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Abstract

In this paper, we consider the initial-boundary value problem of the viscous
3D primitive equations for oceanic and atmospheric dynamics with only vertical
diffusion in the temperature equation. Local and global well-posedness of strong
solutions are established for this system with H? initial data.

1. Introduction

The primitive equations are derived from the full incompressible Navier—Stokes
equations using the Boussinesq and hydrostatic approximations. They are the fun-
damental models for weather prediction, see, for example, LEWANDOWSKI [14],
PEDLOSKY [19], and WASHINGTON and PARKINSON [25]. In the context of the oceans
and the atmosphere dynamics the horizontal scales are much larger than the vertical
one. By taking advantage of this, the scale analysis (see, for example, PEDLOSKY
[19] and VALLIs [24]) leads to the hydrostatic approximation, see also AZERAD and
GUILLEN [1] and Lions et al. [16] for the rigourous mathematical justification.

In this paper, we consider the primitive equations with only vertical diffusion.
The primitive equations are given by the following system (see, for example, [15,
16,18,20,23])

v+ (v-Vg)v+wo, v+ Vygp+ Liv+ fok xv=0, (1.1)
o.p+T =0, (1.2)
Vg -v+d,w=0, (1.3)
0T + - -Vy)T +wo, T + LT = Q, (1.4)

where the horizontal velocity v = (vl, v2), the vertical velocity w, the temperature
T and the pressure p are the unknowns, fo is the Coriolis parameter, and Q is
a given heat source. In the above system, the term k x v is understood as the
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first two components of the vector product of £k = (0,0, 1) and (v!, v2, 0). Here,
for simplicity, we assume that the heat source Q is identically zero; however, the
results obtained in this paper hold true for the nonzero but appropriately regular Q.
The operators L and L; in (1.1) and (1.4) are the viscosity and the heat vertical
diffusion operators, respectively, given by

Lim—tay—ta oLy
Y O
with positive constants Ry, R> and R3, where R, R» represent the horizontal and
vertical dimensionless Reynolds numbers, respectively, while R3 is the vertical
dimensionless eddy heat diffusivity turbulence mixing coefficient (see [8,9] for
example). In this paper, we use the notations Vg = (9, dy) and Ay = 33 + 85 to
stand for the horizontal gradient and Laplacian, respectively.

The mathematical studies of primitive equations were initiated by LIONS et al.
[15—-17]in 1990s, where the global existence of weak solutions were obtained. Weak
solutions in 2D turn out to be unique, see BRESCH et al. [2]; however, the uniqueness
of weak solutions in the three-dimensional case is still unclear. Concerning the
strong solutions for the 2D case, the local existence result was established by
GUILLEN-GONZALEZ et al. [ 10], while the global existence was achieved by BRESCH
et al. [3] and TEMAM and ZIANE [23]. The global existence of strong solutions
for the 3D case was established by Cao and Tit1 [6]. In [6], the authors take
advantage of the observation that the pressure is essentially a function of the two-
dimensional horizontal variables; as a result, they obtain the L° estimates on the
velocity vector field, which allows them to prove the global well-posedness of
strong solutions. The global existence of strong solutions were also obtained later
by KoBELKOV [11], see also the subsequent articles of Kukavica and ZIANE [12,13]
for a different boundary condition. In all the papers [6,11-13], systems are assumed
to have diffusion in all directions. However, it was recently shown by CAo and TiT1
[7] that these global existence results still hold true for systems with only vertical
diffusion, provided the local in time strong solutions exist. Notably, it has also been
shown recently in [4] that for a certain class of initial data the solutions of the
invisicd 2D and 3D primitive equations develop finite-time singularity (see also
[26] for a related result).

The aims of this paper are two fold on one hand, we establish the local existence
of strong solutions to the primitive equations with only vertical diffusion, provided
the initial data belong to H?; on the other hand, we prove that this local strong
solution can be in fact extended to be a global one by adopting the energy estimates
established in [7] and some suitable 7-weighted estimates, as well as our local
existence result. Note that the regularity assumptions on the initial data in this
paper are weaker than those in Cao and Tit1 [7] and consequently we improve the
results of [7].

In this paper, we consider the problem in the domain Q9 = M x (—h,0)
with M = (0, 1) x (0, 1). We complement system (1.1)—(1.4) with the boundary
conditions

v, w, T are periodic in x and y, (1.5)
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(00, w)|z=—n,0 =0, (1.6)
T;=—h =1, T|;=0=0, (1.7)

and the initial data
(v, T)li=0 = (vo, To)- (1.8)

Replacing 7 and p by T + ; and p — %, respectively, then system (1.1)—(1.4)
with (1.5)—(1.8) is equivalent to the following system

v+ (v-Vg)v+wd, v+ Vgp+ Liv+ fok xv=0, (1.9)
op+T =0, (1.10)
Vi v+ dow =0, (1.11)
1
a,T+(u~vH)T+w(aZT+E)JFLQT:O, (1.12)

complemented with the boundary and initial conditions

v, w, T are periodic in x and y, (1.13)
(00, W) z=—n,0 =0, Tlz=—pno0=0, (1.14)
(v, T)lt=0 = (vo, To). (1.15)

Here, for simplicity, we still use Tp to denote the initial temperature in (1.15),
though it is now different from that in (1.8).
Notice that the periodic subspace H, given by

H :={(v, w, p, T)|v, w, p and Tare spatially periodic in all three variables

and even, odd, even and odd in z variable, respectively},

is invariant under the dynamics system (1.1)—(1.4). That is if the initial data satisfy
the properties stated in the definition of H, then, as we will see later (see Theorem
1.1), the solutions to system (1.1)—(1.4) will obey the same symmetry as the initial
data. This motivated us to consider the following system

otv+ (v-Vg)v+wo, v+ Vygp+ Liv+ fok xv=0, (1.16)
o,p+T =0, (1.17)
Vg v+ 0w =0, (1.18)
1
8tT+(v-VH)T+w(BZT+z)+L2T=O, (1.19)

in Q := M x (—h, h), subject to the boundary and initial conditions

v, w, p and T are periodic in x, y, z, (1.20)
v and p are even in z, and w and T are odd in z, (1.21)
(v, T)t=0 = (vo, To). (1.22)
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One can easily check that the restriction on the sub-domain €2y of a solution
(v, w, p, T) to system (1.16)—(1.22) is a solution to the original system (1.9)—
(1.15). Because of this, throughout this paper, we are mainly concerned with the
study of system (1.16)—(1.22) defined on €2, while the well-posedness results for
system (1.9)—(1.15) defined on €2y follow as a corollary of those for system (1.16)—
(1.22).

For any function ¢ (x, y, z) defined on €2, we denote

h
¢'><x,y>=ﬁ/_h¢<x,y,z)dz, b=0¢—¢.

System (1.16)—(1.22) is equivalent to (see, for example, [7])
z

8tU+L1U+(U'VH)U—(/ VH'v(xay7€7t)d§) aZv
—h

+fok x v+ Vg (ps(x, V. 1) —/ T(x,y,81) dé) =0, (1.23)
—h
Vy-9=0, (1.24)

: 1
8,T+L2T+v-VHT—(/ VH~v(x,y,$,t)dE) (aZT+7l)=0 (1.25)
h

in Q = M x (—h, h), complemented with the following boundary and initial
conditions

vand T are periodic in x, y, z, (1.26)
v and T are even and odd in z, respectively, (1.27)
(v, T)|r=0 = (vo, To). (1.28)

In addition, one can also check that v and v satisfy the following system (see, for
example, [7])

1 = = —— _
0;v — R—AH17+(17-VH)1_)+(U~VH)U+(VH-v)v+f0k X v
1

1o
+Vy (ps(x,y,t)——/ / T(x,y, & t)dé dz) =0, (1.29)
2h J_pJ—n
Vy-0=0, (1.30)
v+ L1v+ (v-Vy)v — (/Z Vg -v(x,y,&,1) dE) 0,0+ (V- Vg)v
—h

+@W-V)o— (V- V) + (Vg - 0)V + fok x ¥

b4 h b4
—Vy (/ T(x,y,&,1) dE—L/ / T(x,y,&,t)d& dz) =0. (1.31)
—h 2h —hJ—h

Throughout this paper, we denote by L7 (2), LY(M) and W™ 9(2), W™9(M)
the standard Lebesgue and Sobolev spaces, respectively. For g = 2, we use H™ in-
stead of W2, We use W;’é}q (2) and Hg’;r to denote the spaces of periodic functions
in W™4(Q2) and H™(S2), respectively. For simplicity, we use the same notations
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L? and H™ to denote the N product spaces (L) and (H™)V, respectively. We
always use ||ul|, to denote the L” norm of u.

Definitions of the strong solution, maximal existence time and global strong
solution are stated in the following three definitions, respectively.

Definition 1.1. Let vy € H*(2) and Ty € H?(2) be two periodic functions, such
that they are even and odd in z, respectively. Given a positive number #. A couple
(v, T) is called a strong solution to system (1.23)—(1.28) (or equivalently (1.16)—
(1.22)) on 2 x (0, 1) if

(i) vand T are periodic in x, y, z, and they are even and odd in z, respectively;
(ii) v and T have the regularities

v e L™(0, 1o; H*(22)) N C([0, 10]; H'(2)) N L*(0, 10; H(Q))
T e L0, 10; HX(R)) N C([0, 10]; H'(R)), 8,T € L*(0, r; H*(R)),
dv e L*0,t0; H(Q)), 8T € L*0, t9; H (Q));

(iii) v and T satisfies (1.23)—(1.25) almost everywhere in 2 x (0, #p) and the initial
condition (1.28).

Definition 1.2. A finite positive number 7* is called the maximal existence time
of a strong solution (v, T') to system (1.23)—&28) if (v, T) is a strong solution to
system on 2 x (0, tg) for any tp < T* and lim (||v||%12 + ||T||§_12) = 00.

t—>T*

Definition 1.3. A couple (v, T) is called a global strong solution to system (1.23)—
(1.28) if it is a strong solution on 2 x (0, 7o) for any 7y < oo.

The main result of this paper is the following:

Theorem 1.1. Suppose that the periodic functions vy, Ty € H*(Q) are even and
oddin z, respectively. Then system (1.16)—(1.22) has a unique global strong solution
(v, T).

As a first step in proving Theorem 1.1, we prove the local existence of strong
solutions. This is done by regularizing the original system, solving the regularized
system and then taking the limit as the regularization parameter € tends to zero. More
precisely, we first prove the local existence of strong solutions to the regularized
system by the contraction mapping principle, then we prove that the existence time
and the corresponding a priori estimates for these solutions are independent of the
regularization parameter &, and finally, thanks to these uniform estimates, we can
take the limit to obtain the local strong solutions of the original system. By adopting
the energy inequalities established in [7] and doing the -weighted estimates on the
high order derivatives, we prove that the H> norms of the solutions keep finite for
any finite time, and thus prove the global existence of strong solutions.

As a corollary of Theorem 1.1, we have the following theorem, which states
the well-posedness of strong solutions to system (1.9)—(1.15). The strong solutions
to system (1.9)—(1.15) are defined in the similar way as before.
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Theorem 1.2. Let vy and Ty be two functions such that they are periodic in x and y.
Denote by vg’“ and T(f’“ the even and odd extensions in z of vo and Ty, respectively.
Suppose that vg’“, TOeXt € ngr(SZ). Then system (1.9)—(1.15) has a unique global
strong solution (v, T).

The existence part follows directly by applying Theorem 1.1 with initial data
(vger, T5*") and restricting the solution on the sub-domain £29, while the uniqueness
part can be proven in the same way as that for Theorem 1.1.

Remark 1.1. The condition that v§™, TgX € H, () in the above theorem is
necessary for the existence of strong solutions to system (1.9)—(1.15). Using similar
arguments to those stated in the appendix section of this paper, one can show that
strong solutions are in fact smooth away from the initial time. It follows from
equation (1.12) and the boundary condition (1.14) that 812T| =—h,0 = 0 for any
t > 0, and thus we can extend T oddly and periodically in z such that 7¢*' is odd

in z and belongs to szer(Q) for any r > 0. By the definition of strong solutions,

it follows that T € L(0, to; H>(S20)) N C([0, fo]; L*(0)), and thus T e
L0, to; H2(2)) N C([0, 10]; L3(2)). Combining these statements, by Banach—
Alaoglu theorem, it must have 75*' € H 2 . Similarly, one can verify that vg™ must

per*
belong to szer(Q).

The rest of this paper is arranged as follows: in the next section, Section 2, we
prove the local existence of strong solutions to the regularized system; in Section 3,
we establish the local existence and uniqueness of strong solutions to system (1.16)—
(1.22); in Section 4, we show that the local strong solution can be extended to be
a global one and thus obtain a global strong solution; some necessary regularities
used in Section 4 are justified in the appendix section.

Throughout this paper, the constant C denotes a general constant which may
be different from line to line.

2. The Regularized System with Full Diffusion

In this section, we prove the local existence of strong solutions to the following
modified system

Zz
ov+ Liv+ (v-Vyg)v — (/ Vu-v(x,y,&,1) df) d; vV
—h

Z
+fok x v+ Vg (ps(x,y,t) —/ T(x,y, &, 1) dé) =0, (2.1
—h

Vg -v=0, 2.2)
0/T +L>T —eAygT +v-VyT

_(/z Vg -v(x,y,&,t) dé) (8ZT+%) =0, 2.3)
—h

complemented with the boundary and initial conditions

v and T are periodic in x, y, z, 2.4)
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v and T are even and odd in z, respectively, (2.9)
(v, T)li=0 = (vo, To). (2.6)

Strong solutions to system (2.1)—(2.6) are defined in the similar way as Defin-
ition 1.1. We have the following proposition.

Proposition 2.1. Given ¢ > 0. Let vg and To € H 2(Q) be two periodic functions,
such that they are even and odd in z, respectively. Then system (2.1)—(2.6) has a
strong solution (v, T) on Q x (0, t;) such that

(0. T) € L*(0.1;: H(Q)),  (3v,8,T) € L*(0.1;: H'(Q)),
where t, > 0 depends only on Ry, Ry, R3, h, ¢ and the initial data.

We will use the contractive mapping principle to prove this proposition. We
first introduce the function spaces and define the mapping. For any given positive
number fy, we define the spaces

Xo={¢ | ¢ € C([0, 101; H*(M)) N L*(0, to; H*(M)), ¢ is periodic},
X ={v|ve (0,1l H*(Q) N L*0,to; H* (), Vi -1 =0,
v is periodic in x, y, z and even in z},
Y ={T | T € C(10, 1o]; H*(2)) N L*(0, 10; H* (),

T is periodic in x, y, z and odd in z},

and set M, = X x Y. The norms of these function spaces are defined in the natural
way.
For any given (v, T') € My,, define a map § : M,;, — M,, as follows

S, T)=W,T), V=U+V, 2.7)

where (U, V, 7) is the unique solution to

1

QU — =AU +Vip =A@, T), in M x (0, 1), (2.8)
1

Vu U =0, in M x (0, 19), (2.9)

&V +L\V=B@T), in © x (0, 10), (2.10)

T —eAyT + Ly T = E(v, T), in © x (0, 19), (2.11)

with boundary and initial conditions

U is periodic in x and y, (2.12)
V and 7 are periodic in x, y, z, (2.13)
V and 7 are even and odd in z, respectively, (2.14)
WU, V, T)li=0 = (vo, Yo, To)- (2.15)

Here the nonlinear operators A(v, T), B(v,T) and E(v,T) in (2.8)—(2.11) are
given by
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AW, T) = - -Vg)o— (0 - Vi)o + (Vg - 0)d — fok x

h oz
+VH(1/ /Z T(x,y, & 1)dE dz), (2.16)
2h J_pJ—n

B(v,T)=—-@-Vyg)v+ (/Z Vg -v(x, y,&,1) ds) ;0 — (V- Vy)v

—@-Vg)i+ @ - V) + (Vg - D)V — fok x v

b4 h z
Yy / T(x,y,g,,)dg_i/ / T(x.y.£.0)dEdz ). (2.17)
_h 2h J_nJ—n

EWw,T)=—v-VyT + (/Z Vg -v(x,y, &, 1) d&) (8ZT+%). (2.18)
h

For any (v, T') € My,, one can check that A(v, T') is periodic in x, y, B(v, T)
is periodic in x, y, z and even in z, and E (v, T) is periodic in X, ).z and odd in z.
In addition, one has B(v, T) = 0, and thus by Equation (2.10), V satisfies

— 1 —
oV — R—AHV =0, inM x (0, t).
1

This implies that V = 0. One can easily check that, for any given (v, T') € M,

A(v, T) € L*(0, to; H' (M)),
B(v,T), E(v, T) € L*(0, to: H'(Q)).

By standard L? theory of linear Stokes equations and parabolic equations, there is
a unique solution (U, V,7T) € Xg x X x Y to system (2.8)—(2.15), such that

»U € L*(0,10; H'(M)), 8V € L*(0,10; H(R)), 87T € L*(0, 10; H'(Q)).

Recalling that Vi - U =0 andV = 0, itfollows that Vi -V = Vg - U+VyV = 0.
Combining these statements, the mapping 3§, given by (2.7), is well defined, and it
has an extra regularity

a3V, T) e L*0, to; H (Q)). (2.19)

One can easily check that
Z
AW, T)+B(w,T) = —(-Vg)v + (/ Vy -v(x, y,§.1) dé) dzv
—h

+Vy (/z T(x,y,&1) dé) — fokxv=:DWw,T),
—h

and that
Dw,T)=AWw,T), B, T)=DwT)—D(,T).
As a result, recalling (2.8)~(2.15) and V = 0, (V, T) satisfies
&V + L V+Vypx,y,t)=D(,T),

Vg -V =0,
0,7 —eAyT + LT = E(, T),
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subject to the boundary and initial value conditions

V and 7 are periodic in x, y, z,
V and 7 are even and odd in z, respectively,
WV, T)li=0 = (vo, Tp).

Therefore, to find a strong solution to system (2.1)—(2.6), it suffices to find a fixed
point of the mapping § in My,.

Before continuing our arguments, let’s state and prove the following lemma on
differentiation under the integral sign and integration by parts.

Lemma 2.1. Let f and g be two spatial periodic functions such that

feL*0,10; H(Q), 8f e L*0,10; H (),
g € L*(0,10; HX(R)), g € L*(0, 10; L*(Q)).

Then it follows that
d
—/ |AfI? dx dy dz = —2/ Vo, f - VAS dx dy dz,
dr Q Q

/Vafif'VAdedde:/ 10 Af|? dx dy dz
Q Q

and
d 2 2
— [ 10,igl"dxdydz=-2 [ 9,80 g dxdydz,
dr Jq Q
/Qafigafjg dxdydz = /Q 19,19,;¢|* dx dy dz

for almost all t € (0, tyg), where xi x/ e {x,y,z}.

Proof. The idea of the proof follows lines similar to the proof of a lemma of Lions
(see, for example, Lemma 1.2 in page 260 of TEMAM [22]). We only prove the
identities concerning f, those for g can be done in the same way. By standard
regularization, one can easily show that there is a sequence of smooth functions
{fa}, such that f, is periodic in space variables and

fo— f inL*0,10; H3(R)), 8 fu — & f inL*0,1; L*(RQ)).

Take arbitrary function ¢(t) € C(‘)’O((O, tp)). It is obvious that

/m ¢ (1) (/ AP dx dy dz) ar
0 Q

to
= lim @' (1) (/ |Af,|* dx dy dz) dr
0 Q

n— oo

0]
= —2 lim () (/ Afn A0 f, dx dy dz) dr
> Jo Q

n—
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fo
=2 lim / () (/ Vo, [, VAf, dx dy dz) dr
n— o0 0 Q

I
=2/0¢)(z) (/ Vo, fVAS dx dy dz) dr,
0 Q

I
/Ogo(t) (/ V9% fVAS dx dy dz) dr
0 Q

]
= lim 1) (/ V2% fuVAfy dx dy dz) dr
Q

n—o00 0

to
lim/ o(1) (/ 10, Afy|* dx dydz) dr
n—oo 0 Q

1
/Ogo(t) (/ 10, Af|? dx dy dz) dr.
0 Q

These identities imply the conclusion. O

and

Proposition 2.2. Given arbitrary positive number K and time to, such that K = 1
and 0 < 1ty £ 1, and set By = {(v, T) € M;O|||(v, )l m, < K}. Then for any
(vi, T1), (v2, T2) € Bk, we have

1/4
I3 1. T) = §(v2. T) gy, < CeKtg (w1 — v2. Tt = T2) | pg,-
where C; is a constant depending only on Ry, R>, R3, h and e.

Proof. It follows from the Holder and the Sobolev embedding inequalities that
/<|D(v., Ti) = D(v2, To)* + |V(D(v1, T1) — D(v2, T2))*) dx dy dz
Q

< C/ [|v1|2|V<v1 — ) + v — vVl + v 2V (01 — )P
Q

+Hop = v V20 + V(1 — )PVl + [V ?)

h 2 h
+ (/h V(T — Tl ds) 4 (/h V(T — )| ds)

2 2

h h
+(/h|w1|ds) |V<v1—vz>|2+(/h|wvl—vz>|ds) Vv, |?

2

h 2 h
+(/1 Vol ds) V20 — v + (/h V(1 — vl dé) V20

2 2

h h
+(/ |v2v1|ds) |V(v1—v2)|2+(/ |V2(v1—v2)|ds) |sz|2}dxdydz
—h —h

< Clivillso V(01 — 02113 + llvr — 2121V v2l13 + vi 15,11V (01 — v2)1I3
Flvr — w2021V 0213 + IV (1 — v 15U VoL ls + [V02l13) + V(T — T2) 13,
FIVUL IV (01 = v2) 201V — v2)lls + V(01 = v2) I Ve2ll2[ Vo2l
+IVor gV 1 — v) 21V (1 = v2)ll6 + IV (01 — ) lIg I V02211V v2 6

2
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V20121V ll6 IV (01 — v2)[I§ + V(01 — v2) 12V (1 — v2) 6] Vo2 llg
< Clllvil3ge + loal3) llvr = v2ll3 + lvnlz v — vall g2 llor — vall g
Fllvall gz o2l gz lvr = vallZe + lonll gz vl gs o = v2ll3,2
Hlva 32 lvr = vall g2 lvr — v2ll s + IT1 — T2ll3,.]
< ClUvi 3, + o213 lvr = vall g2 v = v2ll s + IT1 = T2013,

+(lvill g2 llvn s + o2l g2 o2l ) llor = vali,2] (2.20)

and
/Q(IC(vh T1) — C(v, To)|* + [V(C(v1, T1) — C(v2, T2))|?) dx dy dz

< C/ [|v1|2|vm — D) + [v1 — v IVR? + Vo 2 V(T) — )
Q

+HV@1 — )PV + [0 PIVAT — T) P + o1 — vl V2T,
2 2

h h
+(/h Vi d&) V(T — To)> + (/h IV (v — )] ds) (IVT)* + 1)

h 2 h 2
+(/ V201 ds)
—h

V(T — T))* + (/h IV2(v) — )] ds) (IVT? 4+ 1)
2 2

h h
+(/ |Vv1|ds) |V2(T1—T2)|2+(/ |V<v1—vz>ds) |V2T2|2] dx dy dz
—h

—h
< ClIvillooIV(T1 = T3 + o1 = w2l IVT215 + IV IV (T = T3
HIVr — ) IFIVEIE + [0 121V (T = T3 + llor — vl 3 IV 1213
HIVULIFIVT = T)IF + IV @1 = v) IV + IV — )13
V20120V l6 IV (T = T 1 + V2 (01 — v2) 13
VA1 = v) 201V (01 = v)lI6IVT21E + IV (01 = v) IV T2 112V T2 l6
HIVOLIEIV(T = T) 2 V(T = T2) 6]
S CU 31T = T2l + llor = val3 1 T2 03,2 + llvr — v2lf3,
vl gz vl g2 1T = T2l + v = v2llg2llve — v2ll g 1203
+lvr = vl 1 T2l g2 1 T2l gs + 0152171 = Tall g2 | Ty = Tallg3)
< CLUv I3 + IT2132) (v = vall gz llvr = v2llgs + 171 = Tall g2 I 70 = Tall y3)
il gz llvi s + 1Tl g2 1 Tl gs + Doy = v2ll3z + 1T = Tal32). (2.21)
Setting v = v; — vp and T = T1 — T3, then it follows from (2.20) and (2.21)
that

1) = /Q<|D(v1, T1) — D(v2, T)1> + V(D (v1, T1) — D(v2, T2)1?) dx dy dz

+/Q(|C(v1, T1) — C(va, T)* 4+ [V(C(v1, T1) — C(va, T2))|*) dx dy dz

< Clvrll g2 lvn s +lvall gz llvall gs + 1 2l g2 1 Tl s+ DA + 1T 13,)
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+C (o1l + o203 + 1215 AT I g2 T 1 g + vl g2 vl )

Thus, for any (vy, T1), (v2, T2) € Bk, it holds that

i) o
| 10 @< ki DR, [+ ol + 1720 + 1) a0

0]
+CK?| (v, T)||M,0/O (T g3 + 01l 73) de

to 1/2
1/2
< CKI|w, Dl fo [/ <||v1||§,3+||vz||i,3+||Tz||§,3+1)dr}
0
2 1/2 10 2 2 2
+CK? (v, T)llm, to [/0 (||T||H3+||v||H3>dz}

172

< CK* " (v, T)||3\4t0. (2.22)

SettingV = V| — Vy and 7 = 71 — 75, then (V, 7) satisfies

alv + L]V + VHP(X’ y5 t) == D(U], T]) - D(UZa TZ), (223)
V-V =0, (2.24)
0,7 —eAgT + LT =C(vy, T1) — C(va, Tr) (2.25)

and boundary and initial conditions

V and 7 are periodic in x, y, z,
V and 7 are even and odd in z, respectively,
WV, T)li=0 = (0,0).

Recalling (2.19), it is obvious that 9,V, 9,7 € L2(0, to; H (). Multiplying
(2.23) and (2.25) by V and 7, respectively, and summing the resulting equations
up, then it follows from integrating by parts that

1d
—— [ WP +|T? dxdyd
2dt/9(||+| [7) dx dy dz
1 1 1
+/ (—|VHV|2+—|an|2+s|vHT|2+—|aZT|2) dx dy dz
o \ R; Ry R3

= / [(D(vi, T1) — D(v2, T2))V + (C(v1, T1) — C(v2, 12))T] dx dy dz.
Q
(2.26)
Applying the operator V to equations (2.23), (2.25) and multiplying the resulting

equations by —VAY and —V AT, respectively, and summing these equations up,
then it follows from Lemma 2.1 that
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—— A AT|?)dx dyd
2dt/9(|vl+| [7) dx dy dz
1 2, | 2 2, | 2
+ [ (= |1VEAVE + —19.AV]? + ¢| VAT > + —[3.AT|* ) dx dy dz
o \Ri Ry R3

__ /Q [V(D(v1, T}) = D(vs, Ty))VAY
FV(C1, T1) — Cva, T>)VAT] dx dy dz.

Summing this equation with (2.26) up, and using the Cauchy—Schwarz inequality,
one obtains

1d

——/ (V12 + AV + |T)? + |AT|?) dx du dz
2 dt Q

1 1
+/ |:—(|VHV|2 +IVEAVIH) + — (18, VI> + 18, AV]?)
o LR Ry
1
+e(\VET? + |VHAT ) + R—(|aZT|2 + |8ZAT|2)} dx dy dz
3

= /Q [(D(1, T1) — D(v2, T2))V — V(D(vi, T1) — D(v2, T2)) VAV
+(C(vy, 1) — C(va, T2))T — V(C (v, T1) — C(va, Tz))VA’T] dx dy dz

< a/ (V1> + VAV +|T > + [VAT|?) dx dy dz
Q
+C/ (ID(1, T1) = D(va, T + [V(D(vy, Ti) — D(va, T2))?) dx dy dz
Q
+c/ (IC(1. T1) — Coa. TP + IV(C (o1, Ty) — Cluz, To)IP) d dy dz
Q

< y/<|V|2+ VAV + T + VAT %) dx dy dz + CI1 (1),
Q

where y = min [ﬁ, ﬁ}. On account of (2.22), it follows from the above in-

equality that

0]
sup (||V||§,z+||if||§,2>+/ (VY3 + VT3, de
051y 0

0]
<c [Trwa < ek ie. Ty,
which gives
1/2
1§01, T1) = §w2. T3, < CK1 10 Dy, -

proving the conclusion. O

Proposition 2.3. There is a positive constant Ko depending onlyon Ry, Ra, R3, h, &
and (vo, Ty), such that

130, Tl < 2Ko,
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for any (v, T) with || (v, T)||M,£ < 2K, where t, = min {(4C8K0)_4, 1} and C,
is the same constant as in Proposition 2.2.

Proof. Recalling the definition of §, the L? theory of Stokes equations and linear
parabolic equations provide that there is a constant Ky = 1, depending only on
R1, Ry, R3, h, ¢ and (vg, Tp), such that for any 0 < 79 < 1, one has

150, 01, < Ko.

By the aid of this estimate, applying Proposition 2.2, for any (v, T'), with

(v, THlIam,,
< 2Ky, it holds that

IS, Dllam, = 150, 0)la, + IS, T) =T, 0)ll g,
< Ko +2CsKot, | (v, Tl
< Ko +4C:Kt}/* < 2K,
provided 7, < min {(4C;Ko)~*, 1}. This completes the proof. O
Now we are rea dy to give the proof of Proposition 2.1.

Proof of Proposition 2.1. Let Ky be the constant stated in Proposition 2.3. By
Lemma 2.2 and Proposition 2.3, the mapping defined by (2.7) satisfies

S Bok, = Boakys

1
IFr, T1) = F(v2, o)l m,, = SIr =02, 1 = T)llm, -

for any (vi, T1), (v2, T2) € Byg,, where
te = min{(4C:Ko) ™", 1}, Bag, = {(v. DI[I(v. Tl pm,, < 2Ko}.

By the contraction mapping principle, there is a unique fixed point (v, 7') for § in
B k,. This fixed point of § is a strong solution to system (2.1)-(2.6). The regu-
larities v, 8, T € L%(0, t,; H'(R)) follow from (2.19), completing the proof of
Proposition 2.1. O

3. The System with Only Vertical Diffusion

In this section, we prove the local existence and uniqueness of strong solutions
to system (1.16)—(1.22), or equivalently system (1.23)—(1.28). The existence is
obtained by taking the limit ¢ — 0 of the solutions (vg, T¢) to system (2.1)—(2.6).

We first establish the uniform in € lower bounds of the existence times and the
estimates on (v, T¢). In fact, we have the following:

Proposition 3.1. There is a positive constant Ko and a positive time tj, depending
only on Ry, Ry, R3, h and (v, Ty), such that system (2.1)—(2.6) has a solution
(ve, Te) in  x (0, t5) with

1
sup <||v£||§,z+||T8||§,2>+/ EIVaTN G + 10:T: 13 + I Vvell3,2) df < K
0 < 0
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and

;
/ 3rvell 3 + 1, Te 113, dr < K,
0

where K is a positive constant depending only on Ry, Ry, R3, h and (vg, Tp).

Proof. Let ¢} be the maximal existence time of strong solution (v, T;) to system
(2.1)—(2.6). Multiplying (2.1) by v, and integrating over 2 yields

1d /| |2 / 1 | |2 1 | |2
- Ve|” dx dy dz + —|Vave|” + —|0;v dx dy dz
Zdt Q ¢ Q R] HTe RZ e

Zz
:/VH(/ ngg)vgdxdydz.
Q —h

Applying the operator V to (2.1), multiplying the resulting equation by —V Avg,
summing them up and integrating over €2, then it follows from Lemma 2.1 (recall
the regularities of (v, T;)) that

1d | X
EEA|AU8|2dX dy dz+/s.2(R_llvHAv8|2+R_2|82AU8|2) dx dy dZ

=/ v |:(v€ -Vyg)ve — (/Z Vi - ve dé) 0;Vg — (/Z VuT, d%‘)i|
Q —h —h

xVAv, dx dy dz.

Summing the above equation with the previous one up, and using the Holder,
Sobolev, Poincaré and Cauchy inequalities, we have

1d

Ea/gﬂmz +1AveP) dx dy dz

1 1
+/ [—(|sz;5|2 + VAV ) + —(18v > + \azAu8|2)] dx dy dz
Q Rl R2

=/Q[VH(/;ngs)vgJFV[(vg-vH)vg—(/;VH-vgds)azvg

- (/Z VuTe(x,y,&,1) df)] VAUE] dx dy dz
h

h
§C||VT5||2||USII2+C/ [|vg||v2vg|+|wg\2+ (/ |v2vg|ds) 192 ve]
Q —h

h h
+(/ \Vvs|d§) |V2v5|+(/ \vag\dg)} [VAv| dx dy dz
—h —h

éa/ |VAv5|2dxdydz+cuvrs||zuve||z+0/ [106P1V20 2 + Ve
Q Q

h 2 h 2 h 2
+(/ \v2v£|dz) |azvs|2+(/ Ivaldz) |v2vg|2+(/ \vzmdz) } dx dy dz
—h —h —h

< o/ VA [* dx dy dz + ClIVT:ll2llvell2 + C e [IE 1V ve 21 V2 ve 16
Q

HIVVelld + 1V 0 21 V206 ll6119:ve 12 + 1V Ve 21V 20 211V ve 6 + V2T 113)
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< a/ IV Av|* dx dy dz + Cl[VTell2llve 2 + C(Ulve 3 V2 ve 121V Ave |12
Q
Hlvelll2 + e l32 IV AV 12 + V2 T2 5)

< 2a/ IVAv > dx dy dz + C(1+ [lvellS + I Te15,2). (3.1)
Q

; —minl-L _L
with 0 = min {4R1 v ], and thus we have

t
2 2
sup vl + / 1V vel,s ds
0<s<t 0

t
< Clluols + c/ (U 1T + el ds (32)
0

forany 0 =t < 1.
Multiplying Equation (2.2) by T, then it follows from integrating by parts that

1d 2 2 1 2
—— [ |T¢|"dx dydz + elVuTs|” + —|0,T:|" ) dx dy dz
2dt Jo Q R;3

1 z

- ;/ (/ Vi - e dé) T dx dy dz < C||Te[l2]| Ve 2. (3.3)
Q —h

Recalling the Gagliado—Nirenberg inequality of the form

1/2 1/2
1fllee < CUFIS LIS, VS € HA Q). Q SR,

it follows from the Holder, Sobolev and Poincaré inequalities that

1/2 1/2 1/2
18: Telloo SCI. TNl > (IV20, T 1> + 118 Te 13
1/2 1/2 1/2
SCIAT N> (IAD Ty + 10 Telly?) (3.4)
and
1/2 1/2 1/2
IVvelloo SCIVeN 2 UV velly* + 11V ve 1))
1/2 1/2 1/2 1/2
<CIV20 1YV 1Y ? = ClAve 12 IV A 12 (3.5)

Applying the operator V to Equation (2.3) and multiplying the resulting equation
by —V AT, and integrating over €2, then it follows from Lemma 2.1 (recall the
regularities of (vg, 7)), (3.4), (3.5), the Holder, Soblolev, Poincaré and Cauchy—
Schwarz inequalities that

1

1d
77/ \ATglzdxdydz—i—/ e|VEAT > + —|0,AT.)? ) dx dy dz
2dt Jq Q R3

= / A |:(/Z Vg - ve dé) (BZTS + l) — (vg - VH)TE] AT, dx dy dz
JQ J—h h
:/ [(/ AVy - v, dg) (BZTS n l) +2 (/ VYV - v dg) Vo, T,
Q —h h n

—(Av, - V)T, — 2V, - VHVTS]ATS dx dy dz
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1
:/ |:(/ AVy - Vg dé) (azTe + E) - (Avs . VH)TS — ZVUs . VHVTgi| ATS dx dy dz
Q —h
_2/ [VVH 0 VTAT, + (/ VVi v dé) VTSABZTS] dx dy dz
@ —h

S CUAVU200: Teloo | AT 2 + 1AV Ve 2 AT 2 + AV 31 VE Te 6| AT Il2

HIVeloo VAT 13 + 1V 0e 31V Tl N AT 12 + 11V 0e I3V T2 ll6 1| A8, T 1)

1/2 1/2 1/2
§C[||VAvs||2||AT5||/ ATy + 19Ty D IAT: o + 1AV 2| AT |12

1/2 2 2 1/2
AU IV Ave 12 NATLE + [ Ave 1321V Ave 12 AT 2140 T2 12
So(IALT3 + IVAV3) + Co (1 + [10ellSy + 17:15,2). (3.6)
where o is a sufficiently small positive constant.
Combining (3.3) with (3.6), it follows that

t
sup ||Tg||§,z+/ ENVaT 5 + 10:T:113,) ds
0Ss<r 0

t t
< C||To||i,z+o/ ||VAv8||§ds+cU/ L+ 1 Te 72 + llvell,2)? ds,
0 0

with a sufficiently small positive constant o, for any 0 < ¢ < ¢. This, combined
with (3.2), implies

t
sup (vell 3z + 17132 +/ ENVaT T + 10:Te )3, + IV ve3,2) ds
0Ssst 0

t
< C(llvoll3,2 + IToll3,2) + C/ L+ ITe 13,2 + llvell5,2)* ds
0

forany 0 <t < 1. Set

&) = sup (Jvell3o + 1 Tl3. + 1)

0Ss<s
! 2 2 2

+/ ENVET 1 + 10T 120 + 1V v 13,2 ds
0

fort € [0, ¢). Then one has
t
f@t)y = CCo+ C/ (f(s)?ds, tel0,1)), (3.7
0
where Co = [[voll, + 17013, Set F(1) = [5(f(t)?) ds + 1, then by (3.7) one
has
F'(y=(f)’ £ C/(F(1)*, Vi el0,1)),
where C is a positive constant depending only on Ry, Ra, R3, h and (v, Tp). This

inequality implies

1
F@) < Vee[0,tN|0, — ),
® = € [0,1;) [ 2C1)

1
J1=2Cit’
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and thus

t
sup ([vell2 + 1T 13,2) + / ENVaT 3 + 10:Te 113, + 1V vell3,0) ds
0Ss<r 0

C
< CCy+CF(1t) £ CCy+ ———— < C(Co + V2),
S CCy+ ) = O+\/1—72C1f7 (Co++2)

for any ¢ € [0, 1) N [0, %]. Recalling that ¢ is the maximal existence time, the

above inequality implies #; > %, and thus, we can choose t(’)“ = %, and

;
sup (||vs||§,z+||Ts||§,z>+/ EIVaT3,
0Ss<t} 0

HI0:Tell32 + [ Vvell32) ds < C(Co + V2). (3.8)
We still need to establish estimates on 0;v, and 0;T,. The estimates on 9; T, fol-

low from Equation (2.3), the estimates (3.8) and the Sobolev embedding inequality
as follows

g 2 g 2 2 2 2
/ 10 Te 30 dr < C/ (uaz Tl + el AuTellgy + lve - Ve Tl
0 0

Z 1 2
+”/ Vi - v dé(azTe—i——) )dt
—h h H!

i
< c/ (uaszni,z + el VaTel + 1vell3 o IV T3, + 1)
0
2
)dt
2

;
< C/ 0 Tell%2 + el VaTelZ + el 30 IV T3, + 1)
0

Z
+ H/ Vi Vi - ve dE(0.To] + 1)
—h

+(0:Te 1% + DIVZve 5] dr
0
< c/ 0 Tell32 + el VaTel 32 + el 3 (1 Te 72 + D
0

19, T 32 1 0e 11721 de
< C(Co +V2)2(1g + 1.
For the estimates on d,v,, we split v, as v; = v, + U (recall the definitions of @

and ¢ in the Introduction). Then 7 and ¥, satisfy system (see, for example, CAO
and TiT1 [6])

_ 1 _ _ _ = - — _
00 — R_IAHvs + (Ve - VE)Ue + (U - Vg)Ue + (Vg - V)V + fok X Vg

1 h z
+VH pS(xﬂyvt)__/ / Ts(x’)’,f,f)dg dZ ZO’
2h o J-n
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Vi v =0,

z
010¢ + L1040 - V)V — (/ Vi - Ue(x,y,8, 1) dé‘_) 0,0 + (Ve - V),
—h

+(e - V)V — (Vg - Vi) Ue + (Vi - V) Ve + fok X U

—VH(/ T(xyét)dé——// T(xyét)dédz)—() 3.9)
—h

Thanks to the estimates (3.8), we can apply the L? theory of Stokes equations and
the Sobolev embedding inequality to deduce

tg - fg - - - ~  — ~
/0 ||azvsn§,l(M)dt§C/o (||AHvs|i,.(M)+|vs-vyvs||i,l(M)+||vs-vvani,,(M)

h z 2
VH/ / T df dz dt
—hJ—h H (M)

<c " Vo, |2 2 Ve |2 2 T.|%,) d
< C | AVl + eI V0e N1 + el + 1T 172 do

HIVE - e g1 gy + 10605 a0y + ‘

§
< C/ UIVvellF2 + llve s lvell 3 + 1vellFe + 1 Tel32) dif < C(Co+V2)2 (1 + 1),
0

and similarly, it follows from Equation (3.9) and the Sobolev embedding inequality
that

)
/0 18:0s 112, dr < C(Co + V2215 + D).

Therefore, one obtains

) )
/ larvel?,) dr < c/ e 12105 s gy A S C(Co+ VDR +1).
0 0
This completes the proof. O

We will use the following lemma to prove the uniqueness.

Lemma 3.1. The following inequalities hold true

‘/ (/ f(xyz)dz)(/ (xyz)h(xyz)dz)dxdy‘

1/2 1/2 1/2 1/2 1/2 1/2
S CIA A1+ 19 £ D gl iy > ARy + 19 ak1y ),

h h
‘/ (/ f(x,y,2) dz) (/ g(x,y,2)h(x,vy,2) dz) dx dy‘

1/2 1/2 1/2 1/2 1/2
< Clflalgly > Aghy” + IVa gy DRy > ARl + 1V ak]Y).

Proof. The proof can be established in the same way as in Proposition 2.2 of [5],
and thus it is omitted here. O

1/2
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We also need the following version of the Aubin-Lions lemma.

Lemma 3.2. (Aubin-Lions Lemma, See Simon [21] Corollary 4) Assume that X, B
and Y are three Banach spaces, with X < <> B < Y. Then it holds that

. . . oF __
(i) If F is a bounded subset of LP(0,T; X) where 1 < p < oo, and Sr=

{% |f € F} is boundedin L' (0, T; Y), then F is relatively compactin LP (0, T’
B);

(i) If F is bounded in L*°(0, T; X) and 83_1: isboundedin L" (0, T; Y) wherer > 1,
then F is relatively compact in C([0, T]; B).

Proposition 3.2. Let vg and Ty € H*(2) be two periodic functions, such that they
are even and odd in z, respectively. Then system (1.16)—(1.22) has a unique strong
solution (v, T) in Q x (0, t7), such that

(v, T) € L=(0, 13; H*(R2)) N C([0, 131; H (), (Vv,d.T) € L*(0,1}; HX()
and
(3v,8,T) € L*0,15; H (Q)),

where 1 is the same positive time stated in Proposition 3.1.
Moreover, the strong solutions are continuously dependent on the initial data,
in other words, for any two strong solutions (vi, T1) and (va, T>) to system (1.16)—
(1.22) on Q x (0, ty), with initial data (vio, T10) and (vao, Tr), respectively, it
holds that
sup (0] + ITI) < CeCH Hla Il o
0<<s

(lvoll3 + 170113,

with (vo, To) = (vio — v20, Ti0, T20).
Proof. By Proposition 3.1, for any given ¢ > 0, system (2.1)—(2.6) has a solution
(ve, Tg) in  x (0, #5) such that

1
sup (e (D115, + 1T (D117,2)+ / EIVET G2+ 10:Tell7 2+ 1 Ve ll,2) de S K
0 <t 0

and

g 2 2
(10 vellgn + 110, Tell ) df = K,
0 H H

where K is a constant which is independent of €. On account of these estimates,
by Lemma 3.2, there is a subsequence of (vgj, ng) and (v, T), such that
(ve;, Te;) = (v, T),  in C([0, 10]; H'(Q)),
— v, inL20.10; HX(Q), 9Ty, > dv,  in L2(0,10: H'(Q)),
(vé‘j’ Té‘J) —* (U, T)a in LOO(O7 tO’ HZ(Q))ﬂ

Ve;
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Ve, v, inL20,10; H (), 8Ty, — 3:T. in L2(0, t0: H* (),
(Orve;, 0:Te;) = (970, 0,T), in L*(0, 10: H' (),

where — and —* are the weak and weak-* convergence, respectively. Due to these
convergences, one can take the limit ¢; — 0 to see that (v, T') is a strong solution
to the system (1.23)—(1.28), or equivalently system (1.16)—(1.22). The regularities
of (v, T) follow from the uniform, in &, estimates on (vsj, T. 8].) stated above and
the weakly lower semi-continuity of the norms.

We now prove the continuous dependence on the initial data and the uniqueness
of strong solutions. Let (v, 71) and (vz, 72) be two strong solutions to system
(1.16)—(1.22) in 2 x (0, ty), with initial data (v, T10) and (vag, T20), respectively.
Setv =v; —vpand T = T} — T. One can easily check that (v, T') satisfies the
following system

Z Zz
orv+ Liv + (vg -VH)v—|—(v-VH)v2—(/ Vg - v dé) Bzv—(/ V;pudé) 0;v)

rZ
Sk X v+ Vg ps(xy.1) = Vig ( [t ds) —o, (3.10)

Vi - 9=0,

Z
3;T—|—L2T—|—U1~VHT+U-VHT2—(/ VH-Uldé;:)azT
h

([ o) () <o -
—h h

and the boundary and initial conditions

v and T are periodic in x, y, z,
v and T are even and odd in z, respectively,
W, T)li=0 = (vo, Tp).

Multiplying (3.10) by v and integrating by parts (recalling the regularities of v
that we have just proved) yield

1Cl/||2ddcl+/ 1|v |2+1|8|2ddd
_- v X —_— v —\ 0,V X
2dt Jq ya o \ R A Rzz ya

:/ H:(/Z VH~vd:§)82v2—(v~VH)v2i|v
Q —h
—(/Z Tdé) VH~v] dx dy dz. (3.12)
—h

By Lemma 3.1 and using Cauchy’s inequality, we have the following estimates

- h h
/ (/ V;pud‘;’) d;vy - vdx dydz §/ (/ |VHv|dz) (/ |81v2||v\dz) dx dy
Q \J-h M \J—h —h

1/2 1/2 1/2 1/2 1/2 1/2
< CIVavl2 130215 1802157 + IVE w21y D vl > Al + 1 Vavly)

1/2 3/2
< Clval g (v l21Vmvl2 + 1wy 2 1Va013?) S o IVavI3 + Co (1 + 0201521013,
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. . .. .. 1 rh
with a sufficiently small positive constant o. Noticing that |vy(z)| < o Lh |

v2(2)|dz+ [ f 4 10:v2] dz, applying Lemma 3.1 again and using the Cauchy—Schwarz
inequality, we then obtain

/(v~VH)v2 -vdx dydz
Q

=—/[VH-UU2-v+(v-VH)v~v2] dx dy dzé/ [Vhovllvllva] dx dy dz
Q Q

h h
—C/ (/ (Jva| + |9z v2]) dz) (/ IVHv||v|dz) dx dy
M \J-h —h

1/2 1/2 1/2 1/2
<Clo.vlly 219,021y >+ IV a0, v2 |3 IV vl v 1y > Al + 1VEv]3?)
1/2 1/2 1/2 1/2 1/2
+Cloally 22y + Vv LY DIVl o1y 2 Al + 1 VEvllY )
3/2
2 ll g2 (02 IV vl + ol 21V vy S o IVEvIB + Co (140213,

with a sufficiently small positive constant o. Substituting these inequalities into
(3.12) implies

d/||2ddd+/ l|v |2+1|8|2ddd

—_— v X —_— v e v X

ar Jo ydz o\ & Ve Ry % ydz

< CU A+ [luallh) (0I5 + 1T 13). (3.13)

Multiplying (3.11) by T and integrating by parts (recalling the regularities of
T that have just been proved) yield

TP dxdydz+ — [ [0.T)? dxdyd
2dt/ll)cyz+ /I |“dx dydz

=—/ [v~VHT2—</ VH~vd§) (BZT2+1)]de dydz. (3.14)
Q —h h

Note that |7 (2)] < 5 ffh IT(z)| dz + ffh |3, T| dz, we can apply Lemma 3.1 and
using the Cauchy—Schwarz inequality to deduce

/ v-VgThT dx dy dz
Q

h h
§/ (/ (|T|+|32T|)dz) (/ |v||VHT2|dz> dx dy

< CUIT N2+ 13: T Il vl + 19 g vl )

< IVa Tl > UV Tl + 195 2057
< CUIT N2+ 13: T2 Uoll2 + 15 21V e vl ) 1 T2l 2
<o (10.TI3 + IVavl3) + Co (L + IT204) U013 + 1T113),
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and integration by parts yields

Z
/(/ VH-vdé)aszdedydz
Q —h
z
z‘_/ [vH-mH(/ vH-vds) TzazT} dx dy dz
Q —h

< o8, T3 + Co (1 + [ T2l2) T3 + IVavII3)
< ol3,TI5 + Co (1 + [ T213,)UIT 13 + I VavI3),

with a sufficiently small positive constant o . Substituting these estimates into (3.14),
one has

d/|T|2ddd+1/|8T|2ddd
— X — X
dr Q ¥y &z R; Q : ¥y &z
S CA+ T IVaVIE + CA + 1Tl (vl + (T13). (3.15)
Since (vy, T3) is a strong solution in Q2 x (0, fp), it satisfies

2 2
sup (021122 + I T21%) < oo.
0511y

Multiplying inequality (3.13) by a sufficiently large positive number «, and sum-
ming the resulting inequality with (3.15), one reaches

d
E/Q(a|v|2+|T|2) dx dy dz < C(1+ v2lld, + 17215 Uvl3 + IT13).

By the Gronwall inequality, it follows from this inequality that

10 4 4
2 2 C [y A+v2ll® s +IT2 % ,) dt
sup (Jvl2 + T |13) £ €l tinal,

0<r<s

(lvoll3 + 1 Tol13).-

This proves the continuous dependence of the initial data. In particular, if (vig, T10) =
(v20, Tr0), then (v, T) = (0, 0), thatis (vy, T1) = (v2, T2), proving the uniqueness.
This completes the proof. O

4. Global Existence of Strong Solutions

In this section, we show that the local strong solution obtained in Section 3 can
be extended to be a global one. That is, we give below the proof of Theorem 1.1.

Proof of Theorem 1.1. By Proposition 3.2, there is a unique strong solution (v, 7)
to system (1.16)—(1.22) on 2 x (0, t6‘) such that

1
sup <||T||§,2+||v||22)+/ (UIVoll72 + 18T 3,2) dt < C. (4.1)
0<r <ty 0
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Set u = d;v and define functions n and 0

n=Vg u=3u®—ou, (4.2)
0=Vy-u+RT=3adu"+du”+RT. (4.3)

By Proposition 5.3 (see the Appendix section below), one has

t
0;% t[s2<||n(s>||§,2 + 1011521 + /0 s2(n(s)113,5

10135 + 1050 + 18,00)117,) ds < K3() (44

forall r € [0, #;], where K3(¢) is a bounded function on [0, £;5].

We consider the strong solution (v, 7') on the maximal interval of existence
(0, T*). We are going to prove that 7* = oo. Suppose that 7* < oco. Thanks to
the regularity properties stated in Proposition 5.3 and Proposition 5.4, below we
define, for any ¢t € (0, T*),

X(t) =14+ Vg Auo®)|3 + CrIART )3 + CrIIVE, T ()3
HIAEnO3 + Va5 + 1A 5 + Va0 (1)l

V() = AV + 1ArdTON5 + V22T O3 + Ve Aan®)3
I AHN D5 + IVa A5 + |Axd0()3,

Z(t) = log X (1),

2R}(Ri+R>) (R —R3)?

5 . Therefore, it follows (see (122) in [7])
RYR3

where Cp =

dX -
o T CY =Clvll2(IVavll g1y + 1T loo + Inll 1 + 101 1) X log X

FHIT IS I TI3+HIBI3A+117,0) + (4 + 1 )3) 19:ull3,,
+ (L+ Il 015, + (1 + 10191013, 1X + A3 1 Vanls
+ 10131V EO13 + T2 + 18:ul311VEdul3) 4.5)

and

Z _
a S Clvl2UVa g1 an + 1T oo + Il + 101 502

[+ T + 101G + IBI3CL+ 15130 + (1 + lo.ul3) 19l
0+ D) Il + 1+ 1e1Dien, ], (4.6)

forany r € (0, T*).
Recalling (4.1) and the definitions of 7, 6 in (4.2) and (4.3), it follows from
(4.6) that

—Z<c1 2H)Z+C 2 vt e (0, 1
5 = A+ vl Z2 +CA + vllgs), Ve, 4),
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and thus
d , ,dZ
— @ Z() =t"— +2tZ(t
dt( () dt+ (1)
S CA+ I3 2@ + C(+ i) + 2t 2(1) (4.7)

fort € (0, t(*)‘). Thanks to (4.1) and (4.4), it holds that foto tX(t) dt < C, and thus,
noticing that X = 1, we have

I t [y
/%anm:/%mgmmmgc/%xmmgc
0 0 0

Combining the above with (4.7) gives
' 2 ot
22(1) < CeC oIV ds / [(1+ [vlF)s” + 25 2] ds £ C,
0

for any ¢ € (0, #}). Recalling the definitions of X’ and Z, the above inequality
implies
sup X(@) S C. (4.8)

ﬁStét*
2 ="="0
Thanks to the estimates (59), (69), (91), (103) and (113) in [7], one has

sup ([0l + 1712 + Va3 + 0.ul3 + 13 + 1613)
0<%
r 2 2 2 2 2 2
| AV +10.TIE + 1 AuDI3 + IV3:ulls + IVnl3 + V61 dr < ¢,

4.9)

and consequently, we have
/0, W2 Va3l g ary + 1T oo + 0l 1 + 1611 51) ds < C,
and
/Ot[nTnio F 18 TI3 + D13 + 1512, + (1 + 183 19-u )%,

+ L+ D5 + A+ 10131613, 1ds < C,

forany ¢ € (0, ;). By the aid of these two inequalities, using (4.8), it follows from
(4.6) that

sup  Z(t) £ C.
15 /25t <T*
Thus by (4.5) we have
T*
sup  X(@) + Y(@)dr < C. (4.10)

1§ /2St<T 15/2
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It is clear that

_ Loty
vxyzn =i+ o [ [ awtysn dea,
2h ) )z
and thus, it follows from elliptic estimates and Poincaré’s inequality that

IVE VI3 = IVEUI3 + VI3 = V53 + Vaul3
< CIVEDI3 + IVRull3 + I Vaull3)
S CUARDIE+ IVE(VE -3+ IVe (Ve - w3+ 1VE - ull} + Ve - uld)
< CUVHARDIE + Va3 + IVEOI + IVETI3 + Inl3 + 1015 + 11T 113)
S CUVHARDIE + IVVal3 + IVVHOIE + IVVETIE + 13 + 1613 + 1T13)
S CUIVEAEDIZ+ A3 + 1AHOI5 + 1ALT I3 + 1 Va3 + IVH-0113
+HIVE. T3 + I3 + 1013 + 1T13)
SCX@O+ nl3+ 1015+ 1T13)

and

IVE Vol = IVEl5 + IVvll3 = IVEul3 + IV5vI3
S CUIVEVa - ully + I Va Vi - ullz + V5015 + [VZul3)
SCUVanl3 +1IVaOI3 + IV T3 + Ve ABIE + IVE Ve - ull3 + IVEVE - ull?)
S CUVaN; + IVEOI3 + IVEVT I3 + IVaASIZ + IVEnI3 + IVEOI5 + IVETI3)
SCUVanl3 + IVaOI3 + IVEETI3 + IVEADI3 + 1Aun )3 + 185013 + 1ALTI3)
<X + IVEIB + IVHOI3).

Combining these two estimates it follows from (4.9) and (4.10) that

T*
sup (o)l + / IV3v(@)|3 dt
15 /25t<T* 15/2

T*
<c sup (I3 10203+ IVEVUID) +C [ (IVO2uIBIVE V) dr
15 /25t<T 15/2

=C sup (w3 +8ulf +X@) + 013+ 1613 + 1713
13 /25t <T*
r 2 2 2
+c/ (IVaull3 + X (1) + IVunl3 + IVRo|3) df £ C,
15/2

and thus

T*
sup vl +/ Ivll3, dr < C. (4.11)
15 /25t <T 15/2

Thanks to (4.9), (4.10) and using the Poincaré inequality, it follows that
T*

sup (ITI3+ IVATIZ0) + [ (N8TI3+ 18.VaTI%,) di < C. (4.12)
13 /25t <T* /2
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Applying the operator 9, to (1.25) and multiplying the resulting equation by —813 T,
then it follows after integrating by parts and using Lemma 2.1 that

1d 1
—— [ 18?T|?dx dyd —/ 3T dxdyd
2dt/9|z| xyz+R39|Z| xdydz
1
- _/ ((831) VT +20.v- Vi), T — (3.Vy - v) (BZT + Z)
Q

—2(Vy - v)8Z2T) 92T dx dy dz

< CU2v1sIVET e + 19:vlloo I VEI: T2 + 18-V v[3119: Tl
H1:Vavlz + IVa o [D2T 121927 12
S CUI g IVEVT 2 + [0l g2 IV T2 + vl z2) 92T |12
S CUllgsIVET g + vl g3 12T 12 + vl g2) 12T |l
S ClollgsUIVaT g + 1) + Cllvll g3 1827113
By the aid of (4.1), (4.11) and (4.12), it follows from the above inequality that

T*
wpn£ﬂ6+/'nﬁrﬁw
0<t<T* 0

T* t
< Celo Wiy di (||a§T0||§+/ vl s + ||VHT||§,2)ds) <C. (4.13)
0

Combining (4.1) with (4.11)—(4.13), we obtain
2 2 r 2 2
sup (IvI2 + T2 + [ (vl + 18.T13,) de  C.
05t <T* 0

As a result, we apply Proposition 3.2 to extend the strong solution (v, 7') beyond
T*, contradicting to the fact that 7* is a finite maximal time of existence. This
contradiction implies that 7* = oo, and this completes the proof. O

5. Appendix: Regularities

In this appendix, we justify some necessary regularities used in the previous
section, Section 4. Let (v, T) be a strong solution to system (1.23)—(1.28) in 2 x
(0, 1) with 0 < f9 < oo. For any ¢ € [0, tp), we set

Kmn=swum@rWTﬁ»+/hwm@ﬁw&ﬂ@»m.
0Ss<t 0
Recall the definition of the functions u, 1, 8 and ¢
u=20av, ¢=0u,
n:Vfru:axuz—ayul, (5.1
0=Vy-u+RT=0du" +du*>+RT. (5.2)
We are going to study the regularities of u, ¢, , 0 and v.
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For convenience, we also use the notation x = (x!, xZ, x3) to denote the spacial

variables, that is using x!, x? and x3 to replace x, y and z, respectively. We will use
bothx and (x, y, z) to denote the spacial variables. Sete; = (1, 0, 0),e2 = (0, 1, 0)
and ez = (0, 0, 1). For any spatial periodic function f and / # 0, we define the
difference quotient operators 8t i =1,2,3 as follows

. 1
800 = (f(x+ler) = ().

Since we will use 513 more frequently than 8t i = 1,2, we will often use §; instead
of 513.
Straightforward calculations show, for any periodic functions f and g, that

31,01, = 61,61, V& =14V,
8 = -6, thatis / 8 fgdx = —/ f8_g dx,
Q Q

8i(fg) = féig +g(-+1le3)di f,
181 £y < Cldfllp, VfeWHP(@),1< p< oo,

where 6/ stands for the adjoint operator of §;, and C is an absolute constant. The
operators §;, 1 = 1, 2 have the same properties as those of §;.

Lemma 5.1. Suppose that the spatial periodic function f satisfies

t
sup (sk||8;f||%)+/ sIVSE I3 de £ K (1),
0<s<s 0

foranyt € (0, ty) and for any 0 < |l| < 1, where K (t) is a bounded increasing
function on (0, ty). Then

t
sup (s"||a,»f||%)+/ s IV £13 dt < K (1),
0<s<s 0

foranyt € (0, tg).

Proof. Set g = s*/2 f, then

t
sup ||8;g||%+/ IVsigl3 dr < K1),
0Ss<r 0

for any ¢ € (0, tp). Given ¢ € (0, #p), using the sequentially weak compactness of
closed balls in L2(2) and L2(2 x (0, 1)), any sequence [, with [, — Qasn — oo
has a subsequence, still denoted by /,,, such that

5 g(.) = @, in L),
and

8 Vg =W, inL*(Q x (0,1).
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Using the properties of 8; stated above, for any two spatial periodic functions
¢ € C®R3 and ¥ € C®(R3 x [0, 1]), one has

/S;Hg("t)‘b dx:—/ g( 18-, ¢ dx — —/ g(, 1)9;¢ dx
Q 2 @

and
t ) t ) t
//8I’Vgt/fds:—//Vg(S’_lldeds—>—//Vgaiwdxds.
o Jo " 0 Ja " 0 Ja

On the other hand, the weak convergence of ang(-, t) and an Vg in L%(Q) and
L?(2 x (0, 1)), respectively, implies

/ 8 g(.)p dx — / d¢ dx,
Q Q

1 t
/ / 8, Vg dxds — / / W dx ds.
0 JQ 0 JQ

Therefore, we have

r t
/d>¢ dx = —/ g(-, 1)0;¢ dx, / / Yy dx ds = —/ /Vga,-w dx ds,
Q Q 0 JQ 0 JQ

which imply

and

® =0;g(,1), WY=09;Vg.

Combining the above statements, we have proven that for any sequence /,, with
I, — 0, it has a subsequence, still denoted by /,,, such that

8 g(-.1) =~ dig(.1), inL*(RQ),
and
8 Vg — 8;Vg, inL*(Qx (0,1)).

Thanks to the above two weak convergences, using the weakly lower semi-continuity
of the norms and by assumption, we have

t
||aig<~,t>||%+/0 19 Vg2 ds

t
< lim (||a;ng(.,¢)||§+/ ||6;HVg||%ds) <K@,
0

n—oo

which, recalling the definition of g, gives

t
rk||a,~f(-,t)||§+/ sK19:V £13 ds < K (),
0

for any ¢ € (0, tp). The conclusion follows from taking the supremum with respect
to time ¢. This completes the proof. O
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We first consider the regularities of u, that is the following proposition.

Proposition 5.1. Let (v, T) be a strong solution to system (1.23)—(1.28) in Q x
(0, t9) and set u = d;v. Then

Viu € L®(0, to; H*(2)) N L*(0, 10; H3(Q)), 1du € L*(0, t0; H' ()

and

t
sup <s||u||§,z>+/ sl + Il ds < Ky (0)
0Ss<t 0

foranyt € (0, tg), where K1 (t) is a bounded increasing function on (0, ty).

Proof. Strong solution (v, T') has the following regularity properties v € L?(0, to;

H3(Q)) and d;v € L*(0, 1p; H'(X2)). One can differentiate Equation (1.23) with
respect to z to derive

du+Liwu+ (- Viu— ([*, Vi -v(x, y, &, 1) d§) 0.u

4+ - Vy)v— (Vg - v)u + fok xu —VgT = 0. (5.3)

Note that d;u € L%(0,19; L>(Q2)) and u € L?(0, to; H*(2)). Multiplying the

above equation by —&;°8; Au and applying Lemma 2.1, it follows from the Sobolev
embedding inequality and the Cauchy—Schwarz inequality that

1d 1 1
—— [ 18, Vul?d — |8V Vul? + —18,8,Vul*) d
2dt/leul X+/Q(R1|1HMI+RZIIZMI>X

= / [(u-Vg)v— (Vg -v)u — VHT]SI*SIAM dx
Q

+/ |:(v -Vu — (/Z Vg -vx, y,&,t) dé) azu:| 81*8[AM dx
Q —h

= / Si[(u - Vv — (Vg -v)u — Vg T]6 Au dx
Q

Z
+/ |:(81v -V)u(x+les, t) — & (/ Vg v d.‘;-') o u(x+les, t):| 81 Au dx
Q —h

+/ |:(v -Vy)ou — (/Z Vi -v(x,y, &, 1) dé) 8Z81u:| 8 Au dx
Q h

= / Si[(u-Vyg)v — (Vg -v)u — Vg T]6 Au dx
Q

+/ |:(31U -Vu(x+les, t) — & (/Z Vg -vdé
Q h

) o u(x+les, t):| 81 Au dx

—/ |:(Vv -V)u — (/Z VVyg -v(x,y,§,1) dé) 8Z81u:| & Vu dx
Q h

—/ |:(v V)8 Vu — (/Z Vi -v(x, y, €, 1) dg) az(wu] 8 Vu dx
Q h
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= / Si[(u-Vyg)v — (Vg -v)u — Vg T]6 Au dx
Q

Z
+/ |:(51v -Veu(x+les, t) — & (/ Vg v dé) o u(x+les, t)] 81 Au dx
Q —h

z
—/ |:(Vv -V)éu — (/ VVy -v(x,y,&,1) dE) BZSIu] & Vu dx
Q —h
= Cllgil(u - Vv — (Vg - vyulll2llsrAulla + CI&VET (121161 Aull2

Z
31( / Vi - vds) H ||3zu||2)||31Au||2
_h 00

+C (VoI Vuell3 + IV0ll3118 Va2 181 V)
S Cllo[(u - Vi)v = (Vi - v)ulll28Aullz + ClO-VaT (12116 Aull2

([on )

+CUIVVlloo &Vl + V20113118 Vaull2 18V ull2)

+C(|I51v||oo||VHu||2+

+ (”VUHOOHVHMHZ +

||8z”||2) 1161 Aull2
(0.¢]

1/2
< C[/<|w|2wv|2+|u|2|v2v|2) dx} 181 Aullz + CIIVAT||2118 Aull
Q

FC vl g3 vl g2 181 Aullz + [0l g3 18 Va3 + N0l g2 18 Vall2 118V l2)
< CUIVlloolVullz + llullso V20ll2 + V2T [12) 1161 Aull2

+C Ul g vl g2 181 Aullz + 10l g3 18 Va3 + 0l g2 18 Vaall2 118V l12)
< Cvllg2lvllgs + 1T 1) 18 Aullz + CUvll s vl g2 118 Aullz

vl g3 18 Vall3 + vl g3 18 Vaell2 118 V2ul2)
< 018 V2ull3 + Co (1 + 1013, U8 Vull3 + vli32 + IT113,2).

with a sufficiently small positive constant o, and thus
d 1
— 18 Vull? + =116, V2ul3
” 16 Vuls + RII Vulls
< C+ I3 USVull3 + 013, + 1T13,2)
with R = Ry + R», from which we obtain

i(rn&wu@ + lruazvzuug
dt R
< CA A+ [l (18 Vulls + i3 + 1T13,2) + 18 Vall3
< CA A+ (I3t 18 Vullz + vl + 1T 152) + Cllo:Vull3
< CU+ [l Vulls + CA+ vl ()5 + 1T 150 + 1).

Integrating this inequality with respect to ¢ and applying Lemma 5.1, we obtain
V1d.u € L0, tg; HY(2)) N L*(0, to; H*(2)) and
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t
sup (s||vazu||§)+/ s|IV20.ull3 ds
0Ss<r 0

C ra 2 yds !
< €€ I */0(1+||v||§,3>(||v||§,z+||T||§2>(s+1) ds
< CeCHROD (Ko ()t + KG@)( + 1),

and therefore

t
sup (sfd.ul7,0) + / sozull?,, ds < K{(r) (5.4)
0<s<s 0

for all r € (0, tp).
Set

fl(x’y’zvt)z_(v'vH)u+(/ VH'U(xvy"‘;"’t)dS)azu
h

—w-Vgpv+ (Vg -v)u — fok xu+ VyT.

Then it follows that
2

h
||Vf1||%§/ |:|v|2|V2u|2+|Vv|2|Vu|2+(/ |V2v|ds) |9ul*
Q

—h

h 2
+(/ |Vv|dg:) |Vazu|2+|u|2|V2v|2+|Vu|2+|V2T|2:| dx
h

SCIZNV2ull3 + IVl 2 IVull3 + I1VZulI3118,ull3
+ IVl IV ullz + ull2 IVl + IVull3 + V2T 13)

2 2 2 2 2 2 2 2
<CUl3a ol + 101310l + 1135 10:l2, 1l + 1T12,),
and thus
' !
2 2 2 2 2
/suwlnzds §C/ sUVIZalvIs + 11135 1002,
0 0
2 2 2 2
+ 2 ll0culy + oI, + 1T12,,) ds

t
=c/O sUIE I + [vI3 + IT113,.) ds

13
+C/0 sUIZs 10zull30 + 0I5, 10:u13,) ds

<Ct(K3(1) + Ko(1)t) + CKo() K| (1)
=CKo(t)(Ko(0)t + K| (t) + %) =: K[ (1). (5.5)

Note that u satisfies equation

oru+ Liu = f1. (5.6)
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Recalling that u € L*(0, fo; H*(Q)) and d;u € L*(0; fo; L*(2)). Multiplying the
above equation by —(81’)*81’ Au,i = 1,2, by Lemma 2.1, we obtain

d . 1 . 1 .
_/ 181 Vu|* dx dy dz+/ (—|8,’VHVu|2 + —|3;aZW|2) dx dy dz
dt Jq o \ R R
= _/ 8 fi8iAu < n/ 187 Au|? dx dy dz+c/ 187 f11% dx dy dz,
Q Q Q
and thus
d i 2 1 iv2, 12 < i 2 < 2
EIISIVMIIZ + EHS,V ullz = ClI§; f1ll3 = Cll9; f1llz
with R = R| + R», from which we obtain
d i 2 1o o2 2 < 2 i 2
a(tllélwllz) + EtII(SIV ully = Ct||Vfillz + 18 Vullz.

Integrating this inequality in ¢, thanks to (5.5) and applying Lemma 5.1, we then
obtain

t
sup (s|| Ve Vull3) + / sIVEVZul3 ds
0

0Ss<s

t t
< C/ sIV fil5 ds + C/ sIVEVul3 ds < C(Ko(t) + K{ ().
0 0
Combining this with (5.4) and using (5.5), (5.6), we obtain

t
sup (sflull3,2) +/ s(lulls + 13ul3,) ds < K1) (5.7)
0Ss<s 0

for all # € (0, tp). This completes the proof. O

Next, we establish the regularity properties of ¢ as stated in the following
proposition.

Proposition 5.2. Let (v, T) be a strong solution to system (1.23)—(1.28) in Q x
(0, t9) and set ¢ = 8Z2v. Then

1r € L0, to; HX(Q)) N L0, to; H3(R)), 18,;¢ € L*(0, 19; H (Q))

and

t
sup <s2||c||ip)+/ S2UNE s + 19:2 117,0) ds. £ Ka ()
0Ss<r 0

foranyt € (0, tg), where K5 (t) is an increasing bounded function on (0, ty).
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Proof. By Proposition 5.1, one can differentiate Equation (5.3) with respect to z
to deduce

Z
B+ LiC+ fok x £ = (/ vH-vds)azuvH-vazu
—h
FVRO,T — 3,[(v - Vi + (- Vi)v — (Vg - v)ul. (5.8)

Multiplying this equation by —8;6; A¢, then it follows from Lemma 2.1, the Sobolev
embedding inequality and the Cauchy—Schwarz inequality that

1d/|8V|2dx+/ 1|5VV|2+ 1|53V|2 dx
2dth§ QR11H€ Rzlzé“

= / {0 - Viu + (u - Vir)v — (Vg - v)ul — Vg - vdou — Vg, T}8 AL dx
Q

_/Qa, [(/jh VH.vdg) az;]a,A; dx

S CI&[(v- Vi)u+ (- Vg)v — (Vg - v)ul — 8§;(Vy - vdu + Vi D218 A¢ 2

+/ [5, (/ VH‘udé) A.0(x +les, 1) + (/Z VH-vdE) a,azg] 8§/ A¢ dx
Q —h —h

< CIZI - Veu + (- Vi)v = (Vg - v)ul = 9 (Vi - vdu + VT2 181 AL |12

+e

1/2
< C[/ (P IV3ul? + [Vl IV2ul? + V202 Vul? + [u)? V3v)?) dx} 18 A¢ 2
Q

“(/

Z
/ Vi v dé) H el g2 + ||v||H3||81V§||2) 181 AL 12
oo

—h

Z
8 (/ Vi v d&) H 19:¢1l2 + IIVvlloon?zVs“llz) 161 AZ]l2

—h

+C (||33T||H2 +

< Cllvlloollll gs + IVVlloollull g2 + 1 Vulloo 0]l 72 + lulloo V] 42
10T g2 + IV 0lloo lull 2 + 101 g3 181V 12D 18 AL 12
S Cvllg2lullgs + lull g2 ol gs + 19: Tl g2 + ol g3 18 VE 12181 AL Il
S o lI8ALI3 + Collvl2s 18 VE N3 + Colulls 0132 + 1012l + 19:T113,2),

with a sufficiently small positive constant o, and thus

d 1
— 18 Ve3+ = 18V3¢|3
S 1aVels + Zlaviez
< Clvli3al18VE N3 + Cllullallvl: + vlslulize + 18T 13,),

from which it follows that

d 1
— I8V |32 + — 18, V3¢ ||3£2
dt(”l ¢l )+R||z ¢lls

2 2.2 2 2 2 2
< ClIZ 18 VEI32 + ClulZs 1vl3e + vl llul?s

+ 119 T13,2)t% + 2t 18, V¢ |3
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Combining this inequality with (5.7), it follows

t
sup (||8Nc||%s2)+/ s218,V2¢ |13 ds
0<s<r J0

iR, ds [F
< ceC oMy ‘/[(||u||§,3||v||i,2+||v||§,3||u||§,z+||8ZT||§,z>s2+s||6N<||%] ds
0

cloit.ds [*
< el /0 [l 1013 + ol luls 4+ 18:T 12,252 + sl182Vull3] ds
< CeCRD KoK 1 (1) + Ko(D)1* + K1 (1)),

which, by Lemma 5.1, implies £29.¢ € L*(0, to; H'(2)) N L?(0, to; H*(2)) and

t
sup (s210:21%,1) + / 2lo.212,a ds < KJ(0) (5.9)
0<s<r 0

for any t € (0, ).
Set

z
falx,y,z,1) = (/ Vg v df) 9.+ Vy -vdu+Vyo,T
—h
—0:[(v-Vi)u+ (u-Vh)v — (Vg - vul — fok x £.

Then it follows that
2 2

h h
||sz||%§€/ [(/ |v2v|ds) |azc|2+(/ |Vv|ds) Vo, ¢ 12 +]9.V2T |
Q —h —h

+v 2| V3ul? + Vo2 | V2ul)? + V202 | Vul? + |u|2|V3v|2j| dx dy dz

< CUIVA 10212, + IVI2 V0L 113 + 18:T 132 + IvlIZ,1V2ull3
HIVOIRIV2ull3 + [Vul 2 V0I5 + ul2 1V vll3)
< CU:2 15210172 + 10133 19: 1,2 + 19:T 113,

2 2 2 2
FHvllg2 el g + lvllgs lullze),

and thus

t t
/Os2||sz||§ ds §C/O (21922 13,2 10152 + 10113311022 13,2

+ 5213 Il + lel3a vl15,2) 4+ 21T 117,21 ds
SC(Ko() KA (1) 4+ tKo(1) K1 (1) + 12 Ko (1))
=CKo(t)(K5(t) + 1K () 4+ 12) := K5 (1). (5.10)

Recalling the definition of f>, by (5.8), one can easily see that ¢ satisfies

0+ Li¢ = fa. (5.11)
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Multiplying Equation (5.11) by —(8;)*8;A§, i = 1,2, thanks to Lemma 2.1, we
have

d i 2 1 i 2 1 i 2
— [ 18ivePdedydz+ | (=18 VeV + —18i0,V¢? ) dx dy dz
dr Jo o \Ri Ry

= —/ 8l H8iAL < n/ 181 A dx dy dz + C/ 187 f21* dx dy dz,
Q Q Q
and thus
%nafvcn% + %Ilﬁfvzfllﬁ < ClIs} f2l13 < Cllgi f213.
with R = R| + R», from which we obtain
%(ﬂua; Vel3) + %ﬂna;' Vil S CRIVAIG+ 268 Vel (5.12)

Integrating (5.12) with respect to ¢, by (5.7), (5.10) and Lemma 5.1, we then obtain

t
sup (s*|VaVeI3) + / s2 Ve V2|3 ds
0Ss<t 0

t t
< C/ s2||Vf2||§ds+C/ s|IV3ul3 ds < C(K (1) + K5 (1)).
0 0

Combining this with (5.9) and using (5.10), (5.11), we obtain

t
sup <s2||z||§,z>+/ SPAIE 3 + 18215, ds < Ka(r) (5.13)
0<s<t 0

for all ¢ € (0, #p). This completes the proof. O

Next we prove the regularity properties of  and 6, that is the following:
Proposition 5.3. Let (v, T) be a strong solution to system (1.23)—(1.28) in Q x
(0, to). Let n and 6 be the functions given by (5.1) and (5.2), respectively. Then it
holds that
tn, 10 € L0, 1o; H(R)) N L*(0, 103 H(Q), 19, 13,6 € L*(0, to; H' ()

and

t
sup [s*(In11%,2 + 10113,2)] +/ S22 + 101235
0Ss<r 0

13 nl3,: + 13:0117,0) ds < K3(1)

foranyt € (0, tg), where K3(t) is a bounded increasing function on (0, ty).
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Proof. One can easily check that n and 0 satisfy

m+Lin= f3, (5.14)
9,0+ L16 = fa, (5.15)

where

Z

F3(x, y. 2 ) ==V - [(v V)u— (/ Vi v dg) du+u-Vi)v—(Vy - v)u]
h

+fo(RiT —0),
f4(~x’ Yy, Z,t) = _VH . [(U . VH)M - (/

Z

Vv dsy) D+ (u - Vi)
h

1 1
—(Vy - ] Ri(— - —)o2r
(Vg -v)u |+ fon+ 1(R3 Rz) ;

wfosur ([ wuvae) (a1 )]

Direct calculations show

IV £5113 gc/ [|v|2|v3u|2 + IV IV2ul? + V202 Vul? + [uf?| V3o
Q

2 2

h h
2.2 2 2
+(/_h|w|dfs) V| +(/_h|v v|ds) ve|
h 2
V3 d)
([ e

SCUIRIVAul3 + 1VoIZ I V2ull3 + ull V33
+ IVl VC 15 + IV I3V 2, + IV 0I5 115
+IV2IBIVulZ, + VT3 + [V3]13)

SCUl5lullys + 1wl lulz + 1l52 0215,

03 E 13, + 1T 13, + 0135,

121> + |[VT|> + |V3v|2] dx dy dz

and

IV f4113 §C/ [|v|2|v3u|2 + VP IVZul? + V202 Vul? + [u? V3
Q

2 2

h h
+(/ |Vv|ds) |v2<:|2+(/ |v2v|ds) Vel
—h —h

h 2
+(/ V3| dg) EIP2 IV IVOZT P+ Vo2 VT > +|v* VT2
—h

h 2 h 2
+(/ IVszdS) (|81T|2+1)+(/ |Vv|d§) |V8ZT|2] dx dy dz
—h _h
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SCUI2lults + 1151l + 1052081 + 10131215,
+ 013 + 10:T 122 + VIR IVT IS + I3 IV2T 113
+ 10T NVZ0113 + VU VA TI3)

SCUIzlulls + 1151l + 10520815, + 10131215,
I + 10T 132 + 1015 1T 152 + [0l3,2 10T 113,2)

SCUl5lullys + 13 llulz + 105,20 135 + vl 12105,2)

+ CUB T3 + 01300 + 1vll52 + 1T 113,2)-

By the aid of (5.7) and (5.13), it follows from the above two inequalities that

t t
2 2 20010112 2 2 2 2 2
/ s7IV f3ll3 ds §C/ sT(lollg lullys + vl lullg + vl 1815
0 0

+ 1vl3: 12 13,2 + IT 11, + [vl13,) ds
SCKo) (K1 (1) + Ka(t) + 12 +12) =: K1)

and

12 1
2 2 2 2 2 2 2 2 2
/ sV fallz ds §C/ sTLU N2 el s + ol lullge + Mol 1815
0 0

H I3 1 115,2) + U T 13,2+ 1115, (L4 lvll5, + I TIE,2)1 ds
SCKo(0)(Ka(t) 4 tK1 (1) + Ko(O)1> 4+ 13) =: K} (1).

Using the above two inequalities, multiplying (5.14) and (5.15) by —(8; )*SfAn
and —(8; )*8;A9, i = 1,2, 3, respectively, and summing the resulting equations
up, then using a similar argument as for (5.12) leads to

d . . 1 . .
d—t[ﬂuw;wn% + 118} VOI3)1 + Erz(na;vznn% + 18iv20113)
< CEAVAIB + IV £l 4+ 20 I8i VI3 + 161V 113

< CrRUIV A+ IV £lI3) + Ce(IV 13+ 11V3013)

< CEUVAIE+ IV I3 + Crdlullgs + 1T 17,)-

Integrating this inequality with respect to ¢ and applying Lemma 5.1, then it
follows from (5.7) and the estimates on f3, f4 that

t
sup [s2(IV2nl3 + 11IV2013)] +/0 s2(IV3nl3 + 1V30113) ds

0Ss<s

< C(K4(1) + KY (1) + 2 Ko(0) + K1 (1))

By the aid of this inequality and using the estimates for f3, f1, Equations (5.14)
and (5.15), we obtain
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t
sup [s2(Inll32 + 10117,2)] +/ s3Il + 101175 + 191171
0Ss<s 0

+H3:0113,) ds < K3(0)
for any ¢ € (0, 7). This completes the proof. O
Finally, we consider the regularity properties of v.

Proposition 5.4. Let (v, T) be a strong solution to system (1.23)—(1.28) in Q x
(0, t9). Let v be the vertical average of v as it was defined in the Introduction. Then

Vit e L®(0, 10; H3(2)) N L*(0, 10; HY(Q)), V18,0 € L*(0, 10; H*()),

and

t
sup (s]19]17,3) +/ sUIDl13,4 + 19:013,2) ds < Ka(D),
0<s<s 0

foranyt € (0, tg), where K4(t) is a bounded increasing function on (0, ty).

Proof. By Equation (1.29) and (1.30), v satisfies

00— g-AuD+ VEplx, y, 1) = fs, (5.16)
Vi -9 =0, (5.17)

where
_ (VA
P(x7y9t) :ps(-xsyst)__/ / T(%Y»éat)dg dZa
2h JpJ-n

fs(x, vy, ) =—@-Vg)v— (@ -Vy)v+ (Vg - 0)0 — fok x v.

It follows from the Sobolev embedding inequality that

IV2 £512 é/ V2 Vi) + BV (Vi 908 + fok x 91 dx dy
M

2 (7= = =\1? | =203 -2
gc/MHVH ((v.vy)v+(vg-v)u)) +1521V3, )
+|VH{)|2|V}1{;|2+|V,%,6|2] dx dy
h
é/ [( h(|ﬁ||v,-3f)|+|VH5||V%{6|)d$)
M —

+ 102 |VH0? + V2 V0 + |v§15|2} dx dy

2

<CUBIZIVEDIE + IVEIZ VA DI + 1312 1V3 013
+IVEDIZIVEDIS + IVE13)
<C(vl3s vl + vl30).
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Note that 7 € L2(0, 1y; H3(M)) and 8,9 € L*(0, tg: H (M)). Applymg the opera-
tor Vg to Equation (5.16), multiplying the resulting equation by — (8’ )*8 VuApgv,
i = 1,2 and using (5.17), then a similar argument to that for (5.12) leads to

d . 1 .

— (IS A DR + —1 |8V Ay |2

3 (131 8D + 2 t18 Vi Apdl;

S CtIVEf515 + 185 ARDI3 < CUIVE 513 + IVHARDIZ)
= ulslz IAHVIZ = a1 512 HoHVIZ)

Integrating this inequality with respect to ¢ and applying Lemma 5.1, then one
has

t
sup (s||vHAH6||%>+/ sIIVE A3 ds
0Ss<s 0

t
< C/ sIVF f513 + 191%,:) ds < CKo()(Ko(0)t + 12 + 1).
0

By the aid of this inequality, applying the L? theory of Stokes equations and
using the estimate on f5, we obtain

sup (s11512,0) +/ SUBIZ + 18,512,) ds < Ka(0)
0<s<t

for any # € (0, f9). This completes the proof. O
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