivatives.

Lemma 3.3.2. Suppose m 2 2. Then there exist a family of non-trivial 1-periodic
Sunctions {wy : R* x 2 — R}lgkg[%]ﬂfor which the following holds.

() wr(-,x) € C>*(R™) uniformly for all x € 2 and lwic (-, )l c2.0 (rry
S Cinkg.02- o

(i) we (v, -) € "2 421(Q) uniformlyforall y € R" and |wi(y, )l cm-2e:2.1 ()
< Cin k,g,22- Moreover, there holds for any x1, x2 € Q that

m— 2k+1

> | Pl - Dl | < Cpsg.lx1 — 2.

C2.a (Rn

(iii) Provided that k 2 3, for each x € 2, (-, x) solves
i} (- X) Dy, wi (-, x) + B, x) =0 in R, (3.3.3)
where
P = a,-ijl-x,- Wk—2 + 2a;j Dy, y; wi—1
+ Z Z ailjl..,h,/'/X?lljl T Xle/’
I= 2 D npeetn=k—2
o5 = Dxiyxj, Wn, + 2Dx; 3, Wn, 41 + Dy, oy Was2, 7=1,.0.,1,

iy jyirji = Fpi, ;.. p[l_/l(D§u+D§w(~;D)%u,-),-,-), I=1,....k—2.
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Proof. We are going to use an induction argument to construct the desired family
{wk}1<k<[ ]+1 as well as families of functions {y : 2 — R}_ 1<kE[2]+1 and

{or :R" x 2 — R}1<k<[ J+10 which verify the following conditions:

(IP1) ¢r(-,x) € CZ2(R") uniformly for all x € 2 and |I¢k(-,x)llcz,a(Rn)
< Cm k,g,82-

(IP2) ¢y (y.-) € C"~+41(2) uniformly for y € R” and l|g (v, )l cn-2ts4.1 5,
< Cm k.g,52- Moreover, ¢ (0, -) = Oin 2 and there holds for any x1, xp € Q
that

m— 2k+3

> | phacx - Dl x| < Cnkgabn —xal

C2a Rn
=0 (

(IP3) Y € C"2F21(2) satisfying 1Yill cn-2121 () S Conkg.2-

It will turn out at the end that as we define
we(y, %) = ¢y, %) + X7 (v, X) Dy Y2 (x) + Y (x), (3.3.6)

where x¥ (y, x) 1= Dp, w(y; Dfu, x), {wk}lgké[%]ﬂ satisfies Lemma 3.3.2.

Let us make a few remarks on the function Xij (v, x), which has the particular
importance in this proof. First we observe from Proposition 3.2.1and Lemma 3.3.1

that x (-, x) € C**(R") forall x € 2 and || x (-, x)HC“(R,,) <cP . Inad
dition, x'/ (y, -) € C"~11(2) uniformly for y € R" and || Xy, )”CWH-‘(Q) =

mgQ

C,f )g o» and, in particular for xy, x, € £2, there holds
m—2
Lyl Ly @
> | b ox = Do | o, S Cglit =l

It is noteworthy to see that, in view of the Equation (3.2.8), XU (-, x) solves
ars (-, ) Dy, y x 7 (-, X) + aij (-, x) = @ (x) inR", (33.7)

where @;j(x) = F ,;(D?u, x) € C"~11(22) whose C"~ ! (£2)-norm is bounded
above by C,(nz’)gﬂ

Let us now begin our induction argument. As the first step, we define ¥_;(x) =
Vo) = Ypu)(x) = Yz () = 0on 2 and ¢1(y, x) = 0, g2y, x) =
w(y; D)%u,x) onR" x 2.If m = 2 or 3, then wi(y,x) = 0 and wa(y, x) =
w(y; D)%u, x), as we define them according to (3.3.6). The assertions (i) and (ii) of
Lemma 3.3.2 are then immediate from Lemma 3.1.2 and Proposition 3.2.1. Since
we have k < 2 whenm = 2 or 3, the assertion (iii) can be dismissed. Thus, Lemma
3.3.2 is proved for the case m = 2 and 3.

Now we consider the case when m = 4. One can easily see that ¢; and ¢»
[resp., ¥_1, Yo, W[%] and W[%] 1] chosen in the first step still verify (IP1)—(IP2)
[resp., IP3)].
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In order to run the induction argument, we choose 3 < [’”] + 1 and
suppose that we have already found the families {v;_ 2}1<1<k > {¢1}1<l<k 1 and
{wl}1<l<k | which satisfy (IP1)—(IP3) and Lemma 3. 3.2 respectively. We then

define @, : R” x 2 — Rby

D = aij Dx;x,- (k-2 + X" D,y Wik—4) + 24 Dy, (dr—1 + X Diyy Wi—3)

R "< U 2 L)
+ Z Z a”fl"'”ﬂxiljl Xilj/'

1=2 " nytetn=k—2

One may notice that @5k does not involve the func@ns Y,_o and ¢, forr = k.
Consider the following problem: for each x € §2, there exists a unique constant
Ui _2(x) such that the following PDE,

aij (-, x) Dy, y; v + (-, x) = Ya(x) inR", (3.3.8)

attains a bounded 1-periodic solution v. Note that a;; (-, x) is uniformly elliptic with
the ellipticity constants A and A. Moreover, a;, j,...i; j, (-, X) is 1-periodic and belongs
to C"~L1(R™) whose C" 1 (R")-norm is bounded above by a constant Knig0-
This fact, together with our induction hypotheses, (IP1)—(IP3) and Lemma 3.3.2
(1) and (ii), yields that &y (-, x) € COY(R") where its C%(R")-norm is bounded
above by a constant K, x. ¢.22- Therefore, Lemma 2.1.2 yields that the PDE (3.3.8)
is solvable with a C2:® (R™)-solution, and denote it by ¢ (-, x). In particular, let us
choose ¢y (-, x) such that ¢ (0, x) = 0. Since the domain £2 is bounded, ¢ (-, x) €
CZe(RM) uniformly for x € 2 and || (-, x)||c2,a(Rn) < Cin kg, 02 Therefore, ¢y
verifies (IP1).

To know the regularity of ¢ in x-variable, we utilize Proposition 3.2.1. We know
that a;, j, i, jn (v, ) € C"™711(2) and its C" "1 (£2)-norm is bounded above by
Ly k,¢.2. Then again by using our induction hypotheses, we obtain Di(y,-) €
Cm=2k+41(2) whose C"~2k+41(2)-norm is bounded above by Ly, k. ¢ . Thus,
Proposition 3.2.1 implies that both ¥ _» and ¢ (y, -) belong to C"~2¢++1(2) with
the estimate that max{[|¥—2 | n—2a.1 g « (660 Ml emozicrar @)} < Conkogo2: in
particular, we obtain for any x1, xp € 2 that

m—2k+3

| DiiCeo 1) = Dl o) |

S Cokg.21X1 — X2

C2.a(Rn
i=0 &%

Hence, ¢y satisfies (IP2) as well. .
Moreover, we choose the function ¥;_> : £2 — R by the solution of

[Eiij,-le/sz =—-¥_, in, (33.9)

Yr—2 =0 on 4£2.

Recall from Lemma 3.1.9 that a;; is uniformly elliptic in 2 with the ellipticity
constants A and A. Also Proposition 3.2.1 implies that g;; € c"=L1(2) whose
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C"~11(2)-norm is bounded above by Cp.g.2- Since W5 € Cm—2k+4103),
there exists a unique solution y;_» € CMm=2k+6.1(2) of (3.3.9) and

IWk—2ll cm—2v6.1 () = @U@y + 1l en-21(g)

Cllai o112
S Cnk—2.g0-

Thus, ;> satisfies tlE induction hypothesis (IP3).
Define v; : R" x 2 — R by

(Y. X) = (v, x) + xY (v, ) Dy Yr 2 (x).
It then follows from the observations above that vk (-, x) € C*%(R") with the
estimate [|vg (-, )l 20y = Am kg2 and that v (y, -) € CM—2k+2.1(2) with the
estimate [|vg(y, ')||Cm—2"+2=‘(§) < Apk,g 2 furthermore, we have for any pair of
X1, x2 € £2 that
m—2k+1

H Dl (-, x1) — D;vk(',m)‘ S Apkg.elxr —x2f.

C2,oz Rn
i=0 &%

One may alsocheck that A, 1 ¢ 2 = Cm,k,g,g+C,(nl)g Qém’k_z’g’g andAm,k,g,g =

C’m,k,g,g + C,(nz,)gygém,k,zgg,g. Moreover, we combine (3.3.8) and (3.3.9) and ob-
tain that

aij (-, X) Dy, y; vk (-, x) + Pi (-, x)
= aij (. X)Dy,y @ (- X) + Dy (-, x) + [arg (. X) Dy, y x (. x)
+ aij (-, X)]Dy;x; Yr—2(x)
=W 2(x) + Aij D, Yi—2(x)
=0 inR".
Hence, vy satisfies Lemma 3.3.2.

We have obtained so far ¥;_2, ¢ and vy which satisfy (IP1)—(IP3) and Lemma
3.3.2 respectively. Now we apply the same argument above using

d;k-i-l = aiij,-xj (Pr—1 + Xubeaxb Yir—3) + 2a;; Dxl-yj (Pr + Xabeaxh Yr—2)
on ony
+ Z 2 dnnan Xy X
=2 nitetn=k—1

whereXl] —Xl] forl1 £ < k— 3anka Z—Dx, xj, Wk—2+2Dy; y, wi—1+

Dy, ¥j, Vk- Then we obtain Vg—_1, ¢r+1 and vk+1 which satisfy (IP1)— (IP3) and
Lemma 3.3.2 respectively. Applying the same argument once again using

Brr2 = aij D, (B + X Dy, Wi—2) + 2aij Dy (Ps1 + X" Dy V1)

|
R I G
+Zﬁ > aiyjreiviiXiyjy o Xigjs

=2 ni+---+n;=k
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where f(’ =X|, forl S1<k-3, f(’?fz = Dy, x, We—2 + 2Dy, w1 +
Dy i Vk and Xk = Dx,,x,, Wg—1 + 2Dx,, yj, Vk + Dy,' yj, Vk+1, We get Yk, Pr+2
and vi42 satlsfymg (IP1)—(IP3) and Lemma 3.3.2 respectively.

Now let us define wy, as in (3.3.6); that is, wi (v, x) = vg(y, x) + ¥ (x). Then
wy, satisfies Lemma 3.3.2; in particular, the estimates are satisfied with the constant
max{A; k¢ 2 + Am,k,g,g} + C_’m,k,g,g. In addition, one can check that

Dpy1 = aij Dx,-x~(¢k71 + X" Dy, Yi—3) + 20 Dyy; @k + X Dy, Yik—2)

...y oyl
+Z D i Xy X

=2 " nyteAn=k—1

=: D41,

which implies that the functions ;| and ¢ are not changed by replacing vy by
wy, in the induction argument. Therefore, our induction argument runs through k =
3, .. [ ]+1 by which we obtain the families {y 2}1<k<[m]+1, {¢)k}l<k<[ J+1
and {wk}1<k<[ J+15 where w[ ] = v[j] and Wzl4r = v[%] 1- Recall that we
have chosen I/f[%] = I//[%] 11 = 0. Thus, we have constructed all the desired
families{tﬁk}71§k§[%]+l,{¢k}1§k§[%]+l and{wk}lgké[%]ﬂ which satisfy (IP1)—
(IP3) and Lemma 3.3.2 respectively. It completes our proof. 0O

Remark. As we note in the remark below Proposition 3.2.1, we see how the cou-
pling effect contribute to the regularity of x +— wy(y, x). If the x and y-variables
were decoupled, we would have obtained wy (-, x) € C m—k+2.1(62).

To this end we define the kth order interior corrector wy of (1.1.1) for each
1<k<[%]+1ande > 0by

& X O
wt (x) = wy (;,x) (x € ), (33.10)

where wy’s are given in accordance with Lemma 3.3.2, and define 7;, : 2 >R
by

e, = u+ewd 4 -+ el T e

o (3.3.11)

Now we are in a position to introduce the boundary layer corrector. The un-
derlying idea of seeking the boundary layer corrector is the same as in the linear
case; we correct the boundary oscillation occurring on account of the interior cor-
rectors by solving the corresponding boundary value problem (c.f. (2.2.9)). Due to
the nonlinearity of the problem (F;), however, we cannot find the boundary layer
corrector in an order-wise manner. Instead, we consider a boundary value problem
which involves the entire boundary oscillation caused by the interior correctors;
that is, we solve for each ¢ > 0 the following PDE:

m>

F (D, + D05 x. 67 'x) = F (D%, x. 7 x) in @2, (3.3.12)
65 = —nf 4 g on as2. o
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One may notice from Lemma 3.3.2 that 5, € C2($2) that the right hand side of
(3.3.12) is a uniformly continuous function on 2 for each & > 0. Thus, Perron’s
method (for example, Theorem A.0.1) ensures the unique existence of a viscosity
solution 62 € C(£2) of (3.3.12).

3.4. Proof of Main Theorem Il
We shall now prove Main Theorem II.

Proof of Theorem 1.2.1. Suppose that m = 4. The first part of the proof verifies
the discussion we made in the beginning of the previous subsection. Fix ¢, € (0, 1)
and pick any € > 0. We will skip the calculation if it has already been done in the
previous subsection.

In what follows let us denote by r, the positive integer [7 ] + 1. We choose the
family {wi}; <4<, from Lemma 3.3.2. Next we define the family (X}, <k<r,, @S
in (3.3.1) and then the function Y’ as in (3.3.2). By Lemma 3.3.2 (i)(ii), we have
a uniform bound on the matrix norm of X*, which is independent of ¢, namely,

| ¥ Cre | o S Cmts (3.4.1)

It is then immediately follows that

p grm
sup || Y (-/e, )HLOO(Q) <(1- e*)L* < L,, (3.4.2)
0<s<s*
where L, = (1 — 8*)_1 max({1, Cm,l,g,.Q, e, Cm,rm,g,.Q}~

In the rest of this proof, we set ¢ € (0, &,] to be fixed. We choose any x € £2
and adopt the Taylor expansion of F (Dzn; , X, x /&) with respect to the M -variable
up to (7, — 1)th order. For brevity, we omit the dependency on (¢~ 'x, x). Then,
by the choice of our interior correctors w,i, we end up with

F(D*nf) = F(X° +eY'™)

rm—1 k
0 0 m m
= FX5) + Z l’tm p’k/k( )erljl '“Y:cjk + R,
k=1
rm—1 k 1
= F(X%) + Z * Z n Z Fpiyjy by (XO)Xlnlljl ' Xlr;ljz + RE
k=1 =1 " nit+-+n=k
_ Iéfn, (3.4.3)
where
& _ 80 0 m m
R, = F,,l”1 Pirging XYY" 0 for some ¢ € [0, €],
B rm—2 8n|+'-~+nk 0
& _ pe _ m Lk
R, =R, + Z Z k! Fpiyjypigi, (X )Xtm "'Xikjk'

k=1 rmflénl“r"“H’lkérmk
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One should note that F' iy iy Pigic (X9 are exactly the coefficients a;, j, . i, j, appear-

ing in (3.3.5). Now due to (3.4.1) and (3.4.2), there hold |R;,| < 6m7g79 Limem,
and thus,

|ﬁfn| § |an| + ém,g,QLirm_Z)r’”grm_l § Cog"m—l_

The second part of this proof is devoted to the establishment of the estimate
(1.2.1). The essence of it is to construct barriers and argue by the comparison
principle. Choose R > 0 in such a way that £ C Bg(0). Consider the functions
n5% 1 2 — R defined by

et =nt +05 £ 1) 1Coe™ IR — xP) (x € 2). (3.4.4)

By the uniform ellipticity of F [structure condition (F2)] and the choice of the
boundary layer corrector (3.3.12), there holds

F(D*yi ™) £ F(D*ng, + D*65) — Coe™ ™' = F(D*nf,) — Coe™ ™' £0

in the viscosity sense, and nf,;+|3 o 215, + 6} = g. Thus, nf,;+ is a viscosity su-
persolution of (F). In a similar manner, one can verify that n;; ~ is a viscosity sub-
solution of (Fy). Thus, the comparison principle yields ng;~ < u® < nf,;+ in 2.
It then follows that

e _ ¢

—1 m—1
m = 9;;31 H L®(£2) é (2)‘) Cosr s

|

which proves (1.2.1).

The proof for the case m = 2 or 3 shares the same idea presented above, but
is simpler. In this case, 1}, (x) = u(x) + 2wy (e~ 1x, x), and thus, we do not need
the expansion (3.4.3); instead we can directly argue as in the second part. The rest
of the proof is exactly the same, so is omitted. O

Appendix: A Existence and Regularity Theory of Uniformly Elliptic
Equations

Set £2 to be a bounded domain of R"” and F € C(%" x R") be uniformly
elliptic with ellipticity constants 0 < A < A. Also let f € C(R"). The notion of
viscosity solutions can be found in much of the literature; for example, see [6, 10].

Theorem A.0.1. Suppose that F is 1-periodic in'y and § > 0.

(a) (Comparison principle) If u and v are respectively 1-periodic viscosity sub-
and super-solution of F(D*w, y) — 8w = 0 in R", then u < v in R".

(b) (Perron’s method) If such u and v in (a) exist, then there exists a unique 1-
periodic viscosity solution w such thatu < w < v in R”.

Theorem A.0.2. (a) (Harnack inequality) If u € S*(A, A, f) and u = 0 in Qy,
then SUpg, , < C(ian,/2 u+ IIfIILn(Ql))fora universal C > 0.

(b) (Interior C%-regularity) If u € S*(A, A, f) in Qy, then u € C“(@l/z) and
IIMIICQ@I/Z) < C(IluIILOC(QI)~|—||fIILw(Ql))foruniversala e (0, )andC > 0.



Higher Order Convergence Rates in Theory of Homogenization 1303

(c) (Liowville theorem) Any bounded below (or above) function in S(A, A, 0) on
R" is constant.

(d) (Modulus of continuity) Suppose u € S(A, A, f) in §2, and there is a modulus
of continuity p of ¢ = ulyq. If §2 satisfy the uniform exterior sphere condition
with radius R, then there exists a modulus of continuity p* of u in §2, where p
depends only on n, A, A, diam(£2), R, |¢||p~(g), and ||f||LOO(Q)).

(e) (Interior Cz’a-regularity) Suppose that F is concave in M and F(0,0) =
f(0). Define B(x) := supyc.on W If B, f € C*(By) for some
a € (0,1), and if F(D*u,x) = f(x) in By, then u € C**(By;c) and

||u||221a(§2/c) < Clull ooy + I fllcacpyy + 1), for some C > 1 depends

onlyonn, &, A, a, and || Bl co(p,)-

(f) (C*+2%_regularity) Suppose that F € C™ (" x 2) and f € C™V (). If
u € C*%(2) solves F(D*u,x) = f(x), then 32 € C"t>'. Moreover, if
02 € C" 2 and ulyo € C"21, then u € C"T24(2).
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