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Abstract

We consider the classical Cauchy problem for the three dimensional Navier—
Stokes equation with the initial vorticity wp concentrated on a circle, or more
generally, a linear combination of such data for circles with common axis of sym-
metry. We show that natural approximations of the problem obtained by smoothing
the initial data satisfy good uniform estimates which enable us to conclude that the
original problem with the singular initial distribution of vorticity has a solution. We
impose no restriction on the size of the initial data.

1. Introduction
Let us consider the classical Cauchy problem for the Navier—Stokes equation
in R? x (0, 00):

U +diviu @u) +Vp —vAu =0
divu =0

u(-,0)=uy inR>. (1.2)

inR3 x (0, 00), (1.1)

We will consider the initial data u with vorticity wg = curl ug which is supported
on a circle. In terms of the geometric measure theory, wy is a /-current of strength
k supported on a smooth circle y. This means that for any smooth compactly
supported test vector field (or, more precisely, 1-form) ¢ = (@1, ¢2, ¢3) we can

write
/ 0o - g dx =x/ 01 () d;, (13)
R3 y

where the last integral is the classical curve integral (summation over the repeated
indices is understood). We will use the notation

wo = K&y (1.4)
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in this situation. The initial velocity field is recovered from wq via the Biot—Savart
law

1 (x —¥) A woly) K [ (x=y)Aady
uo(x) = —— ———dy=—-r—r [ ————. (1Y)
4 R3 |x—y|‘ A v |x_y|‘
We note that such u( has infinite kinetic energy:
1o
=lugl” dx = 400, (1.6)
R3 2

due to the contributions from the immediate neighborhood of y. The initial datum
of this form and its regularized variants are usually referred to as a vortex ring. Their
study goes back to Kelvin. If y is the circle (rg cos 8, rg sin 8, 0) (with—7 < 6 < )
and k > 0, we expect from Kelvin’s calculations and the regularization due to the
viscosity that at time ¢ the ring «8, will “fatten” to thickness ~ /v and will be
moving up along the z-axis at speed roughly

£ Jog — 1.7
4 ro o8 \/v_t ’ ( ’ )
where a is a suitable reference length.

Our goal here is to establish the existence of such a solution, although we
will not verify rigorously the detailed behavior suggested by Kelvin’s calculations.
Our estimates will be less precise. On the other hand, our method will be quite
robust, and can handle not only one vortex ring, but also a finite or even continuous
combination (with coefficients of the same sign) of such as long as they have a
common axis of symmetry. The last condition is crucial; our method relies on the
rotational symmetry of the situation.

Itis instructive to compare our problem with the situation of parallel recti-linear
vorticies. When the initial vorticity is supported on a line /,

wo = K6y, (1.8)

the solution of the problem is given simply by the “heat extension” of the initial
data. When / is the x3-axis, one has the text-book solution

w(x,t) =(0,0,k2(x1, x2, V1)), (1.9)

x2+2

where 'y (x1, x2, V) = € is the two dimensional heat kernel. The non-
linear term vanishes identically on these solutions. Uniqueness is a subtle problem.
The uniqueness has been proved in the class of the solutions of the form

u = (u1(x1, x2, 1), uz(x1, x2, 1), 0) (1.10)

(two dimensional Navier—Stokes solutions), see [4,5], but uniqueness among the
three dimensional solutions seems to be open.
When the line / is replaced by a collection of parallel lines /; and

wo = DK, (1.11)
i
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or possibly

wo =/K,'51i du(i), (1.12)

where 1 is a probability measure, one no longer has explicit solutions. The existence
problem becomes more difficult and was solved only in the 1980s in [2,7], see also
[1,9]. Uniqueness is again a subtle issue and is known only in the class (1.10) of
two dimensional solutions, see [6].

Another class of existence results was obtained in [8] for small data, see also
[17]. In those papers the authors proved both existence and uniqueness (in suitable
classes of functions) of the Cauchy problem (1.1), (1.2) for example in the case
when the initial data ug is

w0=K8}/’ (113)

where y is a smooth closed curve and « is sufficiently small (with the notion of
smallness depending on y). These results are proved by perturbation theory, and
also follow from later works based on perturbation theory, such as [10].

Our main result in this paper is the following:

Theorem 1.1. Let y be a circle, k € R and wy = «38,. Then the Cauchy prob-
lem (1.1), (1.2) for the initial data uqy given by wo has a global solution which is
smooth fort > 0. The initial condition for the vorticity is satisfied in the following
weak sense: for any ¢ € C§° (RS; ]R3),

lim w(x,t) - @(x) dx =/ wo(x) - o(x) dx, (1.14)
t—0 JR3 R3
where w = curl u is the vorticity field.

At the level of the velocity field we have

}%"M("I)_u0||Lg>(R3) -0 (1.15)

foreach p € (1,2).
Remark.

1. Our method can be used to show that the same results hold when wg =
[ k(y)8, duu(y), where 1 is a probability measure supported on the set of
the circles with a given axis of symmetry, and «(y) = 0 is an integrable func-
tion with respect to u.

2. The sense in which the initial condition u¢ is assumed is somewhat weak, see
(1.1). A more precise analysis than ours is needed to determine the optimal
convergence of w( -, 1) — wg ast — 04.

We now outline the main ideas involved in the proof. By using the following
transformation

u(x,t) — vu(x,vt), p(x,t)— vzp(x, vt), (1.16)
we can change the first equation in (1.1) to

uy+diviu @u)+Vp — Au=0. (1.17)
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Therefore, without loss of generality, we can assume v = 1. Let us work with the
vorticity equation (obtained by taking the curl of the Navier—Stokes equations)

w; +uVo —oVu = Aw, (1.18)

which simplifies significantly for the axi-symmetric velocity fields with no swirl
which we will be considering. The precise definition is as follows.

Definition 1.2. (Axi-symmetric vector field). A vector field u in R? is axi-symmetric
if there is a coordinate frame in which it can be written as

u=u,r z)e +ugr, z)eg + u;(r, 2)e;, (1.19)
where
er = (x1/r,x2/1r,0), eg = (—xz2/r,x1/r,0), e;=1(0,0,1) (1.20)

and (r, 0, z) are the usual cylindrical coordinates associated with the frame. The
components u,, ug and u, are independent of 6. The component uy is referred to
as the swirl component of the vector field u (in the given frame). If ug vanishes, we
say that u has no swirl.

It is easy to check that the curl of an axi-symmetric vector field u = u,e, + u.e;
with no swirl is of the form

w=-curlu = (ur, —uz,) e, (1.21)

which has only the ey component, where u, ; denotes the partial derivative du, /0z,
etc. We will seek the solution of (1.18) in the form w = wy(r, z, t)ep and the
velocity field in the form u = u,(r, z, t)e, + u,(r, z, t)e;. The vorticity equation
(1.18) simplifies to

2
(%) +uv (@) N (%) 4= (%) . (1.22)
r /i r r r\r/r
The right hand side of (1.22) can be interpreted as the Laplacian in R> = {(y1, ...,
V4, z)} on functions which depend only on r = ,/ y% 4+ -+ yf and z. Therefore
the quantity % satisfies a maximum principle, see Lemma 3.4.
There are three main ingredients of the proof:

1. Nash-type estimates for the quantity % based on equation (1.22) and the div-

wp (1)
r

free nature of the field u. These estimates give a good decay of ) Lo®)
in terms of ¢ ¢ for suitable @ > 0, even when the initial condition for wy is a
Dirac distribution, see (3.28).

2. The use of the conservation of the vorticity flux and momentum, which are,
respectively, the quantities [ w(r, z) dr dz and [ r?wy(r, z) dr dz.

3. Weighted inequalities for axi-symmetric fields with no swirl, such as

1
2

Le®Y)

1
by

LL(R?)

1
1
LL(R?)

wg wey
Ul ooms < Clro ‘— ‘— 1.23
I ”Lx ®3) = lrwell p " (1.23)
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Step 1 is achieved by application of Nash’s techniques [14] for estimates of
equations with div-free drift. In our case they cannot quite be used directly, due to
the singular behavior of the coefficients of 2 (79) near the z-axis which give extra
terms in the Nash-type estimates. Fortunately, the terms have a good sign, see the
second term on line 6 in (3.25) in the proof of Lemma 3.8. Inequality (1.23) seems
to be of independent interest, and it gives information about u in terms of wy, the
quantity for which we have the most control.

Combining the results 1-3, we can then proceed along similar lines as [7]. The
uniqueness of the solutions from the above theorem seems to be a difficult open
problem. We conjecture that it is possible to prove uniqueness in some natural
classes of axi-symmetric solutions without swirl, but uniqueness in the class of all
reasonable three dimensional vector fields may be much harder to prove and one
might perhaps even have counter-examples. We plan to consider these topics in a
future work.

2. Weighted Inequalities

In this section, we present some weighted inequalities. We will have uniform
upper bounds on three quantities related to the vorticity: [|rol (R3) >

¥ “ LIRY
H z H Loo(R?> and our aim is to obtain further estimates on the velocity u from these
bounds. The inequalities presented in this section will be sufficient for our purposes
in this paper.

Proposition 2.1. Let f: R® — R be such that ||rf||L1‘(R3), - LR and
e ) are finite, where r = \/x} +x3. Then for every 1 < p < 2,

f e LY(R®) and

~|—

1 1
-3 f 1_;

LL(R3)

!

1
1Al e w3y S NFI s :
x (R LLRY) L®(RY)

Proof. We first prove the two cases of p = 1 and p = 2 and then use interpolation
to prove the other cases. We can write

VI
dx = 2 2
Joirar= [ it
i
<([,rina (/RsTd") = 11 o, |

which proves the case p = 1.

LLRY)
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Next we consider

(/R3|f|2dx)é = ([ )
(/[ LOO(R)dx) = 11 g |

which proves the case p = 2.
Letl < p < 2. We have

f

2
||f||L5(R3 ||f|| (R3 ||f||L2(Rz)
Z_ 1 2-2
(IlrfIILl(R3 ‘f ) (n e | 2] ) '
LI(R?) Tl L R?)
1 % 7 -1
P 14
= ||rf|| 3 = )
LL(R?) r e L®(RY)

Remark 2.2. Under the assumption of Proposition 2.1, one cannot control || f |, » ®%)

for p > 2. It is not hard to exhibit counterexamples.

Corollary 2.3. Assume that w is a vector field on R? such that

. ‘
r

Let u be the vector field constructed from w via the Biot—Savart law,

w
Irol) g <oo, 2]
L= (R LI®) r e

P llLge®?)

O

< . 2.1)

1 xX—y
ulx) = ——= xo(y) dy. 2.2)
4ﬂ' R%|x-—y|
Then for any % <qg <6, uecLliR? and
q 6 37q
”u”Lz (R3 ”rw”Ll (R3) 7 L}C(RS) - L)’JCO(RS) . (23)

Proof. By Proposition 2.1 and (2.1), for any 1 < p < 2, we have

P72
r L ®3)

w wl-1
P

ol gy < 7ol g =

2.4)

Then by the classical Hardy-Littlewood-Sobolev inequality (see for instance [15,

19]), one can get

S| =
W | =

1
lull o g3, < lollpgsy . for pe(l,3) and c—] =

which, combining with (2.4), implies (2.3). O
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Remark 2.4. By interpolation, the upper bounds (2.1) imply

H

< o0, foralll < p < o0.
LY (RY) g
What can we say about the full gradient Vu from the above bounds and (2.1)? This
question is related to the theory of singular integral operators with weights. Here
we will only consider this question for vector fields which are axi-symmetric.

It is natural to ask whether we can control other LZ(R?) norms of u except
% < g £ 6 under the assumptions of Corollary 2.3. The inequality (2.5) below
indicates what can be expected in this situation. We prove this inequality as a
warm-up for the proof of our main inequality (1.23).

Proposition 2.5. Assume f = f(x1,x0,2) = f(,/xlz—i—x%,z): R — R is

smooth andvanishes at infinity. Assume in addition that ||rV f || LI(R3)
X

Tl
and ‘ are finite. Then we have
o PR
Vil* Vilz
1Nl o3 IIFVfII 3|l — — (2.5)
LE®Y LLR) || r @y I rolew
Proof. Assume that | f(r, z)| achieves its supremum at (rg, zo), that is,
||f“L§°(R3) = |f(ro, zo)! -
By the boundedness of YL v f must vanish at r = 0 (the z-axis). In particular,

V. f = 0 along the z- ax1s Thus, f(0, z) = 0 by the assumption that f vanishes
at infinity. Therefore, without loss of generality, we can assume rp > 0. By the
fundamental theorem of calculus and Holder’s inequality

1

o0 2 2
/ 9. F(ro, 2)? dz
20

1
11l ey = 1£ G0, 20)] = | £r0, 2002 =

< (/ £ G0, D1 0:f (0, )] dz)

- ( T f 0 dr|10: £ 0, 0] dz)

< (/ / 18, £ 2| dr 19. £ (o, )| dz)l

=( oo r|arf<r,z)| 19, f (r, 2)|? )dr 19 f (ro. 2)| dz)l
s( oQ/m (ri3- £ 012 10,1 szrWdZ)é
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(/ / F 1o £ D1 10, £ D)1 drdz)z(supw)z
z ro
(/ / r2 [0, f(r, 2)| drdz) (/ / |0, f(r, 2)| drdZ)

( [0, f (r, Z)I)2
x| sup ——
R3 r

A

A

1
2

VI* vf
A IAZA N S = .
r L)l[ (R}) r L?(R%)
O
In light of (2.5), one might ask whether the following inequality is true:
i
<
”””L;O(R3) ~ ”rw”L)]C(R? LI(R3 LOO(]R’; (26)

We do not know whether (2.6) is true for general vector fields, but we will show
that it turns out to be true for the class of axi-symmetric vector fields with no swirl,
which is enough for our purposes here. We will use the axi-symmetric Biot—Savart
law. To introduce it, we start from the so-called axi-symmetric stream function.

In cylindrical coordinates, the class of axi-symmetric vector fields with no swirl
isinthe formu = u, (r, z)e, +u;(r, z)e;, see Definition 1.2, and the divergence-free
condition divu = 0 turns out to be

(ruy) r + (ruz) ; =0,
which means that
ruy ==V, ru; =1y,

for a suitable function ¥ = (r, z), called the axi-symmetric stream function,
similar to the two dimensional situation. Hence

1 1
r=—=Vz u;=-Y,. (2.7
r r

It is easy to check that the curl of an axi-symmetric field # with no swirl is in the
form

curlu = wgey

with wp = u,; — u; . Therefore, we obtain

1 1 1
Ly: = __w,rr + _2w,r - —W,zz = wy.
r r r
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The inverse operator L~! is given by

00 00 2w
cos¢ d
w<f,z>=/ / —”/ vy - wy(r, 7) drdz.
—oJo 4w Jo 3

[r2 + 72 —2Frcosg + (z — 2)2]

2.8)

For the axi-symmetric stream function and the derivation of (2.8), we refer the
readers to [16]. We can express (2.8) somewhat more explicitly as

o Jrr [T cosg d
1//(;7,2):/ / v —wp(r ) drdz
—00.J0 0 =242 ]2
2(1 — COS (p) + rrr‘%] (2'9)

=2 Y
/ / J_ ((r r)+(z Z))a)g(r,z)drdz,

where the function F : (0, c0) — R is defined by

F(s): =/n cosg d¢ _ (2.10)
0 [2(1 —cosg) +s]?

Let
= =2 =2
G(F.%.r2) = ‘/;F((r " +@=2) ) @2.11)
2 rr
Then

w(r, Z):/ / G(@r,z,r,2) wy(r,z)drdz.
—00 J0

By (2.7) and (2.11), we get

up(r,z) = / / [—;T(V Z,r, Z):|a)9(r z)drdz

_ Y o2
/ / 72—z ((r r) :i—(z Z) )a)g(r,z)drdz,
nrzf rr

(2.12)
u,(r,z) = / / [EE(F Z, 1, Z):| wg(r, z) dr dz

=/ / Z(F,Z,r,2) wp(r, z) drdz, (2.13)
—00 J0

where

190G
Xr,z,r,2) = ——(rzrz)
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The formulae (2.12) and (2.13), representing the relations between u,, u, and wy,
represent the axi-symmetric Biot-Savart law. We calculate the kernel 2. Let d> =

— 72 _5)2 — £(F. > — _d_
(r—=r)y+I(z z).LetE—E(r,z,r,z)—ﬁ.Thenby(2.11),wehave

G, z,r2) = ﬁF(E )= —H($)

2
where H (1) = @ Direct calculation shows that

N} F(t?) %_ f—r_i
H(t) =2F () - 22 0 or - ( d2 2’;)’ (2.14)
_ 196G 1 F—rrH® 07 Lo VT
2= _271,;%,5[ £ +H(S)] 4t )
_lf—r o L ) Jr
_nf%r%ms)“n[ms) 262F' 6N | Y @)

In the sequel, we are mainly interested in 2 at (¥, z7) = (1, 0). We write it down
explicitly:

1— —1)? + 22
9@0(1,0, . Z) _ ]r F/((r ) +z )
Tr2 r

+f[ (<r—1>2+z )_2<r—1>2+z2F,(<r—1)2+12)]'
47 r r r
(2.16)

At first glance, comparing with the usual Biot—Savart law (2.2), the axi-symmetric
Biot—Savart law (2.12) and (2.13) look more complicated and have no advantages.
But (2.12) and (2.13) indeed capture some features of axi-symmetric fields with no
swirl. Although the function F in (2.10) cannot be expressed in terms of elementary
functions, it has nice asymptotic properties near s = 0 and s = oco. By (2.10), it is
obvious that

1

IF(s)| S (é)z 2.17)

However, F actually has a slower blow-up at s = 0 and a faster decay at s = 0o
3

than (2.17) as: |F(s)| < log% near s = 0 and |F(s)| < (%)7 near s = 0o. We
will use the following simple properties of F.

Lemma 2.6. For every non-negative integer k, the kth-derivative of F satisfies

FO)| , 2.18
POl s .18)

forall s € (0, 00).
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Proof. By (2.10),

|-

m
d
|F(s)] 5/ <
0

1
§2 N

D=

Hence (2.18) is true for the case of k = 0. The first derivative of F is

1 [T d
F’(s):——/ kA S
0 [2(1 = cos ) +5]?

Therefore,
Td 1
|F'(s)] 5/ ‘<
0 3

Hence the case of k = 1 is also true. The remaining cases can be proved similarly.
0

Lemma 2.7. There exists an absolute constant 0 < &9 < 1 such that for all
s € (0, &9), the kth-derivative of F satisfies

1 1
|F(s)| < log— <; —, foreveryt >0, ifk =0,
s

~T .[7
1

‘F(k)(s)‘ i . if0<keN. (2.19)
S

Proof. F(s) has the following expansion near s = 0, see for instance [16]
1
F(s) = (log - ) (@0 +ars +axs> 4+ ---) + (b + bis + bos® +---),
with ag = % and bp = log 8 — 2. Hence
1 1 1
F(s) = Elog— +log8 —2 + O(slog—), s — 04.
S S

The estimate (2.19) follows easily from the above expansion. O

Lemma 2.8. There exists an absolute constant Ny > 1 such that for every non-
negative integer k, the kth-derivative of F satisfies

FO )] s (2.20)

Gk+3
forall s € (Ny, 00).
Proof. This is an easy calculation. O

The estimates in Lemmas 2.7 and 2.8 are local. But those restrictions can be
easily removed with the aid of Lemma 2.6. As a consequence of Lemmas 2.6, 2.7
and 2.8, we have
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Corollary 2.9. For every non-negative integer k, the kth-derivative of F satisfies

3

IF(s)] §rlnh1((§)r,(§)é’(§)z

o] zemin((2) (5L, w0 <ken

forall s € (0, 00).

ifk =0,

1
), forevery0 < 7 < >

With the aid of Corollary 2.9, controlling the L{° (R3)-norm of u via the upper
bounds (2.1) becomes tractable. We need the following technical lemma.

Lemma 2.10. Ler f : R? — R be such that ”f”L'(]Rz) < oo and ”f”LOO(RZ) < oQ.
Let K : R? = R be such that |K (x)| < ﬁ for some positive constant C, some
point xo € R? and for all x € R?. Then

1 1
S 2W2CNSN g, I

LI(R? Lo[R?) "

‘/ K(x)f(x)dx
RZ

Proof. For any p > 0, we have

C C
g/ |ﬂmw+/ ()] d
[x—x0|<p |x — xol [x—xo|>p |x — xol

C
< 2xCp ||f||L°°(R2) + ; ||f||L1(R2) .

‘/ K(x)f(x)dx
R2

After minimizing the last term, we can get the desired result. O

Since an axi-symmetric vector field u with no swirlis of the formu = u, (r, z)e,+
u;(r, z)ez, to estimate the L$° (R3) norm of u, it is enough to estimate the L°° norms
of u, and u; over the rz-plane Q := {r = 0,z € R}. We will use the following
simple identities.

2

1]
o r

=2m ||CU9||L1(Q) )

I o
i@’ Irliowd rllLeom3)

L@
We first estimate the r-component ;..

Proposition 2.11. Let u, be given by the formula (2.12) with wy satisfying

HVZQ)QH < 00, llwgllpi(q) < o0 H%H =
LY(@) ’ L@ LR V(o) '
Then
_ 5 |2 ! wo |2
Uy |70 < C Hr w, H w —_ ’ 221
” r”L Q) = 1 0 LI(Q) ” 9”Ll(sz) r L>®(2) ( )

where C1 is an absolute constant.
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Proof. The estimate (2.21) is invariant under the scaling and the translation in the
z variable

up(r, 2) = ur(Ar, Az +20), wo(r,2) = Awg(Ar, Az + 20)

for every A > 0 and every zo € R, and therefore it is enough to prove

1
ur(1,0)] S |2 we\

’600

(2.22)

1
7
N T Eip | e

By (2.12)

00 o0 _1)\2 2
u,(1,o):/ / < F’((r D"tz )a)g(r,z)drdz. (2.23)
—00J0 ﬂﬁ r

We split the right hand side of (2.23) into two parts. One is on the region

1
h={3srsa-isi]
and the other on the complement I = Q \ ;.

On [y, by Corollary 2.9 (using |F/(s)| < %), the kernel of (2.23) can be esti-
mated as

z F((r—1)2+z )‘ 1z| r < 1
T r P02+ oy 2
1
Tl 2) = (1,0)]

Therefore, by Lemma 2.10 and the fact that » ~ 1 on I, we obtain

z , (r—l)z+z2
'//11 nﬁF( . )a)g(r,z)drdz
_12 2
= // nf/_F/((r i te )a)@(r,z))g1 drdz

<ol Nl < [P0 HL,(I)II ool

i . (24
L)

r

where y, is the characteristic function of /.

5
On I, by Corollary 2.9, (using |F’(s)] < (%) 2), the kernel of (2.23) can be
estimated as

7 (=12 +72
(=)

<ﬂ( 4 )2< ! ,
T\ =-D2+2) T -2+ 22
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which is square-integrable on /5. Therefore, noting that |wg | = r |a)g|% |w9|% =
2
by Holder’s inequality, we obtain '
-1 2 2
‘// < F/((r )"tz )wg(r,z)drdz
I 71’\/7 r
S e 20 . 2.25
S I N w0llfi ol (2.25)

Clearly, (2.23), (2.24) and (2.25) imply (2.22). The proposition is proved. O
To estimate u,, we need the following technical lemma.

Lemma 2.12. Assume that wy is a function on 2 satisfying

Hr2w9 < Q.

I~
Leo(©2)

<00, |lwgllsi < 00,
Hm) losllz g

Then

/ / e (1, z)| drdz
—o0 Jr=2 1)2+Z2]2

0)0
r

1
2
LoQ)

EMTE
S 2o}, o Nl

(2.26)

We remark that the integral domain €2 of the right hand side of (2.26) can be
replaced by {r > 2}, where {r > 2} is shorthand for the set {r >2,z¢€ R}. But
(2.26) is enough for our purpose.

Proof. We can’t use Holder’s inequality directly to get (2.26) because on the region

. 2 L .
{r = Izl}, the weight -~ L which is not square-integrable
[(r—1)2+z2]2 [(r—1)2+z2]2
on that region. We introduce some notations. Let d 2 =r247%and f(r,2)
To prove (2.26), it is enough to show

/ /r2|f|—drdz<

By the Cauchy—Schwartz inequality, we have

— w(r2)
= 20y

1

2
Hr f’Ll(Q) ” fHLl(Q) I f”Ll(Q)

Therefore, to prove (2.27), it is enough to prove

/ /r2|f|—drdz<

Ll({r>2}) IIfIILOO({,>2}) . (2.28)
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since {r = 2} C Q. We may assume that f is a function supported in {r = 2} and
vanishing elsewhere in €2, otherwise, we can just replace f by f x {r>2}- Under this
assumption, it is enough to prove a

3
G e i

~

E LI(Q) ”f”Loo(Q) (229)

L)
For A > 0, let f3.(r, z) = A*f(Ar, Az). Clearly, f; is supported on {r = %} It is
easy to check that for every A > 0, we have

r3

f/\d—3

Ml = 21 ey |25

LY(Q)
)

We find 19 > 0 so that | f3, HLOC(Q) = |2 faol 1

3
= fE

LI(Q) LI(Q)

L@’

@) By calculation,

o (HrszLl(sz))‘l‘
o=\—7—""—7-= .
[RAIVES)

To prove (2.29), it is enough to prove
’ 3

f)»o d3
We distinguish two cases 0 < Ag < 1 and A¢ > 1.
Casel.0 < Xy S 1.

By definition, fj, is supported on {r > = b

S| ho] o 1l iy - (2.30)

Ll Q) LI(Q)

} which lies in {r > 1} On the

support of fj,, itis clear that 7z = 1 = r? and hence (2.30) is true.
Case 2. o > 1.
In this case, we have

r3 00 00 00 2 r3
5] Ll i [

2
Sl

Therefore (2.30) is true. The lemma is proved. O

L@ + [ foo ||L°°(S2)'

‘We now estimate the z-component . The work for u is similar to that for u,
in Proposition 2.11 but some parts have to be treated differently.

Proposition 2.13. Let u, be given by the formula (2.13) with wy satisfying

H”zwe‘ L@ <00, lwgllpig) < oo, HTHLOO(Q) < 00.
Then
1 @y
v < o[, lonlg [22] 0 @30

where Cy is an absolute constant.
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Proof. Since the estimate (2.31) is invariant under the scaling and the translation
in the z variable, it is enough to prove

1
2

1
q wgy

1
< |2 4 -0
CEUTRSN TS B ) el B (2.32)
By (2.13),
o o
uZ(I,O)z/ / Z1,0,r,2) we(r, z)drdz, (2.33)
—00 J0
where Z°(1, 0, r, 7) is given by (2.16) as
1— —1)? + 7
Qf(l,o’r,z) _ lrF/((l‘ ) +z )
Tr2 r
+ﬁ[F((r — 1)? +22) =12 +22F,<(r —1)? +z2)]
47 r r r
= Z(r,2) + 2, 2). (2.34)

We split the right hand side of (2.33) into two parts. One is on the region

1
n={3srsa-isi]
and the other on the complement I, = Q \ I;.

On Iy, by Corollary 2.9, ] can be estimated as (using |F’(s)| < %)

[1—r] r !

A, )| < S

[Z1(r, 2| S =12 +22 7 (rn2) — (1,0)]
1

and 25 can be estimated as (using |F (s)| < (%)7 and ]F’(s)] < (%) )

r : (r—1)72+22 r i
'%(r’Z)'5*/7[((r_1)2+z2) T ((r—1)2+z2) }
1

<—.
[(r,2) — (1, 0)]
Therefore, by Lemma 2.10 and the fact that » ~ 1 on I}, we obtain

lw

‘/ Z(1,0,r,2) we(r,z)drdz
|

1
2

Lol

=
:

(2.35)

1 1 1 1
: : ) 1 ,
Y AN Y L W T

5
2

. . 1
On I, by Corollary 2.9, 2] can be estimated as (using |F’(s)| < (;) )

5
|1—r|( r )2 1
EAGRINES < :
LIS =\ 2 (r— DX+ 22
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which is square-integrable on /5. Therefore, by Holder’s inequality, we obtain

],

Hr wQ‘ (2.36)

‘/ Z1(r, ) we(r,z)drdz| S
I

L [l ellLl(,z) et

Unfortunately, the foregoing argument of 27 does not work for 25 because 25 is
not square-integrable on the region /. By Corollary 2.9, the best estimate for 23

3 3
on I is (using |F(s)| < (})2 and |F'(s)| < (%)2)

r 3 r—172+22 r :
'%(“)'5*/;[(@_1)2+z2) T ((r—1>2+z2)]

r2

~ <. (2.37)
[r— 12 +22]2

To overcome this difficulty, we split the region /> into two parts: “good” part

Ly :=5LN {r 2} and “bad” part I := LN {r > 2} = {r > 2}. By (2.37), 23

is clearly square-integrable on /51 and therefore by Holder’s inequality, we obtain

2],

’/ Z5(r,2) wy(r, z)drdz| < Hrzwe‘
I

L'(I) ” 9” Ll(Ln) ) Lo(ly)

(2.38)
On the “bad” part I;, by Lemma 2.12 and (2.37), we have

[} 00 r2
5/ / |lwo (r, 2)| —————= drdz
s=—00 Jr=2 [ = 12+ 2213

7.

'/ %5 (r,7) wy(r,z)drdz
In

< H 2@9‘ 3 (2.39)

o w0l |

L®Q)
Clearly, (2.33), (2.34), (2.35), (2.36), (2.38) and (2.39) imply (2.32). The proposi-
tion is proved. O

The following proposition concerns the decay as |x| — oo.

Proposition 2.14. Let u = u,e, + uze; with u, given by (2.12) and u, given by
(2.13) and with wy satisfying

< Q.

<00, llwgllpig) < oo,
L L(@)

|| 1]
r~wg —
L)

Then for every e > 0, there existsa R > 0 such that for every x € R> with |x| > R,
we have

1 1
. 1
)| < | w9||21(9) looll 1 g L £

= 2(x| — R)2 2

In particular, we have

lim |u(x)| =0.
[x]—00
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Proof. We can assume

2 wo
rew, >0, o > 0, H—H > 0,
H GHLI(SZ) ool ) r o)

otherwise, u = 0 and the assertions are obviously true. For any ¢ > 0, we can find
aR > 0sothatw: = wpxy2,2>p) satisfies

g4

16(CF + G2 [anl],

lotll ) <

s

@ 12 e

where C; and C; are the constants from Propositions 2.11 and 2.13. Let wp =
wy — wi. Let u; and uy be the vector fields constructed from w; and w; via (2.12)
and (2.13), respectively. Clearly, u = u| + u>. By Propositions 2.11 and 2.13, we
have

et ey < /CF +C3 H’Z“’l‘

We can also express 5 in terms of w» via the Biot—Savart law in Cartesian coordi-
nates

1
Po<

£
—. 2.40
L®(R) 2 ( )

7
:

-
N P

1 X —

ur(x) = — X wy ep dy.

4 Jeo x— P
Since w; is supported in the ball Bg(0), for any x| > R, we have

1 1
2 2 2
1 ”a)ZHL}((R% _ 1 ||I"CL)2||L1(Q) < ”r w0||L1(Q) ||w9||L1(Q)

< =
[z (x)| < 47 (X[—R2 2 (x|—R? = 2(]x| — R)?

(2.41)

Clearly, (2.40) and (2.41) imply the first assertion. The second assertion follows
immediately from the first one. O

Remark 2.15. In the statement of Proposition 2.14, the R depends not only on the
norms

H P2wp H (2.42)

wp
v |7
lwoll 21 (@) .

L@’

but also on the distribution of wy. For example, let wy (1, 2) = x{1<,<2,1;<1}- Let

w(r,z) = wp(r, z — 20). Let u®™ = u;"e, + uz'e; be the vector field constructed

from a)go via (2.12) and (2.13). Obviously, we have

20
2 20
|2} 26

— |[2 20 —
e = HV wQHLl(Q)’ o3| 1@y = el » '

|
R
u®(r,z) = uy(r, 2 — 20), u(r,z) = uz(r,z —20),

Loo(€2)
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but u and {u*}, cgr do not have a uniform decay since the profile of u0 is just the
translation of that of u by zq in the z-direction. Nevertheless, they have the uniform
decay rate in the r-direction. Actually, we can prove the following result that for

any0<8<%andanyxeR3withr=m§l,

lu()| =

—> (2.43)
r2—¢

where the constant C depends only on the size of the norms in (2.42). But it is not
clear whether (2.43) is optimal.

3. Uniform Estimates for Regularized Solutions

In this section, we present the uniform estimates for natural approximate so-
lutions obtained by regularizing the initial data, before which, we introduce the
notations used. The superscript “(¢)” indicates that the quantity (scalar or vector or
tensor-valued) is induced by regularized initial data. Sometimes we use a function
f = f(r,z) defined on [0, 00) x R as a function defined on R? in the following

way:
fxi,x2,2) = f(,/xl2 ~|—x§,z), for (x1, x2,2) € R>.

Let us get back to our problem. The initial vorticity is
wo = K8y, (3.1)

where k € R and y is a circle. Without loss of generality, we assume that y is
(rocos @, rosin®, zg) for some rg > 0, zp € Rand —7 < 0 < 7. Then (3.1) is
equivalent, in the sense of distribution, to

W0 = K8ry,20€0, (3.2)

where &, ;, is the Dirac mass at (rp, zo) in the rz-plane. We will search for a
solution in the class of axi-symmetric velocity fields with no swirl, which have the
form

u=up(r,z,t)e, +uz(r, z, ne;. (3.3)
The related vorticity fields have the form
w=we(r,z,1)ep (3.4)

with wg = u, ; —u; .. Note that a solution of the form (3.4) is formally compatible
to the initial condition (3.2). The equation for wy is

Uy 1 1
31600 + Urwg,r + Uzwg ; — Ta)G = WY, rr + ;we,r - ﬁwQ + we 7z, (35)



108 Hao FENG & VLADIMIR SVERAK

which can also be written as:

u 1
dwp+u-Voyg — —wg = Awy — — g, 3.6)
r r
a2 a2 2 . . .
where A = 307 + %;-r + r%ad? + aa_z2 is the scalar Laplacian in R3, expressed

in the cylindrical coordinates. u - Vwy = ujwg,1 + uz2wg 2 + uzwy ; is equal to
urwg r + uzwp ;. In terms of wy, the initial condition (3.2) can be formulated as:

wg (1, 2,0) = K8y 7 3.7
We will not, however, use either (3.5) or (3.6) in our method because these two
equations have a vortex-stretching term — = wy . It is easier to work with the quantity
n = wy/r, which satisfies
3
M urn et = e+ 20+ 0z, (3.8)

or
2
ne+u-Vn= An+;n,r. (3.9

Remark 3.1. For a smooth vector field u, the apparent singularity of n = wy/r
is only an artifact of the coordinate choice. The quantity 7 is actually a smooth
function, even across the z-axis, as long as u is smooth, see [13].

3.1. Regularized Initial Data

In terms of n, the initial data (3.7) reads:

wp(r,z,0) Kby, K
=00 — %3,0@. (3.10)

no(r, 2):=n(r,z,0) = "

The last equality of (3.10) holds in the sense of distribution. If we take an arbitrary
test function ¥ = ¥ (r, z), then

K8y, 1 ¥ (ro, zo) K
(M, w) - (I«Sro,zo» _) — Y020 (_%ZO, Ip),
r r 7o ro
Let ¢ : RZ — R be the standard mollifier such that ¢ € C3(B1(0), ¢ = 0
and [po ¢(y)dy = 1. Let ¢©) (1, y2):=e 2 (%, 22). Here and in the sequel, we
assume 0 < & < . We define n(()g) by

(7, 2):= (6@ % o) (r, 2) = — s‘%(%, ﬂ) 3.11)

ro &
Clearly, for every 0 < & < 7, nég) has a compact support which stays away from

the z-axis at least %0 It is easy to check that

(&)

mhel < |ng) | <3k,
b4 27 |« 27 |k 27w
ety < TGy oy < o] 2 T 400 < T e,
4 ro Ll 4
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Remark 3.2. Note that HH(S) ~ |k| and Hr2n(()8) ~ |k|r3. The bounds

(¢)

for ” Mo L depend only on the strength || of the ring « 4, ., es but the bounds

for Hr 77(()5) .

1 depend on both the strength and ry. Nevertheless, they are both

independent oxf ¢ and will serve the uniform bounds. The inequalities in (3.12) are
dimensionally consistent.

Corresponding to ’70 , the initial vorticity field a) ) and velocity field uO are

1 X —y
o :=rn{eq and ul’ (x):= = /R3 e ol (y)dy, (3.13)

respectively and a)((f) has compact support.

3.2. Approximate Solutions for Regularized Initial Data

Obviously the velocity u(()e) in (3.13) is axi-symmetric and swirl-free, and for
each ¢, u((f) € H)]f (]R3) for any k = 0 and satisfies

div u((f) =0, curlu(s) (8). (3.14)
Remark 3.3. We don’t have a uniform bound for H k(R3) norms of ”0 , not even
for the L2 (R>) norms of u((f).

Then by the result of [11,12,20], there exists a unique global-in-time smooth so-
lution u‘® for three dimensional Navier—Stokes equations satisfying the initial
condition

u®(0) = ul. (3.15)
Moreover u‘® is axi-symmetric with no swirl, that is, in cylindrical coordinates,

u® =u®(r, z, 0)e, + ué’s)(r, z,t)e;.

We shall show that a subsequence of {u(a) }() ,, converges to a smooth solution
<€<7

with the ring « 8, ;e as initial vorticity. Corresponding to u'® | the vorticity field

'® and the scalar quantity 7 are

) — ul)

0® = curlu® = (uﬁgz) - u(g)) e and 9 =" "= (316)
o r

respectively. As a result of (3.13), (3.14), (3.15) and (3.16), ©® and 1 satisfy
the initial data in (3.13)

0®0) = o, 71®0) =n. (3.17)

By (3.9) and Remark 3.1, n®) is a smooth solution of the following equation:

2
1 +u® . vp© = Ap® 4 = n in R3 x (0, 00). (3.18)
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3.3. Uniform Estimates for Approximate Solutions

The following lemma says that ¢) enjoys the strong maximum priciple, which
is crucial for our arguments of obtaining the uniform estimates.

Lemma 3.4. If« > 0(or, < 0), thenn® (r, z, 1) > 0(or, < 0) foranyr 20, z € R
andt > 0.

Proof. We just prove the case of x > 0. The case of ¥k < 0 can be proved similarly.
We cannot apply the maximum principle directly to (3.18) since the coefficient
of %n(f ) s singular. Recalling that the Laplacian of a radially symmetric function
v(r) defined on R" is Av = v"(r) + ”r;lv/(r), the right hand side of (3.18) can
be appropriately interpreted as the Laplacian in R> and we can recast (3.18) in
RS x (0, 00). To this end, we introduce some notations. Define

7€ (x1, x2, x3, x4, 2, 1) 1= 0 (\/x% +x3 x5 x5,z ’),

a9 (x1, x2, X3, x4, 2, 1) 1= u'® (\/xl2 + x5 +x3 +x3, 2, t)é,

+u§5) (\/xlz +x§ +x32 + xf, Z, t)éz,

where

N X1 X3 X3 X4 N
r=x%+x%+x%+ x2, ep=(\—,—,—,—,0), e,=10,0,0,0,1).
1 2 3 4 r r r r ¢

Then by (3.11), (3.17) and (3.18), we have
A +a® . Vsi® = Asi®©, in RS x (0, 00),
7®(0) = 0, and # 0 in RS,

where,

3 9 9 9 0 N A S o
- (axl’ 9xy dx3  dxy’ 82)7 5= ﬁ—i—a_x% E ax2
By strong maximum principle, we get
7 >0, in R’ x (0, 00),
which implies
n© > 0.
Thus the lemma is proved. O

One of the important uniform estimates is the conservation of momentum.

Lemma 3.5. (Conservation of momentum). For all t = 0, we have

< 271

2
L)lc T |K|}"0. (319)

[re© )

-l
Ly
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Proof. By w® = rn®ey, (3.19) is identical to

27x
LS klrg. (3.20)

(5) (0)‘

The “inequality” part of (3.20) follows from (3.12) and (3.17). It remains to prove

the “equality” part, which is actually the conservation of momentum.

Since the initial vorticity field a)(()s) in (3.13) is smooth and compactly supported,

the vorticity field ) remains Schwartz (smooth and having fast decay in all spatial
derivatives) for all of the time. Therefore the momentum can be defined by using

the vorticity as
1 ©
— (xxa) (x,t)) dx,
2 R3

and moreover, the momentum is conserved globally in time, that is

1 1
E‘/RS (x X w(€)(x,t)) dx = E‘/R% (x X w(&)(x,())) dx, forallt > 0,
(3.21)

which can be checked by the vorticity equations (1.18), integration by parts and,
the Schwartz property of the vorticity field »®.
By w® = FU(S)ee,

xx0® =x xrn®ey
= (x1, X2, X3) X( xan®, xin®, 0)

()

= (—XI)C377 , —xx3n® r 77(8))

Noting that the first two components are odd in x; and xj, respectively, we thus

have
/ (x % 0@ (x, z)) dx = (o, 0,/ P2n® (x, t)dx), (3.22)
R? R’

which, combining with (3.21), implies
/ 0 (x, 1) dx =/ Pn@©(x,0)dx, forallz > 0.
R3 R3

Finally by Lemma 3.4, n®) (x, t) is nonnegative if x > 0 (or, nonpositive if k < 0)
for all points (x, 1) € R3 x [0, o0) and therefore we can get

/R3 ‘rzn(a)(x,t)}dx = /R2 ‘rzn(s)(x,O)‘dx.

We get (3.20) and the lemma is proved. O
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Remark 3.6. The lemma says ||ra)(€)(t) HU < x| rg. (3.22) implies the total mo-

mentum of the fluid flow is in the z-direction. This is due to the special structure of
axi-symmetric velocities with no swirl.

. . ©) .
The following lemma claims that the L )15 norms of % are uniformly bounded
from above, which thus gives the second uniform estimate.

Lemma 3.7. Forallt Z 0, we have,

(e)
w @) < 37 |k]|.

Ly

Proof. By w® = rn® ey, it suffices to prove

n <3mlk|, forall ¢ =0.
i

We just prove the case of k > 0. The case of k < 0 can be proved similarly.
By Lemma 3.4, r;(g) = 0, direct calculation shows that

d
(&) el (&)
G 1O0], =5 [ () anan e
2
=/ (An(”")—u vp® 4 = n(a))dxl dx; dz
R3

2
:/ —n()dxl dxp dz

_4n/ / N, z, t)drdz——4rr/ 70, z,1)dz

Thus Hn(g) (t)|| ! is decreasing in time. Combining this with (3.12), we get

H/\

2ol = o], =],

1 < 37 |k]|.
The lemma is proved. O

By Nash’s method, we will now get uniform estimates of the L% norms of @,
forall 1 £ p < oo. Nash’s method has been generalized in [3]. The key point in

the proof below is that the drift term %nff) has a good sign.
Lemma 3.8. For every 1 < p < 0o, we have,

w® ®

= P bl ’ bl .
r

LY

where the constants C, are independent of €.
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Proof. Note that (3.23) is valid for p = 1 with C; = 37 || by Lemma 3.7. Again
by w® = ryp®© ey, it suffices to prove

3 1
o], e 2P, 1e 000, (3.24)

Under the spirit of the energy method, for p = 2" with nonnegative integers n,
we define

EQ W= 0w

&) P
g /RJng(x,t)‘ dx.

For p = 2" with n 2 1, direct calculation yields that

P d p—1
dr dr =y ( (€)> = _/3 p("(e)) m dx
R3 R
Y (Ar© L2 g,
== Rgl’(’? ) (A?’] +;77,r —u’Vn )dx
5N NS S R BT PRON
ol s+ o] -
p—2 2 oo [0
/ p(p— 1)[7;(8)] ‘Vn(g) dx—47r/ / [(n(g))p] drdz
R3 —00J0 o

p=2 2 [eS) r=o00
=/ p(p—1 dx—4N/ [(n(‘”)’]] dz
R3 —00 r=0

[r;@)]Tvn(&)
/ p(p— 1)‘2v (r,@))%] 2dx+4n/_oo [(”(8))p]r:odz

4(p

dEY) d ©

II\/

<“bz

(3.25)

Recall Nash’s inequality [14, P936]

/R3|Vu|2dx§M(/R3 |u|)_§(/ﬂ§3|u|2)§. (3.26)

For p = 2" withn = 1, by Nash’s inequality, we get the following iteration scheme
from (3.25),

_dE[(f) 4(p—1)/ ‘V[(n“))g]zdx
P Jrs

! 4p—1) PN o2
S ([ o) (L o

Dy () ()

v

3
3

v

(3.27)

)
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We first prove (3.24) for p = 2" with nonnegative integers n by induction. Assume
(3.24) is valid for ¢ = 2K with k > 0. Let p = 2¥+1. By (3.27), we have,

5

3

(&) _4
_dEp 4(p — I)M(E(E)) 3 (E(g)) 3
dl p q P

1\

— 3
S 4p - DM(C,?;*%(‘H)) (E(g))3
= p .
p
Thus,
3 dEy 4 1 "
_[(E(8))—%] — __ dr > (r— )MC;?tZ(q—l)
2P ' ©\i P
(5")
I VRl BT Y,
p q

Integration gives
_2 _2 _2 8p—-1), % [
(ES)75(1) Z ()75 (1) — (E) 3(0>z’33—pMcq ; /O sP~2ds
8sM -

which implies

_p@ b < (3P\T ~ —3a-h
, = EP@r g(gM) c,t 20

|

3
Hence (3.24) is valid for p = 2Ft1 with Cp= (;’M) v Cy. Infact, C), is uniformly

bounded from above:

3\ =55 3G+D 3\Y 2 364D
C”:(SM)Zk+22 o (gy) T =0

Therefore we obtain

N\w

o], sc

For other p, we can prove (3.24) by interpolation. The lemma is proved. 0O

Remark 3.9. From the proof of Lemma 3.8, we see the constants C, in (3.23)
linearly depend on C| = 3 |«|. In particular,

3 ;
Coo = (W) ZHZZ ELs C < Ikl
(e) t
@ (1) < Coot™2 < Ikl 173, (3.28)
p
L

which gives us the third uniform estimate, where M is the absolute constant in
Nash’s inequality (3.26).
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Remark 3.10. If the fluid is inviscid, then 17(5) satisfies
m+u® - Vnp=0, in R x (0,00). (3.29)

Since 1® is conserved along particle trajectories, n®) keeps its sign in later time.
We still have the uniform estimates of the L! norms:

(&)

@], =[], =

1§371|/<|.

However, the argument in Lemma 3.8 yields: forany 1 < p < oo,

(&)

| o =

I H 1)

9
LY

which will blow up as & goes to 0. Therefore we lose uniform controls of the LY
norms in the inviscid case.

We now use the weighted inequalities of the previous section and the three
uniform estimates from Lemmas 3.5, 3.7 and Remark 3.9 to get further estimates
on vorticity, the gradient of velocity, velocity and pressure.

Lemma 3.11. For 0 < t < 00, we have the following estimates:

(i) forany 1 < p <2

Hw@)(t)‘ L Skl ror 3 03). (3.30)
(i) forany 1 < p <2

Hw@(t)HLP < lelror—30-5), (3.31)
(iii) for any % <qg=<6

[« , < tetro(-5), (332)
(iv) forany 1 <q <3

”p(s)(t)HLz < pef2r2r ), (3.33)

)

1
u® (1) HLOO <lklrdr i (3.34)
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Proof.

®

(ii)

(iii)

(iv)

By Proposition 2.1, for any 1 < p < 2, we have

1_1 1—1
w(a)(t) r 2 P

r

w® ®

r
LOO

X x

Hw@ (z)‘ (3.35)

= ool
LY Ll

Then (3.30) is an easy consequence of (3.35), Lemmas 3.5, 3.7 and (3.28) in
Remark 3.9.
By divu®=0, curl u®=0® = (a)ie), wgg), wgs)) and the Fourier transform,
one can get

RiR:0Y — R R30Y) RyRo{) — RaR30f) RaR30f — R3R3o0))
vu® = R|R3a)§6) — R]R]Lz)gs) R2R3w(18) — R]Rza)gg) R3R3w§8) — R1R3w§8) s
RiR0Y — RiR0\") RiRy0S — RyRr0'®) Ry R30y — RyR30'

where R;, j = 1,2,3 are the classical Riesz transformations, which are
well-defined and continuous on L7 (]R3) forall 1 < p < oo, see for instance
[15,19]. Therefore

”w@)(t)’

(e)
s o @

L’
which, combining with (3.30), implies (3.31).
By Corollary 2.3, for any % <qg <6,

1
6

I

1 _1
q q

a)(s)(t)

r

w® )

Bl r

1
LS Hrw@(t) (3.36)

2
1
Ly

Ly LY

Then (3.32) is an easy consequence of (3.36), Lemmas 3.5, 3.7 and (3.28).

Recall that the pressure p®) and the velocity u'®) = (ugg), ugs), uég)) satisfy

the following equation (which can be easily obtained from Navier—Stokes
equations and divergence-free condition div u*)=0):

Ap® = —9; ak(uf)u,‘j)). (3.37)
Then by (3.32), we can use the Riesz transformation R; to solve (3.37) to get
p® = Rij(u;s)u,(f)).
Hence

[0

<Juol

2
LY L’

which, combining with (3.32), implies (3.33).
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(v) By Propositions 2.11 and 2.13,

1
2
L®

X

1
i
Ll

X

w® (1)
—

w® )
—

00| _ < lre®wl],

(3.38)

L

Then (3.34) is an easy consequence of (3.38), Lemma 3.5, Lemma 3.7 and
(3.28). O

By Lemma 3.11 and the subcritical theory of Navier—Stokes equations, we can
control the spatial and time derivatives of the velocity and pressure of any order
pointwise.

Lemma 3.12. For any k,h 2 0 and for any 0 < s < T, we have the following
pointwise estimate

H vhvhy©

<c, H vhvh p©

A

Ca

CY,(®R3 x[s,T]) C?,(R? x[s,T])

where C is independent of € and depends only on k, h, s, T, |k|, ro.

Proof. This lemma is a consequence of the subcritical well-posedness theory of
Navier—Stokes equations. Fix 0 < s < T. By (3.32), we have the following sub-
critical estimate

u© )|

< kel rot ™3, (3.39)
LY

since Lg (R3) is a subcritical space for Navier—Stokes equations with respect to the
scaling

u(x,t) — Au(ix, A2t), p(x,t) —> )»zp()»x, Azt).
By the standard subcritical theory, see for instance [7], there exists a local-in-time
unique solution v® for Navier-Stokes equations with u®) (%) as initial velocity
in the space C([%, T:), LS (R3)) for some § < 7, < oc. v®) coincides with u®)
on the time interval [5, T;) by weak-strong uniqueness. The decay property (3.39)

implies 7; = oco. Hence u®) = v(® for all # € [§, 00). Again by the subcritical
theory, u® satisfies

[IA

|viviu® c. (3.40)

L®LO(R? x[5,T])

where C depends only on k, h, s, T,

u® (%) Hm' Then by Sobolev embedding,

we prove the first estimate. The second estimate is a consequence of (3.40) and
(3.37). O

The estimate (3.32) in Lemma 3.11 implies that the set {u‘®)} __ -, has weak
2

compactness in Lebesgue spaces. To show the strong convergence of {u(s) } 0<e<d”

we need to establish certain uniform weak continuity of x(®) as functions of time
t. To this end, we use the Aubin-Lions theorem, see [2,18]. Let H 2(R3) be the
dual space of HX2 (}RS).
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Lemma 3.13. Let O < T < o0. Then we have

ou'®

<C, 341
ot - 34D

L,% (0.7:H;2RY)

where the constant C is independent of ¢ and depends on T .

Proof. Let¢p € H x2 (R%). By Navier—Stokes equations and Lemma 3.11, we have

()
(%59)

=

_ ‘(—div(u“) ®u®) - Vp© + Au®, ¢)‘

W, 59)|

L 1V,
X

W® ®u®, V)| + |(p®, dive)| +

< [«

‘u(ﬁ)(l«)‘

o [10O] 1980+ |20
+um],, 180l

2 2, 24t 2 2,245 -1
S lelmrge T V@ s 4 kT gt T2 IV o+ kel rot™ # (Il g2

where
1 1 1 3 1 1
_+_+_:17 _<P17P2§6v _+_=1’ 1<‘]1§3
pr P2 P3 2 q1 92

One can take, for example,

12

P1=p1= 7 p3=6, q =

W N

, q2=06.

Then by Sobolev embedding, we have for0 <t < T,

(e)
(8’;% ’¢)

2 2,3 -1
S (I e + Ikl ror ™) gl

< 2 _3 2 _3 1
S WP 19l + P33 19l 6 + el ror ¥ 112

Hence

ou'®
at

3
< |/c|2 r(%t_Z + |k|rot™ 3.

Q)

Hy?

Finally, integrating with respect to time from (0, T') yields the desired result. O

8
Lemma 3.14. For any 0 < T < oo, {u(g)} is precompact in L} (0, T;

0]
O<e<3

L)zc,loc(R3))'
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Proof. By Lemma 3.11, one has

L

9
s Slelrorts, |V s
Ly

s S ilrotT 16,
L?

o)

which implies that
8 8
{u@} s abounded set of L (0, T; W, "> (R%)). (3.42)
0<e<®

Then (3.42), Lemma 3.13 and Theorem 2.1 of [18, Chap. III] imply the desired
result. 0O

4. Proof of Theorem 1.1

We first show that we can pass to the limit in the regularized solutions to get a
smooth solution for the Navier—Stokes equations. (3.32) implies

1

Hu@(z) < lic| rot~ 1, 4.1)

L

which in turn implies that

8
[u®} isabounded setin L L2 (R x(0, 7)), forany0 < T < o0, (4.2)

Arzela—Ascoli’s theorem, Lemmas 3.12, 3.14 and (4.2) allow us to extract a sub-
sequece of {u(a), p(g)}, still denoted as {u(s), p(‘g)} such that for a smooth vector
field u and a smooth scalar function p, for any nonnegative integers k, 4 and for
any 0 < T < oo, we have

8
u® —u inL7(0,T: L3, (RY)),
8
u® —u inL;LI(R*x(0,T)), (4.3)
and
Vi‘Vthu(s) = Vi‘Vthu locally in R? x (0, 00),
VEVEp© = VEVIp Tocally in R x (0, 00), (4.4)
which imply that the limit (u, p) is a global-in-time smooth solution of the Navier—
Stokes equations in R® x (0, 0o) and that u is axi-symmetric with no swirl. Secondly

we prove the initial condition (1.14). Take a ¢ € C§°(R%; R?) with its support
contained in Br(0). By Navier-Stokes equations, we have

T
/ /3 [ " @u®) - Veurlp + u'® . Acurl(p} dx dr
o Jr

=/ a)(g)(x,T)-go(x)dx—/ o (x) - p(x) dx. (4.5)
RS R3
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We claim that we are able to pass to the limit in (4.5) to get

T
/ /}[(u ®u) - Veurlg + u - Acurkp] dx dr
0 R’
= /3 wx,T) @) dx — /3 K&ry.z0€0 - @ dx. 4.6)
R R

To this end, it suffices to check the nonlinear term in (4.5) and (4.6). By (4.2) and
(4.3), we have

T T
/ / (u(e) ® u(g)) - Veurlp dx dr — / / (u ®u) - Veurlp dx dt
0 JR? 0 JR?

u® —y

< u®

8 +llull s

L,% L2(Br(0)x(0,7)) ( L7 L2(R? x(0.7)) L} L2 (R X(O,T)))

x [[Veurlp| o0

which goes to 0 as ¢ — 0. Thus (4.6) is obtained. Fatou’s lemma and (4.1) imply

-1
lu@lz2 < lklror™4. 4.7)

Hence in view of (4.6) and (4.7), we have

’/R3 wx,T) px)dx — /R3 K8y z0€0 - @ dx

T
/ /3 [ (u ® u) - Veurlp + u - Acurkp] dx dt
0o JR

T T
1 1 1 3
5/ lic|>rde=2 dt+/ liclrot =3 dr < |k|?rdT2 + || roT3,
0 0

(4.8)

which implies (1.14). This concludes the proof of the statement concerning the
vorticity. The convergence of the velocity field (1.15) is a consequence of the
vorticity, our uniform estimates and Lemma 4.2 below.

Remark 4.1. Theorem 1.1 is also true if we replace the initial condition by finite
many vortex rings

n
(. 0) = D Kiby,z 0, (4.9)
i=l

where all x; > 0 (or, all x; < 0), or more generally, by
(-, 0) = ueg, (4.10)

where 1 is a positive or negative finite measure with a compact support in the rz-
plane. Without any modification, the preceding proof for a single vortex ring also
works for the cases of (4.9) and (4.10).
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Lemma 4.2. Let yq be a circle in the x1x2-plane with its center at the origin and
let wo be given by (1.4). Let uq be the velocity field generated by wg from the Biot—
Savart law. Assume that " is sequence of axi-symmetric vector fields of the form
of ~ ok (r, 2)ey satisfying (2.1) with bounds uniform in k such that 0¥ — wq
weakly, in the sense of (1.14). Then the velocity fields u* generated from the Biot—

Savart law by o* converge strongly to ug in L (R?) for any p € (1, 2).

Proof. Let us denote by U"* the velocity field generated by the Biot—Savart law
via the vorticity field 8,,.z, where "% is the circle (r cos 6, r sin 6, z), 0 € [0, 27).
We will also set U" = U”-? and U = U'. Similarly, we will write " for "-* and
y for y!. We have

U@ =0(3xI7%),  |x] = oo, 4.11)
and
U] : 4.12)
~—_— — y. .
distr, )’ Y
In particular, we see that
UeLP@®R) pe(l,?2). (4.13)
‘We note that
1
U= -U (f) . (4.14)
r r
Letting
Ap = ||U||L1’(R3)’ (415)
we see that
3_
WU gy = Apr? Lopeq,). (4.16)

In what follows we will assume (without loss of generality) that yp = y and
uo = U. Let

0= {x,dist(x, y) < %} 4.17)

By a slight abuse of notation, we can also consider O as a subset of the (r, z)-
coordinate plane IT = {(r, ), r > 0}. We claim that

lim ‘ / U™*(r, z)drdz =0. (4.18)
k—oo |l /O LP(RY)
For this it is enough to show that
3
lim WUl p sy @ (. 2) dr dz = A, Tim rr o (r, 2)drdz = 0.
k=00 /IO k=00 /IO

(4.19)
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This follows easily from the uniform bounds on o, together with the weak conver-
gence of o to (SZ as k — oo. In view of (4.18) we can assume for the remainder of
the proof that w* are supported in O. Let ¢ (x) = 6_3(,0()6—“) be a standard mollifier

in R? and let
Ul =U" % @e. (4.20)

In view of the weak convergence of * to wy and the assumption which we now
can make that the support of ¥ is in O, it is clear that the fields

k= / ULk (r, 2) dr dz (@.21)

converge as k — 00 to uge = Ue in LP(R3) for p € (1,2). At the same time, for
p € (1,2) we have

U = Uy = 0, €0 4.22)

uniformly in (r, z) € O, and the result follows easily. O
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