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Abstract

We address the question of whether three-dimensional crystals are minimiz-
ers of classical many-body energies. This problem is of conceptual relevance as
it presents a significant milestone towards understanding, on the atomistic level,
phenomena such as melting or plastic behavior. We characterize a set of rotation-
and translation-invariant two- and three-body potentials V2, V3 such that the energy
minimum of
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overall Y C R3, #Y = n, converges to the energy per particle in the face-centered
cubic (fcc) lattice as n tends to infinity. The proof involves a careful analysis of the
symmetry properties of the fcc lattice.

1. Introduction

A material is crystalline if its underlying atomic structure comprises a (multi)-
lattice of particles. It is known, through techniques such as x-ray diffraction, that
most materials crystallize when at a sufficiently low temperature. Whilst the range
of crystalline materials is vast, however, the number of underlying atomic structures
is relatively small. For example, more than half of the metals crystallize into a face-
centered cubic lattice (fcc), a hexagonal-close packed crystal lattice (hcp) or a
body-centered cubic lattice (bcc). The question of why lattices are ubiquitous in
nature can be reformulated mathematically: why is it the case that so many energy
functionals admit periodic minimizers?

The premise of this paper is to provide a reasonably large set of energy func-
tionals E : R3*” — R which are invariant under translations and rotations and


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-015-0862-1&domain=pdf

364 L. C. FLATLEY & F. THEIL

permutations for which the optimality of unique periodic (lattice) configurations
can be rigorously proven in the many particle limit n — oo. Of course uniqueness
of the optimal lattice only holds up to translations and rotations.

We will focus on cases where the optimal lattice £ is given by the fcc lattice

3
Lice := (b by b3)Z> = [Zaib,- caq €l i= 1,2,3] (1.1)
i=1

where by = (0. 1. D", by = 25(1,0. )" and b3 = —5(1.1,0)" are column
vectors.

To our best knowledge, the first three-dimensional examples for which the exis-
tence of periodic minimizers can be guaranteed are due to A. Suto, [21,22]. The
results provide the existence of pair interaction potentials which admit periodic
ground states. However, the potentials are very delocalized resulting in a signifi-
cantly degenerate behavior of the ground states: every periodic configuration with
a sufficiently high density is a minimizer. Our results are concerned with localized
potentials where the strength of the interaction between pairs of particles decays
with an inverse power law as a function of the distance. As a consequence we obtain
that the minimum energy per particle converges to the energy of the fcc lattice as
the number of particle tends to infinity.

The assumption that the potentials are localized induces a natural splitting of
the interaction energy into three separate contributions: short-range, medium-range
and long-range interaction energies. The analysis of pure short-range models has
a long history in discrete geometry. This approach was first discussed by KEPLER
[11], who suggested that the six-fold symmetry of snowflakes could be explained
by considering ice to be composed of small balls of vapor, packed together in
planes in the tightest way possible. In two dimensions, this tightest packing is an
arrangement of discs whose centers are placed at the points of a triangular lattice.
Such an arrangement clearly exhibits the six-fold symmetry of a snowflake. A
refinement of these geometric ideas allows the construction of compactly supported
potentials for which it can be shown that minimizers are translated, rotated and
dilated subsets of the triangular lattice [17]. A more detailed analysis in [3] even
provides a complete characterization of the surface energy and a proof that after
rescaling the minimizers converge to the Wulff shape as » tends to infinity.

In three dimensions the situation is significantly more involved. In particular,
for pure short-range models, it cannot be expected that minimizers are necessarily
periodic. Illustrative examples are the theorems by HALES [9] and SCHUTTE AND
VAN DER WAERDEN [20]. The results show that close-packed structures, and in par-
ticular fcc or hep, solve both the densest packing problem and the kissing problem
in three dimensions.

The close-packed structures are constructed as follows: consider a triangular
arrangement of spheres of diameter 1 in a two-dimensional plane A = (by, b2)Z> C
R3. Now add a translated copy B = A + b3 so that each sphere of B sits directly
above a hole of A. For the third layer C, there are two possibilities: either C =

A+ 23ﬁ (1,1, —=1)" and C lies directly above A; or C = A+ 2b3 and each sphere of
C sits directly above a hole of both A and B. In the first instance, we relabel C = A.
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Face-centred cubic Hexagonal close-packing

Fig. 1. Three layers of the fcc and hep crystal lattice

By repeating this stacking construction we obtain a close-packed structure. The fcc
lattice and hcp lattice are defined to be the close-packed structures with stacking
sequences ABCABCABCA...or ABABABABA..., respectively. This definition
of fcc is equivalent to (1.1), whilst hep is a multi-lattice which is generated by the
basis 51 = by, 52 = by, 1;3 = %z(l, 1, —1)T and a translation vector ¢ = b3 in
the sense that

Ehcp = {07 t} + (l;l 52 53)Z3~

For our purposes, the most relevant property of the close-packed structures is that
they maximize the number of nearest neighbors to every point in the packing, that is
they solve the kissing problem. It has been known since 1953 that the solution of the
three-dimensional kissing problem is twelve [12,16,20], and therefore these max-
imal neighborhoods each contain twelve points. In our analysis, it is this common
feature of the close-packed structures that makes them the most natural candidates
for crystallization (Fig. 1).

The degeneracy of purely local models regarding the crystalline structure is
broken by the presence of long range interactions which occur naturally in physi-
cally relevant situations [13]. The main result of this paper is Theorem 1.1, which
states the existence of a large set of rotation and translation-invariant interaction
potentials V5, V3 with the property that the ground states behave asymptotically
like an fcc lattice energy, as the number of particles tends to infinity.

Theorem 1.1. (Main theorem) There exists oy > O such that for any o € (0, ag)
and any pair of a-localized potentials (Va, V3) (cf. Definition 2.1) which is invariant
under translations and rotations in the sense that
Vi(Rézqy +1, ..., REziy + 1) = Vi1, ..., &)
for all permutations t, R € OQ3), t € R, ie {2,3} (1.2)

and any finite set Y C R the inequality
1 : fee
v E(Y) > rrn>1{)1E (r) (1.3)
holds, where
EY)=2 > Vapn.y)+6 D Va(r.y.y"). (1.4)
{y.y}cy {v.y"y"}cy
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and
Ef(ry = Z V2(0,ry) +2 Z V30,7 y,ry').
veLec\{0} {y,y"}CLeec\{0}
Moreover,
lim LE(YR) = min E*(r) (1.5)
R—oo #Yp r>0 ’ ’

if YR = B(0, R) N Lee. B(0, R) denotes the ball with radius R centered at the
origin.

Note that we later assume that min,~q E¢(r) = E™°(1). This assumption does
not involve any loss of generality as it can be achieved by rescaling the potentials
Vi.

The role of the three-body potential V3 is of solely a technical nature. It is quite
likely that the assumptions of Theorem 1.1 can be relaxed so that also pure pair
models are covered, (see the discussion in Section 2.1).

It cannot be expected that a similar theorem holds if Ls is replaced by Lpcp.
For any dilation parameter » > 0 and generic potentials V, and V3 the dilated lattice
1 Lhep is not optimal. To see this we define for £ € {Lgec, Licp) the stored energy
function

We(F)= D V:0.Flp+2 > Vs(0.Fk FK),
keL\{0} {k,k"yC L\{0}

and the Piola-Kirchhoff tensor S(F) € R3*3 by

W,
Sii = ——=(F).
ij aFij( )

If Wz (r* 1d) = min,.o W, (r Id), then
trace S(r* Id) = 0. (1.6)

It is well known that S(F) is a multiple of the identity if F' is a multiple of the
identity and £ = Ly; together with (1.6) this implies that S(r*Id) = 0. For the
convenience of the reader we give a short proof.

Observe that W is invariant under the combined action of O(3) and the point

group
G={geO0@B) :gL=L}
in the sense that

W (RFg) = We(F) forall Re 03),g¢eG. (1.7)
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Indeed,
We(RFg) = D Va0.Fgh+2 D' Vs(0.Fgk Fgk)
keL\{0} {k.k’yCL\{0}
= > WV0.Fh+2 > V30,Fk Fk)=Wg(F).
keL\{0} {k,k"yC L\{0}

The penultimate equation is a consequence of (1.2), the final equation holds because
gL=L.
The invariance (1.7) implies that S(F) is equivariant,

S(RFg) = RS(F)gforall R € O(3) and g € G.
The choice F = rId and R = g delivers the equation
Y =g/'Sgforallg € G, (1.8)

where ¥ = S(r 1d).

A more general discussion of equivariant maps can be found in [8], here we
only present a self-contained proof of this rather simple example. Equation (1.8)
implies that the restriction of X to the span of {b1, by} is a multiple of the identity
if £ € {Ltce, Lncp)- Indeed, if G contains the reflection g, = Id —2 v ® v for some
v € R3 such that |[v| = 1, then v is an eigenvector of X. It can be checked that
gv € G ifv € {by, by, by — b1}, hence by, by and by — b; are eigenvectors. As these
three vectors are linearly dependent the eigenvalues coincide. In the case £ = Lg¢
the same argument can be applied to {b1, b3, b3 — b1} and one obtains the existence
of A(r) € R such that

S(rld) = 11d. (1.9)

On the other hand, if £ = Ly, then every matrix ¥ which can be written as
Y =rb3®@b3+ (|1;3|2Id - ® 53)

is compatible with (1.8). In this case Equation (1.6) only implies that A = —2pu.
Thus, the configuration y(x) = F.x with F, = r*Id — ¢X has lower energy if
w#0and0 < e K 1.

Theorem 1.1 provides a significant generalization of the two-dimensional result
in [23]. The differences affect both the analysis of the local interactions and the
analysis of the long-range interactions. In particular,

1. The challenges met by the local analysis are considerably more involved. For
example, solutions of the kissing problem in three dimensions are highly degen-
erate. Unlike in the two-dimensional setting, it is not possible to identify kissing
configurations as orbits of simple symmetry groups.

2. To differentiate between the fcc and the hep lattice it is unavoidable to con-
sider medium-range interactions whose range reaches beyond nearest neigh-
bors. Specifically, we require an analysis of second and third nearest neighbor
interactions.
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3. The heart of the proof consists of localizing long-range interaction energies.
The analysis in [14,23] is limited to highly symmetric two-dimensional lat-
tices and cannot be generalized to three dimensions where the lattices are less
symmetric.

Here we deal only with energetic crystallization. Positional crystallization can be
obtained under suitable boundary conditions as a corollary to Theorem 1.1 and a
generalization of [23]. Corollary 1.3 provides a result when the particle positions
are subjected periodic or clamped boundary conditions.

Definition 1.2. Let Y C R? be countable and non-empty. We say that Y is

e [-periodic if there exists a Bravais lattice £ C R? such that
Y+n=Y foreachne L,

e a compactly supported perturbation of L if
#Lce \ Y +#Y \ Lpee < 00.

The relevant particles are A = Y /L if Y is periodic and A = (Y \ L) Ubdry(Y)
if Y is a compactly supported perturbation where bdry(Y) ={y e Y : Y N B, #
Lfec N By} U {yo} and B, C R3 is the closed ball with radius 1 centered at y. The
point yg € Y N Ly is arbitrary.

In both cases the energy is defined by

E.A(Y)=Z( > e+ D vs(y,y’,y’b). (1.10)

yeA “y'er\{y} Y Y er\iy)
V'#Ey

The only purpose of the point yy is to avoid the situation where A = .

Corollary 1.3. (Ground states with periodic or clamped boundary conditions) Let
ag > 0 be the constant from Theorem 1.1 and assume that (V,, V3) is a-localized
witha < ag. If Y C R is L-periodic or a compactly supported perturbation of
Lice, then the inequality

1
— E4(Y) 2 E*(1
myl AY) 2 ey
holds.
Equality is attained if and only if there exists a translation vectort € R3 and a
rotation R € SO (3) such that

RY +t = L.

Before outlining the proof we comment on possible physical applications. Clas-
sical groundstates are limiting cases of more general states. One important group of
examples is given by quantum mechanical energies where the states are many-body
wavefunctions ¥ € L2(R3*").
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Another generalization of classical groundstates are Gibbs states at finite tem-

perature. Here one is interested in the properties of the probability measure
Popa(y) = e PEMFFPB.p.A)

where A C R3, y € A", n = p|A|, B > 0and F(B, p, A) is a normalization
constant. The thermodynamic limit P, g is the weak limit of P, g A asn — oo.If
p is close to the density selected by the groundstates and the inverse temperature
B is large, then it is expected that P, g exhibits long-range positional order in the
following sense: There exists s(p, ) > 0 such that

n
tim (4P pa0) s D FEQO-y =0 (LD
n—oon — 1 0003 5
for any Lgc-periodic and non-constant function f € C (R3) with average 0. The
Mermin-Wagner theorem [15] states that (1.11) does not hold for two-dimensional
systems. It would be highly desirable to link the properties of the groundstates with
the properties of the Gibbs states.

1.1. Outline of the Proof of Theorem 1.1

In Definition 2.1 it is assumed that V, and V3 are suitably normalized so that
min,~o Ef°(r) = Ef°(1) and we define

e* — EfCC(l).

The upper bound (1.5) is an easy consequence of Theorem 1 in [1].

Our focus, therefore, is to establish the lower bound (1.3). For the proof it is
advantageous to view y € Y as a map. Therefore we assume that there exists an
index set X such that #X = #Y and

Y=0Kx) : x € X}.
Then

EV)=Ey =2 > W, y&N+6 > Vi), yx), yx").
{x,x'}cX {x,x",x"}CcX

(1.12)
Central to the proof of (1.3) is the set of (nearest neighbor) edges, defined by
S={(x,x)eX xX : ||y —y@)| -1 Za}. (1.13)

By construction, S is induced by y, although this dependency is not shown. The
structure induced by S allows us to define defects: A label x is an element of X,
if the nearest neighbors of x can be mapped bijectively to the nearest neighbors of
the origin in L. such that nearest neighbors pairs are mapped to nearest neighbor
pairs. The complement of X, is called the set of defects or boundary 0 X = X\ Xco.
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The main task is to establish the finer estimate

EGZ#X+C > ||y = y@)| — 1] + Ca#ox, (1.14)
(x,x")eS

where C > 0 depends on V, and V3. Inequality (1.14) not only implies (1.3), it also
provides insight into the additional structure offered by S. We will demonstrate
that C can be chosen independently of « and #X.

The proof of (1.14) is organized around three key concepts: a geometric analysis
of nearest neighbors (c.f. Proposition 3.3); the construction of a reference configu-
ration which identifies large defect-free patches of the ground state with rotated and
translated subsets of the lattice L. (c.f. Proposition 3.14); a resummation of the
energy to recover a lattice energy together with several error terms (c.f. Section 6).

In Section 2, we introduce the set of «-localized potentials and derive a lower
bound on the distance between ground state particles (Proposition 2.5).

In Section 3, we characterize the fcc lattice based on local properties. This
characterization allows us to identify arbitrarily large defect free patches of the
ground state which can be identified with subsets of Lg. via discrete imbeddings.
Existence results for imbedding are stated in Section 3.3.

In Section 4, we demonstrate the long-range rigidity of the ground state. The
main result here is Proposition 4.2, which states that the L? proximity of a ground
state deformation gradient to a rigid rotation is controlled by a quadratic sum of
edge length distortions.

In Section 5, we introduce path sets, they will be used to bound the interaction
energy from below by local expressions.

In Section 6 the proof of Theorem 1.1 is given. It relies on the concept of path
sets to localize the long-range interactions. We obtain two types of error terms:
energy contributions arising from the geometric distortion of bonds; and a surface
energy contribution arising from the omission of individual bonds. The first error
term is controlled by the rigidity estimates of Proposition 4.2, which reduce the
long-range energy contributions to a quadratic sum of edge length distortions. The
second error term is controlled by size of the set of defects.

The main focus of the paper is on the analysis of low energy states of a large
number of particles #X. Since the asymptotic behavior is discussed only at the end,
we suppress any dependency on #X in the notation. The letter C always denotes a
generic positive constant, which depends on V; and V3, but not on « or #X, provided
« is sufficiently small, and whose value may vary from line to line. A glossary of the
most commonly used notation is included at the end of the appendix. A preliminary
version of this article has been published in [6].

2. Admissible Potentials

It is easy to see that the invariance (1.2) implies the existence of functions
V 1[0, 00) = R, ¥ : [0, 00)® — R such that

Va(y1, y2) =V (Iy2 — y11) and V3(y1, y2, y3) =¥ (Iy2 — y1l, ly3 — 21, Iy1 — y3).
2.1
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The set of admissible potentials of Definition 2.1 are characterized by a small
parameter o > 0. The pair potentials are chosen to have growth behavior similar to
that of a Lennard-Jones potential, whilst the three-body potentials take a generalized
form of the Stillinger-Weber potential.

Definition 2.1. («-localized potentials) Let « > 0 be a positive parameter. We
say that (V2, V3) are a-localized if there exist potentials (V, W) in Z, such that
(2.1) holds. The set Z, C C2([0, 00)) x C2([0, 00)?) is defined by the following
requirements.

1. The pair potential V has the properties lim, ,, V(r) = 0, V is normalized in
the sense that V(1) = —1,

mif > (VG Ik = V(kD) =0, 2.2)

keLsec\{0}

and satisfies the conditions,

V(/8/3) —3V(v3) = a?, 2.3)
V)2 L orre[0.1—al, 2.4)
o
V'ry=>1for re(l —a,1+a), (2.5)
1 4
V(r) = —ad forr e [1 +a, g), 2.6)
V/(\/3) =0, 2.7)

W <adforre |21, (2.8)
3°V2
[V"(r)| € ar O forr e [\/Z oo). (2.9)

2. The three-body potential ¥ has the properties

min W(r{,r,r3) =¥({,1,1) =—1 and

r1,72,73 20
W(ri,r2,r3) 20 if max|r — 1] 2 «, (2.10)
1

1 . . 4

W(ri,ra,r3) 2 — if minr; £1—«o and maxr < -, 2.11)
o 2 i

. 7
W(ry,ra,r3) =0 if maxr; 2 5 (2.12)
1

2.1. Discussion

A heuristic argument behind the choice of admissible potentials is as follows:
Assumption (2.2) sets the lattice parameter to 1. This assumption simplifies the



372 L. C. FLATLEY & F. THEIL

notation and does not involve a loss of generality. The large energies of short-
range bonds created by condition (2.4) ensures a minimum distance of 1 — «
between particles (c.f. Proposition 2.5). Conditions (2.4)—(2.5) on V create a sharp,
prominent well close to r = 1, which favors configurations which maximize the
number of nearest neighbor pairs. Assumption (2.3) selects fcc as the optimal
crystalline form, since

—2=#{ke L kl=B3} —#[ke Lo k= VB3],
6=#{ke£fcc : |k|=x/§]—#{keﬁhcp : |k|=d§}.

Assumption (2.7) is of purely technical nature and is satisfied for Lennard-Jones
type potentials. Assumptions (2.8) and (2.9), which characterize the decay of V,
entail that medium and long-range interactions are much weaker than the short-
range interactions.

The three-body potential W selects ground states which maximize the number
of edges in each nearest neighborhood. This serves to reduce the number of nearest-
neighbor graph structures down to just two: the fcc and the hep crystal lattices (c.f.
Theorem 3.5).

The main part of the analysis concerns the pair energies. The role of the three-
body potential is to geometrically determine the optimal crystalline form, by assign-
ing positive energy contributions to ground states which do not approximate fcc or
hep structures.

The assumptions on the pair potential V are generic in the sense that there
exist open subsets Z of the weighted space Cz([O 00)) such that each V € Z
satisfies assumptions (2.2)—(2.9) after rescaling. On the other hand, the assumptions
on the three-body potential W are not generic, that is the set of potentials which
satisfy (2.10), (2.11) after rescaling does not contain an open set. The proof of
Theorem 1.1 can be generalized if the conditions are slightly relaxed so that Z,, is
open; this would involve a significant increase of the notational complexity.

It is conceivable that the dependence of Theorem 1.1 on V3 can be omitted
entirely. Although this remains an open problem, the following conjecture provides
a possible route to eliminate the necessity of V3.

Conjecture 2.2. Ler Z C R? satisfy that |Z/ - Z| 2 1 forall {z,7'} C Z and,
for every z € Z, let N(z) := {2’ € Z : |2 —z| = 1}. If z, I’ have the properties
#N () =#N()=12and z € N(Z'), then #(N(z) N N(Z')) = 4.

Together with Theorem 3.5, Conjecture 2.2 implies that #(N(z) N N(z')) = 4 for
all z, 7/ € Z.Itis not hard to see that up to rotation there are only two subsets of S>
with 12 points such that each point has precisely 4 neighbors: the cuboctahedron
and the twisted cuboctahedron [defined by Equation (3.1)].

2.2. Results Concerning Admissible Potentials
Lemma 2.3. (Equilibrium condition) If (V, V) € Zy then

> kIV(lk) = 0. 2.13)
kELfcc\{O}
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Proof. The normalization assumption (2.2) implies that (V*)'(1) = 0 (c.f. Defini-
tion 2.6). This is (2.13). O

Lemma 2.4. Let (V, V) € Z,. There exists oy > 0 such that for every a € (0, «g),
r > 0 the following estimates hold:

V') Sai  forre i\/7 (2.14)
= V2| '

7
V) 2 —at forr e |:1 + a, \/;:| , (2.15)
. 7
V()| < ar for all r 2 X (2.16)
V(r) =z -2 forall r = 0. 2.17)

Proof. The proof follows immediately from assumptions (2.2)—(2.9). O

Proposition 2.5. (Minimum distance bound) Let (V, W) € Z,. There exists g > 0
such that if « € (0, ap) then any ground state Y of the associated energy (1.4)
satisfies the minimum distance bound

min [y —y| > 1 —o. (2.18)
y.y'ey
y#y

Proof. LetM = max, 3 # (Y N B(n, %(l — a))) and assume wlog that the max-
imum is achieved at n = 0. Set By; := B(0, %(1 —a))and A := Y N By;. We aim
to show that M = 1.

We define A° = Y \ A and separate the energy contributions within A from

the energy contributions within A by decomposing the total energy: E(Y) =
E(A) + E(A°) + E(A, A°) with

EAA)=2 > Vy=yDh+6 D ViV,

yeA vy "y
Ver\A .y Y INA#D
.y INAC D

=EPD (A, A + EP (A, A°).
Assumptions (2.4) and (2.10) imply that
1
EAZ D> V(y —yhz MM -1 (2.19)
o
£

By moving the positions A to infinity in such a way that their mutual distances
diverge, we obtain

EA) 4+ E(A, A% 0.
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The above estimate together with (2.19) implies that
1 2) c 3) c
—MM -1+ EYA A)+ EYVA A) L0. (2.20)
o

We will estimate the second and the third term in (2.20) separately.
First we consider E®. Foreachd > 0, let 7(d) := Y N (2(d + 1) By \2d Byr)
and n(d) .= #7(d). If 1 £ d < 3, then (2.17) implies

> Vly =y Z —2ndM. (2.21)
yeA
V'eT(d)

For the long-range interactions the decay estimate (2.16) implies for sufficiently
small oy > 0, @ € (0, ap) and d = 4 that

DD VY =y Z —Crd)Ma(d—D(1—a)™®.  (222)
veAy'eT (d)

There exists a constant C > 0 such that for any d = 0, 7(d) can be covered
by C(d + 1)? translated copies of By, which implies that n(d) < CM(d + 1)2.
Consequently,

3 o~ (d+ 12
i 2 2
23 > vy -y —cm (;<d+1> +(1_a)8§(d_1)8)-

yeA y e A¢

(2.23)

To study the third term in (2.20) we define for each y € A

s =3 D V(Y. )43 D iy,

)7,,y//€./4"' ¥/ e AC
VA

and K > 0 by the requirement that the set
D={z:1-a<|z]<14+a}CR’

can be covered with K translated copies of Bjs. As we are interested in the cases
where o < 1 the constant K can be chosen independently from «. Assumptions
(2.10) and (2.11) imply that

1
e3(y) 23 Y (\P(l,l,l)#{y” Py e DAY A —H y”eA\{y}})

ey
y—y'eDnY

1
>3 E (KM‘I’(],I,I) +—(M—l)).
o
y—;}’:’éﬂY

Ifa <@2K)™' and M > 1, then ez(y) > 0.
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Consequently, comparing (2.23) with (2.20), we obtain

3 o 5
—cM? 2 o @@+D7y_ 1 B
- (Ewﬂ) +(1_a)8§(d_1)s)= 2 MM =D 229

Since the left-hand side remains bounded as « tends to 0, we deduce that (2.24) can
only hold for all @ € (0, ) if M = 0 or 1. Since Y is non-empty, we conclude
that M =1. 0O

For every r > 0, the renormalized energy E™°(r) assigns an average energy per
particle to the homogeneously deformed lattice r Lgcc.

Definition 2.6. Let (V, V) € Z, for some o > 0. The associated renormalized
pair potential V* is defined by

Vi) = Z V(rlk]) forall r > 0. (2.25)
ke L\ {0}

Recall also the definition

EfCC(r) — V*(l’) +2 Z V30, r y,r .VN).
{v.y"}CLeec\{0}

We call E™¢ the renormalized energy per particle.
Note that assumptions (2.2) implies that

mrin Vi) = V(D). (2.26)
It is easy to see that for sufficiently small « the analogous equality

min E®(r) = E*(1) = V*(1) + 48 (1, 1, 1) (2.27)

holds.
Indeed, a simple repetition of the considerations in the proof of Proposition 2.5
implies that

> W0.ry.ry)>0 (2.28)
(59} Lree\ (0}

if r < 1 — «. Moreover, assumption (2.10) implies that (2.28) holds if » > 1 + «.

Assumptions (2.10) and (2.12) imply that > V3(0, r y, r y”) is minimal
{v,71CLec\ {0}

if r = 1 and therefore (2.27) follows from the observation

#{(k1,k2) € Lgce X Liee = k1| = |ka| = ko — k1| = 1} = 48.
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3. Discrete Reference Configurations

A key step towards the proof of (1.14) is the development of the concept of
a discrete reference configuration, which allows us to identify parts of the con-
figuration {y(x) | x € X} as images of maps u : @ — R3 with @ C Liee. We
require a characterization of the crystal lattices L. and Lycp which is based on
local properties of the point configuration. Neither Equation (1.1) nor the stacking
sequence are useful for our purposes.

3.1. Nearest Neighborhood Geometry

3.1.1. Local Geometry of the fcc and hep Crystal Lattices Throughout this
paper, we denote by S> C R? the unit sphere centered at the origin. The cubocta-
hedron and twisted cuboctahedron are defined by the relations

Oco i= LiccNS? and  Queo 1= Lhep N 52 (3.1)

The surfaces of both convex hulls consist of twelve vertices, twenty-four edges and
fourteen faces, eight of which are equilateral triangles and six of which are squares.
Notice that Qy, is in fact a cuboctahedron in which a triangular face is rotated by
an angle of 7r/3, about its center and in the plane of the triangle. We will also use
the octahedron

0o = Lice N B (2—%, 272(1,0, O)T) .

Proposition 3.1. Let £ C R3 be a set with the property that for each z € L/
L |z=2|Z1forallz € L'\ {z}.
2. There are exactly 12 points z' € L such that |z — 2| = 1.
3. There are exactly 48 pairs 71, z2 € L' such that |71 — 22| = |z — zi| = 1 for
i €{l,2}.
4. There are exactly 48 pairs 71, zo € L' suchthat |71 — 22| = V3and lzi—z| =1
fori e {1, 2}.
Then there exists a translationt € R3 and a rotation R € SO (3) suchthat RL'+t =
Efcc-

Proof. Properties 1-3 are sufficient to ensure that, for every z € £/, the set (S LR
z) N L' is either a rotated and translated cuboctahedron, or a twisted cuboctahedron;
this is a consequence of Theorem 3.5. Property 4 then selects the cuboctahedron.

By induction one can see that each cuboctahedron is a translated copy of a
single rotated cuboctahedron, that is there exists a translation # € R? and a rotation
R € SO(3) such that

(82 +2)NL =RQe+1t forallz e L,
which concludes the proof. 0O

Definition 3.2. (Contact graphs) For any discrete set Z C S, the associated con-
tact graph CG(Z) is defined to be the graph with vertices at points in Z and edges
{z1, 22} such that 71,7, € Z and |71 — 22| = 1.
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3.1.2. Nearest Neighborhood Geometry of the Ground State We denote by
P={(x,x)eXxX:x#Xx} (3.2)

the set of ordered pairs. We will use the convention thatif p € P, then p = (p1, p2).
For clarity, we will generally write p € P to denote a long-range pair, and g € S to
denote an edge [c.f. (1.13)]. For each x € X, we define the nearest neighborhood
of x by

Nx)={x"eX:(x,x)eS8) (3.3)

and define x and x’ as nearest neighbors if x” € N (x).
For each x € X, we define

Ax):={geS:q C N},
to be the set of edges contained within the nearest neighborhood of x and
T:={x,x,x)YeXxXxX : &, x")eAk)) (3.4)

the set of neighboring triples.

The following proposition provides upper bounds on #N (x) and #A (x). If both
upper bounds are attained, then statement 2 says that y(N(x)) approximates a
rotated and translated subset of the fcc or hep crystal lattice. This motivates the
definition of a set of regular points in X (c.f. Definition 3.6). Note that the concept
of regular points does not discriminate between Ltcc and Lycp.

Proposition 3.3. (Local neighborhoods) There exists a constant oy > 0 such that
for all a € (0, ag) and all configurations y : X — R3 satisfying the minimum
distance bound (2.18) the following statements are true.

1. #N(x) < 12 and 3#A(x) < 24 for all x € X.

2. If%#A(x) = 24, then #N (x) = 12 and there exists Q € {Qco, Qtco}, a map
®: QU {0} - N(x)U{x} and a monotone function ¢ : R — R such that
limy_0&(a) = 0 and

(@), @) € Sifandonlyifn,n' € QU {0} and |n—n'l =1, (3.5

i Rn + —yod < . 3.6

Rélslbn(z)nené%)?m' n+yx) —yo®mn)| = &) (3.6)

Note that (3.6) implies ® (0) = x. The proof of Proposition 3.3 depends on two key

results: the three-dimensional kissing problem (Theorem 3.4) and the maximum
number of tangencies in a kissing configuration of unit spheres (Theorem 3.5).

Theorem 3.4. (The kissing problem) For any d € {1, 2...} let the kissing number
k(d) be the maximum number of non-overlapping unit spheres in R that can
simultaneously touch a central unit sphere. Then k(3) = 12.

The first proof that k(3) = 12 was given by SCHUTTE and VAN DER WAERDEN in
1953 [20], followed by an independent proof by LEECH in 1956 [12].
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Theorem 3.5. Let Z C S? be a discrete set of vertices such that |7 — z| = 1 for all
{z, 7'} C Z. Then the maximal number of undirected of edges in the contact graph
CG(Z) (cf Definition 3.2) is 24. Equality is attained only when the points of Z are
placed at the vertices of a cuboctahedron or a twisted cuboctahedron, with edges
of unit length.

Proof. See[5] O

Proof of Proposition 3.3. The proof of statements 1 and 2 is an immediate conse-
quence of Theorems 3.4 & 3.5 and standard compactness arguments. 0O

The dichotomy result in Proposition 3.3 allows us to partition the label set X.
Definition 3.6. The subsets X2, Xco, Xico, 0X of X are defined as

Xp={xeX : #N(x) = 12},

Xreg = {x € X12 : J#A(x) =24},

Xeo = {x € Xreg : (3.6) holds with O = Qco} ;
Xio = {X € Xreg : (3.6) holds with O = Qo) ,
X = X\ Xco.

Clearly X D X12 D Xyeg. Proposition 3.3.2 implies that X, and X, form a
partition of X, that is

Xreg = Xco U Xico and  Xeo N Xico = ¥ 3.7

if o < .

If x € Xreg, then Proposition 3.3.2 allows us to identify subsets of N (x) which
form triangles and squares. As an application of this construction we can charac-
terize the set of regular points with a complete set of second neighbors.

Definition 3.7. The regular points with complete second neighborhood are defined
by

X2, = (x € Xreg 1 N(x) C Xreg)-

reg

The second neighborhood of a label x € X2 _ is defined by

reg

4
Nw= (ﬂN(x,»))\{x},

{xq.. X4}CN(x) i=1
{x1,....x4} is a square

with the convention that a set {x1, ..., x4} is called a square if it corresponds to
one of the six squares in the contact graph of Qo and Q,, cf. Fig. 2.
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Fig. 2. Contact graphs of Q¢o and Qtco respectively

3.2. Simplicial Decomposition of L

If £ = Lgec or L = Lyep it is possible to cover RR? by tetrahedra and octahedra
such that the corners coincide with £ and almost every point in R3 is covered exactly
once. To see this we recall that £ can be written as unions of layers of triangular
lattices and observe that it suffices to decompose the space between two consecutive
layers such that the surface is given by two parallel planes. An illustration of the
(actually unique) decomposition is given in Fig. 3.

We introduce two families of sets: units U and simplices D. Units are either
tetrahedra or octahedra.

Each octahedron can be decomposed into 8 simplices, the tetrahedra are retained
without modification. The simplices provide an intuitive notion of piecewise affine
interpolation.

Definition 3.8. (Units and simplices) Let L be either Lgec or Lycp. The units are
given by

U={t C L : (#r =6 and diam(r) = fz) or (#t = 4 and diam(t) = 1)},

with diam(r) = max {|n -7l 0 € r}. The centers of the octahedra are
defined by

O

Fig. 3. Two consecutive layers of a close packed lattice. Solid bullets are in the upper layer,
empty bullets in the lower layer. The tetrahedra and octahedra are defined by the rule: Upper
triangles with sidelength 1 that do not contain a solid bullet bound octahedra, the remaining
upper triangles with sidelength 1 bound tetrahedra and conversely for lower triangles
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The simplices are given by
D={c C LUL, : #0 = 4 and diam(c) = 1}.

Itis easy to see that each unit is either a tetrahedron or an octahedron with sidelength
1. Moreover, both I/ and D form a disjoint covering of R3, that is

U conv(t) = U conv(o) = R3,

Teld oeD

and
meas(conv(t) N conv(z')) = meas(conv(c) Nconv(c’)) =0,

forallz,7’ € U,0,0’ € Dsuchthatt # 1" and o # o’. The simplicial decompo-
sition of R3 is finer than the decomposition into units, that is for each unit 7 there
are simplices o7 . ..oy such that

I
conv(t) = U conv(oj), (3.8)
i=1

where I = 1 if 7 is a tetrahedron and / = 8 if 7 is an octahedron.
Recall that the contact graphs of Qo and Qyc, contain 6 rigid squares.

Remark 3.9. Note that for £ = Lg a scaled octahedron Q = sconv(Q,), s €
{1,2, ...} admits a decomposition into units in the sense that

Q= U conv(t) for some collection of units A C U.
teAd

To see this it suffices to note that the boundary of 2 is a subset of the union of 8
triangular lattice planes which do not cut units.

Now we are in a position to introduce interpolations and reference configurations.

Definition 3.10. (®-interpolation maps) Let L be either Lscc or Lyep and Q C R3
be a simply connected set such that

Q = Uz aconv(t) for some collection of units A C U. 3.9

The map u € Who(Q) is an interpolation of ® : LN Q — X if u|conv(s) is affine
for each simplex o € D such that o C 2 and

yo ®(n) ifneLNQ,
u(n) = 3 u@) ifneLlinQ.
nel
In’fnlzﬁ

Definition 3.11. (Reference configuration) Let L be either L.c or Lpep and y :
X — R3 be a configuration map satisfying the minimum distance bound (2.18)
and A C X. A triple (2, ®, u) is a reference configuration covering A if 2 C
RR3 is simply connected, Equation (3.9) holds, the map u € W*(Q2, R3) is an
interpolation of ® : 2 N £ — X in the sense of Definition 3.10 and
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1. The map @ covers A, thatis A C ®(QN L).
2. (®(n), (")) e Sifandonly if |n —n'| = 1,1, 7 € QN L.
3. The map u satisfies the bound
. 1
[dist(Vu, SOB)llLe@) = 5 (3.10)

Inequality (3.10) guarantees that the local orientation is preserved by u.

3.3. Existence of Reference Configurations

We state existence results for reference configurations which cover defect-free
subsets of X. The construction is based on the existence of local imbeddings ®
which map Q. bijectively to neighborhoods of labels x € X \ 0X. These imbed-
dings can be chosen in a compatible way in the sense that they coincide locally
after rotation and translation.

Proposition 3.12. (Compatibility of local imbeddings) Let x, x" € Xy, O, Q' €
{Oco> Qtcol, R, R' € SOB),®: QU{0} — X, d": Q'U{0} - X,e: R — Rbe
the associated domains, rotations and maps from Proposition3.3. If x' € N (x)U{x}
and if a > 0 is sufficiently small, then there exists a rotation T € SO (3) such that
the set A = (Q U {0) N (T (Q' U {0} + &~ L(x")) has at least 6 elements and ®’
is compatible with ® in the sense that

(T '(n—8&) =D forall neA, (3.11)
and
IT — R'R'| < 6¢(), (3.12)

where & = &~ '(x') — @1 (x) and |F| = max,, <; [Fvl denotes the operator
norm.

Proof. See appendix. 0O
If N(x) C Xeg, then we can construct a reference configuration which covers
N2(x) UN(x) U {x}.

Proposition 3.13. Let x € Xfeg. If o is sufficiently small, then there exists a refer-

ence configuration (2, ®, u) covering N2(x) U N(x) U {x} such that
o ') — o) =2 (3.13)

forall x' € N*(x).
Proof. See appendix. O

It is easy to see that the domain €2 in Proposition 3.13 is a regular octahedron with
sidelength 2 if O = Q. in (3.6). Large-scale imbeddings can be constructed by
piecing together local imbeddings. It will be important for the subsequent analysis
that for certain reference configurations (€2, ®, u) the rigidity constant (cf. Sec-
tion 4) of the domain €2 is uniformly bounded.
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Proposition 3.14. (Existence of a reference configuration) There exists ag > 0
such that forall @ € (0,a0), r 21—, x € X and y : X — R satisfying the
minimum distance bound (2.18) and

dist({y(x)}, y(3X)) = 2r +3,

there exists a reference configuration (2, ®, u) covering {x} such that Q = s Q,
(a scaled octahedron) with

5
s=min{s €Z : s’§§r+3],

and B(®~(x), r) C Q. Furthermore, there exists a universal constant C > 0 such
that the interpolation u : @ — R> has the property

Idist(Viu, SO3))| @) < Ca. (3.14)

Proof. See appendix. O

4. Rigidity Bounds

The purpose of this section is to establish L2 and L rigidity estimates, which
quantify the deformations of the ground state. The bounds are based on the concept
of a reference configuration. Propositions 4.2 and 4.4 will imply that L? defor-
mations, in defect-free regions, are controlled by a quadratic sum of edge length
distortions [c.f. (4.4)]. Our proof follows methods used previously in [4,18,19] and
references therein. The L°° estimate (4.5) is required to control distortion terms
which later arise in the Taylor expansion of the ground state energy [c.f. (6.15)].
The basic bound is provided by the following rigidity estimate.

Theorem 4.1. ([2]) Ler d € {1,2,...}, s € (1,00) and @ C R? be a simply
connected Lipschitz-domain. Then there exists a constant C = C (K2, s) such that

min [V — Rz < C [[dist(Vu, SO@))|s @ “.1)
ReSO(d)

forallu € Whs(Q). The rigidity constant C(2, s) is invariant under dilations,
rotations and translations, that is

C(rRQ+t,5)=C(Q,s) (4.2)
forallr >0, R € SO(d) andt € R%.

For any bounded domain  C R3, define

S(€):={(q1.92) €S : q1,92 € P(Q)} (4.3)

to be the set of edges with end-points in 2.
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Proposition 4.2. Let (2, ®, u) be a reference configuration such that 2 is a scaled
octahedron, that is

Q =sconv(Q,)

for some s € {1,2,...}. Then there exists a universal constant C > 0 such that the
map u satisfies the global rigidity estimates

: _ 2 < _ 112
R IV = Rl = € > (g = @)l — 17, (4.4)
qeS(Q)
_ /
w - 1’ < Caforalln,n € Qsuchthatn #1n'. 4.5)
n—n

Note that estimate (4.5) implies the injectivity of the maps u and ®. The proof of
Proposition 4.2 relies on Lemma 4.3 which provides bounds for dist(Vu, SO(3))
in terms of ||y(x) — y(x")| — 1], (x,x") € S.

Lemma 4.3. Let T € U be a unit and u : conv(t) — R> be affine on conv(o) for
each simplex o C conv(t) such that

1 1
M(EHZE;TI)= EZ”(”)'

net

There exist universal constants C,c¢ > 0 such that the function Wy : (R3)" —
[0, 00) which is defined by

Wew) = > ut) —u@)| - 1)

n.net:
[n—n'"|=1

satisfies the bound

. _ 2 <
REIgnOn(?)) ”VL{ R”LZ(COHV(‘()) = C Wr (u)

as long as ||dist(Vu, SO (3)) | L (conv(r)) = c.

The map u which exchanges the positions of two neighboring (opposing) vertices if
7 is an tetrahedron (octahedron) and keeps the other positions fixed has the property
We (1) = 0. Thus, the assumption that ||dist(Vu, SO (3)) || L (conv(r)) = ¢ can not
be dropped.

Proof. See appendix. 0O

Proof of Proposition 4.2. We first prove (4.4). Let A C U be a collection of units
such that Q = U, gconv(t). Thanks to the rigidity estimate (4.1) we find that

. o2 < . 2
T
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Lemma 4.3 implies that

. N 2 < _ NS 2
R0 IV = RIZ2 ooy = € Z |fuGm) —um)] —n—n"l|".
n.n' et
In—n'|=1

which establishes (4.4).

Now we prove (4.5). Define U = conv(Q,). Later we will establish the exis-
tence of a universal constant C > 0 with the property that for each n, ” € Q there
exists r > 0, t € R3 such that

r=Cln—nl, (4.7)
mnycrU+1tcQ. 4.8)

Define v(w) = %u(r w +t) forw € U. Then
[dist(Vv, SOG4y = Cy

where y = ||dist(Vu, SO(3))|| ). Theorem 4.1 implies that there exists R €
SO (3) such that

Vo= Rl = Cy.

Let ¢(w) = v(w) — Rw, then Morrey’s theorem delivers the existence of 7 such
that the L°°-bound

lo —tllrew) = Cy

1

holds. Setting w = %(n —1t)and w’ = (' — t) one obtains

1
lp(w) — @(w’) + R(w —w')| — ~In— n'l

llu(m) —u@m) —n—n'l| =r

1
=r ('IR(w —w)| - ~ln = 'l

+ lpw) — 1] + |pw') — fl) SCyln—1'l.

The trivial identity |R(w — w')| = }|n — 1’| and (4.7) has been used in the final
inequality. Thus we have shown that

lu(n) —u(n)| _1
In—n'|

‘ < C|\dist(Vu, SO3))| (-

Estimate (4.5) follows now from (3.10) and Lemma 4.3 which implies
||dist(Vu, SO(S)) ||L°°(Q) g Ca.
Finally we prove (4.7). Since U 1is a convex polyhedron one obtains

U={Z . l)i'Zéki, i=1...8}
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for a suitable choice of v; € R3, [vil = 1 and A; € [0, 0o). The constraints (4.8)
imply that the optimal parameter r is a solution of the linear program

rmin =min{r 20 : max{n-vi,n v} Sra+rov S, i=1...8}.
4.9)

Note that rpin < 1 since r = 1,¢ = 0 is admissible. Assume that there exists
sequences 1, # 1, € U such that

Tmin (M, 7);,) -

lim . (4.10)
n=>00 |1y — 1|
We can assume without loss of generality that
dist({nn, n),}, 0U
Jim sup S5t Win '7”}/ ) < oo 4.11)
n—00 [7n — myl

Indeed, if (4.11) fails, then we extract the corresponding subsequence (not rela-

beled) and define r,, = =l ang t, = %(nn +1n),)—rnz,where p > OQandz € U
have the property that B(z, p) C U. Clearly

n,n'} CrU+1, CQ

holds for all n which are sufficiently large.
Since U is a polyhedron dU can be decomposed into 3 disjoint components:

U = dUy U aU; Uals,

which correspond to corners, edges and faces. Let i = 0. If there exists a subse-
quence (not relabeled) along which

dist({n,, 77,/1}, aU;) _

lim sup - (4.12)
n—0o0 M — 77n|
does not hold, then there exists C > 0 such that
J— / J—
Jim sup max(|n, — zal, ln,, Znl) <c. 4.13)
n— 00 |77n - 77,1|

where z,, € dU; is the minimizer of d,,(z) = |z — %(nn +1/,)|. After translation we
can assume that z, = 0, define t,, = 0 and

rp =min{r : n,,n, € rU}.
Inequality (4.13) implies that
lim sup —"—— < C (4.14)
n—oo |nn —myl

which is the desired contradiction and we conclude that (4.12) holds for i = 0.

Inductively we repeat this step for i = 1, 2 and observe that (4.12) for i — 1
implies (4.14). Once (4.12) has been established for each i € {0, 1,2} we have
derived a contradiction to (4.11) and consequently (4.7) holds. O
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We also require the following technical result.
Proposition 4.4. For each v € R3 \ {0} the inequality
|2 o Fv  Rv

min ||F— R : = Ul < cdis(F, SO(3)) (4.15)
RESO(3) [Fvl |yl

holds for all F € R>*3 such that Fv # 0.

Proof. Assume without loss of generality that [v] = 1 and let S € SO(3) and
U € R3X3 be the polar decomposition of F thatis FF = SU.Let T € SO(3) be a

sym
rotation which satisfies TSv = FLUIF v and leaves the span of {Sv, Fv} invariant.
Then, G := TS € SO(3) satisfies the constraints of the left hand side of (4.15).
If 6 € [0, 2] is the angle of rotation of 7', then the cosine rule gives

1
1 —cos(9) = 3

2
v F
< 2(|Sv — Fv* + ‘Fv -

v |12
Sv— —— )

|Fu| |Fu|

- 2(|Sv — Fu2 +||Fv| — 1] )2.
The identity sin? (@) = (1 4 cos(@))(1 — cos(9)) implies the bound

sin?(0) < 4 (|Fv| 1P +S— F|2) .
Moreover, one obtains

T —1dI” = 2(|cos(8) — 1I” + [ sin(®)[*) = 16 (|S — FI> + || Fv| — 1),
(4.16)
where we used (1 — cos(6))2 < 2(1 — cos()). This implies
|F — GI?> <2(|F = S|> + |T —1d%) < Cdist*(F, SO(3)).

5. Partitioning of the Energy

5.1. Reference Path Sets and Label Path Sets

For pairs (x, x") € X x X we wish to express global differences y(x) — y(x’)
in a way which recognizes the local structure of the configuration: if the map
y : {0, ..., v} — X has the properties ¥ (0) = x’, y (v) = x, then

yx) =y = Z(y(y(i)) —yly@i@—1))

i=1

holds. This formula suggests that the sum over all pairs can be written as the sum
over all such maps which will be denoted as paths from now on. To formalize this
concept we have to introduce some structure to avoid double counting.
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We denote by B the set of ordered bases of L :
B:={B eR>3 : det(B) # 0and Be; € Licc, |Beil =1, i =1,2,3}, (5.1)

with the standard convention e¢; = (1,0, 0)7 etc. By abuse of notation we write
v € Bifv = Be; forsomei € {l, 2, 3}.

We denote by A the set of all positive fcc lattice distances and define the medium
and long distances

A={lz] : z€Liech ={1.vV2,¥3,/11/3,..}, (5.2)
Amed = {«/5, /873, «/3} . Along = AN («/3, oo) .
Note that Ajong C A, but Amed \ A = {4/8/3}. The additional distance is included

to facilitate the quantification of energy contributions created by the parts of the
configuration with hcp structure.

Definition 5.1. (Admissible paths) For given v € N and B € B we say that a finite
sequence (i) € L, i = 0...v is an admissible (reference) path if
wn(j) —u(j —1) = Be;, (5.3)

for some monotonic sequence i; € {1, 2, 3} that is u consists of maximally three
straight segments with directions given by the columns of B. We denote by ['[ B]
the set of such paths, and define

k(u) = ) — un(0),
I'(A) = {u € Upepl'[B] @ k()] = A},
if & > +/3. The set of paths with medium length is defined by
Q) ={n:{0,1,2} = Lgec : (1) — n(0)]
= |pn2) — u()] = land [ (2) — n0)| = A},
if L e {«/Z ﬁ}_ The set of admissible paths is defined as
['=UpealT' ().

By abuse of notation, we will abbreviate v € { (1) — u(0), u(2) — (1), ...} with
vV E .

Although the definition of the set of admissible paths is very restrictive there
are many paths which connect two lattice points. This observation motivates the
introduction of the number

1
M) = m#{B eB : pel[B]} €l0,1], (5.4)
which has the property that for k € Lgc \ {0}
Z M) = 1. (5.5

n(0)=0, u(v)=k
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Equation (5.5) holds because #8 = 23 x % and for a generic lattice point there are
273#B = 120 choices of B such that the set

A={n eT[B] : u(0) =0, u(v) =k}

is nonempty. The correction factor accounts for the cases where k is degenerate in
the sense that #.4 > 1.

The path sets I" (A) inherit the symmetry properties of the fcc lattice. To construct
a suitable representation of those path-symmetries we define for each path u the
point ¢ (w) in the smallest subspace containing p by the requirement that the end
points of the line segments which constitute the affine interpolation /& of u all have
the same distance p (i) from ¢.

Lemma 5.2. For all i € T'()) the estimate
p(n) = ,max 1S (1) — ()] <22 (5.6
holds.

Proof. The proof is a simple exercise which is included for the convenience of the
reader.
Define the difference vectors

Vi = ¢ - B_lk(pL) Be; € R3.

Thanks to translation invariance we can assume that w(0) + vy + %vz =0, i.e the
mid point of the second line segment is located in the origin. The point ¢ is given
by the formula

1
¢ = 5B—TMB—lk

where M e R3*3 is the diagonal matrix
M = diag(e; - BT B(e) + ¢2),0, —e3 - BT B(ey + €3)). (5.7)

Since |B~!| = /2 and |[M| = % we find that |p(n)| < %k. Furthermore, as
lva] £ +/2X and v, - ¢ = 0 one obtains that

1
p(u)ézvll-
O

For a unit lattice vector v € $2N L. the piecewise affine interpolant /& contains
at most one line-segment which is parallel to v. Let 7 € R be the mid-point of that
line segment and define the affine map «, : R> — R3 by the equation

Ky(y) =0+ (Id —20®@ v)(y — ) € R>.



Face-Centered Cubic Crystallization 389

[ \6"'."'C'

Fig. 4. Illustration of the reflected paths. A path p and a reflection « (1) are depicted with
a solid and a dashed line. The position of the point ¢ (u) is indicated by an empty circle

It is an easy exercise to check that k,, leaves Ly invariant and ¢ is a fixed point of
ky. Now we extend the operation of «,, to the set of paths by

Ko () (1) = Ky (v — D).
Ifv & u,thatis u(@ + 1) — w(i) # v for all i, then «, is defined as the identity,
Ko () (@) = (@),

cf. Fig. 4.
It is an easy exercise to see that k,, : I' — I leaves the sets I"(}) invariant and
has the following properties:

Ky o ky = 1d, (5.8)
M (icy (1)) = M (), (5.9)
Cley(w)) = ¢ (). (5.10)

Notice that % (Id — (Id — 2v ® v)) = v ® v is just the projection onto the span of
{v} if v € . This implies that

k() + k(ky(n))) and v are parallel. (5.11)

The second key property of the maps «, is that £ () is a fixed point and the distance
from ¢ (w) is unchanged, that is

miaXIKU(M)(i) — ¢l =mIaXIu(i) —¢(wl, (5.12)
thus the orbit
ow= U woemmcr

i=1 vy..v;€82NLiec

is a finite set.
For any A € A, let

m(x) = #{n € Lsec : | = A} (5.13)

be the number of lattice points at distance A from the origin.
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Definition 5.3. (Label paths) If . € A and y : {0, ..., v} — X is a label path we
say thaty € f‘*(k) if there exists a reference configuration (2, ®, u) and u € I'(})
such that € is a scaled octahedron, that is Q = sQ, for some s € {1,2...},
y =®opuand

B(¢(w),21) C Q. (5.14)
For each y € f‘*(A) we define
k(y) = k),
M(y) = M().

We will abbreviate g € {y (1) — y(0), y(2) — y(1),...} withg € y.

For convenience, we assume for now that each label path y € ﬁ* is associated
with a unique reference configuration and hence drop the notational dependency of
12()/) on ®. The choice of the reference configuration will be specified later.

Remark 5.4. Note that thanks to Lemma 5.2 and Equation (5.14) the orbit of w is
contained in :

O(w) C Q.

Since 2 is a scaled octahedron and Equation (4.2) implies that the rigidity constant
does not depend on s there exists a universal constant K > 0 such that Equa-
tions (4.4, 4.5) are satisfied with C = K.

A key property of the label paths is the invariance under the action of the reflection
map K.

Lemma 5.5. Leth € Aandy € [\ bea label path. For each q € S the reflected
reference path Kiq) (w) is contained in Q2. Moreover; the reflected label path, which
is defined by

Kq(y) = @ oKy, (1),

is an element of [« (1) with the same reference configuration (2, ®, u). The reflec-
tion map Ky : Ty — Ty has the properties

Ry =1d, (5.15)
M (&g () = M(y), (5.16)
k()| = k(&g (), (5.17)
k(v) +k(kg(»)) I k(g) ifq ey. (5.18)

Proof. Lemma 5.2 and Equation (5.14) implies that «; @ (w) is contained in 2. The
claim is an immediate consequence of equations (5.8), (5.9), (5.10) and (5.11). O

The concept of label paths allows us to partition the set of pairs into disjoint
subsets according to the distance.



Face-Centered Cubic Crystallization 391

Definition 5.6. (Regular pairs and regular label paths) For A € A the set of regular
pairs with distance A is given by

P.(\) = [pe P :3y el :

p = (y(0), y(v)) and dist({y(p1), y(p2)}, y(3X)) = 10/\]

and P,(1) = S.
The extended set of pairs is P(A) = P,(A) if A € A \ Apeq and

P(}) = [p € P :3x € X}, such that py, py € N(x)

and [®~(p2) — @~ (p)] =A] (5.19)

if A € Amed-
For a regular pair p € P.(A) we define A(p) = A.
The set of defect pairs is defined as

Py := P\ Upepn P().

The regular label paths are defined by the requirement that the end points form
regular pairs:

T =y eT0) @ (0), y() € Pu(W)},

A€ A.
For a regular label path y € f‘*(k) we define A(y) = A.

Equation (5.19) allows us to quantify the surplus energy generated by the parts of
the cAonﬁguration with hcp structure, cf dichotomy (3.7). Note that only ', (1), but
not I"(A) is invariant under the action of the reflection map «.

5.2. Cardinality of the Sets P(A)

The analysis of the energy of a configuration requires a quantitative link between
the label sets of Definition 3.6 and the pair sets P(A). This link is provided by
Lemma 5.8.

Proposition 5.7. The pairs P(A) and P, ()) have the following properties:

1. P,(A) N Pe(X2) =D if k1,22 € Aand P(A1) N P(A2) = B if A, A2 € Amed,
Al F#E A
2. If p € Pi(X), then

Z M(y) = 1. (5.20)

yel )
0.y (w)=p
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Proof. Assume first that p € P(X) for some A € Ameq. Proposition 3.3 implies
that

ly(p1) = y(p2)| — 2| < e(a). (5:21)

For sufficiently small « there is just one A € Apeq Which satisfies (5.21) because
Amed 1s a finite set.

Assumenextthatd; < Ao, p € Pu(A1)NPy(X2) andlet (2, ®;, u;),i = 1,2be
the associated reference configurations. Estimate (4.5) implies that A — A < Ca.
After translation we can assume that ®;(0) = p;. Proposition 3.14 implies that
there exists a translated reference configuration (£2g, ©g, uo) such that p; = ®¢(0)
and B(0,2A;) C . Proposition 3.12 implies the existence of rotations 7; with
the property u; (n) = uo(T;n) foralln € B(0, 1),i = 1, 2. Inductively one obtains
that

uo(n) = u;(Tin) forall |n] <21y, i=1,2. (5.22)

The rigidity bound (4.5) implies that |®; ' (p2)| < 3 4> and together with (5.22)
one finds

=107 (p)l = 195 (p2)] = 2o,

which is claim 1.

Proof of claim 2. Let (29, ®g, uo) the reference configuration which is defined
above and let u € I'(A) be a reference path such that £ (0) = 0, u(v) = 5. Then
y =®gopu e f’(k) and (y(0), y(v)) = p, this implies the lower bound

> ohamz > M2

yel'(h) Her ()
).y (v)=p ((0).p(v)=n

The first inequality holds because there might be label paths that require a different
reference configuration. To prove the corresponding upper bound we assume that
(2, @, u) is another reference configuration and w is a reference path such that
(P o u(0), ®ou(v)) = p. Using the same argument as in the proof of claim 1 one
can rotate and translate (2, ®, u). This induces a one-to-one relationship between
the label paths induced by (€2, @, u) and (29, ®o, up) and thereby claim 2. O

Finally we provide a quantitative link between path sets and the label sets introduced
in Definition 3.6.

Lemma 5.8. There exists constants C, g = 0 such that for every a € (0, o),
every configuration y : X — R3 satisfying the minimum distance bound (2.18)
and every A € Ajong, the estimate

m(A)

—HS —#P (W) < CAHOX (5.23)
m(1)

0=
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holds. Let n = #X. Then the short- and medium-range pairs satisfy the bounds

(n—#X12) =m(n —#S = m(1)(n — #X12), (5.24)
#(Xreg \ Xpp) S 121 — #Xrep), (5.25)
(V20— #P(/2)| < Cln = #Xrey), (5.26)
)#P(\/873) —2#X2 | £ C(n — #Xrep), (5.27)
0 < #P(V3) —m(V3) #X2 — 18#X2 < C(n — #Xpeg)- (5.28)

The proof can be found in the appendix.

6. Proof of Theorem 1.1

Proof. We adopt the notation (1.12). Following the remarks in Section 1.1 it suffices
to establish the lower bound (1.3) which is a consequence of (1.14). O

Recall the definitions of P (A1) and P,(A) in Definition 5.6. The interaction energy
(1.4) is written as the sum of structural, elastic and defect contributions:

E(y) = Esruct(Y) + Eelast (¥) + Edefect (y)

where

Egnct() =D D, V) + D es(x),

AeA peP(A) xeX

Eaast =Y > (V(y(p1) = y(p2)]) = V),
rEA peP())

Egerect(¥) = D, V(Iy(p1) = y(p2)]),
PEP)

and the associated three-body energy e3(x) is defined by

e3(x) =12 Z V3(y(x), y(x1), y(x2)). (6.1)

{x1.x2}CX\{x}

Let n = #X. The aim of this section is to prove that the defect-free energy can
be bounded from below by the reference energy, together with contributions from
bond distortions and surface terms:

Egruct(y) 2 ne* + ¢ (n — #Xpeg) + ca 1 #9X, (6.2)
Eqefect(y) = C o (#X oy — n) — Catd X, (6.3)
Eeast() Z ¢ D l1¥(g2) — y(gn)| — 1I* = Ca#tdX. (6.4)

qeS
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Estimates (6.2), (6.3) and (6.4) together deliver the lower bound

1
E(y) Zne* +co2#3X +c D [1y(g2) — y(gn| — 11,
qeS

which is the lower bound of Theorem 1.1.

The main challenge is the analysis of the elastic energy because it is not obvious
why it should scale like O (#0 X) and not like O (#X). It will be shown in Section 6.3
that (6.4) holds because of a cancelation argument which relies on the presence of
certain reflection symmetries in the fcc lattice.

The bounds (6.3) and (6.2) are considerably less involved, a proof of the esti-
mates is given in Sections 6.1 and 6.2.

6.1. Bulk and Surface Energy

We show that Egyye¢ can be estimated from below by a negative bulk contri-
bution and a positive surface energy. Since W (ry,ry,r3) = 0 if max; r; = 1+ «
Proposition 3.3.1 implies that

48 \Ij(l, 1, 1) ifx e Xregy

(6.5)
46 W (1,1,1) else.

e3(x) EI

By the definition of Eyycr and assumption (2.10), we obtain the inequality
Eqruet(y) 248 nW(1,1,1) = 2 (n — #Xreg) W(1, 1, 1)
+#S V(1) +#P(V2) V(v/2)
+HP(B/3) VB3 +#PWH VW) + D #PMIVQ),

A€ Along

with § and P defined in (1.13) and Definition 5.6. The bounds in Lemma 5.8
together with the relation # X, + #Xco = #Xeg and the assumptions on V and W
imply that
Egruct(y) 2(48n —2(n — #Xpeg)) W(1, 1, 1) + (m(1) n — (n — #X12)) V(1)
+nm(V2) V(V2) + 2#X2, V(/8/3)
+ (m(ﬁ) #X2 + 18#x3m) V(v/3)
— Cln = #Xeeo + > mG) (nV () = Ca#dx27)

A>3
>e*n —2(n — #Xreg) W(1, 1, 1) + V(1) (#X12 — n)

+2(V(/8/3) - 3V(/3)) #x2,

1
Za2

+m(3)(n — #X2)V(V3) — Cat (n — #Xreg) — Cattd X

reg
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The assumptions on V in Definition 2.1 together with (5.25) and (5.28) imply that

Esruct(y) 2 € n + (—V(l) — Caé - Ca%) (n—#X12)

+ (—\L’(l, 1,1) = Cat — Ca%) (X12 — #Xreg) + ca2#X o — Cattd X,

which implies Equation (6.2) if « is sufficiently small.

6.2. Defect Energy

The defect energy can be decomposed into several parts: interaction energies
of pairs close to particles in X \ Xeg, and contributions of pairs near 9 X:

oo 3
Egerect ) = DD > Vy(p2) — y(p1))

k=1 i=1 pePy i,
with

Pori={p€Pox : Ixp € X\ Xreg
such that |y(x,) — y(p1)| < 10(k + 1) + 3},
Pox2={p € Pox\ Pok1 : 3xp € Xreg \ Xeo
such that |y(x,) — y(p1)| < 10(k + 1) + 3},
Pox3 = Pox \ (Pok1 Y Pok2),
Pox={pePo: k=|y(p)—y(p2)l <k+1}.

Clearly the sets Py x,; form a partition of Py . The minimum distance bound (2.18)
implies that

#Pys1 S CK (n— #Xreg), (6.6)
#Py o S CEO#(Xreg \ Xeo) < CKO#IX, (6.7)
#Pys < # {p € Poy : 3xp € Xeo \ X2y
such that |y(x,) — y(p1)| < 10k + 1) + 3}
S CIO#(Xeo \ X2,) S CIO#(Xreg \ X2,) S CK (n — #X1ep).  (6.8)

reg reg

The last bound is due to (5.25).
Inequalities (6.6) and (6.8) together with the estimates (2.15), (2.16) deliver the
bound

S Vv — y(p)D) Z ~Cat (#Xreg — 1) (6.9)

k=1 pePo,i
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for i € {1, 3}. It can be checked by inspection that p € Py > and (5.2) implies

y(p2) — y(p1)| = \/; and thus another application of the decay estimate (2.16)
together with (6.7) delivers the bound

>3 Vay(p) - y(pol) Z —CattdX. (6.10)

k=1 pePyi>

Estimate (6.3) is a result of the combination of (6.9) and (6.10).

6.3. Elastic Energy

The main challenge is the demonstration that the elastic bulk contribution is
non-negative. The core of the argument is based on a cancelation effect induced by
the reflection map « (Section 5). The details of this step can be found at the end of
Section 6.3.2.

Recall the definition of P, in Definition 5.6. We split the elastic energy into
short and long-range contributions by defining

Eelast () = Eshort(y) + Elong()’) + Emed(y)

Eshort (y) = Z(V(U(c]z) —y(q)) — VD),
qesS

Eiong) = > >, (V(y(p2) — y(p) — V),

AeAN{1} pePe(V)

Emea() = > (V(y(p2) = y(pD) — V().

rEA peP(M\Py(R)

The medium-range contributions are associated with pairs contained in the neigh-
borhoods of regular particles, which do not form the ends of paths. If A € Aneq
and p € P(A), then

Proposition 3.12 and (4.5) imply that |V (|y(p2) — y(p1)|) = V(M)| £ Ca, and
thus the inequality

Emea(y) Z =Ca D #(P()\ P.(V)).
A€ Amed

The definition of P, (1) and P (}) together with the minimum distance bound (2.18)
implies that #(P (1) \ Py(1)) < C#9X and one finds that

Emea(y) = —CatdX.

To simplify the analysis of E¢j,¢ we apply Equation (5.20) and write the long-range
energy contributions as a sum over paths:

Eeaa(¥) Z Eson )+ D, D M)V (y(y (1)
)\.EA\{I} VEf(A)
=y O)) —VQ)) — Ca#td X. (6.11)
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Let (2, @, u) be the reference configuration associated with y and let R € SO (3)
be the rotation which achieves the minimum in (4.1) for s = 2. Note that R
and €2 depend on y; as it will turn out that this dependency is irrelevant for the
bounds, we will mostly suppress it in our notation. For the remainder of this section
the shorthand 71 = ®~'(y(0)) and 7o = & !(y(v)) will be used. Expanding
V(lu(n2) — u(n1)|) one obtains

V(lu@n2) —umnl) = V()
=V')(lu(m2) — ulm)| — ) + %V”(r(y))(lu(nz) —u() = 1% (6.12)
where r(y) > 0 satisfies
Ir(y) = Al = [lu(m2) —um)l — A = Cad (6.13)

for a universal constant C > 0, provided o > 0 is sufficiently small. The final
inequality is due to the rigidity bound (4.5).
Next, we define the distortion

8(y) = RT () — u(n)) — k(y) € R>. (6.14)

By Proposition 4.2, the distortion can be bounded by a sum of edge length distortions
in the following way:

v 2
8(r)I2 (Z V) (u() = uti = 1)) - Rlé(y)\)
i=1
SCx Y7 (g — vl =117, (6.15)
qeS(Q)

where the points & € interior(conv(o;)) are arbitrary and each simplex o; € D
has the property (i — 1), u(i) € o;. The right-hand side of (6.15) is clearly
an overestimation of the distortion, in which the sum of edge length distortions
contains an order of A3 terms. An estimate of this form is sufficient because of the
strong decay (2.9).
‘We now expand each term in the right-hand side of (6.12):
8(y) - k(y)

lu(n2) —u(n)| = A+ — +e(y)

where e(y) € R is the second-order remainder term, satisfying
eI < Cl8GI, (6.16)

for auniversal constant C > 0. A second order expansion of the energy contribution
of y then takes the form

S(y) -k
V(u(m) —u(m)l) = VO + (M + e(y)) Vi

1 8()-ky)
* z(f

2
+ e()/)) V"(r(y)).



398 L. C. FLATLEY & F. THEIL

Ifre {ﬁ, V3 } , then (6.13) and assumption (2.8) on the pair potential V implies

that |[V"(r(p))| < a3,
With this notation Equation (6.11) takes the form

Eelast(y) 2 R+ G — Ca#dX, (6.17)

where

2
k
= 3 S M) | e Vo + 5 (M+e<y>) Voo |,

)”GA\{l})/EF()») A
(6.18)
. (7/) /
G=Eqon(M+ D, D, My 2K g (6.19)
)\.eA\{l}yel—‘(A‘)
We will demonstrate that
1
R = —Cai Y lly(q2) — y(g)| — 1P, (6.20)
qeS
G2c> llylg) — ygn| — 1 — CatdX. (6.21)

qesS
Combining (6.17), (6.20) and (6.21) gives (6.4).
6.3.1. Proof of Inequality (6.20) We use the rigidity estimate (4.5) and inequality
(6.15) to reduce R to a localized quadratic sum of edge distortions.

Taking the modulus of each term in (6.18) and using (6.16), (2.9) and Lemma 2.4
we find

4

1 A~ .

IRI <Cat > > M(y>(|a(y>|2x9+2|a<y>|'x‘0).
AEA\{I}yEf‘(A) i=2

Recall the definition of the set S(£2) in (4.3). Estimate (4.5) implies that |[§(y)| <
CA and together with (6.15) one finds that

Rl <Cat > lIy@2) — vyl = 17D 270 > M) xse @

qeS AEA yel')

1 _ A
SCat > ly(q) —y@)l = 12D 27 > > M(y)
qeS LEA PEP(A)  yel)

p=(y(0),y ()

=1
x max{xs@un@) | p = ),y ()}

1
<Ca# Y lly(ga) — yql =1,
qeS
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which is (6.20). The final estimate is due to the injectivity of each discrete imbed-
ding, which implies the combinatorial estimate
#{pe P : qg € S(Q(y)) for some y € I'(L) such that p = (y(0), y (v))}
< Cm(W)A3 (6.22)

foreachA € Aandg € S.

6.3.2. Proof of Inequality (6.21) The aim of this section is to prove

. 8(y) -k
G=Eprt+ D, D, M(V)MV/(A)

reA\{1} yef(k)

2 ¢ D ly(g2) — y(q| — 11 = Ca#dX. (6.23)
qeS

Inequality (6.23) is not a direct consequence of simple estimates, since the left-hand
is a linear function of pair distortions, whilst the right-hand side contains quadratic
terms. As a first step, the sum G is written as a localized sum of nearest neighbor
quantities. For the short-range interaction it is easy to see that Eghorc(¥) = I1 + >
with

I=v'() >y — vl - D, (6.24)
qeS
1
I =ZS SV () (13(@2) = y(gn] = 1)? (6.25)
qe

where p; € [1 — o, 1 + «]. Assumption (2.5) implies that

1
hz Y 5y = ygnl = D (6.26)
qeS

To localize the long-range interactions each vector y(p2(y)) — y(p1(y)) is decom-
posed into a sum over edges, c.f. (6.27). To this end, foreach y € "'and ¢ € S,
define the indicator function g, (y) € {0, 1} by

1 ifg ey,
0 otherwise.

8(y) = H
The injectivity of y implies that

Y2 = y(p1() = D (¥(g2) — ¥(@)) = D g4 () (¥(q2) — y(q)).
qey qeS
(6.27)

Ify e I'andg € Sissuchthatg € y, then we may choose a fixed simplex o (¢) €
D with the property g1,q2 € ®(0(g)) and define F; = Vuly, € M33, Let
furthermore R, € SO (3) be aminimizer of R ]Fq — R| subject to the constraint
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(q2) —y(q1) =14 Rk(q), with rq = 1y(q2) — y(g1)| € [1 —a, 14+ «a]. Then
we obtain

Y2 = y(P1() = D 24 (¥)rg Rek(g).
qeS

Notice that for every R € SO (3) the equation
T 1 o 1 T
R =Id—|—§(R —R)—E(Id—R )(Id — R)
holds. This implies that

R" = (R"R)R) = ad+ A, + G)R]. (6.28)

where A= % (RT Ry, — R} R) is a skew symmetric matrix and Gy =— 5 (Id— R”

Ry) (14 = RT R) satisfies |G| < C [R = R,[*. Thus,

G=L+N+h+J3—J4 (6.29)

with

=S Vo + S Moy s ke) - k@wo |

qeS AEA\{I}yef‘(A’)

B=Y" > > M) rgggnk(y) - Agk( W),

qES )LEA\{]} )/Ef‘()n)

B=> > > M) rgggk(y)- G ki@ W),

qulEA\{l}yef‘()\)
L=V O#S+ D D PWH),

reA\{1} peP (1)

where W(L) = %V/ (1). Estimate (6.21) is a consequence of (6.26) and the inequal-
ities

Ji = — Ca#dX, (6.30)

D = — Ca#dX, (6.31)

J3Z = Ca D lly(ga) — y(ql — 17, (6.32)
qeS

Jy = — Ca# (n — #Xyep) — Cattd X, (6.33)

which will be established below.
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Analysis of J; and J4 The bounds of the sums J; and J4 are a consequence of
the equilibrium condition (2.13).

IL=V#S+ D > PWO)

reA\(1} peP (V)

m(n) 5 1 5
= #P()) — —#5) PWO) + — m(MAZW (L)
AEZA( m(1) m(1) %AEZA

=0 by (2.13)
A
= (#P(A) - Kl)#s) A2W ()
A€ m(1)
2 - CIV'(VD)I(n = #Xrep)
—V3V/(V3) (C(n — #X1eg) — #Xi0) — CadX
>~ CIV'(V2)| (n — #X1eg) — Ca#dX+6v/3V'(V3)#X co.
The penultimate equation is a consequence of assumptions (2.14), (2.9), and the

bounds in Lemma 5.8. Together with (2.7) this shows that (6.33) holds.
Next we establish a bound on

J=D g (VO+ D D MWggWW k() - k(@)

geS reA\{1} yel(h)

Notice that the uniqueness of discrete imbeddings up to rotation and translation
implies that J; is independent of the choice of the reference configuration.
First we demonstrate that for ¢ € S and A € A the inequality

> M) g () k(y) - k(g) £ mOA* (6.34)
yelf ()

holds.
Recall Equation (5.1) and the convention v € B if there exists i € {1, 2, 3}
such that v = Be;. To eliminate the localization function g, we bound the number

of paths y with the properties l%(y) =kandg = (y (@), y(@ + 1)) for some i from
above by

> fk. Byax(v, B), (6.35)

BeB

where v = lz(q), the integer coefficients ax (v, B) € {0, 1, 2, ...} satisfy

k = Z ag(w, B)w,

weB
and f(k, B) 2 01is given by

fk,By=#{B €B : uk,B)=puk,B)} "
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Expression (6.35) is only an upper bound since not every reference path p neces-
sarily corresponds to a label path y. It is easy to see that

kTB~TB 1y ifv e B,

ar(v, B) = I 0 else. (6.36)

and f(k, BYM (y) = 155 if y € T[B], cf. (5.4).
These considerations lead to the inequality

A A A 1
2 M) g k() kiq) £ 555 > > awv, Bk v (6.37)

yel' () |k|=A BeB
forall v € §% N L. Estimate (6.34) follows now from

Lemma 6.1. Forall . € A, B € B, and v € B the identity

Z ar(v, B)k - v = %m()\)kz (6.38)

kegfcc
[k|=A

holds, where ax(v, B) is the coefficient defined by (6.36) and m () is the number
of lattice vectors of length A, c.f. (5.13).

Proof. See appendix. 0O
Define next
DU ={qeS: D My)g k) kig) <m()r?
yel ()

Thanks to (6.34) and the trivial bound r, < 2 we find that

[J1] =

Z rq Z W(A)Azm(k)’ +2 Z W) A2m()#D()

geS  reA reA\(1)

=0by (2.13)

The minimum distance bound (2.18) implies that #D(1) < C A3#3X for some
absolute constant C. Together W (1) < Ca2~10 one obtains the estimate

(IS Ca#dX D k7S Ca#iX,
kEEfcc\{O}

which is (6.30).
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Analysis of J3 - application of rigidity estimates We obtain a lower bound on

=30 D" k(y) - M(y)rg 84(v) Gy k(q) W)

geS AeA el (n)

by applying the rigidity estimates of Propositions 4.2 and 4.4.
For each g € S(R2) (c.f. (4.3)), let o (q) € D be the simplex which was chosen
in the construction of R,. Then, 01,72 € o(gq) C 2. Using the bound |Gq| <

C |R - Ry : , and noting that for each simplex o the number of bonds ¢ such that
o (g) = o is bounded by 6, we obtain

Z‘gq(]/)cq‘ S ngq |R_Rq‘2

qeS qeS

2 2

<C2 8 [| Vidlo(gy = R+ [ Viulo(q) = Ry ]
——

qeS <

< € (IVu = RIZ: g + V6 = Ryl g )

<C D v =yl — 17,

q€S(Q)

The final inequality is due to (4.4), (4.15) and Lemma 4.3. This implies

sl = C AWl D0 D0 @) —y@dl =117 D M(@y)

reA PEP(M) geS(Q)p) yel ()
y(O)=p1.y()=p
=1 by (5.20)
(6.22) . 5

< mWA WD Iy — ygnl — 1]

AEA qeS
< Ca ) lly(g) - y(gnl =17 (6.39)

qeS

since (2.8) and (2.9) imply that |[W(1)| < Car~8 forall A € A. Thus, equation
(6.32) has been established.

Analysis of J,-pairwise cancelation of terms We will show that

h= D0 DDk M) rgga(n) Ay k(W) = —Ca#dX.

reA\{1} geS yef
(6.40)

This is mainly a consequence of the observation that thanks to the skewness of A,
nonzero contributions are only generated by terms where lg(y) and Ig(q) are not
parallel. To treat mixed terms where p # g we collect for each ¢ those pairs p such
that the sum is parallel to lz(q).
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First we recall the label paths f‘* (cf. Definition 5.3) which are invariant under
the action of the reflections « and define

TE=2"rg D k(y) - M@Rq(1)) g4 (Ry(y)) Ag(Ry(y)) k(q) W (A(Rg (1))
qeS yef‘*

According to Remark 5.4 we can assume that all paths 3’ in the orbit O (y)
share the same reference configuration. Therefore

Ag(y) = AgRg()), M(y) = M(Ry(1)). 84(¥) = 84(Rq (). (6.41)
Thanks to (6.41) the sum J3 can be written as
TE=2"rg D kRg(r)) - M(Ry(y)) 84 (Rg (1)) Ag(Rg (1)) k(q) WA (R ())).

qeS yely
Adding the two expressions for J3 one arrives at the representation

1 9 o DA
D= (= I+ D ry D S MGy (1)) 84y (1)) [y + iy () |
g8 yef
F Ag(Rg () k(q) WOk (1))

Equation (5.18) implies that [12()/) + 12(/?(, (y))] Ay lz(q) =0since Ay =A,(Ky(y))
is skew-symmetric, and thus

./22./2—./2*.

The proof of the estimate |J;| < C a#9X is analogous to the proof in Section 6.2.

6.4. Proof of Corollary 1.3

Proof. We only consider the case where Y is L-periodic, the clamped case is anal-
ogous. Let Y and L be such that ﬁ E4(Y) < Efc(1). After replacing £ with
A L for some A € N if necessary, a straight forward generalization of the proof of
Proposition 2.5 allows us to construct an £-periodic configuration ¥ C Y such that

! E:(Y)< ! EA(Y)
#A A=At
with strict inequality if ¥ # Y and Y satisfies the minimum distance bound

min [y —y'| 21 —a.
v,y ey
y#yY

Following the steps of the proof of the Theorem 1.1 one obtains the bound
~ ~ 2 l ~
E;0)ze#A+C D >y —y|— 1] +Caz#d A,

yeA yey
[ly=y'|-1|Za
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where 9.4 is defined analogously to Definition 3.6. On the other hand, by construc-
tion EA(I?) < ¢*#Y; thus 3.4 = ¢, and ‘y — y’| = 1forall y,y € Y such that
lly =yl-1=a. 5

Proposition 3.14 implies that there exists a map u : R — R3 such that ¥ =
u(Lsec). Since |u(n) —u(n’)| = 1 for |n —n’| = 1 we conclude that u(n) = On+1t
for some Q € SO(3),t € R and all n € R3 by Proposition 4.2. O

7. Appendix

Proof of Proposition 3.12

Let o € U be a tetrahedron such that 0, £ € o. Clearly o C Q U {0}. We will show
next that ® (o) C N(x'). Indeed, if n € o \ {0, &£}, then Equation (3.6) implies that

[lyo®(n) —yo®(E)| — 1] = 2e.

Theorem 3.4 implies that ® (1) € N (x’) for sufficiently small & since x" € Xyeg.
Define next 0’ = (®')~' o ®(0') € U. The rotation T € SO (3) is characterized by
the requirements

To' +&=o0, (7.1)
T ((@’)—l(x)) +E=0. (1.2)
Define n’ = T~ !(n — £). We will show later that
() = '(n') (7.3)
holds for all € o. Equation (7.3) implies that
ly() + R(Tn" +&) — y(x") — R'n'| = 2¢
for all n € o’. Since |y(x) — y(x’) — R&| < & one obtains the bound
(T = R™'R)n'| < 3,

for all n' € o’. Let now M be a 3 x 3 matrix whose columns are the vectors
connecting the origin with the remaining 3 vertices of o’. Without loss of generality
we can assume that M = (b by b3) where b;, i € {1, 2,3} are the basis vectors
defined after (1.1). A simple explicit calculation shows that |M 1| = /2. This
implies that

’T —R'R| <3v3¢

and thus (3.12) holds.

It can be checked by inspection that the set S> N (T(Q’ U {0}) + ®~!(x’)) has at
least 5 elements. Estimate (3.6) and Theorem 3.4 together imply that the set has
precisely 5 elements. This implies that #4 = 6 holds.
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Now we establish (3.11). If n € A, then
|yo®(m) —yod® )|
<lyo®(n) — y(x) — Ryl + [y(x) — y(x') + Ry — R'y|
+ |y + R —yo @)
<26+ |y —y) + R (1= R'R =T+ DT 0 - 9)))|
< 26+ |y(0) = y() + Re| + [(RTIR = T (0 - ©)|
< 9¢

by (3.6) and (3.12). Thus, if 9¢ < 1 —a then y o ®(7) = y o ®'(n’). Thisis (3.11).
We finish the proof by establishing (7.3). Enumerate the vertices of the simplex so
that o = {07 ...04} and assume that o1 = 0, 0o = &. Equation (7.2) implies that
(7.3) holds if n € {01, 02}. We will demonstrate that

D(o3) = & (T (0~ 8))
implies

min _ |R'n" +y(x") —yo ®'(n)| < 2, (7.4)
R'eSO~(3)

with SO~ 3) = 0(@3) \ SO(3). For sufficiently small ¢ this contradicts (3.6)
because the convex hull of ¢ has positive volume.

To see that (7.4) holds we assume without loss of generality that R = Id and define
the reflection

R =T (d —2(c4 — 03) ® (04 — 03)).
Clearly R € SO~ (3) and R'0y = To} = 03 — 0. Next, one calculates
|R'o) + y(x') — y o @' (op)| = |o3 — 02 + y(x) + y(x') — y(x) — y 0 ®(03)]
SIy(x) =y o ®(03) + o3| + [y(x') — y(x) — 02| = 2
by (3.6) since R = Id. Thus (7.4) holds.

Proof of Proposition 3.13

Let Q € {Qco, Qico}, R € SO3),d : O — X bethe associated domains, rotations
and maps from Proposition 3.3. Depending on Q we select £ € {Lfcc, Lnep) and
the units ¢/ accordingly. Assume furthermore that v € I/ is an octahedron such
that T N Q is a square. For § € t N Q we define x’ = ®(&) and assume that
0" € {Qco, Otco}, ® : @ — X and R', T € SO(3) are the associated domains,
maps and rotations from Proposition 3.3 and Proposition 3.12.

We extend @ to Q U t by defining

d(n) = &'(T7'(n—&)
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if n € 7 is the outmost vertex, that s |t| = +/2. Define furthermore Q = conv(Q)U
conv(7) and the interpolation u :  — R? according to Definition 3.10. The triple
(2, @, u) satisfies the requirements of Definition 3.11 if we show that the map
@ (n) does not depend on the choice of £. Independence holds if we establish the
bound

ly(x) + Rn—yo ®(n| = 8¢ (7.5)

and choose « so small that ¢ < %.
An application of the triangle inequality to the left hand side of (7.5) yields

ly(x) + R — y o @(n)]
< [y@) + R = )|+ [ROI =) + 3 =y 0 &/(T™ (= 1))
IR =T R = 1)l

Equation (3.6) implies that the first two terms are bounded by ¢, Equation (3.12)
implies that the third term is bounded by 6¢.
We repeat this procedure 5 more times until we end up with the Lipschitz domain

Q= U conv(T).

el
Oet

Equation (3.13) is an immediate consequence of the construction.

Proof of Proposition 3.14

We define ©2; = [ Q. and construct inductively reference configurations (€2;, ®;, u;)
for I € {1...s} such that ®;(Ncenter) = X With Neenter = [l/Z]\/i(l,(), 0’ e
€ N Ly and

Idist(Vi, SO3))|| Loy < Co (7.6)

for some universal constant C > 0.

Moreover the maps ®; have the property that N(P;()) N 90X = @ and the local
reference configurations (104, &7, u") pen L. With Qlocal — Uoerers conv(z)
of Proposition 3.13 can be chosen so that they are compatible, that is

-y =" (p—n")itn—n, n—n" € QN Lie. (17

The existence of the reference configuration (€2;, ®;, u;) in the case / = 1 is a
consequence of Proposition 3.13. Estimate (7.6) follows from Lemma 4.3. Propo-
sition 3.3 together with the assumption dist({y(x)}, y(8X)) = 2r + 3 implies that
{D;(mM}UN(D;(n) NdX = @ forall n € ;. The compatibility is a consequence
of Proposition 3.12 and (4.4).

In the induction step we define for each n € ;11 N Lg the label ®;41(n) as
follows:

®; () if n € <,

(I) = ’ N
101) [®” m—n) ifne Qe \ QN L. €UNLiecand [n —n'| =1,
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where the potentially translated domain €2; and map ®; are given by

o6 _ [ i [+ 1)/2] = [1/2]
! Q2 + Neenter €lse,

and

&, = D, if [+ 1)/2] =1[1/2]
L= D (- — Ncenter) €lse.

The translated local reference configurations (1°4 ®", ") are defined in a simi-
lar fashion. We have to show that ®"' (n - ) does not depend on the choice of 7’
Indeed, if ', n” € Q; N L have the property that |n — n'| = |n — n”| = 1, then
In" —n"| = 1 since € is a scaled octahedron with the property that 9€2; N L is a
union of subsets of rigidly translated and rotated triangular lattices. Thus ®" and
®"" are compatible, this implies that 7 (n — ') = ®" (y — 1.

The existence and compatibility of the local reference configurations follows from
a similar argument like in the case [ = 1.

Inequality (3.14) follows from (4.4).

Proof of Lemma 4.3

First, we define for each simplex o € D such that o C t the local gradient F, =
Vit|conyv(0). Note that F; depends linearly on u and satisfies for each G € R3x3
the equation F,; (u) = G if u(n) = Gn for all n € t. This implies that there exists
a constant C > 0 such that for fixed R € SO (3)

|Fy — RI* < C Ir(u) (7.8)
where
IR(u)zmin[ZW(n)—t—Rmz : IER3]. (7.9)
net

We will show below that

. nsli(?@) Ir () < CWy(u) for all u such that ||dist(Vu, SO (3))|l Lo (conv(r)) = €
€

(7.10)
if ¢, C > 0 are suitably chosen. The bounds (7.8) and (7.10) deliver the claim:

: o2
Ré?gl(S) Vu R”Lz(conv(r))

= min Z meas(conv(o)) |Fy — R|2 < C Wi (u). (7.11)
ReSO(3) e

oCt

The proof of (7.10) rests on the observation that /g and W, are non-negative and
invariant under translations and rotations. Thanks to the invariances and the fact
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that mingeso@3) Ir(uo) = We(ug) = 0, with ug(n) = n, n € t, it suffices to
establish the bound

Z o> < CWe(ug+v) forallv e A, |v| < c. (7.12)

To see that (7.12) holds we define the Hessian H = D?*Wx (ug). We will show
that H is positive definite on the subspace Z C (R?)” which is defined as the
orthogonal complement of the subspace spanned by translations z(17) = r € R3 for
all n € t and infinitesimal rotations z(n) = An, n € t, where ¢t € R3 and A is
skew-symmetric.

If H is positive definite on Z, then it is easy to see that there exist constants ¢, C > 0
which depend on [|Wz (40 + )l ¢3(anB0,c)) Such that (7.12) holds.

To prove the positivity of the restriction of H to Z we derive a more explicit
representation of H. The gradient of W; is given by

AWz (u) Ju(m) —u@)] -1
AL )
du(n) ,]ZE; lu(n) —u(n’)|
In—n'l=1

(u(m) —u@m)),

Thus, 3 x 3-block components the Hessian matrix H are of the form,

2 > m=-nem-1") ifn=r,
2 n'et:
d W‘L’ (MO) _ ln—n"|=1
du(n) du(n’) 2 =)@ —1) if [n—n'| =1,
0 else

foralln, n' €.

In the case where 7 is a tetrahedron the associated eigenvalues of H are 0 (mul-
tiplicity 6), 2 (multiplicity 2), 4 (multiplicity 3) and 8 (multiplicity 1), this can
be verified either with an explicit, but lengthy calculation, or a computer-algebra
package. If 7 is an octahedron we obtain the eigenvalues O (multiplicity 6), 2 (mul-
tiplicity 5), 4 (multiplicity 3), 6 (multiplicity 3) and 8 (multiplicity 1). In particular,
both Hessian matrices have a kernel of dimension 6. By the rotational and trans-
lational invariance of Wz, it follows that zero eigenmodes must correspond to the
six-dimensional space of rotations of translations, and that the Hessian matrices are
positive definite on the orthogonal complement of this space.

Proof of Lemma 5.8

Long range pairs
The lower bound is an immediate consequence of the injectivity of the map @
associated with each p € Uyca (Proposition 3.14). Foreach x € X and A € A, let

s, 0 =#{x"€ X:(x,x") e PW}.
If p = (x,x") € P(1), then
s, ) =#{(x,x) eS:x" € X} =m(). (7.13)
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The injectivity of the map ® implies that s(x, A) < m()). Inequality (7.13) implies

s(x,a) < ggﬁs(x 1). We obtain,

#P(\) = Zs(x,)\) < m®) Zs(x, )= ﬁ#s

xeX m(1) xeX m(1)

and the left-hand inequality of (5.23) is proved.

For the upper bound, let . € A and suppose there exists x € X such that s(x, A) <
m (). Thanks to Proposition 5.7.2 there exists a defect x;, € dX such that y(xp) €
B(y(x), 4)) and the minimum distance bound (2.18) implies that

#(B(y(xp), 20) N y(X)) < CA%.

Thus, the number of labels x € X such that s(x, A) < m (1) is bounded above by
CA3#9 X and we obtain

#P(\) = Zs(x A) = m(k)( 21) Zs(x, 1) — C)\3#ax)

xeX xeX

=mQ) (%#s Ca #ax)

and the right-hand inequality of (5.23) is proved.
Short- and medium-range pairs
Firstly, note that

m(l) = 12, m(~/2) = 6, m(~/3) = 24.

The proof of (5.24) is immediate:

#S=D #N@) = D> #N@®)+ D, #N()

xeX xeXi xeX\X12
=m()#X — Z (m(1) — #N (x)).
xeX\X12

Proposition 3.3 implies that 1 < m(1) — #N (x) < m(1) in the last sum, therefore
(5.24) holds.
Inequality (5.25) is the result of a simple estimate:

#(Xreg \ Xpog) S D #HINOD) N (X \ X)) = D #IN(X) N Xreg)

X€Xreg XE€X\ Xreg
<1201 — #Xreg).- (7.14)

Now we consider the case A = +/2. For p € P (1) we define

a(p) = # {x €Xi :pC N(x)}.
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One obtains that

#P ()) = Z Z (p)

xeX2 PCNx)

8 peP(3)
Z Z (p) Z Z (p)
2 PCN(x) 2 PCN(x)
*<Xieg hep *Xieg hepi
N()CXfeg NOZXeg

It is easy to see that x € Xreg implies #{p C N(x) : p € P(A)} = 24 and
N(x) C Xreg implies a(p) = 4, hence

1
#P () = 6#X2 + > (—6+ > m) (7.15)
=T
N(X)(Zszeg !
Since a(p) < 4 one finds that
1
— 26, (7.16)
v 4(p)
PEPQ)

therefore it suffices to bound the second term in (7.15) from above.

Z —6+ Z $ §18#{xeszeg : N(x)¢Xreg}

e
NZXPeg !
<4> (N(x) \ Xreg) —18 > #N@) N XL
xextm xeX\XrZeg <6

< 108(n — #szeg) = 108(n — #X1eg) + 108#(Xreg \ Xreg) S C(n—#Xeg).
(7.17)
The final inequality is due to (5.25). Estimates (7.17), (7.16) and (7.15) imply
(5.26).
Now we consider the case . = 4/8/3 which represents the shortest distance in

which the non-equivalence of fcc and hep becomes relevant. The proofs of (5.26)
and (5.27) are nearly identical. For p € P (1) we define

a(p) = [x € thco :pC N(x)}.
One obtains that

vw=3 3 o

2 pCN(x
xeXi, I[JEP((I»))

=2 2 (p) 2. 2 (p)'

2 DC N (x) 2 CN(x)
X 7 €X, P

< 9 peP() < 0 peP()
N(,\)CXreg N Xieg
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If x € X2_and N(x) C X2 then a(p) = 3, hence

reg reg

1

#P (0) =2#Xp,+ > | -2+ — (7.18)
xex2 PCN(x) Cl(p)
N(x)¢t;%eg peP())
Since a(p) < 3 one finds that
1

Z >2, (7.19)
v 4(p)
peP()

therefore it suffices to bound the second term in (7.18) from above.

Z B, Z L §4#{x€Xt2CO : N(x)ﬁxrzeg}

xeXz PCN(x) a(p)
) peP ()
N(-")¢Xreg
4> # (N(x) \ Xfeg) —4 > HN@NXE,
—_—

2
xeX tco

x€X\XZ, <6

< 24(n — #X7,) = 24(n — #Xreg) + 24H(Xreg \ Xiog) S C(n — #Xreg).
(7.20)

The final inequality is due to (5.25). Estimates (7.20), (7.19) and (7.18) imply
(5.27).

Finally we consider A = +/3.

For x € X;e; we define the equator

Neg(r) =[x € N@) : @7 () - (b x b2) = 0.

It is easy to see that ! (Neq(x)) is a regular hexagon in the plane spanned by the
vectors b; and b>. Armed with this notation one finds

#P (V3) =2 D" 24— # (V@) N XE)

xeXgo

+ > (36 2# (N N XE,) +# (Neg) N X2, ))
xethc(J

One obtains the following estimate for the first term:

2 Z (24 —#(N(x) N X}.,)) = 24#X7, +2 Z (12 — #(N(x) N X2,)).

reg
XEXEO xexZ,
N(«\’)¢Xlgeg

(7.21)
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As #N (x) < 12 one obtains the lower bound

2 Z (24 —#(N(x) N X2))) = 24#X2,. (7.22)

reg
xeX?2
co

The inequality #(N (x) N X2,) > 0 implies

reg

2 Z (24 — #(N(x) N X)) < 24#X2, +24#{x € X7, + N(x) ¢ X7,)
xeX2,
< 24#X2 +24 Z #(N(xX) \ Xreg) S 24#X2 + C(n — #X2,)
——— ———

0 0 reg
xeX\szeg <

< 2#X2 + C(n — #Xpeg) + CH# (Xreg \ xfeg) < 24#X2 4 C(n — #Xpeg).
(7.23)

The final inequality is a result of (5.25).
The second term in (7.21) can be estimated in a similar way:

> (36— 2# (N N XEy) +# (Neg() N XEy))

2
reXio

= 18#Xieo + D (18 —o# (N(x) n Xfeg) +# (Neq(x) N szeg)) .

2
Xthco

N(OE XPeg

The inequality 2# (N (x) N X2 ) —# (Neq (x)N X2 ) < 18 implies a lower bound

reg reg
for the second term in (7.21):

D (36 —o# (N(x) N Xfeg) +# (Neq N szeg)) > 184X 0. (7.24)

2
xeXi

Similarly to (7.23) one obtains the upper bound

> (3624 (N(x) N szeg) + #(Neg (¥) N X2,))

2
xeXi,

<18#X o + 184 [x € Xeo : N(¥) ¢ szeg} < 184 X0 + C(n — Xrep).
(7.25)

Equations (7.22), (7.23), (7.24) and (7.25) imply (5.28).
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Proof of Lemma 6.1

Fork € A,letS(A) :={k € Licc : k] = A}and M (X, v) := ZkeS(A) ay(v, B)v-k.
We first demonstrate the existence of 7(1) > 0 such that (1) := > ;. SOV k®k =
r(A)Id. To this end, let {m; };‘:1 be the four triangular lattice planes which pass
through the origin and, for i € {1,...,4}, let R; € SO(3) be the rotation by
an angle 27/3 in the plane ;. Then, R;S(1) = S(A), and there exists a unique
invariant line ¢; C R3 such that R;¢; = ¢;. Thus, KC(A) is invariant under R; in the
sense that R KC(M)R; = K(1), since

RIKMRi = > Rk Rl k=K®).
keS()

Since RT K(MR;¢; = R] K(1)¢; = K(1)¢; if and only if K(1)¢; = ¢;, this implies
that /JC(X) has four invariant lines and therefore C(A) = r(1)Id. In particular, if
{e1, €2, €3} is the standard basis of R3, then the relation ¢; - K(1)e; = ZkeS(A) (k-

e;))* fori = 1,2, 3 implies

3
1 1
r(\) = 3 z § k- e)* = §m(k)A2.

i=1keS(\)

Thus, if B = (v;, v2, v3) € B then (6.36) states that ax (v, B) = B~k - B~!v and
we obtain

MG v)= > (B 'k-B ') k-v)=v
keS(h)
2]
BB S k@bv=r( ‘B*‘u‘ =m0
keS(\)
where the final equality follows from the fact that v = v; for some i € {1, 2, 3} and
thus |B~v| = |e;| = 1.

Notation. 1. Lt and Lncp denote the face-centered cubic and hexagonal close-
packed lattices respectively.

2. B(n,r) C R3 denotes the closed ball, centered at n e R3 with radius r > 0.

3. S? is the unit sphere, centered at the origin.

4. X is a labeling set of #X particles, withn = #X.

5. P={(x,x)eX?:x #£x'}and S := {(x,x') € X*: [[y(x) —y(x)|— 1] <
o are the set of pairs and edges respectively. We denote the components of
p € P by p = (p1, p2) and the components of S by g = (q1, q2).

6. Nx):={x' € X: (x,x) €S}

7. A(x) :={q € §: q1,q2 € Ni1(x)} is the set of nearest neighborhood edges of
x € X.
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15.

16.

17.

11.
12.
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Oco := LiccNS% and Qo 1= LipepNS 2 contain the vertices of a cuboctahedron
and twisted cuboctahedron respectively, centered at the origin. Q, denotes the
octahedron with the vertices

1 01 1 1 1 2
— 101 -1 0 0 O}e, i=1...6.
V2 00 0 1 -10

. x € X isregular if #N (x) = 12 and %#A(x) =24.
10.
11.
12.
13.

0X C X is the set of defects (c.f. Definition 3.6).

D and U are the sets of simplices and units respectively (c.f- Definition 3.8).
S ={geS: 027 (q1). 2 (g € Q} CS.

A = {|z| 2 7€ Lee \ {O}} is the set of fcc lattice distances and, for each
re N, m(A) =#{¢ € Liec : [C] = A}

For each A, € A, P(X) C P is the set of pairs associated with a reference
configuration pair of length A (c.f. Definition 5.6) and Py := P\U,cpa P(A) C P
is the set of defect pairs.

['[B] is the set of reference paths with directions determined by a basis B € B
and I' = Upcpl'[B] is the complete set of reference paths (c.f. Definition 5.1).
['(A) is the set of label paths associated with a lattice distance . € A and
[= U;LeAf‘()L) is the complete set of label paths (c.f. Definition 5.1).

g4(v) € {0, 1} is an indicator function which takes the value 1 if and only if
qgey.
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