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Abstract

This paper aims at building a unified framework to deal with a wide class of
local and nonlocal translation-invariant geometric flows. We introduce a class of
nonlocal generalized mean curvatures and prove the existence and uniqueness for
the level set formulation of the corresponding geometric flows. We then introduce
a class of generalized perimeters, whose first variation is an admissible generalized
curvature. Within this class, we implement a minimizing movements scheme and
we prove that it approximates the viscosity solution of the corresponding level set
PDE. We also describe several examples and applications. Besides recovering and
presenting in a unified way existence, uniqueness, and approximation results for
several geometric motions already studied and scattered in the literature, the theory
developed in this paper also allows us to establish new results.

Contents
1. Introduction . . . . ... o e 1264
Part 1. Nonlocal Curvatures . . . . . . . . . . ... . it 1270
2. Viscosity Solutions: Definition, Properties, Existence . . . . . . . .. ... ... 1270
2.1. Axioms of a Nonlocal Curvature . . . . . . . ... ... ... ....... 1270
2.2. Viscosity Solutions . . . . . .. ... 1271
2.3. Convergence of Sets with Uniform Superjet . . . . ... ... ... .. .. 1273
2.4. Semicontinuous Extensionsof k. . . . .. ..o 1274
2.5. Equivalent Definitions of the Viscosity Solutions . . . . . . .. ... .. .. 1277
2.6. Existence of a Viscosity Solution . . . . . .. ... ... .......... 1281
3. Uniqueness of Viscosity Solutions . . . . . .. ... ... ... ......... 1285
3.1. Uniqueness for First-Order Flows . . . . . ... ... ... ... ...... 1286
3.2. Uniqueness for Second-Order Flows . . . . . ... ... ... ....... 1289
Part 2. Variational Nonlocal Curvatures . . . . . . . ... ... ... ....... 1296
4. Generalized Perimeters and Curvatures . . . . . . . .. ... ... ... .... 1296
4.1. Generalized Perimeters . . . . . . .. ... ... ... ... ....... 1296

4.2. A Weak Notion of Curvature . . . . . . ... . ... ... ... ...... 1297


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-015-0880-z&domain=pdf

1264 ANTONIN CHAMBOLLE, MASSIMILIANO MORINI & MARCELLO PONSIGLIONE

4.3. First Variation of the Perimeter . . . . . . .. ... ... .. ........ 1298
5. Examples of Perimeters and Their Curvature . . . . . . ... ... ... .... 1304
5.1. The Euclidean Perimeter . . . . . ... ... ... ... .......... 1304
5.2. The Fractional Mean Curvature Flow . . . . . .. ... ... ... ..... 1304
5.3. General Two Body Interaction Perimeters . . . . . . ... ... ...... 1306
5.4. The Flow Generated by the Regularized Pre-Minkowski Content . . . . . . 1307
5.5. The Shape Flow Generated by p-Capacity . . . . . .. ... ... ..... 1308
6. The Minimizing Movements Approximation . . . . .. .. ... ... ..... 1312
6.1. The Time-Discrete Scheme for Bounded Sets . . . . ... ... ...... 1312
6.2. The Time Discrete Scheme for Unbounded Sets . . . . . ... ... .... 1316
6.3. The Level-Set Approach . . . . . . .. ... ... ... ... ....... 1318
6.4. Convergence Analysis . . . . . . . . . ..o 1320
6.5. Perimeter Descent . . . . . . . .. ... 1325
References . . . . . . . . . . . . 1328

1. Introduction

In this paper we present a unified approach to deal with a large class of possibly
nonlocal geometric flows; that is, evolutions of sets t +— E(¢) governed by a law
of the form

Vix, 1) = —k(x, E()), (1.1)

where V (x, t) stands for the (outer) normal velocity of the boundary d E () at x
and the function « (-, E) will be referred to as a generalized curvature of dE, in
analogy with the classical theory.

If the function x depends only on how 9 E looks around x, then the flow is local in
nature. This is of course the case of the classical mean curvature flow, where k (-, E)
is nothing but the mean curvature of d E, that is the first variation of the standard
perimeter functional at E. On the other hand, for some of the relevant flows that have
been intensively studied in recent years the generalized curvature « is truly nonlocal
and depends on the global shape of the evolving set E(¢) itself. It happens for
instance for fractional mean curvature flows, where the corresponding curvatures
are defined as the first variation of the so-called fractional perimeters. Such flows
represent the natural counterparts in the fractional framework (see [9,10,27,37])
of the classical mean curvature motion. See also [3,5], and [6] for other somewhat
similar nonlocal evolutions, related to dislocation dynamics.

As already made clear by the aforementioned examples, a relevant class of
curvatures is given by those that can be seen as the first variation of some generalized
perimeters; we refer to such a class as variational curvatures. It is important to
observe that when « is variational, then (1.1) can be interpreted as the gradient flow
of the corresponding perimeter, with respect to a suitable L?-Riemannian structure.
In the case of the classical mean curvature flow, this observation underpins the
minimizing movements algorithm implemented by Almgren—Taylor—Wang in their
pioneering work [1] (see also [30]).

The strong formulation of the motion (1.1), which requires smoothness, faces
the possible formation of singularities in finite time. Thus, the evolution can only be
defined locally in time, which is clearly unsatisfactory from the applications point
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of view. On the other hand, BRAKKE [8] proposed a weak formulation for motion
by mean curvature that resulted in deep regularity results but had the disadvantage
of producing a lack of uniqueness. These uniqueness issues are often overcome by
the more recent notion of generalized motion that is associated to the so-called level
set approach. Such an approach is based on representing the evolving set as the
zero super-level set of a function u(x, ¢), which is defined for all times as viscosity
solution to the (degenerate) parabolic partial differential equation

ur(x,t) + |Du(x, t)|k(x,{y: u(y,t) > u(x,t)}) =0. (1.2)

The level-set method was proposed in [32], analytically validated in [23] for the
motion by mean curvature and in [20] for more general local motions. In the case
of the classical mean curvature (and of several different local curvatures) viscosity
solutions to (1.2) with a prescribed initial datum are unique. Note also that (1.2)
prescribes that all the super-level sets of u evolve according to (1.1).

The paper is divided into two parts. The main focus of Part 1 is to develop a
general level set approach for the geometric motions (1.1), while Part 2 is aimed
at implementing a general minimizing movements scheme a la Almgren—Taylor—
Wang for a large class of variational curvature motions, and at exploring the con-
nections between the two approaches. In carrying out the program of Part 1 and
Part 2, we recover and present in a unified way existence, uniqueness, and approx-
imation results for several geometric motions already studied and scattered in the
literature, but we also establish new results (see the end of this Introduction).

We now describe the content of the paper in more detail. In Part 1 we introduce
the class of generalized curvatures we deal with and then we set up the viscosity
theory for the corresponding generalized level set equation (1.2).

To be more specific, a generalized curvature « is a function defined on the
pairs (x, E), where E is a C 2_set with compact boundary and x € 9 E, and such
that k (x, -) is monotone non-increasing with respect to the inclusion between sets
touching at x, and continuous with respect to C2-convergence of sets (for the precise
definition of such a convergence see Section 2.1).! We also assume the translation
invariance, that is, k (x, E) = k(x + y, E + y) for all admissible pairs (x, E) and
forall y € RV,

In order to fully exploit the second order viscosity solutions formalism, we need
to extend the definition of the right-hand side of (1.2) to non-smooth sets. This is
achieved by considering suitable lower and upper semicontinuous envelopes « and
k* of k that are then employed to define viscosity subsolutions and supersolutions,
respectively. The domain of definition of the relaxed curvatures «, and «* is made
up of the elements of the form (x, p, X, E), where E is now any measurable set,
x € 0E, and (p, X) belongs to the second order super-jet (as far as k. is concerned)
or sub-jet (as far as ™ is concerned) of E at x. By construction, «, and «* turn out

' As is often the case in viscosity solution approaches, we may in fact assume that the
curvature is a priori defined only for smoother sets, and will later on consider also stronger
regularities.
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to be lower and upper semicontinuous, respectively, with respect to the Hausdorff
convergence of sets and a suitable notion of uniform convergence of super- and
sub-jets (see Definition 2.7).

Remarkably, the above semicontinuity property is weaker than the semicon-
tinuity with respect to the L'-convergence, which is one of the main hypotheses
in the rather general approach developed in [33]. This significantly increases the
class of admissible curvatures we can treat. For instance, the aforementioned frac-
tional curvatures are not semicontinuous with respect to the L!-convergence and
the corresponding L '-relaxation would be useless (equal to —oo for every closed
set). Let us also notice that «, and «* are defined only on “geometrically meaning-
ful” objects and this represents a further difference from [33], while the relaxation
procedure used to define the semicontinuous envelopes of « is reminiscent of the
approach of BARLES AND SOUGANIDIS (see [7]) and of Cardaliaguet and co-authors
(see [11-15]).

Section 2 is entirely devoted to setting up the viscosity formalism. The latter
task being accomplished, a general existence theorem for the level set formulation
of (1.1) and for the class of generalized translation invariant curvatures we spec-
ified before is easily obtained through an application of the Perron method (see
Theorem 2.21).

The drawback of such a generality is that the classical strategy to prove the
comparison principle and, in turn, the uniqueness of viscosity solutions may fail.
Uniqueness is the main focus of Section 3, where we provide two different treat-
ments, distinguishing between first order and second order geometric flows.

Roughly speaking, we say that a geometric flow is of first order if the envelopes
k4 and «* do not depend on the second derivative variables (see condition (FO) at
the beginning of Section 3.1). Fractional mean curvature motions and the shape flow
generated by the p-capacity in RV are relevant examples of first order geometric
motions, see below. Uniqueness for such motions follows from the Comparison
Principle provided by Theorem 3.5. Let us mention that the main technical tool
used in the first order uniqueness theory is represented by the well-known Ilmanen
Interposition Lemma (see [11,12,26]).

The uniqueness theory for second order flows is harder and developed in
Section 3.2. In order to understand the source of difficulty, notice that the semicon-
tinuity properties of «, and x* are not sufficient to conclude that the subsolution
and the supersolution inequalities extend to elements of the closure of the par-
abolic super- and sub-jets, respectively. This means that the usual machinery to
establish uniqueness for second order equations, which is based on the celebrated
Ishii’s Lemma (see [21]), cannot be applied. Indeed, Ishii’s Lemma states that if
u is upper semicontinuous, v is lower semicontinuous, and u — v attains a (local)
maximum at (x, ¢), then there exists at least one element belonging to both the
closure of the parabolic super-jet of u and the closure of the parabolic sub-jet of v
at (x, t). Such a separating element is obtained through a limiting procedure, which
involves regularizations via inf- and sup-convolutions, the Alexandrov theorem on
the almost everywhere second order differentiability of semi-convex functions, and
a perturbation argument due to JENSEN [21, Lemma A.3]. Since we lack the proper
semicontinuity properties, we need to avoid “passing to the limit”. Our proof of



Nonlocal Curvature Flows 1267

the second order Comparison Principle (see Theorem 3.8) still uses all the afore-
mentioned tools but combines them with some new insight, allowing us to avoid
the limiting procedure. The price we have to pay is a reinforced continuity assump-
tion on « (see beginning of Section 3.2), which is nevertheless satisfied by all the
relevant examples we have in mind.

In Part 2 of the paper we take on a variational approach to geometric flows based
on the minimizing movements. To this aim, we introduce a class of functionals
referred to as generalized perimeters. More precisely, denoting by 91 the class of
Lebesgue-measurable sets, we call a generalized perimeter any translation invariant
set function J : 9T — [0, +o00], which is insensitive to modifications on negligible
sets, finite on C2-sets with compact boundary, lower semicontinuous with respect
to Ll -convergence, and satisfying the following submodularity condition: For any

loc
measurable sets E, F C RV,

J(EUF)+ J(ENF) < J(E) + J(F). (1.3)

It turns out that the latter condition is a convexity condition in the following sense:
Extend J to LllOc (RN) by enforcing the generalized coarea formula (4.3) (see [37]);
then, J is submodular if and only if the extended functional is convex (see [18]).
A first important consequence of submodularity is that if J admits a first variation
Kk, then such a curvature is monotone. More in general, if J is smooth enough, then
its first variation is an admissible generalized curvature.

As mentioned before, the main achievement of Part 2 is the implementation
of a generalized Almgren—Taylor—Wang minimizing movements scheme to approx-
imate geometric motions associated with variational generalized curvatures. We
recall that, given an initial set E( and a time step 4 > 0, such a scheme provides a
discrete-in-time evolution obtained by solving iteratively suitable incremental min-
imum problems. The energy to be minimized at each discrete time is the sum of the
generalized perimeter and of a suitable dissipation that penalizes the L>-distance
from the boundary of the set obtained at the previous step. It turns out, once again
due to submodularity, that the discrete evolutions satisfy the comparison princi-
ple. Adopting the point of view introduced in [17], we combine the minimizing
movements scheme with the level set framework. More precisely, given an initial
function ug, we let all its super-level sets evolve according to the discrete scheme.
In light of the discrete comparison principle, the evolving sets are themselves the
super-levels sets of a discrete-in-time evolving function u, (-, t).

We then study the limiting behavior of uj, as the time step 2 N\ 0 and in one of
the main results of this paper we establish the following general consistency prin-
ciple: For all variational generalized curvatures the discrete evolutions u, provided
by the minimizing movements scheme converge (up to subsequences) to a viscosity
solution of the level set equation. In particular, under the additional assumption that
guarantees uniqueness, the whole sequence converges (to the unique viscosity solu-
tion). Let us mention that in the case of the mean curvature motion the consistency
between the level set and the minimizing movements approach has been established
in [17] (see also [22]). From the technical point of view, the convergence analysis
combines several ingredients, among which we mention some careful estimates on
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the speed of propagation of the support of the initial function u¢ and a subgradient
inequality involving the generalized curvature, which is crucial in obtaining the
limiting sub(super)-solution property. The subgradient inequality is a consequence
of the analysis developed in Section 4.3 (see (4.9)). Note that since we do not have a
regularity theory for the minimizers of the incremental problems, all our argument
are necessarily variational in nature.

A relevant consequence of our general consistency principle is that the gener-
alized perimeter of the super-level sets for which no fattening occurs during the
evolution is non-increasing in time (note that the no fattening condition is satisfied
by almost all super-level sets). Moreover, we show that a suitable inner regular-
ization of the generalized perimeter J, defined on open sets A as the inf — lim inf
of J along sequences of open sets approximating A from the interior (see Defini-
tion 6.20), is always non-increasing in time (see Section 6.5).

We conclude this introduction by highlighting some relevant examples and
applications of our general theory that are presented in the paper (see Section 5).
Such examples are by no means exhaustive and serve indicating the scope of our
theory:

— Local motions: The theory of local generalized mean curvature motions estab-
lished in [20] fits into our theory as particular case.

— Fractional mean curvatures motions: As mentioned before, these are the first
order geometric flows associated with the so-called fractional perimeters. The
existence and uniqueness of viscosity solutions to the corresponding level set
equation were already established in [27] and are recovered here. On the other
hand, the convergence of the minimizing movements scheme provided by our
theory is new for these motions and furnishes an approximation algorithm that
is alternative to the threshold-dynamics-based one studied in [10].

— Capacity flows: Given 1 < p < N, consider the generalized perimeter that
coincides with the p-capacity in RV on bounded sets of class C2. It can be
shown that the associated curvature « (x, E) is given by | Dwg(x)|?, where wg
denotes the capacitary potential of E. Thus, the associated geometric motion
is somewhat related to the Hele-Show type flows studied in [13-15] (see also
[11,12]). Our general results yield existence, uniqueness, and approximation
via minimizing movements also for this shape flow, which turns out to be of
first order according to our terminology (see Section 5.5).

— Second order nonlocal motions: Our theory includes all the generalized cur-
vatures treated in [33], that are in addition translation invariant. As already
mentioned, compared to our approach the theory of [33] requires stronger con-
tinuity assumptions on the Hamiltonians and more restrictive growth conditions
that rule out singular behavior of generalized curvatures along shrinking balls.
As a further example, which is not covered by the theory developed in [33] while
fitting into ours, we mention here the generalized perimeter introduced in [2] in
the framework of two-phase Image Segmentation. We will refer to it as regular-
ized pre-Minkowski content of a set since it consists in a suitable regularization
of the Lebesgue measure of the p-neighborhood of the essential boundary, for
some fixed p > 0. The corresponding geometric motion was studied in [19]. In
the latter work we computed the associated generalized curvature and proved
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convergence of the minimizing movements scheme to a viscosity solution of the
level set equation, but we were unable to establish uniqueness. The theory of
the present paper allows us to recover the existence and approximation results
of [19] and, in addition, yields the uniqueness of the geometric motion.

A final remark regarding the translation invariance and the continuity assump-
tions on « is in order. Concerning the former, we believe that it could be removed
at the expense of some additional technical effort but within the main theoretical
framework introduced in this paper. On the other hand, the continuity assumptions
that guarantee the stability property and the comparison principle are of a more
subtle and essential nature. They exclude from our theory some relevant irregular
perimeters, as crystalline perimeters (that also would require a different specific
viscosity level set formulation). It is not clear at the present which is (if any) the
weakest continuity assumption on « yielding the uniqueness of the geometric flow.
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Part 1. Nonlocal Curvatures

In this part we introduce the class of generalized curvatures we deal with.
Then, we introduce the notion of viscosity solutions for the level set equation of
the geometric flow, and we prove the existence and uniqueness of the solution.

2. Viscosity Solutions: Definition, Properties, Existence

We begin this section by introducing the class of generalized curvatures we will
deal with.

2.1. Axioms of a Nonlocal Curvature

Let € be the class of subsets of RY, which can be obtained as the closure of
an open set with compact C*# boundary, and let 90t be the class of all measurable
subsets of RY . Throughout the paper £ = 2 and 8 € [0, 1] will be fixed, the reader
may simply assume £ = 2, 8 = 0.

In this part, we are given for every set E € € a function x — «(x, E) € R
defined for x € 0 E, and referred to as the “curvature” of the set E. This curvature
will satisfy the following axioms:

(A) Monotonicity: If E, F € €with E C F,andifx € dFNJE,thenk(x, F) <

Kk(x, E);

(B) Translational invariance: for any E € €, x € dE, y € RN, k(x, E) =
k(x+y, E+y);

(C) Continuity: If £, — Ein€and x, € 0E, — x € 0E, then k(x,, E,) —
k(x, E).

Here and throughout the paper, by E,, — E in € we mean that there exists a
sequence of diffeomorphisms {®,,} converging to the identity in C%#, with E,, =
D, (E).

Axioms (A), (B) and (C) are enough to prove the existence of a generalized
solution of the geometric flow (1.1). By assumption (C), for any p > 0 we can
define the quantities

c(p) := xrgglg max [fc(x, B,), —«k (x, RN\BP)} , 2.1)
c(p) := min min {K(x, B,). —k (x, RN\Bp)} , (2.2)

P

which are continuous functions of p > 0. Assumption (D) below will guarantee
that the curvature flow starting from a bounded set remains bounded at all times.

(D) Curvature of the balls: There exists K > 0 such that

c(p) > —K > —oo0. 2.3)
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Without assuming (D) most of the results in this paper remain true, except that
the flow starting from a given set with compact boundary will be defined possibly up
tosome time 7* < 400 where its boundary becomes unbounded and the framework
of this paper cannot be applied anymore. The time 7* can be estimated from c(p).
Observe that thanks to the monotonicity axiom (A), the functions p — ¢(p) and
o — c(p) are nonincreasing.

2.2. Viscosity Solutions

Here we introduce the level set formulation of the geometric evolution problem
V = —«, where V represents the normal velocity of the boundary of the evolving
sets ¢ — E;, and we give a proper notion of viscosity solution. We refer to [25]
for a general introduction of this approach for local geometric evolution problems.
The level set approach consists in solving the following parabolic Cauchy problem

[8zu(x, 1)+ |Du(x, )|k (x, {y: u(y,t) Zux,0)}) =0 2.4)

u(0, ) = ug.

Here and in the following, D and D? stand for the spatial gradient and the spatial
Hessian matrix, respectively. Notice that if the superlevel sets of u are not smooth,
the meaning of (2.4) is unclear. For this reason, it is necessary to use a definition
based on appropriate smooth test functions whose level sets curvatures are well
defined. The appropriate setting is of course the framework of viscosity solutions.
Let us first introduce a class of test functions appropriate for this problem.

Asin [28] (see also [19]), we introduce a family F of functions f € C*°([0, 00)),
such that £(0) = f/(0) = f”(0) =0, f”(r) > 0 for all r in a neighborhood of 0,
f is constant in [M, +o0) for some M > 0 (depending on f), and

lim f'(p)c(p) =0, (2.5)
p—0F

where ¢(p) is the function introduced in (2.1). We refer to [28, p. 229] for the proof
that the family F is not empty. Note that (2.5) (recall also (2.3)) implies

lim f'(p)e(f~ () =0, (2.6)
p—0t

since f~!(p) > p for small values of p and € is decreasing.

We fix T > 0and look for geometric evolutions in the time interval [0, T']. Since
we will consider the evolution of sets with compact boundaries, it is convenient
to describe such evolving sets as level sets of functions that are spatially constant
outside a compact set. For technical reasons it will be convenient to consider test
functions that are also spatially constant outside a compact set, but with such a
constant value possibly depending on time. More precisely, in the following, with
a small abuse of language, we will say that a function g : RY x A — R, with
A C [0, T1], is constant outside a compact set if there exists a compact set IC C RN
such that g(-, t) is constant in (RN \K) for every t € A (with the constant possibly
depending on ¢).
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Definition 2.1. Let = (£,7) € RN x (0,T) and let A C (0, T) be any open
interval containing 7. We will say that ¢ € CO(RYN x A) is admissible at the point
?2 = (%,f) ifitis of class C? in a neighborhood of Z, if it is constant out of a
compact set, and, in case D¢ (Z) = 0, the following holds: there exists f € F and
w € C*([0, 00)) with @’ (0) =0, w(r) > 0 for r # 0 such that

lo(x,1) —9@) — () = D] < f(lx — X)) + (|t — 1))
for all (x,7) in RN x A.

We are now ready to propose the definition of a viscosity sub and supersolution.
The literature contains a multiplicity of formulations based on larger or smaller
families of test functions. Ours and the equivalent definitions we will provide in
Section 2.5 are variants of what can be found in a non-local setting in [6] or [33].

Definition 2.2. An upper semicontinuous function u : RY x [0, T] = R (in short
u € USCRN x [0, T1)), constant outside a compact set, is a viscosity subsolution
of the Cauchy problem (2.4) if u(0, -) < ug and for all z := (x, ) € RN x (0, T)
and all C*°-test functions ¢ such that ¢ is admissible at z and u — ¢ has a maximum
at z (in the domain of definition of ¢) the following holds:

() If Dg(z) = 0, then ¢ (z) = 0;
(i) If the level set {¢(-, 1) = ¢(z)} is noncritical, then

@1(2) + |De@)| k (x,{y 1 @(y.1) Z ¢(2)}) £0.

A lower semicontinuous function u (in short u € LSC(RY x [0, T1])), constant
outside a compact set, is a viscosity supersolution of the Cauchy problem (2.4) if
u(0,-) = ug and for all z € RN x (0, T') and all C*°-test functions ¢ such that ¢
is admissible at z and u — ¢ has a minimum at z (in the domain of definition of ¢)
the following holds:

() If Dg(z) = 0, then ¢;(z) = 0;
(i) If the level set {¢(-, ) = ¢(z)} is noncritical, then

@1(2) + Do)k (x,{y 1 @(y.1) Z ¢(2)}) 2 0.

Finally, a function u is a viscosity solution of the Cauchy problem (2.4) if its upper
semicontinuous envelope is a subsolution and its lower semicontinuous envelope
is a supersolution of (2.4).

Remark 2.3. As it is standard in the theory of viscosity solutions, the maximum
in Definition 2.2 of subsolutions can be assumed to be strict (and similarly for
supersolutions). Indeed, assume for instance that u is a subsolution, u — ¢ has a
maximum at some (X, f), with ¢ as in Definition 2.2. We now replace ¢ by

@ (x, 1) == p(x, 1) +sf(x — &) + |t — 717,

where s > 0 is sufficiently small and f € F. Then the maximum of u — ¢* at (X, 1)
is strict and we recover the subsolution inequality for ¢ by letting s — 0 and using
the continuity of k.
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Throughout the paper, we will also use (with a small abuse of terminology)
the terms subsolutions and supersolutions (omitting the locution “of the Cauchy
problem (2.4)”) for functions which do not satisfy the corresponding inequalities
at time zero.

While Definition 2.2 is quite natural, it has the drawback that the family of
possible test functions is too restrictive to be handy. As usual in the viscosity
theory, we will introduce suitable lower and upper semicontinuous extensions of
k. This will allow us to give definitions equivalent to Definition 2.2, based on less
smooth test functions as in Definition 2.1 (see Definition 2.11), or on the notion of
sub/superjets.

2.3. Convergence of Sets with Uniform Superjet

We denote by MY XV the set of N x N symmetric matrices.

Definition 2.4. Let E € RV, xy € 9E, p € RV, and X € MY*VN . We say that

sym
(p, X) is in the superjet J§’+(xo) of E at xg if for every § > 0 there exists a
neighborhood Us of x( such that

(x—XO)-P+%(X+51)(X—XO)-(X—XO)20 2.7)

for every x € E N Us. Moreover, we say that (p, X) is in the subjet Jé’_(xo) of
E at xq if (—p, —X) is in the superjet jIé’NJF\E(xO) of RM\E at xq. Finally, we say

that (p, X) is in the jet J2(xo) of E at xo if (p, X) € Tz (x0) N Tz~ (x0).

The above definition of sub and superjet of sets is consistent with the classical
notion of sub and superjet of 1.s.c. and u.s.c. characteristic functions, respectively.

Remark 2.5. It can be checked that the condition (p, X) € 7, §’+(x0) is equivalent
to Ap,AX +up ®p) € jé‘Jr(xo) for all A > 0 and for all © € R. Thus,
(p.X) € Tz (x0) if and only if (miw X, € Jp T (x0), where 7,
denotes the projection operator on p* := {v € RY : p.v = 0}. Note that if

= {u = u(xp)}, with u of class C% and Du # Oon d E, then, setting p = Du(xg)
andX = D%u(xp), B |1sthemnernormalto {u > u(xo)}atxo,whlle,| T L X701

represents the second fundamental form of d{u = u(xg)} at xq.
Let us introduce the notion of uniform superjet.

Definition 2 6. Let E, C RN and xg € 9E,,. We say that the (p,, X,,)’s are in the
superjet J* E, *(x0) uniformly, if for every positive § > 0 there exists a neighborhood
Us of xg (mdependent of n) such that foralln € N

1
(x —x0) - pn + E(Xn +81)(x —x0) - (x —x9) = 0 forevery x € E, NUs. (2.8)
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In the following, given a set E C RV, E¢ := RN\ E denotes its complement. We
also recall that a sequence of closed sets C,, converges to a closed set C in the

Hausdorff metric (C,, % C) if

max[ sup dist(x, C), sup dist(x, C,,)} — 0 asn — oo.

xeCy, xeC

Definition 2.7. We say that (p,, X,, E,) converge to (p, X, E) with uniform su-
perjet at xq if E, — E in the Hausdorff sense, the (p,, X,)’s are in the superjet
jk%f(xo) uniformly and (p,, X,) — (p, X) asn — oo.

Moreover, we say that (p,, X,, E,) converge to (p, X, E) with uniform subjet
at xo if (—pnp, —X,, ES) converge to (—p, —X, E€) with uniform superjet.

2.4. Semicontinuous Extensions of k

We now introduce two suitable lower and upper semicontinuous extensions of «,
which will be instrumental in developing the level set formulation of the geometric
flow. This is reminiscent of the approach in [11,12] for evolution of “tubes” by
geometric motions (see also [13—15]). For every F € R" with compact boundary
and (p, X) € jg’Jr(x), we define

Ke(x, p, X, F) == sup {K(x, E): ECC,EDF,(p.X) e jg’—(x)} (2.9)
Analogously, for any (p, X) € jg’f(x) we set
«*(x, p, X, F) = inf {K(x, E):E€C,ECF,(p,X)e J§’+(x)}. (2.10)

Here E denotes the interior of E. It is clear that only depends on the closure
of F while «* depends on its interior, in practice the first one will be evaluated at
superlevels of u.s.c. functions, while the second one at strict superlevels of l.s.c.
functions.

It follows from the monotonicity property (A) that if £ € € and (p, X) €
jk%(x),thenfc*(x, p, X, E) = «*(x, p, X, E) = k(x, E).Notice that the monotonic-
ity of k clearly extends to k- and «*. More precisely, k.« (x, p, X, E) 2 k4(x, p, X, F)
(resp.«*(x, p, X, E) Z «*(x, p, X, F))whenever E C Fand(p, X) € Jé’J“(x)ﬂ
Tt () (resp. (p, X) € T~ () N 7~ (x).

In the next Lemma we show that «, and «* are the L.s.c. and the u.s.c. envelope
of k with respect to the convergence defined in Definition 2.7, respectively.

Lemma 2.8. Let F € RN wirh compact boundary. Then,

ke(x,p, X, F) = inflimninf/c(x, E,)

where the infimum is over all (p,, X,,, En) — (p, X, F) with uniform superjet at
x;

k*(x, p, X, F) = suplimsup«(x, Ej)
n
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where the supremum is over all (p,, Xn, En) — (p, X, F) with uniform subjet at
X.

Proof. We will prove the statement only for k., the other case being analogous. We
start by showing that there exists a sequence (p, X,,, E,) such that (p, X,,, E,) —
(p, X, F) with uniform superjet at x and k. (x, p, X, F) = lim, k (x, E;). To this
aim, recall that by definition of k. (x, p, X, F) for every n € N there exists a set
E, € ¢, withF C E,,(p,X) € jE?’*(x) and0 < k. (x, p, X, F) —k(x, Ey) < 1.

By the monotonicity of k we may also assume that E,, — F in the Hausdorff metric.
Moreover, by the continuity assumption (C) we can suitably modify the sequence
E, so that, in addition to the previous properties, we have (p, X +6,1) € JE’_ (%),

IE,NIF = {x}and 0 < k,(x, p, X, F)—k (x, E,) < 2 for some suitable 5, \ 0.
Now we construct the sequence E,, according to the following inductive procedure.
Assume that E7q, ..., E, have been defined with the following properties:

(1) FgEngEn—lg"'gEl’

2) E; CEfori=1,...n,

(3) 0E;NOF = {x}foreveryi =1,...n

@ (p.X+%D e JE (x) foreveryi =1,...n.

Since

) ) 1)
n+11<X+—nI, X + n+1

X
+ 2

I <X+38u1l,

recalling that (p, X + %1) € J2 (x) and (p, X + 8u111) € jg’* (x) we can
n n+1
easily construct E,4+1 € € such that

Sn+1 ~
(p’ X+ n2+ 1) € jl%n+l('x)’ F C En+1 - En+1s En+1 - En,
8En+1 NoF = {)C}

The sequence E, just constructed still converges to F in the sense of Haus-
dorff. Moreover, since E, is monotone decreasing, we have (p, X + 57"1 L E)) —

(p, X, F) with uniform superjet. Note also that since (p, X) € jb%;_ (x),by (2.9)we

immediately have k4 (x, p, X, F) 2 «(x, E,) forall n. Finally, by the monotonicity
of k,

ks (x, p, X, F) 2 limsupk(x, E,;) 2 lin}linffc(x, E,) > lirrln/c(x, E,)
n
= K*(xa p7 X7 F)'

Now, let (pn, X, F,) — (p, X, F) with uniform superjet at x. Let j € N and
let E; the set constructed above. Notice that, for n large enough, F), is contained
in x + R,(E; — x), where R, is any rotation such that R,(p) = p,. By the
monotonicity assumption (A) and the continuity assumption (C) on k¥ we deduce

k(x, Ej) =limk(x,x + R, (E; — x)) < liminf k(x, Fy). 2.11)
n n
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‘We conclude that

liminf k (x, F,) 2 limk (x, Ej) = k4 (x, p, X, F).
n j

O

Lemma 2.9. Let ¢,, ¢ € CO(RN) be constant outside a compact set K (indepen-
dent of n). Assume that ¢,, — @ uniformly and ¢, — ¢ in C%(B(x, 8)) for some
8 > 0and x € RN with Do(x) # 0. If x, — x, then

kx(x, D(x), D*p(x), g 2 p()})
< timinf . (a, Den(6a), D205, g0 Z 0a(xa)))  (212)

and

< (x. D). D¢ (0). {e > 9(1)})
=

lim sup K™ (xn, D, (x,), Dz("n(xn)’ {on > @u(xn)}). (2.13)
n
Proof. Up to a subsequence, we can assume that I, := x — x,, + {@, = @, (xs)}
converge in the sense of Hausdorff to some closed set K contained in K := {p 2
¢(x)}. Since Dg(x) # 0, then (D@, (1), D2, (x,), Kn) = (Dg(x), D?p(x), K)
with uniform superjet at x. Thus, by Lemma 2.8 and the monotonicity of k., we
may conclude

<. (x. Do), D2p(x). K) = ks (Do), D2p(x). K)

< liminf k4 (x, Du(xn), D*@n(xn), ICn) ,
n

which proves (2.12). The proof of (2.13) is identical. O

Remark 2.10. In [33] a class of nonlocal Hamiltonians H (x, p, X, F) that are
lower semicontinuous with respect to the L' convergence of sets and the standard
convergence of the other variables is considered. Notice that such Hamiltonians are
also lower semicontinuous with respect to the convergence with uniform superjets
introduced in Definition 2.7. Indeed, if (p,, X», F) — (p, X, F) with uniform
superjet at x, then one can show that F, UF — F in L] . Thus,

H(x, p, X, F) < liminf H(x, py, Xn, F, UF) < liminf H(x, pp, X, Fy),
n n

where the last inequality follows from the monotonicity assumption on H with
respect to the set variable.
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2.5. Equivalent Definitions of the Viscosity Solutions

We now can give a second definition of viscosity solutions of (2.4). It is seem-
ingly more restrictive than the previous Definition 2.2, but we will check later on
that it is equivalent.

Definition 2.11. An upper semicontinuous function u : RN %[0, T] — R, constant
outside a compact set, is a viscosity subsolution of the Cauchy problem (2.4) if
u(0, ) < up, and forall z := (x,1) € RY x (0, T) and all ¢ admissible at z, such
that u — ¢ has a maximum at z (in the domain of definition of ¢) we have

(i) If De(z) =0, then ¢, (z) < 0;
(i) If De(z) # 0, then

@1 (2) + |D(2)]| k4 (x, D¢(2), D*p(2), {y : p(y, 1) 2 w(z)}) <0. (2.14)

A lower semicontinuous function u : RV x[0, T] — R, constant outside acompact
set, is a viscosity supersolution of the Cauchy problem (2.4) if u(0, -) = ug, and
for all z € RN x (0, T) and all ¢ admissible at z, such that u — ¢ has a minimum
at z (in the domain of definition of ¢) we have:

(i) If De(z) = 0, then ¢;(z) 2 0;
(i) If De(z) # 0, then

¢(2) + [ Dp(2)| k* (x, Dg(z), D*0(2), {y : ¢(y, 1) > w(z)}) 2 0.

Finally, a function « is a viscosity solution of the Cauchy problem (2.4) if its upper
semicontinuous envelope is a subsolution and its lower semicontinuous envelope
is a supersolution of (2.4).

Remark 2.12. As in Remark 2.3, the maximum in Definition 2.11 of subsolutions
can be assumed to be strict (and similarly for supersolutions). Assume for instance
that u is a subsolution, u — ¢ has a maximum at some (X, 1), with ¢ admissible at
(x, ). We replace ¢ by

@ (e, 1) == @, 1) +sf(ly —x) + 1t —s)%,

with s > 0 and f € F. Then the maximum of u — ¢* at (x,7) is strict. If
Do(x,1) # 0, we recover the inequality (2.14) for ¢ by letting s — 0 and us-
ing the semicontinuity property of «, provided by Lemma 2.9. If Dg(x,7) = 0,
we still have Dg® (X, 1) = 0, ¢° is admissible at (¥, 7) and @7 (X, ) = ¢ (%, 7).

Moreover, one can assume without loss of generality that ¢ is smooth. If
Dy(x,1) # 0, this follows again by Lemma 2.9 and by standard mollification
arguments. If Dg(x,7) = 0, since ¢ is admissible at z, there are f € F and
w € C®(R) with @' (0) = 0 such that

lo(x, 1) —@(x, 1) — @ (x, )t =D = f(lx — X)) + @ —1).
Then it is enough to replace ¢ by

Y, ) =@ —1)+ f(lx —x|) + o —1).
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Finally, in view of Lemma 2.13 below, one can assume that the superlevel set of ¢ in
Definition 2.11-(ii) is not critical. We have shown, in particular, that Definitions 2.2
and 2.11 are equivalent.

Lemma 2.13. Let Q € C®°(RN), Q = 0 with equality only for x = 0, Q convex
in By, and constant in ]RN\BZ.
Let ¢ € C*(RN), and let x be such that Dp(x) # 0. For every n € R set

@"(x) == @(x) +nQ(x — ).
Then, for almost every n small enough the ¢ (x)-level set of ¢" is not critical.

Proof. Let B(x, §) be a neighborhood of x where Dy # 0. Clearly in B(x, §)
Dy +nDQ(x — x) # 0if n is small enough.
Then, in RY \B(x, §/2), we consider the C* function

o) —(®)
Ox —x)
and by Sard’s theorem, we know that for almost everywhere n > 0, the level

set 7 of this function is not critical. This means that for all x ¢ B(X, §/2) with
9(x) +nQ(x — X) = ¢(x), one has

X =

0 # (=De(x)Q(x —x) + DO(x — X)(¢(x) — ¢(X)))

1
0%(x — X)

1 _
= T 0G -1 (De(x) +nDQ(x — X)) ,

so that the ¢ (x)-level set of ¢ is not critical. O

We now introduce the notion of parabolic sub/superjets.

Definition 2.14. Let u : RY x (0, T) — R be upper semicontinuous at (x, ). We
say that (a, p, X) e R x RN x Mg,;;’v is in the parabolic superjet P>Vu(x, 1) of
u at (x,t),if

u(y,s) S ux, ) +als—1)+p-(y—x)
1
+5X<y—x>~<y—x)+o<|t—s|+|x—y|2)

for (y, s) in a neighborhood of (x, #). If u is lower semicontinuous at (x, ) we can
define the parabolic subjet P% ~u(x, t) of uat (x, t) as P> ~u(x, t) :== —P>T(—u)(x, 1).

The next lemma provides another equivalent definition of viscosity solutions in
terms of the superlevel sets of # and the corresponding parabolic jets.

Lemma 2.15. Let u be a viscosity subsolution of (2.4) in the sense of Defini-
tion 2.11. Then, for all (x,t) in RN x ©,7), if (a,p, X) € P2’+u(x, t), and
p # 0, then

a+Ipls (x.p. X,y tu(y.0) Z u(x.0)) < 0. 2.15)

A similar statement holds for supersolutions.
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Proof of Lemma 2.15. By definition of parabolic subjets, given ¢ > 0, § > 0,
there exists a neighborhood U of (x, ¢) in RY x (0, t] where

u(y,s) £ G+ @=es =10+ p-(y—x
1
+SX+8DG =2 (=)

with a strict inequality if y # x or s < t. Let p. 5 : RV x [0, T] be a continuous
function such that

pes(y.s) =u(x, ) +@—e)s =)+ p-(y—x)

1
+SX +8DG = x) - (=)

in U, pes = uin RY x (0, ], with equality only on (x,1), pes = u + c in
RN x (0,¢])\U for some ¢ > 0, and p, s is constant (possibly depending on
time) in (RV\/C), where also u is constant. Consider a decreasing sequence ¥
of smooth functions, such that wk is constant in (RY \K), infy wk = u, and
1//" Zu+1 / k. Such a sequence exists because u is upper-semicontinuous. Let
oF = mln{lﬂ Pe.s ), S0 that o* > uinRN x (0, 1], except at (x, t) where equality
holds, and ¢ = = pe.s near (x, ).

For any n € N large enough, the function (y,s) — u(y,s) — ¢*(y,s) —
1/[n(¢t — s)] attains a maximum at a point z, = (y,, Sy) € (0,7) X R, where
Zn = z = (x,1) as n — oo0. Moreover, Dg¥(z,) = p+ X+, —x)#0
for n large.

Hence, by Definition 2.11 of a viscosity subsolution,

1
n(t — sp)?

+| Dot )| ke (v DF @), D2F . {e o) 2 o @n}) <0

(pf (zn) +

Since 8,@{‘ (zn) = a — ¢ it follows that

a +1D¢* @l s (30 DO* s 500, D26 G5 {04 Cos 20 o |) < e
Letting n — oo and invoking Lemma 2.9 we obtain
a + ‘D(pk(x,t)‘ Ks (x, Dok (x, 1), D2g* (x, 1), {(pk(‘7 0> o, t)]) <
that is
a+1plk (x. 0 X +01 [k (.0 2 gFxin]) S e

Now, as {¢F(-, 1) = ¢F(x,0)} is a decreasing sequence converging to {u(-, 1) 2
u(x, 1)), we get that (p, X + 81, {p* (1) Z ¢*(x, 0O} = (p, X + 81, {u(-, 1) =
u(x, t)}) with uniform superjet, as k — oco. Therefore, by Lemma 2.8 we infer

a+ |ples(x, p, X + 81, {u(,1) 2 ulx,n}) < e
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The conclusion follows by applying once again Lemma 2.8, and after observing
that

(P, X +8L{uC,t) Zulx,n}) = (p, X, {u(-,1) Z u(x, )}
with a uniform superjet, as § — 0. O

In the next lemma we show that equation (2.4) is satisfied in a suitable viscosity
sense also for r = T. To this end, we notice that the notion of admissible test
functions ¢ given in Definition 2.1 can be extended also at points (£, T') € RN x{T'}
without any change. This is a classical fact; we adapt here the proof in [28].

Lemma 2.16. Let u € USC(RN x [0, T) be a subsolution of (2.4). If ¢ is ad-
missible at (x, T) and u — ¢ has a (one-sided with respect to time) maximum in
RN x [0, T] at (X, T), then (i) and (ii) of Definition 2.11 are satisfied at (%, T).
An analogous statement holds for supersolutions.

Proof. First assume that Dg(x, T) # 0. As usual, we can assume that the max-
imum is strict. For n large enough, the function u(x, t) — ¢(x,t) — 1/[n(T — 1)]
has a maximum at a point z,, := (£,, ,) € RY x (0, T) converging to z := (X, T')
as n — oo. Since u is a subsolution in RV x (0, T), for n large enough we have

@1 (zn) + + [D@(zn)| K« (xn, Do(zn), Dz(ﬂ(Zn), {‘P(', tn) 2 (P(Zn)}) <0.

b
n(T - tn)z
Letting n — o0, the conclusion follows from Lemma 2.9.
If now Dg(z) = 0, we follow the lines of [28, Proposition 1.3]. Since ¢ is
admissible at z, there are f € F and w € C*°(R) with &’ (0) = 0 such that
lp(x, 1) —@(2) =@ (Dt =T = f(lx = X)) + ot = T).
Set

Y, ) =@ —T)+2f(x —x|) + 20 —T),
1
Yn(x, 1) = ¥(x,t) — w T =D

We have that u — i has a strict maximum at z. Hence for n large enough u — i,
has a maximum atz, = (£, t,) € RY x (0, T), with z, — z. As Yy, is admissible
at z,, and u is a subsolution, we have

(2.16)

o)+ o'ty = T)
F2f (10 = €0k (%0, DY) D2 ), (Wa 1) 2 Ya(za)}) £ 0
2.17)
if X, # x,while ¢, (z)+@'(t,—T) < 0if x, = x.Note that {,, (-, ,) = V¥ (z,)} =

RN.\Bf—l(I)?”_XD(X). Le.tting n — 0o, we get ¢, (z) < 0 thanks to (2.6). Hence, as
claimed, u is a subsolution. 0O

Remark 2.17. A similar reasoning shows that the alternative characterization of
sub- and super-solutions provided by Lemma 2.15 holds also at points of the form
(x,T).
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2.6. Existence of a Viscosity Solution

Let ug : RY — R be a continuous function, constant out of a compact set
K. The existence of a viscosity solution to the Cauchy problem (2.4) follows by
standard arguments once the existence of at least one supersolution and a stability
property for supersolutions are established. We start by establishing a comparison
principle with classical subsolutions and supersolutions.

Lemma 2.18. Let T > 0 be fixed and let u € USC (RN x [0, T) be a subsolution
of 2.4). Let ¢ € C*(RN x [0, T1) be admissible at all points in the sense of
Definition 2.1 and such that ¢(x, 0) = ug(x) for all x € RV,

@1, 1) + [Dp(x, DIk, (x, Dp(x, 1), D2p(x. 1. {9 1) Z (x.1)}) Z 0
(2.18)
forall (x,t) € RN x [0, T, with |Do(x,t)| #0,and ¢ (x,t) 2 0if |Dp(x, t)| =
0. Then, ¢ = u in RN x [0, T. An analogous comparison principle holds between
viscosity supersolutions and classical subsolutions.

Proof. Assume toward a contradiction that there exists § > 0 and (x, ) € RV x
(0, T) such that (v — ¢)(x,t) > 6t. Then, setting ps(x,t) = @(x,t) + §t, we
have MaxRy 0. 7] % — Y5 > 0. Let zs := (x5, t5) be a maximum point and note
that necessarily 5 > 0. If Dg;s(zs) = 0, recalling the definition of a subsolution
we get the contradiction § < (¢s)s(zs) < 0. If Dys(zs) # 0, recalling again
Definition 2.11 of subsolution we get

@1(25) + 8+ 1Dg ()i (x5, Dop(zs). D2p(zs). 9 15) Z (25)}) £ 0.

which contradicts (2.18). The proof of the second part of the statement is completely
analogous. 0O

We now prove a useful confinement condition.

Lemma 2.19. Let R, T > 0 be fixed. There exists a constant R’ > R such that if
u € USCRYN x [0, T)) is a subsolution of (2.4) with u(x,0) < Cq for |x| = R,
then

u(x,t) <Co for|x| > R andt €10, T].

Analogously, ifu € LSC@RN x[0, T]) is a supersolution of (2.4)withu(x,0) = Cy
for|x| Z R, then

u(x,t) 2 Co for|x| > R andt €10, T].

Proof. We start by considering the case where u is a subsolution. We show only
the first part, since the other statement is the same after a change of sign. Let
Y € C*([0, +00)) be such that ¥'(0) = 0, ¥(s) = Cy for s = 2R, i strictly
decreasing in [0, 2R], and ¥ (|x]) = u(x, 0) for all x € RY. We now construct a
test function ¢, by letting all the superlevel sets of (| - |) expand with constant
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normal velocity equal to K, where K is the constant appearing in (2.3). Precisely,
we set
¥ (x| — Kt) if |x| £ 2R+ K1,

- (2.19)
Co otherwise.

o(x,t) = {

We can always assume that v is flat enough nearby the points where /' = 0, so that
@ is admissible (see Definition 2.1). The lemma is proven (with R’ := 2R + KT)
once we show that ¢ > u. To this aim observe that ¢;(x, 1) = K|Dg(x,1)| = 0
for all (x, t) and

0 =g (x,1) — K|Dg(x, )]
< @i, 1) +1Dg(x Dk (x, Do(x, 1), D2p(x, 1), g (1) 2 g(x, 1))
whenever | D(x, t)| # 0. The conclusion follows from Lemma 2.18. O

It is very easy to show that, as in the classical case, the maximum of two
subsolutions is still a subsolution. In the following we show that the notion of
subsolution is stable also with respect to taking upper relaxed limits.

Proposition 2.20. Let (u,),>; be a sequence of viscosity subsolutions such that

Uy = ¢, in RVN\K) %[0, T), for some constant ¢, € R and some compactIC < RV,
Let, for any z = (x, t),

u*(z) = lim sup[un(g) lz—=¢1Sr,nz l] (2.20)
rl0 r

If u*(z) < 4o0 for all z, then u* is a subsolution.

Of course, a symmetric result holds for supersolutions.
Proof. Let A C (0, T) be an open interval and let ¢ : RV x ? - R be an
admissible test function at z = (x,1) with (-, 5) = C(s) in (RN\K) x A for some
compact set /C and for all s € A, and such that u — ¢ has a strict maximum at z.

Assume first that Dg(z) # 0. Let z,, be a maximum point of u,, —¢@ in (K UK) x A.
By standard arguments it follows that z;, — z. Since for every n

01(zn) + 1Dz s (¥, Do (zn), D2p(za), 1y 9(3,1) Z 9(za)}) 20,

by Lemma 2.9 we conclude that

@@ + IDp@)| s (x. D(2). D2p(), {y : 9(3.1) Z 9(2)}) £ 0.

If now Dg(z) = 0, we follow the lines of [28, Proposition 1.3]. Since ¢ is
admissible at z, there are § > 0, f € Fandw € C®(R) withw'(0) =0, w(t) > 0
for r > 0 such that

lp(y,s) — @@ — @ (D) =D = flx —yD) +w(s —1)
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for all (y,s) € RN x A. Set

Y, 8) =@ (@ —1) +2f(ly —x|) +2w(s —1). (2.21)

Note that u — ¢ has a unique maximum at z in RV x A. Let z, = (y,, s,) be a
maximum point of u,, — ¥ in RN x A.Then z, — z.If Dy (zy) =0, then y, = x
and v, is admissible at z,, thanks to (2.21). We deduce ¢;(z) + o'(s, — ) < 0.
Otherwise y,, # x, ¥ is still admissible at z,, and we have

0 (2) + a)/(sn —1)
21 (1w = XDk ns DY)y D2 () AW G s0) = Yz} £ 0. (2.22)

Note that {yr(, 5,) = ¥(zn)}) = RN\B -1y, ) (x). Letting n — 00, we get

¢:(z) < 0 thanks to (2.6). Hence, as claimed, u is a subsolution. O
We now can state a general existence result:

Theorem 2.21. Letug : RN — R be auniformly continuous function withug = Co
for |x| 2 R. Let R’ be the constant given by Lemma 2.19. Then, there exists a
viscosity solution u : RN x [0, T] — R of (2.4) withu = Cy for |x| = R’

Proof. We sketch the proof of this result which follows from classical arguments
(see [21,28]) and it is based on Perron’s method. Let ¢ be the function defined in
(2.19), and notice that it is a supersolution. Then, we can set

u(x,t) =inf{v(x,t) : vis a supersolution of the Cauchy problem (2.4)}.
(2.23)
The fact that u is bounded from below easily follows by using the smooth barrier
Co + A(Co — ¢) as in the proof Lemma 2.19. Let u*, u, be the upper and lower
semicontinuous envelopes of u, respectively. The fact that u, is a supersolution
follows from Proposition 2.20, observing that for each point z = (x, r) we may
find a suitable sequence of supersolutions (v,),>; such that

uy(z) = lim inf[vn(é) lz—¢lSr,n 2 1]
rl0 r

We now prove that u, (-, 0) = ug and u*(-,0) < ug. We only show the first
inequality, since the second one can be established in an analogous manner.
Fix f € F and for every x € RN, 8, m,n > 0set

P (x, 1) == —mf(]x — %) — 8 — nt.

We can choose f in such a way that w;’fg" is admissible at all points in the sense
of Definition 2.1 for all §, m,n > 0. Notice that for every fixed §, if m is large
enough (independent of n) we have (pxlffbn < ug. Moreover, for every 8, m, if
|D<p;ff’5" (x, 1)| # 0 one has

Dol ok (v v el o0 2ol en)) <€,
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with C > 0 depending only on m. This is due to the admissibility of f(| - —x|).
Thus, since (go%"’b”)t (x,t) = —n, if n is large enough we have that

(o) oo+ Doyl (v {y: oy onn 2ol @n}) <0 @24)

forall (x, 1) € RN x[0, T, with|Dg(x, t)| # 0. Therefore there existm (8), n(8) >
0 such that
Pz, = ngss)’n(a)

satisfies (2.24) and ¢z s < up. By Lemma 2.18 we deduce that any supersolution
of the Cauchy problem (2.4) is greater than or equal to any ¢z 5. In turn, u = @z 5
so that also u, > @z 5 forall ¥ € RV, § > 0. By the very definition of ¢z 5 and by
the arbitrariness of § we conclude that u. (-, 0) = uy.

Since u4(x,0) = ug(x) and uy is a supersolution, it follows from (2.23) that
u < u, and thus, in fact,

U = Uy. (2.25)

We now show that u™ is a subsolution. To this purpose we argue by contradiction,
by assuming that either there exists a function ¢ as in Definition 2.2 and a point
7 = (X, 1) such that u* — ¢ has a strict maximum at Z, with u*(Z) = ¢(2), {¢(-, 1) =
@(x, 1)} is not critical, and

@ (@) + 1Dp@)k (X, {y 1 9. 1) 2 9(D)}) > 0,

or there exists a test function ¢ and a point of strict maximum z for u* — ¢ such
that u™(z) = ¢(2), De(z) = 0, ¢ is admissible at z, and ¢, (z) > 0.
We start by considering the first case. For all § > 0 sufficiently small set

us := min{u, ¢ — 8}.

Recalling (2.25), we have that u is lower semicontinuous. Moreover, the set where
u # us is contained in any small ball B, (z), provided that § is small enough. We fix
such a small ball (and correspondingly §) so that B, (z) C RN x (0, T), the level
sets {y : ¢(y, 1) = ¢(x, t)} are not critical for all (x, t) € B,(z) , and

@i (x, 1) + |Do(x, D)k (x,{y : @(y, 1) Z p(x,1)}) > 0. (2.26)

We claim that us is a supersolution for (2.4). Indeed, clearly us(-, 0) = ug. Now
let ¢ be a test function as in Definition 2.2 and assume that us — y attains a
maximum at z5 = (x3, £5). Assume first that {y : ¥ (y, t5) = ¥ (zs)} is not critical.
If us(zs) = u(zs), then z;s is also a maximum for u — . Recalling that u is a
supersolution, we infer

Vi (z5) + DY (z8) & (x5, {y : ¥ (v, 15) 2 ¥(28)}) 2 0.

Otherwise us(z5) = ¢(zs) — & and thus z5 € B,(Z) and zg is a maximum point for
@ — . In particular, ¥, (zs) = ¢1(25), DY (z5) = De(zs), and {y : ¥ (v, t5) 2
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Y(zs)) S v : ¢(v,1s) = @(z5)}. Recalling (2.26) and the monotonicity of x, we
have

Yi(25) + DY (z8)| & (x5, {y - ¥ (. 15) = ¥ (zs)})
> ¢1(25) + [Dp(zs)| & (x5, {y 1 (v, 15) = @(25)}) > 0.

Note that if Dy (zs) = 0, then necessarily us(zs) = u(zs), s 1S a maximum point
for u — v and thus ¥ (z5) = 0, since u is a supersolution. This concludes the proof
of the fact that u; is a supersolution. Let now z,, — Z be such that u(z,) — u*(2).
Thus, for n large enough we have

) 3
us(@n) = @) =8 < 9@ — 5 = u*(2) — 5 Su),
which contradicts the minimality of u.
To treat the case D¢(z) = 0 one repeats the same construction, but with ¢
replaced by

Px, 1) = 9@ + (D) — 1) +2f(Ix — %) + 2 — 1),

with f and w chosen as in (2.21). O

3. Uniqueness of Viscosity Solutions

In this section we will prove that, under some additional assumptions, (2.4)
admits a unique viscosity solution. In the first subsection, we consider first order
geometric flows, corresponding to the case where the relaxed curvatures «, and
«* depend only on the first order super-jet and sub-jet, respectively. Examples of
relevant first-order flows are given in Section 5.

In the second subsection, we deal with truly second order flows, under an
additional uniform continuity assumption on the nonlocal curvature k.

Before entering the details of the uniqueness theory, it is convenient to give the
following definition and state an auxiliary lemma.

Definition 3.1. We say that a set valued function F : [0, T] — 991 is a subsolution
of the geometric flow (1.1) if x () is a viscosity subsolution of (2.4) in the sense
of Definition 2.11. The definition of supersolutions and solutions of the geometric
flow are analogous.

Lemma 3.2. Let u be a subsolution of (2.4). Then, for every s € R the set function
t — F@t) :={u(-,t) 2 s} is a subsolution of the geometric flow (1.1), according
with Definition 3.1. The analogous statement holds for supersolutions.

The proof is classical and follows by approximating the Heavyside function
as a supremum of smooth increasing functions H,, so that xr(x,t) = sup, H,

(u(x,t) —s).
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3.1. Uniqueness for First-Order Flows

Here we consider the case of curvatures, which generate a first order flow.
Namely, we denote by ¢! the class of sets of RY, which are the closure of an
open set of class C!'! with compact boundary, and we assume that the following
property holds:

(FO): Letx e ¢!l letx € 9%, andlet (p, X) and (p, Y) be elements ofj§’+(x)
and J)%’_(x), respectively. Then,

K*(xap7X7 E)ZK*('xﬂp’ Y’ 2) (31)

Note that the above assumption postulates that the semicontinuous extensions
and «* are independent of the second derivative variables X and Y, at least on C!-!-
sets. Under these circumstances, we may regard the common value of the quantities
in (3.1) as an extension of the definition of curvature to sets of class C L1 that is,
forall £ € ¢! we may set

K(.X', E) = K*(.X, P Xv E) = K*(X, P Ya E)
for any (p, X) € J3+(x) and (p, ¥) € Tg~ (x).

In this situation, the problem becomes similar to the methodology developed
in [12] by Cardaliaguet. In particular, as show the following Lemma 3.3, our exten-
sions «y, k* correspond here precisely to the extensions 4%, h” found in eqn (6), (7)
of [12] (with h = —«). For completeness, and also because of slight differences (in

particular, we have no sign restriction on our curvatures), we present here complete
proofs of uniqueness, which rely as in [12] on Ilmanen’s interposition lemma.

Lemma 3.3. Assume that (FO) holds and let F € 9R. Then, for any (p, X) €
j§’+(x) we have

ke (x, p, X, F) = sup {K(x, $): T eehl,
FCS, xed, andp 1L 3% atx}. (3.2)
Analogously, for any (p,Y) € jﬁ’_(x) we have
k*(x, p,Y, F) =inf {K(x, ) :seehl
S CF xeds, andp L% atx}. (3.3)

Proof. We only prove (3.2), the proof of (3.3) being analogous. Denote by
k(x, p, F) the quantity defined by the right-hand side of (3.2). Clearly, by def-
inition of «, we immediately have that k. (x, p, X, F) < «(x, p, F).

To prove the opposite inequality, fix ¢ > 0 and let ¥ be a C!!-set, admissible
for the definition of k (x, p, F'), such that

k(x,X) Zk(x, p, F)—e. (3.4)
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Moreover, let A € €, admissible for the definition of «,(x, p, X, £) = k(x, X),
such that
k(x,A) Z k(x,X) —s. (3.5)

Since A is also admissible for F, we have
K*(-xv P, Xa F) z K(xv A) z K(-xs E) —& z &(.X, P, F) - 281 (36)
and the conclusion follows from the arbitrariness of ¢. 0O

We continue with the following lemma, which provides a crucial comparison
property between «, and «*.

Lemma 3.4. Assume that condition (FO) above holds and let F, G be a closed

and an open set, respectively, with compact boundaries and such that F C G. Let
x € 0F, y € 9G satisfy
|x — y| =dist(dF, 9G). (3.7)

Then, for all (p, X) € .73’+(x) and (p,Y) € jé’_(y), with p := x — y, we have
K*(-xv ps X’ F) z K*(yv ps Y’ G)'

Proof. Exploiting (3.7), we may apply the Ilmanen Interposition Lemma [26], to
findaset ¥ € ¢! suchthat F € =, % C G, and [x,y] N3 = {2}, with 2
satisfying

Ix — 2| = dist(dF, d%) = |y — 5| = dist(dG, 9%).

Here [x, y] stands for the segment with endpoints x and y. In particular, F C
Y+x—zwithx € 3(Z+x—2)and p L 3(Z + x — Z) at x. Analogously
Y4+y—z2CG,withyed(T+y—2 and p L 3(X 4y —2) at y. Recalling
(3.2) and (3.3), we may conclude

ki, p, X, F) 2 k(x, 2+ x—-2) =k(x,X+y—2) 2 «*(y, p, Y, G).
O

Uniqueness of viscosity solutions is a straightforward consequence of the fol-
lowing Comparison Principle, which is the main result of this subsection.

Theorem 3.5. (First Order Comparison Principle) Assume that condition (FO)
holds. Let u € USC@RY x [0, T]) and v € LSC(RYN x [0, T)), both constant
(spatially) out of a compact set, be a subsolution and a supersolution of (2.4),
respectively. If u(-,0) < v(-,0), thenu < vin RN x [0, T].

Proof. Assume by contradiction that there exists 7 := (X, ) € RY x (0, T'] such
that u(z) —v(z) > 0. Let f € F, o, ¢ > 0 and set

D(x,t,y,s) =ulx,t) —v(y,s) —af(x —y|) —a(t — s)2 — &t — &s.

Notice that ® is u.s.c. Let (£,7,3,5) € RY x [0,T] x RY x [0,T] be a
maximum point of ®. We may choose ¢ so small that the maximum is strictly
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positive. Moreover, as « — oo we clearly have |X — 9|, |§ — f| — 0. Thus, since
®(x,0,x,0) <0, we can choose « so large that § and 7 are strictly positive. We
consider now two cases.

First case: x = . Let

e(x, 1) ;= v(3, 5) +af(|x — ) 4+ a(t — §) + et + &5. (3.8)

Y.s) = u@ D) —af (2 = y) —al =) —ef —es. (3.9)
Since u is a subsolution and v is a supersolution we have
02 ¢, 0)=2a(—8)+e 0= Y(3,5) =2a( —35) —e&,

which yields a contradiction.
Second case: X # 3. Note that

(206(5— 5 +e.af (1)L X) e P>Yu(k, i),

1pl’

(2a(f —H—s af’(|ﬁ|)|’—i|, —X) e P2 u(3, §),
p

where p := £ — y and X = D?¢(X,1), with ¢ defined in (3.8). Thus, by
Lemma 2.15 and Remark 2.17, we have

20— B+ + ke (;e,af’aﬁn'%, X, (D) 2 uoe,m) <0
(3.10)

2a(f—§) _8+K* ()A)s af/(lﬁDl:%'s _Xv {U(»§) > U(j},&\)}) 2 0

Observe now that if x € {u(-,#) = u(%,7)} and |y — x| < |9 — X[, then
V(3,8 —v(,8) = u@ D —ulx,n) +af(x—y)—af(X-3) < 0
so that y € {v(-, §) > v(9, §)}. In other words,
{u(-,1) Z u(@, 0D} + B, — X)) C {v(, §) > v(F, 5},

which by Lemma 3.4 implies
( f (lp') /\ X7 {M(',i) i M(.)’C\,;)})
> K

(y’af (|p|)|/\|’ Xa {U(,§)>U(j\7,§)})

This inequality, combined with (3.10), easily leads to the contradiction 2 < 0.
This concludes the proof of the theorem. 0O
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3.2. Uniqueness for Second-Order Flows

Here we consider general second-order flows. In order to establish uniqueness
we will need to assume the following reinforced continuity property, which replaces
(C) of Section 2.1:

(C’) Uniform continuity: Given R > 0, there exists a modulus of continuity
wpr such that the following holds. For all £ € €, x € 9FE, such that E
has both an internal and external ball condition of radius R at x, and for
all ® : RY — RN diffeomorphism of class C%#, with ®(y) = y for
|y — x| = 1, we have

e (x, E) — k(@ (x), (E))| = wr(|P — Idl|ces).

(We can observe that if ® is a translation out of B(x, 1), then the estimate still holds
by translational invariance of the curvature.)

We now prove that the uniform continuity property stated in (C’) extends to
and «*.

Lemma 3.6. Assume that (C') holds. Then, given R > 0, there exists a modulus of
continuity wg such that the following holds. For all F € I, x € 0 F, with internal
and external ball condition at x of radius R, any (p, X) € j§’+(x) with p # 0,
IX|/Ip| £ 1/R, then for any ® : RN — RN diffeomorphism of class C%#, we
have

lics (X, Py X, F) — k(@ (x), D(f 0 @) (@ (x)), D*(f 0 @~ (@ (x)), D(F))|
S wr(|D — Id||cep)

where f(y) = (y—x)-p+ %X(y —x) - (y — x). The same holds true for k*.

Proof. Let E € €with E D F and (p, X) € jé’_(x). A first remark is that E has
an inner ball condition at x of radius R, since it contains F. Given R’ < R, and
letting Bgr = B(x — R'p/|pl, R") be the external ball of radius R’ which touches
9 F atx (only), we observe that we may find a set E’ € € suchthat £’ C E\ By and
E’ D F, and still (since the ball Bg is also exterior and tangent to the set { f = 0},
thanks to the condition |X|/|p| £ 1/R), (p, X) € jé;f(x). By assumption (A)
one has k(x, E’) 2 «(x, E). By assumption (C'),

K(x, E") = k(®(x), ®(EN) = wp/ (| — Id]|cep).

Since ®(E’) € €, ®(E") 2 ®(F)and (D(fod ) (®(x)), D*>(fod (D (x))) €
Taip(@(x)), then

1:(@(x), D(f 0 @ (@ (x)), D*(f 0 @~ )(D(x)), ®(F))
> 1 (@(x), D(E") 2 k(x, E') — wp/ (| — Id]|cep)
2 k(x, E) —op(|® — Id|cep).
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Taking the supremum over all suitable sets E, we deduce

1 (@(x), D(f 0 @~ (@ (x)), D*(f 0 @) (D (x)), ®(F))
2 K*(X, P, Xa F) - wR/(”q> - Id“cf,ﬂ).

The other inequality in order to conclude the proof (possibly redefining slightly
wr) follows analogously, switching the role of £ with ®(E). O

Now, if (C’) holds, we also deduce a natural comparison property for the cur-
vatures k., k* of sets included in one another with a unique contact point.

Lemma 3.7. Assume (C') holds. Let x € RN, F,G € M with F C G U {x} and
IF NIG = {x}). Let (p, X) € Tp T (x), (p, ¥) € T~ (x), with X < Y. Then,

ke(x, p, X, F) Z *(x, p, Y, G).

Proof. First we observe that if X < Y then one may find X', Y’ with X < X’ <
Y’ < Y so that near the contact point x, F lies inside the set {{p,y — x) +
(X'(y = x), y — x) /2 = 0} while G contains {(p, y — x)+(Y'(y — x), y —x) /2 >
0}. Then, since x is the unique contact point of d F and dG, one can build a set
E € Ewithjet (p, X')atx and F C E, E C G. It follows, by definition, that

ki(x, p, X, F) 2 k(x,E) Z «*(x, p, Y, G).

Now,if X £ Y,welet F/ = FUB where B = B(x+Rp/|p|, R) with R < |p|/|X]|
small enough so that x remains the unique point in d F" N dG. This new set has both
an internal and external ball condition of radius R at x, and one still has (x, p, X) €
Jﬁf’(x), moreover since F C F/, k4 (x, p, X, F) 2 k(x, p, X, F"). We can find
a diffeomorphism of the form ®(y) = y + en(y)p where n : RY — [0, 1] is a
smooth function with support in a neighborhood of x, with (x) = 0 and D?(x) =
I, such that the set @, (F") still has x as unique contact point with dG. Lemma 3.6
ensures that k. (x, p, X, F') 2 ks(x, p, Xe, @ (F')) — wr(elnllceslpl), where
X, = X — ¢|p|?I. Since X, < Y, one has k.(x, p, Xo, F') = «*(x, p, Y, G),
hence

K*(xa p, Xv F) 2 K*(xa p, Yv G) - wR(<9||77||C‘3,/3|p|)
and sending ¢ to zero we recover the thesis of the Lemma. 0O

As in the previous subsection, uniqueness of viscosity solutions is a straightfor-
ward consequence of the following Comparison Principle, which is the main result
of this subsection.

Theorem 3.8. (Second Order Comparison Principle) Assume (C') holds. Let
u € USCRYN x [0,T]) and v € LSC(RY x [0, TY), both constant (spatially)
out of a compact set, be a subsolution and a supersolution of (2.4), respectively. If
u(-,0) < (-, 0), thenu <vinRN x [0, T].
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Proof. Without loss of generality we can assume u(-,0) < v(-,0). Assume by
contradiction that there existsa € Rand ¢ € (0, T] such that F(¢) := {u(-,t) = a}
is not contained in G (¢t) := {v(-,t) > a}.

Notice that, since u(-, 0) < v(-,0), we have F(0) C G(0). A first remark is
that we can assume, without loss of generality, that the sets F (¢) satisfy an internal
ball condition with some fixed radius r > 0, at all time, while G(¢) satisfy an
external ball condition with same radius. Indeed, we can always replace F and G
with, respectively, the sets

Ft)+BO.r) = |J@+F@®) and {x: Bx.r)CG®)}
2| Sr

for some r > 0, which are still, respectively, a sub and a super-solution of (1.1);
moreover if 7 is small enough, the inclusion F(0) C G(0) is preserved.
Let f e FN C48 and let

Wh(x, )= max  xpe_n®x —&) —A(fED + ), (3.11)
EeRN te[t—T,1]
vE(e, 1) = min xgu-o(x — &) +A(F(ED + ) (3.12)

EeRN te[t—T.,t]
Since F(0) C G(0), for A large enough u’.(-, 0) < v} (-, 0). Then, the function

D(x,t,y,5) = ukp(x, t) — vé;(y, s)—e+s)—A(f(x—y])+ 1t — s|2)

is semiconvex, and for ¢ > 0 small and A large enough admits a positive maximum
at some (xo, 70, Y0, S0) € RN x [0, T] x RN x [0, T] with o, so > O.
First case: xo = yg. Let

@(x, 1) i= vl (30, 50) + Af(1x — yol) + At — 50) + &t + es0.
Y (y,s) 1= uh(xo, 10) — Af (Ixo — y]) — Aty — $)* — etg — es.

We observe that by construction, u} is a subsolution and vé; is a supersolution on
RN x [2/«/1 T](weneedt = 2/«/X to ensure that the max in (3.11) is not reached
at T = 1, observe though that if A is large enough one will have 7y, so > 2/+/A).
Hence, we have

0 2 ¢ (x0, t0) =2A(to — s0) + &, 0 = ¥, (yo, s0) = 2A(t9 — s50) — €,

which yield a contradiction.
Second case: xo # yp. We can always assume (choosing A large enough) that
f(xo — yo|) < 1. Moreover, we have

uls (xo, 10) < 1. (3.13)

Indeed, observe that u))p (x,t) = lif and only if x € F(¢), that Du);(x, t) =0on
F (1), and Du);,(xo, to) = Dy f(Jxo — yol) # 0. Thus, x¢ can not belong to F ().

Letq : [0, +o0] — [0, 1] be a smooth, nondecreasing, function with g (r) = r
forr < 1/2 and ¢(r) = 1 forr > 3/2. For p > 0, let then
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(Dp(-x’ tv y?s) = (D(.X, t, y,S) - p[CI(lx —X()|)
+4q(y — yol) +q(lt — to]) + q(Is — sol)],

so that (xo, 19, Yo, So) is a strict maximum of ®,. Let n : RN — R be a smooth
cut-off function, with compact support and equal to one in a neighborhood U of
the origin. For every A := (&y, hu, Co, hy) € RY x R x RN x R, the function

Dp(x, 1, y,8) — (x — x0)Gu, hu) - (x, 1) +n(y — y0) v, hy) - (¥, 5))
is maximized at some (xa, A, YA, SA) such that
(XA, IA> YAS SA) —> (X0, T0, Y0, S0)  as |A] — 0.

Thus, by Jensen’s Lemma [21, Lemma A.3], we may assume that for every § > 0
sufficiently small there exists A, 5 = @0 h0°8 % ht%), with A5l <6,
such that the function

Dps(x,t,y,8) = Dy(x,1,y,s5)
— (n(x —x0) (E°, 1) - (x, ) + n(y — yo) (E2°°, h2°) - (. )

attains a maximum at some Z,s = (Xp.5,p,5, Vp.5,5p,5) Where @5 , is twice
differentiable and such that x, s — x0, yp,s —yo0 € U and t, 5, 5, s > 0. Moreover,

Zp,8 = (x0, 10, Y0, 50) asé — 0. (3.14)

Notice that since @, is twice differentiable at z,, s it follows that also u);p and v%';
are twice differentiable at (x, s, 1, 5) and (y, s, 5p,5), respectively.

Let r,f’a, 15’5 € R be the maximizing 7’s in (3.11), (3.12) corresponding to
the points (x, s, 5.5), (Vp,5, 5p,5), respectively. Set

(e, 1) 1= ma [t pqogpn = ) = 2£AED} = 2 (20%)? (3.15)
To(r9) = min {xg 0=+ (D] +2 () 3I16)
Observe that by construction,
wh Zip, v < g,
Wi (Xp.s.tp.8) = F(Xps.tps).  VG(Vpuss85p.8) =06 (¥p.s-Sps). (317
Set now

fpe,0) = iip(x, 1) — pq(lx —xps))

—plg(lx — xol) + (It — 10))] = n(x — x0) (7%, h2®) - (x, 1),
UG (y,s) == 06 (y,8) +pq(y — yp.s50)

+o gy = yol) +q(s — s0D1+ n(y — yo) (§°, h2%) - (v, s).

Then by construction, the function

ip(x, 1) —06(y,s) — et +5) — A(f(Ix — yD) + |t — 5]?).
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has its maximum at z,, s, which is now strict with respect to the spatial variables.
Hence if we set

Fps(t) = {arC,0) 2 iar(ps, tp8)}, Gpols) = {06(, ) > 065, 5p.8)} -

we have I:”p,g(tp,g) - Aép,ﬁ(sp,ﬁ) anq moreover (X, s, ¥p,5) is the only pair of
minimal distance in dF), 5(t5,5) x 0G, 5(sp,5). In addition, we observe that at
the maximum point, |D12F(xp,3, to.s)| ~ |Di(xp 5, tp,8)| = |Du)],(xp,5, tp,8)| ~
A'(Ixp.s — yp.s1) = Af'(Ixo — yol) # 0 up to perturbations which go to zero as
0,8 — 0, and that the function u ¢ is semiconvex, hence F 0,8 (tp,5) has an interior
ball condition at x,, 5 with a radius independent on p and 8, if small enough. In the

same way, Gp,g(sp,(;) has an exterior ball condition at y, 5. In turns, I:“p,g(tp,(s) and

G 0,8(8p,5) satisfy both and internal and external ball condition.
Set

&)p,é(xatﬂ yvs) = ch)S(.x,t, yv s) +)\'(f(|x - )’|) + |t _S|2)

and
(do.s: Bpss Kos) = (08052000, Dabpis(@ps). DI®ps(zp0)) . (B18)

(15;),5, dp.5» i}p,é) = (as&)p,é(Zp,é)s Dy®, 5(zp.8), Diép,a(zp,s)) . (319
Then, recalling (3.17), we observe that the superjet (d, 5, Pp.s. )U(p,g) of

wh(x, 1) — plg(Ix — xol) + q (It — to))] — n(x — x0) (E2°, h2°) - (x, 1)

at (xp,s, tp,s) is also a superjet for # r(x, ) at the same point, hence, also, for the
function i (x,,s, tp,(s))(ﬁ/“S (since dp(x,1) 2 Up(x,s, tp,,g)xﬁpvs(t)(x)). Hence,
we have
9 v hd 2’+
(dp.5: oss Xp5) € P; (Xp.519.8) (3.20)
8

MF(xp,B»tp,B)Xﬁ*p

and analogously,

. -
(bp,a, dp.s Yp,a) e Py (V0.5 5p,8)-
8

UG(Yp,rSsSp,E)X(}p

Since D, ®, 5(zp.5) = 0, we deduce

dps —bps =26, Pps=dps- (3.21)

Moreover, since D2 &, 5(z,.5) < 0, one can check that
X,y TP, P

v

Xp.s

A

Yp.s. (3.22)

By construction, Ci)p’(g is also semiconvex, so that }v(p,(g > —cl, ?p,g < cI for a
constant ¢ depending on A.
Let

cos(x,t) i=up(x,t)+ (Ur(xps,tp5) — Up(x,1)).
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Notice that, as § — 0, p — 0, we have ¢, s — u}(xo, tp) uniformly. In view
of (3.13) we can thus assume that ¢, 5 < 1. Observe also that ¢, s is smooth and
constant away from a neighborhood of (xg, #p), and it converges also in C LB,

We have ﬁp,g(t) = {x 1 ur(x,1) 2 ¢, 5(x,1)}. Thus, by the definition of
ur, we have that x € I:ﬂpﬁa(t) if and only if there exists & € RY such that
x € £+ F(t — %), with

Ko ranpty ) = AL UED = 1= Af (1§D 2 cp5(x, 1),

that is,

ﬁp,g(t) = {x tX€EEHF (t — rbf"s)

for some & € RY with |£] < f~! (W)] . (3.23)

For p, 8 small enough, x, 5 & F(t, 5 — rf’a) and we can introduce w, s # 0
such that x, 5 + wp s i a projection of x, 5 on F(ty s — tup’a). Precisely, one has
that ¢, 5(xp.5,1p,5) = u}(xlp,,g, tp,8), & = —w, s reaches the max in (3.11) (for
x =xps),and |wy 5]l = 7 ((1 —cp,s(xp,s,1p,5))/A). We then set

1 =cpslx,tps)\ wps
xpp,(;(x):zx—fl( e m— .

A

which is a C%# diffeomorphism (being ¢p,s bounded away from 1), which is a
constant (small) translation out of a neighborhood of xg, and converges C*# to the
identity as § — 0 and p — 0. Observe that W, 5(x, s) = x,,s. Then, we let

Fps(t) =W, s (F(t —t/%) —wyys). (3.24)

By construction, Fj s5(1p.s) € F,s(ty5) and x,5 € 9F,5(tp.8) N OF, 5(tp.5).
Moreover, we recall that I:"p,,;(tp,(;) has an internal ball condition at x, s while
G 0,8(8p,5) satisfies an external ball condition at y, s, with radius bounded away
from O uniformly with respect to p and § sufficiently small. Thus, recalling that
Fy 5(tp,s)+(Vp,s —Xp,s) S Gp,s(sp,s) (being y, s the only contact point), we have
that £ 0,5(tp.s), and in turn F 1,5 (tp,s) satisfies a uniform external ball condition in
X,.s. In addition, since we have assumed that F(¢#) had a uniform internal ball

condition for some radius » > 0, the same holds for F 0,6(ty,s) with a smaller
radius.
Notice that | W, s — I||ce.s — Oas p, § — 0. Set

(Pp.s» Xp,8) := (Dx(&)p,ﬁ(‘v tp.5: Yp.5+5p.8) © Wy 5)(xs),
D@5 19,51 V0.5 5.8) © W) (35) )
By construction (see (3.20)), we have

9 2 +
a,s, , X e Py Xps+w
( p.8> Pp.s p,é) MF(Xp,Bqtp,g)XF(tirlfJ)( P8 p.5)
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Since ur(xp,5, tp,(;)XF(I_Tf,a) is a subsolution, we have

dos + | Ppslics (Xp.s + Wos, Pp.ss Xpss F (tp.s — %)) S 0. (3.25)
Note that
Pp.s — Duly(xo,10) #0,

as p, 8 — 0, and thus |p, 5| is bounded away from zero for p and § sufficiently

small. Since also X 0,5 and hence X, 5 is bounded, we can invoke Lemma 3.6 and
deduce that

dp.s +1Bpsls (%05 Bpss Koo Fosltp) S0(0.8),  (3.26)

where w(p,8) — 0as p, § — 0.
Analogously, we also have

dp.s =28 +15ps0" (3.0 oo Vo Gps(sp)) Z0(0,8)  (327)

for a suitable set ép,(g(sp,‘;)) such that ﬁ(tp,(s) + p,s —Xp,5) C ép,g(sp,(;)) and
0(Fp,5(tp,8) + (Vo,6 —%p,8)) N3G, 5(sp.8)) = {yp,5}. By (3.22) and Lemma 3.7
we get

Kx (x,o,(Sy ﬁp,é, Xp,S: Fp,é(tp,ﬁ)) 2 K* (y,o,(Sa ﬁp,Sa Yp,57 G,o,(S(S,o,(S)) s

and thus, in particular,

dp.s — 26+ | Pp.slis (xp,a, Po.ss Xp.ss Fp,a(lp,a)) 2 2w(p, d),

which, together (3.26) gives ¢ < w(p, §). This is a contradiction for p, § suffi-
ciently small. 0O

Remark 3.9. By the uniqueness property stated in Theorems 3.5 and 3.8, we deduce
that the evolution of open and closed superlevel sets is intrinsic in the following
sense. Let u°, i : RY — R be two initial conditions such that {x°(:) > 0} =
{#°(-) > 0}. Then, denoting by u and i the corresponding geometric evolutions we
have

{u(-,t) > 0} ={u(,t) > 0} for all r € [0, 7]
(and the same identity holds for the closed superlevels). Indeed, for any A = 0 set
@)= {uCo) >4y, A) = (At > A,
Ci) = {uC.0) 2 1), Ca(0) = {aC, 0 = A},
In view of Lemma 3.2 and of Theorems 3.5 and 3.8, we have that for every A > 0
Cilt) S Ao, Ca(0) S Ag(0).
Thus, we conclude

Ao) = Cr) S Ao),  Ao() = ] Ca(t) € Ap().
A>0 1>0
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Part 2. Variational Nonlocal Curvatures

In this part we further assume the nonlocal curvature to be variational; that
is, we assume that « is the first variation of a suitable generalized perimeter. The
second part of the paper is organized as follows. In Section 4 we introduce a suitable
class of translation invariant generalized perimeters J and we give a rather weak
notion of curvature as a first variation of the perimeter functional with respect to
measurable perturbations of the set shrinking to a point x of the boundary. We also
show how some of the structural assumptions of J translate into properties of the
curvature «.

In Section 4.3 we study how the weak notion of curvature compares to more
standard ones. Section 5 is devoted to showing some relevant examples of vari-
ational nonlocal curvatures that fit in our abstract framework. Finally, Section 6
contains the main result of this part, namely the fact that the minimizing movement
scheme applied to J converges to the associated nonlocal curvature flow.

4. Generalized Perimeters and Curvatures

We begin this section by introducing the class of generalized (possibly nonlocal)
perimeters we will be dealing with.

4.1. Generalized Perimeters

We will say that a functional J : 9t — [0, +00] is a generalized perimeter if
it satisfies the following properties:
(i) J(E) < oo forevery E € €,
(i) J(@) = J(RY) = 0;
(iii) J(E) = J(E")if |[EAE'| = 0;
(iv) Jis LL -ls.c.if |(E,AE) N Bg| — 0 for every R > 0, then

loc

J(E) £ limninf J(Ep);
(v) J is submodular: For any E, F € 9,
J(EUF)+J(ENF) < J(E)+ J(F); “4.1n
(vi) J is translational invariant:
J(x +E)=J(E) forall E €M, x € RV, 4.2)

We can extend the functional J to L! (R™) enforcing the following generalized

loc
co-area formula:

+o00

J(u) = / J{u > s})ds for every u € L}OC(RN). 4.3)
—0oQ0

It can be shown that, under the assumptions above, J is a convex l.s.c. functional

in L1 _(RVY) (see [18]).

loc
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Observe that the following holds true:

Lemma 4.1. Let u € LllOC (RN and p be a nonnegative and compactly supported

mollifier, and let ps(x) := p(x/e)/e" for e > 0 small. Then for all ,
J(pe xu) < J(u). (4.4)
Moreover, limg_0 J (pe *x u) = J(u).

Proof. The first statement follows from the convexity of J, by approximating p s u
by appropriate finite convex combinations and then passing to the limit thanks to
the lower semicontinuity assumption (iv). The last statement is then an immediate
consequence of (4.4) and once again of assumption (iv). O

4.2. A Weak Notion of Curvature

We introduce here a definition of the curvature of sets relative to the generalized
perimeter J which will be useful for studying the geometric “gradient flow” of J. It
is based on a sort of local subdifferentiability property. We will show in Section 4.3
that it is implied by more standard definitions based on global variations of the
boundaries of smooth sets.

Definition 4.2. Let E € € and x € 9E. We set

JEUWw) = JE) 5 Mo W\E| > 0
[Wu\E|

kT (x, E) ;= inf [liminf
n
(4.5)

and

J(E) — J(E\Wy)
W, NE|

W, X x), IWaNE| >0

(4.6)
We say that « (x, E) is the curvature of E at x (associated with the perimeter J) if
kT (x,E)=k"(x,E) =:«k(x,E) e R.

k™ (x, E) :=sup [lim sup
n

Notice that if J(E) = J(RN\E) it follows that ¥ (x, E) = —«~(x, RV\ E),
and therefore « (x, E) = —k (x, RN\ E) (whenever it exists).

Standing Assumptions of Part 2. Throughout Part 2 we assume that the cur-
vature exists for all sets in €, that is,

k(x,E) =k (x,E) =« (x,E) e Rforall E € € and all x € JE,
and that

k satisfies axiom (C) of Section 2.1.

The translational invariance (B) follows naturally from the translational invari-
ance of the perimeter J. The monotonicity property (A) stated in Section 2.1 is a
consequence of the submodularity assumption (4.1), as shown in the next lemma.
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Lemmad4.3. Let E, F € € with E C F, and assume that x € 0F N JE: then
k(x, F) S k(x, E).

Proof. First, we observe that we can find sets F;,, which converge to F in €, with
F, O F and {x} = 0E N 3 F,. In particular, «(x, F,) — «(x, F). Then, let v be
the (outer) normal vector to E and (all of the) F; at x, and for ¢ > 0 small let
E? = E + ev. Let W8 = EE\I%”, and observe that W¢ 7—{> {x} as e — 0, and
|[W¢| > 0if ¢ > 0 (small). Thanks to (4.1) (applied to E® and F},) and (4.2), we
have

J(Fn UWE) = J(Fy) = J(E®) = JAED\W®) = J(E) — J(E\(W* — &v)).

Then, by the very definition of ¥ we deduce « (x, F;) < «(x, E). The conclusion
follows noticing that, by the continuity property (C), k (x, F,) — «(x, F). O

4.3. First Variation of the Perimeter

Let J be a generalized perimeter. In this subsection we compare the weak notion
of curvature given in Definition 4.2 with the more standard one based on the first
variation of the perimeter functional. The latter is in turn related to shape deriv-
atives, a notion which dates back to Hadamard, extensively studied in particular
in [31].

Definition 4.4. We say that « (x, E), defined for E € € and x € 0F, is the first
variation of the perimeter J if for every E € €, and any one-parameter family of
diffeomorphisms (®;), of class C .8 both in x and in & with ®¢(x) = x, we have

d
a<u¢4Emﬁo:/’xu,mwu)»EQMH”*ux 4.7
& OF

where ¥ (x) := a;;g (X)), and vg (x) is the C'~1-P outer normal to the set E at x.

We will show that if such a k (x, E) is continuous with respect to ctp pertur-
bations of the sets E, then it is also a curvature in the sense of Definition 4.2. We
start with the following intermediate result.

Proposition 4.5. Let k (x, E) be a function defined for all E € € and x € 9E, and
assume that it satisfies the continuity property (C). Then k (x, E) is a first variation
of J in the sense of Definition 4.4 if and only if for any ¢ € Cf’ﬁ(RN), and any
t1 < ty such that Do # 0 in the set {t} < ¢ < 1}, one has

uwznn=uwzmn+/ ol = e dr.  (48)
{1 <p<t}

Moreover; in this case, one also has that for any set W € 9 such that {¢ =
n}C W Cie 2nl,

JW) =z J({e 2 6} +/ k(x, {¢ = p(x)}) dx. 4.9
W\{p2n}
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Observe that in both integrals, the argument « (x, {¢ = @(x)}) is a continuous
function of x, thanks to assumption (C).

Proof. Consider the function f(s) := J({¢p = s}), fort; < s < ;. We claim that
if k is a first variation of J, then

/ CATER I
= — —— — ~dH 4.10
£ ) /a{fis} D (x)| 2 (%10)

for all s € (#1, o). With this aim, given s € (f1, ) with 1| < s < f, we need to
find a family of C LB diffeomorphisms which transport {¢ = s} on {p = s+ ¢} and
compute its derivative at ¢ = 0.

If ¢ were smooth (at least C“+1-#), a simple way would be to consider a smooth
vector field V (x) which is zero in {¢ = 1} U {¢ < 11} and equal to Dg/|Dg|? in
a neighborhood of {¢ = s}. We would then let ®.(x) defined for all x by

425 — V(®e(x) >0,
Dp(x) = x.

In this case for ¢ small, we would have that ¢(x) = s implies (P, (x)) = s + &,
since clearly d(¢(®;(x)))/de = Do(P.(x)) - V(P.(x)) = 1 for such x and ¢.
Then, (4.10) would follow from (4.7). However, if ¢ is merely C*#, this construc-
tion builds only a C*~1-# diffeomorphism.

In general the situation is a bit more complex, however it is clear that such a
diffeomorphism exists. A relatively simple construction consists in smoothing ¢
with a smooth mollifier in order to find a C* set E such that for all & small enough
(here both positive and nonpositive), the surfaces d{¢ = s + ¢} are represented as
C%P graphs over dE:

Mo 2s+e}= {x +he(x)vp(x) @ x € 8[7?}.

By the implicit function theorem, &, exists and is C*# (in both & and x) for & near
0. Moreover, since ¢(x + he(x)vz(x)) = s + ¢, one checks that for any & small

and x € BE,
dhe(x) 1
de  De(x +he(x)vp(x)) - vp(x)

The diffeomorphism @, (x) is then simply defined, in a neighborhood of the surface
oE, by

e (x) = x + (he (m,5(x)) — ho (7,5(0))) v (7,5()) 4.11)

where 7, 7 denotes the orthogonal projection onto 3 E, which is well-defined and
smooth in a sufficiently small neighborhood of the surface.
Then, one has that for x € 3{¢ = s} (which is the graph of /¢)
D (x) — x _ dohg

o o uampa))
Ve =l = e, @) Ve () = 5o )
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and, in turn,

Dy
Y(X) Ve (1) = =Y (x) - ——(x) = —

D] |Dp(x)|”
Hence (4.7) yields
im 29 2s+e) —J(p = s))
eir%) &
— lim J(@:({p 2 sD) — J({p = s}) _ _/ k(x, {p = s}) dHY 1 (x).
e—0 &€ d{p2>s) |Dg(x)]

4.12)

which shows (4.10). Equation (4.8) follows from (4.10) and the co-area formula
for BV functions.

Conversely, assume now that (4.8) holds for all ¢ € Cf # (RN)and 1; < t, such
that D¢ # 0 in the set {r; < ¢ < t,}. We consider a family of diffeomorphism &,
as in Definition 4.4. We start by showing that (4.7) holds. Write E as E = {¢p = %}
for a suitable ¢ € C“F(RN), constant out of a compact set and with Dy # 0 in
{0 < ¢ < 1}. Since ®.(E)AE is contained in the Me-neighborhood (3 E) s of
dE for some M > 0, if ¢ > 0 is sufficiently small we may find a diffeomorphism
58 such that 55 = Id outside (dE)ap (and in particular out of {|¢p — 1/2| <
1/4)), ®(E) = ®c(E), and ||®; — Id||cep — 0as e — 0. In particular, by
construction J(®,(E)) = J(®,(E)). Since &, (E) = ®,(E) = {p o &7 = 1}
and {g o 55_1 = 1} = {¢ = 1}, by (4.8) we have

J(®:(E) — J({p 2 1})

= k(x,E oo )dx
lﬂﬂ)\{wil) pode ()

= / B (k (x, E(po@;](x)) -« (x, E(p(x))) dx —{—/~ k(x, Ey(x))dx
(VE)2peNPe (E) e (E)\{p21)
< / ‘k (x, Ewo&zl(x)) — k(x, Epgey)| dx +/ k(x, Eypgy))dx.
OE)2ue e (E)\fp21)
Since [k(x. E g1 () = € (X, Ep) L (@E)oye) — 0as e — 0, thanks to As-

sumption (C), we have that

/ ‘k (x, Ewoa);l(x)) — k(x, Ew(x))‘ dx = o(e).
@E)aue

Therefore

d d
L@ E), =< / k(e Eyiey) da
de” T d8( 2 (EN21) o )

- /dE k(x, Epe) ¥ (x) - vg(x) dHV

|5:0
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It now remains to prove (4.9). We first consider a C*# function v such that ¢ —¢
is compactly supported in {#; < ¢ < t»}. In particular if ¢ > 0 is small enough,
{h <p4+e@ —@) <h}={t <¢ <n} Wealso introduce ¢ :=1; V (¢ A 1p)
and &(x) =YX ifr < ¢ < 1, &(x) = @(x) € {1, 1n} else. Observe that
thanks to (4.3),

n
J(¢)=/ J({o = s)) ds @.13)
1

(which is finite thanks to (4.8)), so that (for & small)

J(@+ e —§) — (@) z/’2 JloteW - =sh—Jlp=sh) o
& f €

Again, for a fixed s € (71, 1), one can find a family of cthp -diffeomorphisms
(®¢)s~0 Which transform {¢ > s} into {¢ + (¥ — ¢) > s}. One proceeds as
before, but now the implicit function theorem is applied to the function

(x,e,h) > (1 — &) (x + hvp(x)) + ey (x + hvp(x)) —s.

for x € 9E, ¢ small enough and / in a suitable neighborhood of 0. The diffeomor-
phisms are defined as in (4.11), and we can compute again the derivative of 1, with
respect to ¢, for x € dE:

dhe(x) _ P(x +he (v (x)) = Y (x + he(X)vi(x))
de (1 = &) Dp(x + he () (X)) + (DY (x + he (X)V(x)))) - V(X))

Hence, at ¢ = 0, for x € d{¢ = s} we have

dhe

de le=0

(JT~()C)) — QD(X) - W(X)
E Do(x) - vp(mp(x)

In turn,

. De(x) —x ohg
V) = lim == = 2% (15 () v (Typ ()

@) = )y ()
Dg(x) vz (x))

and

P(x) —p(x)

Y (x) - vy () = Do (x)]

Using (4.7), we infer

i Je+e@W —p) =2sh —J{p = s})
egr%) &

Y(x) — px) N—1
- Tz Y , Euy) dH .
/a{wzs} Dot Few) 0
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Notice that more generally, if ¢ is small enough, one obtains that

Jle+e'W —9) Zs) —JUp +e( —¢) = 5))

lim ;

&—e g —¢

- Y (x) - (x) IR N1
_/aws(w_@;s} =)Dy + eDy (o] 0 19 T W 9 = sH T,

Denoting E . the sets {¢+e (¥ —¢) = s} and observing that they are continuous
in € as ¢ varies, we see that, thanks to assumption (C), this derivative is continuous
with respect to & (small) and in particular,

J{ep+eW —¢) 2sH —J({e = s))

(x) —@(x) N—1
//JEv,l(l—l)Dw(x)-i-tDtb( et Be dREmde (319

Another observation is that the range of the ¢ for which this is true can be taken to
be the same for all s € [#1, 2], since it depends on C 2 pounds for the boundaries
d{@ = s} (more precisely, on their largest curvature) and for ¥. Hence, if ¢ is small
enough, integrating (4.14) for s between #; and #, and using the co-area formula
for BV functions, we obtain that

J@+e@W@ —)—J@)
&

1 &
=/ (Y (x) — o(x)) (—/ K (x, E(l—t)(p(x)+t1//(x),t)dt) dx
{t1<p<tr} € Jo

In the limit, using the continuity assumption (C) of « again, we conclude that

R W — @) — J(@)
sg;% I

= / (W (x) — o))k (x, Ep(x)) dx.
{t1<p<n}

The convexity of J in turn implies that J (¢ + (Y —@)) — J (@) < e(J(¥) — J (@)
and it follows

J@) z 1 (@) +/ (W (x) — @(x))k (x, Egp(x)) dx. (4.15)

{n<gp<n}

Finally, notice that if 1/ — ¢ only vanishes on {¢ < 1;}U{¢ 2 1,}, instead of having
compact support in {#] < ¢ < t}, then (4.15) still holds, since by our assumptions
one can find #] < #1, 5 > 12 such that [Vg| > 0in {t] < ¢ < 15}.

Consider now W as in Proposition 4.5. Without loss of generality (possibly
replacing #; with a smaller value and 7, with a larger value) we may assume that
oW C {s1 < ¢ < s}, where 1] < 51 < 52 < tr. Introducing a mollifier as in
Lemma 4.1, we can approximate ¥ = 1 + (> — t1) xw with a sequence of smooth
functions v, such that ¥, — ¢ is supported in {f; < ¢ < 1}, and lim,, J(Y,) =
J() = (2 — 1) J(W).
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It follows from (4.15) that

J (W) Z J (@) +/ (Vn(x) — @)k (x, Eg(ry) dx,

{1 <p<tr}

and in the limit we obtain that

(t —t)J (W) 2 J (@) ~I—/ (Y (x) — @(x))k (x, Eg(x)) dx,

{th<p<n}

where we recall that ¢ = #1 4 (f, —#1) xw. We can conclude using (4.8) and (4.13),
or observing that this inequality also implies that

(t —t)J (W) = J(gn(¥)) +/ (W (x) — gn(@(x)))k (x, Ep(x)) dx.

{1 <p<n}

where g, : R — [0, 1] is a smooth, nondecreasing approximation of #; + (2 —
1) X(s>4,)- Passing to the limit, we obtain (4.9). O

Corollary 4.6. Let « be a first variation of J in the sense of Definition 4.4, and

assume it satisfies assumption (C). Then, it is also the curvature in the sense of
Definition 4.2.

Proof. We need to prove that (4.5) and (4.6) hold with k™ = k= = «. To this

purpose, fix x € E and let {W,,} C M with |W,, N E| > 0 and W,, G {x}.
We can as before assume that E is the level set 1/2 of a C“# function ¢, constant
out of a compact set, such that Dg # 0in {0 < ¢ < 1}. Since

J(Ey=J({gp 2 1})+/ k(x, Eg(x)) dx
{1/2<p<1}
and
JE\W) = J({p = 1)) +/ € (r, Eygey) d,
(E\W)\{p=1}

by (4.8) and (4.9) respectively, it follows that

J(E) — J(E\W,) §/ k(x, Epx)) dx
W,NE

for n sufficiently large. Dividing both sides by |W,, N E| and letting n — o0, using
also the continuity property of « we conclude k~ < k. The opposite inequality
easily follows by (4.7), choosing a sequence 7, of smooth cut-off functions whose
support concentrates around x and which are 1 in a neighborhood of x, defining
Dy, iy = y—eny(¥)ve(x), and setting W, 1= @, , (E)\E, where ¢, is chosen
through a standard diagonal argument. The proof that k™ = « is analogous. O
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5. Examples of Perimeters and Their Curvature

In this part we present some examples of generalized perimeters and corre-
sponding curvatures that fit into our theory. We will consider here, unless otherwise
stated, that £ =2, 8 = 0.

5.1. The Euclidean Perimeter

Let J be the Euclidean perimeter. More precisely, let J be its lower semi-
continuous extension to measurable sets introduced by Caccioppoli and De Giorgi.
Then, J satisfies all the assumptions (i)—(vi). Moreover, let k be the standard Euclid-
ean curvature, that is, the sum of the principal curvatures of d E at x. It is standard
that it is the first variation of the perimeter in the sense of Definition 4.4, hence by
Propositions 4.5 we deduce that the Euclidean curvature « is also the curvature of
J in the sense of Definition 4.2.

Clearly, the Euclidean perimeter is also uniformly continuous with respect to
C? inner variations of sets, namely it satisfies the continuity assumption (C’). More
in general, any local curvature « (x, E) that depends continuously on the normal
and on the second fundamental form of E at x fits with our theory. For such
local and possibly anisotropic curvatures, we recover the well known existence and
uniqueness of a viscosity solution to the geometric flows.

5.2. The Fractional Mean Curvature Flow

Fix o € (0, %). We consider the fractional perimeter defined as

Ixe(x) — xE(Y)I

J(E) =1 —a) T

RN xRN

dxdy,

for all E € 9. Notice that J(E) < +oc if and only if xz € H*R"). In this
case, J(E) = [XE]%IC,, where [ xg]ne denotes the Gagliardo seminorm of xg in
the fractional Sobolev space H* (RM).

Since the work in [9], this nonlocal perimeter has attracted much attention; we
refer the interested reader to [37]. It is easy to check that J satisfies all the properties
(1)—(vi), so that it fits with our notion of generalized perimeters. Here we only note

that foru € L] (RV) we have

+oo _
/ (1—a) |X{u>x}(x) ]\)](j_uz>s}(y)| dxdy ds
_ RN xRN |x —yl o

o0
+w o _ o
—q _a)/ / | Xu>s)(x) A)]({u;s}()’)lds dxdy
RN xRN J—c0 |x — y| V2
Ju(x) —u(y)l
=(- ———— dxdy.
(- RN x — y N2 Y

We have shown, in particular, that the extension of J by the generalized coarea
formula (4.3) is convex and thus J is submodular.
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A notion of curvature corresponding to J has been introduced in [10,27]: let

p(x) = 1/1x|" 2 ps(x) = (1 = xB.5)(x)) p(X).

Then, for every E € € set

0, E) = =201 =) [ (e = stam ) pstx = ).
k(x, E) = gi_l)l’blc(s(x, E).

The curvature « is well defined for all smooth sets, it is the first variation of the
perimeter J and it is continuous with respect to C? convergence. By Proposition 4.5
we deduce that « satisfies (4.8) and (4.9). In particular, « is the curvature of J
according with Definition 4.2.

Indeed k (x, E) is well defined for any set which satisfies an internal and external
ball condition at x (see [10,27]). In particular, « is well defined for any E € el
This suggests that « is a first order curvature. Let us show that this is the case.

Proposition 5.1. Let ¥ € el Jetx € 9%, and let (p, X) and (p, Y) be elements
of J§’+(x) and Jé’_(x), respectively. Then,

ke(x, p, X, Z) =™ (x, p, Y, X)) =«(x, X). (5.1)
In particular, the curvature k satisfies the first order curvature assumption (FO).

Proof. By Lemma 2.8 there exists a sequence (py, X,,, E,) — (p, X, ) with
uniform superjet at x, with E,, € €, such that

k(x, Ey) = ke(x, p, X, 2). (5.2)

Moreover, we can always assume that £, — E in L' (see Remark 2.10). Since
¥ e ¢l there exists » > 0 such that B, (x + rﬁ) C =. Set

En :=EnUBr(x+r P )
| Pl

Clearly, (pn, X», E,,) still converge to (p, X, ¥) with uniform superjet at x. By the
lower semicontinuity and monotonicity properties of k we have

ks(x, p, X, ) < limninf/c(x, E,) < limninf/c(x, E,) = ki(x, p, X, 2). (5.3)

Moreover, since En — Y in L' and En satisfy a uniform internal and external ball
condition at x, it is easy to see (see for instance [27]) that « (x, En) — k(x, E),
which together with (5.3) proves that «.(x, p, X, ¥) = «k(x, ). The proof for
k*(x, p, Y, ¥)isidentical. O

Once proved that « is a first order curvature, in view of Theorem 3.5 we re-
cover the existence and uniqueness of a viscosity solution to the geometric flow,
already proved in [27]. Instead, the convergence of the corresponding minimizing
movement scheme studied in Section 6 is completely new for this class of nonlocal
perimeters and furnishes an approximation algorithm which is alternative to the
threshold-dynamics-based one studied in [10].
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Remark 5.2. It can be proved that in fact « satisfies also the uniform continuity
assumption (C’). Thus, uniqueness could also be deduced from the second order
theory of Section 3.2, but of course the “first order” point of view is more convenient
and straightforward in this case. Notice however that the second order theory
will also yield existence and uniqueness for a geometric flow associated with any
combination (sum) of this curvature and another second-order curvature, such as
the classical Euclidean curvature.

We conclude this part giving a self contained proof of (4.8) and (4.9), which,
in view of Proposition 4.6, yield that « is the first variation of J.
Let

Js(E) =1 - a)/ Ixe(x) — xE(Y)|ps(x — y)dxdy.
RN xRN

We will first show that Js, ks satisfy (4.8) and (4.9). Let W be a bounded measurable
set. Then,

/W K5 (X, Eg(xy) dx

—2(I -a) A.%NXRN XW ) AE, ) (V) = RN\ E, () (7)) P5(x — y) dydx

I
!
!
&
g

Ny Otw () = Xw D (X Ey ) V) = XRN\E,,(, () P8 (x — y) dydx

A

/RN v [xw (x) — xw M|ps(x — y) dydx, (5.4)
X

with equality if and only if W = E for some s € (0, 1).
On the other hand, it is easy to show that, as 6 — 0, the following limits hold:

(i) Forevery E € M, Js(E) — J(E),

(i) Let ¢ : RY — (0, 1) be such that E; := {¢ = s} are bounded and belong
to ¢ for every s € (0, 1) and D3¢ is negative definite on {¢ = 1}. Then,
ks(x, Eg(x)) = k(x, Eg(r)) in L (RY).

This implies that also J, « satisfies (4.9) and (4.8).

5.3. General Two Body Interaction Perimeters

More generally one may consider a class of integral nonlocal perimeters of the
form (see [6,27])

Jg (E) := / / K(x — y)dxdy, (5.5)
E JRN\E

where the (possibly singular) nonnegative kernel K satisfies:

(i) K € L"RN\B(0, 8)) forall § > 0;
(i) forall 7 > Oand e € S¥~! we have that K € L'({z € RN : rlz-e| <
|z — (z- e)el*}).
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The associated nonlocal curvature
Kk(x, E) = _Z/RN(XE()’) — XrM (VDK (x — y)dy

is well defined in the principal value sense provided that E satisfies both an inner
and an outer ball condition at the point x € d E. One can also check that these cur-
vatures are covered by both the first order and second order theories of generalized
curvatures.

5.4. The Flow Generated by the Regularized Pre-Minkowski Content

Let p > 0 be fixed, and consider the measure of the p-neighborhood of the
boundary of E, that is,

Mp(E) :=|(QE),| = [(Uxese Bp(x))]. (5.6)

We refer to M, as the pre-Minkowski content of 0E, since as p — 0, [(0E),|/2p
approximates the Minkowski content, which coincides with the standard perimeter
on smooth sets.

An issue with definition (5.6) is that it depends on the choice of the represen-
tative within the Lebesgue equivalence class of the set E. For this reason, one may
introduce the following variant:

1
Jp(E) = E/}RN OSCB(xyp)(XE)dx (5.7)

where osc 4 (1) denotes the essential oscillation of the measurable function u over a
measurable set A, defined by osc4 (u) = esssupy u — essinf 4 u. One checks that
J,» (E) coincides with the measure of the p-neighborhood of the essential boundary
of E. Moreover, J,(E) = inf{M,(E’) : |[EAE'| = 0}, where EAE' denotes the
symmetric difference (E\E") U (E'\E).

In [19] we have proved that the functional (5.7) is a generalized perimeter, we
have introduced the corresponding curvature, and studied the geometric flow. Let
us introduce a notion of curvature corresponding to J,; let E € €, and denote by
vE (x) the outer normal unit vector to dE at x.

For x € 0F, set

kp(x, E) = k3"(x, E) + ki'(x, E), (5.8)
where
1 o
Kg“t(x, E) = Z det(I + pDvg(x)) ifdist(x + pve(x), E) = p, (5.9

0 otherwise,

1
. ——det(I — pD if dist(x — E)=p,
M, E) = oy et(l — pDvg(x)) ifdist(x — pve(x), E) = p (5.10)

0 otherwise.
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These quantities correspond to the variation of the volume of the strips {0 < dg <
o} (for Kg“t) and {—p < dg < 0} (for K[i)n) when the boundary is infinitesimally
modified at x, and their sum is a natural candidate for the curvature associated to
the energy £,. Indeed, in [19] we have proved that k, (x, E) is the first variation of
J,, (in the classical sense (4.7)) whenever E € € is such that the points at distance p
from 0 E admit a unique projection on d E (indeed such condition can be weakened
a little). In order to have a well defined curvature for all £ € €, one can consider
the following regularization of J,:

0
JI(E) = /RN f(dE(x)) dx :/0 (=2sf"(s))Js(E) ds,

where df is the signed distance from dE and f : R — R, is even, smooth and
decreasing in R, with support in [—p, p]. Such a regularization was considered
also in [2] for numerical purposes.

The corresponding curvature « f is

kp(x, E) = " E) + i (v, B, (5.11)

where

K;“t(x, E) = /Op(—2sf’(s))/<fm(x, E)ds,
Ki;.l(x, E) = /p(—2sf’(s))/c;“(x, E)ds.
’ 0

Let ' be the maximal r € [0, p]such that E satisfies the internal ball condition
with radius r at x, and let 7°" be defined analogously. Clearly, Fin pout and the
second fundamental form at x are uniformly continuous with respect to smooth
inner variations. We immediately deduce that « ; satisfies the uniform continuity
assumption (C').

In [19] we have proved that « ¢ (x, E) is the curvature corresponding to J !,
according to both Definitions 4.4 and 4.2, and we have studied the correspond-
ing curvature flow through the minimizing movements method. As a consequence
of the analysis of this paper, namely by the Comparison Principle provided by
Theorem 3.8, we get the new result that such a geometric evolution is indeed
unique.

5.5. The Shape Flow Generated by p-Capacity

In this subsection we show that the shape flow of bounded sets generated by
the p-capacity fits into our general framework. Notice that the case p = 2 yields
an evolution that is similar to the Hele-Show type flow considered in [13].

To this aim, given 1 < p < N, we consider the following relaxed p-capacity
of a set E € 9 defined by

Cap,(E) := inf [/ |[Dw|? dx : w € K? and w = 1 almost everywhere in E |,
RN
(5.12)
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where K7 stands for the subspace of functions w of LY (RM) such that Dw €
LP?(RY). Note that the above definition departs from the standard one in which the
condition w = 1 almost everywhere in E is replaced by E C {w i 1}. It may be
thought as a sort of L!-lower semicontinuous envelope of the standard p-capacity,
having the property of being insensitive to negligible sets and thus independent of
the Lebesgue representative of E. Clearly the two definitions coincide on open sets
and it is not difficult to check that they also agree on all closed sets F' such that

F = F, with [0 F| = 0, in particular on all sets in €.

Formula (5.12) does not provide yet a generalized perimeter. Indeed, Cap , RN
= 400 and, more in general, if £ € €, then Cap [,(E) < +o0 if and only if
Cap, (RN\E) = +o0. Thus, the requirements (i) and (ii) stated at the beginning of
Section 4.1 are not fulfilled. On the other hand, properties (iii) and (vi) are evident,
the lower-semicontinuity (iv) follows in a standard way, while the submodularity
property (v) can be proven as in the case of the standard capacity (see [24, Theorem
2-(vii) of Section 4.7]). Since our focus will be on the evolution of bounded sets,
we will build a generalized perimeter J,, by enforcing the following properties:

(@) Jp(E) = Cap,(E) for all bounded sets £ € 9,
(b) J,(E) = J,(RN\E) forall E € 9.

This is achieved by setting
Jp(E) := min{Cap ,(E), Cap,(RV\E)} (5.13)

for all E € 9. It follows immediately from the definition and from the properties
of Cap , (-) recalled above that J, satisfies ()—(iv) of Section 4.1 and the translation
invariance (vi). It only remains to check the submodularity property (v). To this
aim, let us consider the case of two sets E, F' € 9 such that €ap ,(E) < 400 and
Cap,(RY\F) < +00. As Cap,(RN\E) = €ap ,(F) = +00, we have J,(E) =
Cap,(E) and J,(F) = @app(RN\F). Moreover, since Cap ,(E N F) < Cap ,(E),
we also have J,(E N F) = Cap,(E N F), while the fact that Cap,(E U F) >
Cap,(F) = +oo implies J,(EU F) = (‘:app(RN\(E U F)). Thus, in this case the
submodularity inequality is equivalent to

Cap,(RV\(E U F)) + Cap ,(E N F) < Cap,(E) + Cap,(RV\ F),

which is obviously true since Qﬁap,,(]RN\(E UF)) < Qapp(RN\F) and Cap ,(EN
F) < Cap »(E) by the non-decreasing monotonicity of the set function €ap ,(-).
Since all the remaining cases are either trivial or reduce the submodularity of
Cap, (), also property (v) is established for J,, which is therefore a generalized
perimeter.

By a standard application of the Direct Method of the Calculus of Variations
one may also check the existence of a unique capacitary potential wg associated
with any set E, that is, of a unique solution to the problem (5.12), whenever
Cap »(E ) < 4o00. The Euler-Lagrange conditions for (5.12) easily yield that wg is
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super p-harmonic in R¥, in fact it is determined as the unique solution wg € K?”
to

l/ |Dwg|P?DwgDedx 2 0 forall ¢ € K?, with ¢ = 0 almost everywhere on E.
RN

wg =1 almost everywhere in E.
(5.14)
Denoting by E© the set of points with vanishing density with respect to E, it
follows in particular that wg is p-harmonic in the interior of E©.

In order to identify the nonlocal curvature corresponding to J,(-), we exploit
the theory developed in Section 4.3. Let E € € and bounded, and let ($,), be a
one-parameter family of diffeomorphisms from R" onto itself of class C2 both in
¢ and x and such that ®((x) = x forall x € RV. Denote ¥ (x) := 9D (x) o Then

& e
by the Hadamard formulae (see for instance [34]) one has

d d d
—Jp(Pe(E))|,y = —Cap,(Pe(E))|,y = |Dwe, (k) |7 dx,_
d,PE le=0 d, Pp(Pe le=0 d: Jev\o,e) D (E) le=0

= / |DwE|” ()Y (x) - ve(x) dHN T (x) (5.15)
oE

where, as usual, vg denotes the outer unit normal to E. Motivated by the above
formula and recalling that J,(E) = Cap p(RN \E) for E € € and unbounded, for
every E € €and x € 9E we set

ow p

|Dwg (x)]” = '—E(x)

if E is bounded,
av

kp(x, E) :=
P
if E is unbounded.

(5.16)
Recalling that wg is p-harmonic on E€ and satisfies the Dirichlet condition wg = 1
on d E, the well-established regularity theory for the p-Laplacian (see for instance
[29]) yields that w is of class C!'* up to the boundary for all & € (0, 1), with the
C%_norm of Dwg depending only on its L”-norm and the C%%-norm of dE. In
fact, whenever E, — E in C1* and x € 9E N JE, we have

8UJ]RN E
~|Dwgw g ()7 = — ‘T\m

OWE oy - TVE (1 (5.17)
av av

asn — oo. In particular, it follows that the nonlocal curvature «, defined in (5.16)

satisfies the continuity property (C) of Section 2.1.

In turn, by Corollary 4.6 the set function (5.16) is the curvature associated with
Jp in the sense of Definition 4.2. Lemma 4.3 now implies that the monotonicity
property (A) stated in Section 2.1 holds for « .

Since the translation invariance of « , is evident, we have shown that (5.16) satis-
fies axioms (A), (B), and (C) of Section 2.1. We recall that these axioms are enough
to guarantee the convergence (up to subsequences) of the minimizing movements
scheme studied in Section 6 to a viscosity solution of the corresponding level set
equation.
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It remains to investigate the uniqueness. Instead of establishing the reinforced
continuity property (C'), we check that the nonlocal perimeter J, generates a “first-
order” flow and we apply the theory of Section 3.1. To this aim, denote by (« )«
and (k,)* the lower and the upper semicontinuous extensions of «, provided by
formulas (2.9) and (2.10), respectively. Note that, as a straightforward consequence
of the definition and of (2.10), we have

(kp)(x, p, X, E) = —(kp)*(x, —p, —X, ]RN\E) (5.18)

for E € M, x € IE, and (p, X) € Tp " (x).

We are now in a position to prove that condition (FO) of Section 3.1 is satisfied.
Uniqueness will then follow by applying the Comparison Principle provided by
Theorem 3.5.

Lemma 5.3. Let ¥ C RY belong to €. Let x € 9% and let (p, X) and (p,Y)
be elements of j§’+(x) and jé’_(x), respectively. Then,

(kp)s(x, p. X, T) = (kp)*(x, p. ¥, X).

Proof. In light of (5.18), it is enough to consider the case of a bounded set X of
class C1'!. Let wy be the associated capacitary potential. The conclusion of the
lemma will be achieved by showing that

(kp)+(x, p, X, X) = ‘—(X) = (kp)*(x, p. ¥, 2). (5.19)

To this aim, let E O ¥ be a bounded set of ¢ admissible for the Definition 2.9 of
(kp)«(x, p, X, ), and let w g be the corresponding capacitary potential. Recall that
by (5.14), we have that w is super p-harmonic in RV \ =, while wy, is p-harmonic
in the same set. Since wg = wy = 1 on d X, by the Maximum Principle we infer
that 1 > wg > wy in RVM\ X. In turn,

kp(x, E) = ' (x)

‘—(X)

and therefore we may conclude that

(Kp)+(x, p, X, ) = (5.20)

To show the opposite inequality, fix § > 0 and construct a sequence of sets (X,,), C
¢!1 with the following properties:

() T CE,U{x),withdZ, NdT = {x};
(i) (p, X +681) € J3 (x)foralln e N;
(ili) ¥, — ¥ inthe C"*-sense, for all & € (0, 1).
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Such a sequence can be constructed in many different ways: one possibility is to
consider the %—level sets of the signed distance function from ¥ and modify them
in the proximity to x in order to fulfill conditions (i) and (ii). By (5.17), for any
given small ¢ > 0 we may fix n such that

awz

3
‘ a2 —e. (5.21)

Recall now that from the proof of Lemma 2.8, we may construct a decreasing
sequence of sets (E,), C € such that

(a) E, N\ X in the Hausdorff sense;
(b) (p, X +8,1) € J7 (x) for some 8, \ 0;

(©) Kkp(x, Ep) = |Z2En (x)[P = (ip)u(x, p, X, D).

Taking into account (i) and (ii) above, it follows from (a) and (b) that E,, C X for
n large enough. For all such n’s, by the Maximum Principle as in the first part of
the proof, we have

(x)

'awEn
— _87

av

2 ’

‘—(x)

where in the last inequality we have used (5.21). By (c), passing to the limit in the
left-hand side of the above formula and by the arbitrariness of ¢, we deduce

(kp)s(x, p, X, E)>‘ ()‘

which, together with (5.20), establishes the first equality in (5.19). The second
equality can be proven in a completely analogous fashion. O

6. The Minimizing Movements Approximation

In this section we implement the minimizing movements scheme to solve and
approximate the nonlocal k-curvature flow, in the spirit of [1,30]. We extend the
approach of [17] (see also [19]) to our general framework.

6.1. The Time-Discrete Scheme for Bounded Sets

We start by introducing the incremental minimum problem. To this purpose,
given a bounded set E # (J, we let

dp(x) = dist(x, E) — dist(x, RV\E) (6.1)

be the signed distance function to dE. Fix a time step 4 > 0 and consider the
problem

min[J(F) + %/ dp(x)dx : F e ml. (6.2)
F
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Note that

/dE(x)dx—/dE(x)dx:/ dist(x, 0E) dx
F E EAF

so that (6.2) is equivalent to
1
min[J(F) + —/ dist(x, 0E) dx : FGSUI].
h JEAF

Proposition 6.1. The problem (6.2) admits a minimal and a maximal solution.

Proof. Since the functional J extended to LlloC according to (4.3) is convex, it is
easy to check that the minimization problem

1
min J(u) + —/ u(x)dg(x)dx (6.3)
ueL®(RN;[0,1]) h Jry

admits a solution. Then, observe that

1
J(m) + l/ u(x)dg(x)dx = / (J({u >s}) + l/ dE(x)dx) ds,
h Jry 0 h Juss)

(6.4)
from which we easily deduces that for almost everywhere s € [0, 1], {u > s}isa
solution to (6.2). Let now E| and E» be two solutions to (6.2). Then again by (6.4)
their characteristic functions and in turn, by convexity, %( XE, + XE,) are solutions
to (6.3). Since almost all their superlevel sets are solutions to (6.2), we deduce,
in particular, that E1 N E; and E1 U E; are solutions to (6.2). Finally let E,, be a
sequence of solutions to (6.2) such that

|Ey| — m :=inf{|E| : E is a solution to (6.2)}.

Then, Fj := ﬂ'jlz] E, is a decreasing sequence of solutions such that | Fi| — m.
Thus, by semicontinuity, their L!-limit £ := N>, E,, is the minimal solution. The
existence of a maximal solution can be proven analogously. O

For any bounded set E # () we let Th+E and T) E denote the maximal and the
minimal solution of (6.2), respectively. We also set Thif/) := . We will mainly use
minimal solutions, and write T, £ := T, E. This choice corresponds to consider
open superlevels in our level set approach (see Proposition 6.12). It is convenient
to fix a precise representative for ThiE . To this purpose, we will identify any
measurable set with the representative given by the set of Lebesgue points of the
characteristic function.

Lemma 6.2. [fE C E', then T;°E C T;"E'.

Proof. The proof is classical and we just sketch it. We first assume that E CC E’,
so that dp > dg’ everywhere. We compare the energy (6.2) of ThiE with the one
of ThiE N ThiE/, and the energy (6.2) (with E replaced by E’) of ThiE’ with
the one of ThiE U ThiE/ . We sum both inequalities and use (4.1) to deduce that
TFE C TFE'.
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Now we conclude the proof by a perturbation argument. For ¢ > 0 let F; be the
minimal solution of (6.2) with dg replaced by dg +¢. Arguing as before, we deduce
that F; areincreasingine and F C T} E’.Therefore F, — Fp := UgF,inL} . By

loc
lower semicontinuity it follows that Fj is a solution, and thus 7;, E C Fo C T) E !

The inclusion Th+E c Th+E " can be proven similarly. 0O

Remark 6.3. Let f be a measurable function such that f~ := —f A0 € L' (RV).
Then one can argue as in Proposition 6.1 to prove that the minimum problem

min[J(F)+/fdx: Feim]
F

admits a minimal and a maximal solution, denoted by E; and ET respectively.
Moreover, arguing exactly as in the proof of Lemma 6.2, one can show that if
f1, f2 are measurable functions with f~, f,” € L'"®RN) and f; £ f> almost
everywhere, then

+ +
Efz < Efl'
Lemma 6.4. [f E + Bg C E', then (T;"E) + Br C T;"E'.

Proof. By Lemma 6.2 for every z € Bg we have Thi(E +2z) C ThiE/ . By trans-
lation invariance we conclude

(TEE)+Br= | TFE) +2= | T (E+2) S TFE
z€Bp zEBR

O

Lemma 6.5. For any R > 0 we have Thi(BR) C Bcg, where C depends only on
the dimension N.

Proof. By Lemma 6.4 we have
T, (Bg) + B C T, (Bag). 6.5)
Let ¢ > 1, and assume there exists x € Thi(BR)\BCR. Since in particular

x € T7F(Bg), by (6.5) we have B(x, R) C T;"(Byg). Hence

1
0 > J(TEBog) + — / vl - 2Rdy
h J 1t (Byg)

1
> ! / |y|—2Rdy+/ vl — 2R dy
h \ /B R T (Bag)\B(x,R)
1
> —(/ |y|—2Rdy+/ |y|—2Rdy)
h \JBx,R) Bar
=

1
(] e-or=miays [ 1i-2ra)
Br Bar

which is positive if ¢ is large enough (depending only on the dimension), a contra-
diction. O
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Next lemma provides a more refined estimate.

Lemma 6.6. Let C > 1 be such that the statement of Lemma 6.5 holds, and let c,
¢ be as in (2.2). Then, the following holds.

(i) Let R > 0. Then, for every h > 0 such that R — hc(CR) > 0 we have
ThiBR C BR—he(CR)-

(1) Let Ry > 0 and o > 1 be fixed. Then, for h > 0 small enough (depending on
Ro and o ), we have ThiBR D Br—he(R/o) for all R 2 Ry.

Proof. First, we know from the previous result that ThiB R € Bcr.
Proof of (i). We can always assume ThiBR # (. Let p = sup{p € [0,CR] :
|ThiBR\Bp| > 0}. Let x € 0B such that |ThiBR N B(x, )| > 0 for any ¢ > 0,
and let p > p. Let t € RY be such that B(—t, p) D Bj and d B(—1, p) is tangent
to dBj at x; thatis, T = (p/p — 1)x.

We let for ¢ > 0 small B* = B(—(1 + &)t, p) and W¢ = ThiBR\BS. Notice
that by construction W# has positive measure and converges to x in the Hausdorff
sense as ¢ — 0. By submodularity we have

J(B*NTFBR)+J (B°UTFBg) < J(B)+J (I[;'Br).  (6.6)
By (6.6) and using the minimality of ThiBR we have
J(B(—1, p) U (W*® 4+ ¢1)) — J(B(—1, p)) = J(B° U W*®) — J(B®)
< J(TFBr) — J(B* N T Br) < —%/ Ix] — Rdx.

&

Dividing the previous inequality by | W?| and passing to the limit as ¢ — 0, in view
of the very definition (4.5) of k¥ we get

k(B(—t,p)) = l(R —|x]) = l(R —p)
= h ‘

Recalling the definition of ¢ and the fact that it is a continuous decreasing function,
we deduce the thesis by sending p — p.
Proof of (ii). Assume x is such that

p =max{p >0 : |B(xo, )\T; Br| = 0} €10, 2CR]I.

As in the proof of (i), we can find x € d B(xg, p) such that | B(x, s)\ThiBR| > 0 for
any e > 0,wefix p < pandsett = (1 — p/p)(x — xp), so that {x} = d B(xg, p) N
0B(xo + 7, p). Welet B¢ = B(xg+ (1 4+ &)1, p) and define W¢ = BS\ThiBR. By
submodularity we have

J(B*NT; Bg) +J (B*UT;"Bg) < J(B*) +J (T Bg).

Using the minimality of ThjE (Bg) we deduce

1
J(BS\W?) — J(B®) < J(T;"Bg) — J (B* UT; Bg) < Z/ x| — R dx.
We
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Dividing the previous inequality by | W#| and passing to the limit as ¢ — 0, in view
of the very definition of x (4.6) we get

—k (X, BY) = %(Ifl —R).

It follows that [X| = R — hc(p).
Now, let C be the constant of Lemma 6.5, and choose 4 so small that
Ro

1 R
J(Bg sc)+—/ |x| = —dx = J(Brysc) — 5= |1Bry/8c)l < 0,
0/ ]’l BRO/gc C 0/ 8Cl’l 0/( )

so that ThiBR/4C # . Note that Bg/ac + B3grja € Bg. Thus, by Lemma 6.4
Th:t (Brjac) + Bigjs C ThiBR. In particular, if xo € ThiBR J@c) it follows that
B(xo, 3TR) C ThjE Bpr. By the first part of the proof of (ii), we find that B(xg, |x —
xo|) € ThiBR for some x with |[x| = R — hc(3R/4). Hence, recalling also that,
thanks to Lemma 6.5 xo € ThiBR/(4c) C Bgy4 , we obtain that Br/4 C ThiBR,
provided that % is small enough. We can now use again the previous analysis with
x0 =0, p = R/4 and we deduce that if / is small enough, Br_jz(r/4) € ThiBR.
Applying once again the first part of the proof with xo = 0 and p = R — hc(R/4)
we conclude that, if /2 is small enough, Br_4z(r/0) € BR—he(R—he(R/4) S ThiBR.

O

6.2. The Time Discrete Scheme for Unbounded Sets

Here we show how to extend the time discrete scheme to the case of unbounded
sets with bounded complement. To this purpose, we introduce the perimeter J
defined as

J(E) = J@RN\E) forall E € M.

Note that J satisfies all the structural assumptions of generalized perimeters. Let &
be the corresponding curvature. Then, itis easy to see that« (x, E) = —« (x, RV \E),
and thus

max max{g(x, B,), —&(x, RV\B,)} = ¢(p)

x€dB,

i . 6.7)
xlélaig min{k (x, B,), —k(x, R"\B,)} = c(p),

where ¢(p), c(p) are the functions defined in (2.1) and (2.2).

For every bounded set F we denote by Thi(F ) the maximal and the minimal
solution to problem (6.2), according to Proposition 6.1 with J replaced by J.
Finally, for every E € R" such that F := RV \E is bounded we set

TFE .= RI\T,F(RV\E). (6.8)

As in the case of bounded sets, we let T, E := T, E.
Taking into account also (6.7), one can easily check that Lemmas 6.5 and 6.6
translate into the following statements:
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Lemma 6.7. For any R > 0 we have RN\BCR - ThjE (RN\BR), where C depends
only on the dimension N.

Lemma 6.8. Let C > 1 be such that the statement of Lemma 6.5 holds, and let c,
¢ be as in (2.2). Then, the following holds:

(i) Let R > 0. Then, RN\ Br_pecry  T;5(RN\Bg) for every h > 0 such that
R — he(CR) > 0y

(i) Let Ry > 0 and o > 1 be fixed. Then, for h > 0 small enough (depending on
Ro and o ), we have Thi(RN\BR) - RN\BR_hE(R/g)for all R Z Ry.

Remark 6.9. A consequence of Lemmas 6.5, 6.7 is that 7, B € Bprypx and

RM\Brink € T (RN\Bg) for any & > 0 and any R > 0, where K is defined in
(2.3). In particular, iterating these estimates, we deduce that T,Et/ h]BR C Brttk

and RN\ Bgyx € T/ " (RN\Bg). In the limit as i — 0, we will get an estimate
for the extinction time of balls in the superlevels of our level set function (see
Proposition 6.15).

Note now that by Lemma 6.2 (applied to J in place of J) and (6.8) if Ey, E»
are unbounded sets with compact boundary, then

EiCE, = ThiEl c ThiE2~
It remains to consider the case of E; bounded and E> unbounded.

Lemma 6.10. Let E; € 9N be bounded and let Ey € M be unbounded, with
compact boundary, and such that E1 C E». Then, ThiE 1 C ThiEz.

Proof. Choose R >~O so large that Ep, RN \E2> € Bp and note that by Lemmas 6.2
and 6.5 (applied to J in place of J) we get

RM\T,FEy = T~ (RV\Ey) € T7 Bg € Beg (6.9)

for some C > 0 depending only on N. Recall that fh_ (RN\ E») is the minimal
solution of

1
min ‘J(]RN\F) + 71/ dgv\g,dx : F € sm]
F

Considering the change of variable F := RV\ F and using that dgv\g, = —dE;»
we easily infer that Th+E2 =RV \Th_ (RN \ E») is the maximal solution of

~ 1 ~
min[J(F)— Z/RN\ﬁdEzdx: F eSDT]

- 1 1 ~ 1
=minIJ(F)~|—f/ dEzdx—f/ ~dEzdx:Feim]—f/ dg, dx.
h Bcr h RN\F h Bcr

Note now that

/~dE2XBCR dx=/ dEzdx—/ _dg,dx
F Bcr RN\F
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for every F with RN \f C Bcr. Itfollows, also by (6.9), that ThJr E; is the maximal
solution of

~ 1 ~ ~
min{J(F)+E/~d52XBCRdx: Fem,RN\FgBCR]. (6.10)
F

By the same reasoning, one can show that 7, E> is the minimal solution of (6.10).
Observing that dg, xp., < dg, and that ThiEl U ThiEz, ThiEl N ThjE E> are admis-
sible competitors for (6.10), one can argue exactly as in the proof of Lemma 6.2 to
conclude that ThiE 1 € ThjE E,. O

6.3. The Level-Set Approach

Given any bounded uniformly continuous function # : RY — R, constant
outside a compact set, we introduce a transformation of u# which is defined by
applying 7}, to all the superlevel sets of u. This is standard and has been done in a
similar geometric setting in many papers (see [16,22]).

To this purpose, notice that all the superlevels of u are either bounded or with
bounded complement, and that for any couple of levels s > s' € R we have
{u > s} C {u > s’}. Thus, in view of Lemma 6.2 we have Tj,{u > s} C Tp{u > s'}.

Letw : Ry — Ry anincreasing, continuous modulus of continuity for u. Since

{u>5)+ B,15_y) S {u>5s'},
by Lemma 6.4 we deduce that
Th{u > s} + B,-15_gy S Tn{u > s'}.

It follows that the sets T,{u > s} are themselves the level sets {v > s} of a
uniformly continuous function v =: Tju, with the same modulus of continuity.
More precisely, we set Tpu(x) := sup{Ar € R : x € Tp{u > M\}}. Notice that, by
Lemmas 6.5 and 6.7, also Tj,u is constant out of a compact set. Moreover, if u > u/,
then Tpu = Tyu'. In the two following propositions, equality between sets must be
understood up to negligible sets.

Proposition 6.11. For every A € R we have
Th(fu > A)) =T, ({u > 1)) = {Thu > A}.
Analogously,
T, (fu = A}) = {Thwu = 3).
Proof. For every § = 0 set
Es:=Ti(u>1+8),  As:=(Thu > i+8).

We have to prove that Eg = Ay. First, notice that by the very definition of 7ju, for
every § = 0
As C Es (6.11)
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so that in particular Ag C Ey. To prove the reverse inclusion, observe that

d{u>k+8} - d{u>k} (6.12)
uniformly as 8§ — 0. Moreover, As  Ag in L\ as § — 0. By (6.12) and by

loc
the lower semicontinuity of J, it easily follows that Ag is a solution of (6.2) with

E replaced by {u > A} (or of (6.10) in the unbounded case, with E» replaced by
{u > A}). Moreover, by (6.11) it is the minimal one, that is, it coincides with Ej.
The similar proof of the second statement is left to the interested reader. O

0 constant outside of a bounded set, define

Given a continuous function u
h
wn (e, 1) = T M (ug) (x) (6.13)

for every h > 0, t 2 0, where [-] denotes the integer part.
Proposition 6.11 applied to uj, (-, (k — 1)h) yields the following:

Proposition 6.12. For every h, k > 0 and for every . € R we have
T, (Qun (-, (k = Dh) > 1)) = {up(-, kh) > 1}
and
T, (G (k= D) 2 4) = {un (- kh) 2 4.

We have seen that for all ¢, uj (-, ¢) is uniformly continuous (with the same
modulus  as ). Let us now study the regularity in time of this function.

Lemma 6.13. For any ¢ > 0, there exists t > 0 and hg > 0 (depending on €) such
that for all |t —t'| £ v and h < hg we have |up (-, t) —up(-, )| < &.

Proof. Let e > 0 and let Ry := w~'(¢/2)/2. Since w is a modulus of continuity
for uy, it readily follows that for every x

B(x, 0 ' (/2)) € {un(-, 1) > up(x, 1) — €} (6.14)

We only treat the case where {uj, (-, t) > u;(x, t) — ¢} is bounded, the other being
analogous. Let t := Ry/c(Ro/4). By part (ii) of Lemma 6.6, and using that ¢ is a
monotone decreasing function, there exists /¢ depending on Ry such that

B(x, Ro) € B(x,w '(¢/2) — nhc(Ro/4)) € T!'B(x, 0 "(¢/2))  (6.15)

as long as @~ (¢/2) — nhc(Rg/4) = Ry, that is, as long as nh < 1.
Now, let t' > ¢ such that ' — ¢t < 7, and letn := [(t' — t)/h]. Since nh < 1,
by (6.14), (6.15), Lemma 6.2, and Proposition 6.12 we have

{upn (-, t/) > up(x, t/) —¢&} =A{up(-,t +nh) > up(t,x) — &}
= TMun(- 1) > up(x, 1) — e} 2 TP B(x, 0~ '(£/2)) 2 B(x, Ro).

In particular, uy (x, ') > uy(x, 1) — €. In order to show

up(x,t') <up(x,1)+¢
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we proceed in a similar way. Precisely, we observe that
B(x,w ' (e/2)) € {un(-.1) < up(x.1) + e},
that is,
(n( 1) Z up(x, 1) + 6} S RM\B(x, 07" (6/2)).

We then proceed as in the first part of the proof, but now using Lemma 6.7 instead
of Lemma 6.5 and Lemma 6.10 instead of Lemma 6.2. 0O

6.4. Convergence Analysis

In this subsection we show that any limit of the discrete evolutions is a viscosity
solution. Recalling Lemma 6.13 and the uniform continuity in space of uy, by a
straightforward variant of Ascoli—-Arzela’s Theorem we deduce the precompactness
of uy,. Moreover, in view of Remark 6.9 we deduce also that the limit « is constant
out of a compact set. Summarizing, the following proposition holds.

Proposition 6.14. Let T > 0. Up to a subsequence, uj converges uniformly on
RN x [0, T]ash — 0 to a function u(x, t), which is bounded and uniformly
continuous, and constant out of a compact set.

For every r > 0, set
¢(r) := max{1, c(r)}. (6.16)

Given rg > 0, let () be the solution of the following ODE

1) = —Er():

F(0) = ro (6.17)

Notice that (6.17) admits a unique solution r(¢) until some extinction time 7*(rg)
with #(T*) = 0.

Proposition 6.15. Let u(x, t) be the function given by Proposition 6.14, let A € R,
and let B(xg, ro) C {u(-, to) > A}. Then, B(xq, r(t —to)) C {u(-, t) > A} for every
t < T*(rg) + fo, where r(t) is the solution of the ODE (6.17) and T*(ro) is its
extinction time. The same statement holds by replacing the superlevel of u with its
sublevel.

Proof. We only treat the case of {u(-,#) > A} bounded, since the other one is
analogous. By assumption, if Ry < rg, for h small enough B(xo, Ro) C {u,(-, tp) >
A}. Let o > 1 and Rg be defined recursively by R,+1 = R, — hc(R,/o). By
Lemmas 6.2, 6.6, and 6.12 one has that B(xo, R¢—s)/n1+1) C {un(-, 1) > A} for
t 2 1o, as long as Ri(t—1)/m+1 > 0. Let also 7, be the unique solution of 75 (¢) =
—C(ry (1) /o) with initial value r,(0) = Rg. One observes that if r,(nh) < R,
then

(n+Dh
ro((n 4+ Dh) < R, _/ s (rg(s)) N

nh o

(n+Dh R Dk R
R,,—/ 5(—) ds§Rn—/ E(—) ds = R,y1
nh o nh o

A
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since ¢ is nondecreasing. As a consequence, B(xg, ro (h[(t —t9)/ h]+h) C {un(-, 1)
> A} for t = 1 as long as the radius is positive. We conclude sending & — 0, then
Ry — rp and 0 — 1. The proof of the last part of the proposition is very similar.
One observes that by Lemmas 6.10, 6.8, and 6.12, we have (with the same definition
of Ry) {un(-, 1) > A} € R¥\B(x0, Ri(—1p)/n1+1), that is B(xo, Ri—rp)/ni+1) C
{up(-, 1) < A} fort 2 19, aslong as Ry —s)/n1+1 > 0. The conclusion then follows
as before. O

We are now in a position to state and prove the main result of this section.

Theorem 6.16. The function u provided by Proposition 6.14 is a viscosity solution
of the Cauchy problem (2.4) in the sense of Definition 2.11.

Remark 6.17. We observe that this holds under assumptions (C) and (D) on the
curvature. If in addition (C’) holds, then the limit flow is unique and one also
deduces that the whole family (u,);~0 converges uniformly as 7 — O.

Proof. We denote by uj, a subsequence of uj, converging to u. Let us prove that
u is a subsolution (the proof that it is a supersolution is identical). Let (x,7) €
RN x (0, T). Let ¢ be a C“# admissible test function at (¥, 7), and assume that
(x, 1) is a maximum point of # — ¢. We need to show that

Z—f(i, D)+ [De(E, Dlkx (X, Do(E, 1), D*¢(X, 1), {p(-, 1) Z ¢(x, D)) < 0.
(6.18)
Step 1. Let us first assume that Dg(X, ) # 0. By Remark 2.12 we can assume that
this is a strict maximum point and that ¢ is smooth.
If the maximum is strict, then by standard methods we can find (xg, tx) —

(x, £) such that up, — ¢ has a maximum at (xg, #x). Moreover, for k large enough,
Do (xk, tr) # 0. We have that for all (x, 1),

up,(x,1) < @x, 1) +ck (6.19)

where ¢y 1= [up, (xk, ) — @(xk, ti)], with equality if (x, #) = (xx, t).
Let n > 0 and set

00 = p0rt) + i + 300 — ). (6.20)

where Q is as in Lemma 2.13 and Q(z) = |z|* for |z| sufficiently small. Then, for
allx e RV,

un (. 1) = @ ()
with equality if and only if x = xi. We set [ := up, (xg, tx) = (ka (xx).-

By Lemma 2.13, we can assume that 7 is such that the superlevel sets {(ka > I}
are not critical for all k. Let ¢ > 0 and set

W, = {xeRN : uhk(x,tk)gzk—e}\{xeRN : go,’jk(x)gzk}.
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It is easy to see that for ¢ > 0 sufficiently small |W,| > 0, and converges to {xx}
in the Hausdorff sense as ¢ — 0. Now, if {up, (-, %) = lx — ¢} is bounded, by
minimality we have

1
T ot 2 o — ) + h—/
{uny, Cotx) 2l —e)
S T Coi) 2 b — ey N gy, 2 L))
1

hi (i ) Zlhc—e )0l Zhe)

d{uhk Cote—hi) 2l —e) (x)dx

d{uhk(',fk—hk)zlk—E}(x) dx. (6.21)

Adding to both sides the term J ({up, (-, tx) = Iy — e} U {(ka = It }) and using (4.1),

we obtain
I({en, zufuwe) = (for, 2 1))
1
+h_/ d{“hk( N hk)>lA a}(-x)d §

By (6.19), {up, (-, tx — hi) 2 Ik — &} S {@(-, tk — h) 2 Ik — cx — €}, so that we

also have
({2 ufuwe) = ({or, z})
1
h_/ d{‘/’(‘stk—hk)zlk_ck—é‘}(x) d.x § 0. (622)

If instead {up, (-, %) = Ix — €} is unbounded, then inequality (6.21) must be
replaced by

1
JQup, ¢ t0) 2 Ik —e}) + —/
hic Jun, (i) 2l —e)nBr
S Jun G 2 i — e} Ny, 2 1)
1

hi {1y () Zl—e )0, ZHINBr

d{uhk (o tk—hi) 2l —e) (x) dx

d{uhk o t—hi) 2l —e) () dx,

for R sufficiently large, see (6.10). Then, arguing as before, one obtains again
(6.22).
Notice that for z € W, we have

Iy —e <oz, i) +cp + gQ(Z —xp) <. (6.23)

Since, in turn, ¢(z, fx) + cx = I — ¢ it follows that %Q(z — x;) < ¢ and thus, for
& small enough,
We C© Be s (k). (6.24)

Moreover, for every z € W,

1
@z, tx — hy) =<p(z,tk)—hk8,<p(z,tk)+h,%/ (1—5)320(z, i —shy) ds. (6.25)
0
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Let y be a point of minimal distance from z such that ¢ (y, tx — hy) = lx — cx — €.
Then, |Z — y| = |d{(p(',lk*/’lk)élk*0k*5}(Z)|’ and

(z—=y) Doy, tk — hi) = £lz — y[|Do(y, tx — hi)l, (6.26)

with a ‘+’ if o(z, tx — hx) > [y —cx — ¢ and a *—’ else, so that the sign is opposite
to the sign of d, (. ; _4,)>y, —¢,—)(2)- Hence,

@ty —hi) = @(y, tk — hi) + (2 = y) - Do(y, ik — hi)
+/0](1 —)(D*p(y + 5z = ).tk =)z =) - (2 — y)ds
=l —ck — & —diy y—ny > —cp—e} (DIDO(Y, T — i)
+/01(1 —)(D*p(y +5(2 = y), ik = i)z = y)) - (z — y) ds.
(6.27)
By (6.23) we deduce in particular ¢(x, tr) + cx < I, that is,
—o(x,f) 2 ¢k —Ix. (6.28)
Combining (6.28), (6.25), and (6.27), we deduce

i 2y —e) DI DO 11 — )|

1
2 —&+ hdip(z, k) — h;%/ (1= )39 tk — shy) ds
0

1
+/0 (1 = $)(D*p(y +5(z = ¥), tk — )z — y)) - (z — y) ds.

Note that, in view of (6.23), |¢(z, k) — @ (v, t)| < € + Chy = O (hy), provided
that & << hy are small enough. In turn, by (6.26) as | D¢(y, tx — hi)| is bounded
away from zero, we have |z — y| = O (hy) and, using also (6.24), we deduce

1 Oz, 1) — 5 + O (hi)

—d
g ot 2=l @) Do (. 1k — hi)l
ok, 1) + 0(Je) — 1 + O(hy) 6.29)
T DGk, )|+ O(Ve) + Oy T

We now focus on the term
Jdg) Z kYU W) — J((e] = 1)
of inequality (6.22). Thanks to (4.5), if ¢ is small enough we know that

Tlep, 2l UWe) = Ty, 2 Id) 2 IWel(e O, (g, 2 @ (xi0)}) — 0e(1))
(6.30)

recalling that ‘/’Zk (xx) is not a critical value of §0Zk~
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Using therefore (6.22), (6.29) and (6.30), dividing by | W, | and sending ¢ — 0,

we deduce that (for almost everywhere n > 0 small)
0 (X, 1) + O (hy)
[Do(xi, tk)| + O (hi)

Letting simultaneously n — 0 and k — oo and using Lemma 2.9 we de-
duce (6.18).

o o, 2] £ 0

Step 2. Now we consider the case D¢(z) = 0 and we show that ¢, (z) < 0. Let
Y, be defined as in (2.16) and let z, = (x,, #,) be a sequence of maximizers of
u—Yr,,such thatx, — xandt, — 7 .If x, # X fora (notrelabeled) subsequence,
then (for large n) D, (x,, t,) # 0 and (6.18) holds for v, at z,. Passing to the
limit and using the properties of f (where f is the function appearing in (2.16)),
we deduce that %—‘f(Z) < 0 (see (2.17) for the details).
We therefore assume that z, = (X, 1,,) for all n sufficiently large. Setb,, := i —1,
and set
ru = [ anbn) (6.31)

where a,, — 0 is chosen so that the extinction time 7*(r,,) of the solution of (6.17)
with rg replaced by r,, satisfies T*(r,) = 2b, for n large enough. To show that
such a choice for a,, is possible, set

gty = sup &(f N (fF6)),

0Ss<r

and notice that g(¢) < ¢(¢) for ¢ small, it is non decreasing in ¢, and g(r) — 0 as
t — 0 thanks to (2.6). We have

T*(ry) 1 | 1/fl(anbn) 1
f

by by rn/2 &r) by “L(anbn/2) ér)

V

ay [0n 1 a, 1
:_][ S— - ds > 22— =2, (6.32)
2 Jagby2 ECF7H) f/(F~1(s)) 2 g(bn)

where the last equality holds if we choose a, = 4g(b,) — 0.
By definition of ¥, we have that

B(x,rp) C {wn('v tn) = Yn (X, tn) +2f(rn)}
C {M(v th) S u(x, ty) + 2f(rn)} .

Note that the last inclusion follows from the maximality of u — ¥, at z,, and the
fact that u(z,) = ¥, (z,). By (6.32) and Proposition 6.15,

Fe{u, D S u® ) +2f0)}.
Thus, using also the maximality of # — ¢ at z, and recalling (6.31), we have

(p(i, tn) - (P(Z) é M()E, t") — M()_C, E) é 2f(rn) = —2an.
—by, —b, —by

Passing to the limit, we conclude that 3,¢(z) < 0. O
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6.5. Perimeter Descent

In this part we address the problem of the perimeter descent for variational
curvature flows. The results refer to any viscosity solution u : RV x [0, T] —
R to (2.4), where k is the first variation of a generalized perimeter in the sense
of Definition 4.4. Throughout this subsection we also assume that the additional
conditions stated in Sections 3.1 and 3.2 hold, so that such a solution is unique and
coincides with the one built through the minimizing movements.

First, we generalize to our setting a fact that is well known in the context of
the mean curvature flow: whenever there is no fattening, the perimeter decreases in
time.

Proposition 6.18. Let 0 < 1y < 1, < T, let A € R and assume that |{u(-, ;) =
A} = 0. Then,

J({u(, 1) > 2 = J({u(, 1) > AD).

Proof. Set a0 = diu(.,m)>ry> and letu : [0, T — t1] — R be the viscosity solution
of (2.4) with initial condition #°. By Remark 3.9, we get

{a(-,t) > A} ={u(,t+1) > A}

forevery ¢t € [0, T —t{]. Let now i1, be the approximate solution defined in (6.13).
Then, by Proposition 6.12 we have

J{ian( o —t1)) > A} = J({in(-, 0)) > A}
Since i, — u pointwise (indeed, uniformly) and since
Hu(, o —n) =2 = Hu(, ) =21} =0,
we easily deduce that
{un( 0 —11) > A} > {u(, 0 — 1)) > A} = {u(-, 1)) > 1}
in measure, as 1 — o0. By the lower semicontinuity of J we conclude
J{u(, 1)) > 1} = lim inf J{uan( 02 —11)) > A}
S J{un(, 0) > A= J({u(, 1)) > Ak (6.33)
0

Remark 6.19. A natural issue is to understand under which circumstances the as-
sumption of Proposition 6.18 is satisfied. To our knowledge, there is no general
result in this direction, not even for the canonical mean curvature flow. On the other
hand, if the initial set E© is starshaped, one can build «° such that all its superlevels
are homothetic to E. In view of the homogeneity properties of the mean curvature
and of the geometric evolution equation (2.4), all the superlevels evolve staying
homothetic to each other. As a consequence, superlevels are never flat, and in turn
the perimeter decreases along the flow. This is the case whenever a generalized



1326 ANTONIN CHAMBOLLE, MASSIMILIANO MORINI & MARCELLO PONSIGLIONE

curvature is homogeneous with respect to dilations, that is there exists @ > 0 such
that k (x, [E) = 7%k (x, E) for every [ > 0 and E € €. For the mean curvature
flow (and in fact for more general local evolutions), this was already observed and
used in [4,35,36].

Finally, we introduce a relaxed perimeter, defined on open sets, that always
decreases along the flow.

Definition 6.20. For every open set A C RY with compact boundary set J (A) :=
inf lim inf J(A,) where the infimum is taken among all sequences of open sets A,
with A, € ¢, A, C A and RV\A,, — RN\ A in the Hausdorff sense.

Remark 6.21. By the lower semicontinuity property of J, we have J(A) = J(A)
for every open set A with compact boundary. The converse inequality is in general
false. For instance let J be the standard perimeter and let A := B\ {xy = 0}. Then,
J(A) = J(B1), while it is easy to see that f(A) = J(B) +4. Itis well known (see
[23]) that if u® = dy, then the level-set {u(-, t) = 0} is fat for every positive time.
Moreover,

tnn% JuG, 1) > 0}) = J(A).

In particular, the perimeter J (instantaneously) increases along the geometric flow.
The example somewhat motivates Definition 6.20. As we will see, the relaxed
perimeter J instead is always non increasing.

Remark 6.22. Clearly, in Definition 6.20 we can always assume that, whenever
A is bounded, A, are compactly contained in A, for every n (and a similar con-
dition for unbounded sets). Moreover, we can remove the regularity assumption
on A, without affecting the notion of J. Indeed, let J be defined as in Defini-
tion 6.20, but without the requirement of the C%#-regularity. Clearly J<J.To
prove the converse inequality, consider an optimal sequence of open sets A, such
that J (An) - J (A). It is enough to regularize each A, in order to have an optimal
sequence A, for J. This can be easily done in view of Lemma 4.1. The details are
left to the reader.

We now state and proof a simple lemma that clarifies the role of Definition 6.20
in the viscosity approach to geometric flows.

Lemma 6.23. Let A C RN be an open set with compact boundary, and let A, € ¢
with A, € Ay € Apy C A foreveryn, and U2 | A, = Al

Then, there exists a one-Lipschitz function us and a sequence L, — 0 such
that

(1) A={uas >0}
2) Ay ={ua > An}s
(3) ua =da, + Ay in a neighborhood of A,
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Proof. Forevery n € N we set

+00
A = Zdist(aAi, dAit1).

1=n

We now define the function u4 by setting for every i € N:

da+xi {0 S dy, < dist@A;, 94,41)/2),
WALy o = dp;, + dig1 in {=dist(dA;, 0A;41)/2 = da,,, <0},
i+1\4
Ai + A
% elsewhere in A;11\A;.

It is now easy to check that the function u 4 has all the required properties. O

Proposition 6.24. The relaxed perimeter J decreases along the geometric flow.
More precisely, for every A € R the functiont — J({u(-,t) > A}) is not increasing.

Proof. To ease notations, we will assume A = 0. Let 0 < 11 <, < T. We have
to prove that

J({u, 1) > 0) < J{u(-, 1) > 0}).

Let (A;) be an optimal sequence for Definition 6.20 with A := {u(-,#;1) > 0)}.
Clearly, we may assume that A, C Ay for every n. Moreover, let A, us be
as in Lemma 6.23. By property 3) of Lemma 6.23, we have that the function
A = {ua > A} is continuous from a neighborhood of each A, to €. In particular,
the function A — J({#a(-) > A)}) is continuous at each 1,,. Notice that all except
countably many levels of u 4 have null measure. Therefore, there exists a sequence

An — 0 such that

(@) Hua() = ky)}| = 0 for every n;
() J({ua() > x)) = J(A) asn — oo.

Letu : [0, T — 1] — R be the solution to (2.4) with initial condition u4. By
Proposition 6.18 we have

J{i(. = 11) > Aa}) S J({id (-, 0) > Xn}).
Letting n — 00, by (ii) and by the very definition of J we get
T(u(- 1) > 0) = J({i(-, 12 — 1) > 0}) < J({i(-, 0) > 0}) = J({u(-, 11) > O}),
where the first equality follows by Remark 3.9. O
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