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Abstract

Itis well known that the linear stability of Lagrangian elliptic equilateral triangle
homographic solutions in the classical planar three-body problem depends on the
mass parameter 8 = 27(mimy + moms + mzmy)/(my + mo + m3)2 € [0, 9] and
the eccentricity e € [0, 1). We are not aware of any existing analytical method
which relates the linear stability of these solutions to the two parameters directly in
the full rectangle [0, 9] x [0, 1), aside from perturbation methods for e > 0 small
enough, blow-up techniques for e sufficiently close to 1, and numerical studies.
In this paper, we introduce a new rigorous analytical method to study the linear
stability of these solutions in terms of the two parameters in the full (8, ¢) range
[0, 9] x [0, 1) via the w-index theory of symplectic paths for @ belonging to the unit
circle of the complex plane, and the theory of linear operators. After establishing
the w-index decreasing property of the solutions in g for fixed e € [0, 1), we prove
the existence of three curves located from left to right in the rectangle [0, 9] x [0, 1),
among which two are —1 degeneracy curves and the third one is the right envelope
curve of the w-degeneracy curves, and show that the linear stability pattern of such
elliptic Lagrangian solutions changes if and only if the parameter (8, e) passes
through each of these three curves. Interesting symmetries of these curves are also
observed. The linear stability of the singular case when the eccentricity e approaches
1 is also analyzed in detail.
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1. Introduction and Main Results

We consider the classical planar three-body problem in celestial mechanics.
Denote by g1, 2,93 € R? the position vectors of three particles with masses
m1,my, m3 > 0 respectively. By Newton’s second law and the law of universal
gravitation, the system of equations for this problem is

. U .
migi =—, for i=1,2,3, (1.1)
9q;
mimj . .
where U(q) = U(q1, q2,93) = 21§i<j§3 m is the potential or force func-

tion by using the standard norm || - || of vector in R?. For periodic solutions with
period 27, the system is the Euler—Lagrange equation of the action functional

3

2 . 2
Alg) =/0 [ZM + U(q(t))} dr

i=1

defined on the loop space wl ’2(R/ 2nZ, X ), where

X = [q =(q1, 9, q3) € R?)?

3
D migi =0, g #q;, Vi #j]
i=1
is the configuration space of the planar three-body problem. The periodic solutions
of (1.1) correspond to critical points of the action functional.

It is a well-known fact that (1.1) can be reformulated as a Hamiltonian system.
Let p1, p2, p3 € R? be the momentum vectors of the particles respectively. The
Hamiltonian system corresponding to (1.1) is

. 9H . 9H .
pi=——1, Gi=—, for i=12,3, (1.2)
9g; opi
with Hamiltonian function
> il
H(p.q) = H(p1, p2, 3. 41,92, 43) = ), —— —Ulq1,q2.43). (1.3)
2m;

i=1
In 1772, LAGRANGE ([7]) discovered some celebrated homographic periodic solu-
tions, now named after him, to the planar three-body problem, namely that the three
bodies form an equilateral triangle at any instant of the motion and at the same time
each body travels along a specific Keplerian elliptic orbit about the center of masses
of the system.

When 0 < e < 1, the Keplerian orbit is elliptic; following MEYER and SCHMIDT
([15]), we call such elliptic Lagrangian solutions elliptic relative equilibria. Espe-
cially when e = 0, the Keplerian elliptic motion becomes circular motion and then
all the three bodies move around the center of masses along circular orbits with the
same frequency, which are called relative equilibria traditionally.

Our main concern in this paper is the linear stability of these homographic
solutions. For the planar three-body problem with masses m1, my, m3 > 0, it turns
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out that the stability of elliptic Lagrangian solutions depends on two parameters,
namely the mass parameter § € [0, 9] defined below and the eccentricity e € [0, 1),

= 27(mymy + mims + moyms)
(my + my + m3)?

(1.4)

Note that besides local perturbation method or blow up technique which study only
the case for small enough e > 0 or ¢ < 1 sufficiently close to 1, we are not aware
of any rigorous analytical method dealing with this problem for the major part of
the full range of the (8, e) rectangle [0, 9] x [0, 1), except the recent paper [5]
of the first and the third named authors. Continuing with [4] and [5], the current
paper is devoted to introducing a new rigorous analytical method to study the linear
stability of the elliptic Lagrangian solutions in the full range of the (8, e¢) rectangle
[0, 9] x [0, 1) via the index theory of symplectic paths and the perturbation theory
of linear operators.

The linear stability of relative equilibria was known more than a century ago
and it is due to GASCHEAU ([2], 1843) and RouTH ([17], 1875), independently. In
this case, using the Floquet theory one can work out all the details explicitly by
hand.

Afterinitial considerations of DANBY ([1], 1964), RoBERTS ([16], 2002) reduced
all the symmetries of the problem and their first integrals and studied the case of
sufficiently small e = 0 by perturbation techniques. He also got a partial stability
bifurcation diagram in this case, where the stability patterns are clearly presented.

In 2005, MEYER and ScHMIDT (cf. [15]) used heavily the central configuration
nature of the elliptic Lagrangian orbits and decomposed the fundamental solution of
the elliptic Lagrangian orbit into two parts symplectically, one of which is the same
as that of the Keplerian solution and the other is the essential part for the stability.
In the current paper, the fundamental solution of the linearized Hamiltonian system
of the essential part of the elliptic Lagrangian orbit is denoted by yg .(¢) for t €
[0, 27r], which is a path of 4 x 4 symplectic matrices starting from the identity.
They also did the stability analysis by normal form theory for small enough ¢ = 0.

In 2004-2006, MARTINEZ, SAMA and S1MO ([12—14]) studied the stability prob-
lem when e > 0 is small enough by using normal form theory, and e < 1 and close
to 1 enough by using blow-up technique in general homogeneous potential. They
further gave a much more complete bifurcation diagram numerically and a beautiful
figure was drawn there for the full (8, e) range, which we repeat here as Fig. 1. It is
one of our primary motivations to understand this diagram globally and analytically
in the present work.

Let U denote the unit circle in the complex plane C. As in [13], the following
notations for the different parameter regions are used in Fig. 1:

elliptic—elliptic (EE), if yg,.(27) possesses two pairs of eigenvalues in U\R;
elliptic-hyperbolic (EH), if yg .(27) possesses a pair of eigenvalues in U\R
and a pair of eigenvalues in R\{0, £1};

hyperbolic-hyperbolic (HH), if o (yg . (2m)) C R\{0, £1};

complex—saddle (CS), if o (yg,..(27)) C C\(UUR).

In summary, after these authors, the following results are rigorously proved:
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Fig. 1. Stability bifurcation diagram of Lagrangian equilateral triangular homographic orbits
in the (B8, e) rectangle [0, 9] x [0, 1). It is the Fig. 5 in [13]. Here the regions I, II, III, IV, V
and VI are EE, EE, EH, HH, HH and CS respectively

@

(i)

(iii)

(iv)

the relative equilibrium, that is, the case of e = 0, is linearly stable if and only
if B < 1; it is only spectrally stable and not linearly stable when 8 = 1, and
linearly unstable (in fact, CS) when g > 1. More precisely, when e = 0 and
B goes from O to 1, the two pairs of elliptic characteristics wy, w1, and w;, 2,
starting from two pairs of characteristics +1, and without loss of generality,
we can assume that both w; and w, move clock-wisely around the unit circle
with different speeds. One, say w;, moves faster and arrives at —1 of the unit
circle when 8 = 3/4 and then continues to move forward around the unit
circle. At the same time, w, moves slower along the unit circle. Then w
and o, as well as w, and w collide respectively on somewhere which is not
+1 in the unit circle when 8 = 1, and then become CS when 8 > 1. When
B = 9, they become a pair of positive double eigenvalues. So when e = 0 the
only possible bifurcation points in the (8, e) plane are (3/4,0) and (1, 0).
We refer readers to Section 3.3 and Fig. 3 for more detailed discussions.

It turns out that if 8 = 3/4 is fixed and e increases from 0 slightly, the
pair of —1 characteristics switches to a real hyperbolic pair, and two period-
doubling bifurcation curves born out from the point (3, ¢) = (3/4, 0). When
B = 1, if e increases from O slightly, the two pairs of corresponding elliptic
characteristics collide and a Krein collision curve bifurcates from (8, ¢) =
(1, 0) for such small enough ¢ > 0. An interesting phenomenon occurs
here, namely, when S is slightly larger than 1, some of the elliptic relative
equilibrium with e > 0 small can be linearly stable even though the relative
equilibrium with e = 0 is not.

When e < 1 and e is close to 1 enough, the relative equilibria are all HH
under some non-degenerate conditions, which is not satisfied at 8 = 6 by
numerical computations.

But the major part of the intermediate region in the (8, e) rectangle [0, 9] x
[0, 1) is totally unknown theoretically, besides numerical results.

Inspired by the second named author’s works on the index iteration theory of
periodic orbits of Hamiltonian systems (cf. [11]), the first and the third named
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authors initiated the program of applying the ideas of index theory and its iteration
theory in calculus of variations (cf. [11]) to the stability problem of periodic orbits
in celestial mechanics, especially the elliptical Lagrangian solutions ([5]) as well
as the celebrated Figure-eight periodic orbits due to Chenciner and Montgomery
in the planar three-body problem ([4]). In [5], the stability of elliptical Lagrangian
solutions is studied and related to the Morse indies of their iterations, that is, The-
orems 2.4 and 2.5 below. But in [5], especially the 1-non-degeneracy of elliptic
Lagrangian solutions is not proved, and the separation curves of different index
regions and thus the stability regions in [0, 9] x [0, 1) are not identified.

In the current paper, we develop a new method using the w-index theory for
symplectic paths introduced by Conley, Zehnder and Long when @ = 1 (cf. [11])
and by Long when w € U\{1} in [9] and linear differential operator theory to
understand the linear stability diagram of elliptic Lagrangian solutions theoretically
in the full range of (B, e¢). Especially the main purpose here is to relate such a linear
stability directly to the two major parameters of the motion: the mass parameter
and the eccentricity e. For each fixed e € [0, 1), we prove that the w-index i, (yg,¢)
of the essential part of the elliptic Lagrangian solutions is non-decreasing in 8 for
all € U. Then we use this important property to prove all these solutions are
1-non-degenerate, find the two —1 degeneracy curves and right envelope curve
of all w-degeneracy curves for @ € U\{1}, and determine the linear stability of
all sub-regions separated by these three curves. This establishes rigorously most
parts of the linear stability properties observed numerically in Fig. 1, and find more
interesting properties. Note that the symplectic coordinate decomposition of Meyer
and Schmidt fits quite well with index theory, and our study will concentrate on the
fundamental solution yg .(¢) of the linearized Hamiltonian system of the essential
part of the elliptic Lagrangian orbit for (8, e) € [0, 9] x [0, 1).

Denote by Sp(2n) the symplectic group of real 2n x 2n matrices. For any
w € Uand M € Sp(2n), let v,(M) = dimc kerc(M — wly,), and M is called
w-degenerate (w-non-degenerate respectively) if v, (M) > 0 (v, (M) = 0 respec-
tively). When w = 1 and if there is no confusion, we shall simply omit the subindex
1 and say just degenerate or non-degenerate. Let e(M) be the total algebraic mul-
tiplicity of all eigenvalues of M on U. We call M € Sp(2n) spectrally stable if
e(M) = 2n, and linearly stable if M is spectrally stable and semi-simple. A sym-
plectic matrix M is called strongly linearly stable if there is some ¢ > 0 such that
all symplectic matrices N satisfying |[M — N|| < ¢ are linearly stable. And M is
hyperbolic, if e(M) = 0.

The following is the first part of our main results in this paper.

Theorem 1.1. In the planar three-body problem with masses m1, ma, and m3 > 0,
for the elliptic Lagrangian solution q = (q1(t), q2(t), q3(t)) with eccentricity e
and mass parameter B as given in (1.4), the essential part yg .(27) € Sp(4) of the
monodromy matrix of the fundamental solution along this orbit is non-degenerate
for all (B,e) € (0,9] x [0, 1); and when B = 0, it is degenerate. Note that the
Maslov-type index satisfies i1(yg,e) = 0 for all (B, e) € [0,9] x [0, 1).

In the proof of this theorem, we consider the second order differential operators
A(B, e) (see 2.25) corresponding to the linear variation equation to the essential
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part yg (1) of its fundamental solution along the orbit. The main ingredient of the
proofis the non-decreasing property of w-index proved in Lemma 4.4 and Corollary
4.5 below for all @ € U, by which we further prove that the operator A(f, e) is
positive definite, and thus 1-non-degenerate.

The rest of this paper, especially Theorems 1.2 and 1.8 below, is devoted to rig-
orous analytical studies on the existence and properties of three distinct curves Iy,
I';, and 'y, locating from left to right in the parameter (8, e) rectangle [0, 9) x [0, 1).
We prove that the linear stability of the essential part yg (27) of the monodromy
matrix and thus that of the elliptic Lagrange solution changes precisely when (8, e)
passes through each of these three curves, which yields a complete and rigorous
understanding of the linear stability of the elliptic Lagrange solutions. Note that
here yg . (2m) is always linearly unstable on its hyperbolic subregion in the (8, e)
rectangle [0, 9] x [0, 1), and our Theorems 1.2 and 1.8 do not distinguish the regions
IV, V, and VI in Fig. 1.

The main idea in the proofs of Theorems 1.2 and 1.8 is the following: by
Theorem 1.1, when (8, e) changes, eigenvalues of yg . (27) can leave from the unit
circle U only at —1 or some Krein collision eigenvalues in U\{#£1}. Thus such —1
and Krein collision eigenvalues should correspond to (8, ¢) points which form the
above mentioned three curves I'y, I';, and I'x. In order to find those (8, e¢) such
that —1 € o (yg,.(27)), we prove that the —1 index i_1(yp,) is non-increasing
in B € [0, 9] for fixed e € [0, 1), and takes values 2 at 8 = O and O at § = 9,
thus there must exist two —1 index strictly decreasing curves I'y and I',, each of
which intersects every horizontal line ¢ = constant only once for e¢ € [0, 1), and
which then yield precisely the two —1 degeneracy curves. Next we prove that the
hyperbolic region of yg .(27) in the (8, e) rectangle [0, 9] x [0, 1) is connected,
and its boundary curve 'y is continuous and thus well defined, which is the third
curve for determining the linear stability. Here the part of I'y which is different
from the curve I';, is also the curve of Krein collision eigenvalues of yg . (27). We
prove also that the two curves I'y and I';, come from two real analytic curves and
bifurcate out from (3/4, 0), the curve I'y starts from (1, 0), and all of them goes
up and tends to the point (0, 1) as e increases from O to 1. These three curves were
observed numerically in [13] as shown in the above Fig. 1.

In this paper for any M and N € Sp(2n), we write M ~ N if M = P"'NP
holds for some P € Sp(2n), that is, N can be obtained from M by a symplectic
coordinate change. Recall that as defined in Chapter 1 of [11], the normal form
of an M € Sp(2n) is the simplest matrix N € Sp(2n) satisfying N ~ M (cf.
Theorem 1.7.3 in p. 36 of [11]). Recall also that as introduced in Definition 1.8.9 and
Theorem 1.8.10 in p. 41 of [11] (cf. Definition 2.1 below), the basic normal form of
an M € Sp(2n) is the simplest matrix N € Sp(2n) such that dimc kerc(N —wl) =
dimc kerc(M — wl) for all € U. It yields the homotopically simplest form of
M based on the normal form of M for eigenvalues in U. Note that studies at the
level of basic normal forms of yg .(27) are easier and already powerful enough
for determining the linear stability, but the results at the level of normal forms of
vg,e(2m) are stronger than basic normal forms and involve more demonstrations.
Here we describe our main results in normal forms in Theorems 1.2 and 1.8 below.
Note that here the symplectic direct sum ¢ is given in (2.1) and the normal form
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matrices D(L), R(0), N1(A, a), N2(w, b) and M (), ¢) used in Theorems 1.2 and
1.8 can be found in Section 2.1 below.

Theorem 1.2. Using notations in the last theorem, for every e € [0, 1), the —1
index i_1(yg,.) is non-increasing, and strictly decreasing only on two values of
B = Bi(e) and p = pa(e) € (0,9). Define I' = {(Bi(e), e) | e € [0, D} fori =1
and 2,

Bs(e) = min{Bi(e), B2(e)} and By (e) = max{Bi(e), B2(e)} for e € [0, 1),
and
Iy ={(Bs(e).e) [ e € [0, )} and T ={(Bu(e).e) | e € [0, D}.
For every e € [0, 1) we define
Br(e) = sup{B' € [0,9] | o (g2 NU#P, YL [0, (L5)
and
e ={(Br(e), e) €[0,9]1 x [0, 1) | e € [0, D} (1.6)
Then T, Ty, and Ty form three curves which possess the following properties.

(1) 0 < Bi(e) <9 fori = 1,2, and both B = B1(e) and B = Pa(e) are real
analyticin e € [0, 1);

(i) f1(0) = B2(0) = 3/4 and lime—1 Bi(e) = lime— 1 Ba(e) = 0. The two
curves I'1 and Ty are real analytic in e, and bifurcate out from (3/4,0)
with tangents —~/33/4 and ~/33/4 respectively, thus they are different and
their intersection points must be isolated if there exist when e € (0, 1);
Consequently, T's and Ty, are different piecewise real analytic curves;

(iii) We have

2,if 0= B < Bs(o),
i—1(ype) = 1 L if Bs(e) = B < Bul(e), (1.7)
0, if Bu(e) =B =9,

and 'y and Ty, are precisely the —1 degeneracy curves of the matrix yg . (2m)
in the (B, e) rectangle [0, 9] x [0, 1),

(iv) There holds Bs(e) < Bnm(e) < Br(e) <9 foralle € [0, 1);

(v) Every matrix yg . (21 ) is hyperbolic when B € (Bi(e), 9] and e € [0, 1), and
there holds

Bi(e) =inf{B €[0,9] | o(yp.2r)NU=0}, Veel0, D). (1.8

Consequently Iy is the boundary curve of the hyperbolic region of yg .(2m)
in the (B, e) rectangle [0, 9] x [0, 1),
(vi) Tk is continuous in e € [0, 1);
(vii) lime— 1 Br(e) = 0;
(viii) There exists apointe € (0, 1] suchthat B,,(e) < Bx(e) holdsforalle € [0, e).
Therefore the curve Ty is different from the curve Ty, at least when e € [0, e).
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(ix) We have yg .(2m) =~ R(01)0R(62) for some 61 and 6, € (7, 2m), and thus it
is strongly linearly stable on the segment 0 < B < Bs(e);

(x) We have yg .(2m) ~ D(A)oR(0)) for some 0 > A #= —1 and 0 € (7, 2m),
and it is elliptic-hyperbolic, and thus linearly unstable on the segment
Bs(e) < B < Bm(e).

(xi) We have yg .(2m) ~ R(01)oR(02) for some 61 € (0,7) and 6, € (w,2m)
with 2w — 0y < 01, and thus it is strongly linearly stable on the segment

Bm(e) < B < Pi(e).

Here and below in Theorem 1.8, we write A = Ag . and 0 = 0g . for short, all of
which depend on the parameters B and e.

By the Bott-type iteration formulas of Maslov-type indices, we can decompose
W22([0, 2], R?) into two subspaces E1 and E; (see 7.3 and 7.4 below) according
to the boundary conditions. Then using the operator A(S, e) (see 7.9) corresponding
to the variational equation, we carry out the computations of Morse indices of
A(B, e)|g, withi =1 and 2 via those of A(0, 0)|g, withi = 1 and 2.

As a corollary, we have immediately

Corollary 1.3. Foreverye € [0, 1), the Lagrangian orbit is strongly linearly stable
if B > 0 is small enough.

Furthermore, we can strengthen the conclusion (v) of Theorem 1.2 to

Proposition 1.4. For the equal mass case, that is, f = 9, the matrix yy ,(2m) is
always hyperbolic and possesses a pair of positive double eigenvalues X(e) and
re)! # 1 for every 0 < e < 1. Consequently, the matrix vg,e(2m) is hyperbolic
whenever B < 9 is sufficiently close to 9.

We establish Proposition 1.4 in Section 4.1 by the Maslov-type index theory
and the theory of linear differential operators. Then we further have the following:

Theorem 1.5. (i) For every w € U\{1} and e € [0, 1), the w-index i, (yg,e) is
decreasing for g € [0, 9].

(ii) There exist precisely two curves in the (B, e) rectangle [0, 9] x [0, 1), on
which the Maslov-type index i, (yp,.) decreases strictly. These two curves
are given by B = Bi(e, w) and B = Bar(e, w) for 0 < e < 1 respectively,
where both B1(e, w) and By (e, w) are real analytic functions in e € [0, 1)
and satisfy lim,_.1 B1(e, w) = lim,—| Ba(e, w) = 0.

This is proved in Theorem 6.3 below. Similar to the idea in the proof of The-
orem 1.2, we know that the w-Morse indices of A(0, ¢) and A(9, ¢) are 2 and 0
respectively. The existence of the two w-index strictly decreasing curves follows
from the monotonicity of the operators involved. Note that w-index strictly decreas-
ing is equivalent to the w-degeneracy of the operator A(f, ¢) by our Proposition
6.1 below. With the aid of Dunford-Taylor integral, the w-degeneracy of A(S, e)
is related to the spectral problem of another compact operator B(e, ) (see 6.5
below), and the real analyticity of the two index degeneracy curves follows from
the theory of operators.
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Fig. 2. Stability bifurcation diagram of Lagrangian triangular homographic orbits in the
(B, e) rectangle [0, 9] x (—1, 1). It is symmetric with respect ro the g-axis. The region IV
is hyperbolic (HH or CS)

Although e < 0does not have physical meaning, we can extend the fundamental
solution to the case e € (—1, 1) mathematically and some interesting properties of
the two degeneracy curves follows. Namely we get

Theorem 1.6. (i) The identity Bi(e, —1) = Pa(—e, —1) holds for all e €
(—1,1). For fixed o € U\{—1} and i = 1 and 2, the function B;(e, ®) is
also evenine € (—1, 1).
(ii) Fore € (—1, 1), the function By (e) is also even in e, that is, Br(—e) = B (e)
for all e € (—1,1). Consequently Ty can be continuously extended to the
region [0, 9] x (—1, 1) as a curve symmetric to the segment [0, 9] x {0}.

Theorem 1.6 follows from the fact that A(B, e) is conjugate to A(8, —e) by a
unitary operator. This is proved in Theorems 6.4 and 7.2 below.

Fig. 2 represents the case of w = —1 in Theorem 1.6. Following Theorem 1.2,
in Fig. 1, the curve separating the regions II and III is Iy and the curve separating
the regions III and the union of I and IV is I';,. The curves I'; and the mirror of the
curve I['; in Theorem 1.2 together give one of the analytic curves in Theorem 1.6,
and the another one in the Theorem 1.6 is derived from the curves I'; and the mirror
of I'y in Theorem 1.2 as indicated in the Fig. 2. So we see that the two seemingly
unrelated index degeneracy curves in Theorem 1.2 are in fact coming from one
degeneracy curve in Theorem 1.6. Note that the curve 'y separates the regions I,
IV and VI in Fig. 1. Numerical studies on w € U are also given in Fig. 4 in Section
10.
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Whene = 1, the operator A(B, 1) is singular and its domain is different from that
of A(B, e) withe < 1, and not convenient to be used. Thus we use the corresponding
sesquilinear forms to study the limiting case when ¢ — 1.

Theorem 1.7. For any fixed 0 < < 9, the matrix yg .(27) is hyperbolic when
1 — |e| is small enough.

Note that by definition, at least one pair of eigenvalues of the matrix yg . (27)
is located on the unit circle U when 8 € [0, Br(e)] and e € [0, 1).
For (B, e) located on these three special curves, we have the following

Theorem 1.8. For the normal forms of yp .(2m) when (B, e) € I'y, I'y, or I'y, we
have the following results.

M) If Bs(e) < Bm(e), we have yg (e),(2m) ~ Ni(—1, )oR(0) for some 0 €
(, 2m), and thus it is spectrally stable and linearly unstable;

() If Bs(e) = Bm(e) < PBr(e), we have yp (e),e(2mw) ~ —1LoR(0) for some
0 € (m, 2m), and thus it is linearly stable, but not strongly linearly stable;
(iii) If Bs(e) < Bm(e) < Pr(e), we have yg, (e),e(2m) ~ Ni(—=1, =1)oR(0) for
some 0 € (w, 2m), and thus it is spectrally stable and linearly unstable;

(iv) If Bs (e) = Bule) < Pi(e), we have Y, (e).e(27) ~ Na(e¥ =19, b) for some 6 €

0, 7) and b = (Z; Zi) satisfying (by — b3) sin@ > 0, that is, N»(e¥V =19, b)
is trivial in the sense of Definition 1.8.11 in p. 41 of [11] (cf. Section 2.1
below). Consequently the matrix yg, (e),e(27) is spectrally stable and linearly

unstable;

(V) If Bs(€) < Bu(e) = Pr(e), we have either v 0).c(27) ~ Ni(~1,1)oD(R)
for some —1 # A < 0 and is linearly unstable; or yg,(e),e(2m) ~ M2 (-1, ¢)
with c1, ¢z € Rand ¢y # 0, and it is spectrally stable and linearly unstable;

(vi) If Bs(e) = Bm(e) = Br(e), either yg,(e),e(2m) ~ Ma(—1,¢) withcy,c2 € R
and ¢y = 0 which possesses basic normal form Ni(—1, 1)oNi(—1,1), or
VBi(e),e 2m) = Ni(=1, 1)oN1 (=1, 1). Thus yg,(e),e(21) is spectrally stable
and linearly unstable.

Theorem 1.9. For any fixed e € [0, 1), the set
I, = {B € (0,9] ]the spectrum of yg . (27) is CS}
is a non-empty open set.

Remark 1.10. Note that our above results yield that the two curves I'y and '), can
have only isolated intersection points, but it is not clear if they do have any when
e € (0, 1). It is not clear so far whether ¢ < 1 in Theorem 1.2 and whether T,
and I'y coincide completely when e € (e, 1). It is also not clear whether the (8, ¢)
sub-region in which o (yg .(27)) is CS is connected or not.

This paper is organized as follows. In Section 2, we give the definitions
of w-Maslov-type index to fix notations and its relation to the w-Morse index.
Some basic variational facts on the elliptic Lagrangian solutions are also recalled.
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In Section 3, we study the linear stability along the three boundary segments of
the (B, e) rectangle [0, 9] x [0, 1). In Section 4, we prove the hyperbolicity of the
elliptic Lagrangian solutions in the case of equal masses (Proposition 1.4) and the
non-degeneracy stated in Theorem 1.1. In Section 5, the stability behavior in the
limit case e — 1 is considered by the sesquilinear forms of linear operators, and
Theorem 1.7 is proved. In Section 6, we investigate the @ degeneracy curves for
general w € U\{1} in the unit circle and establish Theorem 1.5. In Section 7, we
concentrate on the — 1 degeneracy curves. In Section 8, we study the non-hyperbolic
region and prove Theorem 1.6 and the first half of Theorem 1.2 including its items
(1)—(iii) and (ix)—(x). Section 9 is on the hyperbolic region, and we prove the second
half of Theorem 1.2 including its items (iv)—(viii) and (xi), as well as Theorems 1.8
and 1.9. Finally in the conclusion, Section 10, we will give more comparisons for
the results of Martinez, Sama and Sim6 and our theorems as well as some possible
future considerations.

2. Preliminaries

2.1. w-Maslov-Type Indices and w-Morse Indices

Let (RZ”, 2) be the standard symplectic vector space with coordinates (x1, ..., X,
Y1, ..., ¥n) and the symplectic form Q = Z;‘zl dx; A dy;. Let J = (IO _OI”)
n
be the standard symplectic matrix, where I, is the identity matrix on R”.
As usual, the symplectic group Sp(2n) is defined by

Sp(2n) = {M € GL2n,R) | MT IM = J},

whose topology is induced from that of R*’_For t > 0 we are interested in paths
in Sp(2n):

Pr(2n) ={y € C([0, 7], Sp(2n)) | y (0) = I2n},

which is equipped with the topology induced from that of Sp(2n). For any w € U
and M € Sp(2n), the following real function was introduced in [9]:

D,(M) = (=) '&" det(M — wly,).
Thus for any w € U the following codimension 1 hypersurface in Sp(2n) is defined
([9D:
Sp(2n), = {M € Sp(2n) | D,(M) = 0}.

Forany M € Sp(2n)2), we define a co-orientation of Sp(2n)2) at M by the positive
direction & Me'’ |, of the path Me'’ with 0 < ¢ < & and & being a small enough
positive number. Let

Sp2n)} = Sp(2n)\Sp(2n)8),

Pr,2n) ={y € P:(2n) |y (v) € Sp(2n),,},

P, (2n) = P 2n)\P; ,(2n).
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For any two continuous paths & and n : [0, ] — Sp(2n) with £(7) = n(0), we
define their concatenation by:

_1§@n), if 0=t=71/2,
n*é(t)_[n(Zt—t), if 12<r<rt.

. . Ar B .
Given any two 2my X 2my matrices of square block form M; = Ck Dk with
k Dk

k =1, 2, the symplectic sum of M and M> is defined (cf. [9, 11]) by the following
2(my + my) x 2(m| + my) matrix M;oM5:

A 0 B O
0 Ay 0 By
Ci 0 Dy 0 |}
0 C, 0 Dy

MioMy = 2.1)

and M°K denotes the k copy o-sum of M. For any two paths vj € P:(2n;) with
Jj =0and 1, let ypoy1(t) = yo(t)oy1(¢) forall r € [0, T].
Asin [11], for . € R\{0},a € R, 0 € (0, 7) U (w,27), b = (Zl 22) with
3 04
bi e Rfori =1,...,4,and ¢; € Rfor j = 1,2, we denote respectively some
normal forms by

A0 cosfd —sin6
D(“_(o )Fl)’ R(e)_(sine cos 6 )

via=(30). e (K0 0
Al c1 0
0 0 —A2 !

Here N> (Eﬁe’ b) is trivial if (by —b3) sin @ > 0, or non-trivial if (by —b3) sinf <
0, in the sense of Definition 1.8.11 in p. 41 of [11]. Note that by Theorem 1.5.1 in
pp- 24-25 and (1.4.7)—-(1.4.8) in p. 18 of [11], when A = —1 there hold

cy #0 if and onlyif dimker(My(—1,¢c)+1) =1,
¢ =0 if and onlyif dimker(Ma(—1,c)+1)="2.

Note thatwe have N1 (X, a) & N1(X, a/|a|) fora € R\{0} by symplectic coordinate
change, because

()G (F ) -7



Linear Stability of Elliptic Lagrangian Solutions 1005

Definition 2.1. ([9,11]) For any w € U and M € Sp(2n), define
V(M) = dimc kerc(M — wly,). (2.2)

For every M € Sp(2n) and w € U, as in Definition 1.8.5 in p. 38 of [11], we
define the w-homotopy set 2, (M) of M in Sp(2n) by

Qu(M) ={N € Sp(2n) | v, (N) = v, (M)},
and the homotopy set Q (M) of M in Sp(2n) by

Q(M) = {N € Sp2n) | (N)NU = o(M)NU, and
V(N) = v (M) VYA eo(M)NUL.

We denote by QOM) (or Qg) (M)) the path connected component of (M)
(R4, (M)) which contains M, and call it the homotopy component (or w-homotopy
component) of M in Sp(2n). Following Definition 5.0.1inp. 111 of [11], forw € U
and y; € P:(2n) withi = 0, 1, we write yp ~, ¥ if yp is homotopic to y; via
a homotopy map h € C([0, 1] x [0, ], Sp(2n)) such that h(0) = yy, h(1) = y1,
h(s)(0) = I,and h(s)(7) € Q?U(yo(r)) for all s € [0, 1]. We write also yg ~ yi, if
h(s)(t) € Qo(yo(t)) for all s € [0, 1] is further satisfied.

Following Definition 1.8.9 in p. 41 of [11], we call the above matrices D (1),
R(0), N1 (A, a) and N»(w, b) basic normal forms of symplectic matrices. As proved
in [9] and [10] (cf. Theorem 1.9.3 in p. 46 of [11]), every M € Sp(2n) has its basic
normal form decomposition in Q°(M) as a o-sum of these basic normal forms.
This is very important when we derive basic normal forms for yg . (277) to compute
the w-index i, (yg,.) of the path yg . later in this paper.

We define a special continuous symplectic path &, C Sp(2n) by

2 _ L O on
— T <t <
&,(1) ( 0 - %)1) for 0S¢t (2.3)
Definition 2.2. ([9,11]) For any t > 0 and y € P;(2n), define
Vo (V) = V(¥ (7). (24)

If y € P;,(2n), define

iw(y) = [Sp2n)Y 1y % &1, (2.5)

where the right hand side of (2.5) is the usual homotopy intersection number, and
the orientation of y * &, is its positive time direction under homotopy with fixed
end points.

Ify e Pg,w(2n), we let F(y) be the set of all open neighborhoods of y in
P (2n), and define

io(y)= sup inf{i,(B)|BeUN ’P;w(Zn)}. (2.6)
UeF(y)

Then
(lw(V), Va)()/)) € Z X {05 17 AR ] 21’1},

is called the index function of y at w.
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We refer to [11] for more details on this index theory of symplectic matrix paths
and periodic solutions of Hamiltonian system.
For T > 0, suppose x is a critical point of the functional

T
F(x):/ L(t,x,x)dt, VxeWI'2R/TZ,R"Y),
0

where L € C2((R/ T7Z) x R¥ R) and satisfies the Legendrian convexity condi-
tion L, ,(t, x, p) > 0. Itis well known that x satisfies the corresponding Euler—
Lagrangian equation:

%Lp(t,x,fc) —L,(t,x,x) =0, 2.7)
x(0) = x(T), x(0) = x(T). (2.8)

For such an extremal loop, define

P(t) = Lp,p(t, x(1), X(1)),
Q(t) = Lx,p(tvx(t)vx(t))3
R(t) = Ly (1, x(1), X(2)).

Note that

1y = 4 (pd rd
Flay=——(Pg +Q)+0" L +R 2.9)

For w € U, set
D(w, T) ={y € W'*([0, T1,C") | y(T) = wy(0)}. (2.10)

We define the w-Morse index ¢, (x) of x to be the dimension of the largest negative
definite subspace of

(F"(X)y1,y2), Vyi,y €D, T),
where (-, -) is the inner product in L. For w € U, we also set
D(w,T) ={y € W([0, T1, C")|y(T) = wy(0), ¥(T) = wy(0)}. (2.11)

Then F”(x) is a self-adjoint operator on L2([0, T'], R") with domain D(w, T). We
also define

Ve (x) = dimker(F” (x)).

In general, for a self-adjoint operator A on the Hilbert space 57, we set v(A) =
dim ker(A) and denote by ¢ (A) its Morse index which is the maximum dimension
of the negative definite subspace of the symmetric form (A-, -). Note that the Morse
index of A is equal to the total multiplicity of the negative eigenvalues of A.
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On the other hand, % (1) = (3L /% (), x(t))7 is the solution of the correspond-
ing Hamiltonian system of (2.7)—(2.8), and its fundamental solution y (¢) is given
by

y(@) = JB@)y (1), (2.12)
y(0) = Iy, (2.13)
with
_(P'o® —P )0 )
s0=(Zomrr i oors Son—rn)

Lemma 2.3. (LONG [11, p. 172]) For the w-Morse index ¢, (x) and nullity vy, (x)
of the solution x = x(t) and the w-Maslov-type index i, (y) and nullity v, (y) of
the symplectic path y corresponding to X, for any w € U we have

Po(X) =in(y),  Vo(x) =Vu(y). (2.15)

A generalization of the above lemma to arbitrary boundary conditions is given
in [4]. For more information on these topics, we refer to [11].

2.2. Stability Criteria via Morse Indices

In this subsection we recall some results of [5].

Gordon’s classical theorem (cf. [3]) says that the Keplerian solution is a mini-
mizer in the loop space under some topological constraint. Regarding the essential
part, a theorem of VENTURELLI in [18] as well as ZHANG and ZHoU in [19] tells us
that the Lagrangian solution is the minimizer among the loops in its some homol-
ogy class. Note that, up to now, these are the only known variational facts under
topological constraints on the loop spaces.

By these theorems, we got criteria for the stability in terms of Morse indices.
Let ¥ = ¢1(g%) be the Morse index of the kth iteration ¢* of the Lagrangian
solution ¢ in the variational problem, and according to [18] and [19], ¢1 = O holds.

The Lagrangian solution is called linearly stable (spectrally stable) if y (2r) is
linearly stable(spectrally stable). The first and the third named authors proved the
following:

Theorem 2.4. (Hu—Sun [5]) For the monodromy matrix M corresponding to the
elliptic Lagrangian solution q = (q1(t), ¢2(1), ¢3(1)), 2 < ¢ < 4 and,

e(M))2 = ¢°. (2.16)
Moreover

() If > = 4, then the Lagrangian solution is spectrally stable;
@1i) If $* = 3, then the Lagrangian solution is linearly unstable;
(iii) If ¢ = 2, then the Lagrangian solution is spectrally stable if there exists some
integer k > 3, such that ¢ > 2(k — 1).
(v) If % = 2(k — 1), for all k € N, then the Lagrangian solution is linearly
unstable.
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Moreover, if the essential part y = yg .(7) (cf. Section 2.3 below) of the mon-
odromy matrix at ¢+ = 4m is non-degenerate, we can get the normal forms of
Y, (27).

Theorem 2.5. (Hu—SuN [5]) In the same setting of the above theorem, suppose

Vg,e(4m) = )/ﬁ,g(Zy'r)2 is non-degenerate.

@) If(j)2 = 4, then yg .(2m) ~ RQnmw — 01)0R(2m — 6») holds for some 0; and
6r € (0, ), and is linearly stable;

(ii) If * = 3, then Vg,e(2m) = D(A)OoR(2m — 0) for some A < 0and 0 € (0, ),
and is linearly unstable;

(iii) Ifd)2 = 2 and there exists some integer k = 3 such that ¢>k > 2(k — 1), then
Vg,e(2m) = RQ2m — 01)0R(62) holds with 0 < 01 < 0, < 7, and is linearly
stable;

(iv) If¢* = 2(k—1) forallk € N, then v8,e(2m) is hyperbolic or spectrally stable
and linearly unstable.

2.3. The Essential Part of the Fundamental Solution of the Elliptic Lagrangian
Orbit

Following MEYER and SCHMIDT (cf. p. 275 of [15]), the essential part y = yg .(f)
of the fundamental solution of the Lagrangian orbit satisfies

y(@) = JB@)y @), (2.17)
y(0) = Iy, (2.18)
with
1 0 0 1
0 1 -1 0
B(t) = 0 —1 2e cos(t)—1—+/9—B 0 s (2.19)
2(14-ecos(t))
1 0 0 2ecos(t)—1+./9—B
2(14ecos(t))
where e is the eccentricity, and 7 is the truly anomaly.
Let
0 1 3"'— V9B 0
_ - _ [ 2(1+4ecos(t))
J2 = (1 0 ) , Kﬁ,e(t) = ( 0 3—/9—B )7 (220)
2(14ecos(t))
and set
1
Lt %, %) = S %] + Jox(6) - (1)
1
+5 KpeDx () - x(@), VxeWh2(R/27Z, R, (2.21)

where a -b denotes the inner product in RZ. Obviously the origin in the configuration
space is a solution of the corresponding Euler—Lagrange system. By Legendrian
transformation, the corresponding Hamiltonian function is

1
HUJ)ziBUﬁ~L Vv z € R*.
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Note first that the elliptical Lagrangian solution is a local minimizer of the
action functional .4 on the homology class of curves with winding number (1, 1, 1)
or (—1,—1,—1) in H; (/"E') (cf. [18,19], and Lemma 4.1 of [5]). Note secondly
that curves with winding number not equal to £1 can not approximate curves
with winding number 1 or —1 in C(R/Z, R?). Therefore the Morse index of A
at the elliptical Lagrangian solution in the whole space X and that restricted in
the homology class of curves with winding number (1, 1, 1) or (=1, —1, —1) in
H, (2? ) coincide and take the value zero.

Here note that let y; be the fundamental solution of the Kepler orbit. Then
Y10V, 1s the fundamental solution of the Lagrangian orbit. By Theorem 7.3.1 in
p. 168 of [11] and the additivity of the index theory (cf. (ii) of Theorem 6.2.7 in p.
147 of [11]), we obtain

¢ =il +i1(vs,),  VYkeN, (2.22)

where ¢ is defined at the beginning of Section 2.2. Note that by Proposition 3.6
in p. 110 of [5], we have

i(yf) =2k —-1), VkeN. (2.23)
Thus by our above discussions and (2.22)—(2.23) with k = 1, we obtain
i1(yg,e) = ¢! =0, Y(B,e) €[0,9] x [0, 1). (2.24)

2.4. A Modification on the Path yg .(t)

In order to transform the Lagrangian system (2.19) to a simpler linear operator
corresponding to a second order Hamiltonian system with the same linear stability
as yg..(2m), using R(¢) and Ry4(t) = Nz(e’ﬁ, 0) defined in Section 2.1, we let

§g,e(t) = Ra()ype(t), Vie[0,2n], (B,e) €[0,9] x[0,1). (2.25)
One can show by direct computation that

d _ I 0
Eéﬁ,e(l) =J ( 0 RG> — Kﬁ,e(t))R(t)T ) £g.e(1). (2.26)

Note that R4(0) = R4(2mw) = I4, so yg(2m) = &g .(2m) holds and the linear
stabilities of the systems (2.18) and (2.26) are precisely the same.

By (2.25) the symplectic paths yg. and &g . are homotopic to each other
via the homotopy h(s, 1) = Ra(st)yp,.(t) for (s,t) € [0, 1] x [0, 27]. Because
R4(s)yp,e(2m) for s € [0, 1] is a loop in Sp(4) which is homotopic to the constant
loop yp,.(2m), we have yg ., ~1 &g, by the homotopy /. Then by Lemma 5.2.2
in p. 117 of [11], the homotopy between yg . and &g . can be realized by a homo-
topy which fixes the end point yg . (27) all the time. Therefore by the homotopy
invariance of the Maslov-type index (cf. (i) of Theorem 6.2.7 in p. 147 of [11]) we
obtain

iw(Ep.e) =iw(Vpe): Volbpe)=Vo(vpe), Yo €U, (B e) €[0,9] x[0, D).
(2.27)
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On the other hand, the first order linear Hamiltonian system (2.26) corresponds to
the following second order linear Hamiltonian system

X() = —x() + R(t)Kﬁ,e(t)R(t)Tx(t). (2.28)
For (B8, e) € [0, 9) x [0, 1), the second order differential operator corresponding
to (2.28) is given by
d? r
A(B,e) = _@12 — DL+ R@)Kp (t)R(1)
2

1
b+ m(m +V9—-BS1), (2:29)

cos?2t sin2t
sin 2t — cos 2t
it is self-adjoint and depends on the parameters 8 and e. By Lemma 2.3, we have for
any S and e, the Morse index ¢, (A(B, ¢)) and nullity v, (A(B, e)) of the operator
A(B, e) on the domain D(w, 27) satisfy

$o(A(B,€) = in(Epe)s VulA(B,€)) =vu(épe), VYoelU. (2.30)
Especially by Lemma 4.1, (55) and (58) of [5] and the above (2.24), we obtain
i1p.e) = P1(A(B,e)) =i1(ype) =0, V(B,e) €[0,9] x [0, 1), (2.31)

In the rest part of this paper, we shall use both of the paths y . and &g . to study
the linear stability of yg .(27) = &g .(2). Because of (2.27), in many cases and
proofs below, we shall not distinguish these two paths.

where S(¢) = ), defined on the domain D(w, 277) in (2.11). Then

3. Stability on the Three Boundary Segments of the Rectangle [0, 9] x [0, 1)

We need more precise information on stabilities and indices of the three bound-
ary segments of the (8, e¢) rectangle [0, 9] x [0, 1).

3.1. The Boundary Segment {0} x [0, 1)

When g = 0, this is the case with two zero masses, and the essential part of the
fundamental solution of Lagrangian orbit is also the fundamental solution of the
Keplerian orbits. In fact, when 8 = 0, without loss of generality, by the definition
(1.4) of B we may assume my = m3 = 0 and m; > 0, and then every elliptic
Lagrangian solution becomes the motion along two Keplerian solutions of the two
points g2 and g3 with zero masses going along their elliptic orbits around fixed point
q1(t) = 0 with mass m| > 0. When 8 = 0, the matrix B(¢) in (2.19) becomes

1 0 0 1
B(t) 0 1 -1 0 3.1)
= 2—e cos(t) , .
0 -1 — 1+2 gg;(z) 0
1 0 0 1



Linear Stability of Elliptic Lagrangian Solutions 1011

which coincides with the coefficient matrix E(t) in (17) in p. 275 of [15]. Note that
by the different sign choice of the standard symplectic matrices in p. 259 of [15],
the order of the independent variables there are different from that in our system
(2.17)—(2.19).

(A) The case of e = 0.

In this case, the matrix B(¢) becomes independent of ¢:
0 0
1 -1
| _2 (3.2)

1
B=B() = 8 -
10 0

—_—0 O =

Then one can find the fundamental solution y o(¢) of the corresponding system
(2.1) with constant coefficient J B explicitly:

2 —cost 3t—2sint 3t —sint 1 —cost

—sint 2cost—1 cost—1 —sint
voo(t) = sint 2 —2cost 2 —cost sint 3.3)
2cost —2 4sint —3t 2sint —3t 2cost — 1
Letting
1 0 0 6m
P 0 —1/6r) —1 0
10 0 1 0 ’
0 0 0 —6m
we then obtain
cost —% —sint 0
0 1 0 0
~ _ —1 _
y(@) =P yo()P = sin? 200657;—2 cost 0
2—2cost 4sinr—3t 2sint 1
61 3672 (33

Next for ¢ € [0, 1] we consider the following homotopy path y, (¢):

cost —¢ % —sint 0
(1) 0 1 0 0
Yell) = sint e2%=2 cost 0
S82—2cost 4sint—3t 825int 1

o 3672 o6

Then y.(¢t) € Sp(4) and y.(0) = I4 hold for all # € R and ¢ € [0, 1]. We have
y1(t) = y(¢) and

cost 0 —sint 0

0 1 0 O 1 0 1
_ . ~ 2

sint 0 cost 0 _R(I)O(M l) R(I)O(O iT)’

2
O 4sinr—3¢t O 1 367
3672

Yo(t) =
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and especially we obtain

1 671 6 0 10 00
o 1t 0 of_,l0 1 00
v0,027) = 0 0o 1 ol=%lo o 10l? ~ LoNi(1, 1).
0 —6r —6m 1 0—g 01

34

(B) The case of e € [0, 1).

Note that it is well known that the matrix ®(¢) with t+ = f in Lemma 3.1 in
p- 271 of [15] consists of two parts, one of which corresponds to the Keplerian
elliptic solution of the two-body problem and the other of which corresponds to the
coefficient matrix B(¢) of the essential part yg . (¢) in our notations. Especially when
B = 0 (thatis, o0 = 0in[15]), both the two parts of the matrix ®(¢) coincide to each
other, and yields precisely ®(z) = E(t)<>1§ (t) there. Therefore when 8 = 0, the
essential part yg . () corresponds to the Keplerian elliptic solution of the two-body
problem.

Thus by Lemma 3.3 and the discussion on (46) of [5], the matrix yp (27)
satisfies:

Y0,e(2m) ~ LoNi(1,1),  Vee][0,1), (3.5

and it includes (3.4) as a special case.
(C) The indices i, (y0,e) for o € U.
By (2.31) we obtain

@1(A0, e)) =i1(80,e) = i1(y0,e) = 0. (3.6)

By (3.5) and properties of splitting numbers in Chapter 9 of [11], as in (56) of [5],
for w € U\{1} and M = y (27) we obtain

iw(VO,e) = iw(SO,e)
=i1(€0,e) + S (1) — Sy (@)
=0+ S )+ 58y (D=0
=2. (3.7)

For every e € [0, 1), note that (3.5) yields also

Vo (Y0,e) = Vo (80,e) = [(3) g Z ZIIJ\{I}. (3.8)

3.2. The Boundary Segment {9} x [0, 1)

This is studied in our Proposition 1.4 and more precisely in Section 4 below. Espe-
cially we have

0(19.e(2m)) CRy\{l},  Veel0, 1)
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and it possesses a pair of double positive real hyperbolic eigenvalues. By (2.31),
we have i1 (y9,) = 0 for all e € [0, 1). By our studies in Section 4.1, the matrix
19..(27) always possesses two double positive eigenvalues not equal to 1, thus by
the definition of the splitting number in Section 9.1 of [11], we have Sﬁjf, (w) =0
for M = y9 ,(2m) withe € [0, 1) and all w € U. Then foralle € [0, 1) and w € U
this yields

iw(y‘),e) = iw(V9,0) =0, Vw(V’Q,e) = Vw(VQ,O) =0. (3.9)

3.3. The Boundary Segment [0, 9] x {0}

In this case e = 0. It is considered in (A) of Section 3.1 when 8 = 0. When
B € (0,9], this is the case of circular orbits with three positive masses. It was
studied in Section 4 of [16] by ROBERTS and in pp. 275-276 of [15] by MEYER and
ScamipT. Below, we shall first recall the properties of eigenvalues of yg o(27).
Then we carry out the computations of normal forms of yg ¢(27), and &1 indices
i+1(yp,0) of the path yg o for all 8 € [0, 9], which are new.

In this case, the essential part of the motion (2.17)—(2.19) becomes an ODE
system with constant coefficients:

1 0 0 1
0 1 —1 0
B=B0=|, | v, | (3.10)
2
1 0 0 o—p-1

The characteristic polynomial det(J B — AI) of J B is given by

x4+/\2+§=0. (3.11)

Letting & = A2, the two roots of the quadratic polynomial o> + o + g are given by

o= %(—1 + /1 — B). Therefore the four roots of the polynomial (3.11) are given
by

1 1
alizi\/z(—lh/l—ﬁ), az,izi\/z(—l—,/l—ﬁ). (3.12)

(A) Eigenvalues of yg o(27) for g € [0, 9].

When 0 £ B8 < 1, by (3.12), we get the four well-known characteristic multi-
pliers of the matrix yg,0(27)

pit(B) = ¥ OE = FVIIGB) - for i =1,2, (3.13)

1 1
01(B) =/ 70 =vI=p).  0(f)=5(0+VI=p). (3.14)

where
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When 1 < B <9, from (3.12) by direct computation the four characteristic
multipliers of the matrix yg ¢(27) are given by

,O:I:,:I: — eiﬂq/ﬂ*]eiﬂ\/j«/ «/E“rl. (315)

In particular, we obtain the following results:

When B = 0, we have o (y0,0(27)) = {1, 1, 1, 1}, which coincides with (3.5).

When 0 < < 3/4, in (3.14) the angle 61 (B) increases strictly from 0 to 1/2
as B increases from 0 to 3/4. Therefore pi 4 (8) = ¢*™ =118 runs from 1 to
—1 counterclockwise along the upper semi-unit circle in the complex plane C as
B increases from 0 to 3/4. Correspondingly p1,_(8) = e™ " V=161 runs from
1 to —1 clockwise along the lower semi-unit circle in C as § increases from 0
to 3/4. At the same time, because 6»(8) decreases strictly from 1 to v/3/2 as f
increases from 0 to 3 /4, therefore py 1 (8) = e27V=10:28) typs from 1 to eV —1V37
clockwise along the lower semi-unit circle in C as g increases from 0 to 3/4. Cor-
respondingly pp._ (B) = ™27 V=102(8) runs from 1 to e~V ~1V37 counterclockwise
along the upper semi-unit circle in C as § increases from 0 to 3/4. Thus we obtain
o(yg,0(2m)) C U\R forall B € (0,3/4).

When 8 = 3/4, we have 6;(3/4) = 1/2 and 65(3/4) = +/3/2. Therefore we
obtain p1.+(3/4) = V=1 = —1 and py, 1 (3/4) = e=V~1V37

When 3/4 < B < 1, the angle 0;(f) increases strictly from 1/2 to +/2/2 as
B increase from 3/4 to 1. Thus py 4 (B) = €>*¥=19®) runs from —1 to e¥/~1v27
counterclockwise along the lower semi-unit circle in C as 8 increases from 3 /4 to 1.
Correspondingly p1,—(8) = e~ 27V=101) runs from —1 to e=V=1V27 clockwise
along the upper semi-unit circle in C as 8 increases from 3/4 to 1. Because 62(8)
decreases strictly from V3/2 to +/2/2 as B increases from 3/4 to 1, we obtain
that p2 +(B) = 2TV=10:8) runs from eV=1V37 1o eV=IV2T clockwise along
the lower semi unit circle in C as § increases from 3/4 to 1. Correspondingly
pm.—(B) = e=27V=10:8) runs from e V=IV3T (o ¢=V=IV2T counterclockwise
along the upper semi unit circle in C as § increases from 3/4 to 1. Thus we obtain
o(yp,o2m)) C U\Rforall B € (3/4,1).

When g = 1, we obtain 01(1) = 6(1) = ﬁ/Z, and then we have double
eigenvalues p1 +(1) = p2. +(1) = V=121,

When 1 < B < 9, using notations defined in (3.15), the four characteristic
multipliers of yg o(27) satisfy o (yg,0(27)) C C\(UUR) forall 8 € (1,9).

When 8 = 9,v+/9 + 1z = 2. By (3.15), we get the two positive double char-
acteristic multipliers of y9 0(27) given by p4+ + = VT V2T _ V2T
R \{1}, where we denote by R; = {r ¢ R|r > 0}.

(B) Normal forms of yg o(27) for g € [0, 9].
By our above analysis, the matrix yg o(2m) possesses no eigenvalues &1 for
B € (3/4,9]. Note also that the matrix yg o(27) is homotopic to N(wg, b) with

wo = eV=1"V2 and by — b3 # 0 when g = 1, and is hyperbolic when g € (1, 9].
Therefore by Definition 2.1 we have
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0
5 (2)-1 Sp (2)0
-1

1o Iy

0
Sp (@), Sp (2)01

Fig. 3. The pictures of the two paths f4(8) and f—(B) in Sp(2), where the three dark points
are their images at 8 = 0, 3/4 and 1

V8.0 ~+1 YBo,0 VB ell,9] and Bo € (3/4,1). (3.16)

Thus we are next especially interested in the normal forms of y(27) with 8 €
[0, 1).

For that purpose we construct a family of continuous curves f(8)(t) in Sp(4) for
B €[0,1)andr € [0, 2] satisfying f(B8)(0) = I such that yg o(27) ~11 f(B)
forall B € [0, 1), which implies yg,0(27) ~ f(B) forall B € [0, 1). After that we
shall study the normal forms of yg,0(27) for 8 € [1, 9].

The curve f is defined separately according to 8 as follows.

(i) Normal forms of yg,0(2m) when B € [0, 3/4].

Here, we split f into a symplectic sum of two Sp(2)-paths:

JB) = f+(B)of-(B).  fx(B) € Sp(2). (3.17)

Using the cylindrical coordinate representation (which is denoted by CCR for short
below) of Sp(2) introduced in [8] (cf. pp. 48-50 of [11], especially Figs. 1 and 2 in
pp. 49-50 there), we can describe the matrix curves in Sp(2) more precisely, which
is shown below in Fig. 3.

Using notations in Section 2 we let

Moy = D(2)R(27 — arcsin(3/5)) = (—2//5*10 gg) . (3.18)

Then My ~ Ni(1, 1) and thus My € Sp(2)?’_ N{(r0,z) € R3\{z—axis} | z =0}
in Fig. 2.1.2 in p. 50 of [11]. By (3.3) and our discussions in part (A), we define

£+ =1L and  f_(0) = M. (3.19)

By our analysis in part (A), when g increases from 0 to 3/4 in (0, 3/4), we define

f+(B) =R (27‘[ - %nﬁ) . for B el0,3/4]. (3.20)
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Then the matrix curve fy (f) runs from /> to R(w) = —I; along the left semi-circle
clockwise in CCR in the left diagram of Fig. 3 below. Then we can choose some
B1 € (0,3/4) and define

p
_ = 2——
rm=p(2-2)

R((Zn - arcsin(3/5))(1 - ﬂﬁ) + ,39?”), for B el[0, 1], (3.21)
1
and
_ _3/4-8 _2
f-(B) = R(ﬁn 345, (f 5)7‘[), for B e [B1,3/4]. (3.22)

Thus the matrix curve f_ () runs from f_(0) = My to f—(B1) = R(97/5) when
B runs from 0 to 81, and then runs from f_(81) = R(97/5)to f_(3/4) = R(+/37)
when g runs from B to 3/4. The image of f_(8) is shown along the left semi-circle
clockwise in CCR in the right diagram of Fig. 3 below.

Then by adjusting the running speeds of f4 (8) and f_(fB) according to those
of the corresponding eigenvalues in (3.13) respectively, we can have

f(B) = f+(B)of-(B) = ypo(2m),  for B e€][0,3/4]. (3.23)
Especially when 8 = 3/4, we obtain
f(3/4) = —LoR(3m). (3.24)

(ii) Normal forms of yg,0(2m) when B € [3/4, 1).
For B € [3/4, 1), following part (A), we define

Fi(B) = RA(1 — V2)mB + (32 — 2)7), (3.25)
F(B) = RAW2 —V/3)7B + (43 — 3V/2)7). (3.26)

By adjusting the two curves f(8) and f_(f) suitably when 8 < 1 and close to
1 and then adjusting their running speeds in 8 suitably, we can suppose that when
B increases from 3/4 to 1 in (3/4, 1), the matrix curve f4(B8) runs from —I, and
tends to R((2 — ﬁ)n) along the right semi-circle clockwise in CCR in the left
diagram of Fig. 3 below as g runs from 3/4 and tends to 1. Simultaneously the
matrix curve f_(f8) runs from R(ﬁn) and tends to R(ﬁn) along the left semi-
circle clockwise in CCR in the right diagram of Fig. 3 below as 8 runs from 3/4 and
tends to 1. Here we shall not explain how f(8) = fi(B)of-(B) gets to its limit
when 8 — 1. Note that in this case we have also (3.23) holds when 8 € [3/4, 1).

(iii) Note that for g € [0, 1), we have f(8) = R(x(B)), where the value
of a(f) is uniquely given by (3.20) and (3.25). Then every matrix f(8) =
f+(B)of—(B) € Sp(4) in (3.17) can be reached by a path starting from /4 in
Sp(4) as follows:

f+(B)0) = R@(P)5-),  for 01 =2, (327)
| DQ@t/m)R(2m — arcsin(3/5))t/m), if 0=t =m,
f~B) @) = Fo(B=E), if 7 <1t<o2m,

(3.28)
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for B € [0, 1), where we have used the expression of the matrix M in (3.18).

(iv) The normal form of ygo(2m) when B = 1.

Firstly by Corollary 4.5 below, for fixed e € [0, 1) the index i, (yg,.(2)) is
non-increasing when g increases from 0 to 9 for w € U\{1}. By Proposition 6.1
below, the index i, (yg,. (27)) can change only when the matrix path yg . in 8 passes
through an w degeneracy point and there should be either one or two w-degeneracy
points and their total » degenerate multiplicity is 2.

By part (A), B = 1 is a Krein collision point of the matrix path yg o(27) for
B € [0,9] with o (y1,027)) = {wo, o, wy, wo} for wy = e\/jlﬁ” € U. Note
that by our above discussions, when f increases in the open interval (0, 3/4), the
curve f4 (B) passes through each w singular surface in Sp(2) precisely once for all
w € U\R, which contributes precisely a 1 to > 50 9 Vo (,0(27)). Therefore
by Proposition 6.1 below we must have

Vo (¥1,0(27)) = dimc kerc(y1,0(2m) — wol) = 1. (3.29)
Then, we must have

R(2m) b )with b:(b1b2

V1,0(27'L')?\8N2(a)0,b)=( 0 R(/I) by b4), (3.30)

satisfying b, — b3 # 0.
(v) Normal forms of yg,o(2m) when B € (1, 9].
For 8 € (1,9), by part (A), we have

vsom ~ (€ VHIREVB+D b (3.31)
’ 0 eTVNVBIR B+ D) )

for some matrix b = b(f), which is CS-hyperbolic. When § = 9 we get
Y0.0(2) & D(e¥V ™ )oD(e¥?™). (3.32)

Remark 3.1. Because B(t) is a constant matrix depending only on 8 when e = 0,
similarly to what we did for ypo(f) it is possible to compute out the funda-
mental matrix path ygo(¢) explicitly when g > 0. But the computations on
vg,0(t) when B > 0 are rather delicate and tedious and thus are omitted here.
From this computation, especially when 0 < 8 < 1 we obtain that vpo(t) ~
R(—2m01(B)t)oR(2mHO(B)t) for some 6;(B) with i = 1,2, and the B-paths
R(—2761(B)) and R(276,(B)) are homotopic respectively to fi(B) and f_(B)
which we constructed above.

(C) Indices i+ (yg,0) for g € [0, 9].
From the above discussions as well as Fig. 3 we obtain

BN =1, VI, ), (333
AR IR (3349
ih(f~-(B)=-1, vBel0,1), (3.35)

1, if =0,
vi(f=(B)) = [0’ it e 1) (3.36)
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Therefore by (3.17) we get

ii(yg0) =0, VBel0,9], (3.37)
_[3. if p=0,
vi(rpo) = [0, if B e(0,9]. (3.38)
Similarly for the —1 index, we obtain
. |2, if g €[0,3/4),
VA (B) = [g S (3.40)

i1 (f-(B) =0, v (f-(B) =0, if Be[0, 1. (3.41)

Therefore by (3.16) and Proposition 6.1 below, we get

) _[2.if Bel0,3/4),
i—1(yp,0) = [0, if Be[3/4,9]. (3.42)

The other w-indices of yg ¢ can be computed similarly for w # VIV — o,
and i, (ys,0) can be computed using the decreasing property of the index proved in
Corollary 4.5 and its values at 8 = 0 and 8 = 9 as we did in the proof of Theorem
1.2 below.

Here we point out especially that 8 = 1 is the only Krein collision point on the
segment [0, 9] x {0}.

4. Non-Degeneracy of Elliptic Lagrangian Solutions

Note that the complete eigenvalue 1 non-degeneracy implies that there is no linear
stability change near the positive real line in the complex plane C.

4.1. Hyperbolicity of Elliptic Lagrangian Solutions with Equal Masses

In the equal mass case, thatis 8 = 9, we have

2
AO. &)= - —Dh+— " 41
.0 =—gpl -t gk @D
Let
d? 3
A =5 =1 (42)

dr? 2(1 +ecost)’
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which is a self-adjoint operator with domain D(1,27) € W22([0, 2], R) under
the periodic boundary conditions x(#) = x(t+2m), x(t) = x(t +2m) forallr € R.
Then

A9,e) = Ai(e) ® A (e). (4.3)

By (2.31), the Morse index of A(9, e) is zero, so Aj(e) is a non-negative operator.
Moreover, we have

Proposition 4.1. Aj(e) > 0 forall0 < e < 1 on its domain D(1, 27).

Proof. It suffices to show ker(A{(e)) = {0} for all 0 < e < 1. We argue by
contradiction. Suppose 0 # x € ker(Aj(e)) is expressed as a Fourier series x =

x(t) = D pez ar exp(+/—1kt). Then we have

0=2(14+ecost)Ai(e)x(t)
=Q2+e exp(\/—_lt) +e exp(—«/—_lt)) Zak (k2 —1) exp(«/—_lkt)

keZ
+ > 3ax exp(v/—1kt)
kel
= Qak* ~1)
keZ
tear_1((k — 1> = 1) 4 eary 1 ((k + 1> — 1) 4 3a;) exp(v/—1kt).  (4.4)
This implies

2ar(k*> — 1) + ear—1((k — D* = 1) + eap1 ((k + 1)> = 1) + 3ax = 0
holds for every k € Z. Let k = 0, we have ap = 0. So x belongs to the subspace
V which is spanned by {exp+/—1kt, k # 0}. Note that (—% — 1]y 2 0and
2(1++cost) > 0, so Aj(e) is positive on V, which then implies that x must be zero.

This contradiction completes the proof. O

Remark 4.2. For e = 1, the operator A (e) is singular. By the same argument as
above one can show that A1(1)x = 0 also implies that x = 0 in L2([0, 27], R).

Proof of Proposition 1.4. Let £,(t) be the fundamental solution of the first order
linear Hamiltonian system corresponding to Aj(e). Then it satisfies

i§(t)—J(1 0 )é(t) 4.5)
e U AN '
£.(0) = I. (4.6)
Thus we have
£9.0(1) = &.(1) 0 £ (1), (4.7)

and so

iwE9.0) =2i0E),  Vu(69.6(27m)) = 20, (E(2)). (4.8)
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By Proposition 4.1, we have
dimker(¢,(27) — L) =0, Ve e]0,1). 4.9)

Since £,(27) is a 2 x 2 symplectic matrix, its eigenvalues are in pair {2, A1} with
Areal and A # 1 or A € U\{1}. Because i1(§,) = 0 by Proposition 4.1, the matrix
- A ] —

&, (2m) must have normal form (0 A(_)l ) with A > 0 or ((1) 11) by [11] (cf. pp.
179-183 there). By (4.9), 1 can not be an eigenvalue of 56(271) for any e € [0, 1),
so the only possible case is that & (277) has a pair of positive real eigenvalues not
equal to 1, thatis A and A~! > 0 and A # 1, and the eigenvalues of & (27) depend
continuously on e. So the eigenvalues of &, (277) are real positive numbers not equal
to 1 for any e € [0, 1). Especially from (4.7) with + = 2m, (4.8) and the above
discussions, we obtain

iw(%@,e) = 2iw(§e) =0, vw(€9,e(27f)) = sz(ée(zn)) =0. (4.10)
Thus by (2.27) and (2.30), the Proposition 1.4 is proved. O
Corollary 4.3. A(9, e) is a positive operator for any w boundary conditions.

Proof. When 8 = 9, since i 1(56) = 0 and 56(271) is hyperbolic as we proved
above, we have i, (£,) = 0 for any w € U and e € [0, 1). Thus the @ Morse index
iw(9.0) = ¢u(A9,e)) = 0, that is, A(9,¢) = 0 in any @ boundary conditions.
Then A(9,e¢) > 0 follows from the fact that A(9, e) is non-degenerate at any w
boundary conditions by (4.10). O

4.2. The Non-Degeneracy of Elliptic Lagrangian Solutions for o = 1

For (B,e) € [0,9) x [0, 1), let A(B,e) = %. Using (2.29) we can rewrite
A(B, e) as follows

B JI=B - AQ, ¢) (@)
A(B,e) = A9, e) + ms(t) =v9-8 (m + 2(1 +ecost))

=9 - BA(B,e). 4.11)

Then we have

P (A, €) = du(A(B, €)), (4.12)
Vo (A(B, €)) = Vi (A(B, €)). (4.13)

Following from Corollary 4.3, that is, the fact that A(9, e) is positive definite for
any o boundary condition, we get the following important lemma:

Lemma 4.4. (i) For each fixed e € [0, 1), the operator A(B, e) is increasing with
respect to B € [0, 9) for any fixed w € U. Especially

9 -
—A(B,

ap 1B b=ty = 55555 AO- ), (4.14)
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Jor B €10,9) is a positive definite operator.
(ii) For every eigenvalue g, = 0 of A(Bo, eo) with w € U for some (Bo, ep) €
[0,9) x [0, 1), there holds

d
ﬁ)‘ﬁh‘f:ﬁo > 0. 4.15)

Proof. It suffices to prove (ii). Let xo = xo(¢) with unit norm such that
A(Bo, e0)xo = 0. (4.16)

Fix eg. Then A(B, eg) is an analytic path of strictly increasing self-adjoint operators
with respect to 8. Following KaTo ([6], p. 120 and 386), we can choose a smooth
path of unit norm eigenvectors xg with xg, = xo belonging to a smooth path of
real eigenvalues Ag of the self-adjoint operator A(B, ep) on D(w, 27) such that for
small enough |8 — Bo|, we have

A(B, e0)xp = Apxp, @.17)

where Ag, = 0. Taking inner product with xg on both sides of (4.17) and then
differentiating it with respect to 8 at Sy, we get

ad 9 - ) )
@)\.ﬁlﬁZﬂo = <£A(/37 e())xﬁ’ xﬂ>|ﬂ=ﬁo + 2<A(I3, e())xﬂ, ﬁxﬂ>|ﬂ=ﬁo
J -
= <£A(/30, €0)X0, x0>
1
> 0,

where the second equality follows from (4.16), the last equality follows from the
definition of A(B, ) and (4.11), the last inequality follows from the positive def-
initeness of A(9, e) given by Corollary 4.3, and the fact xo # 0. Thus (4.15) is
proved. O

Consequently we arrive at

Corollary 4.5. For every fixed e € [0,1) and w € U, the index function
dw(A(B, e)), and consequently i,(yg.e), is non-increasing in B € [0,9]. When
w € U\{1}, it decreases from 2 to 0.

Proof. For 0 < 8; < B> < 9 and fixed e € [0, 1), when B increases from B; to
B2, it is possible that negative eigenvalues of A(f1, e) pass through 0 to become
positive ones of A(f,, e), but it is impossible that positive eigenvalues of A(S,, €)
pass through 0 to become negative by (ii) of Lemma 4.4. Therefore the first claim
holds. The second claim follows from (3.7), (3.9) and Corollary 4.3. O

From now on in this sgction, we will focus on the case of w = 1. Since
¢1(A(B, e)) = 0, we have A(B,e) = 0 for (B, ¢) € [0,9) x [0, 1). Furthermore,
we have
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Proposition 4.6. A(B,¢) > OfoLall (B,e) € (0,9) x [0, 1) under the periodic
boundary conditions, that is, on D(1, 2m).

Proof. It suffices to prove A(f,e) > 0. This is essentially due to the fact that
ker(A(B, €)) = {0} on (B, ) € (0,9) x [0, 1). In fact, otherwise, there exists an
xo = xo(¢) with unit norm such that (4.16) holds. Then (4.17) implies that there
exists a negative eigenvalue of A(B, ep) when B < By is sufficiently close to S,
which contradicts to A(8,¢) = 0. O

Proof of Theorem 1.1. Since dimker(A (B, e)) = dimker(yg .(27) — I4), we have
proved that the elliptic Lagrangian solutions are all non-degenerate on (8, ¢) €
(0, 9] x ([0, 1). It is degenerate when 8 = 0, by (3.8). The proof is complete. O

5. The Limiting Case ¢ — 1

We shall use the sesquilinear form to study the case when ¢ — 1, and please refer
to Chapter 6 of [6] for the details on the sesquilinear form.

In this section we shall deal with the limiting cases e = 1 and —1, then the
term (1 4 e cos t) in the denominator of the expression of the operator A(B, ¢) and
the corresponding functionals will become zero when t = 2k + 1) if e = 1 or
2k if e = —1 with k € Z. Note that the boundary condition x(27) = wx(0) is
equivalent to the boundary condition x (# +2m) = wx(¢) forallt € R in the domain
D(w, 2m) with w € U of the corresponding functionals. Therefore in order to move
the singular times to the end of the boundary points of the integral intervals, in this
section we use the interval ®(e) = [—m, ] to replace [0, 2] when we study the
case e — 1, and keep ®(e) = [0, 2] when we study the case e — —1 for all the
corresponding integrals.

Forany (8, e) € [0,9] x (—1, 1) and w € U, we define the symmetric sesquilin-
ear form I'(8, e) corresponding to the operator A(S, e) in (2.29) by

LB, e)(x,y)
L. 1
= /@(6) [x y—x-y+ m(@h +v9 = BS@)x(@)) - y(t)} dt,
Vx,y€ D(w,?2m). (5.1

where the domain D(w, 27) is defined in (2.10). Then we denote by I'(8, ) (x) =
I'(B, e)(x, x) the corresponding quadratic form. Note that here we have extended
the range of e to (—1, 1), even to the whole complex plan in the next section. This
seems artificial from the point of view of celestial mechanics, however we can
draw some interesting conclusions on the degeneracy curves in the (8, e) rectangle
[0, 9] x (—1, 1) later. Note that our results proved for e € [0, 1) in the previous and
later sections hold also for e € (—1, 1), which we shall not indicate explicitly later.
Since I'(B, e) + I is equivalent to I'(8, e) with respect to the W2 norm, I'(B,e)
is closed on domain D(w, 2r) ([6], p. 313).
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For e = *1, we further define I'(8, e¢) as in (5.1), but its domain needs to be
modified. More precisely, say, for e = 1, the domain of I'(8, 1) is defined by

D) = |x e whom R | [ (G o
+/9 = BS()x (1)) ~x(t)) dr < oo}. (5.2)

Since 35, + /O —B)S(1) > 0 for 0 < B < 9, we have D(8) = D(9) for
0 < B <9and ﬁ(O) is different from them. Note that every x € ﬁ(9) must satisfy
x(m) = x(—m) = 0 which is the vanishing w boundary condition. And I'(8, 1) is
closed since it is the sum of two closed symmetric forms.

Fore € (—1, 1), A(B, e) is the Friedrichs extension operator ([6], Theorem 2.1
in p. 322) of I' (B, ¢) under the @ boundary condition. Let A(8) be the Friedrichs
extension operator of I'(8, 1). Then it has the form

& 3 VI=BS()
AB) = —qp e~ bt S 2 20 T eos ) (5-3)

with dom(A(B)) C D(B).

Lemma 5.1. Foreach B € (0, 9], A(B) is aself-adjoint operator on L*([—m, 7], R?)
with compact resolvent.

Proof. Since I'(8, 1) is symmetric, A(B) is self-adjoint. It suffices to prove that
A(B) + 21, has a compact inverse. Let I''(x) = T'(B, 1)(x) + 2||x||WI ,. Then
A(B) + 21, is the Friedrichs extension operator of I'’. By the second representation
theorem ([6], p. 331),

I'(x) = ((A(B) +21) 2 x, (A(B) +212) ). (5.4)

Since ||x]|3 < I'/(x), a I'/-bounded set must have a convergent subsequence

wl2 =
in L2. This implies that (A(B) + 212)’% is compact, so (A(B) + 25)7 ! is also
compactin L2, O

Lemma 5.2. For 8 € (0,9] and x € ﬁ(,B), we have T'(B, e)(x) — ['(B, 1)(x) as

e — 1.

Proof. Let x € ﬁ(ﬂ) C D(w,2m) and e € [0, 1). By definitions of I'(8, e¢) and
I'(B, 1), when cost > 0, we obtain

1 1
‘(2(1 + ecost) 23 —i—cost)) (3L + /9= BS(1)x(1) ~x(t))‘

—e)cost
(1 + e cos t)(l + cost)

1- )‘ ((312+\/9—/35(t))X(t)-X(l))‘-

(BL+ 9 —BS)x(1) ~X(t))’

2(1+ st)
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When cost < 0, we have
‘ 1

A0 Tecosy G+ VO - BSWx(0) ~x(t))‘

< 'm((sb +V9 = BS)x(1) -x(t))‘ .

Therefore we get

‘m((.’ﬂz +/9 - BS@x(®) -x(t))‘

S@2-e

(B +V9—=BSO)x()-x1))|, (5.5

2(1 4 cost)

for all t € [0, 27r]. Now the lemma follows from the Lebesgue’s dominated con-
vergence theorem. O

Since under the periodic boundary condition, I'(8, ¢) > 0 for e € [0, 1), the
above lemma tellsus that ' (8, 1) = 0. By Remark 4.2, we have ker(A (9, 1)) = {0},
so I'(9, 1) > 0. By completely the same reasoning as in Proposition 4.6, we have

reg, 1 >0, VB € (0,9]. (5.6)

For the limiting case e — 1 under general boundary conditions, we consider the
sesquilinear form I'(8, e), for B € [0,9] and e € (—1, 1), by

4 3L +4/9—-8S
[)& R ( 22?; +ecoft)(t)X(t) . y(t))] a

Vx,y € WH2(R/27Z, R?). (5.7)

[, e)x,y) = /
—TT

We have the following

Lemma 5.3. For 8 € (0, 9], we have f’(,B, e) > 0 when 1 — e is small enough.

Proof. Let 5(B, e) be the largest lower bound of the quadratic form f’(,B, e) for
e € [0, 1]. Then by (5.6) we have

8(B,1)>0 VpBe(,9]. (5.8)
‘We need to show

lim i?f 5(B,e) > 0. (5.9)
e—

For (B8, e) € (0,9] x [0, 1), we define

3L+/9—BS() .
2(tecost) if cost é 0

30+/9—-BS(t)
2(1+4cost)

IB.e(t) = , (5.10)

if cost >0
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and
g

LB, e)x) = / [x X —=x-x+ ft)x(t) -x(t)] dr. (5.11)
Let S(,B, e) be the largest lower bound of f‘(,B, e)on WH2(R/(2nZ), R?) for e €
[0, 11.

Then by (5.5) we obtain

limi{lfS(,B,e) = limi?fg(ﬁ, e). (5.12)
e— e—
So it suffices to prove
liminf §(B, ¢) > 0. (5.13)
e—1

For ey > e, we have

[(B, e2)(x) = T(B, e1)(x)
T[T (€2 — e1)(—cos1)
- /ﬂ/z +/,ﬂ ((1 + ez cost)(1 + ejcost) (Gh
+ /9= BS())x(1) -x(t))) dr.

Note that 31> + /9 — BS(¢) is positive definite whenever 8 € (0, 9]. Thus we
obtain

C(B,e) 2T (B.er), if ep>ey. (5.14)
So 3(B, e) is increasing with respect to e. Let
E.e) =[x e W2R/Q72). R |lxlyi2 £ 1, F(B o)

=

5(B, 1)||x||iz] : (5.15)

N —

Then E(B, e) is closed in the Hilbert space WL2(R/27Z,R?) and E(B, e2) C
EB,e1)ifer > e1. Let E(B, 1) = oo E(B, ). We claim

E(B, 1) = {0}. (5.16)

In fact, otherwise, there exists some x € E(B, 1)\{0}. We consider two cases
depending on whether x € ﬁ(ﬁ) ornot. If x € ﬁ(,B), then f‘(,B, e)(x) converges to
I'(B, 1)(x) when e — 1 by an argument similar to that of Lemma 5.2. Therefore
by the definition of §(8, 1) we obtain

~ 1
(B, e)(x) > 258, Dx?,

when 1 — e is smallAenough. This contradicts the definition (5.15). On the other
hand, x € E(B, 1)\D(B) implies that

/” (312 + 9 —BS()
2(1 4 cost)

x(1) -x(t)) dr

-7
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is infinite, which contradicts to the definitions of I'(8, ¢) and I'"(B, 1) as well as
Levi’s theorem. Thus (5.16) holds.
We then further claim that there exists a constant eg € (0, 1) such that

E(B,e) ={0}, whenever e > eg. (5.17)

In fact, otherwise, there exists an increasing sequence ¢; € (0, 1) with k € N
such that e, — 1 and there exist xy € E(B, ex) with [|xg|ly12 = 1. Since xi
is bounded in W'2(R/(27Z), R?), it has a weakly convergent subsequence Xngs
which converges weakly to some xo. Then we have xo € E(B, 1). In fact, by the
weakly lower semi-continuity of norms, we obtain

[Ixoll 1.2 < liminf 1%, lyy.2.
k—o00

On the other hand, by the Sobolev compact embedding theorem, x,,, converges to
xo in the L? space. By definition, x € E(, e) is equivalent to

T 1
Ixllwiz + [ (fpe®x(@) - x()dt = (Eﬁ(ﬂ, 1) +2) Ixll72. (5.18)

Thus xo € E(B, ey,) for every k € N implies xo € E(B, 1). On the other hand,
(5.18) implies that the lower bound of ||x,, ||i2 is nonzero. So we have xg # O,
which contradicts to (5.16), and proves (5.17).

Now by (5.8), (5.14) and (5.16), for fixed 8 € (0, 1] and every e > ¢y we obtain
5(,3, e) = 8(B, 1)/2 > 0, which completes the proof. O

Since D(w, 2r) ¢ WH2(R/27Z, C")foranyw € U, thenf‘(,B, e) > Oimplies
I'(B, e) > 0 for any w € U. Thus we have

Corollary 5.4. For any fixed B € (0, 9], there exists an e, € (0, 1) such that for
any o € U there holds T' (B, e) > 0 forall e € [e, 1].

Proof of Theorem 1.7. The proof of the limiting case e — —1 is similar and thus
is omitted. The above lemmas imply that for any fixed g € (0, 9], we have always
A(B, e) > 0 forany w € U whenever 1 — |e| is small enough. Thus Theorem 1.7
is proved. O

6. The w Degeneracy Curves of Elliptic Lagrangian Solutions

For any w boundary condition, that is on domain D(w, 27) of (2.11), A(B, e) is
a closed unbounded operator. If we extend e to the complex plane and denote the
open unit disc by D = {e € C||e| < 1}, then A(S, e) is holomorphic with respect
toe € D ([6], p. 366). 1t satisfies A(B, e) = A(B, e)*. In fact

2 1

d
AB.e)=—13h—h+3 (312 +/9 = BS(1))(1 — ecos(t)

+ ¢? cosz(t) - cos3(t) + - ) , (6.1)
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where we have

3L ++9—BS() =20, for 0S89,
30+ 9—BS(t) > 0, for 0 <pB<09.

Let €2 be a small narrow neighborhood of the interval (—1, 1) in the complex plane.
For e € €, if its imaginary part Je is small enough, A(9, e) is strictly accretive
([6], p. 281), that is, there exists § > 0 such that the real part

R(AO, e)x, x) = 8||x|?

for any x in the domain D(w, 27) of A9, €). We get A(9, e)’% by the Dunford—
Taylor integral ([6], (3.43) in p. 282),

A©, 072 = %/OO WTEHAO, )+ dp, (6.2)
0

which is bounded and holomorphic in e ([6], p. 398).
By the idea of the proof of Proposition 4.6, we have the following important
results for all w € U\{1}.

Proposition 6.1. (i) For every (8,¢) € (0,9) x [0, 1) and o € U\{1}, there
exists &g = €o(B, e) > 0 sufficiently small such that for all € € (0, o] there
holds

iw(V—ee) —iw(Vpe) = Vw(Vﬂ,e)-

(i) For every e € [0, 1) and w € U\{1}, the total multiplicity of w degeneracy of
vg,e(2m) for B € [0, 9] is always precisely 2, that is,

> vo(ype@m) =2, Yo eU\(l}.
BeEl0,9]

Proof. Firstly, for (8, e¢) € [0,9) x [0, 1), the operator A(,B , e) is a bounded per-
turbation of the operator —d?/d¢?. Thus as —d?/dz? the operator A(S, e) possesses
only point spectrum, finite Morse index, each of its eigenvalues has finite multi-
plicity, and the only accumulation point of its spectrum is +o0o. Consequently its
eigenvalues are all isolated.

(1) Fixw € U\{l}ande € [0, 1). Let n(B) be aunit norm eigenvector belonging
to an eigenvalue A(B) of the operator A(B, €) on D(w, 27) for B near some By €
(0, 9). Then as in Proposition 4.6, we obtain

d 3y -
_“@’ =<—A(ﬁ,e)n(ﬂ>,n(ﬂ>>'
dp B=Po B =fo
1
= 30 = poy VAC: (B0, (o))
> 0. (6.3)

Therefore eigenvalues of A(ﬁ, ¢) on D(w, 27) for B € [0, 9) are strictly increasing

in B.
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Note that by definition the Morse index k_ = ¢, (A(Bo, )) is the total multi-
plicity of the negative eigenvalues of A(fy, e), which is finite.

Suppose kg = dim ker(A(By, €)) > 0 holds on the domain D (w, 277). By (6.3)
there is a smallest positive eigenvalue A (Bo) of the operator A(fo, ). Because
A(B, e) depends analytically on 8, we can choose & > 0 to be small enough so that
all the negative eigenvalues of the operator A(8, e) with 8 € [Bo — 2¢, fo +2¢] C
(0, 9) come only from perturbations of negative and zero eigenvalues of A(ﬁo, e),
and are not perturbations from any eigenvalues of A(fo, ¢) larger than or equal to
A+(Bo). Therefore by (6.3) we obtain

Pu(A(Bo — €, €)) — ¢ (A(Po, €)) = dimker(A (B, €)), (6.4)

together with Lemma 2.3 and (2.30), which yields (i).

(ii) Note first that by Lemma 2.3, (2.30), (3.8) and (3.9), the operator A(,B, e)
on D(w, 27) for B = 0 or 9 and w € U\{1} is non-degenerate.

Following our discussions in (i), at every Bp € (0, 9) such that A(,Bo, e) is
degenerate, the w-index must decrease strictly. But by (3.7), (3.9) and Corollary
4.5, there exist at most two values 81 and 3, at each of which the w-index decreases
by 1 if B1 # B, or the w-index decreases by 2 if §; = f,. Therefore there exist at
most two Bs in [0, 9] at which the operator A(,B, e) degenerates by (i), which we
denote by Bi(e) and B2(e) € (0, 9]. Thus by Corollary 4.5 again, we can choose
& > 0 small enough according to 8 (e) and B (e) in the above way so that we have
(A0, €)) = ¢u(A(Bi(e) — &, €)), pu(A(Bi(e), €)) = du(A(B2(e) — ¢, ¢)),
b0 (A9, €)) = ¢u,(A(Ba(e), e)), and (6.4) holds for By replaced by Bi(e) and
B>(e). Then this yields

2 = ¢ (A0, €)) — ¢ (A(9, €))
= ¢ (A(Bi(e) — €, ) — ¢ (A(Bi(e), €))
+¢u(A(Ba(e) — &, €)) — pu(A(Ba(e), €))
= dim ker(A(B1(e), e)) + dim ker(A(Bz(e), e))
= Vo (VB (e),e 2T)) + Voo (Vs (e),e (27))

D> vype2m)),

Be€l0.9]

which proves the proposition. O

Now set

_1 1 _1
B(e, CL)) =A(9, 6) 2m5(l>14(9, 6‘) 2. (65)

Be aware that B(e, ) depends on w, since so is A(9, ) on its domain D(w, 277).
Now we have

Lemma 6.2. For any w boundary condition and e € 2, A(B, e) is w degenerate
if and only if \/;—flﬁ is an eigenvalue of B(e, w).
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Proof. Suppose for e € 2, A(B, e)x = 0 holds for some x € D(w, 27). Let
y=A(, e)%x. Then by (4.11) we obtain

AQ9, e)? ( + Ble, w)) (1)

1
V9—8
| 1
- ( 550 S ecost)”

1
= 9_‘BA(ﬁ,e)x
=0. (6.6)

(t)) x(t)

Conversely, if (ﬁ + B(e, a))) y =0,thenx = A(9, e)_%y is an eigenfunction
of A(B, e) belonging to the eigenvalue 0 by our computations in (6.6). O

Theorem 6.3. For any w € U, there exist two analytic w degeneracy curves
(Bile,w),e) ine € (—1,1) withi = 1 and 2. In particular, each B;(e, w) is a
real analytic function in e € (=1, 1), and 0 < Bi(e, w) < 9 and yg;(e,w),e(27) is
w degenerate for v € U\{l} and i = 1 or 2.

Proof. For w = 1, we have Bj(e, 1) = 0 fori = 1 and 2, by Theorem 1.1 and
(2.31), which is obviously analytic.

For w € U\{1}, from (3.7) we have ¢, (A(0, ¢)) = ¢,(A(0, ¢)) = 2. On the
other hand, ¢,(A(9, €)) = 0 by (3.9). Recall that A(B, ) = 3(99;%, and it is strictly
increasing with respect to 8 by Lemma 4.4. This shows that, for fixede € (—1, 1),
there are exactly two values 8 = B (e, w) and B2 (e, w) at which (6.6) is satisfied,
and then A(B, e) at these two 8 values is w degenerate. Note that these two 8 values
are possibly equal to each other at some e (compare with the figure in [12]), which
is not needed in this proof.

Since B = 9 is w-non-degenerate for any w € U, we must have §;(e, w) # 9
fori = 1 and 2. By Lemma 6.2, ﬁ is an eigenvalue of B(e, w). Note that
B(e, w) is a compact operator and self-adjoint when e is real. Moreover it depends
analytically on e. By [6] (Theorem 3.9 in p. 392), we know that ﬁ with
i = 1 or 2 is real analytic in e. This in turn implies that both B (e, @) and B> (e, )
are real analytic functions of e. 0O

Now we can give

Proof of Theorem 1.5. By Theorem 6.3, B;(e, w) is real analytic on e € [0, 1) for
i = 1or2. That Bi(e,w) - 0ase — 1 fori = 1, 2 follows by the arguments in
the proof of (ii) of Theorem 1.2 below in Section 8. And Corollary 4.5 tells us that
iw(¥8,e) is decreasing with respectto 8 € [0,9]. O

Recall that the w boundary conditionis x () = wx (t +2m), x(t) = wx(t+27).
Let ¥ (x)(t) = x(t 4+ ), and obviously, ¥ preserves the w boundary condition.
Also it is a unitary operator and ¥* = 1//_l is given by ¥*(x)(t) = x(t — ). One
can show that

VrAB. Y = A(B, —e). (6.7)
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In fact,

YA, Yx(t)

* d2 1
=Y (—@12—124-m(312+m5(t)))x(t+”)

* dz 1
=y (—@Iz — L+ 20— ecos T 7)) GBh+v9—BSt+ ﬂ))) x(t+m)
= A(B, —e)x(1). (6.8)

By this property, we know that the @ degeneracy curve must be symmetric with
respectto e = 0.

When e = 0, the eigenvalues of yg o(27) have been studied in Section 3.3.
A(B, 0), especially, has no multiple eigenvalues for w € U\{x1}and 0 < 8 < 9.
So we have

Theorem 6.4. For any fixed v € U\{£1} and i = 1 or 2, the function B; (e, ®) is
real analytic and even on the interval (—1, 1).

It then follows that %ﬂi (e, w)|e=0 = 0 when w € U\{#£1}. But it is not the
case when w = —1, to which we now turn.

7. The —1 Degeneracy Curves of Elliptic Lagrangian Solutions

7.1. The Two w = —1 Degeneracy Curves

For the @ = —1 boundary condition, denote by g the following operator
8()(1) = Nz(Q2m — 1), (1.1
where N = 0—1) Obviously, g© = 1 and g is unitary on L~([0, 2], R?).

Recall that E = D(—1, 27) is given by (2.11). One can check directly that

A(B,e)g = gA(B, o). (7.2)

Let Ef = ker(g + I) and E_ = ker(g — I). Following the studies in Section
2.2 and especially the proof of Theorem 1.1 in [4], the subspaces E4 and E_ are
A(B, e)-orthogonal, and E = E, @ E_. Note that element z = (x, y)! in E_
satisfies

xQ2mr —1t)=x(t), —yQ2m —1t)=y(@), Vitel02r].
Thus for all z = (x, y)T € E_ we have

x(m+t)=x(m—1), —y(@+t)=ym—1), Vitel02r].
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By the definition of z € D(—1,27), we have z(27) = —z(0). Thus we have
x(0) = x(2mw) = —x(0) which implies x(0) = 0 and y(r) = 0. Similarly for all
z=(x,y)! € E; we have

x(m+1t)=—x(m—1), y(@+1t)=ylm—1t)), Vitel02nr],
and x(7r) = 0 and y(0) = 0.

Therefore by the above discussions, the subspaces E_ and E_ are isomorphic

to the following subspaces E; and E; respectively:
Ei={z=x»" e W?(0,7.R*) | x(0) =0, y(x) =0},  (7.3)
Ey={z=(,»)" e W?(0,7],R) [ x(1) =0, y(0) =0}. (74

For (B, e) € [0, 9] x [0, 1), restricting A(B, e) to E1 and E» respectively, we then
obtain

d-1(A(B, e)) = ¢(A(B, o)|E,) + ¢ (A(B, &)|Ey), (7.5)
v_1(A(B,e)) = v(A(B, e)|E,) + v(A(B, e)|E,), (7.6)
where the left hand sides are the Morse index and nullity of the operator A(B, e)
on the space D(—1, 2m), that is, the —1 index and nullity of A(B, e); on the right
hand sides of (7.5)—(7.6), we denote by ¢ (A(B, e)|g;) and v(A(B, e)|g;) the usual
Morse index and nullity of the operator A(, e)|g; on the space E;.
By (4.10), we have ¢_1(A(9,¢)) = 0 and v_1(A(9, ¢)) = 0. Because all the
terms in both sides of (7.5) and (7.6) are the Morse indices and nullities which are
nonnegative integers, we have

d (A0, 0)|E) =d(AO,0)|E,) =0, v(AO,e)lg) =v(AQO, e)|E,) =0.
(7.7)

This shows that A(9, e)|g, with i = 1 or 2 is positive definite.
Since the operator S(#) commutes also with the operator g, similarly we have

S(t) =S@|g, & SOIE,- (7.8)
So, fori = 1, 2, we obtain

/9 —
A, o)l = AO, o)lg; + ( i ( )) |E;

—S(
2(1 4+ ecost)

_ A, o)k, S(0)|E;
—\/9—7,3( VI-5B +2(1+ecost))‘ (7.9)

Now we want to compute the Morse index of A(0, e)|g, fori =1, 2. By (3.7) and
(7.5), we have

#(AQ, &)|g) + ¢ (A0, e)|g,) =2, Yee (=1 1). (7.10)

So the possible value of ¢ (A(0, e)|g;) can only be 0, 1 and 2. By (3.8) and (7.6),
we obtain

V(A(0, e)|g,) =v(A(0,e)|E,) =0, Vee (-1,1). (7.11)
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By the property of Morse index, we have
¢ (A0, e)|g) = d(A0,0)|g), Yee(=1,1),i=12. (7.12)
From (3.43) and (7.6), we obtain
Vv(A(3/4,0)|E,) +Vv(A(3/4,0)|g,) = v_1(A(3/4,0)) =2. (7.13)
From the fact that £ 1 = E; and £ E, = E| with £ defined as in (6.7), we have
V(A(3/4,0)|E) = v(AGB/4,0)|E,).

Then we obtain

V(A(3/4,0)|g) =1, for i=1,2. (7.14)
By (7.9), for any fixede € (—1,1)andi = 1,2 Al is increasing with respect
. ” ) ’ ] M

to B as proved before. It has the same Morse index and nullity as those of A(8, 0)|g;.
So we get

i <
d(AB.0)|) = [é ;1; g;g/j 3/4, (7.15)

This shows that for —1 < e < l andi = 1, 2, by (7.12) we obtain
¢(A, o)[g,) = 1. (7.16)
By the same idea as in the proof of Theorem 6.3, we get

Proposition 7.1. The w = —1 degeneracy curve (Bi(e, —1), e) is precisely the
degeneracy curve of A(B, e)|g; fori =1 or 2.

From the results of [12,15,16], we know that the curves (B1(e, —1), ¢) and
(B2(e, —1), e) intersect transversely at the point (3/4,0). By symmetries of the
w-index gap curves, we have

Theorem 7.2. 81 (e, —1) = Ba(—e, —1) holds for all e € (—1, 1).

Remark 7.3. We can also compute ¢ (A(0, 0)|g,) via the relation between Maslov-
type index and Morse index. Let Vi = {(0,x,y,0) | x,y € R} and V», =
{(x,0,0,y) | x,y € R}. Then both of them are Lagrangian subspaces of the
phase space R* with standard symplectic structure. From Theorem 1.2 of [4], we
have

¢ (A, 0)[£,) = n(V2, y0,0(0) V1), (7.17)

where the right hand side is the Maslov index for paths of Lagrangian subspaces.
Note that for (8,e) = (0,0), by (2.19), B(t) = B is a constant matrix. Then
v0,0(t) = exp(J Bt) and its Maslov-type index can be computed explicitly as we
did in Section 3.3.
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7.2. —1 Degeneracy Curve Bifurcations from (3/4,0) as e Leaves from 0

By (3.22), —1 is a double eigenvalue of the matrix y3/4,0(27). As studied by
ROBERTS (cf. p. 212 in [16]) and MEYER—SCHMIDT (cf. Section 3 of [15]), there are
two period doubling curves bifurcating out from (3/4, 0) when e > 0 is sufficiently
small. In [15], the tangent directions of these two curves are computed. Note that
these two curves are precisely the —1 index gap curves found by our Theorem
1.2. For reader’s conveniences, here we give a simple proof on these two tangent
directions based on our above studies.

Proposition 7.4. The tangent directions of the two curves Iy and Ty, bifurcating
from (3/4, 0) when e > 0 is small are given by

33 33
Bi(©)le=o = —4, B ()le=0 = 4

Proof. To compute the slope of —1 degeneracy curve bifurcating out from (8, ¢) =
(3/4,0), let (B(e), e) be one of the curve (say, the E; degeneracy curve) with
e € (—¢, ¢) for some small ¢ > 0, and x, € E; be the corresponding eigenvector,
that is

A(B(e), e)x. = 0. (7.18)
Here the space E is defined in (7.3) above. Thus there holds
<A(ﬁ(€), e)xe’ xe) = 0 (719)

Then by direct computations, ker(A(3/4,0)) N E| is generated by xo = R(¢)z(t)
with

T
z(t) = (% sin(z/2), cos(t/Z)) . (7.20)
Differentiating both sides of (7.19) with respect to e yields
d d
ﬁ’(€)<£z‘\(ﬂ(€), €)Xe, xe>+ (<&A(ﬁ(€), e)xe, xe>+2<A(ﬂ(€), e)xe, x,) =0,

where 8'(e) and x, denote the derivatives with respect to e. Then evaluating both
sides at e = 0 yields

ﬂ/(0)<iA(3/4, 0)xo, xo> + <iA(3/4, 0)xo, xo> =0. (7.21)
aB de

Then by the definition (2.29) of A(B, e¢) we have

9 9

S5 AB. ) = R Kp.e(0) R, (7122
B (B.0)=(3/4,0) B (B.0)=(3/4,0)

9 9

—A(B, e) = R(t)—Kg. (1) ROT, (123
de (B.0)=(3/4,0) de (B.0)=(3/4,0)
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where R(?) is given in Section 2.1. By direct computations from the definition of
Kg (1) in (2.20), we obtain

0 1 —-10
—Kg, o)= = — , 7.24
op NP () |(8.)=(3/4.0) 2@( 0 1) (7.24)
9 —cost [6++/33 0
&Kﬂ,e(l‘) (B.0=6/40) = —;— ( 0 6—@)' (7.25)
Therefore from (7.20) and (7.22)—(7.25) we have
9 AQB3/4,0 = 0 K
<£ (3/4, )XO,XO>—<% 3/4,02,Z>
T 5 1 (7-33\* .,
_/0 [2@ cos“(t/2) — ﬁ(T) sin (t/2)i|dt
T 7—4/33 2
=—(1-({——= , 7.26
4@( ( 4 ) ) 7:20
and
9 A@B/4,0 9 K
<£ (3/4, )XO,XO>—<£ 3/4,oz,z>
T _ 2
=/ [l(6+\/§)(ﬂ> cos(t) sin®(¢/2)
o L4 4
+%(6 — V/33) cos(t) cos(t /2)} dt
2
=1”—6(6—\/3_—(6+«/§)(¢) ) (7.27)
Therefore by (7.21) and (7.26)—(7.27) we obtain
33
B (0) = 4. (7.28)

By the above Theorem 7.2, the two —1 degenerate curves are symmetric with
respect to the e = 0 axis. Therefore the claim of the Proposition 7.4 follows from
(7.28). O

8. Study on the Non-Hyperbolic Regions

Now we give proofs of the first halves of our main Theorems 1.6 and 1.2.

Proof of (i) of Theorem 1.6. It follows from Theorems 6.4 and 7.2. O
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Proof of the first half of Theorem 1.2. Here we give proofs for items (i)—(iii) and
(ix)—(x) of this theorem.

(i) By Theorem 1.5, fori = 1 and 2 we have got the existence of two curves defined
by (Bi(e), e) and lim,_.| B; (e) = O such that yg .(2m) is degenerate with respect to
o = —1 only on them. Note that here these two curves may coincide somewhere.
In particular we define

0 < Bs(e) = min{Bi(e). fa(e)} = Bu(e)
= max{Bi(e), f2(e)} <9, for e €0, 1). (8.1

Thus (i) is proved.

(ii) By the studies in Section 3.3, the only — 1 degenerate point in the (8, ¢) segment
[0,9] x {0} is (B, e) = (3/4,0), which is a 2-fold —1 degenerate point, and there
hold

i—1(yp0) =2, v_1(ypo) =0, for Be€[0,3/4), (8.2)
i—1(y3/40) =0, v_1(y3/4,0) =2, (8.3)
i—1(yp.0) =0, wv_1(yp0) =0, for B e (3/4,9] (8.4)
Therefore
Bi(0) =3/4, for i =1 and 2. (8.5)

By MEYER and SCHMIDT in [15] or our Proposition 7.4, the two —1 degeneracy
curves bifurcating out from (B8, e) = (3/4,0) when e > 0 is sufficiently small
must coincide with our curves I'y and I',, respectively. Because these two curves
bifurcate out from (3/4, 0) in different angles with tangents —+/33/4 and +/33/4
respectively when e > 0 is small, they are different from each other near (3/4, 0).
By our Theorem 6.4, these two curves 'y and I, are real analytic with respect to e.
Therefore they are different curves and their intersection points including the point
(3/4, 0) can only be isolated.

By Theorems 6.3 and 1.5, these two curves I'y and I, must tend to the segment
[0, 9] x {1} from (3/4, 0) as e increases from 0 and tends to 1. By the proof of our
Theorem 1.8 in Section 8 below, for each e € [0, 1) the function B (e) defined by
(1.5) satisfies 0 < By(e) < Bn(e) < Br(e) <9, and lim,_,| Br(e) = 0. Therefore
the two curves I'y and I',,, must tend to (0, 1) ase — 1.

(iii) By our studies on the segments {0} x [0, 1) and {9} x [0, 1) in Section 3
and the definitions of B, (e) and B, (e), the index i_;(yp,.) must take the claimed
values 2, 1, and 0 in (1.7) respectively when 8 € [0, 9]\{Bs(e), Bn (e)} for each
e € [0, 1). Note that when 8 = Bs(e) or B,,(e), the —1 index claim (1.7) follows
from (i) of Proposition 6.1. The last claim in (iii) follows from Proposition 6.1.

(ix)—(x) By the Bott-type formula (Theorem 9.2.1 in p. 199 of [11]), we obtain

i1Vf) = D iw(vpe). VYkeN,

wk=1

and

VIVGe) = vi(ge) + v_1(Vp.e) = v_1(Vp.e).
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where the last equality follows from Theorem 1.1.
Therefore by (1.7), (3.7) and (3.8), for e € [0, 1) we obtain

4, if 0= B < B(e),

> =13, if Bs(e) = B < Bule), (8.6)
2, if Bule) B0

Thus for (B, e) € (0, 9] x [0, 1), the matrix yg . (47) = yﬁz’e(2n) is non-degenerate
with respect to the eigenvalue 1, whenever (8, e) & I's U I'),,. Therefore by (8.6)
we can apply Theorem 2.5 (that is, Theorem 1.2 of [5]) to get (ix) and (x). The rest
parts of Theorem 1.2 will be proved in the next section. O

9. Study on the Hyperbolic Region

In this section we study the hyperbolic region of yg . (2m) in the rectangle [0, 9] x
[0, 1). By the first halves of Theorems 1.2 and 1.6 proved in the Section 8§, the
function By (e) defined by (1.5) satisfies

Bm(e) = Br(e), VYeel0,1). ©.1)
We have the following further results.

Lemma 9.1. (i) If0 < B1 < B> = 9andyg, .(27) is hyperbolic, so does yg, . (21).
Consequently, the hyperbolic region of yg .(2r) in [0, 9] x [0, 1) is connected.
(ii) For any fixed e € [0, 1), every matrix yg .(2m) is hyperbolic if Br(e) <
B < 9 for Bi(e) defined by (1.5). Thus (1.8) holds and T is the boundary set of
this hyperbolic region.
(iii) We have

Z Vo (Vge(2T)) =2, Yo e U\{l}. 9.2)
Bel0,Br(e)]

Proof. (i) By Lemma 4.4, for any fixed @ € U and e € [0, 1), the operator
A(B,e) = ﬁA(ﬁ, e) is self-adjoint on D(w, 27) and increasing with respect
to B in the sense that

ABi,e) < A(Ba,e), if Bi < pBo. 9.3)

Suppose g, (27) is hyperbolic. This implies that A(B;, ) is non-degenerate on
D(w, 27) for every w € U. By (ix)-(x) of Theorem 1.2, it also implies S,,(e) < Bi.
Thus by (2.30), (3.7), Corollary 4.5, and Theorem 1.1, the w-index bu(A(B1, €) =
0 for all w € U. Then A(By, e) is positive definite on D(w, 27r) for every w € U.
Therefore by (9.3) the operator A(ﬂz, e) is positive definite too, and then is non-
degenerate on D(w, 27) for all @ € U. Therefore VB, ,e(27) must be hyperbolic
and so does yg .(27) forall B € [B1,9).

Recall that along the segment {9} x [0, 1) the matrix y9 (27) is hyperbolic by
our Proposition 1.4. Therefore the hyperbolic region of yg .(27) is connected in
[0,9] x [0, 1).
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(ii) By the definition of S (e), there exists a sequence {f;};eN satisfying §; >
Br(e), Bi — Bk(e), and yg, .(27) is hyperbolic. Therefore yg (27) is hyperbolic
for every B € (Bk(e), 9] by (i). Then (1.8) holds and Iy is the envelope curve of
this hyperbolic region.

Now (iii) follows from (ii) and Proposition 6.1, and the proof is complete. O

Corollary 9.2. For every e € [0, 1), we have
> va(pe@m) =2 and D v (#5..21) =0. (9.4)
B, Bm(e)] BE(Bm(e),9]
Proof. Fix ane € [0, 1). If Bs(e) < B (e), then we obtain
D v W8.21)) Z v (V0.0 (27)) H V1 (Vi) 27) 2 2.
Be(O,Bm(e)]

Thus (9.4) follows from (ii) of Proposition 6.1.
If Bs(e) = Bu(e), then by (i) of Proposition 6.1 we obtain v_1(yg,, (¢),.(27)) =
2. Therefore we have

D v 38.e21)) Z v (V0.0 (27)) = 2.
Be(0,Bm(e)]

Thus (9.4) follows also from (ii) of Proposition 6.1. O
Now we can give the

Proof of the second half of Theorem 1.2. Here we give the proofs for the items
(iv)—(viii) and (xi) of this theorem.
Note that Claims (iv) and (v) of the theorem follow from (9.1) and Lemma 9.1.
(vi) In fact, if the function B (e) is not continuous in e € [0, 1), then there exist
some ¢ € [0, 1), a sequence {e; |i € N} C [0, 1)\{e} and By € [0, 9] such that

Brlei) = Bo # Br(e) and e¢; — e  as i — +oo. (9.5)

We continue in two cases according to the sign of the difference By — Bi (€).
By the definition of i (e;) we have o (Vg (¢;),e; (2m)) N'U # @ for every e;. By
the continuity of eigenvalues of yg, (¢,).¢; (2) in i and (9.5), we obtain

0 (70, 2m) NU # 0.

Then by Lemma 9.1, this would yield a contradiction if By > Bk (€).
Now suppose By < Br(¢). By Lemma 9.1 for all i = 1 we have

0(¥pe;2m)NU = B, VB e (Blei), 9] (9.6)

Then by the continuity of 8,,(e) in e, (9.6) and the definition of By, we obtain

Bm (@) = Po < Br(e).
Let wo € o (yg,(e),:(27)) N U, which exists by the definition of B (e).
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Let L = {(B,e) | B € (Br(e),91}, V = {(9,¢) | e € [0,1)}, and L; =
{(B,e)) | B € (Br(ei),9]} forall i = 1. Note that by (3.9), (4.10), Corollary 4.5,
Proposition 6.1, Lemma 9.1, and the definitions of B (e;) and By (¢), we obtain

lwg(VB.e) =V (¥ge) =0,  V(B,e) € LUV U U L;. 9.7
i1

In particular we have
fwy (Vg e),6) =0 and vy (vg,6).6) = 1.

Therefore by Proposition 6.1 and the definition of wq, there exists B € (Bo, Br(e))
sufficiently close to B¢ (¢) such that

iwo(yﬁ’é) = iw()(yﬂk(é),é) + Uwo(yﬂk(é),é(zn)) 2 1. (9.8)

This estimate (9.8) in fact holds for all B € [B, Bi(é)) too. Note that (B, &) is an
accumulation point of U; >, L;. Consequently for each i 2 1 there exists (8;, ¢;) €

L; such that yg; ., € P2z (4) is wp non-degenerate, g; — ﬁin R, and yg, ., — Ype
in Py, (4) asi — oo. Therefore by (9.7), (9.8), the Definition 5.4.2 of the wp-index
of wp-degenerate path Yh.e in p. 129 and Theorem 6.1.8 in p. 142 of [11], we obtain
the following contradiction

1 é ia)o(yﬁ,é) g iwo(yﬂi,ei) =0,

fori = 1 large enough. Thus the continuity of Bx(e) in e € [0, 1) is proved.
(vii) To prove the claim lim,_, | S (e) = 0, we argue by contradiction, and suppose
that there exist e; — 1 asi — +o00, Bo > 0, such that lim; .~ Br(e;) = Bo. Then
at least one of the following two cases must occur:

(A) There exists a subsequence {e;} of {e;} such that Br(ei+1) < Br(é;) for all
i eN;

(B) There exists a subsequence {¢;} of {e;} such that Br(e;) < Br(ei+1) for all
ieN

If Case (A) happens, for this Sg by Theorem 1.7 there exists eg > 0 sufficiently
close to 1 such that yg, .(27) is hyperbolic for all e € [eg, 1). Then yg . (27) is
hyperbolic for all (B, e) in the region [Bo, 9] X [eg, 1) by Lemma 9.1. But by the
monotonicity of Case (A) we obtain

Bo = Bi(Civm) = Pr(€)) VYmeN.

Therefore (B (€i1m), €i+m) Will get into this region for sufficiently large m = 1,
which contracts to the definition of By (€;4.,) in (1.5).

If Case (B) happens, fix a subindex i, by Theorem 1.7 and the same argument
as in Case (A) there exists an eg > 0 sufficiently close to 1 such that yg .(27) is
hyperbolic for all (8, e) in the region [Bx (¢;), 9] X [eg, 1). Then by the monotonicity
of Case (B) we obtain

Br(€) < Br(iym) = Bo  VYmeN.
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Therefore (B (€ 1m), €i1m) Will get into this region for sufficiently large m = 1,
which contracts to the definition of By (€;4,,) in (1.5). Thus (vii) holds.

(viii) By our study in Section 3.3, we have (1,0) € I['}\I',,. Thus there exists an
e € (0, 1] such that Bx(e) > B (e) forall e € [0, e). Therefore Iy, is different from
I';, when e € [0, e).

(xi) Let eg € [0, 1) and B (e0) < Po < Pr(eo). Then M = ypg o, (27) is not
hyperbolic by Lemma 9.1 and thus at least one pair of its eigenvalues is on U. Note
also that no eigenvalues of M can be =1 by Theorem 1.1 and Corollary 9.2. Write

o (M) = {A1(B0), 21 (Bo) ™" A2(Bo). A2(Bo) '} (9.9)

Thus we can assume A1 = A1(Bp) € U\R and the other pair of eigenvalues satisfy
A2 = A2(Bo) € (UWUR)\{£L, 0}.

Claim. 12 (Bp) € U\R.

In fact, if not, we assume A2 (8p) € R\{#£1, 0}.

In this case, M has normal form R(0)oD()2) € Q(M) for some 6 € (0, 7) U
(r, 2m). Thus by (3.6), Theorem 1.1 and (iii) of our Theorem 1.2, we obtain the
following contradiction:

0= i—l(yﬂo,eo)
= 11 (Vo) + Sty (1) = S (=710 55 (V710 — 5, (- 1)
— +/=16 +/=16
=040 Sp (€71 + 5k, (V1) — 0
= +1,
where the last equality follows from Lemma 9.1.6 in p. 192 and (5) of List 9.1.12
in p. 198 of [11]. Therefore the claim is proved.

Now from A1 (Bo) and A2(Bp) € U\R, the matrix M has basic normal form
R(61)oR(6) € QU(M) for some 61 and 6, € (0, ) U (1, 27). Then by the study
in Section 9.1 of [11], we obtain
0= i—l(yﬂo,EO)

= 1 (Vp.eo) + Sir (1) = Sgeo, @Y1 + Sk (e2YTI0)
~ Sy @) 4 SE (@Y — sy (1)
i\/jlez).
(9.10)

=-S5,

R @Y T + S (V1) — 55

i\/jlez) + S;(

@) (€ 6 (€

By Lemma 9.1.6 in p. 192 and (5) of List 9.1.12 in p. 198 of [11] again, the right
hand side of (9.10) would be %2, if both 6; and 6, are located in only one interval
of (0, ) and (7, 27r). Thus we must have 6; € (0,7) and 6, € (m,2m). Let
w= exp(«/—_lel).

If 27 — 6, = 0, we then obtain

D W) Z D VoVpe) + VoVare) Z 142
0=B=po 0=B=PBm(e0)

This is in contradiction to Lemma 9.1 and proves 2w — 6> # 6.
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By the study in Section 9.1 of [11] again, if 27 — 6, > 61, for w = exp(~/—161)
we obtain

0= io(¥gy.eo) = i1(Vpo.e) + S}T/I(l) - SE(HI)(eﬁQI) = _SE(Gl)(eﬁel) =-L

This contradiction proves that the only possible case is 2mr — 6, < 6.
The proof of Theorem 1.2 is complete. O

Now we give

The proof of (ii) of Theorem 1.6. By (v) of Theorem 1.2, the curve I'y fore € [0, 1)
is the boundary curve of the hyperbolic region of yg .(27) in the (8, ) rectangle
[0, 9] x [0, 1). By the definition (1.5), the curve Iy is also the envelope curve of the
o degeneracy curves for all w € U\{1} from the right hand side of the rectangle
[0, 9] %[0, 1). Then (i) of Theorem 1.6 implies that I'y can be continuously extended
into [0, 9] x (—1, 0] so that it is symmetric with respect to [0, 9] x {0}. O

The next lemma is useful in the proof of Theorem 1.8.

Lemma 9.3. If yg, .(2m) ~ M>(—1, ¢) holds for some ¢ € R?, or it possesses the
basic normal form N1(—1, a)oN1(—1, b) for some (By, e) € (0,9) x [0, 1) and a,
b € R, then yg .(2m) is hyperbolic for all B € (Bo, 9.

Proof. Note that the basic normal form of the matrix M>(—1,c) is either
Ni(—1,a)oN1(—1, b) or Ni(—1,a)oD()) for some 4, b € Rand 0 > A # —1.
Thus for any w € U\{1}, by Corollary 4.5, (2.31), and the study in Section 9.1 of
[11], we obtain

0 < iw(Vgye) = i1(Vgy.e) + Spy (1) — Sy (@) = =S, (@) <0,

where M = yg, (27). This proves i,(yg,.) = 0 for all @ € U. Note that
¢ (A(Bo, €)) = i (VBo.e) and v, (A(Bo, €)) = Vw(yﬂo,e(zn)) follow from (2.27),
(2.30), (4.12) and (4.13).

Now from ¢,,(A(Bo, ¢)) = 0 and (ii) of Lemma 4.4, we obtain A(S, e) > 0 for
all B € (Bo, 9]on D(w, 27) withw € U. Therefore Vo (V8,e(2m)) = Vo(A(B, €)) =
0 holds for all 8 € (8o, 9] and w € U, and thus the lemma follows. O

Now we can give

Proof of Theorem 1.8. (i) Lete € [0, 1) satisty Bs(e) < By (e). Then Corollary 9.2
implies v_1(¥g,(e),e) = 1. As the limiting case of cases (ix) and (x) of Theorem
1.2, the matrix M = yg, (), (2) must have all eigenvalues in U, and possesses its
normal form either M ~ M»(—1, ¢) for some ¢y # 0, or M =~ Ni(—1, 1)oR(0)
for some 6 € (r, 2m), where to get the second case we have used the Fig. 2.1.2 in
p- 50 of [11] and the fact Ny (—1,1) € Sp(2)(l1 _ in that figure.

Note that M ~ M>(—1, ¢) can not hold for’any ¢ # 0 by Lemma 9.3 and the
fact Bs(e) < Bm(e). The following is a direct proof of this fact. In this case, its
basic normal form is Ni(—1,a)oD(A) for some a € {—1,1} and 0 > A # —1.
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Therefore by Theorem 1.1, (iii) of Theorem 1.2, and (3) and (4) of List 9.1.12 in
p- 198 of [11], we obtain the following contradiction

L= i1(7gy(e.e) = i1(Vpy(e1e) + Sy (D) = Sy, (L1 0y (=D = =Sy, (L1 (=D £ 0.

Thus M ~ Ni(—1, 1)oR(#) musthold for some 6 € (i, 27), so M is spectrally
stable and linearly unstable.

(i) Let e € [0, 1) satisfy Bs(e) = Bm(e) < Br(e). As the limiting case of the
cases (ix) and (xi) of Theorem 1.2 and Corollary 9.2, the matrix M = yg, (), (27)
must have basic normal form either Ni(—1, a)oN{(—1, b) for some a and b €
{—1, 1},or —I,oR(0) for some 6 € (7, 27), where we have used the Fig. 2.1.2 in p.
50 of [11]. But the first case is impossible by Lemma 9.3. Therefore M ~ —,oR(0)
holds for some 6 € (7, 27), and it is linear stable and not strongly linear stable.

(iii) Let e € [0, 1) satisfy Bs(e) < Bnu(e) < Bk(e). As the limiting case of
Cases (x) and (xi) of Theorem 1.2, the matrix M = ypg,, (¢),.(277) must satisfy either
M =~ Ni(—1, —1)oR(0) for some 6 € (,27), or M ~ M>(—1, c¢) with ¢y # 0,
where we have used the Fig. 2.1.2 in p. 50 of [11] and the fact Nj(—1, —1) €
Sp(2)(il’Jr in that figure. Here the second case is also impossible by Lemma 9.3,
and the conclusion of (iii) follows.

(iv) Let e € [0, 1) satisfy Bs(e) < Bn(e) < Br(e). As the limiting case of
the cases (v) and (xi) of Theorem 1.2, the matrix M = yg,(c),e(277) must have
Krein collision eigenvalues o (M) = (A, A1, A2, Aot with A = Ap = V=19 for
some 6 € (0, 7) U (r, 2r). Here we have used Theorem 1.1 and Corollary 9.2 to
exclude the possibility of eigenvalues 4=1. Therefore for this angle 6, the matrix
M must have its normal form N, (w, b) for = eV=19 and some 2 x 2 matrix

b= (Z; Zi ) which is of the form (25)—(27) by Theorem 1.6.11 in p. 34 of [11].

Because (1o(—h))"'Na(eV=1, b)Y (Iyo(—=1)) = Na(eV~1C7= p) holds for

b = (_bll)3 _biz , we can always suppose 6 € (0, ) without changing the fact

M ~ Ny(w, b).

Note that by (3.7), (3.9), Corollary 4.5 and Proposition 6.1, we have
iw(yﬁk(e),e) =0.

Now if by —b3 = 0,by Lemma 1.9.2 in p. 43 of [11], we get v, (N2 (w, b)) = 2,
and then N> (w, b) has basic normal form R(6)oR (2w — ) by the study in case 4
in p. 40 of [11]. Thus we arrive at the following contradiction

0 = iopere) = 1) + Sir(1) = Sgip) @) — Sggy@) < —1.,

by Lemma 9.1.6 in p. 192 and (5) of List 9.1.12 in p. 198 of [11].
Therefore by — b3 # 0 must hold. Then we obtain

0 = iv(VBi(e)e) = il(Vﬁk(e),e)-i-S;}(l)—5;12(”,1,)(60) = _S;lz(w,b)(a))'

By (6) and (7) in List 9.1.12 in p. 199 of [11], we obtain that N> (w, b) must be
trivial as in our discussion in Section 2.1. Then by Theorem 1 of [20], the matrix
M is spectrally stable and is linearly unstable as claimed.
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(v) Let e € [0, 1) satisfy Bs(e) < Bm(e) = Pr(e). Note first that —1 must
be an eigenvalue of M = yg, (), (2m) with geometric multiplicity 1 by Corollary
9.2. As the limiting case of cases (v) and (x) of Theorem 1.2, the matrix M must
satisfy either M ~ M>(—1, b) with b, b, € R and by # 0, and thus is spectrally
stable and linearly unstable; or M =~ N{(—1, a)oD(}) for some a € {—1, 1} and
—1#A1<0.

Then in the later case we obtain

0= i1 Wpere) = i1 Wpere) + i) = Sy L1 (=D = =Sy, 10D

Then by (3) and (4) in List 9.1.12 in p. 199 of [11], we must have a = 1. This
case can be seen in Fig. 2.1.2 in p. 50 of [11] with the fact N1(—1, 1) € Sp(2)91 .
Thus M is elliptic-hyperbolic (EH) and linearly unstable. ’

Note that by the above argument, the matrix M>(—1, b) has also the basic
normal form Ni(—1, 1)oD(A) for some —1 # A < 0.

(vi) Let e € [0, 1) satisfy Bs(e) = Bm(e) = Bi(e). As the limiting case of
cases (v) and (ix) of Theorem 1.2, —1 must be the only eigenvalue of M =
VBi(e),e(2m) with v_1(M) = 2 by Corollary 9.2. Thus the matrix M must sat-
isfy M ~ M>(—1,c) with ¢ = 0 and v_;(M>(—1, ¢)) = 2 by Section 2.1; or
M =~ Ni(—1,4)oN(—1, b) for some & and b € {—1, 1}. In both cases, M has
basic normal form Ni(—1, a)oN{(—1, b) for some a and b € {—1, 1}. Thus we
obtain

0= l.fl(yﬁk(e),e)
i1 (Vpe(ere) + Sy (1) — Svi-1.0) ("D = Sy 1 (5D
= _Sl;l(—l,a)(_l) - Sl;l(—l,b)(_l)'
Then by (3) and (4) in List9.1.12in p. 199 of [11], we musthave a = b = 1 similar
to our above study for (v). Therefore it is spectrally stable and linearly unstable as

claimed.
The proof is complete. O

We give finally the

Proof of Theorem 1.9. Note first that yg . is analytic in both 8 and e. Since the
property of the spectrum for a 4 x 4 symplectic matrix being complex saddle is an
open condition in Sp(4), the set I, in the theorem must be open in B for any fixed
e € [0, 1). Thus for any fixed e € [0, 1), it suffices to show I, # (). We argue by
contradiction and suppose I, = @. Then for any (8, ¢) € (0, 9] x [0, 1), all the
eigenvalues of yg . form two pairs and are located on the union (R\{0}) U U. By
our Theorem 1.1, the matrix yg . is non-degenerate when 8 > 0, and then it has
no eigenvalue 1 at all. But by our Proposition 1.4, the matrix y9 (2) has a pair
of double positive eigenvalues not equal to 1 for all e € [0, 1). Therefore fix an
e € [0, 1). By the continuity of the spectrum in $, the matrix yg . (27r) would have
only positive eigenvalues not equal to 1 for all 8 € (0, 9]. This then contradicts
our Theorem 1.2, which yields the existence of the eigenvalue —1 of yg .(27) for
some S € (0, 9), and completes the proof. O
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10. More Observations

Here we describe briefly some more results of [14] of MARTINEZ, SAMA and SIMO
on the Lagrangian triangular homographic solutions in the Newton potential case.

Fore < 1andclose to 1, the system is HH for any 8 except in a neighborhood of
some critical value which, numerically, appears to be equal to 6. Some interesting
tangencies are also observed near the corresponding boundaries.

(i) The tangency at (B8, e) = (0, 1) between the e-vertical axis and the curve
which separates the EE and EH domains is of the forme = 1 — C ,8%;
(i) The tangency at (8, e) = (0, 1) between the ¢ = 1 horizontal line and the
curve which separates the EH and HH domains is of the form e = 1 — C*;
(iii) For fixed B € (0, 9), the matrix yg (27) is HHif 1 — e > 0 is small enough
under a special “non-degenerate” condition, which is defined in their Lemma
5inp. 663 of [14], thatis, d, # 0 and e, # O there. It seems to us that it is not
easy to verify this non-degenerate condition, and that the point (8, ¢) = (6, 1)
is a possible degenerate point only checked numerically in [14].
(iv) The tangency at (8, e) = (9, 0) between the 8 = 9 vertical line and the curve

which separates the HH and CS domains is of the form e = C(9 — ,3)%.

In all the above expressions C denotes suitable constants. Furthermore there
is a point of contact of four different types of domains located approximately at
(1.2091, 0.3145).

Fig. 4. w-Degeneracy curves of Lagrangian triangular homographic orbits in the rectangle
(B,e), B € (0,2] and e € (—1, 1). From the left top to the right bottom, w goes from 1
to —1 along the upper half unit circle of U, more precisely, ® = exp(+~/—10) with 6 =

/100, /5,27 /5,3 /5, 4 /5, 7 respectively. The last one corresponds to @ = —1. In the
black region, the w-index is 1
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In the current paper, we have proved the non-degeneracy of the elliptic
Lagrangian triangular solutions. We have also proved the global existence of sep-
aration curves ['y in (i), I';;, and 'y in (ii). Our Theorem 1.7 is related to (iii).

For v € U\{l}, we showed that there are two nontrivial degeneracy curves
(possibly tangential to each other at isolated points) B (e, w) and B> (e, w) (v = —1
in Theorem 1.2 and general w in Theorem 1.5) which are real analyticine € [0, 1).
These w degeneracy curves actually yield a foliation of the non-hyperbolic region
of yg..(2m) inthe (B, e) rectangle [0, 9] x (—1, 1), when w runs through U. We have
conducted numerical computations to see this interesting phenomenon according
to our above analysis for (8, e) € [0, 9] x (—1, 1). Especially in the Fig. 4, we pick
up certain figures from such computations for readers. It is interesting to know how
these degeneracy curves behave under the variation of w, which we leave for future
studies.

In summary, many problems observed numerically already deserve to be pur-
sued further. For example, more precise properties of degeneracy curves including
their asymptotic behaviors, possible intersections and variations with respect to w,
including the above mentioned interesting properties. In this paper, we have not
considered separations between HH and CS either. We shall study these problems
in some forthcoming papers, and we believe that the ideas and the methods we have
developed here can also be applied to linear stability problems for other solutions
of the n-body problems and systems with periodic coefficients.
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