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Abstract

In this paper, we consider two systems modelling the evolution of a rigid body
in an incompressible fluid in a bounded domain of the plane. The first system
corresponds to an inviscid fluid driven by the Euler equation whereas the other one
corresponds to a viscous fluid driven by the Navier—Stokes system. In both cases
we investigate the uniqueness of weak solutions, a la Yudovich for the Euler case,
a la Leray for the Navier—Stokes case, as long as no collision occurs.

1. Introduction

In this paper, we consider two systems modelling the evolution of a rigid body
in an incompressible fluid in dimension two. The two cases correspond respectively
to the inviscid case, where the fluid is driven by the Euler equation, and the viscous
case, where it is driven by the Navier—Stokes system. In both cases we investigate
the uniqueness of weak solutions (a la Yudovich for the Euler case, a la Leray for
the Navier—Stokes case).

To model the body-fluid systems, we introduce the following objects. Let 2 a
smooth connected bounded open set in R2, and Sp smooth closed connected and
simply connected subset of 2. We consider the motion in the domain €2 of a solid
occupying at time ¢ the domain S(¢) C €2, where S(0) = Sp.

The motion of this solid is rigid, so that S(¢) is obtained by a rigid movement
(that is a translation and a rotation) from its initial position Sp. The group of rigid
transformations of the plane is the special Euclidean group, denoted by SE(2). We
will denote m > 0 and J > 0 respectively the mass and the inertia of the body and
h(t) the position of its center of mass at time #. We also introduce

() == h' (1),

the velocity of the center of mass and
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r() :=0'(t),
the angular velocity of the body. The angle 6 measures the rotation between S(¢)
and Sp. Accordingly, the solid velocity is given by
us(t, x) = €(t) + () (x — h(t)*. (1
A way to represent the rigid motion from Sy to S(¢) is to introduce the rotation
matrix
__|cosf() —sinf(t)
Q) = |:sin9(t) cosfB(t) |-
Then the position t(¢, x) € S(¢) at the time ¢ of the point fixed to the body with an
initial position x is
7(t,x) == h(t) + Q(1)(x — h(0)),
so that
(1) = t()(So)-
We denote
h(0) = ho, h'(0)=4£o, 6(0)=0, r(0)=ro, (2)
the initial values of the solid data.
Let us stress here that, given some initial data, it suffices to know (¢, r) to

deduce all the other objects above, since to (£, r) € CY([0, T]: R? x R) we can
associate (b, 0%") e C1([0, T]; R* x R) by

t t
BE (6 = ho + /0 0 0ty = /0 . 3)

the velocity
WS (1, x) == 0) + r()(x — B ()™ @)
and

Lr o L,r
cos 0% (1) sin 6 (t)]. )

e,r i
om0 = |:sin9€”(t) cos 047 (1)

We also deduce the rigid displacement and the position of the solid, let us say 77 (r)
and S (1) defined by

570 x > QY () [x—hol+hY (1) € SE(2), and SY"(t) =t (1)Sy. (6)
Then we define the fluid domain as
FOr(r) == Q\8"" (1). @)

We may omit the dependence on (¢, r) when there is no ambiguity on the various
objects defined above.
In the rest of the domain, that is in the open set

F(t) == Q\S@),

there evolves a planar fluid driven by the Euler or the Navier—Stokes equations. We
denote correspondingly

Fo = Q\So,
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the initial fluid domain. We will consider for each ¢ the velocity field u = u(z, x) €
R? and the pressure field p = p(z, x) € R in F(¢). The fluid will be supposed in
both cases to be homogeneous of density 1, in order to simplify the equations (and
without loss of generality). We denote

Uli—o = up (8)

the initial value of the fluid velocity field.
Now to be more specific on the systems under view, we distinguish between
the two cases.

1.1. The Euler Case

In this case, the fluid equation is the incompressible Euler equation and the body
evolves according to Newton’s law, under the influence of the pressure alone. The
boundary conditions correspond to the impermeability of the boundary and involve
the normal component of the velocity. The complete system driving the dynamics
reads

0
3—’:+(M-V)M+Vp:0 for x € F (1), )
divu =0 forx e F(1), (10)
u-n=ug-n forx e dS), (11)
u-n=0 forx € 092, (12)
mh” (t) :/ pndo, (13)
aS(t)
Jo" (1) =/ p(x —h(1))* - ndo. (14)
aS(1)
When x = (x1, x2) the notation x stands for
Xt = (—xp,x0),

n denotes the unit outward normal on d.F(¢), do denotes the integration element
on the boundary S5 (¢) of the body.

For this system, one can prove the existence of a solution “a la Yudovich”
[32] on a time interval limited only by the possible encounter of the solid and the
boundary 9€2. The main assumption is that the initial vorticity

wo = curl ug,
is bounded in 2.
Theorem 1. For any ug € C°(Fy; R?), (Lo, ro) € R? x R, such that:

divug =0 inFo, uo-n= Lo+ro(x—ho)")-n ondSy, up-n=0 ondQ,
(15)

and
wo = curlug € L*(Fp), (16)
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there exists T > 0 and a solution

@, r,u) € C([0, T]; R x R) x [L*®(0, T: LL(F())) N C°([0, TT;
Wl (F (1)1, Vg € [1, +00),

of (9)-(14). Moreover, if T < 400 is maximal, then
dist(S(),02) - 0 ast — T™. (17

Several comments are in order here.
First the notation LL(F(t)) refers to the space of log-Lipschitz functions on
F(t), that is the set of functions f € L°(F(¢)) such that

() — £
1f ey = If L@y + sup _ < too.  (18)
o LT =yl +1In~ [x — yl)

For a functional space X of functions depending on the variable x, the notation
L0, T; X(F(@)))orC([0, T]; X (F(t))) stands for the space of functions defined
for each ¢ in the fluid domain F(¢), and which can be extended to functions in
L%(0, T: X (R?)) or C([0, TT; X (R?)) respectively. In the same spirit, we will
make the abuse of notations [0, T'] x F(t) for U,cjo,71{t} x F(¢).

The other remark is that the pressure p is uniquely defined, up to a function
depending only on time, by (¢, r, u) as a function of L*°(0, T; HY(F (1)) (see
Corollary 2). In particular this gives a sense to the right hand sides of (13)—(14).

In the case when = RZ, the equivalent of Theorem 1 (together with the
uniqueness in this particular case), was proven in [13]. In this particular situation,
one can make a rigid change of variable to write the system in F(, which simplifies
the analysis.

We provide in the Appendix a proof of Theorem 1 in the case considered here
where the system occupies a bounded domain.

The first main result of this paper is the following.

Theorem 2. The above solution is unique in its class.

1.2. The Navier—Stokes Case

We now turn to the case of a viscous fluid.

In this case, the fluid equation is the incompressible Navier—Stokes equation
and the body evolves according to Newton’s law, under the influence of the whole
Cauchy stress tensor. The boundary conditions are the usual no-slip conditions for
the velocity field. The complete system driving the dynamics reads

9
a—b;+(u~V)u—Au+Vp=0 for x € F (1), (19)
divu =0 forx € F(1), 20)

u=ug forx e dS(), 201

u=0 forx € 0L, (22)
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mh'” (t) = —/ Tn do, (23)
aS(t)

Jo"(t) = — / Tn - (x — h(t))" do, (24)
AS (1)

where the same notations for x, do and & are used as in the previous paragraph,
and where

1
T(u, p) := —pld+2Du  with Du := 5 (Vu + vul).

For this system, one can prove the existence of a weak solution “ala Leray” [24,25],
for which the main assumption is that the initial velocity u¢ is square-integrable.
To define more precisely what we mean by a weak solution of (19)—(24), let us
define a velocity field globally on €2 by setting

u(t,x):=u(t,x) forx € F(t) and u(t,x):=ug(t,x) forx € S), (25)

where u s is given by (1). We will say that u is compatible with (€, r) when u(z, -)
belongs to HY(Q) for almost every t and (25) holds with F(¢) = FEr (t) and us is
given by (1). Similarly, for the initial data, we define a velocity field ug by setting

o(x) := ug(x) forx € Fy and wo(x) := £y + ro(x — hg)~ forx € So.

Now to define the notion of weak solutions that we consider, it will be useful to
introduce the density inside the solid at initial time ¢ = 0 as the function pgs, (x),
for x € Sp. Accordingly, the mass and the inertia of the solid satisfy

m:/ ps,(x)dx and J=/ P8, (x)]x — ho|* dx.
S() SO

We extend this initial density as a function on the whole domain €2 by setting
po(x) = ps, inSy and pp(x) =1 in Fo. (26)
Given a rigid movement (¢, r), we define the solid density as:

ps(t,x) = ps, (T (t, )N7'(x) inS“ (1) and pse(x) =0 in FO (1),
(27)
and the density p(¢, x) in [0, T] x 2 as

o(t,x) = pst,x) inS""(t) and p(x) =1 in FO (7). (28)

Definition 1. (See [1,3,6,18,27]) For any ug € L?(Fo; R?) and (£, r9) € R xR
satisfying (15), we say that

(€.r.w) € CO(10, TI; R x R) x [C(0, T: L*(2)) N L*(0. T; H'(Q))]
is a weak solution of (19)—(24) with the initial data (2)—(8) if u is divergence free,

u is compatible with (¢, r), 29)



912 OLIVIER GLASS & FRANCK SUEUR

and for any divergence free vector field ¢ € CZ°([0, T] x ; R2) such that
D¢(t,x) = 0 when ¢ € [0,T] and x € S% (1), there holds, when p is given
by (28):

_ _ _d _ _
/ pouo-¢lz:o—/ (ot - )li=r +/ pu-—¢+(u®u—2Du)i D¢ =0.
Q Q 0,T)xQ ot
(30)
We will also say that (¢, r, u) € C°([0, T]; R? x R) x [L>®(0, T; L>(F“" (1))) N
L2(0, T: H' (F%" (1)))] is a solution when (¢, r, w) with u defined by (25) is a
solution.

Now we have the following existence theorem of weak solutions.

Theorem 3. (See [1,3,6,18,27]) For any ug € L*(Fo; R?) and (Lo, ro) € R? x R
satisfying (15), for any T > 0, there exists a weak solution

@, r,u) e CU0, TT; R? x R) x [C([0, T]; L>()) N L*(0, T; H'(Q))],

of (19)—(24) with the initial data (2)—(8). Moreover, for any t € [0, T],

1
—/ p(t, )ult, -)|2dx + 2/ p(s,x) Du(s, x) : Du(s, x)dxds
2 Ja 0,)xQ

1
_ E/on(xwo(xnzdx. 31)

Remark 1. The proof of the existence of such weak solutions can be found in [21,
27]. Note in particular that the function pg defined by ps(t, x) = po((z4"(t, )™
(x)) in S (1) and pg(r, x) = 0 in FE7 (¢) is a weak solution of
o ps +div(psu) =0 in(0,T) x €, 32)
ps(0,-) = ps, inSy and ps(0,-) =0 in Fo,

and hence the unique solution of this system (see [5, Corollary II.1]).

We notice that the notion of weak solutions can be slightly different. In partic-
ular, [3] does not express the solid movement by (29) or p by (28), but as follows.
The solid density pgs is obtained as the solution of (32) and then the compatibility
condition in [3] reads: u(t, -) belongs to H 1(€) for almost every ¢ and

psDu = 0.

Due to the lack of regularity of #, we do not know if this compatibility condition
is sufficient to ensure (29) (see also the discussion in [8, Section 3]).

Remark 2. The energy identity (31) belongs to the folklore in the subject and can
be proved proceeding as in the case of a fluid alone, see for instance [26, p. 87].
The strong continuity in time of % in L2() is then a direct consequence of (31).
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Let us add a few words on previous references. In the case when Q = R?, one
can again use a rigid change of variables to prove the existence and uniqueness of
such solutions cf. [23,28,31]. In the case considered here where €2 is bounded, this
is no longer possible; we refer here to [1,3,18,27] which establish the existence of
solutions “a la Leray” as stated in Theorem 3.

Let us also mention the recent works [6,7] which establish the existence of
solutions “a la Leray” in three dimensions and the papers [4,17,30] where the
existence and uniqueness of strong solutions for short times were studied, including
in the three-dimensional case.

The second main result of this paper states that the solution given by Theorem
3 is unique as long as there is no collision.

Theorem 4. Let T > 0 and (€, r, u) lze as in Theorem 3. Assume that for any
t € [0, T], dist(S(1), 082)) > 0. Let (¢, r, it) be another weak solution of (19)—
(24) on [0, T] with the same initial data. Then (£, 7, u) = (£, r, u).

This result extends the one in [30] where it was assumed in addition that the
initial fluid velocity is in the Sobolev space H'!. Therein it was mentioned that
“uniqueness of weak solutions is an open question, even in the two-dimensional
case”. This issue was also mentioned recently in the conclusion of the paper [2].
Theorem 4 therefore brings an answer to this issue, as long as there is no collision.

It is not known in general whether or not a collision may happen. However
the possibility of a collision is excluded in some particular cases by the results in
[19,20], see also the recent work [11] about the influence of the boundary regularity.
On the other hand the results of [21,29] prove that such weak solutions cannot be
unique if a collision occurs.

1.3. Structure of the Paper

To simplify the notations and without loss of generality, we will suppose that
ho = 0.

The paper is organized as follows. In Section 2 we establish a preliminary result
on a class of changes of variables associated to a rigid motion. This result will be
useful for the proof of Theorem 2 and for the one of Theorem 4 as well. Then we
proceed with the proofs of these theorems respectively in Sections 3 and 4. The
structure of these sections is quite the same: we will start by giving some a-priori
estimates satisfied by any solution, respectively in the Sections 3.1 and 4.1, and
then we prove the uniqueness, in the Sections 3.2 and 4.2. Finally, in the Appendix,
we prove Theorem 1.

2. A Basic Lemma

Given A C R? and § > 0, we denote
Vs(A) == {x € R?/dist(x, A) < §).

We rely on the following proposition.
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Proposition 1. Let Q and Sy be fixed as previously. There exist a compact neigh-
borhood U of 1d in SE(2), § > 0 and ¥ € C°°(U; Diff(2)) such that V[1d] = 1d
and that for all T € U,

\W[t] is volume-preserving, (33)
Wt](x) = t(x) onVs(Sy) and Y[t](x) =x onVs@QNQ. (34)

Above, Diff(Q2) denotes the set of C*°-diffeomorphisms of .

Proof. The proof is similar to [14, Lemma 1]. First we use that the exponential
map exp: se(2) — SE(2) is locally a diffeomorphism near the origin of se(2), say
on a neighborhood ¢/ C SE(2) of Idg2. Here se(2) is the Lie algebra associated to
the Lie group SE(2). This exponential map on the space se(2) ~ R? x R can be
represented as the map which associates to (¢, r) € R? x R the value at time 1 of
the solution t(#) of following ODE in SE(2):

%t(t, x) = L+r ((t, x)—1(t, )" = +r (t(t, x)—1£)F with (0, -) = Idgo .

(35)
Reducing U if necessary, we find U as a compact neighborhood of Id in SE(2)
on which In is a diffeomorphism, which contains all the intermediary states 7 (¢, -)
leading to t(1) = v when t € U and for which holds for some § > 0

max{lr(x)—x|, x €8y, IGU}§5 and max{dist(t(So),aQ), T € U}§35.

Now given t € U, we associate (¢,r) := In(r) and the corresponding time-
dependent 7(z, x). Let ¢ (¢, x) a smooth function equal, for each ¢ € [0, 1], to 1
in Vs(t(t, Sp)) and to O outside of Vos(7 (¢, Sp)). We define the following time-
dependent vector field on R?:

_ 2
Ve(t, x) = V+ (¢(x) (xL 0+ %r)) )

Note that
Viit,x) =L+r(x— tﬁ)l in Vs(Sp) and Vi(t,x) =0 inV5(0R). (36)
We define W € Diff(Q) as the value at # = 1 of the flow associated to V, that is
Y[z]:=y(, ),
where y (¢, x) the solution of the ODE:
d .
Ey(t, x)=V(, yt, x)) withy(0, ) =Idg.
It is straightforward to see that y is a smooth function of V and hence that W is a

smooth function of t. Also, Equation (34) follows from (36). Finally (33) follows
fromdiv V =0. 0O
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We have the next corollary, where we consider SE(2) C R3 so that we can use
the R? norm on the elements of SE(2). When we consider a time-dependent family
of rigid motions (7 (¢));c[0,7], we will write 7; := 7 (¢, -).

Corollary 1. Reducing U if necessary one has for some C > 0:
V. feU, [[W[r]lo{¥[f]}"' —1d ez = Clit — Tllgss (37
and if t;, & € C'([0, T); SE(2)), then for all ty € [0, T,

[i (vimlo {\If[f,]}‘l)]

= < C (1% e = s + 1177y s )

cl@

=ty

(38)

Let us emphasize that {lI/[ft]}_l denotes the inverse of W[7;] with respect to
the variable x.

Proof. Reducing U if necessary, one has uniformly for t € U that
1
IW[r] —1dllc2q) = o

so that we have a uniform bound on ||[{¥[7]}~! -2 @) and (37) follows from the
fact that W is uniformly Lipschitz on U. In the same way, we have

VT, T e U, [[0x¥[t] = 0:V[T]lcigreney = Cllt — Tlgrs- (39)

On the other side, denoting
g(t,x) == W[r](x), h(t,x):={¥[g]}'(x), & x):=W[f](x) and
h(t, x) = (W[F]) (%),

we have

d . _ _ ~
— (Wm0 (WIED T ) = gt hte, ) + (08 e x)) . x).

Since B _ B
38t h(t,x)) + (9:8(t, h(t, x)))d;h(t, x) =0, (40)

we have
d - -
= (W o (WIENT ) = g, ) = 0,3, R, x)

dr
+{0eg (1, (1, x)) = 0:8 (1. h(1, )} (1, ).
4D
Concerning the first term in the right hand side of (41), we use
dhg(t,y) =[d¥(z) - 71(y) and 3g(t, y) = [dV(E) - F1(),  (42)

and the regularity of W. Concerning the second one, we use (39) to estimate the
term between brackets and (40) and (42) to estimate d,4. Our claim (38) follows.

Remark 3. Clearly we could have put any C*(€2) norm on the left hand sides of
(37) and (38).
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3. Proof of Theorem 2

In this section, we consider the inviscid case and prove Theorem 2.

3.1. A Priori Estimates

We begin by giving a priori estimates on a solution given by Theorem 1. We
suppose that d€2 has g + 1 connected components I', ..., I'g41; we suppose that
["g41 is the outer one. We add to this list I'g = T'o(z) = 9S(¢). We denote t the
tangent to 92 and dS(¢) and define

yé :=/ up-tdo fori=1,...,g and yo:z/ ug - tdo,
I'; S0

and we let
g .
y = lyol + D vl
i=1

We have the following a priori estimates on any solution of the system in the sense
of Theorem 1.

Proposition 2. Let (¢, r, u) a solution of the system in the sense of Theorem 1 in the
time interval [0, T]. Then one has the following a priori estimates: forallt € [0, T']
and q € [1, +o0],

llcurlu(t, )lraFuyy = llcurluollLa 7y,
Vi=1,...,g, / u(t, ~)~tda=y6 and / u(t,-) - tdo = yy,
T S (1)

2 2 2 _ 2 2 2
la(t. )2y +mIeO P + T OF = luol2a gz, +mltol® + Tlrol.

Moreover, for § > 0, there is a constant C > 0 such that for all T such that
dist(S(t), 0R2) = 8 on [0, T, one has forallt € [0, T] and q € [2, 00),

lut, iwraray = CqllloollLamy) + ol + 1ol + 7). (43)

Proof. Given such a solution (¢, r, u), the vorticity w(¢, x) := curl u(¢, x) satisfies
the transport equation
0w+ (u-Vyo =0 in F(1). 44)

Due to the log-Lipschitz regularity of u, one can associate a unique flow & =
d(z, s, x), and by the uniqueness of the solutions of (44) at this level of regularity,
one has w(t, x) = wo(P (0, t, x)). Since ® is volume-preserving (as follows from
div u = 0), we obtain the claim on || curlu||zq¢(F (). The second conservation is
Kelvin’s theorem, and the third one the conservation of energy.

Estimate (43) is classical in the case of a fluid alone, and is central in the
argument of YUDOVICH [32]. Here, we only need to prove that the constant appearing
in the elliptic estimate for the div /curl system does not depend on the position of
the solid, as long as it stays distant from the boundary. Precisely, we prove the
following.
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Lemma 1. Forany R > 0, there exists C > 0 such that if S = t(Sp) for t € SE(2)
satisfies
SCQ and dist(S,92) = R, (45)

then any u: F — R? verifies, for all ¢ > 2:

lellwracry < Ca(llcurlullzace + 1 div ulloc)

8
+C(||u '””Wl—l/q,q(a}') + Z /1" u-tdo

i=0

) ; (46)

where Ty := 39S and F := Q\S.

Above we take as a convention that

I f lwi-iiaa@ry = inf {[ fllwrar). €W (F) and fr=f}. @7

That this norm is equivalent to the usual one (for fixed ¢), comes from the trace
theorem and the existence of a continuous extension operator wi-VaaQF) —
wha(F).

Once Lemma 1 is established, Equation (43) is a consequence of the previous
conservations. O

Note that the equivalent of Lemma 1 in the framework of Holder spaces is
known (see for example [15, Lemma 5]):

Lemma 2. In the context of Lemma 1, for . € N and a € (0, 1), there exists a
constant C > 0 independent of T such that

lullcrvrary = C(II div u | cia () + Il curlullcra(z) + llu - nll civeaouas)

g
+z / u~tda). (48)
i=0 T

Proof of Lemma 1. As we explained this is standard in a fixed domain (see in
particular [12,32]). Note in particular that it is elementary to reduce to the case
where

u-n=0 ondQQUJIS and /u-tda:O foralli =0,...,g,
T

by using the convention (47) and the following functions H; := VLwi, for1 <
i < g, where v; satisfies

—AY; =0 forx e F,
Yi =1 onlY,
Ui =0 on (9Q U IS)\I'y,
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so that
curl H; = div H; =0 in Q\F,
Hi-n=0 ondQUJIS and /Hi~th=8ij forl=j=g.
Tj

For these functions H;, we have suitable estimates by using Lemma 2.

We notice that the set of T € SE(2) such that S = 1(Sp) satisfies (45) is
compact. Hence by a straightforward compactness argument, and since such a
constant C > 0 is well-defined for any fixed configuration S = 7(So) satisfying
(45), we see that we only need to prove that, given such a fixed configuration S, there
exists a constant C > 0 for which (46) is valid whenever S = t (5’ ), when t belongs
to some arbitrarily small neighborhood of Idk>. Now given a fixed configuration
3, we introduce § > 0 and ¢ € (0, §) such that for any T € SEQ2), |t —Id| S ¢
one has for S := 1(3):

dist(S, Q) =48 and V;(dS) is a tubular neighborhood of 3.
We introduce ¢ a cutoff function in Cgo (R2) such that
=1 onVy(S) and ¢ =0 onR>\V3(S).

Now we introduce u| € Wllo’cq (Rz\S) and uy € Wh9(Q) as the solutions of
the following elliptic systems:

— : 2
curluy = curl u inRAS, feurluy = (1 - p)curlu in Q.
div uy = ¢ div u in R\S, . . . .
divu, = (1 —¢@)divu in 2,
up-n=20 on dS, _
tdo — 0 Up-n=—uy-n on 9€2,
Jasur - tdo =0, fariuz-tda:O, i=1,...,g.

lim|y |- 400 u1(x) =0,
(49)
Note that the compatibility condition

—/ u1~ndo=/(1—(p)div udx,
Q2 Q

comes from
/(1 — @) div udx =/ (1 —¢)div udx,
Q F

and the use of the divergence theorem:

/divudx:O and /(pdivudxz/divuldx=/ ul-nda—}—/ ui -ndo.
F F F Q2 S

Moreover, by using Stokes’ formula (in the interior of I'; of in §), the fact that
the outer component of d€2 is I'g 11 and considering the supports of ¢ and 1 — ¢,
one sees that

Vi=1,...,g, /u1~tda=/ up -tdo = 0.
r; aS
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Using the fact that inequality (46) is true for a fixed geometry and that the
problem satisfied by u; is invariant under rigid movements, we deduce that there
exists a constant C > 0 independent of t (satisfying |7 — Id || £ ¢) and for which

luillwramas) = Cq(|lcurlull pacr) + I div ull La(r)) (50)

and

luzllwia@y < Cq(ll curlull Lo+ div ull o) +Crllurnllyi-vgq gg)- (S1

As a consequence, the right hand sides of (50) and (51) can be estimated by the
right hand side of (46).
Now we introduce w: F — R as the solution of

curlw =divw =0 inF,

wW-n=—uy-n on 0S8,
w-n=20 on 0€2,
fr[_w-tdazo, i=0,...,8.

Note that the compatibility condition between div w and w - n is satisfied because,
relying on the support of ¢, one has

/ ug-nda:/(l—w)divudx:o.
S S

We observe that 15 is harmonic in Vs(9S). It follows from standard properties of
harmonic functions that for some C > 0 independent of T small and ¢ = 2 one has
(given o € (0, 1)):

||M2|8«S||C1’°f(88) = C””Z”LZ(Va(aS))-

It follows that w € C*(F) and using Lemma 2 we deduce that for some C, C’, C" >
0 independent of 7 small:

||w||W1~q(}‘) S C||w||c1-a(}‘) = C/||u2||L2(]-‘) = C//||M2||W1-q(]-‘)‘

The conclusion follows since by the uniqueness of the solutions of the div /curl
system:

curlv =0 in F,
divv=0 in F, _0
v.-n=0 on d2U S, = v=0

friv-tdazo, i=0,...,g,
one has:
u=uy+u+w.
Gathering the estimates above, we get the conclusion.

We have the following consequence of Proposition 2.
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Corollary 2. Under the assumptions of Proposition 2 (including that dist(S (1), 0€2)
2 8 on(0, T1), we have for some constant C = C(||wo | Lo (Fy)+1€ol+Irol+y) > 0
that uniformly in [0, T]:

luO g1 7y + 10l 2 Fayy + 1V P2 F@) = C. (52)

Proof of Corollary 2. The estimate of [|u()|| ;717 is a direct consequence of
Proposition 2.
Also, by Proposition 2, we have that

lull yrszay < C (Il + 1ol + lrol + 7). (53)

Now we use the decomposition of V p (see for example [15, Lemma 3]):

¥p == (@raa-[[] ) (54)

where the functions ®; = ®; (¢, x) (known as the Kirchhoff potentials) and the
function . = w(t, x) are the solutions of the following problems:

—A®; =0 forx e F(1),
0D;

— =K; forx €dS(t), N R ifi =1,2,
on where Ki i= 1 (¢ _pepton ifi =3,
0d;
— =0 forx € 092,

on

(55)
and

—Apu =tr(Vu - Vu) for x € F (1),

g—'; =V2p{u—us,u—usy—n-(rQu—us—0r) forxedS{),

=+ = —V2p(u, u) for x € 9%2,

where us = us(t, x) is given by (1) and where p = p(¢, x) is the signed distance
to 92 U S (¢) (which we define in a neighborhood of 92 U dS5()), chosen to be
negative inside . The function p is constant in time near d<2, and is transported
by the solid movement near 0S5 ().

Note that the fact the compatibility condition between A and %u is satisfied
thanks to

tr(Vu - Vu) =div ((u - VIu), Vo=n ondQUIS,
(11) and (12).

Moreover, using Green’s theorem, Equation (55) and (54), we obtain that the
equations for the solid, that is (13)—(14), can be recast as follows (see also [15,

Lemma 4]):
i
MH _ [/ Vi Vo dx] , (56)
r F) ie{1,2,3}
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where

M =M+ My, M= |:m(I)d2 2:| and

My = [ [ Vi - V®; dx (57)

]i,je{1,2,3} :

Note that the matrix M3 is symmetric and nonnegative, as a Gram matrix.
Now from Lemma 2, we deduce the boundedness in C*® of the functions V ®;

independently of the time. By using Lemma 1 and (53), we obtain that

IVl 2z ey = C(llwoll ooz + 1ol + Irol + ). (58)

Hence with (56) we deduce the boundedness of (¢/, '), which together with
(54) and (58), gives the claim on V p. The claim on 9;u follows by using (9).

3.2. Uniqueness: Proof of Theorem 2

We now turn to the core of the proof of Theorem 2.

Consider (£1,r1,u1) and (€3, ra, up) two solutions in the sense of Theorem 1
defined on some time interval [0, T']. We associate correspondingly /1 and hj, S;
and Sy, etc. By a standard connectedness argument, it is sufficient to prove the
uniqueness on an arbitrary small time interval [0, T], so that we allow ourselves to
choose T > 0 small. We let 7; and 7 in C2([0, T]; SE(2)) the corresponding rigid
movements associated to these solutions. For each ¢ € [0, T'] we introduce ¢; and
¥, in Diff(Q) by

o = Voo (WO, =g,

where W is defined in Proposition 1; we have chosen 7' > 0 small enough so that
71(¢) and 12(¢) belong to U for all ¢ in [0, T]. It is easily seen that ¢, is volume
preserving and sends F(¢) into F>(¢). Now we define

iia (1, x) = [de ()] ua(t, 91 (x)), x € Fi(0), (59)

the pullback of u» by ¢;, which is a solenoidal vector field on Fi(t), due to
div uy(t,-) = 0 and the fact that ¢; is volume preserving (see for example [22,
Proposition 2.4]). We also define

pa(t, x) = pa(t, @, (x)), x € Fi(t), and 0 := d(flof{l)-b =010, .
(60)
Obviously,

ua(t, x) = degy (Vi (x)) - u2(t, Y1 (x)) and  pa(t, x) = pa(t, Y (x)) in Fo(0).

Now to write the equation satisfied by 12, we compute the partial derivatives
of us in terms of those of it». For convenience, we simplify the notations below
as follows: an exponent i designates the ith component of a vector; we drop the
index 2 in uy, iy, p2, po and the index ¢ in ¢; and ¥,. Moreover we use Einstein’s
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repeated indices convention and omit to write the variables with the following rules
(which include the case where « is void so that there is no partial derivative):

Oqu = 0qu(t,x), Ot = 0it(t, Y;(x)), 0gp = dap(t,Xx),
0up = 0o p(t, Y1 (x)), 0up = 0up(t, Y1 (x)), ¥ = I (t,x). (61)

From

ui — 3k</)i ﬁk7

we deduce
du' = ok’ it + B’ At By’ + BNk + 8¢’ dyt ik,
djut = o' ik 8,9 + 079" 8y ik,
ap = dp oyt
It follows that
(u - V)ui =ul 8jui
_ i ~ka ol 2 iya .l ~k
= u (k' Qqu"9;v" + (9j9") ;¢ u™)
= B! @ (" it ;v + (90" 3w i)
= o' i " + i ) i,
where we used that
am‘pj 8]-1//1 = Smi-
Hence the equation of & reads
0=3da +a’djii' +;p
+ (@' — 8i)dit* + deg’ i (B y") + @dpHi* + (3G @yl ik
+ it 3" B’ — 8ir) + @' (3 0") @* + 3 p (YT — Sin).

In the above equation, all the factors between parentheses are small (in L™
norm) whenever | ¢; — Id ||C2(§) + ||3t¢t||cl(§) is small.
Now we define

u(t,x) :=ui(t,x) — iy, x) and p(t,x):= pi(t,x) — p2(¢t,x) in Fi(t),
(62)

hi=hy—hy, 0:=60,—0y, £:=0,—0 and 7:=r —r. (63)
‘We deduce that
Qi+ (uy - V)i+ - VYo +Vp=f inFi@), (64)
with
F1= (g’ = 8i)diiis + g’ drits (0,9") + kdr )ity + (0" B,y it
+ ith yits (' — 8ik) + @) il 7 + P B — Si). (65)
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Now we proceed by an energy estimate. Multiplying (64) by # and integrating over
F1(t), we deduce

/ @04+ u1-V)i)-i dx+/ a-(i-V)iin dx+/ a-vp dx:/ i-f dx.
Fi@®) Fi(®) Fi() Fi()
(66)
Concerning the first term on the left hand side, using that 7 (¢) is transported
by the flow associated to u1, we infer that

. o d lia|*
Ot + (uy - V) -indx = — — dx.
Fi(@) dr JF 2

For what concerns the second term in (66), we use Proposition 2: there exists a
constant C > 0 such that for any g € [2, co) one has

IVitall (@) < Cq(llwoll ooz + 1€l + Irol + 7).

It follows that for some Cy = C(||wollz(F,) + [€ol + |rol + ¥), one has

2

A on - - 2 v

’/F i@ V)i dx | Vil i)y < Cog 182]17h.
1(1)

Let us turn to the third term in (66). We first note that, due to (33) and (34), one
has div it =01in Fi(¢), u; -n =il -n = 0on 9, and

ii2(t,x) - n1(t,x) = (2 -n2) (1, 2 0 7; ' (X))
= (L+r(x—hi()") -ni(t, x) on dS; (1),

where n; is the normal on 0S;(¢), i = 1, 2. It follows that

/ ﬁ-Vﬁdx:/ p(i-ny)do
Fi@t) S| (1)

=/ PE+F(x — (1)) -ny do
3S1(1)

() L7 (i natintom) 0
ssio T\ = hi@)* - ny

ml +mrfE  1d, s =
()( e 2):§E(m|£| + JIF?) = mil - .

= Sy

= Ny

(67)
We used that

mZ’2=/ pany do 4 mily, jfé:/ p2(x —hi (@) - ny do.
S (1) as1(1)

We estimate the last term in (67) by

Imi€ - £x] < C (Lo, ro, uo)[|€1> + 7°]. (68)
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Concerning the right hand side in (66), we see that

‘/ i fdx
Fi()

< ClaWN om0 [ 100 = 1 ez + 100l

x (14 1120l 27,y + 182012 7,0
+ IV B0 27 7)- (69)

Using Corollaries 1 and 2 we obtain

’/ i fdx
Fi)

Summing up, we obtain that for any g € [2, 00):

< CW, Lo, 10, u0) 1A 27, 1y (12, ) () llga + 11 (€, A (D) I3).-

d A2 v ~2
(181325 + 16+ 1712)

2
< Co (qnﬁnz;(fl(l)) 02z, oy + 167 + 1P+ 1A + |é|2) :
Concerning the solid movement, we have
| = 101 — €] £ 16 — ba| + |02 — &) £ C (2] +16)), (70)
SO
(1P +16P) £ CEP + 192 + P +107).
Hence we obtain that
% (012 ey + 18 + P12+ 172+ 1612)

2

el (qnﬁu;jz(fl(,)) + 18+ PP + 1A + |é|2)

1
< g (1035, + 102 + 12+ 12+ 1017)

by considering T sufficiently small so that the parenthesis in the right hand side is
1

not larger than 1. Since the unique solution of y = Ny4¢" with y(0) = & > 0 and
N > 0is given by
Nt 17
y(t) =|— +¢e4 )
q

a comparison argument proves that
la72 + 1817 + 1712 + 11> + 1017 < (C10)7,

and we conclude that 7 = 0,6 = 0 and it = 0 for t < 1/Cq by letting g — +o0.
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4. Proof of Theorem 4

We now turn to the viscous system.

4.1. A Priori Estimates

We begin by giving a priori estimates on a solution given by Theorem 3. There-
fore we assume in the sequel that (¢, r, u) is a solution as given by Theorem 3 on
[0, T], T > 0.Letus call 7(¢) and S(¢) the corresponding fluid and solid domains,
h, 0 the associated center of mass and angle, and u given by (25). We also introduce

p(t,x) = ps(t, x) == ps, (" (t,-) 7 (x)) inS(r) and
pt,x) =pr =1 inF(@), (71)
and
us(t, x) == £(t) + r(t)(x — h()*.
We will also use, for T > 0, the notation
Fr = Ure,1){t} x F(1).

Moreover we assume that dist(S(¢), 92) > O on [0, T'].
The first a priori estimate is the following.

Lemma 3. There holds
(- Vyu,u) € L3 (Fr, R,

Proof. The proof is left to the reader as it follows classically from the boundedness
of 2, from the Holder inequality and from Sobolev embeddings.

The second a priori estimate uses the smoothing effect induced by the viscosity.

Proposition 3. There holds
twe L300, T; W23 (F@4)), (tdu,1Vp) € L3 (Fr; RY.

The proof of Proposition 3 is rather lengthy. Therefore we first give a sketch of
proof before to go into the details.

Sketch of proof of Proposition 3. The proof relies in a crucial way on the follow-
ing auxiliary system with unknown (I, ¢, v):

d
8—;’ _Av4 Vg =g forxeFQ), (72)
divv =0 forx € F(r), (73)
v = vs forx € d5(1), (74)
v=0 forx € 9Q, (75)
ml(t) = —/ T(v, g)ndo + mgi, (76)
AS(t)

T (@) = —/ T, q)n - (x —h() do +Tg,  (77)
AS ()

vs(t, x) == [+ t(x — h(t)™*, (78)
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where g, g1 and g are some source terms and where the fluid and solid domains
F(t) and S(¢) are prescribed and therefore not unknown. Actually, F(¢) and S(t)
are associated to the solution (¢, r, u) above. We keep the notation

t
h(;):/ ¢ and ug(t,x) = £(1) + rt)(x — h(1))™*.
0

Let us now explain how this system enters into the game. We define
vi=tu, q:=tp, l:=tf, and v:=t1r. (79)

From the equations (19)—(24) we infer that ([, v, v) is a solution of (72)—(78),
in a weak sense which will be given in Definition 2, with vanishing initial data and
with, as source terms,

gi=u—1(u-VyueLi(Fr:R? and (g1, ) :=(,r) € L3(0,T: R x R).

(80)

The regularity of g follows from Lemma 3. Then we have the following result
about the existence of regular solutions to the system (72)—(78).

Lemma 4. There exists a unique solution of (72)—(77) on [0, T] with vanishing
initial data which satisfies

ve L30,T: WE3(F)). (9. Vq) € L3 (FriRY,
(Lv) e Wh3((0, T): R). (81)

Lemma 4 is an adaptation of [10, Theorem 2.4]. We will briefly explain how to
modify the analysis in [10] in order to prove Lemma 4.

Finally we will prove a result of uniqueness for weak solutions of the system
(72)—(78) so that (I, v, v) will also satisfy the estimates given by Lemma 4, which
achieves the proof of Proposition 3.

The rest of Section 4.1 is devoted to the completion of the proof of Proposition 3.

4.1.1. Notion of Weak Solutions of the Auxiliary System Similarly to the def-
inition of u in (25), we introduce the vector field g defined on 2 and associated to

g, 81 and g by
g(t,x):=g(t,x) forx € F(¢t) and
21, %) = g1(t) + 2()(x — h(t))* forx € S(r).

Definition 2. Given g € L3 (Fr), (g1, 2) € L3 (0, T; R? x R), we say that
(I, v) € C([0, TT; R xR) x [C ([0, TT; L2(F))NL*0, T; H'(F ()] (82)

is a weak solution of (72)—(78) with vanishing initial data and with source term
(g, g1, g2) if defining v by

v(t,x) :=v(t,x) forx € F(t) and v(t,x) :=vs(t,x) forx € S(), (83)

where vg is given by (78), one has:
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e the vector field v belongs to L%0,T: H'()) and is divergence free,
e forany divergence free vector field ¢ € C°([0, T]x Q; R2) such that D¢(t, x)
=0whent € [0, T] and x € S(t), there holds:

_ _ 09 .
- /Q(,OU “P)r=r +/(0,T)xsz (,ov o 2DV : ng)
T
+/ / (¢ -v)(us -n)do dt
0 Jasw)

T
=_/ ,0§-¢)+/ mrg -0+, (84)
0,T)x2 0

Let us justify this definition by proving the following result.

Lemma S. If ([, ¢, v) is a classical solution of (72)-(78) with vanishing initial
data and with source term (g, g1, g2) then it is a weak solution in the sense of
Definition 2.

Proof. We introduce ¢ as above. In particular, one can describe ¢ in S(¢) as:

G(t,x) = Ly (t) + rp(t)(x — h())~ forany x € S(1).

We multiply the Equation (72) by ¢ (¢, -) and integrate over F(¢). This yields

/ ¢-(8,v—Av+Vq): 63
F(t) F)

Now we observe that

d
d_ ¢'U=/ (a[¢)'v+/ ¢'(atv)+/ (¢'U)(u8'n)~
LJF@ F() F() AS(1)

and

/ (—Av+Vq)-¢=2/ DT : D¢ — (T(v, ¢)n) - p do
F(t) F(t) aS (1)
:2/ Dﬁ:D¢+m([/—g1)~E¢+j(t/—g2)r¢,
Q

thanks to (76)—(77).
Hence we get, after integrating in time, using p = 1 in the fluid and v (0, -) = 0:

T
/ p(T, )o(T,-) - (T, -)dx—/ / p(3¢) - vdx dr
F(T) 0 JF@
T
—/ / (@ -v)(us -n)do dt
0 JaS()

T T
+2/ DE:D(b—i—/ [m([’—g1)-€¢+J(t/—gz)r¢]=/ / -3
0,T)xQ 0 0 JF()
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Now using
/ ps(t, ¥)(x — h(t) dx =0, m =/ ps(t, ) dx,
S@t) S

7 =/ ps(t. )k — h(n)[ dx., (85)
S(1)
we deduce
mg1(t) - £o(t) + Tg2(t) rg(t) = /S | P00 F D dx
t

On another side, we see that in S(¢):
D (t, x) = L (1) + ry()(x — h() T — rg(t) £-(0).

Using an integration by parts in time and (85), we deduce

T T
/O[m[/-e¢+jr’r¢]dr=—/0 [mU-ty+Tery]+mUT) - £4(T)
+T e(T) ry(T)

T T
:—// psv-(8,¢)dxdt+/ mr(,)[%L
0 JS@) 0

+/ o(T, )o(T,-) - (T, -)dx.
S(T)

Adding the equalities above, we easily obtain (84).

Let us now prove that (I, v, v) given by (79) is a weak solution of the auxiliary
system. O

Lemma 6. Let (¢, r, u) a solution of (19)—(24) as given by Theorem 3, such that
dist(S(z), 02) > 0 on [0, T]. Then (I, v, v) given by (79) is a weak solution in the
sense of Definition 2 with source terms given by (80).

Proof. First we easily verify that ([, ¢, v) satisfies (82) and that v defined by (83)
belongs to L0, T; H'()) and is divergence free. Therefore it only remains to
verify (84).

We consider a divergence free vector field ¢ € C2°([0, T] x ; Rz) such that
D¢ (t,x) =0whent € [0, T] and x € S(¢). We first apply Definition 1 to the test
function 7¢ (instead of ¢). This yields:

_ _ _ d¢
—/(pv-¢)|z=1+/ pu-¢>+/ PV
Q 0,T)xQ 0,T)xQ t
T
+/ t/ ﬂ®ﬁ:D¢>—2/ Dv: D¢ = 0. (86)
0 F() 0,T)x

Then we use an integration by parts to get

/ E®E:D¢=—/ ((u-V)u)-¢+/ (¢ -u)(us - n)do.
F(1) F(t) S (1)
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Hence the sum of the second and of the fourth term of (86) can be recast as

follows:
T
/ pﬁ-qﬁ—i—/ t/ ﬁ®ﬁ:D¢=/ pg-¢
0,T)xQ 0 F@) 0,T)xQ

T
+/ / (¢ -v)(us -n)do dz.
0 JaS@)

Then it only suffices to observe that the last term of (84) vanishes when (I, t, v)
is given by (79) to conclude the proof.

4.1.2. Proof of Lemma 4 We now turn to the proof of Lemma 4 which is an
adaptation of [10, Theorem 2.4]. Therefore we only highlight the differences with
the claim of [10, Theorem 2.4]. Actually [10, Theorem 2.4] is given for the three-
dimensional case but also holds true for the two-dimensional case with the same
proof. Also, another difference is that [10, Theorem 2.4] deals with the “Navier—
Stokes + Solid” system. However their proof works as well for the system (72)—(77).
It is also interesting to mention that the proof of [10, Theorem 2.4] uses the same
kind of change of variables that we introduce in Proposition 1. Thanks to this change
of variable we are led to consider the following system:

0
3—1;—A17+Vc}=§ for x € Fo, 87)
divo =0 forx e Foy, (88)
5 =15 forx e dSy, (89)
=0 forx e ds, (90)
T (1) = —/ T(3, §)ndo + 1. 1)
Sy
T = — / TG.Gm- & —h(t) do + 3. 92)
Sy

where & € L3((0, T) x Fo; R?) and (31, §2) € L3 (0, T; R? x R),
is = [+ %(x — h(t)*,

and with vanishing initial data.
This system appears when we use the change of variable

3, x) := [de, ()]~ v, @i (x), x € F@) and [:=[de,(x)]"' -1, T=r,

where ¢, = W[t""(r)], ¥ being defined in Proposition 1, and when we put the
error terms resulting from the change of variable in the right hand side as in (64).
Then one can look for a solution of the original system by a fixed point scheme.

For the system (87)—(92) the maximal regularity result [10, Theorem 4.1] can
be straightforwardly adapted into:

Lemma 7. Let g € (1, +00) and T > 0. For all § in L1((0, T) x Fo; R?), for all
(81, 82) in L1((0, T); R3), there exists a unique solution of (87)—(92) on [0, T]
with vanishing initial data satisfying
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b e L90, T; W»1(Fy), (8,,V§) € LI((0,T) x Fo: RY),
(1,%) e Wha(, T); R?). (93)

The proof of this lemma combines maximal regularity of the Stokes problem
with inhomogeneous Dirichlet boundary conditions and some added mass effects,
cf. [10, Section 4] and the book of Galdi [9]. Then Lemma 4 can be deduced from
Lemmas 3 and 7 (with ¢ = %) using the same fixed point procedure as in [10,
Sections 5—7]. One gets a solution for small time 7', and a solution defined on a
larger time interval by gluing together such pieces of solutions.

4.1.3. Uniqueness for the Auxiliary System Our next step toward the proof of
Proposition 3 is the following uniqueness result for weak solutions of the auxiliary
system.

Lemma 8. Letg € L3 (Fr), (g1, 2) € L3((0, T): RY), (11, v1, v1) and (12, t2, v2)
two weak solutions in the sense of Definition 2 of (72)—(78) with vanishing initial
data and with source terms g, g1, g2. Then (I, vy, v1) = (I, 12, v2).

Proof of Lemma 8. We introduce v and v; by (83). We define
0(t,x) =011, x) = 0a(t,x) inQ, L=l —h and &:=1 -1,
so that
b=1+tx -t nS@).

We introduce a test function ¢ as in Definition 2, apply (84) to (I, vy, v1) and
(I, t2, v2) and make the difference of the two. We obtain

. . 09 .
—/Q(pv-¢)lt=r +/(0’T)XQ (pv~¥—2Dv : D¢)

T T
+/ / (¢ D) (us -n)do dt =/ mry - €+, (94)
0 Jasw 0

Now after a standard regularization procedure, we can take ¢ = v in (94). We
infer

1 T T R
—-/pw(r, .)|2—2/ |Dﬁ|2+// |ﬁ|2(u3.n)dadz=/ mt -+,
2 Jo 0,T)xQ 0 Jasw 0
95)

Using the boundary conditions on v and the boundedness of (¢, r), one easily

sees that
T
// 19> (us - n) do dt
0 JaS(r)

T A
/ mil. et
0

T
<c / (RO + R0 dr.
0

Also,

T
<c / ([ + R dr.
0
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Hence

ml(D)? + TR + 19D 7y < € / [(RIGIRTS
So Gronwall’s lemma finishes the proof. O

4.1.4. End of the Proof of Proposition 3 Let us now complete the proof of
Proposition 3.

According to Lemma 6, (I, t, v) given by (79) is a weak solution of the auxiliary
system in the sense of Definition 2 with source terms given by (80). On the other
hand Lemma 8§ provides a strong solution of the same system. According to Lemma
5 this strong solution is also a weak solution. Let us stress in particular that the
regularity in (93) with g = % implies the regularity in (82). According to Lemma
8, these two weak solutions are equal. Therefore (I, t, v) given by (79) satisfy (93)
with g = %, which implies Proposition 3.

4.2. Uniqueness: Proof of Theorem 4

We now turn to the core of the proof of Theorem 4.

We consider (£1, 1, uy) and (£, rp, up) two solutions in the sense of Theorem
3in [0, T]. By the usual connectedness argument, we can suppose 7' arbitrarily
small. In particular we consider 7 > 0 small enough so that no collision occurs in
the time interval [0, 7] for both solutions.

Then we perform the same change of variable than in Section 2, that is, we
define ii; by (59), and pa, £> by (60). Then, dropping temporarily the index 2 in
us, 2, p2, p2 and the index 7 in ¢; and ¥, using the notations (61) and Einstein’s
repeated indices convention, we obtain:

07" = 09" (07, 0") 5* 95y + O’ 0,9 0 09" + dkg” 1 5F (97,
+ 09" @) 350" O + B0 07,0 B + (e 0,9 95" B
Hence we obtain the following equation for i5:
0=ad' +al djii' +8;p — A’
+ (O’ — i) + O’ dit* (9") + (rdr))i* + (50" Ay i
+ i it (k' — 8ik) + (") i @ + 0 p @9 — dir)
— Y (O ") it Dt — (k' DY 05 — 8ik8 jm 1) Oy
— g’ i (979
— 059" O 050 @ — O30 07,9 i — (e 95y 09" Oitt

Once again, all the factors between parentheses in the above equation are small (in
C! norm) whenever ||¢; — Id ||C3(§) + ”3!%”61@) is small.

Now, with the same notations (62)—(63) as in Section 2, we obtain the following
equation:

it + (uy - VYa+ (4 - Vip +Vp— A= f in Fi (1), (96)
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with the ith component of f given by
F1 = (09" = 8i)dyith + ok’ ayiis (') + (edrpH)its + (3G 9") @) il
+ith dith (g’ — Sik) + (') ity it + P2 (Y™ — 8ix)
=0, 9" (Opp ") 01t 09" — (D" 0,9 99!
—8ik8 jm 1) Oty — Ok’ Oyl (979"
— 0" @) 00" 15 — O’) 039 s — (@) 89" ;9" Bt
On the other hand, the boundary conditions (21)—(22) become
iy = 0r(t) + ra(t)(x — h1 (1)t forx € 3S1(1),
i =0 forx € 092.

The solid Equations (23)—(24) for the second solid are now recast as (writing
again n for the normal on 9S57):

mZ’z = —/ T(iy, po)n; do + mﬂ%,
381 (1)

TR0 = / Tz, po)ni - (x — (1)) do
381 (1)

Observe that the quantities above make sense for almost every ¢ > 0 thanks to
Proposition 3.

Now we define ¢, 7 and 7, D, h. 0 asin (62)—(63). Taking the difference of the
equations of > and ry with the equations for the first solid we obtain:

4= 0(t) +7(t)(x — hi(2))" forx € 381 (1), 97)

u=0 forx € 9%, (98)

mb = — / T(@, pyny do + mPiy, (99)
39S (1)

TF@) = — / T(@, pn - (x — by (1)) do (100)
S (1)

Now we proceed by an energy estimate. Multiplying (96) by & and integrating
over F(t), we deduce that for almost every positive ¢ (using the regularity provided
by Proposition 3):

/ (8,ﬁ+(u1-V)ﬁ)-ﬁdx+/ ﬁ-(ﬁ~V)ﬁzdx—|—/ u-Vpdx
Fi() Fi(@)

Fi()
—/ ﬁ~Aﬁdx=/ - fdx. (101)
Fi) Fi)
Proceeding as in Section 2, we have
X - d ja?
Ot + (uy - Vyu) - ndx = — — dx,
Fi) dt Jrw 2

N o 7 ) n
vhdr = (). .
/-7'7(?)“ P (") /aSl(t)p((x—hl(f))L~n1) ?
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For the third and fourth term in (101), we have

—/ ﬁ-Aﬁdx=2/ Dﬁ:Dﬁdx—/ (Du -ny) -iudo
Fi() Fi() 381 (1)

A

=2/ Dﬁ:Dﬁdx—(g)
Fi() r

/ ( b m )da
25,y \& — 1)L - (Dit - ny) ;

thanks to (97)—(98).
Thus

/ ﬁ-Vﬁdx—/ - Andx
Fi() Fi(t)

- Di e T, p)ny )
=2 Du: Dudx — () - A do,
/.7-'1 ) e (r) /asl(z) ((x — hi () - T@, pyni)

B . ld —nn A2y AR L
=2 Di: Didx + (ml€)” + TIFI°) — mie - b5, (102)
Fi(o) 2dr

thanks to (99)—(100). The last term in the right hand side of (102) is estimated as
in (68).
Now for the second term in (101), we will use the following lemma.

Lemma 9. There exists C > 0 such that foranyt € (0, T), foranyw € H'(F; (1))
vanishing on 92 and any ¢ > 0,

C
lwlzsmoy S ZIwllieg ) +elVwllzg e
Proof of Lemma 9. A classical interpolation argument gives that for any ¢ €
(0, T), forany w € H'(F;(1)),

12 12
||w||L4(_'F1 ([)) g C”w”LZ(]:l @®) ”w”Hl(]:] ([))

Since the Poincaré inequality holds for w € H LFi@0) vanishing on 9€2, we
deduce that for such w,

1/2 1/2
||w||L4(]:| (1)) g C||w“L2(.7:1 ®)) ||Vw“L2(.7:1 ®)" (103)
We deduce the claim. O

It follows that we can estimate the second term in (101) by
i (- Vi dx | < | Vi A2<CV~2A2+1VA2
i @ Viadx | < IVialz 1l < CIVAIG 117 + IVl
1

where the norms above are over Fi (7).
Let us now turn to the estimate of the right hand side in (101). The estimate is
given in the following lemma.
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Lemma 10. For some constant C > 0 depending on the geometry only and defining
the function B € L'(0, T) by

B() := lu2ll oo, 7: 27 (1)) (1 + VU2, )l 27, 1))
~ 172 ~ 1/2 ~
+ ||M2||L/OC(O’T;L2(}-1(1)))||VM2(f)||L/z(]:l(,))||fvu2(f)||L4(]—‘1 )
~ ~ ~ 4/3
+ (||t3t'42||L4/3(}‘1 @y T Ituzllw243 7,0y + 11V P2l 437, (1))) / ,

one has the following estimate on the right hand side:

1 /7 0
<= Vil dx dr
4 Jo JFA o

2A P a2
+C/0 B(1) |:max li(z, )||L2(}'1(t))+I[%%)](|(h’9’g’r)| :| de. (104)

- fdxds

Fi)

Proof of Lemma 10. In what follows, C > 0 denotes various positive constants
depending on the geometry and which can change from line to line. We cut f into
pieces which are to be estimated separately. Precisely, we denote

f=h+h+FH+ A+,
with

fi i= (ede))is + 39" @yt il
- Z [3 Y D) 959" 15 + (O )3 ‘/fl ]

fé:=akgo oyt (")

- Z (050" 020" 01 00"+ 075 O3+ 0" 00" 007 0]
fr= (amp )ity 5,
fa:

f5 1= (09" = 810040t + 9 p2 i — 8i) — D~ (k' 99" 0" — 8it8jund 1) Oyl
j

Mz aluz(ak‘/’ — bik)s

e Concerning fi, using Corollary 1 we deduce that

i - fidxde

< Clluzllpoo o, 7,227 (1))

Fi(1)
T A A A~
X max ||u(z, - max |(h, 0, £, )| dt
/0 o [l ( )||L2(]-‘1(z)) 0.1] I( )l
< Clluazll g, 7,227 1))

T
. 2 P p a2
X max |u(z, - max |(h, 0,4, 1 dr
/0 (,e[o,ﬂ”( W, X I )|)
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e Concerning f, using Corollary 1 one has for almost every ¢:

/ - frdx
Fi@)
We fix

< ClIViia(t, )l 2 )| e OO 207, 1) -

Bi(t) := | Viia(t, )l 2,4y € L2O0, T) € L'(0, T),

and have
T ~
/ / - frdxdt
0 JFi()

T
< 0 )12
<c [ mw (Jé}%?i] LIC T

h,0)?) dr.
+%§’f|( )I)

e Concerning fg: one has for almost every ¢ > 0, using (103):

/ i f3dx
Fi)

< Clliaat, Mga gz, )| OOl 27 0y

= Cllaalt, )l 27 o) Vaalt, ')||L2(f1(t))|(ila 0)()|
Nl 27, )y

Using again the function B, we have

T ~
/ / i - fadx dr
0 JFi(@)

< Cllazll oo, 7:22(F (1))

T
S 2
X A Bl (t) (‘L’Iél[%ﬁ] ||M('L', ')”LZ(]_‘I ®))
+ max |(h, é)|2) dr.
[0,7]
e Concerning f3: we first note that thanks to Proposition 3, we have

tViiy € LY3(0, T; WHB3(F (1)) < LY3(0, T; LY(F1(1))).

On another side we infer from Corollary 1 that for some constant one has
< CIE A lee.n- (105)

‘ c3(Q)
Using (103) and (105) we deduce that

T ~
// i fydxdr
0 JFi@)
T

= C/O 2Ol a7 ep 1T Vi Ol L7, oy 1€ Pl 0.0)

N, g2 oy dt

1 i
;(ak% — 8ik)

T
~ 1/2 ~ 1/2 ~
<c /0 V2O, ) IV ON 7, ) 11V O 7,0y

I, Al Lo, 1, I 27, 1y At
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We introduce

172

Bo() = Vi, 5 1 ) 11V 2O sy € L0, T,

as a product L*0,T) x L*3(0, T), and deduce

T ~
// i fadxdt
0 JFI@)

T
- 12 5 oav2
g CHMZHLOO(O,T;LZ(.?:]Q)))/0 Bz(t)[”(zs V)HLOO(O,[)

A, )7ar, (,))} dr.

e Concerning f5: we use again (105) and we introduce
b(t) = |ltdua ()Nl 43 (7, o)) T 2O w2437, (1)) + 1V D2 1453 (7, (1))

which belongs to L*/3(0, T') thanks to Proposition 3. One deduces that

T ~
/ / i - fsdxds
0 Fi(0)

Hence, with 2buv < b2 p? 4+ p21-9v2 for u,v e R, b > 0and o € (0, 1),
we deduce that

T ~
// i fodxdt
0 JFi@)

T
<c / b %0 130t sz, oy .
0

t
< Cl/ bO i a0
0

t
+C /0 bY@ ) e A

We specify the constant C for later use. For the first term, one writes

A

T T
2/3 4 2 2/3 1A ~
/0 b, sz, dt < € /0 bO PNt ) 27 o) VA ) 27,0y A

A

T
4/3 11 312
C/() b(t) ||M([, )”Lz(]:l(t)) dt
T

1 . 2
+E ) [Vi(e, ')“L2(]:1(t))dt~

So one has
T - 1 T )
- fsdxdr| < */ Vi, )| dr
/0 /]-'1(t) 4 Jo LAF1@)

T
+C /0 By [0t. a1, ) I Do ]

with B3 := b(1)*3 e L'(0, T).

Summing up all the estimates above, we deduce (104). O
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Back to the proof of Theorem 3.
We extend (¢, -) inside F1(¢) by £ + 7(x — h1(z)). We obtain that u(z, -) is a
L%, T; H'(Q)) divergence free vector field, vanishing on 9€2. Therefore

/ |Vﬁ|2dx§/ |Vﬁ|2dx=2/ |Dﬁ|2dx=2/ |Dii|? dx.
F1(0) Q Q F1(0)

Now we take into account the vanishing initial condition for (f , 7, 1) to deduce
that for any T > O sufficiently small,

m|&(T)P + TIFDI + 12T 2 x, oy
T
< Gt )2 h 0.0 7)) (1)?
= C/O L) [TIQ[%?(I] 14, 2 7, ) + X (R, 6, 6, D) ] dr.
Proceeding as in (70) we get
d /. . . A . .
— (18P +161) < CEP + 171 + 1P +167).

Hence using B(r) € L' and Gronwall’s lemma concludes the proof.

Appendix. Proof of Theorem 1

In this Appendix, we will use the letter n for the fluid flow and 7 for the solid
flow.

To(,r) € CO([O, T1; R2 x R) we can associate hbr gtr, ué’r, 76" and FOT
by (3)-(7). We also introduce

o =Wt

where W was defined in Lemma 1. We can ensure that 7&" belongs to the set U of
definition of W by choosing 7" suitably small.
We may omit the dependence on (¢, r) on the above objects when there is no

ambiguity.
As in Section 3.1 we suppose that 92 has g 4+ 1 connected components
Iy, ..., g1 and that 'y | is the outer one; and we denote by I'g = ' (¢) = 9S(),

by t the tangent to €2 and dS(¢) and we define

yé :=/ up-tdo fori=1,...,g and y0:=/ up - tdo.
I; 9So

We will use the following variant of Lemma 1.

Lemma 11. For any R > 0, there exists C > 0 such that if S = t(Sp) for
v € SE(2) satisfies (45) then any u : Q\S — R? satisfying

divu=0 inQ\S, u-n=0 ondQ and u~n=(€+rxl)-n on 08,

where (£, 1) € R? x R, verifies (setting again I'g := 8S):

/ u-tdo
r;

g
lullco\s) = C(ll curl ulpoo(\s) + Z + €] + |V|)- (106)

i=0
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Proof. It is a direct consequence of Lemma 1 and Morrey’s estimates. It can also
be established directly by following the lines of the proof of Lemma 1. O

4.3. With a Prescribed Solid Movement

We first prove the following result, which concerns the Euler system with a
prescribed solid movement of S(¢) inside €2, and gives the existence of a solution
as long as no collision occurs.

Proposition 4. Let T > 0 and a regular closed connected subset Sy C Q2 and
define Fy := Q\So. Consider (€, r) € CO([0, T1; R? x R) such that

foranyt €[0,T1, dist (z" (1)[Sol, 3R2) > 0. (107)

Consider ug € CO(Fy; R?) satisfying (15) and (16). Then the problem (9)—(12)
[with S(t) := t4"(So) and F(t) := Q\S(t)] admits a unique solution

ue L®0,T; LLIF (1) NCO(0, T1; WH(F(1))], Vg € [1, +00).

Proof of Proposition 4. We use Schauder’s fixed point theorem in order to prove
the existence part. Let (¢, r) be fixed so that (107) holds. We deduce 7(¢), ¢(¢),
S(t) and F(t) as previously. We will also use, for T > 0, the notation

Fr = Ure,1){t} x F(2).
We let
C:={we L™(0,T) x Fo)/llwllr=o,r)xFo) = llwoll oo 7))

We endow C with the L>(0, T'; L3(Fp)) topology. Note that C is closed and
convex.
Now we define 7 = 7¢": C — C as follows. Given w € C, we define
w: Fr — R? by
o(t, x) = wp(t) " (), (108)
which belongs to L°(0, T; L (F(1))).
Next we define u: Fr — R? by the following system

curlu = w in Fr,

divu=0 in Fr,

u-n=0 on[0,T] x 02,

u(t,x) -n=ug(t,x)-n forre[0,T]and x € aS(), (109)
Jr, u-tdo =y foralli =1...¢g,

faS(t) u - tdo = yo,

with ug defined in (4). According to Lemma 11, u belongs to L*°(0, T'; LL(F (1))).
Consequently we can define the flow (¢, x) associated to u in a unique way.
This flow sends, for each ¢, Fy to F(¢). Finally, we let

T(w) := wpon(t, )" oe). (110)
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It is trivial that 7 (C) C C. It remains to prove that 7 is continuous and that
T (C) is relatively compact in L>®((0, T); L*(Fo)).

Let us begin with the continuity. We consider (w,) € cN converging tow € C
for the L*°(0, T} L3(}'0)) norm. We associate u, and 5, corresponding to w, in
the above construction, and accordingly # and n corresponding to w. Using (109),
Sobolev imbeddings and Lemma 1, it is not difficult to see that the velocities u,
converge to the velocity u in L*(0, T, L>°(F(¢))). Also, from Lemma 11 we
deduce that for some C > 0,

lullLoe©.7:cF@y), allLoo.1:c0F0)) = C.

This involves the uniform convergence of 7, 'to n~!. The convergence of g,
to ¢ comes from the continuity of W. From this we can deduce that

T (wy) — T(w) in L¥((0, T); L*(Fp)).

Indeed, if wy € CO(Fy), this can be strai ghtforwardly deduced from the uniform
continuity of wg and (110). The general case can be inferred by using the density
of C%(Fo) in L>®(Fp) for the L3 (Fp) topology.

Now let us prove the relative compactness of 7 (C) in L*°(0, T} L3(Fp)). This
is a consequence of the following lemma.

Lemma 12. Let C > 0, a € (0, 1) and wg € L°°(Fy). Then the set
A(wp) := {wy o Y (t, x) for ¥ € C*([0, T] x Fo; Fo) such that ||| ce < C
and  is measure-preserving},
is relatively compact in L*°(0, T, L3 (Fo)).
Proof of Lemma 12. We prove the total boundedness of A(wg). Let us be given
& > 0. There exists w; € CY(Fy) such that
lwor — w0||L3(]—‘0) Se.

Due to the continuity of w;, it is a direct consequence of Ascoli’s theorem that
A(wy) is relatively compact in C°([0, T'] x Fp), and hence in L>(0, T; L3(Fp)).
We deduce the existence of ¥, ..., ¥y as above such that

A(wr) C Bwroy;e)U---UB(w o Yy;€),
where the balls are considered in the space L*>°(0, T'; L3(Fp)). One sees that
A(wo) C B(wi o y1;2e) U--- U B(wi o Yy; 2¢),
which concludes the proof of the lemma. O

Back to the proof of Proposition 4. Using again Lemma 11, we see that we have
uniform log-Lipschitz estimates on the velocities u as w € C. This implies uniform
Holder estimates on the flows 1 that we constructed for w € C. So we conclude by
Lemma 12 that 7 (C) is relatively compact.

Hence we deduce by Schauder’s fixed point theorem that 7~ admits a fixed point.
One checks easily that the corresponding u fulfills the claims.

Finally, the uniqueness is proved exactly as in Yudovich’s original setting for
the fluid alone; alternatively, one can use the proof of uniqueness established in
Section 3.2 with (¢1,r1) = ({2, 12). O
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4.4. Continuous Dependence on the Solid Movement

Now we prove that the solution constructed in Section 4.3 depends continuously
on the solid movement (¢, r).

Precisely, given T > 0 and (£, r) as in Section 4.3, we denote u*" the unique
corresponding solution u given by Proposition 4, and w®" := curl u®" the corre-
sponding vorticity. We associate then

ﬁl,r O, . 0,r é,r.

=ub" 0" and & =0 og

We have the following proposition.

Proposition 5. Let T > 0, ({,, 1) € CO([0, T1; R2xR)Nand (¢, r) € ([0, T;
R? x R) such that (£,, ry) and (£, r) satisfy (107) and

Uy, 1) — (€, 1) inCY0, TI;R®> x R) asn — +o0.

Then _
it — g% in ([0, T] x Fo) as n — +oo. (111)

Proof of Proposition 5. Following Section 4.3, we see that (‘") is relatively
compact in CO([0, T'] x Fp). Also, the sequence (&™) is weakly-x relatively
compact in L>((0, T') x Fop). To prove (111), it is hence sufficient to prove that the
unique limit point of the sequence ("=, @) in the space C°([0, T] x Fo) x
[L®((0, T) x Fo) — wx]is (@&, @4").

Now consider a converging subsequence of (%", @'"). For notational con-
venience, we still denote this subsequence (1", ®"), and call (ﬁ, 5) the limit. We as-
sociate the functions w”, ", w, 17 corresponding to (€, r,, u”, @") and (¢, r, ﬁ, i)
as in Section 4.3.

By uniqueness in Proposition 4, to prove

= = ~0r ~f
W, o) =@@", o),

is it sufficient to prove that (i, @) corresponds to a solution of Proposition 4 with
prescribed solid movement (¢, r). For that, we observe that the relation

w(t, ) = wo o " (t, )" o @t (r)

passes to the L>((0, T) x Fp) weak- limit (or to the L>(0, T'; L?(Fp)) one,

p € [1,00)) since i’ converges uniformly to u, so the corresponding flows

converge uniformly (using again the uniform log-Lipschitz estimates). So we infer
W(t, ) = w0t ) ot (1),
On the other side, it is not difficult to pass to the limit in (109), so that in particular

curl (ﬁo (" (t, -)_1)) =w(t, ) o (" (1, ).

Hence we deduce that (ﬁ, 5) is indeed a solution of Proposition 4 with solid
movement (¢, r). The convergence (111) follows. O
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4.5. Endgame

Let us now proceed to the proof of Theorem 1. Once again we are going to use
Schauder’s fixed point theorem.
Letd :=d (Sp, 9R2) > 0 and C > 0. We introduce

D:={{r) e CO([O, Ty, RS)/”(E, V)||c0([o,T];R3) = C},

where T > 0 is chosen such that CT (1 + diam(Sy)) < 4. Observe that this

3
condition yields in particular that %7 satisfies
d
dist (r‘~’(z)(so), asz) > 5 foranys €[0T (112)

Note that D is closed and convex.

Now we construct an operator .A on D in the following way. To (¢, r) € D, we
associate, as in Section 4.3, Q(t), S(¢), F(¢) and u as the fixed point of the operator
T4". We also consider the Kirchhoff potentials ®; as in (55) and the mass matrix
M as in (57). Then, we define A(¢, ) := (£, 7), where for any € [0, T],

~ t
[?](r) :M+/ Mlm([/ u~[<u-V)Vd>,-]dx]
r ro 0 F(s) ie{1,2,3}

- [Bi(s)]ie{1,2,3}) ds,

with

R ' n
Bi(s) = |:ri| ./aS(s)(u Ve |:(x — h(s)* n] do.

Due to the boundedness of || V®;|[-1.e, M~ under the condition (112) and the
one of ||u||~o, shrinking T if necessary, we have that A(D) C D.

Now, let us prove that A has a fixed point in D. That A(D) is relatively compact
in C2([0, T1; R?) follows from Ascoli’s theorem. That .4 is continuous follows from
Proposition 5 and the convergence for all ¢, under the assumptions of Proposition 5:

<I>f"’r” ot —» CIDf’r 0" inC*(Fy) asn — +oo.

This convergence can be deduced from the compactness of the sequence
(V de’“r”) in C'(Fp) (due to Lemma 2) and the fact that " o " o (7))~ con-
verges to a function satisfying the correct system (55) in the limit (use for instance
the computations of Section 3.2). Therefore we can apply Schauder’s theorem which
proves the existence of a fixed point.

To see that a fixed point of the operator .A corresponds to a solution of (1)—(14)
it is sufficient to observe that, thanks to an integration by parts, the solid equations
can be recast as

E /
,/\/l|: :| =|:/ u-[(u~V)Vd>i]dx:| — | B;i|. .
r F@) i€{1,2.3) [ ]'6{1’2’3}
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Observe that this reformulation is slightly different from (56) and is obtained by
using (9) and an integration by parts instead of (54). This establishes the existence
part of Theorem 1.

Finally, that the lifetime can be uniquely limited by a possible encounter of the
body with the boundary follows by contraposition, as a positive distance allows to
extend the solution for a while, according to the previous arguments.

Remark 4. Mixing the techniques of [16] and the ones of [15], one could prove
some results about the regularity in time of the flows associated to the solutions
given by Theorem 1. More precisely, consider a solution (¢, r, u) given by Theorem
1, then the corresponding fluid velocity field u is log-Lipschitz in the x-variable;
consequently there exists a unique flow map 7 continuous from R x Fy to F(¢)
such that

t
n(t,x):x+/ u(s, n(s, x))ds.
0

Moreover there exists ¢ > 0 such that for any ¢, the vector field n (¢, -) lies in
the Holder space

cO-exp(=cltlloollLoo 7y)) (Fo).

If one assumes that the boundaries Sy and 92 are C¥t1Y withk € Nand v €
(0, 1), then the flow (z, 1) are C* from [0, T] to SE(2) x C*eXP(—<Tleolloe ) ( 7).
If one assumes that the boundaries 9 Sy and 92 are Gevrey of order M = 1, then the
flow (z, n) are Gevrey of order M +2 from [0, T'] to SE(2) x cO-exp=cTleolloezy)
(Fo). In particular, in the case where M = 1, we see that when the boundaries are
real-analytic, then the flows (z, 1) belong to the Gevrey space G>.
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